Lawrence Berkeley National Laboratory

LBL Publications

Title

Analytical expressions of the surface shape of ‘diaboloid’ mirrors

Permalink

Ihttps://escholarship.org/uc/item/9zp9d0wcj

ISBN
978-1-5106-3792-4

Authors
Yashchuk, Valeriy V

Lacey, Ian

del Rio, Manuel Sanchez

Publication Date
2020-08-21

DOI
10.1117/12.2568332

Peer reviewed

eScholarship.org Powered by the California Digital Library

University of California


https://escholarship.org/uc/item/9zp9d0wq
https://escholarship.org
http://www.cdlib.org/

Analytical expressions of the surface shape of ‘diaboloid’ mirrors
Valeriy V. Yashchuk*, lan Lacey, and Manuel Sanchez del Rio?
Advanced Light Source, Lawrence Berkeley National Laboratory, 1 Cyclotron Rd., Berkeley, CA
94720, USA

ABSTRACT

Modern deterministic polishing processes allow fabrication of x-ray optics with almost any arbitrary aspherical surface
shape. Among these optics, the so called “diaboloid” mirror is of special interest. The diaboloid mirror that converts a
cylindrical wave to a spherical wave would improve focusing in x-ray beamlines implementing a diffraction element
between a parabolic cylinder and a toroidal mirror. The replacement of the toroidal mirror in existing beamlines by the
diaboloid mirror would mitigate aberrations. The shape of the diaboloid mirror is usually calculated numerically based
on a truncated polynomial solution of the optical path problem. Here, we present an exact analytical solution for the
shape of a diaboloid mirror as a function of the conjugate parameters of the mirror placed in a beamline. The derived
analytical expressions for the diaboloid mirror in both the canonical and mirror-based coordinate systems are
implemented in ray-tracing simulations to verify the beamline performances.

Keywords: synchrotron radiation, x-ray optics, diaboloid mirror, analytical solution, aspherical optics, aberrations,
monochromator, spectral resolution

1. INTRODUCTION

Modern deterministic polishing processes allow fabrication of x-ray optics with almost any arbitrary aspherical surface
shape. Among these optics, the so called “diaboloid” mirror is of special interest [1-4]. The major distinguishing
functionality of a diaboloid mirror consists in the transformation (focusing) of a divergent x-ray beam from a point
source (assuming that the beam coming from the source is divergent in the solid angle) to a line beam, divergent in a
plane orthogonal to the focal line, and without divergence in any plane containing the focal line — Fig. 1a. That is a
conversion of a spherical wave to a cylindrical wave. This formulation is convenient for the analytical derivations
discussed in this paper, and can be easily related by reversing the beam propagation direction to the diaboloid mirror
definition and application in Refs. [1-4] — Fig. 1b.

The diaboloid mirror would improve x-ray beamlines that implement an optical scheme with a diffraction element
between parabolic cylinder and toroidal mirrors. The replacement of the toroidal mirror by the diaboloid mirror would
mitigate aberrations improving focusing and maximizing the resolving power of a spectrometer (see, for example,
Refs. [2,3]).

focus source focus

source

Figure 1. (a) Optical schematic of the diaboloid mirror arrangement as considered in the present work, and (b) diaboloid
mirror definition and application in Refs. [1-4].
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To the best of our knowledge, so far the diaboloid mirror is calculated numerically based on a truncated polynomial
solution of the optical path problem [1-4]. Here, we present an exact analytical solution for the shape of a diaboloid
mirror as a function of the conjugate parameters of the mirror placed in a beamline. The analytical expressions for the
diaboloid mirror shape are derived in both the canonical and mirror based coordinate systems. The shape expressions are
implemented in ray-tracing simulations to verify the beamline performances with the diaboloid mirror.

Because of the lack of space, it is difficult if not impossible, to present in a single conference paper all the details of the
derivations. Instead, this work just summarizes the results of a series of Advanced Light Source (ALS) Light Source
Beam Line (LSBL) reports [5-7] that provide a chain of the logical and algebraic transformations used to derive the
analytical equations for the shape of a diaboloid mirror in the canonical, shifted-canonical (with the origin at the mirror
surface center) [5], and laboratory (mirror-related) coordinate systems (originated at the mirror center and additionally
rotated to ensure the zero tangent to the surface at the mirror center) [6,7]. The validity of the analytical results is
verified via raytracing calculations in Ref. [8]. The last report uses a Mathematica™ notebook to numerically generate
the diaboloid mirror surface with the given data mesh based on the desired conjugate parameters and clear aperture of
the mirror. We should also mention the report [9] where some approximations of the exact diaboloid shape potentially
useful for practical realizations are also discussed.

2. OUTLINE OF THE SOLUTION IDEA

Intuitively, the shape of a diaboloid mirror should be a combination of parabolic and elliptical surfaces. Indeed, in the
planes orthogonal to the focal line, a diaboloid mirror transforms the beam from point to point. This is similar to an
elliptical mirror. However, in any plane containing the focal line, it forms a parallel beam, analogous to a parabolic
mirror. We are exploiting this intuitive guess in the derivation in this paper.

Our approach to deriving an analytical equation, describing the surface shape of a diaboloid mirror, is a “purely
geometrical” rather than classical geometrical optics. Thus, we do not start from a priori requirement for the equal
optical path length for the focused rays. However, this condition arises “automatically” in the course of the geometrical
consideration.

Let us consider a vertically deflecting diaboloid mirror in the face-up orientation (Fig. 1a) with the center of the clear
aperture in point P, . The mirror is supposed to be used with a grazing incidence x-ray beam from a point source S . The

vertical cross-section of the geometry of the mirror beamline application is schematically shown in Fig. 2 in the
canonical coordinate system.
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Figure 2. Vertical cross-section of beamline application geometry of a vertically deflecting diaboloid mirror in the face-up
orientation (for notations, see the text). Axes refer to the canonical coordinate system.

Depicted by the cross-section in Fig. 2, the central meridional (X = Q) surface of the mirror has a parabolic shape (the
bold solid line). In this case, if the point source S is placed in the focus of the generating parabola. The x-rays emitted



in the cross-section plane after being reflected by the mirror parabolic area are parallel to the tangential axis Z . Thatis
required for a diaboloid mirror.

In Fig. 2, the mirror parabolic cross-section is shown in its canonical orientation defined by the generating parabola. The
x-ray point source S is in the focus of the generating parabola; f is the distance between S and the vertex of the

parabola. F is the focal line orthogonal to the axis z ; Zg is the distance between the focal line and the axis Y . The
position of the diaboloid mirror center is marked as the point P, = (X0 =0, Z,, yo) . The rays incident to and reflected
from the mirror center Py are noted as Iy, and Iy,, respectively; @, is the position on the focal line of the central ray

with the vertical coordinate Y, .

Let us now consider the same application geometry of the diaboloid mirror as in Fig. 2, but with accounting the reflected
beam divergent in the horizontal plane, defined by the condition

y=const=y,, 1)

containing the point P, - see Fig. 3. The horizontal plane is coming out of the page. As mentioned above, the diaboloid
mirror cross-section defined by this plane has to have an elliptical shape that is also a cross-section of an ellipsoid-of-
rotation that focuses the x-rays from the source S to the point ¢, of the focal line. This enveloping ellipsoid-of-

rotation, corresponding to the ray reflected by the center point P, of the diaboloid mirror, is depicted in Fig. 3 with its
vertical cross-section shown with the dotted line.
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Figure 3. Vertical cross-section of the beamline application geometry of a vertically deflecting diaboloid mirror in the face-
up orientation with additional sketch of the corresponding cross-section of the enveloping ellipsoid-of-rotation surface (see
discussion in the text).
Thus, a surface segment of the ellipsoid-of-rotation mirror corresponding to the cross-section of the ellipsoid surface and
the central horizontal plane given by condition (1) focuses the beam rays (with the sagittal coordinates X = 0) in the

central horizontal plane to the same point of the focal line with position ¢, , and with diversion only in the plane.

A consideration similar to the one depicted in Fig. 3 for the rays focused in the central horizontal plane, can be applied to
any other point of the focal line with coordinate ¢ . For each focal-line point, we can determine the corresponding
enveloping ellipsoid-of-rotation and find the segment of its cross-section with the assigned horizontal plane given by
y = ¢ = const . Correspondingly, the rays reflected by the ellipsoid segment that includes the point P =(x=0, Y, z)
on the parabolic central trace of the diaboloid mirror, are focused in the focal-line point ¢ without diversion in the
vertical direction.



Based on the above consideration, we can now formulate the idea of our approach to the problem of the analytical
description of the surface shape of a diaboloid mirror. We suggest presenting the diaboloid mirror surface as a set of the
cross-section segments of the ellipsoids corresponding to all points of the focal-line interval, characteristic for the mirror.
In this paper, we are realizing this “purely geometrical” approach.

3. ANALYTICAL EXPRESSION FOR THE SHAPE OF A DIABOLOID MIRROR IN
THE CANONICAL COORDINATE SYSTEM

In the normal coordinate system (X', Yy, Z') of the enveloping ellipsoid-of-rotation, when the axis Z'is directed along

the major axisand X' =0, Y'=0,and z’' =0 at the center of the ellipsoid, the ellipsoid shape is defined in the normal

form (see, for example, Ref. [7]):
12 12 ZIZ

—+y—+—:1. (2)

b> b* a’
In the notation of Fig. 3, the squared parameters of the major and minor semiaxes a” and b are [5]
a2=%(ZF+]/(2A))2 and bzzi(zF/A+1/(4A2)+¢2), 3)
where A is the power coefficient of the generating parabola (see Fig. 3):
z=A-y’—f, f=(4A)" )

The normal coordinate system (X', y’, Z') of the enveloping ellipsoid is rotated and shifted with respect to the canonical

coordinate system (X, Y, Z) of the generating parabola (Fig. 2). The rotation is around the axis X by the angle o (see

Fig. 3), defined with
sina=¢/(2c) or cosa=1z./(2c), (5)

where the parameter C is a half of the distance between the foci of the ellipsoid (Fig. 3) equal

2c=|z2 +¢° . (6)

In order to express the ellipsoid (2) in the coordinate system (X, Y, Z), the rotation is accounted with the corresponding

matrix of rotation R, () (see, for example, Ref. [7]) applied to the coordinate system (X, Y, Z):

x) (1 0 0 X X
=R (a)| y|=|0 cosa -sina|y|= y-zF/1/z§+¢2—z~¢/4/z§+¢2 . @
z 0 sina cosa )\z Z'ZF/W+V'¢/\/2|§T¢Z

Additionally, the rotated coordinate system ()~(, Y, Z) has to be shifted along 7 axis by C to place the ellipsoid focus

N <t X

to the point of the source S and finally, to superpose the ellipsoid with the generating parabola in the joint reflection
point P in the vertical cross-section:
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The equation for the rotated and shifted enveloping ellipsoid as a function of the coordinates (X, Y, Z) is obtained by

substitutions to Eq. (2) the expressions for coordinates X', Y', and z'given by Eq. (8) and accounting Eq. (6) for C :

2 [y-zF/,/zﬁ + ¢ —z-¢/,/z§ + ¢’ T
b2

X
f(x,y,z):b—2+

©)
2
[Z-ZF/4/Z,2:+¢2 +y-¢ /\/z,§+¢2 —\/z§+¢2/2J
+ = ~1=0.
From Eq. (9), the cross-section (X, Z;¢) of the ellipsoid with the plane Y = ¢ = const is
> 2 (7. —2P [22-2.+4*—22 T
f(X,Y=¢,Z)=X—2+¢—2(Z§ Zz +[ ~ 2¢ ZF] -1=0. (10)
b* b’ (2 +¢%)  4a’(z2+4)

Additionally to the spatial variables X, ¢, and Z, the ellipsoid minor axis b is also a variable because of its

dependence on @, given with Eq. (3). In order to explicitly deduce this dependence, we substitute in Eq. (10) the
expression [compare with Egs. (3) and (6)]

b2=a2—c2=[a2—(z§+¢2)/4] (11)

Finally, we obtain the analytical expression for the shape of a diaboloid mirror expressed as a function of the mirror
height on the tangential and sagittal positions in the canonical coordinate system with the origin in the parabola focus

S, as depicted in Figs. 2 and 3:

y(X,2) :\/4'16\2 —-27-2, +(%+22FJ(ZF — X +(z, —2)2) . (12)

4. TRANSFORMATION OF THE SHAPE EQUATION FOR A DIABOLOID MIRROR
TO THE MIRROR-RELATED COORDINATE SYSTEM

In this section, we transfer Eq. (12) to the laboratory (mirror-related) coordinate system (S,h,t) and express the
diaboloid mirror shape via the parameters of the beamline application of the mirror (the mirror conjugate parameters).
These are: the distance P = I, from the point focus S to the mirror center Py, the distance ¢ = I, from the focal line

F to the mirror center Py, and the grazing incidence angle 6.

In the mirror related coordinate system (S, h,t), the tangent to the mirror center is at zero angle with respect to the
tangential axis t. Therefore, the transformation incorporates a shift of the canonical coordinate system to the mirror
center and, after that, a rotation of the mirror surface counterclockwise by the angle .

Let us first express the parameters of the generating parabola A and Z. as the functions of the mirror conjugate
parameters I, I,, and @. Referring to Fig. 1, one can see that the coordinates X,, Y,, Z, of the mirror center in the

canonical coordinate system and the position z. of the focal line F can be expressed via the conjugate parameters as:

X, =0, y,=psin20, z,=pcos26, and z. = pcos26+q. (13)



The coefficient A can be found from the differential of the generated parabola (4) at z,:
. -1
A=(4psin®0) . (14)
By substituting A and Z. given with Egs. (13) and (14) to Eq. (12) and shifting the coordinates to the mirror center:

y=Y,—vand 2=2,+¢, (15)

we express the shape of the diaboloid mirror as a function of the flipped sagittal coordinate & = —X, the shifted vertical
coordinate v, and the shifted tangential coordinate ¢ in the shifted canonical coordinate system:

v = psin 26
2 4 2 2\ (16)
—,[4p*sin® @—2(pcos260+0q)- (¢ + pcos20)+2(p,+q) pc0320+q—«/§ +(q-¢)
The corresponding expression for the generating parabola is obtained from Eq. (16) by substitution of & =0:
y= psin26?—23in6?\/p(§+ pcos’6). )

The last step of the transformation of the equation (16) for the diaboloid mirror shape to the mirror-related coordinate
system is to express it in the coordinate system (S, h,t) that is rotated around the sagittal axis 5 by the angle of &
with respect to the shifted coordinate system (5, 14 ) . The transformation performed analogously to the rotation of the

enveloping ellipse given by Eq. (7), leads to the diaboloid mirror shape equation in the mirror based (shifted and rotated
canonical) coordinate system (the details of the transformation can be found in Ref. [6]):

F(s,h,t)=sin@-t—cos@-h+ psin 260

4p®sin® @—2(pcos26+q)-(cosd-t+sind-h+ pcos26) N (18)

+2(I0+q)(p00329+q—\/s2 +(q—cos€-t—sim9-h)2)

Equation (18) was first solved [6] and coded [8] in the form of a normal analytical surface shape function h = f (s,t)

in Mathematica™ that allows numerical calculations of the desired diaboloid three-dimensional surface profiles
applicable, in particular, for Shadow ray tracing simulations. Unfortunately, the exact analytical expression derived with
help of Mathematica™ in report [6], is rather cumbersome. It is presented in Appendix of Ref. [6] in 17 pages. The
cumbersome appearance of the exact expression can discourage a potential user from its application for simulations
using other than Mathemaica™ software.

The presentation of the solution is improved in the work [7], where a chain of algebraic transformations that lead to the
exact shape of a diaboloid mirror in the form of a function h = f (S,t) is presented. The expressions obtained in Ref.

[7] are significantly more compact compared to the 17-page long expression obtained in Mathamatica™. This solution
provides a possibility for straightforward coding of the exact analytical expression for the shape of a diaboloid mirror
practically in any software used for data processing and optical ray-tracing simulations. However, the reproduction of
the solution obtained in the report [7] is out of the scope of the present work and will be published elsewhere. Instead,
below we discuss a verification via ray-tracing optical simulations of the analytical expression for the diaboloid mirror
shape in the laboratory mirror-based coordinate system given by Eq. (18) and its transformation to the form

h = f (s,t) found and coded in Mathematica™.



5. MATHEMATICA™ CODE FOR GENERATION OF SHAPE DATA OF A
DIABOLOID MIRROR

The ray-tracing simulations (see Sec. 6) are performed using Shadow software in the OASYS environment [11]. As the
input data on surface height shape of a diaboloid mirror under evaluation, we use model data numerically calculated in a
specially developed code in Mathematica™. The code utilizes the analytical expressions derived in reports [6,7] for the
shape of a diaboloid mirror in the laboratory (mirror based) coordinate system.

In this section, we overview the structure and the major functions of the Mathematica™ code developed for generation

of shape data of a diaboloid mirror in the form and format that is acceptable for ray-tracing simulations with the Shadow
software.

The Mathematica™ notebook ‘diaboloidDesignModelling.cdf” defines the surface height as a multivariate function of
the sagittal X and the tangential Z coordinates of the shape of a diaboloid mirror with the coordinates in the mirror-
related coordinate system. The notebook consists of three sections as depicted in Fig. 4.

% diaboloidDesignModelling.cdf - Wolfram Mathematica 12.0

File Edit Inset Format Cell Graphics Evaluation Palettes Window Help

« Initialization

~ Calculation and Display

- Saving Data to Disk

Figure 4. Structure of the Mathematica™ notebook “diaboloidDesignModelling.cdf” defining the multivariate CDF of the
diaboloid mirror shape in the mirror-related coordinate system.

The initialization block should be run first — Fig. 5a. Then, the user defined parameters for the mirror shape calculation
has to be entered to the Calculation and Display block — Fig. 5b.

- Initialization

Left click to select the section block,

(a) then “Shift” + “Enter” to evaluate

~ Calculation and Display

~ Establishing the conjugate parameters

~ User Input of conjugate parameters here

ne= | sourceD = 29300 (+ millimeters +);
targetD = 19530 (+ millimeters «);
grazingAng = ©.8e45 (+ radians +);

nz:s= | €learTangAperture = 200 (» millimeters =)
clearSagAperture = 20 (#+ millimeters =+);

tangStepResolution = 0.2 (+ millimeters #); (» this defines the mesh, or effecive pixel size #)

sagStepResolution = tangStepResolution (+ square for this case «);

+ defining a diabgoloid with those parameters

(b)

Figure 5. Structure of the Mathematica™ notebook ‘diaboloidDesignModelling.cdf” defining the multivariate function of
the diaboloid mirror shape in the mirror-related coordinate system.



In the latter block, the diaboloid shape is specified via the mirror conjugate parameters: the source to the mirror center
distance sourceD, the mirror center distance to the focus distance targetD, and the grazing incidence angle at the mirror
center grazingAng. Note that the model calculation, based on the analytic expression, assumes a point source and line
focus for the sourceD and targetD parameters (in the Saving Data to Disk section, the defined surface may be ‘flipped’ to
match beamline use to focus a line source to a point). The mirror clear aperture is specified with the sizes in the
tangential and the sagittal directions clearTangAperture and clearSagAperture, respectively. The mesh of the output
shape data is defined with parameters tangStepResolution and sagStepResolution of the effective pixel size in the
tangential and in the sagittal directions, respectively. All spatial parameters are defined in millimeters, while the grazing
incidence angle in radians.

There are a few options for graphical presentation of the output data. These are the isometric plot of the mirror clear

aperture with the cross-section traces highlighted (Fig. 6a) and 2D plots of how the cross-sections differ from the central

sagittal (Fig. 6b) and tangential (Fig. 6¢) cross-sections.
~ Plotting the figure

~ Displaying the surface

ST

@

~ Plots of how the Sagittal Traces differ from the central sagittal trace

Difference of Sagittal Cross Sections From Mirror Center

Distance From Pole
— -100 mm
-50 mm

— +0mm

— +50 mm

— +100 mm

Surface Height Difference, um

-10 -5 0 5 10
Sagittal Cross Section Coordinate, mm

(b)

~ Plots of how the Tangential Traces differ from the central tangential trace

€ 500

g
£ 400

Difference of Tangential Cross Sections From Mirror Center

o Distance From Centerline
% 300 — -10mm

-7.5mm
— -5mm
-2.5mm

[
=1
=]

=]
=]

0
-100 -50 0 50 100
Tangential Cross Section Coordinate, mm

Surface Height

(©)

Figure 6: Optional displays of the calculated diaboloid mirror shape: (a) the isometric plot of the mirror clear aperture with
the cross-section traces highlighted, and planar plots of the differences of the highlighted cross-sections from the central
cross-section for (b) the sagittal and (c) tangential cross-sections.

The cross section traces highlighted in Fig. 6 (a) are primarily for diagnosis and a visual reality check of the defined
shape. Given the extreme sagittal curvature, where for typical conjugate parameters, the total sagittal height variation is



on the order of 1-2 mm, Fig. 6 (b) and (c), shows the difference of the sagittal cross-sections from the central cross
sections (in the tangential and sagittal directions).

In the Saving Data to Disk section of the ‘diaboloidDesignModelling.cdf” notebook, the path of the directory to save the
files with the calculated data is defined — Fig. 7. Here, the filename with the mirror conjugate parameters used in the
calculations are inserted automatically. Note that because of the Shadow convention, the spatial dimensions of the output
data are given in the same units, typically in meters. In addition to the Shadow format, currently, the data can also be
saved in the typical *.xyz format. Figure 7a depicts the file format of the output data table of the mirror surface heights
as the function of the sagittal and tangential coordinates. The format is dictated by the application of the data in ray-
tracing simulations with the Shadow software. The structure of the output table file in more general xyz data-file format

is illustrated with Fig. 7b.

[,

! diaboloidSurfaceForConjugates_R29300mm_Rprime19530mm_grazingAng4500.urad_DatalnMeterUnits.dat

b i e e s

Tangential Coordinates

101 1001

-0.1 -0.0998 -0.0996 -0.0994 -0.0992 -0.099 -0.0988 -0.0986 -0.0984 -0.0982 -0.098 -0.0978 -0.0976 -0.0974 -0.0972 -0.097
=007 = - - —_— - - —
-0.0098 .0004545322972262511 0.0004545338321659074 0.0004545353701214481 0.0004545369113729976 0.00045453845575320887
-0.0096 §1.00043616959405335363 0.000436171004588€8664 0.0004361724183581827¢ 0.000436173835209047 0.0004361752552467806
-0.0094 H.0004181867468141718 0.0004181880356481997 0.000418189%32761452743 0.00041819%062277136256 0.00041819192111870507
-0.0092 0004005836776268552 0.0004005848473061633 0.00040058602011777114 0.00040058719612352437 0.00040058837526885327
-0.009 . 0003833603101047629 0.00038336136322323 0.0003833624194849108 0.00038336347882795966 0.00038336454136151586 0.(
-0.0088 HW.000366516569727537 0.0003665175087844546 0.00036651845097730983 0.0003665193963643105 0.0003665203449490946
-0.0086 f§.0003500523834336491  0.00035005321101198205 0.00035005404184994406 0.00035005487582384377 0.0003500557128973014
=-0.0084 {1.00033396767908968667  0.00033396839086596356  0.00033396612063108177 0. 0.000333970573868719966
-0.0082 §.0003182623695736469  0.00031826300207103486 0.0003182636176570668 0. 0.00031826485

-0.008 .0003029364444191742 0.00030293695318687244 0.0003029374650504906 a. 0.0003029384982
-0.0078 {§.00028798977T80803731  0.0002879901856649667  0.00028799059640732594 0. 0.0002879914273398
-0.0076 §§.000273422325924912 0.000273422634985 7 0.0002734225471461731 0 0.00027342358082387366
-0.0074 f.0002592340248702385  0,00025923423789572553 0.00025923445407897815 0.00025923467336178875 0.0002592348957477952
-0.0072 {§.00024542481370372116 0.0002454249332404288  0.00024542505593854006 0.0002454251817907789  0.00024542531074985
-0.007 . 00023199463253695284 0.00023199466124424362 0.00023199469300016064 0.00023199472796841291 0.0002319947660507
-0.0068 §.0002189434234169312 0.00021894336378318257 0.00021894330725626788 0.000218943253 €76 0.00021894320 5
-0.0066 {.0002062 2988222507 0.00020627098456316162 0.0002062708422454307 0.00020627070314367302 0.0002062705671596632
-0.0064 H.0001939 23218517 0.0001%397746866525267 0.00019397724321243006 0.0001%397702092828695 0.00019397680170004606
-0.0062 H.00018206307225773343 0.0001820627631059324 0.00018206245701367151 0.0001820621540864522 0.00018206185427698074
-0.006 . 00017052720357605723 0.0001705268163859728 0.00017052643225179054 0.00017052605123535613 0.00017052567338760128
-0.0058 f.00015937004129227717 0.00015936957860685652 0.00015936911898461404 0.00015936866253468507 0.0001593682091443043
-0.0056 H.0001485915372722957 0.00014859100164539996 0.00014859046913625207 0.00014858993969028234 0.00014858941336206045
-0.0054 §.0001381916449900018  0.000138191038968216168 0.000138190436122386 0.00013818983633609604 0.00013818923967482988
-0.0052 M.00012817031951635 0.00012816964570447453  0.0001281689750139776  0.00012816830743759056 0. 64299350324
-0.005 . 000116852751763581182  0.00011852677858041716 0.00011852604264640832 0.00011852530983742326 0. 58009525435
-0.0048 §.0001092€3197671668025 0.00010926239592663478 0.00010926159730297 3 0.00010926080185527099 0.0001092€000936888159
-0.0046 f§.0001003773196716793  0.00010037 3813787 0.00010037559912598227 0.00010037474348428077 0.00010037389102217276

(@)

(b)

Sagittal Coordinates

! diaboloidXYZfor_|

Tangential Points

Sagittal Points

Surface height array

mm_Rprime19530mm_grazingAng4500.urad.dat

Surface heights

A B C

1 |Tang. Pixel (0.2 mm step) Sag. Pixel (0.2 mm step)  Heights (mm)

2 | 1 1 0.473274936
3 2 1 0.473276598
4| 3 1 0.473278263
£ 4 1 0.473279931
6 | 3 1 0.473281602
7| 6 1 0.473283277
8 7 1 0.473284954
9 ] 1 0.473286635
10 9 1 0.473288319
1 10 1 0.473290006
12| 1 1 0.473291696
13| 12 1 0.47329339

Figure 7: The output data file (a) of the format useful for ray-tracing simulations with the Shadow software, and (b) of the
more general xyz data-file format that can be used for data processing with different software.

Concluding the overview of the Mathematica™ notebook, where the function that describes the diaboloid is defined
using a point source and vertical line-segment focus, in the “Saving Data to Disk™ section there is a Boolean flag,
flippedQQ, that when True effectively rotates the surface height data about the vertical y-axis. In this way the saved
data is for a surface that point focuses from a line source.



6. VERIFICATION OF DIABOLOID MIRROR SHAPE GENERATED IN
MATHEMATICA™ VIA RAY-TRACING SIMULATIONS WITH THE SHADOW
SOFTWARE

In this section, we present the results of the ray-tracing simulation with the Shadow software performed to verify the
correctness of the analytical solution and its realization in the Mathematica™ code discussed in Sec. 5, for the diaboloid
mirror shape in the mirror-based coordinate system with the sagittal, vertical and tangential coordinates X, Z,and Y,

respectively, as defined in the Shadow.

For the Shadow simulation, a diaboloid profile defined with the conjugate parameters
p=29.300 m, q=9.530 m, and & =0.0045 rad @3)

was calculated with the ‘diaboloidDesignModelling.cdf” notebook (see Sec. 5).

Note that for the ray-tracing simulation, the mirror was used in the reversed (flipped) orientation compared to the one
shown in Figs. 2 and 3 and used for the analytical derivations throughout this paper. This means that the light image has
a vertical line-segment shape as shown in Fig. 8a.

Because the beam from the source is divergent only in the horizontal plane, the beam expands only in the sagittal
direction X and the size in the vertical direction Y does not change. This is apparent in Fig. 8b where the image of the

light beam propagated 10 m downstream of the source is shown.
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Figure 8. (a) The image of a line-segment like source at the focal point of the Figs. 2 and 3, used in the ray-tracing
simulations with the Shadow software. (b) The image of the light beam propagated 10 m downstream the vertical line-
segment like source.

The horizontal and the vertical light intensity distributions in the diaboloid mirror focus (corresponding to the position of
the point source S in Figs. 2 and 3), resulted in the Shadow ray-tracing simulations, are shown in Figs. 9 and 10.

The calculated full-width-half-maximum (FWHM) size of the beam focused by the diaboloid mirror is 0.1 nm in the
horizontal (see Fig. 9) and the divergence in the vertical directions is 1 nrad (see Fig. 10). The fact that these values are
not zero, having an additional defocus of the vertical beam is probably due to the limited numerical calculation accuracy.
It may originate with writing the Mathematica™ file, and/or due to the numerical error of the Shadow software ray-
tracing (where the surface is digitized to discrete points, and accurate interpolation between points, given the complex
shape is likely not perfect). The Shadow method for dealing with a surface expressed as a numerical mesh, as done here,
uses an iterative approximation to get the intersect coordinates, with a small, but non zero error.
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Figure 9. The light intensity distribution as a function of the horizontal coordinate in the diaboloid mirror focus as calculated
in the Shadow ray-tracing simulations.
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Figure 10. The light intensity distribution versus the vertical angle in the diaboloid mirror focus as calculated in the Shadow
ray-tracing simulations.

It is worth to mention that an approximated and simple method to obtain numerically the rotated surface consisting in
using Eg. (12) to evaluate the diaboloid surface in the shifted canonical (mirror-centered but rotated) coordinate system
and then subtract a plane tangent to the mirror center can lead a significant error. For example, in the case, considered in
this section, this approximation gives the values of the residual variations of 13 nrad in vertical and 200 nm in horizontal
direction, much larger than those obtained when the diaboloid surface is rotated correctly as presented here. This is a
similar problem as appeared in aspherical shape calculations when the plane subtraction is used instead of the exact
matrix rotation (see, for example, the related discussion in Ref. [12].

7. SUMMARY AND CONCLUSIONS

We have outlined the derivation of analytical expressions for the shape of a diaboloid mirror in the different coordinate
systems, including the canonical, shifted-canonical (with the origin at the mirror surface center), and laboratory (mirror-
related) coordinate systems (originated at the mirror center and additionally rotated to ensure the zero tangent to the
surface at the mirror center).



An explicit chain of the logical and algebraic transformations used for the derivation constitutes a subject of a series of
Advanced Light Source (ALS) Light Source Beam Line (LSBL) reports [5-7] and cannot be reproduced in this
publication due to its limited size. Nevertheless, the reports are available upon request.

We have described the structure and the major feature of the ‘diaboloidDesignModelling.cdf” Mathematica™ program
for the generation of shape data of a diaboloid mirror in the laboratory (mirror based) coordinate system. The program is
based on an analytical diaboloid mirror shape function given as a dependence of the mirror height on the sagittal and
tangential coordinates. The shape equation is a result of a straightforward application of the Mathematica™ to solve the
derived general surface equation. Unfortunately, the shape function is rather cumbersome and we cannot reproduce it
here. It is presented in Appendix of Ref. [6] in 17 pages. Nevertheless, our Mathematica™ program allows numerical
calculations of the desired diaboloid three-dimensional surface profiles by utilizing the derived analytical expression. In
particular, the program provides the mirror shape data in the form and format that is acceptable for ray-tracing
simulations with the Shadow software.

We have also presented the results of ray-trace simulation with the Shadow software of the light beam propagation in the
case of a diaboloid mirror with the conjugate parameters typical for potential applications of diaboloid mirrors. The
Shadow simulations have confirmed the correctness of the analytical solution and its realization in the Mathematica™
code on the level of the accuracy of the numerical calculations with Mathematica™ and Shadow software.

The cumbersome appearance of the exact diaboloid shape expression, mentioned above, can discourage a potential user
from its application for simulations using other than Mathemaica™ software.

This inconvenient is fixed in the work [7], where a chain of algebraic transformations that lead to the exact shape of a
diaboloid mirror in the form of a surface height function of the mirror coordinate in the laboratory coordinate system is
presented. The expressions obtained in Ref. [7] are significantly more compact compared to the 17-page long expression
obtained in Mathamatica™. This solution provides a possibility for straightforward coding of the exact analytical
expression for the shape of a diaboloid mirror practically in any software used for data processing and optical ray-tracing
simulations. However, the reproduction of the solution [7] is out of the scope of the present work. It will be published
elsewhere.

Next, we also plan to investigate different approximations to the exact diaboloid mirror shape that would be useful from
the point of view of simplification of the fabrication of diaboloid mirrors. This work has been already started in Ref. [9]
where an approximation of the diaboloid shape with a sagittal conical cylinder bent to a tangential parabola is
considered.

In conclusion, the ‘LSBL1445 diaboloidDesignModelling.cdf” program presented here and developed for calculation of
the diaboloid mirror height topography in the laboratory (mirror-related) coordinate system is available upon request.
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