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ABSTRACT OF THE DISSERTATION

Three Essays on Unobserved Heterogeneity

in Panel and Network Data Models
by

Hualei Shang
Doctor of Philosophy in Economics
University of California, Los Angeles, 2020

Professor Rosa Liliana Matzkin, Chair

This dissertation consists of three chapters that study unobserved heterogeneity in panel
and network data models. In Chapter 1, I propose a semi-nonparametric panel data model
with a latent group structure. I assume that individual parameters are heterogeneous across
groups but homogeneous within a group while the group membership is unknown. I first
approximate the infinite-dimensional function with a sieve expansion; then, I propose a
Classifier-Lasso(C-Lasso) procedure to simultaneously identify the individuals’ membership
and estimate the group-specific parameters. 1 show that: (i) the classification exhibits
uniform consistency; (ii) C-Lasso and post-Lasso estimators achieve oracle properties so
that they are asymptotically equivalent to infeasible estimators as if the group membership
is known; and (iii) the estimators are consistent and asymptotically normally distributed.
Simulations demonstrate an excellent finite sample performance of this approach in both
classification and estimation.

In Chapter 2 (joint with Wenyu Zhou), we study a nonparametric additive panel regres-
sion model with grouped heterogeneity. The model can be regarded as a natural extension
to the heterogeneous panel model studied in [Su, Shi, and Phillips (2016). We propose to

estimate the nonparametric components using a sieve-approximation-based Classifier-Lasso
i



method. We establish the asymptotic properties of the estimator and show that they enjoy
the so-called oracle property. In addition, we present the decision rule for group classifica-
tion and establish its consistency. Then, a BIC-type information criterion is developed to
determine the group pattern of each nonparametric component. We further investigate the
finite sample performance of the estimation method and the information criterion through
Monte Carlo simulations. Results show that both work well. Finally, we apply the model
and the estimation method to study the demand for cigarettes in the United States using
panel data of 46 states from 1963 to 1992.

In Chapter 3, I study a network sample selection model in which 1) bilateral fixed effects
enter the pairwise outcome equation additively; 2) link formation depends on latent variables
from both sides nonparametrically. I first propose a four-cycle structure to difference out the
fixed effects; next, utilizing the idea proposed in |Auerbach! (2019)), I manage to use the kernel
function to control for the selection bias. I then introduce estimators for the parameters of

interest and characterize their asymptotic properties.
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Chapter 1

Semi-Nonparametric Panel Data

Models with Latent Structures



1.1 Introduction

In semi-nonparametric panel data models, it is almost universal to assume that the regression
parameters are the same across individuals, while unobserved heterogeneity is merely mod-
eled through individual-specific effects. However, since most panel data cover cross-sectional
units with different characteristics, to control for individual heterogeneity remains a chal-
lenge. One important task is how to model the influence of heterogeneity on the individual
regression parameters. To tackle the problem while preserving the power of cross-sectional
averaging, [ propose a semi-nonparametric panel data model with a latent group structure.
I assume that individuals belong to different groups while the group identity is unknown
a priori. Individual regression parameters are the same within the group but differ across
groups. In Economics, the groups could be understood as different convergence clubs in
the economic growth studies (Phillips and Sul (2007)), stock returns in different sectors
in financial markets (Ke, Fan, and Wu| (2015))), spatial geographic groupings in economic
geography (Bester and Hansen| (2016); |[Fan, Lv, and Qi (2011)) or multiplicity of Nash
equilibria in game theory or Macroeconomics models (Hahn and Moon (2010)). Several
important examples and policy implications will be discussed at the end of this section.
This group structure modeling reaches a good balance between its two alternatives: com-
plete parameter homogeneity or complete parameter heterogeneity. Traditional panel data
models always assume that individuals share the same parameters. Although this approach
is easy to implement and achieves good convergence rate, homogeneity assumption has been
frequently rejected in empirical studies; see Hsiao and Tahmiscioglu (1997), Lee, Pesaran,
and Smith| (1997), [Durlauf, Kourtellos, and Minkin| (2001, |[Phillips and Sul| (2007)), Brown-
ing and Carro| (2007)), Browning and Carro| (2010)), Su and Chen| (2013) and |Browning and
Carro (2014)). To the other extreme, if we allow for complete parameter heterogeneity, the
key advantage of working with panel data is lost. If the time dimension is short, estimation
could be very imprecise. See survey papers by Baltagi, Bresson, and Pirotte| (2008)) and

Hsiao and Pesaran| (2008)). Compared with the two pieces of literature above, the group
2



structure approach simultaneously alleviates the misspecification problem common in the
first one and preserves the power of cross-section averaging lost in the second one.

In the literature of panel structure modeling, there are two dimensions to consider. First,
whether the parameters of interest are finite or infinite-dimensional; Second, what approach
to use. Please see Table for a summary. I discuss the literature mainly according to the
approaches they implement but will also mention the parameters of interest in the process.

First, the k-means algorithm or its variants are commonly used to classify individuals

into different groups. [Lin and Ng| (2012) and Sarafidis and Weber| (2015)) studied linear panel

data models with finite dimensional coefficients following some group structure. Bonhomme

and Manresa (2015) focuses on the grouped patterns of time-varying fixed effects.
and Bai (2014), [Ando and Bai (2016) and [Ando and Bai (2017) generalized

and Manresa| (2015) and studied panel data models where interactive fixed effects exhibit

some group structure. Abraham et al| (2003)), Luan and Li (2003), |(Chiou and Li| (2007)
and (2007) applied the k-means algorithm or its variants to different realizations of

random curves that depend on a deterministic index t € T.

Another approach, called classifier-Lasso (C-lasso), proposed by Su, Shi, and Phillips|

(2016)), treated clustering as a process of shrinking individual-specific coefficients into some

group-specific parameters. They imposed the group structure on finite dimensional parame-

ters. [Su and Ju (2018)) extended this method to include interactive fixed effects. [Su, Wang

and Jin (2019) assumed that time-varying coefficients follow some group structures.

There also exist some other classifying methods. Ke, Fan, and Wul (2015)) proposed a

clustering algorithm in regression via data-driven segmentation (CARDS). Wang, Phillips,|

(2018)) further generalized it into the panel data. [Vogt and Linton| (2017) implemented

a thresholding method combining with kernel estimation to classify nonparametric functions

into different groups. |Vogt and Linton| (2020) further developed a clustering method that

does not rely on any smooth parameters, like the bandwidth or number of basis functions.

This paper follows the C-Lasso approach (Su, Shi, and Phillips (2016)) but considers

3



semi-nonparametric panel data models instead. C-lasso enjoys several significant advantages
over the k-means algorithm and other alternatives. First, it allows some individuals left
unclassified, adding more flexibility to the model. Second, the k-means method relies heavily
on the initial values of the group identity, while C-Lasso is not sensitive to that. Third, the
computation burden of k-means is more significant than that of C-lasso. Finally, C-lasso
could be easily combined with some other methods.

Practically, my method could be separated into two steps. I first approximate the infinite-
dimensional functions with a sieve expansion and then use C-Lasso to shrink individual-
specific coefficients of basis functions into some group-specific parameters.

The main contribution of this paper is that I generalize the latent group structures from
parametric to semi-nonparametric panel data models. Thus, further exploration beyond the
parametric specification of the unobserved heterogeneity in response mechanisms becomes
possible. Although Su, Wang, and Jin| (2019)), [Vogt and Linton (2017) and [Vogt and Linton
(2020) also considered clustering of functions, in [Su, Wang, and Jin| (2019), the regressor is
one-dimensional deterministic (¢£/7") while in my paper, they could be multiple-dimensional
general random variables. The approaches in |Vogt and Linton| (2017)) and [Vogt and Linton
(2020)) are difficult to be applied to partially linear models; however, in my research, partially
linear and nonparametric models are of no significant difference. So far as I know, my paper
is the first one in the literature to impose group structures to semi-nonparametric panel data
models flexibly.

I also contribute to the extensive literature of estimation in semi-nonparametric panel
data models, including, but not limited to, partially linear and nonparametric panel data
models. In addition to the estimation, my approach simultaneously identifies individuals’
membership. However, this doesn’t affect the asymptotic properties of the estimators, which
are equivalent to those of the oracle estimators that use individual group identity information.
The latter are well studied in the literature. For detailed discussions, I direct readers to

survey papers by Su and Ullahl (2011)), |Ai and Li (2008)) and |Ullah and Roy| (1998).
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To further illustrate applications of my method, I discuss the following three examples:

Example 1 (Learning Curve): In Atkin, Khandelwal, and Osman| (2017)), the authors
conducted a random experiment for rug producers in Egypt. They generated exogenous vari-
ation in access to foreign markets and studied the impact of exporting on firm performance.

The most crucial step is to estimate how the quality changes as the volume of production
increases, i.e., the learning curves. They assumed that different firms share the same learning
curve.

However, due to unobserved heterogeneity (for example, the management levels of owners
or proficiencies of workers in different firms might differ.), it might not be appropriate to
make such a homogeneity assumption. My approach then would complement their study to

further explore the heterogeneity of different firms in terms of learning.

Example 2 (Trade Cost): |Atkin and Donaldson (2015 used newly collected CPI
microdata from Ethiopia and Nigeria to study how cost-shifting characteristics (such as
distance) affect the spatial price gaps.

However, distance is only an imperfect proxy for measuring transportation costs. The
origin-destination paths exhibit considerable unobserved heterogeneity (for example, the
quality of the roads is unobserved.). Although the authors also tried the quickest-route
travel time measure as a more plausible alternative for the geographic distance, the same
concern remains.

My method, on the other hand, would help to capture the heterogeneity of routes by
merely imposing a group structure (high quality and low quality roads) on the effect of

distance on price gaps.

Example 3 (Policy Analysis): Clemens, Lewis, and Postel| (2018)) evaluated the labor
market effects of abrogation of the manual laborer (Bracero) agreements between the United
States and Mexico. They estimated how the exclusion of Mexican farmworkers affect the

employment and wages of domestic workers.



To study the heterogeneity of the effects, they split the states of the US into three groups
using Bracero fraction (B/L, the ratio of Bracero workers and the whole labor force) as a
criterion: no exposure with B/L = 0, low exposure with 0 < B/L < 0.2 and high exposure
with B/L > 0.2.

Even though this criterion might capture some heterogeneity of the influence of the policy
on different states, it would be useful to use my approach at least as a robustness check. I
could automatically accomplish the classification and estimation with an additional harmless
assumption that the effect could be expressed as a time-varying function. The advantage,

however, is to avoid any subjective judgment which might be arbitrary.

Table 1.1: Literature Review on Classification

Approaches k-means Or

its Variants

Lin and Ng| (2012) Su, Shi, and Phillips|q2016p Ke, Fan, and Wu|(2015)

Finite Dimensional Sarafidis and Weber (|2015p - —_—
Bester and Hansen| (2016 Su and Ju(2018 ang, Phillips, and Sul(2018)

Bonhomme and Manresa/(2015)
Ando and Bai| (2014
Ando and Bai| (2016

Parameter: Classifier-Lasso Other Approaches

of Interest

Infinite Dimensional Ando and Bail (2017 Su and Ju 2018‘ Vogt and L%nton 2017
Abraham et al.|(2003 Su, Wang, and J1n|(]2019p ogt and Linton|(2020

Luan and Li|(2003)
Chiou and Li|(2007)
Tarpey| (2007

The rest of the paper is organized as follows. Section[1.2]discusses the model. Section[1.3
presents the estimation and inference results. Section reports Monto Carlo simulation

findings. Section [I.5] concludes. All proofs of the main results are given in the Appendix.

Notation: Throughout the paper, I consider the case that (N, T') pass jointly to infinity,
which is denoted as (N,T) — oo. For any real value matrix A, I write the transpose A’
the Frobenius norm ||A||, = (tr(AA4’ ))% and the Moore-Penrose inverse A~. When A is
symmetric, I denote fimax(A) and pmin(A) as its largest and lowest eigenvalues, respectively.
For a square integrable function f defined on the support €, | f||, denotes its L* norm:

,

11l = { Jol f(2))? dm}g. The operator - means convergence in probability, = convergence

in distribution. « =< § denotes that o and [ are of the same magnitude, i.e., « = O(f) and

6



f = O(«). I use superscript 0 to denote the true values of parameters.

1.2 Penalized Sieve Estimation

In this section, I assume that the number of groups K° is known and will discuss in Section

[.3.5 how to determine it.

1.2.1 Semi-Nonparametric Panel Data Structure Models

I mainly focus on the partially linear model, since 1) all the results hold for nonparametric
models as long as the conditions of finite-dimensional parameters are excluded. 2) it is more
involving to develop the theory for partially linear models. I will briefly mention how to
apply the method into nonparametric models when necessary.

A partially linear model in panel data takes the following form:

Yit = i + Wétﬁi + hi(@ie) + wie wi = 05(Wir, Tit )€t (1.1)

where ¢ = 1,2,.... N, t =1,2,....T. w; is a p x 1 vector of regressors. x; is a d X 1 vector
of controls that affect the outcome through h;(z;). p;’s represent the unobserved individual
fixed effects which might be correlated with w;; and x;;. €;; has mean 0 and variance 1 and
is independent of {ws, zi}, S0 uy is the error term with mean 0 and variance o?(wg, T)
conditional on {w;, x4}

I denote the true value of 3; as 82, and h;(x;) as h?(z;) with a compact support X
I assume that the finite-dimensional parameters 3;’s and infinite-dimensional functions h;’s

exhibit the following group pattern

KO
B = ap1{i e Gy} (1.2)
k=1
KO
h?(a:it) = Z f,g(:cit)l{i € Gz} for any z;; € X (1.3)
k=1

7



which means that individuals within group & share the same parameter o) and same func-
tion f0. {G9 k =1,2,..K°} are mutually exclusive, meaning that UK’ G9 = {1,2,..., N},
and GY NGY = 0 if j # k. N, = #G} denotes the cardinality of G7, and obviously

K% Ny = N. The notations I use are consistent with Su, Shi, and Phillips| (2016)).

Following Sun| (2005)), Lin and Ng (2012)), Bonhomme and Manresa/ (2015)) and |Su, Shi,
and Phillips (2016), I assume that individual group identity doesn’t change over time. Let
a=(ay,..,ago)’, f=(f1,..., fxo) and denote the corresponding true values as a® and f°,
respectively.

The goal is to determine individuals’ group identities and to estimate the group-specific

parameters o and f.

Remark. For nonparametric panel data models, equation[I.1] becomes
Yir = pi + (i) + v wie = 05(Wit, Tit) it (1.4)

I no longer have B; and only need to focus on h;, i = 1,...,N, and fi, k = 1,...,K°. The

group structure is shown in equation and the parameter of interest is group-specific f.

1.2.2 Sieve Approximation

I propose first to approximate h;, i = 1,..., N and fi, k = 1, ..., K° by a linear combination of
a tensor-product linear sieve basis. A tensor product linear sieve is the product of univariate
sieves. In this paper, I focus on univariate B-splines of order x (or degree x — 1).

[ assume that fi(zy), k = 1,..., K° share the same compact support, which is, with loss of
generality, normalized to [0, 1]%. Following |Chen| (2007) and |Ai and Chen| (2003), I consider
the Holder space A™([0,1]%) of order 7 > 0. Let r denote the largest integer satisfying r < r.
The Hélder space is a space of functions f : [0,1]? — R such that the first r derivatives are

bounded, and the r-th derivatives are Holder continuous with the exponent r —r € (0, 1].



The Holder space becomes a Banach space when endowed with the Holder norm:

Ve () — VO f()
£l =suplf@) +  max sup VA=V o
z a1Te2 Ada =T gt g (HI—fLJHF)

where for any d X 1 nonnegative vector a = (ay, ..., aq)’, I write|a| = a; + - - - + a4 and denote
the |a|th derivative of function g as

!

= o a aq
8x1 A 8J}d

Ve f(z) f(x)

A Holder ball with radius c is defined as A%([0, 1]¢) = {f e A7([0,1]%) || fll\r S < oo}. It
is known that functions in A’([0, 1]¢) could be uniformly well approximated by B-splines of
order k > r + 1. Let B’(x;) denote J x 1 basis functions, then I could approximate h;(x;;)

and fi(xy) by B (i) and B (xy) 7, respectively, where «; and 7 are J x 1 vectors:

hi(zi) IBJ(JJz‘t)/%' +0n () i=1,..,N

fr(zi) =B (zy) T + dp (i) k=1,.., K°

where 0, () and 0y, (x;) are the corresponding approximation errors.

Then I could rewrite [[L1] as
Yit = pi + wiyBi + Bj(mit)’% + €5 (1.5)

where e;; = 0p, (i) + s

i

Define z; = (wgt, ﬁBJ(xit)’)/ and 6; = ( ! %%{),, i =1,...,N, it could be expressed as
Yir = i + 2,0; + i (1.6)

where % is the normalization parameter.



At the same time, [I.3] becomes

KO

v = mi{i e G}}

k=1

Let n, = (a}w \%F;’C)I, 1.2/ and could be compressed as

KO

0) =Y m1{i € Gy} (1.7)

k=1

Remark. For nonparametric panel data models, equation becomes

1

K° 1
0 =N 7914 e GV

Furthermore, I need to change 6 and n to %'y and %7‘( respectively whenever possible.

Note that I keep the normalization factor % to emphasize that I focus on the normalized

parameters for simplicity.

1.2.3 Penalized Estimation of o and f

Given the model specified in [I.6] I first take the deviation from the mean across individuals

to concentrate out the individual effects p;’s and obtain
Yir — Ui = (2 — 2) 0i + e — & (1.8)

where y; = %Zle Yit, with similar definitions for z; and e;.
For simplicity, I further define ¢;; = y;; — ¥; and similarly for Z;, €;, then could be
compressed as

ir = Zy0i + €t (1.9)
To estimate 6;, I minimize the following least square criterion function:

10



= LS sy 10

i=1t=1

Qnr (0

where 6 = (6y, ...,0x).
To include the latent group structure in my model, I propose to estimate # and n by

minimizing the following criterion function:

)\NKO

Qura(0.m) = Qur(0) + = - T1I0: — il (111)

=1 k=1

where A is the tuning parameter. The additional penalty item is used to shrink the individual
parameters 0;, i = 1,..., N to particular unknown group-specific parameters n;, k =1, ..., K°

while at the same time to classify individuals into a priori unknown groups.

1.3 Asymptotic Properties

This section include 5 subsections. They are organized as follows: in Subsection [I.3.1] I
make general assumptions about the model. Based on that, I characterize the preliminary
convergence rates for individual coefficients 6;, « = 1,..., N and group-specific parameters
e, k = 1,..., K° in Subsection . Subsection presents the results of classification
consistency. After that, Subsection reports the asymptotically distribution of group-
specific parameters a; and fi, k = 1,..., K°. Subsection discusses how to determine

the number of groups.

1.3.1 Assumptions

Assumption 1.1. (i) For eachi=1,...,N, {wi, Ty, cu} is stationary strong mizing with
mizing coefficient a;(+). a(-) = max;cicny a;(-) satisfies a(j) < cqexp(—pj) for some

0<cy<00,0<p<oo. {wi,Ty,eu} are independent across i.

11



it) There exists positive ¢ such that max,<i<y El|wi||% < ¢ < oo and
p << F

max;<;<y BEllui||% < ¢ < oo for some ¢ > 6.

(iii) For the parametric component,

(i) wi does not contain 1.

(ii) Let B denote the parameter space for ;. B is compact and convex subset of RP

such that 82 lies in the interior of B for each i.
(iv) For the nonparametric component,
(i) Fork=1,..,K° E[fi(z:)] = 0.
(ii) Fork=1,..,K° f2 e F = A2 ([0,1]¢) with r, > 0.
(iii) For eachi=1,...,N, denote the marginal density function of {xs} as f(x;.), then

there exist positive constants ¢ and ¢ such that

O<e<my, BUE)<psy o Uln)h<e<e

(v) There exist ¢ > 0 such that

min {
1<j#k<K©

2 2
0_ 0 0 _ 40
R e R

(vi) Forj=1,....p, Blwh|zy] € F = A72([0,1]%) with 1, > 0.

(vii) There ezist positive constants ¢ and ¢ such that

0<c< 11313\[ tmin (Var(z;)) < AX. fimaz (Var(zy)) < ¢ < o0

0<c< 1I£1<rjlv tmin (Var(w;)) < AX. fimaz (Var(w;;)) < ¢ < o0

12



(viii) % — 71, for each k =1,.., K° as N — oo. There exists positive constants ¢ and ¢ such

that 0 < c < minKKKo{Tk} g maXlgkgKO{Tk} <c<1

Assumption implies that the strong mixing coefficients a(l) decay exponentially
fast to 0 as [ — oo uniformly. Similar conditions are assumed in [Su, Shi, and Phillips
(2016), Su, Wang, and Jin| (2019), Vogt and Linton (2017), etc. For more discussions on
this, I refer readers to Su, Wang, and Jin| (2019). Assumption imposes the moment
condition restrictions for w;; and wu;;. Assumption specifies restrictions on the para-
metric component. The first part means that I do not include the intercept in the parametric
component. The second part imposes restrictions on the finite dimensional parameter space,
which is commonly assumed in the literature.

Assumption imposes restrictions on the nonparametric component. The first part
is a harmless normalization. The second one is the smooth condition such that I could
approximate any function f; € F well using the tensor-product of univariate B-splines. By

the approximation theory, there exists m, € R’ such that

1

fulz) = B'm| _=0(17%)

sup
z€0,1]¢

Similarly, for each individual, there exists v; such that

=0(J 1)

o0

hi(r) — BJ’%’

sup
z€[0,1]¢

Then, after controlling for the approximation error, the difference between fi(z) and h;(z)
is reflected by the difference between 7, and 7;. The third part is also assumed in [Vogt and
Linton| (2017)). First, it makes the functions h;(x;;) comparable across individuals. Second,
it guarantees that h;(z;) could be estimated uniformly well.

Assumption specifies that the group-specific parameters are well separated from
each other. This condition considers the parametric and nonparametric parameters simulta-

neously. Most importantly, it implies that the group-specific vectors are well separated from
13



each other. Consider Hfjo — f/,?H2 first,

o= 52l

ngJO N BJ,Wju2 +Hf’g N BJ/W’“Hz t

\/7BJ/<x;7@g——WQ>

2
1

—0(J ) + { (\/17(%. _ m))/ /Md JB’(z)B’ (z) dx (&(m - m)) }2

1
X"ﬁ(ﬁj — k)

F

where the last equation holds because the eigenvalues of [ yja J B () B’ (z)'dz are bounded
above and away from 0.

Similarly,

)(
=
|
o

Thus 17 = 2], <[ 5 m = o)

, consequently

2 2
0 0 0 0
af o[, +||17 - 12|

a0 — a0l el
=% ak‘p+"\/j(ﬂj ﬂ-k)

F

=||np — e[

/
where 7y, = (a;, %W;) . Thave transformed the difference between two groups into Euclidean
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distance between two vectors. Similarly I could get that

18 — el + ki — fills

=110; — me| %

if i ¢ GY. This result guarantees that the penalty item in could shrink the individual
coefficients to some group-specific parameters.

Assumption imposes smooth conditions on the conditional expectation of w;; given
xy. Similarly as the second part of Assumption , this condition guarantees that I could
approximate Efw;|z;] well with B-splines. There are two approximation errors involved in
the semiparametric model if I aim to estimate the parametric parameters. For an excellent
illustration, I refer to Chernozhukov et al. (2018)).

Assumption is the identification condition with sieve approximation. As demon-
strated in Section [[.2.3] I take the demean approach to get rid of the individual fixed effect,
consequently requiring that E[Z;2},] is positive definite to identify the coefficients. The cor-
responding population value is Var(z;). It is better to understand this condition by thinking

of the partitioned matrix

Var(z) = Var(w;;) Cov(wit, ﬁBJ(xit))
U Cov(VIB (), wi)  Var(VIBY (z))

Consider Var(v/JB”(z;)) first. Define B’(z) = B’(z) — Joaye B (z)dz and B’ (z) =
B(x) — E[B’(z)]. By the properties of B-splines, eigenvalues of J [ jja EJ(x)EJ(x)/dw
are bounded above and away from certain constant numbers. Combining the third part
of Assumption and more properties of B-splines, I could get that eigenvalues of

J Jio, 1 B’ (z)B’(z) dz are also bounded above and away from some constant numbers, say

15



p and p, respectively. Furthermore, I could conclude that

MAaX flmax (Var(\/jB‘](xit))) < juc

1<iKN

and

min_ flmin (Var(\/jB‘](xit))) > pc

1<i<N

Define Spl(k) = {B‘](x)la, z€[0,1]%a € ’RJ} as the demeaned polynomial spline sieve of
order (I choose the same order for all univariate B-splines). Define p(z;;) as the projection of
B[ |z:] onto Spl(k). For each i = 1, ..., N, one sufficient condition for positive definiteness
of Var(z;) is that E [(o?lt —p(xi)) (@i — p(a:it))'} is positive definite. However, it is tedious
to give lower-level conditions for the uniform positive definiteness of Var(z;) fori =1,..., N.

Assumption is commonly assumed in the classification literature, which implies

that each group would include an asymptotically non-negligible number of individuals.

Assumption 1.2. As (N,T) — oo, A =0, J — oo, J2(InT)3T~! — 0,
N2T% (InT)7 — 0.

Assumption[L.2]specifies several restrictions on J, N and 7. The condition J*(In7)*T~ —
0 is very similar to Assumption 2 in Newey| (1997)) on independent observations, only up to
a small logarithmic factor (In7')® The last condition requires that 7' cannot increase too
slow compared with N. The intuition is clear: as T grows, more and more information of
each individual is revealed, and it becomes easier to tell different observations from different
groups apart. The ¢ is the moment restriction I make in Assumption [1.1ii)| which is set to

be larger than 6 to allow that N and T increase at the same rate.

Remark. For nonparametric panel data models, I could simply 1) exclude all the assump-

tions solely involving o and wj, e.g., Assumption and are no longer needed; 2) delete
16



the part with o and w;; for assumptions with both o and f, e.q., Assumption becomes:

There exist ¢ > 0 such that

=1, >

min
1<j#k<KO

Most of the changes are trivial, so I don’t bother to list all of them.

1.3.2 Preliminary Rates of Convergence

The following result gives the preliminary rates of convergence for 6;, + = 1,..., N and n,

k=1, K"

Theorem 1.1. Suppose Assumption [1.1), [1.9 hold, then
(i) |0; — 0%l = Op(J~F + J2T 2 4+ X) fori=1,2,...,N
(i) & 525,10 = 6913 = O,(J 2% + JT)

(i) || —nplle = O,(J~ 7 + J2T=2), fork=1,...,K°, where (N1)s - N(x0)) i a suitable

permutation of (M, ..., No)

Theorem and give the pointwise and mean square convergence rate of 6;. In
Theorem , the first item, J ’%, comes from the approximation error. The second
one, J %T_%, demonstrates the contribution of interaction between B-splines and the error
term. Similar as other Lasso-like estimators, the penalty item is reflected by A. However,
in Theorem , the penalty item disappears. 1 direct interested readers to the details
in the proof. The convergence rate of 7, similarly, does not depend on A. It is worth
emphasizing that the convergence rate of 7, depends on the mean square instead of the
pointwise convergence rate of 6;.

By Assumption , it is clear that 6; and fiw) converges in probability to 67 and 7},
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respectively. For simplicity, I denote ) as f). I further define
Gr={ie{l, . ,N}:Bi=dar} k=1 K
which denote the set of individuals that are classified into group k.

1.3.3 Classification Consistency

To ensure the consistency of classification, I require more assumptions.

Assumption 1.3. As (N,T) — oo, A2 2(InT) 3" — oo , AJa(InT)™" — oo ,
T2J 2(InT) 3" — 0o and A(InT)" — 0 for some v > 0.

Assumption [I.3] imposes restrictions on A and some further ones on J. Intuitively, I
require that A dominates all the other errors from approximation or u;; such that the penalty
item will take effect and shrink the individual coefficients to some group-specific parameters.

Following Su et al. (2016), I define

EkNT,z‘ = {Z ¢ Gk|l S Gg}

Finri = {i ¢ GRli € Gy}

where i = 1,...,N and k = 1,..., K°. And Ewnr = UieagEkNT,i, Finr = UieékaNTJ- Ewnr
denotes the event of classifying individuals that belong to GY into groups other than Gy; and
ﬁ’kNT denotes the event of classifying individuals into G’k but it turns out that they don’t
belong to GY.

The following theorem demonstrates that I achieve consistent classification.
Theorem 1.2. Suppose Assumption and[1.3 hold, then

(i) P(U§£1EkNT) < Zf:ol P(EkNT) —0as (N, T) = o0
18



(i) P(UkK:O1FkNT) < 21521 P(FkNT) —0as (N, T) — o0

Theorem guarantees that with probability approaching 1, I correctly classify individ-
uals in the same group, say G%, into one group Gk, and those classified into the same group,
ék, belong to one correct group GY.

There might exist some individuals that are not classified into any group G whk=1,..,K°
However, as well explained in Su, Shi, and Phillips| (2016)), empirically, I could modify the
classifier and classify individuals into the closest group, while theoretically, I can ignore the
problem in the large sample.

In the simulation, since the sample size is small, I force every individual classified into

some group. For every individual ¢, I classify it into Gy, if

8

1.3.4 The Oracle Property and Asymptotic Distributions

A

0; — 1)

k = arg min {

1< <KO

The C-lasso method simultaneously accomplishes two tasks: to classify individuals into
different groups and to estimate 6;, i = 1,..., N, and n;, k = 1, ..., K°. Given the estimated
coefficients, I could conduct inference for the estimators I am interested in: &; and fk(a:),
where dy, is part of 7, and f,(z) could be constructed by fi(z) = VJB” () 7.

An alternative strategy would be to implement the post-Lasso approach. Given the
estimated groups Gk, E=1,..,K° I could pool the observations classified into the same
group together and estimate group-specific parameters. I denote the post-Lasso estimators
as dg, and ka(a:)

My goal is to show that the C-lasso and post-Lasso estimators exhibit the oracle prop-
erty, i.e., they are asymptotically equivalent to the infeasible estimators as if the group
membership is known. Before I give precise results, more definitions and assumptions are

required.
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Let u; =

11
(Wit, Winy oy i) Var(u;|wy, z;) = L2V, X2, where

% =diag (o7 (Wi, ), -, 07 (Wi, Tir))

V; =El[e;€]]

Assumption 1.4. (i) Fork=1,..., K", there exists two positive constants ¢, and ¢, such

that

0<ec, < lim minpg(V:) < lim max vY<esd
s N,T—o0 ieG) pmin(Vi) < N, =00 i€Go fmax (Vi) < Codnr

for some nondecreasing sequence 61 which satisfies Syr N~ — 0 as N,T — co.

(ii) There exists positive ¢ such that maxi<;<n El|wio;(wit, xit)||% < € < 0o for ¢ > 6.

(iii) Let zipo = 2003 (Wit, Tir)s Wit,e = Win0i(Wir, Tt) and By = VI B3y (1) 0i(wie, xit). There

exist positive constants ¢ and ¢ such that

1<i< 1<iKN

0<ec< m1<r]1V Lhmin (Var (zit,g)> < mMax fhnas (Var(zit’g)) << oo

0 < c¢< min -(Varw- )<max (Varw- )<E<oo
L ,<Nﬂ’mm ( ’lt,U) \1<i<Nﬂmax ( zt,a)

1<i<

0<c< I<I11<I]lv Lhmin (Var(Bit,U)) < max fhmaz (Var(Bit,U)) < €< o0

1< 1<i<N

The Assumptions are analogous to Assumption A.3 in Su, Wang, and Jin (2019). As-

sumption [1.4{(i)| imposes restrictions on the covariance matrix of &;. Assumption [1.4|(ii)]

specifies more moment conditions. The first condition in Assumption assures that

the eigenvalues of the interactive items of z; and the error term are bounded above and

away from 0 uniformly. Moreover, since I am interested in oy and fi(x) instead of 7, the

other two conditions are required.

Assumption 1.5. (i) As (N,T) — oo, NTJ *FJ 2% — 0.
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(i) As (N,T) — 0o, NTJ 27 — 0.

Assumption |1.5(i)|is used to guarantee that the group-specific finite-dimensional estima-
tors, &y and Gy, , achieves VNT' convergence rate. Assumption ‘ on the other hand,

is used to establish the pointwise convergence rate of the group-specific infinite-dimensional
estimators fi(z)) and ka ().

The following theorem establishes the asymptotic distribution of .

Theorem 1.3. Suppose Assumption and |1.4(7) hold. Then for any k €
{1,..., K°},

(i)
VNV 2 (& af) B N, 1)
(i1)
VNIV 2 (6, - ad) B N(0,1)
where

R R RS o ; -
Z fm/zt,w\ézi Vidi; Wi~,w\B (QGQ@\B>

: =0
ieGy,

Vk,w = (QG%,&)\B) Nk

in which

/
Wi-,@\é = (Wﬂ,@\fb VViQ,w\Bv ) VViT,LD\B)

A I— A A o
and Qav oo = FT 2ot=1 2oieG? Wity QGQ,BB and QG%,@B are similarly defined.
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Theorem 1.4. Suppose Assumption and |1.4(it) hold. Then for any k €
{1,..., K"},

(i)
VNIV (Fule) = 1)) B N(0,1)

(ii)
NI IV (Fo (@) = £2(@)) B N (0, 1)

-1 1 1 1 1 A -1
Vi = B’ () <Qag7é\w> N 3 TW{.’B\&ZZ?WE,?WQ,B\Q <ch,3\a> B’ (x)

ieGY
in which the different components are similarly defined as those in Theorem[1.3]
Theorems and indicate that the C-Lasso and post-Lasso estimators of both ay,
and fi(z) are asymptotically equivalent to the infeasible estimators, which are denoted as

Qo and fG% Thus both C-Lasso and post-Lasso estimators exhibit oracle properties.

In my simulation results, the C-Lasso and post-Lasso estimators are of no much difference.

Remark. For nonparametric panel data models, Theorem[I1.3 no longer exists and the state-

ment of Theorem [I.4] needs minor modifications.

1.3.5 Determination of Number of Groups

In this section, I discuss how to use the Information Criterion(IC) to decide the number of
groups K. Asis common in the literature, I need to assume that K° is bounded above from
a finite integer K... I make the dependence of 0; and M on K and X explicit by denoting
them as 6;(K, \) and (K, \).
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Using the post-Lasso estimator /)¢ (K, A), I could calculate

52 1
GK,\ ﬁ

> > (ylt Zie, (K, A))Q

k=1icGy(K.\) t=1

Then I choose K to minimize the following information criterion
IC(K,\) =In ( O k. A)) +pnr(p+ J)K

where pyr is another tuning parameter. Let K (\) = arg minj <<, IC(K,\).
Let G = {GKJ, ...,GK,K} be any K-partition of {1,..., N} and Gk a collection of all

such partitions. Further define

1 K T R o 9
G = NT Z Z Z (yz‘t - ZitnGKk)

L =1
Some more assumptions are required.

. : : . P
Assumption 1.6. As (N,T) — 0o, mini<xcgo infguoeg, 0o — 0> > 0, where of =

plim(N,T)—moﬁ Zij\il Ethl u?t'
Assumption 1.7. As (N,T) — oo, pyrJ — 0 and pyr NT — oc.

When to decide the correct number of groups, there are three different situations to
consider: K < K K = K° and K > K°, corresponding to under-fitted, correct, and
over-fitted models respectively. Assumption is used to guarantee that in the under-fitted
models, the first item in the IC criterion is more significant than that in the correct model.
As long as the second item is dominated, which is imposed in Assumption [I.7, T will not
choose under-fitted models with probability approaching 1. Assumption further implies
that the over-fitted models will not be picked out with probability approaching one as well.

The following theorem formally summarizes this intuition.
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Theorem 1.5. Suppose Assumptz'ons cmd hold. Then P(K(\) =

K% —1 as (N,T) — co.

Theorem shows that the IC criterion is useful in deciding the correct number of
groups asymptotically. However, in finite samples, I suggest that readers use it with caution.
There is always a positive probability that misspecified models are selected. Thus I rec-
ommend readers try different numbers of groups, compare the results, and discuss possible

implications.

1.4 Simulation

In this section, I evaluate the finite sample performance of the classification and estimation

procedure.

1.4.1 Data Generating Process

Restate the model: y; = u; + wi,B; + hi(zy) + uy. The data generating process(DGP) 1

consider has the following settings:
(i) There are 3 different groups with equal group size N/3.

(ii) The B-splines are of order 4(degree 3) and the number of interior points, Jy, is set to

be the closest integer to (NT)3. Note that J = J, + d.

(iii) The penalty parameter X is chosen to be (NT)~s. Note the settings are consistent

with all the assumptions under the situation that N and 7" grow at the same speed.

(iv) The individual fixed effects, u;, are independently drawn from a uniform [0, 1] distri-

bution. Since they are demeaned away anyway, this is a harmless setting.
(v) The regressors, w;; and x;, are independently drawn from Uniform [0, 1].

(vi) The error terms, u;, are independently distributed and u; ~ N(0, 1).
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DGP 1: For different groups, the finite dimensional coefficients and the infinite-dimensional

functions are set to be

1 ifieGY sin(2rz) ifi € GY

B =12 ifie Gy and hi(z) = {sin(dnz) ifi € GY

3 ifieGY sin(6rz) ifi € GY

I consider different combinations of N and T'. For each combination, I simulate 200 times.

1.4.2 Main Result

For C-lasso estimators, since there are three different groups each involving parametric and
nonparametric estimators, I report both the maximum RMSE of &, and fi, and RMSE of &
and f, where & = (41, Ga, ..., o) and f= (fl, Foyoee, fKo). Denote the number of repetitions

as M. The maximum RMSE of & is defined as

A 0 2
Qeym = akHF

1 M
max{RMSE}; = i > \/ max
m=1

1<k<KO

where &, denotes the estimated parametric parameters of kth group in mth repetition and

af is the corresponding true value. Similarly, the maximum RMSE of f is

fk,m - fl?Hi

M
max{RMSE}; = ]\14 > \/ max
m=1

1<k<KO

where fkm and fp are defined similarly. We further define RMSE of & and f as

(RMSE}, = — f: $§:Ha —af
‘T M m=1 k=1 km . F

1 M K% ol12

{RMSE}; = 37 3 ;ka,m -1
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For post-Lasso estimators & and fé, and oracle estimators &go and fGo, I similarly define
maximum RMSE and RMSE, where 4, = (d¢,, 86, 8¢ ), fo = (fo: fayr - fa, ) and
Qgo = <&G?7ng7 ---75402{0)7 fGO = (f(;g,fog, '--ang(o)'

The main results are reported in Table [I.2] and [I.3] T discuss Table [I.2] first. When T
is relatively small (7" = 60), the classification error is comparatively large. Around 25%
(N =90) or 20% (N = 180) of individuals are classified into wrong groups. Consequently,
the maximum RMSE of &, f and &g, f@ are considerable compared with that of the oracle
estimators. However, as T' increases, the classification error shrinks quickly. For the case
N =90,7 =90, N =180,7 = 90 and N = 270, T = 90, more than 90% of individuals are
assigned the correct group identity. As a result, the maximum RMSE of C-lasso and post-
lasso estimators decrease. When I further consider N = 180,77 = 180 and N = 270,7T = 180,
the classification errors are only 1.2% and 0.2% respectively, and the RMSE of C-lasso and
post-lasso estimators are almost the same as that of the oracle estimators. If I increase T' to
270 and consider N = 270, I achieve almost 100% correct classification. Consequently, the
RMSE of C-lasso, post-Lasso and oracle estimators are of no difference. In Table [I.3], T get
similar results.

By carefully comparing the results in Table[I.2]and [I.3] I further find that most of RMSE

of C-lasso and post-lasso estimators could be attributed to the maximum RMSE of them.
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1.4.3 Comparison with Complete Homogeneity and Heterogene-
ity

To further illustrate the advantages of C-lasso and post-Lasso estimators over complete

parameter homogeneity or complete parameter heterogeneity, I compare the results of the

three different approaches.

To make the approaches comparable, I define RMSE of C-lasso estimators in a different

way.

{RMSE} = z\14 ) J Z\ Bim —

F

zm_i

{RMSE} = \l Z\

where me and Blm denotes the estimated parametric and nonparametric parameters of
individual ¢ in mth repetition using C-lasso.

For post-lasso and oracle estimators, I similarly define {RMSE}‘nd {RMSE}%? and
{RMSE}md {RMSE}md respectively.

If we assume individual share the same parameters, I denote the corresponding defined
RMSE of parametric and nonparametric estimators as {RMSE}md and {RMSE}md. If we
allow for complete parameter heterogeneity, I use {RMSE}‘nd and {RMSE}md

The results are reported in Table [I.4f Under complete parameter homogeneity, the
model is misspecified. {RMSE}‘nd and {RMSE}‘nd don’t change much as N and T vary.
While under complete parameter homogeneity, we fail to account for the group structure.
When T is comparatively small (7" = 60), C-lasso and post-lasso estimators don’t necessarily
outperform those under complete parameter homogeneity and heterogeneity. However, as
long as T is large enough (7' = 90, 180, 270), C-lasso and post-lasso estimators perform much

better.
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1.4.4 Comparison with Misspecified Parametric model

In terms of classification, there is a concern that it might not be necessary to use semi-
nonparametric models, because we might still achieve good classification even the model is
misspecified as fully parametric.

To address this concern, I compare the classification errors of two different models: the

true model and misspecified parametric model.
We first use DGP 1 as before. The results are shown in Table [LAl The classification

errors of the true model are always smaller than those of the misspecified model.

Table 1.5: Comparison with Misspecified Parametric Model in DGP 1

% of Correct Classification

N True Model Misspecified Model
DGP 90 60 76.9 48.9

90 90 90.7 56.5

180 60 80.8 51.1

180 90 94.1 62.0

180 180 98.8 83.2

270 90 94.0 65.9

270 180 99.8 87.3

270 270 99.99 94.2

As T increases, the classification error of the misspecified model decreases, so one might
conclude that it is still plausible to do classification using the misspecified model. However,
under certain circumstances, the classification error of the misspecified model is large and
does not improve even as T increases. To illustrate this idea, I consider a new model and

DGP 2:

Yir = pbi + hi(@i) + wi
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where

cos(2rx) ifi € GY

hi(z) = cos(4rx) ifi € GY

cos(6mx) ifi € GY

The other setting are the same as DGP 1.

Then the misspecified parametric model is

Yit = i + Tt @i + Uy

After simple calculation, we could see that for individuals from different groups, the
parameters are the same under the misspecified model, thus it is theoretically impossible to
classify individuals into correct groups. The simulation results are shown in Table[I.6] With
the misspecified model, the percentage of correct classification is at most 40.6% and doesn’t
increase as T increases. Considering that with three equally-sized groups, there is at least
33.3% correct classification under suitable permutation, the error almost achieves its upper
bound. On the contrary, with nonparametric model, I could still achieve good classification
and the classification error shrinks as 7" increases.

Table 1.6: Comparison with Misspecified Parametric Model in DGP 2

% of Correct Classification

N True Model Misspecified Model
DGP 90 60 81.4 40.6

90 90 94.5 40.2

180 60 84.4 38.2

180 90 95.6 37.9

180 180 99.8 38.3

270 90 95.1 37.2

270 180 99.8 37.1

270 270 99.99 37.2
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1.5 Conclusion

I propose a semi-nonparametric panel data model with latent group structures. I first approx-
imate the infinite-dimensional parameters with a sieve expansion. Then using the C-Lasso
method, I simultaneously classify individuals into different groups and estimate the group-
specific parameters. The C-Lasso and post-Lasso estimators achieve uniform classification
consistency and exhibit the oracle property. Simulations demonstrate an excellent finite
sample performance of this approach.

It is possible to extend this research in several different directions. First, what if I
consider high-dimensional panel data models where the response mechanisms exhibit het-
erogeneity? Although it seems plausible, it is not trivial at all to apply my method to
high-dimensional data. Certain highly-mathematical techniques are required. Thus I leave
it for future research. Second, it is natural to generalize my approach to unbalanced panels
with some minor changes. Third, cross-sectional dependence could also be introduced into

my framework, although much more technical details need to be taken care of.
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Appendix

1.A Proofs of the Main Results

I use||-|| to denote Frobenius norm in the Appendix for simplicity.

Proof of Theorem [1.1]

Proof. (i) For each individual, I define

1 T
z' =5 Zylt

t:l

and

KO
Qi(0:,m) = Qi(6:) + X [T116; — i

k=1

Since ; minimizes Qi(0;,1), I have Qi(éi, N) < Qi(6?, 1), which is equivalent to

A

(@i i)—Qi(Q?))+>\(K 0; — i 1 i_ﬁk”)<0
k=1

e Consider the first part:

yzt

HM%

) LT 5 5 A 1T = 5 = % -
where Q); 5z = T i1 ZitZiy, Qize = T Dt Zit€it, € = On, (Tit) + Uit
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e Consider the second part, I have

KO KO
IT[6: =] - IT[}6F — |
k=1 k=1

N

-fi -

)

0 N
1 ‘ —ng‘ — NKo—

K%-1 R
I [6: — i (Hei — o
k=1

)

K%—2 A
D A e (e
k=1

K© ~
T =] (6] [t - )

<01i,NT(é> 0°, ﬁ)"éz —6;

eI 6 — |

67 = e

where ¢i; vr(6,6°,7) = HkKllH 77kH+Hk;

Together I have

(B — 6) Qizz(0: — 67)
<[200: — 09) Qi ze| + Aewinr (8, 6°,7) |6 — 07

<af= ot + 6
By Lemma [1.3] imin(Qizz) > ¢ > 0 w.p.a. 1, then I have w.p.a. 1,
|6: =60 <! <2HQH + Acrinr (0,6, ﬁ))
By Lemma! |Qize| = O~ + J3T-2), thus
16: = 09| = Op (7= + J2T72 4+ )

Remark. The argument depends on the condition that cu’NT(HA, 6°,7) = Op(1).
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(i)

We show this by considering a constrained optimization problem.

Define

B:lBilly <c<ooyi=1,.,N}

vl K e < oot =1,. N,jzl,...,J}
aag|lp <c< ook = 1,...,K0}

:\wkj\ <c<ook=1,...K° j=1,.., J}

where ¢ is a generic constant which varies.

Further define ©, = {0 : 5 € By,v € Rp}, Ho = {n:a € Ay, m € II,}. Remember that
/
0 = (04,...,0N), where 0; = ( ;,%’y{), i =1,.,N, and n = (m,...,nK0), where
— ro 1 ! — 0
e = (ak, ﬁﬂ'k) Jk=1,..., K",
If ¢ is large enough, 1) by Assumptz’on I could imply that B° and o lie in the
interior of By and Ay respectively; 2) Similarly, by Assumption I could get that

7? and ©° lie in the interior of Ry, and 11, respectively, thus 8° € ©y and n° € H,

Then I search over ©, and Hy to minimize the objective function |1.11, namely

R 1 NT 3 9 AN K°
(9;77) :ag9€@b,neﬂbﬁzz(%_ z) +NZI_[1||9z—7lk||F

i=1t=1 i=1 k=

The restrictions gquarantee that ci; yr(0,7) = O(1).

Practically, I set c large enough and conduct the constrained optimization, which works

well in my simulations.

Let myp = J~ @ +J2T-2 and v denotes a (p+ J) x N matrix. In order to show that

LN 10— 69)12 = O,(J=¥¢ + JT1), I just need to prove that for any «, there exists
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a constant M = M (e) such that, for sufficiently large N and T,

P inf QNT(00+mJTU,77) > QNT(QO,T]O) 2 1—¢
% S lvilP=M

This implies that w.p.a.1 there exists a local minimum {f,/} such that % SN 116, —
0% = O,(J~*¢ + JT~) holds.

myt (QNT(GO + mrv, 1) — Qnr (6’ 770)>

1 &
:N;d@i,zgvi— mJTZUQZZE TIkH

i=1 k=1

1
2
2}

m72 A
=0 (J_ + JT71), then i Z?ilHQi,Eé

1 X 1 & o : MIT o) A
ey Yl —2{N;nmu} {N;H%e

where the last inequality holds w.p.a 1 by Lemma [I.3

By Lemma |13 £ 52, Qo = 0,0),
thus for sufficiently large M, I have m;7 (QNT(@O+mJTU,ﬁ) — QNT(@O,T]O)) > 0

w.p.a.l.

(iii) Further consider ¢y, NT(@, 6°,m), where 6 and 7 lie in the interior of ©, and H, respec-
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tively.

Cli,NT<éa 907 n)

Ko-1 K°—2
= T [0 = el + TT [0 = mef 2 = o
k=1 k=1

KO
et [Tl )
k=2

K°-1 , K2
< II (HGZ» — 09| + [0 - nkH) + 11 (Hei — 00 +¢ - 77’““)”9? e
h=1 k=1

KO
4+ -+ HHQ?—nk:H
k=2
K9_1 R s K2 ) °
<Y Clsi,NT(eoun)Hei_egH + > C2Si7NT(90’77)H6i_9?H
s=0 5=0
4.4 zi: CKOSi,NT<007 W)Héz - G?HS
o s=0 ) )
<> csi,NT(e(]ﬂ?)Hei - G?H
s=0
K°—1 s
<Czi,NT(90>77) Z Hel o H?H
s=0

Lcoinr(60°,1m) (1 + 2Héi B 95}“)

where CQi,NT(QOan) = MaXj<s<KO Csi,NT(QO;n) and Csi,NT(GO,T]) = Zé{zol Cksi,NT(eovn)-

The last inequality holds w.p.a 1.

Define pyr(6,1) = & SN, T2, [16; — n|, then

[pnr(0,m) = par (6%, )
g]if i ciint(8,6°, 77)H9Az - 9?”
i=1

<esn % ol o)

<cainr(6°,7) ( ZH@ ‘QOH) + ot (0°,1m) = ZH9 _QOH

:OP(J—7 + JET_E)
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where I use ¢y; y7(0°,1) = O(1), which is implied by a similar argument as that in the

proof of Theorem [1.1{(i)|

Since pNT(é, ) < pNT(é, n"), note that py7(6°,7°) =0,

0 >pNT(9Aa ﬁ) - pNT(éa 710)

A

= (pvr(0,9) = pnr(6°9)) + (pnr(6°,7) — par(6°,1°)) = (par(8,1°) — par(6°,1°))
=0,(J~ % + J3T72) + pyr(6°,7)

. K° N K°
o, + 2+ E X g -
S NS

Then there exists a permutation of {1, ..., K°} such thatHﬁk — 17,2“ = O,(J F+J2T~

N

).
]

Proof of Theorem [1.2]

Proof. (i) For any i € G and [ # k, by Theorem ,
that

0; — ﬁzH LN Hng — nlOH # 0. Suppose
éi - ﬁkH # 0 for some i € GY, which means that i ¢ ék, then the first order

condition with respect to 6; is

0

K A
IT (6

1=1,l#k

Oprs =— QQz‘,za + QQz‘,zz T

9¢—nk

(éi - ﬁk)

0 0
— 20,25 +2Qi (ﬁkz - 9?) +Xx > ey 1

J=Lj#k  I=11#]

0; — iy

=Aj + A+ Ais + Ay + Ass

~ O, —h: .
where é;; = é:g?” if
i 1j

éz' —’fbH 7é 0 and

€ij - < 1 otherwise.

From the proof of Theorem I have that

0; — 0°

<c! <2HQ@25

+ ACli,NT(é, 9077)>
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Let py jr = (J_%l +J2T7z (InT)* + A) (InT")” and po yr = (J_% + 2Tz (lnT)S) (InT)Y

for some v > 0. By Lemma [[.3] I could show that

0, — 6"

P (max

1<iKN

> CM1,JT> =o(N™)

P (Hﬁk - 772“ P CM2,JT) —=o(N™)

for any ¢ > 0.

N KO A
Let ¢, = Hl:l,l;ék i

éw= T |0 =

= 11 <éi—772)—<771—7710)+(772_77?)

= II |[o2=nl+ 00|

. 0 .
Similarly let ¢}, = IT/%; |60 — 77?”. Define ¢} = max;cqo ¢, and ¢ = min;ego ).

0
P <92’“ < e < 262) =1—0o(N

And P <maxiegg

> CAM17JT> = o(N~1) for large enough C' > 0.

Define

N

< 8 QCk} {an —np <e (J—Zl + J2T 2 (lnT)3> (In T)”}

A

0; — 67

(2

max
1<i<N

2
{O < ¢ < min umm(Q zz) < max umax(Ql 53) < €< oo}

0<i<N 0<i<N
< CMl,JT}

CQNT} N { max

1<iKN
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for some C'> 0 and ¢ > 0. Oy = maxicr<ro SUP,e(o 1] fz) - B H =
Then P (EkNT) =1- O(N_l).

Let ¢i =

||g_:77k|| Conditional on Zjy7, I have that uniformly in ¢ € GY, with
1Nk

probability 1 — o(N™1),

G Aia| = 2c6; — ﬁkH NGy, > )\922
S dis| < 2||Q; =5

O Aua| < 20| — | < 2ec (J‘le +J2T72 (In T)3> (InT)"

< 200Nt

< CApagr

¢zkA25 maXHAzg)
zEG

Then

D (12112 + Ai3 + Ay + 12115)

>¢;k1‘1i2 — | b (121@3 + Ay + 12115)

2% - lzoem + 2z (J—’l% + AT (In T)3) (InT)° + CApi sz

where I use Assumption [I.2] and [I.3]
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Thus

)

Thus, with probability 1 —o(N 1) such that ||0; — nx|| is not differentiable with respect

to 6; for some i € GY, which means that P(|0; — n|| =0 € GY) =1 — o(N71).

Then

P (Ufzoll::kNT)

kO
<> P (EkzNT)

k=1

< i P (EkNT,i)

k=1ieG?
K° R A
<3S [ P{|Aa] = A Svr | + P (Zinr)
k=1ieG? 4
0
. cd
<N1I£%>](VP (Hsza > )\4> +o(1)
0
A [
<NP (1%8%)]%“@2211 > )\4> +o(1)

—o(1)

where T use AT2.J~2(InT)® — oo.

(ii) The proof is similar to |Su, Shi, and Phillips| (2016) Theorem 2.2 (ii) and thus omitted.
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Proof of Theorem [1.3

Proof. First, I will prove that /N T (dk — &ék) = 0,(1). Then as long as I could prove |(ii)}

consequently |(i)| holds as well.

e The first order conditions with respect to 6; and 7, are

KO

AH

9 T . K°
O(erJ x1 = T Z Zit 'gzt - Z;t97,> + A Z éij
t=1 J=1  1=1,l#j

N 0
p+J )x1 = zk: H
=1 I=1,l#k
b .
where é;; = o :77 I if 6, # 7); and é;; < 1 otherwise.
J

Note that (1) if i € Gy,

0i — i = 0. (2) if i € Gy and 1 # &,

il = (0 = nR) + (nf =) = (i —nf) ‘ = [lnf =
Let C?O be the set of unclassified individuals.
Then I have
KO K°
Z Z éu H 0; — 771
i€GpJ=1  I=11#)
O KO
elk &ij H 0; —
ieGy, =1, ieGy i=Li#k  1=11#]
ezk’
iGGk =1,
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KO 0 0 N
=Y ¢ H ’ ezk + > > éw I |0i—1
1€Gy I=1,l# ZEGO J=1,j#k ieéj I=1,1#k
KO 0
= Cik H 0; 771” + Z Ci H O; —
ieG,  I=LIFk icGy  1=Ll#£k
Thus I have
2 & P
> > Zitllir — Ziy) Z Cik H |7 — Ml =0 (1.12)
NiT =1 6, kicG, =1k
Let Qg - = ﬁ > Yica, ZiZiy, then
) Ly 01
Mk = — > Zula + Q7 Eik 17 — 7|
Gk ZZ NkT =ty It Gr,22 2N [ =1 14k
A A _ ~ 0 ~ ~
where Ry = Gizzﬁ > ic, Cik H{i1,z¢k||77k: — -

For any ¢ > 0,

P (x/NkTHﬁk A
- (VET|ai] > <)
<KZO > P (i€ Goli € GY)

1 0
k=1ieG9

KO
<Y Y PigGilieGy)
k=1ieG?

—o(1)
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Thus /N, T (@k — &Gk) = 0,(1). By Theorem , similar to the proof in the first

part, I could get that

Thus vNiT (x — dig, ) = 0,(1).
e Now I focus on &@k.

Let

A A /

Qe =Qc, 00 — Q. wBQGk 559 o5
% ~ A A—1

VVit,&J\B =Wit — Qék,a;BQ@bgB\/sz‘t

Ait,&;\B =E[0i|zu] — Qék,dzBQéiﬁB\/jBi

where Q¢ zq, @, o5 are defined similar to Qg -

Then I have that

VR Tag,
A~ —1 N ~
- (QGM\B) \/ﬁ tz: Z Wite (%teo +VJB; \/—% + On it + ﬁz‘t)
k
1

I . 1
Wi@ w29°+ﬁB;” %)
Z' ~ t, ( t t\/_

A - 1 T N
T (QGk w\B) 1 \/ﬁ;zgci Aztw\B hiit

_ T ~
+ (Q@k,w@) 1 \/}72 Z (wit — Elwie|vie]) on, it

NkT t=1 iEék
A~ -1 1

T
+ (Qék@\E?) m ; lEZG;k Wit:w\Bﬂit

:ékl + ékQ + ék?; + ékz;
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By Theorem [I.2], similar to the proof in the first part, I could get that

I
=

Qék ’(D\

[wof}
1w
fa)
Q
EN=)
&
=
o

Furthermore, I could prove that in the following analysis, whenever I encounter ék, I

could safely replace it with G, only up to o0,(1) error.

(The proofs are similar to Corollary 2.3 in |Su, Shi, and Phillips (2016) and Lemma
A.6 in |Su, Wang, and Jin| (2019) and thus omitted.)

By the properties of the approximation error, By, = op(1), B3 = op(1).

Now I consider By,

R -1 T . B 1
(QGW\B) = Z Wz’t,@\B <W§t9? + \/jB{i \/—%Q>
\/j t=1iec J

1 Jl 1

-1 T
(A B B ! n0 D, 0
= (QG%,&;\B) N.T tZ | Wi aoni <wit9i + \/jBit \/7%> + 0p(1)

ko

Et

A -1 1 T !
= (QGQ,Q\B> N.T Z W to\B < ”ozk + \/_BJ ) + Op<1>

it \/_

=\/N,Ta) + 0,(1)

I apply the similar procedure to Bys. Thus I have

VNRT (Gg, — af)

A “1
=0,(1) + QGQ,@\B)

I MH
UJI
Qz

?;“O

7N

Let 2, W, o\BUit = M/z‘/~,@\B =W ~\BZf €i, ¢ be a px 1 nonrandom vector satisfying

le]| = 1. Let
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! A
Bk =C <QG2,(D\B> \/W Z i w\Bz2

zGGO
= >

- 0
eGy

1
-1 \2
A A N
where a;, = <1V,1J’C/ (Qgg,@\B) w! ~\BE%2V22VV¢@\B (QGQ,@\B) c) and {&},
are independent with mean 0 and variance one conditional on {w;, z;}¥,. Next, I just
need to check the Lindeberg condition that if

2
max;eco @;

2
2iec 0

= op(1)

Y icqo aibi D
~ 22— = N(0,1).
Ziecg a; ( ’ )

Note that

then

max 6L2
ZEGO

-1

1 R —1
~m e (Qeuons) WSV Wisns (Qpons) e

1

2
1 N
<ﬁk {Ielgx Hmax(%)ﬂmax (T‘/VZ,,@\BZZVVLLD\B> <Mmin (QG%,&)\B)) ||C||

=0p(1)
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Then

2
maX;eqy a;

2
2iecY ;

Nik maxiegg ,Uzmax(‘/;)/imax (%m,.,&\ézim.@\g) (,U/min (QG%@\B))

-2

<

-2

Mmin(v;)umin <]1"Wi/.7w\BZiWi‘,(:}\B> <l‘max <QG2,@\B>>

=0p(1)

Apply the central limit theorem, I have

' (A . _ 0
= c(aGk O‘k)p
7%

NiT N(0,1
* EieGga? 0.1

Consequently,

VRLTV, 2 (& af) B N(0,1,)

A -1 1 1 R -1
where Vk,w = <QG£,&)\B> Nik ZiEGz %VVZ‘/.@\BEE V;Ez? Wz@\fi <QG2,(D\B> :

Proof of Theorem 1.4

Proof. The proof of Theorem [I.4] is similar to that of Theorem [[.3] and thus omitted.
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1.B Proofs of Technical Lemmas

I use ||-|| to denote Frobenius norm in the Appendix for simplicity. I use C' to indicate some

generic constant, which varies.

Lemma 1.1. Let &; be a R% random variable and E[&;] = 0 for alli,t. For eachi=1,...,N,
&t is stationary strong mizing with mixzing coefficient a;(7). a(j) = maxi<<ny «;(J) satisfies
a(j) < coexp(—pj) for some 0 < ¢, < 00, 0 < p < 00. & are independent across i. Assume

that E]|&i||Y] < oo for some q > 3, Then

for large enough C > 0 if N*T'~% = O(1).

Proof. This lemma is adapted from |Su, Shi, and Phillips (2016|) Lemma S1.2 and could be

derived using Theorem 2 of Merlevede et al.| (2009). A slightly weaker version is

max > =o(N™1)

1<i<N

Z fzt

for any ¢ > 0 and X satisfies that 72 (In T)3 = o(\). For convenience, I could choose

A=T"2(nT)*™ for some v > 0. O

Lemma 1.2. Let&; be a R% random variable and B[] = 0 for alli,t. For eachi=1,...,N,
&t 1s stationary strong mizing with mizing coefficient o, (j). a(j) = maxi<;<y a;(j) satisfies
a(g) < cqexp(—pj) for some 0 < ¢, < 00, 0 < p < 00. & are independent across i. Assume
that max,<icy maxi<ier B[|&i|| 2] < 0o for some ¢ > 6 such that N*T"~% (In T) — 0 as

N, T — oco. Then

>c|=0o(N1

Z gzt

max
1<i<N

for any ¢ > 0.
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. 2
Proof. Let Ayp = N?T'"% (In T)37 and nyp = T (InT) "> Afp. Let 7¢ be an arbitrary dg x 1

nonrandom vector with HQH = 1. Let 1; = 1{||&|| < nnr} and 1;; = 1 — 1. Define

1t = Tgl {&irlie — E[&ili]}
§2,it = Té&tiit

§3.it = TéE[&tL’t]

Then &y + &ait — &34t = T¢ir since E[¢;] = 0. T prove the lemma by showing that for any

c>0

(i) NP (maXKKNH% ST Eall > c) = o(1)

(ii) NP (maxlgigsz} it &2

> C) = o(1)

= o(1)

(iii) maxlgigNH% ZtT:1 &3,it

To prove ,

1 T
NP 1%85% T;gl,it = c
N 1 T
SNY P |5 Gl >c
i=1 et

N 2.2
CoT
<N§ exp{ 0 ¢ }

T + g + Tenyr (n )

C()T2C2
Tvg,max + 77]2VT + TC??NT (ln T)2

CoT?c?
<exp{ — 0 ¢ +2In N

T3 max + T2 (I T) Ny + TeT (InT) > Ay (In 7))

—0

20



To prove ,

NP | max

>c
1<i<N -

1 T
T ; 52,71

NP (ggiaggv max [l > 77NT>

<N?T max max, P(|&ll > nnr)

1
? q 3q max max E
Ti(InT)™ 2 A\yp LSisN I<t<T

X

leallf 1 {Hsﬁn > T(lnTr?’A;cT}]
=0 (N2T13 (InT)? )\NlT)

=o(1)

To prove ,

max
1<iKN

1 T
156

E (&)

< max max
1<i<N 1<t<T

q
s | ()

< max max {(EH&tHg>q} X max max {(P (1]l > nNT))qu}

1<G<N I<t<T 1<G<N 1<t<T

QN

N

(Pl > w))qqg}

q—2

q

1<i<N 1<t<T

—a=2 a
<cc g oy (i” B [l 100 > )

=o(1)

This completes the proof.

Lemma 1.3. Suppose that Assumption and [1.9 hold, then

(i)

1 . 9 PR 9 PR ) — — -1
PO<c< Jin Pomin(Qizz) < Jnax Pmaz(Qizz) < €< o00)=1—0(N"")



(ii)

Qize| = Op(Ji% + J%Tfé)
(iii)
1 A1 —21 -1
N Qizell| =O0,(J @ +JT77)

(iv)

(015% @iz (J—; +J2T7% (In T)3> (In T)”) =o(N )

for any ¢ > 0 and some v > 0.

Proof. (i) Consider the difference between Var(z;) and Qi,gg.

Let p1(A) be the kth largest eigenvalue of matrix A. Denote S, as the permutation

group of {1,....,p + J}. By Hoffman-Wielandt inequality,

’2

min Z ’Mk(@i,z%) — Mo (k) (var(zit))‘Q < HQi,ZZ - Var(zit)

Because

‘ 2

<2 Hszz - E[Zitzgt]

— Var(zy)

) 2
42
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thl tthl 1t t 1t

(i) Consider the first item, for any ¢ > 0,

e By Lemma[[.2]

max
1<i<N| T

Zwltjwztk Elwi jwirr]| = c| = o(N71)
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e Similar as the proof in Lemma I could get that

1 T
P | max max —Zwit,j\/jBik—E{wit,j\/jB;;k] S =o(N1)

1N 1<k<I| T —1

where T use Ayy = N?*T'"2J9(InT)3? — 0 as (N,T) — oo, which could be
derived by J2(InTPT~! — 0 and N>T'"% (InT)? — 0. And I set nyr =
TJ (In T)*S)\]%VT and &, = Wit,jBii,k‘

e Similar as the proof in Lemma, (only the first step is enough),

P | max max max ZJBMB;Q,C E[JB) B;,]| >l

1<i<N 1<j<) 1<k<J| T i3

=o(N 1)

Note that there are only O(J) nonzero elements in B;B; — E {B;{Blﬂ.

Thus for any ¢ > 0,

< max HQ@ zz Zztzzl‘t]

1<i<N

(ii) Consider the second item, for any ¢ > 0, similar as the proof in Lemma

>cJ 2| =0o(N7Y

E Wit J wzt ]

max
1<G<N| T

P | max max
1<i<N 1<k<J| T

ZWBM E|[VIB,] >
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Thus I could get

P

1<

max

1

T

<IN

T 1 T

Z Zitf Z 2y — Blza] Elz]

t=1 t=1

Combining part |(i)| and together, I have

( ) Let Q ,2 =T Zt 1 Zzt(;h ,it and Qz Zu — T Zt 1 Zztuzt; where 5/1 it — h
) ‘f‘Hsza .

have

Qi,%é

< HQi,zé

For the first part, since

N

e For the first item,
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e For the second item,
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e Consider the second item,

1 x o1&
E T;zitT;ut]

1 &1 & | 1 & G
—E T;wt?;uﬁ +E T;\/jBZ{T;ut]

Thus | Q; 0| = Op(J3T~3),

In sum, I have proved that
|Qivcel| = Op (T~ & + 12773

(iii) Consider

Note that from the proof of , I could strengthen the results to

max B0 ] =0 (/%)
B o] =0

Consequently,
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This completes the proof.

(iv) Note that HQ’%

:HQi,gS +HQ¢,2& .

C >0, any ¢ > 0 and any v > 0,

—

To prove |(iv) I can show that for large enough

1<i<N

ma |G
<1<’L<N QZZ’LL
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> cJ2T77 (In T)3+”> = o(N71)

(i) For the first part, consider HQZ»,Z(; separately. First,
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Next consider % Zt 1 for any ¢ > 0 and 1 < 7 < J, I want to show

ztj?

>cJ | =o(N 7Y

P | max max
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Thus for large enough C' > 0,
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Combining the previous results, I have for large enough C' > 0
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Similarly, I could prove that for large enough C' > 0
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Similarly,

1 T \/_ Jl T
thzzl JthTZu%t

t=1

P | max
1<i<N

> cJ:T7: (InT)* | = o(N7Y)

This completes the proof.
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Chapter 2

Nonparametric Additive Panel
Regression Models with Grouped

Heterogeneity
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2.1 Introduction

Panel regression models have attracted considerable attention in both theoretical and applied
econometrics. They provide researchers a convenient way to tackle unobserved heterogeneity
that plays an important role in panel data analysis. Over the past few decades, substantial
progress has been made in terms of the identification and estimation of various panel regres-
sion models; see Arellano and Honoré| (2001), Matyas and Sevestre| (2013) and Baltagi| (2015))
for a comprehensive review. However, most of the literature uses fixed effects to control for
individual-specific heterogeneity. Even though such a modeling scheme facilitates technical
analysis, it ignores the potential nonlinear effects of explanatory variables and non-additive
heterogeneity, both of which have been emphasized by multiple empirical studies. For ex-
ample, using panel data of listed firms in the Chinese stock market, Ni, Wang, and Xue
(2015) found that investor sentiment has nonlinear effects on stock returns, and such effects
are heterogeneous across different subgroups of stocks.

To address the problem of non-additive heterogeneity in the data, recent econometrics
literature has studied panel regression models with grouped heterogeneity; see Su, Shi, and
Phillips (2016), [Vogt and Linton| (2017)), Miao, Su, and Wang| (2020)), among many others.
There are two main features in the models: first, every individual is assumed to have a unique
unobserved group membership; second, the functional relationship between the dependent
and independent variables is homogeneous within the same group but heterogeneous across
different groups. By introducing the grouped heterogeneity, such models can reach a good
balance between flexibility and parsimony compared with panel regression models with fixed
effects and classical random coefficients panel models. To our best knowledge, the current
literature in this area mainly focuses on linear panel regression models, which has motivated
us to fill such a gap by considering a nonparametric counterpart.

In this paper, we propose a nonparametric additive panel regression model with grouped
heterogeneity, which can simultaneously consider both nonlinear effects of explanatory vari-

ables and non-additive heterogeneity. Additive regression models have a wide variety of
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applications in economics, statistics and many other disciplines; see Sperlich, Tjgstheim,
and Yang| (2002), Profit and Sperlich| (2004), Mammen, Stgve, and Tjgstheim| (2009) and
Huang, Horowitz, and Wei (2010), etc. Therefore, this paper naturally contributes to the
literature of additive regression models by incorporating grouped heterogeneity into consid-
eration. It is worth noting that |Vogt and Linton| (2017)) and [Vogt and Linton| (2020)) also
considered nonparametric panel regression models with grouped heterogeneity. The cluster-
ing methods developed in these two papers suffer from the curse of dimensionality. Also,
their approach can not be easily generalized to additive regression models.

To estimate the proposed model, we adopt a sieve-approximation-based penalized esti-
mation method, which can identify the latent group structure and estimate parameters of
interest in a single step. Our estimation method evolves from the so-called Classifier-Lasso
estimation method for panel regression models that was first proposed in Su, Shi, and Phillips
(2016)). |Su, Wang, and Jin| (2019) applied a similar sieve-approximation-based estimation
method to estimate time-varying coefficients panel models. However, the time-varying coef-
ficients considered in [Su, Wang, and Jin| (2019) are nonrandom; thus, the asymptotic prop-
erties derived in their paper do not directly apply to the nonparametric additive regression
models considered here. More importantly, unlike previous literature on the Classifier-Lasso
estimation method, which defines the group structure based on all the coefficients, we take a
different approach by considering the subgroup structure of each additive component. This
refinement allows us to handle models with a relatively large number of groups since it is
the product of group numbers of each nonparametric component. In practice, these group
numbers are usually unknown ex ante and have to be estimated from the observed data, so
we further develop a BIC-type information criterion that can consistently determine group
numbers for the model. We establish the convergence rate of the nonparametric compo-
nents’ estimators and their linear functionals’ asymptotic normality under some regularity
conditions. We also demonstrate the finite sample performance of the estimation method

and the BIC-type information criterion through Monte Carlo simulations. The results show
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that both perform well in general.

We illustrate the usefulness of the proposed model and estimation method by applying
them to study the consumer demand for cigarettes in the United States using panel data
of 46 states from 1963 to 1992. We find that group heterogeneity exists in the effect of the
retail price of a pack of cigarettes on cigarette sales. More specifically, all 46 states can be
classified into two groups according to their price elasticity of demand for cigarettes. There
are 28 states in the first group and 18 states in the second group, and those in the first group
are, on average, more sensitive to price. However, we do not find evidence indicating there
exists grouped heterogeneity in the effect of real per capita disposable income on cigarette
sales.

The rest of the paper is organized as follows. We introduce the nonparametric additive
panel regression model with grouped heterogeneity in Section 2.2} In Section [2.3] we describe
the proposed sieve-approximation-based Classifier-Lasso estimation method. Section [2.4]
establishes the asymptotic properties of the proposed estimator. Section [2.5| reports the
Monte Carlo simulation results. An empirical application is presented in Section[2.6] Finally,
Section 2.7 concludes.

Notation: For any matrix A, we denote||A||, = (tr(AA’))Y/? as its Frobenius norm, A’ as
its transpose and A~! as its Moore-Penrose generalized inverse. If A is also a squared matrix,
we denote Apax(A) and Apin(A) as its largest and smallest eigenvalues, ||Al| g = (Amax(AA"))
as its spectral norm. The Lgnorm of a p-dimensional vector v is denoted by [lv|,, where
Joll, = (i 0|94 when 1 < ¢ < oo and ||v]|, = max;—,_,|v;| when ¢ = co. For a
vector-valued function f(-) defined on [0,1], we let || f]|, to be its Ly—norm, i.e., | f], =
(Jollf(@)|| dz)'/2. For a set G, its cardinality is denoted by |G|. For a set [N], we define
[N] = {1,2,..., N}. For functions f(n) and g(n), we let f(n) 2 g(n) and g(n) < f(n)
mean f(n) > cg(n) for a generic constant ¢ > 0, f(n) < g(n) denote both f(n) = g(n)
and f(n) 2 g(n) hold. We let (N,T) — oo denote N and T diverging to infinity joint, KN

convergence in probability, EEN convergence in probability. As a general rule for this paper,
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we write ¢ as positive generic constants that are independent of n in different places.

2.2 Model

In this section, we introduce the nonparametric additive panel regression model with grouped
heterogeneity. Suppose researchers observe panel data of N individuals for T periods, i.e.,
Hyir, o, 3, YE . The primary interest here is to study the effect of the explanatory vari-
ables = on the explained variable y. We assume y;; is generated according to the following

econometric model:

P
Yit = i + Z hi (i) + wit, Uiy = 03(Tit)Eit, (2.1)
j=1

fori=1,..,Nandt=1,..,T, where x;; = (i1, ..., Titp) is a p x 1 vector of explanatory
variables, u; denotes the unobserved individual fixed effect which can be correlated with x;;,
€i is an error term which has mean zero and variance one and is uncorrelated with z;; and
u; is an error term with mean zero and variance o?(z;) conditional on x;. In addition,
h; j(x) is a smooth function defined on a compact support & for j =1, ..., p, and we assume
X; = [0,1] without loss of generality. Throughout this paper, we let h;(z) denote the true
parameter of interest to be estimated.

To capture the non-additive unobserved heterogeneity that can affect the functional rela-

tionship directly, we impose the following group structure on the nonparametric components

0 0N .
{h’i,l""7hi,p i=1"

K9
hii(z) = foi(x)1{i € G} ;} for any € [0,1] and j =1, ..., p, (2.2)
k=1

where fp;(z) is some smooth function defined on [0,1], G} ; denote the k-th group of the

nonparametric function of the j-th explanatory variable z;; ;, K jQ is the total number of groups
K9 K9

of h;(z). We assume {G} ;},2, are mutually exclusive, i.e., U, G} ; = {1,2,..., N} for all
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1 <7< p, and G?n’j N G?l’j = 0 if m # n. Furthermore, we let Ny ; denote the cardinality
of the set GY ;, i.e., Ny j = |G} |, and we have Zﬁl Ni; = N by definition. Finally, we
let f; = (flyj, e ng)j>/ for j = 1,..., p, which is the vector of the j-th infinite-dimensional
parameters to be estimated. Following the convention in the literature, we assume that the
group memberships do not vary across different time periods.

Based on the above setup, our goals include (1) estimating {h; (), ..., hip(z)} for i =

L,...,N; (2) estimating the group-level parameters {fi;(x), ..., fx,;(z)} for j = 1,...,p; (3)

0

identifying the group memberships {G7 ;, ...,

G?(M} for 5 = 1,...,p. It is worth noting that
the nonparametric additive panel regression model given by equations and is fairly
general since it takes account of both the additive heterogeneity represented by the individ-
ual fixed effect as well as the non-additive heterogeneity that directly affect the functional
relationships. Such a model can be regarded as a natural extension of the linear panel
regression models with grouped heterogeneity. Because of the additive structure, we can
avoid the curse of dimensionality and still capture the nonlinearity in the marginal effects of

explanatory variables. Therefore, our model can become an appealing choice for empirical

studies in economics, sociology, and many other fields.

2.3 Estimation

In this section, we propose the sieve-approximation-based Classifier-Lasso estimation method.
This section includes two subsections. In Subsection [2.3.1] we discuss the sieve approxima-
tion for nonparametric functions h;;(z) and fi ;(x) for all ¢ = 1,...,. N, 7 = 1,...,p and
k =1,..,K;. In Subsection , we introduce the optimization problem and the related

estimators.
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2.3.1 Sieve Approximation

Since the infinite-dimensional parameters are unknown functions, we first approximate them
using the sieve approximation method; see |Ai and Chen| (2003) and (Chen| (2007) for more
details on sieve estimation. In this paper, we use the B-spline polynomials of order x (or
degree k — 1) to form basis functions on [0, 1] because it is well-known that the B-splines
have good properties and are computationally easy.

We first use the B-spline basis functions to approximate h;; and f ;, for k = 1,..., KJQ,
7 =1,....,pand ¢ = 1,..., N. We assume that these functions are contained in the Holder
space, which is defined as follows. We consider the Holder space A”([0,1]) of order r > 0.
Let r denote the largest integer satisfying r < r. The Holder space is a space of functions
f :[0,1] — R such that the first r derivatives are bounded, and the r-th derivatives are
Holder continuous with the exponent r — r € (0,1]. The Holder space becomes a Banach
space when endowed with the Holder norm:

£l = suplf(@)] + sup LDV oy

(=)

where for any nonnegative scalar a,

or

fo(x) = o’

().

A Holder ball with radius ¢ is defined as AL([0,1]) = {f e A7([0,1]) - |l £

Ao Se< oo}. It
is known that functions in AL(]0, 1]) could be approximated sufficiently well by the B-spline
polynomials of order x > r + 1. Let B/(z; ;) denote J x 1 basis functions, then we could

approximate h; j(zi;) and fi (2 ;) by B?(xy ;) vi; and B (i ;) my ;, respectively, where
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7i; and 7y ; are J x 1 vectors:

hz‘,j(ffit,j) :Bj(xit,j)/%,j + 5hi,j(xit,j)a t=1,..,N, 7=1,...,p,

frg(ing) =B (i) mh; + 05 (arg), k=1, K}, j=1,..p,

where 0y, ;(zi1,5) and dy, . (2i,;) are corresponding approximation errors.
Define z;; = VJJB(vy;) and 6;; = %%,j, i = 1,...,N, then equation could be
expressed as

P
Yit = pi + ) 2 i + et (2.3)

j=1
where % is the normalization term and e; = wy + 35—y O, , (Titj)-
At the same time, we let 1, ; = %m@j, then equation implies

KO

0;; = ’;nzi’,jl{i € Gh . (2.4)

Thus we have constructed the sieve approximations for h; ;(z) and fy j(x), respectively.

2.3.2 Penalized Estimation of A and f

Since our main interest is to quantify the effect of different explanatory variables on the
explained variable, we use standard transformation to eliminate the individual fixed effect p;
and thus get rid of the potential incidental parameter problem caused by the individual fixed
effects. We take the deviation from the mean across individuals, which gives the following
equation
P
Yir — Ui = ) _(2ieg — Zig) 0ij + eu — €, (2.5)
j=1

where y; = %Zle Yit, with similar definitions for z; ; and e;.

For the sake of notational simplicity, we further define ¢;; = y;x — y; and similarly for Z ;,
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€;t, then equation could be written as

P
it = Ziy 055 + Eir. (2.6)

J=1

At this moment, we assume that K;) is known in the estimation procedure. Later we will
discuss how to use a BIC-type criterion to consistently estimate KJQ, for j =1,...,p. Recall
our goals are to estimate both h; ;(z), fi;(z) and identify the latent group structure. To

achieve these goals, we propose to minimize the following criterion function:

0

A\ p K
Qnral0,m) = Qnr(0) + =D IT0is — 77k,jH : (2.7)

N ZiSa F
where
1 N T p 2

Qnr(0 =NT > (ﬂz’t - %t,jei,j) : (2.8)

im1 t=1 =

In equations and , we let 0 = (01,...,0x), in which 6; = (¢;,,...,0; ), and n =
(11, -5 m,)", in which n; = (3 4, ..., n’Kj’j)’. A is some positive tuning parameter which depends
on N and T'. The additional penalty is used to shrink the individual parameters 6, ;, ¢ =
1,..., N to a particular unknown group-specific parameters ), ; for some k € {1, ..., K jQ } while

at the same time to classify individuals into a priori unknown groups.

Let § and 7 be the solution to the minimization problem given by equation . Then

{hig(x), ..., hip(z)} for i =1,....N, and {f1 (), ...,fK].,j(x)} for j = 1,...,p are given by

hij(x) =VJIB?(x)0;;  forj=1,..p,

fkj(:v) = ﬁBJ(x)'ﬁkJ for k =1, ...,KJQ, j=1,..,p.

The latent group structure is identified using the following rule: i € ék,j if fz” = fk]
As pointed out in [Su, Shi, and Phillips (2016), all individuals will be classified into certain

groups asymptotically. However, in finite samples, it may be the case that some individuals

72



are left as unclassified if the tuning parameter is relatively small. When such situation
appears, we can use another decision rule to determine the latent group structure: ¢ € C?k’j

if‘ hi; — f’””p < ‘ hij — fl,j‘

Jforalll =1, ..., K;.
F

2.4 Asymptotic Properties

In this section, we establish the asymptotic properties for the estimators proposed in Section
2.3l This section include four subsections. They are organized as follows: in Subsection
, we characterize the preliminary convergence rates for individual coefficients éi,j, for
t =1,.,N and j = 1,...,p and the group-specific parameters 7y ;, for ;7 = 1,...,p and
kE=1,.., KJQ. Subsection m presents the results of classification consistency. After that,
Subsection reports the asymptotic distribution of group-specific parameters fj ;, for
j=1,...,pand k =1,..., KJQ. Subsection discusses how to determine the number of

groups.

2.4.1 Preliminary Rates of Convergence

We first give the necessary assumptions for establishing the convergence rate of 6 and 7.

— / — / / !/
Define x4 = (i1, s Tiryp) and zip = (2,1, -, 241 )"

Assumption 2.1. (i) For eachi =1,...,N, {xy, ey : t > 1} is stationary strong mizing
with mizing coefficient o; (7). a(j) = maxicicn a;(f) satisfies a(j) < cqexp(—pj) for

some 0 < ¢, < 00, 0 < p < o00. {Ty,eu} are independent across i.
(ii) There exists positive ¢ such that max;||u;||% < é < oo for some q > 6.
.o . . 0 0 p
(iii) For the nonparametric functions {f7;, ..., fKOj}j:17 we have
: 0,

(i) E[fg ()] =0, forj=1,...pand k=1,.., K.
(it) fr; € F=AL([0,1]) withr >0, forj=1,..,pand k=1,..., K.
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(ii1) Yi € {1,..., N}, let fir ;(x) denote the marginal density function of {x; ;}, we have
fitj(@) = fi;(x) for alll1 <t < T and x € |0, 1]. Furthermore, there exist positive

constants ¢ and ¢ such that

i i i y < y C .
O << i min, B, V(0 < o o, s (o)} <@ <o

(iv) There exist ¢ > 0 such that for any j =1,...,p,

2
fr(l)l,j - fg,sz > &

min
lgm;éngK?

(v) There exist positive constants ¢ and ¢ such that

0<c< Wi flmin (Var(zy)) < MAX flmaq (Var(z;;)) < ¢ < oc.

A RIS

(vi) N]’Q’j — 1, forj=1,..,pandk=1,.., KJQ as N — oco. There exists positive constants

c and ¢ such that

O<c< min min {7} < max max {7} <c<1
= 1<J<P1<k<KJQ{ i} Oéjéplgkgf(;?{ )

Assumption implies that the strong mixing coefficients «(l) decay exponentially
fast to 0 as | — oo uniformly. Similar conditions are made in [Su, Shi, and Phillips| (2016]),
Su, Wang, and Jin (2019), Vogt and Linton (2017)), etc. For more discussions on this, we
refer readers to Su, Wang, and Jin (2019)). Assumption imposes moment restrictions
for wg.

Assumption imposes restrictions on the nonparametric functions. The first part
is a harmless normalization. The second one is the smooth condition which ensures we can

approximate any function f € JF sufficiently well using the tensor-product of univariate
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B-splines. By results from the approximation theory, there exists 7, ; € R” such that

sup ka](x) — BJ/Wk’jHoo =0(J7)

z€[0,1]

Similarly, for each individual, there exists 7; ; such that

hij(x) = B i,

sup ’ =0(J™).

z€[0,1] o0

Then, after controlling for the approximation error, the difference between f, j(x) and h; ;(z)
is reflected by the difference between m, ; and 7, ;. The third part is also assumed in Vogt
and Linton| (2017). First, this condition makes the functions h;;(x;;) comparable across
individuals. Second, it guarantees that h; ;(x;) could be estimated uniformly well.
Assumption [2.1j(iv)| specifies that the group-specific parameters are well separated from
each other. At the same time, it also implies that the group-specific vectors 7 and n are well

separated. For 1 < m # n < Kj, let’s consider Hfgm. - fSJH2 first. Notice that

0 0
405 = 12,

0 J’ 0 J!
ngmJ - B Wm’jHQ +Hf”:j - B W"’jHQ +

ViB” (\}j(wm,j _ W))

2

=

- LW'—W' / Tz Jx/xiwl—wl 2
~ot >+{( s = m) [ B @B e (g >)}

1
= ﬁ(”m,j — Tn.j)

Y

F

where the last equation holds because the eigenvalues of [ a J B/ (x) B’ (z)'dx are bounded

above and away from zero.
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Similarly, we have

F

2

0 0 0 J! 0 J!
<[ s = sl s = B |, + [ s = B
0 0
= fm,j _fn,j

= fTOn,j - fg,j

2 1 2 0 o |I? I imil
y = |5 = mad)| = [y = In a similar

Therefore, we have Hf,% ;= . j

fashion, we can get
2

2
hij — fk,jH2 =05 = ms

if i ¢ G%j. This result guarantees that the penalty item in the criterion function could

e

shrink the individual coefficients to some group-specific parameters.

Assumption is a standard identification condition for sieve estimation. As demon-
strated in Section [2.3.2] we take the demean approach to get rid of the individual fixed
effects, which consequently requires that E[Z;;Z],] is positive definite to identify the coeffi-
cients. Then notice that the corresponding population value is Var(z;;). Assumption [2.1f(vi)]
is commonly assumed in the classification literature, which implies that each group would

include an asymptotically non-negligible number of individuals.

Assumption 2.2. As (N,T) — oo, we have A — 0, J — oo, J2(InT*T~* — 0 and
N2T'=3 — 0.

Assumption specifies several restrictions on J, N and 7. Let’s first focus on the
first part of the condition, i.e., J2(InT)3T~! — 0. This condition is comparable to the

Assumption 2 in Newey| (1997) for independent observations. The last condition requires

that T" cannot increase too slow compared with N. The intuition is clear: as T grows,
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more information of each individual is revealed, making it easier to identify the latent group
structures. The ¢ is the moment restriction we make in Assumption [2.1}(ii)} which is set to
be larger than 6 to allow that N and T increase at the same rate.

We are now ready to establish the preliminary convergence rates for 6 and 7, which are

given in Theorem [2.1]
Theorem 2.1. Suppose Assumption 2.1, [2.9 hold, then

(i) 6; — 0p = Op(J" + J3T7% + ) and ||f;; — 02,|p = Op(J™" + J2T~3 + X) for
i=1,2,...,N,j=1,...,p.

(i1) 5 Sllfi = 0007 = Op(J 7> + JT") and 5 SX, 1655 — 69,113 = Op(J 7> + JT) for

7=1,...p.

o a e glel . . .
(Z“’) ||77(k),g_7712,]||F = OP(J +J2T 2); fO’f’k = 17"'7K]Q7 J = 17"'7p7 where (77(1),3'7---777(K;?)7j)

is a suitable permutation of (M1, ..., Mo ;) for j =1,...,p.
J7

Theorem and give the pointwise and mean square convergence rates of HA” for
7 =1,....,p. In Theorem , the first term, J~", comes from the approximation error. The
second term, .J 3T _%, demonstrates the contribution of the interaction between B-splines and
the error term. Similar as other Lasso-like estimators, the penalty item is reflected by A.
However, in Theorem , the penalty term disappears. We direct interested readers to
the details in the proof. The convergence rate of 7 ;, similarly, does not depend on A.

By Assumption and Theorem , it is clear that él ; and 7)) ; converges in probability
to 92 ; and 7727j, respectively. For notational simplicity, we denote 7)) ; as 7 ; and further
define

Grj={i€{l,..N}: 0y =in;} fork=1,. K}

which denotes the set of individuals whose functions of the j-th explanatory variable are

classified into the k-th group, for 1 <k < K.
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2.4.2 Classification Consistency

To ensure the group classification’s consistency, we need to impose more assumptions, which

are given in Assumption [2.3

Assumption 2.3. As (N,T) — oo, T3 J*%(ln T)Y3 7 =00, AJ(InT)™" — oo, T3 J*%(ln )3 —

oo and A(InT)" — 0 for some v > 0.

Assumption [2.3| imposes restrictions on A and some further ones on J. Intuitively, we re-
quire that A dominates all other errors of approximation or u; to make sure the penalty term
can effectively shrink the individual coefficients to corresponding group-specific parameters.

Following [Su, Shi, and Phillips (2016) and [Su, Wang, and Jin| (2019)), we define

A

By ={i¢ Gy lic Gy}

Fuj={i ¢ G} ,li € Guy}

where ¢+ = 1,... N, 5 = 1,...,p and k = 1,...,K]Q. We let Elm = Uiecg.Eik,ja Fk,j =
»J

U Fik’j. Here Ek,j denotes the event of classifying individuals that belong to G%j into

iGGk’j
groups other than G’k ;5 and F, 1,; denotes the event of classifying individuals who don’t belong
to G%j into G;w These two events mimic the Type I and Type II errors in hypothesis testing

literature, respectively.

The following theorem establishes the consistency of the group membership estimator.
Theorem 2.2. Suppose Assumption and 2.5 hold, then
- p 5 7 P Kj 2
.. K9 ~ K9 A
(1)) P(Uj—y Uply Frj) < X5 02y P(Fry) = 0 as (N, T) — oo.

Theorem guarantees that with probability approaching 1, we can correctly classify
individuals in the same group, say G%j, into one group C?;w, and those classified into the

same group, Gk,j, belong to one correct group G%j forj=1,...,pand k=1,..., KJQ.
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2.4.3 The Oracle Property and Asymptotic Distributions

As mentioned previously, the Classifier-lasso estimation method can simultaneously ac-
complish two tasks: to classify individuals into different groups and to estimate 6, ;, for
t=1,..,Nand j=1,...,p, and n;, for k =1, ...,KJQ and 7 = 1,...,p. Given the estimated
coefficients, we might want to conduct statistical inference on the functionals of the nonpara-
metric components. For example, fy ;(z), which is constructed by fi;(z) = vV JB’(z) ;.
An alternative strategy would be to implement the post-Lasso approach. Given the
estimated groups C’k,j, for j =1,...,pand k£ = 1,..., KJQ, we could conduct a constrained

optimization to estimate group-specific parameters. We denote the post-Lasso estimators as
fo, ().

Our goal in this subsection is to show that both the C-lasso estimator and the post-Lasso
estimator enjoy the oracle property, i.e., they are asymptotically equivalent to the infeasible
estimators as if the group memberships are known ez ante. Before we move to the results,
more definitions and assumptions are required.

1 1
Let U; = (Uﬂ, Uiy oney UZ'T), E; = (82'1781'2, ...7€Z'T) and VaI‘(’LLZ|ZE1) = 222 ‘/1222, where

El‘ :dlag(03($21)7 . U?(ZEZT»

Vi =E[ei]]

We then formally demonstrate how to construct the oracle estimators. Given the correct

group membership GY ; for 1 <k < KJ and 1 < j < p, define Z; qo = (E;th(l), 5;57(;37 o 2&702)’,

where .
G th
!/

~ _( / / )/
Zit,Gg? = Wix1s o %o Yixa

K? vectors

for 1 < j <p. éiugg is composed of KJQ column vectors of length J. All the vector are 041

except for the GY ;th, which equals to Z ;. Then Z; o is a (J PR K]Q) x 1 vector.
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The regression equation is

~ ~/ ~
Yit = Zig ol T Cit

where 7 is a (J S Kf) x 1 vector. Let n = (ny,1m5,.-,7,)", and n; = (0}, M5, ...,T]K;_)’j)’
for 1 < j < p.
Denote the estimated 1 as 7jgo with all the components Mgy - Then construct the corre-
2J
sponding ng =2z jﬁag for 1 <k < KJQ and 1 < j < p, which is the oracle estimator.
3] > »J

Define

-1 -1

VGO = (E[’git,Gogz{t,GO]> E |:2i.7G023/2‘/iEil/22;,7G0

(ElZi.c0%,00))

where Z; g0 = (%160, Zingo, ..., Ziroo). We could divide Vo into different cells Veo for
3]

1<k K j(-) and 1 < j < p according to the true group structure.
Assumption 2.4. (i) Forj=1,...pandk=1,..., K}), there exists two positive constants
¢, and ¢, such that

0< Cy < lim min Nmin(%) < lim max Mmax(%) < EvéNT
N,T—00ieG? ; N,T—00ieG? ;

for some nondecreasing sequence Sy which satisfies Syr N~ — 0 as N, T — c0.

(ii) Let By, = \/jB;i(mit)ai(xit). There exist positive constants ¢ and ¢ such that

0<c< Wi fmin (Var(Bit’a)) < AX. fimaz (Var(Bit’a)) << oo

1<i<

Assumptions is analogous to Assumption A.3 in [Su, Wang, and Jin| (2019)). Assump-
tion [2.4(i)| imposes restrictions on the covariance matrix of ;. Assumption assures
that the eigenvalues of the interactive items of z;; and the error term are bounded above and

away from zero uniformly.
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Assumption 2.5. As (N,T) — oo, NTJ 2" — 0.

Assumption [2.5] is used to establish the pointwise convergence rate of the group-specific
infinite-dimensional estimators fj ;(x) and kaJ<I> The following Theorem establishes

the asymptotic distribution of the estimated functional of fj ;.

Theorem 2.3. Suppose Assumption and hold. Then for any j €
{1,...p}, ke {l,.. . K}},
(i)
-3 (7 0 D
\/ Nk,jT/JVk;,j,B (fk,j(x) - fk,j(x)) = N(0,1)
(i)
-3 (7 0 D,
VN T/ IV, 2 (Fa, (@) = £5(2)) B N(0,1)

where

Vi = B (2) Voo B’ (v)
and VGg 18 the corresponding cell in Vgo.

Theorems indicates that the Classifier-lasso and post-Lasso estimators of f ;(z) are
asymptotically equivalent to the infeasible estimators, which are denoted as ng . Thus both
»J

C-Lasso and post-Lasso estimators exhibit oracle properties.

2.4.4 Determination of Number of Groups

In this section, we discuss how to use a BIC-type information criterion to determine the
number of groups KJQ, j=1,..,p. Define K = (K}, ..., Kg). Following the literature, we
assume that K JQ is bounded above from a finite integer K., for all j =1, ..., p. We make the

dependence of f; ; and 7 ; on K and A explicit by denoting them as 8; ; (K, ) and 7 ; (K, A).
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Using the post-Lasso estimator 7 (K, A), we could calculate

1 T
G(K,\ - NT > (yzt Zie (K, A)) :

i=1t=1

Then we choose K = (K7, ..., K,) to minimize the following information criterion

p
IC(K, )\) =In (a-é(K,)\)) —+ PNT * pJZ Kj
j=1
where pyr is the tuning parameter. Let K()\) = arg Min < i, < Kpnax,j=1,...p IC(FK, A). - We
next show that the above information criterion can consistently select the number of groups
for each nonparametric component. Let GE-K) = {G K1js - Gk, KJ} be any K-partition of
{1,..., N} for variable j, and G a collection of all such partitions for all 1 < j < p. Further
define
1

N T )
NT Z Z (gzt - gz{tﬁé&k) :

i=1t=1

O'G(K> =

We first introduce some assumptions.

. . . . P
Assumption 2.6. As (N,T) — oo, miny < < k0 1<j<p L G0 g 62 — a° > o, where

0(2) = ph’m(N,T)—moﬁ Zz’]\il Zthl uzzt'
Assumption 2.7. As (N,T) — oo, pyrJ — 0 and pyrNT — oc.

When to decide the correct number of groups, there are three different situations to
consider: K; < KJQ, K; = KJQ, and K; > KJQ for each 1 < j < p, corresponding to under-
fitted, correct, and over-fitted models, respectively. Assumption is used to guarantee
that in the under-fitted models, the first term in the IC criterion is always larger than in
the correct model. It implies that we will not choose under-fitted models with probability
approaching one as long as the second term in the IC criterion is dominated, which is ensured

by Assumption 2.7 Similarly, Assumption 2.7]is a condition to ensure that the over-fitted
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models will not be picked out with probability approaching one. The following theorem

formally summarizes such intuition.

Theorem 2.4. Suppose Assumptions cmd hold. Then P(K(\) =

K% — 1 as (N,T) — oo.

Theorem shows that the IC criterion can consistently determine the correct number
of groups for each nonparametric component. However, in finite samples, we suggest that
readers use it with caution. There is always some probability, even though quite small that
a misspecified model is selected. Thus we recommend that readers try different numbers of

groups, compare the results, and discuss possible implications in empirical studies.

2.5 Simulation

In this section, we investigate the finite sample performance of the sieve-approximation-based

Classifier-Lasso estimation method for nonparametric additive panel regression models.

2.5.1 Data Generating Process

We consider three different data generating processes (DGPs). In all three DGPs, we let x; ¢
follow a standard normal distribution across both ¢ and ¢ for s = 1, ..., p, u; follows a standard
normal distribution for all individuals ¢, and w;; ~;;4 N(0,1) across both ¢ and ¢. For each
DGP, we consider four different combinations of (N, T') to investigate their influence on the
estimates. These four combinations are: (1) (N,7T) = (100,40); (2) (N,T) = (100,80); (3)
(N,T) = (200,80); (4) (N,T) = (200,160), which analogize various data structures in the
real-world data sets. The three DGPs are detailed as follows.

DGP 1 In this data generating process, we assume y;; is given by the following specifi-
cation

Yir = i + hia(Tie1) + hio(Ti2) + Wi,
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where
3r°—1 ifie Gy,
and

sin(2rx) ifi e GY,,
h@g(l’) = 7

sin(dmz) if i € GY 5.

Here G} ; denotes the set of individuals such that the individual-specific function h; is in

the k—th group of the function of z;; ;. Furthermore, we assume G(1),1 = {1,2, ,%N } and

GY,=A{1,2,..,5N}.

DGP 2 In this data generating process, we assume y;; is given by the following specifi-

cation
Vit = i + hi1(Tie1) + hio(Tie2) + his(Ties) + Wi,
where
sin(2rz) if i € GY
hi71<33) =
sin(dmz) ifi € Gy,
and
cos(2mz) ifi e GY,,
hi’g(.%) =
cos(dmz) ifi e GY,,
and
1 oo 0
.T - 5 lf Z G Gl 3,

Here we let G9, ={1,2,..., 5}, GY, ={1.2,.., 5} and G}, = {1,2,..., 2N}

DGP 3 In this data generating process, we assume y;; is given by the following specifi-

cation

Yir = i + hi1(zien) + hio(Tie2) + his(@is) + wi,
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where

sin(2rz) if i€ GY 4,
hi,1<£L') =
sin(4mz) ifi € G,
and
cos(2mx) ifie GY,,
h@z(m) =
cos(4mz) ifi e GY,,
and
hig(x) = {322 — 1 if i € G35,
w? =322+ 3 ifie Gy,

Here we let GY, = {1,2,..., 4}, G0, = {1,2,.., 5}, GY5 ={1,2,..., N} and G 3 = {{N +

As the number of nonparametric functions and the number of groups for each nonpara-
metric component increases from DGP 1 to DGP 3, grouped heterogeneity in each nonpara-
metric component becomes stronger and stronger,

For a fixed DGP and a given combination of (N,T'), we estimate the model using the
iterative procedure introduced in |Su, Wang, and Jin| (2019) and simulate with 100 repetitions.
We let the tuning parameter A = (NT)~/8, which satisfies all the related assumptions on A
given in Section to ensure the consistency of the estimators. We use the cubic B-splines
(B-splines of order 4) for sieve approximation, and we let the number of interior points Jy
to be the integer closest to (NT)5.

To measure the accuracy of the estimation approach developed in this paper, we report
the root mean sqaure errors (RMSE) of both individual-specific and group-specific unknown
functions as well as the rate of correct classification for each unknown function. More

specifically, for the j-th nonparametric function, the RMSE of the group-specific estimates
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are given by

0
R Kj

RMSE = + 3 Hﬁ,w- —hY,
R k=1

2
9’

r=1
respectively, where R is the number of repetitions which equals 100 in our setting. The

correct classification rate for the j-th nonparametric component is given by

0
A R
0= 52 {5 L L 1€ CusieGl}y.
r=1 i=1 k=1

We reprot the RMSE for both C-Lasso and Post-Lasso estimates as well as the oracle esti-

mates. Here the oracle estimates is estimated assuming the group memberships are known.

2.5.2 Simulation Results

Table 2.1} Table [2.2] and Table report the simulation results for the group-specific pa-
rameters in DGP 1, DGP 2, and DGP 3, respectively. There are several interesting findings.
First, we can see that the rate of correct classification (CC Rate) increases when both N and
T increase. When (N,T) = (100, 80), the rate of correct classification is larger than 98%
in DGP 1 and DGP 2, and when (N,T") = (200, 160), the misclassification error is almost
zero in all DGPs, showing that the estimation method has satisfying performance. Second,
the correct classification rate is higher in DGP 1 than in DGP 2 and DGP 3 when (N, T)
is fixed, which shows that the complexity of the group structure will also affect the finite
sample performance of the estimation method. Third, the RMSEs of the C-Lasso estimators
are usually larger than the RMSEs of the post-Lasso estimators. In addition, the finite sam-
ple performance of the post-Lasso estimators is very close to that of oracle estimators when
(N,T) is large, which is consistent with the theoretical justification in Section and the
simulation findings in Su, Shi, and Phillips (2016) and Su, Wang, and Jin| (2019). Based on

these findings, we recommend using the post-Lasso estimators in empirical studies.
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Table 2.1: Simulation Results for Group-specific Parameters in DGP 1

Function N T CC Rate RMSE (C-Lasso) RMSE (Post-Lasso) RMSE (Oracle)

RS 100 40 84.49% 0.1577 0.1557 0.0893
100 80 98.71% 0.0708 0.0693 0.0674
200 80 98.38% 0.0568 0.0530 0.0501
200 160 99.96% 0.0372 0.0364 0.0364
hY 100 40 94.65% 0.1356 0.1364 0.0965
100 80 99.81% 0.0724 0.0718 0.0708
200 80 99.72% 0.0535 0.0520 0.0512
200 160 100.00% 0.0374 0.0372 0.0372

Table 2.2: Simulation Results for Group-specific Parameters in DGP 2

Function N T CC Rate RMSE (C-Lasso) RMSE (Post-Lasso) RMSE (Oracle)

hY 100 40 96.11% 0.1356 0.1305 0.1088
100 80 99.87% 0.0809 0.0764 0.0761
200 80 99.81% 0.0632 0.0588 0.0580
200 160  100.00% 0.0439 0.0425 0.0425
hY 100 40 90.92% 0.1776 0.1753 0.0948
100 80 99.76% 0.0750 0.0717 0.0707
200 80 99.64% 0.0548 0.0514 0.0500
200 160  100.00% 0.0383 0.0366 0.0366
h$ 100 40 74.17% 0.3233 0.2926 0.1023
100 80 98.64% 0.0948 0.0801 0.0760
200 80 97.98% 0.0808 0.0629 0.0568
200 160 99.95% 0.0530 0.0415 0.0414
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Table 2.3: Simulation Results for Group-specific Parameters in DGP 3

Function N T CC Rate RMSE (C-Lasso) RMSE (Post-Lasso) RMSE (Oracle)

hY 100 40 96.87% 0.1409 0.1367 0.1108
100 80 99.90% 0.0814 0.0800 0.0787
200 80 99.87% 0.0608 0.0591 0.0578
200 160  100.00% 0.0440 0.0434 0.0434
hY 100 40 92.29% 0.1645 0.1603 0.0951
100 80 99.83% 0.0733 0.0701 0.0687
200 80 99.67% 0.0546 0.0511 0.0496
200 160 99.99% 0.0374 0.0366 0.0366
h$ 100 40 63.73% 1.8325 1.4873 0.1441
100 80 92.74% 0.1586 0.1479 0.1063
200 80 90.48% 0.1526 0.1372 0.0783
200 160 99.90% 0.0599 0.0589 0.0588

2.6 Empirical Illustration

In this section, we apply the model and the estimation method developed in this paper
to analyze a textbook example: exploring the effects of different explanatory variables on
cigarettes sales in the United States. The data set is from |Baltagi, Griffin, and Xiong] (2000)),
which covers 46 American states over the period 1963 - 1992. The explanatory variables
included in this data set are the yearly per capita sales of cigarettes, the yearly average
retail price of a pack of cigarettes measured at the price level in 1992, the yearly real per
capita disposable income and the minimum real price of cigarettes in neighboring states. In
Baltagi, Griffin, and Xiong (2000), they modeled the cigarettes sales using a dynamic linear

panel regression model which is specified as
Inyy =a+Bilnyi1 + Polnwy + Polnay o + BsInay s + wy, (2.9)

where i represents the i-th state (i = 1,...,46), ¢ represents the t-th year (¢t = 1,...29), vy
denotes the yearly per capita sales of cigarettes, x;1 is the yearly average retail price of

a pack of cigarettes measured at the price level in 1983, z; 2 is the yearly real per capita
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disposable income, z; 3 is the minimum real price of cigarettes in neighboring states and w;
denotes the unobserved demand shock.

Baltagi, Griffin, and Xiong| (2000) estimated the model using various estimation
techniques such as OLS, 2SLS, Shrinkage OLS, etc. However, the estimation results in
2.9 can give very different policy implications since the signs of 3’s are opposite when using
different estimation techniques. It might be caused by the parametric restriction of the linear
panel regression model because the marginal effects of explanatory variables are restricted
to be constant. It is well known that the consumer demand for many goods often exhibits
diminishing returns to scale, i.e., consumer demand may depend on the absolute scale of
certain explanatory variables. Therefore, using linear panel regression models to estimate
the demand can also be problematic from consumer theory. To address this problem, we
propose to estimate the consumer demand for cigarettes using the nonparametric additive
panel regression model with grouped heterogeneity developed in this paper. The grouped
heterogeneity of consumer demand may be induced by culture, customs, social norms, and
many other latent factors shared by different states. It is worth noting that Mammen,
Stove, and Tjgstheim| (2009)) used a similar additive panel regression model to analyze this
data set. Compared with their work, our analysis takes account of the state-level unobserved
heterogeneity in the consumer demand for cigarettes, which provides a more accurate picture

of the consumer demand on cigarettes. We consider the following model

Iy =BiInyir1 + hia(Ti1) + hio(Tie) + o + wi, (2.10)

where z ;, is the yearly average retail price of a pack of cigarettes measured at the price
level in 1983, w3, is the yearly real per capita disposable income. We don’t include the
minimum real price of cigarettes in neighboring states in model because the effect of
this variable on the cigarette sales is negligible compared with other explanatory variables.

Since our model is nonparametric, it requires a larger amount of observations to ensure the
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accuracy of estimation, and thus we omit less relevant variables here.

We impose latent group structures on both h; (1) and h;a(zy2) for all ¢ = 1,..., N.
The values of explanatory variables are normalized to [0, 1] . Using the information criterion
and the estimation method proposed above, we find that there exist two groups of h; 1 (@it 1).
However, we do not find evidence indicating there is grouped heterogeneity in h; o(x;2). We
use post-Lasso estimator to recover the estimated functions of hy(z) and hs(x), respectively.
The estimated functions of hy(z) are shown in Figure 2.1]

Figure 2.1: Estimated Functions of hy

0.8 T T T T T T T T T

Group 1

Group 2
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For hy(x), there are 28 states in Group 1 and 18 states in Group 2. Group 1 includes
Arizona, Arkansas, California, Connecticut, Florida, Georgia, Indiana, Iowa, Kansas, Ken-
tucky, Maine, Michigan, Mississippi, Missouri, Nebraska, Nevada, New Hampshire, New
Jersey, Ohio, Oklahoma, Pennsylvania, South Carolina, South Dakota, Texas, Utah, Ver-
mont, Virginia, and Washington. On the other hand, Group 2 includes Alabama, Delaware,
DC, Idaho, lllinois, Louisiana, Maryland, Massachusetts, Minnesota, Montana, New Mexico,

New York, North Dakota, Rhode Island, Tennessee, West Virginia, Wisconsin, and Wyoming.
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From Figure [2.1 we can see that consumers living in the states of Group 1 are, on average,
more sensitive to the price of cigarettes, meaning that their price elasticity of demand is
more considerable.

For hy(x), the estimation method indicates that only one group exists, and the estimated

function is shown in Figure

Figure 2.2: Estimated Functions of hy
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Figure implies that states with a higher real per capita disposable income have larger
amounts of cigarette sales. This is consistent with the findings in [Baltagi and Levin| (1992)
and Mammen, Stgve, and Tjgstheim| (2009). It is worth noting that the estimated function
of ha(z) also indicates that the real per capita disposable income will have a negative impact
on cigarette sales if it exceeds some threshold. We conjecture that such reduction of cigarette
sales is because people with higher income are usually more aware of the harms of smoking

on health.
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2.7 Conclusion

In this paper, we study a nonparametric additive panel regression model with grouped het-
erogeneity. This model contributes to the literature on both nonparametric panel regression
models and panel models with grouped heterogeneity. The proposed model can handle both
the nonlinear effects of explanatory variables and the non-additive heterogeneity at the same
time, making it an appealing choice for empirical studies. To estimate the model, we develop
a sieve-approximation-based Classifier-Lasso estimation method, which can simultaneously
estimate the parameters of interest and identify the latent group structure. We successfully
establish the asymptotic properties of the proposed estimator and the consistency of the
group classification. In addition, we show that the proposed estimation method enjoys the
so-call oracle property, which means that parameters are estimated as if the latent group
structure is known in advance. Such finding is consistent with [Su, Shi, and Phillips| (2016))
and Su, Wang, and Jin| (2019). Since group numbers are usually unknown in general and
have to be estimated from the observed data, we further develop a BIC-type information cri-
terion to determine them. We show that this criterion can consistently estimate the number
of groups for each nonparametric component under some regularity conditions. We investi-
gate the finite sample performance of the proposed estimators and the information criterion
through Monte Carlo simulations. Both work well. Finally, we apply the model and esti-
mation method developed in this paper to estimate the demand for cigarettes in the United

States using panel data of 46 American states from 1963 to 1992.
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Appendix

2.A Proofs of the Main Results

We use ||| to denote Frobenius norm in the Appendix for simplicity.

Proof of Theorem 2.1

Proof. (i) For each individual, I define

t=1 t:l

2
1 P 1 E
Qi(0;) = T > (git -> %{t,j@i,j) Z (yn )2
j=1

and

p K
Qi(0i,m) = Qi(0:) + XD TT110i; — 1y

j=1k=1

Since 6; minimizes Qi(0;,1), I have Qi(éi, N) < Qi(6?, 1), which is equivalent to

0 KJO
(Qi(6) - Q )+>\Z(H i — s~ 1 e;{j—ﬁk,j)@

e Consider the first part:

(9 - 60) Qz zz( ) 90) ( i 6?)/Qi,éé

A 1T 53 A 1T 3.5 05 5 ~
where (); zz = T2t ZiZipy Qize = T 21 Zit€it, €it = Z§:1 5hm~ (xit,j> + Uit
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e Consider the second part, I have

K9 K3
J J
A ~ 0 A
TT110:5 — | = TL[10%5 — s
k=1 k=1

0
A A N 0 A

IT |6is — s < 0 — || — K0

k=1

N

J— N 0 .
K0,

nK?,j ( i,J
KO

| TE il s~ ot =)

)

- nK;)*l,j

K;?—2
A A~ 0 0 A
+ 11 Hem - Wk,jH Oij — Org = ey
k=1

<crjinr(0,6%,9)]|6:5 — 62,

77KO +--

A0 A B0 A R K;?—2
where Clji,NT(eae ,77> = Hk:l Hei,j _nk,j"+nk:1 ’ %, nk]H

0
HKJ' (90
k=2[|Y;

— ik |

Thus

Ko
[ -]~ )

p
>
b ~
<$ cpunntd i 1)

<perinr(0,6°,7)]0: — 0

N 0 A\ N 0 ~
where cy; yr(6,60°, 1) = maxi <<, c1jin7(0,60°,1).
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Together I have

(0; — 09Y Qi 2 (0; — 67)
<‘2(‘§i — 9?)’@;‘,25

N
‘Qi,ié

+ )\pCu,NT(é, ‘90, 7) éz - 9?

<2//6; — 07 + APCM,NT(QA, 0°, 1) 0; — 07

By Lemma , ;me(Qiﬁ) > ¢ >0 w.p.a. 1, then I have w.p.a. 1,

0; — 6"

<c! (QHQi,Zé

+ Apesivr (6,0°,1))

— 0,(J" + J2T"2), thus

By Lemma ,

’Qi,éé

0; — 6°|| = O, (J" + J2T7% 4 ))

Consequently we could get
10,5 — 62 = Op(J ™"+ J3T7% 4 ))

fore=1,2,...., Nand 5 =1,....p.
Remark. The argument depends on the condition that cli’NT(QA, 6°, 1) = Op(1).

We show this by considering a constrained optimization problem.

Define

Re

b

{7? 2‘7Tk’jm‘ <c< oo k=1, ...,K]Q,j =1.,pm=1,.., J}

%-,jm‘ <c<oo,t=1,...N,7=1,...,p,m = 1,...,J}

IL,

where ¢ is a generic constant, v = (y1,.-,IN), Vi = (Vigs-Vip) fori =1, N,

T = (T, my), T = (T T, 5) for j=1,...p.

95



Further define ©, = {0 : v € Ry}, Hy = {n: w € I,}. Remember that 0 = (64, ...,0n),
where 0; = %%, i=1,..,N, and n = (771, ...,77}’,)/, where 1; = %ﬂ'j, j=1,...p.

If ¢ is large enough,by Assumption we could get that v and 7° lie in the
interior of Ry, and 11, respectively, thus 8° € Oy and n° € H,.

Then we search over O, and Hy, to minimize the objective function [2.7, namely

. | N T s AN Kj
(0.0) =g, guin 5373 (e = 0) + 221

i=1t=1 i=1j5=1k=1

0i; — Uk,jHF

The restrictions guarantee that cli7NT(é, 6°,%) = O(1).

Practically, we set c large enough and conduct the constrained optimization, which

works well in my simulations.

Let myp = J" + J2T72 and v denotes a (pJ) x N matrix. In order to show that
LN 10— 69| = O,(J 72 + JT'), 1 just need to prove that for any ¢, there exists
a constant M = M (e) such that, for sufficiently large N and T,

P inf QNT(‘gO + myrv,n) > QNT(QO, 770) >1—c¢
N Sillvill*=M

This implies that w.p.a.1 there exists a local minimum {#,4} such that % SN 116 —
091 = O,(J 2" + JT~') holds.

m72 (Qur(6° +myrv,7) — Qur (6, n°>)

p
|

1
:N;U;;Qi,éivi_ mJTZU sze N

et Sl —2d £ 32l
/QN =1 fU’L Ni:l UZ N

where the last inequality holds w.p.a 1 by Lemma
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2
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By Lemma %Zi]\ilHQi,ZéHQ = Op(J7" + JT71), then m]\J_f% Zi&”@i,ze”z = O,(1),
thus for sufficiently large M, I have m;7 (QNT(90+mJTv,ﬁ) - QNT(QO,nO)) > 0

w.p.a.l.
Since —ZNIHG — 90 ||2 < NZ?;HQAZ- — 09, we also have —ZNIHG — 90 ||2 =
O,(J~ + JT).

(ili) Further consider ¢;j; NT(@, 6°,n), where 0 and n lie in the interior of ©, and H,, respec-

tively.

crjinr(8,6°,m)
K9-1 A K9~ K
= 10 s =]+ T s = a2 = |+ TTs =
0_ KO_
< T (|6 — o8] ot = sl + ﬁ (H9 =00, )8 = s
k=1 1

K)-1
0 ) o |°
< Y Gaine(8 777)H9i,j - Qi,jH
s=0
K9—1

J N s
<62ji,NT(00777) Z Hez}j - 023‘”
s=0

<ennnr@.) (1420, — 2]

KO
where CZji,NT(eoa 77) = maXlgngg sti,NT(QO, 77) and stz',NT(GO, 77) = >l ijsi,NT(907 77)-

The last inequality holds w.p.a 1.
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KO
Define pyr(0,n) = % XLy S5 Ty ||0ig — neg )

‘pNT n) PNT(QOW)‘
N p
gizzclijT 9 60777) ‘9 90
szlg:l
1 N2 A 2
gNZZCZﬂNT 777 ( ) ) )
i=1j5=1
%
1 A 2 1 &x 2
< 7 90 AT 1_90 i ‘90 AT 7,_80
peas Nt (07, 7) <N¢1 i ) + peai N ( 7T]>Ni: i

=0,(J 7"+ J2T7%)

where co; v7(0°,1) = max; <<, c25i n7 (0%, 1) and we use ¢z v7(6°, 1) = O(1), which is

implied by a similar argument as that in the proof of Theorem [2.1j(1)|

Since pNT(é, ) < pNT(é, n%), note that pn7(6°,7°) = 0,

b KK
—Op(JiT‘i‘JQT §)+z; Zl ]”\;J H nm] ﬁk,]H
j=1m= =1

Then there exists a permutation of {1, ..., KJQ} for j = 1,...,p such that Hﬁ’” — 7727]-” =
Op(J " + J2T7 7).

Proof of Theorem 2.2

Proof. (i) For any i € Ggw, j =1,..,p and | # k;, by Theorem QAZ] —ﬁl,jH 2

[t s = s # 0
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Define a set S; = {j, 9” Tk ]H #0,i € Gk J,Vl <kj < KJQ}, which means that 7 €

sz,j and i ¢ ij,j if and only if j € S;, then the first order condition with respect to

Qi,j, j S Sz is

OJ:_QQZ',ZUJ 2sz6]+2ZQ’Z'ZﬂT(ZT 00)

A 5
+ IT |6 - ﬁl,jH (éi,j - ﬁkj,j)
= Nkj.5|| I=1,1#k;
K KY A
A D ey Il |6 — ﬁl,j”
m=1,m#k; I=1,l#m
= —2Qiz; — 2@,;54 +2) Qizz.jr (éw - ﬁkjm)
res;
K9
A . A A A .
+ 1= - IT 1165 — 7y <9i,j - nk’jaj)
= Nkj,5|| 1=1,1#k;
+QZQZZZ]7'(A kj,r 90)
res;
Kg Kg
XD Gy I |0 — 7y
m=1,m#k; I=1,l#m
+22Q’LZZ]7'(Z’I" 90)
ré¢S;

EAil,j + Ai2,j + 12113,;' + Ai4,j + Ai5,j + Ai6,j + Ai?,j

— 9] Tim,j if
II"rﬁmall 1

15T 3 A T 2 § 5 _xP 5 A 1T oz
T D=1 Zit,j Uit Qi}gd‘j =T thl 2it,j(5h¢,it7 5hi,it = E]’:l 5hi,j,it, Qi,zz,jr =7 >t Zit,j Rt -

where éimj ‘91"]’ - ﬁm’jH 7é 0 and éim,j < 1 Otherwise, and Q@gfhj =

From the proof of Theorem [2.T] T have that

(7

Let g7 = (J7"+ J3T~3 (InT)° + A) (InT)? and o sy = (J =" + J3T~2 (InT)*) (In T)°

Qz‘,gé + /\pcli,NT<é7 0°, 77))

99



for some v > 0. By Lemma [2.3] I could show that

for any ¢ > 0.

0; — 6°

1

P | max
1<i<N

P

Z CM1,JT) =o(N™)

7712“ > C#2,JT) ZO(N_l)

(ﬁz,j - 771%) + (nl(c)j,j - 77?»]’)

K9 N
O ¢ .
Let Cir, 5 =TIy i, || 0 — s |
0
KO
1=1,1k;
0
K¢ A
B 0
= (ei,j - 77kj,j> -
1=1,1k;
0
- 0 0
= Mg — Mg+ Op(1>H
I=1,1k;
:Op(l)
.. 0
Similarly let Cikyj = Hl “#k

0 __ s .
€’ = minjes, MiNjego
2’

Jzk]’

P[4
2

0y, nl]H Define ¢

then for all j € S;,

< éik:j,j < 250> =1- O(N_l)

— 0
= maXjes; maXier% C;
g

; Cik g and

And P (maxiegg' ]_Hfliﬁ,jH > C)\,MLJT) = o(N~!) for large enough C' > 0.

Define

[I]

=0

M < ma

1<i<

T
|

< Gy < 28°, VJGS} {A

c< min Nmzn(@ 22) < OI?ZE?](V ,Uma:c(Q 22) <c<

0<i<N

HQZ zEJH CeNT,Vl ] p} N {
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g 771?;,;‘” < cpggr, V1 <

< o0

N T~

max |0; — 67

1<iKN

<KLV <)

CMl,JT}



for some €' > 0 and ¢ > 0. Oy7 = maxogj<p MAX; << g0 SUPLe[ 1}Hf,8j(x) — BJ'ngH =
J I’ 9 2
o(J™).

Then P (Spnr) =1 —o(N71).

A

/
For all j € §;, define ¢y, = ((91.7]. _ ﬁkj,j)/ j € Sl) and ¢, =

(A, mﬂ)/
ik

Aij

Wik, ||-

from left by , and then take summation for all j € S;, then I could get

)
1 A N PN 1 A N ! A
0=—2—3 (B —iyy) Quzay— 27— 2 (B — ) Qi
%% €S Pit; jes,

> > ( ﬁkj,j)/ @i,ii,jr (ézr - ﬁkj,r)

¢lk3 JES; reS;

1 A R / A KJQ “ . . R

Z S (0 = y) Quzzr (A, — 02,

(blkj JES; res;

1 KJO K;)
A ! A
+ )‘¢, > (ei,j - ﬁkj,j) S by I 05 — iy
ik; jes; m=1,m#k; I=1,i#m
1
+2¢ Z( nk],]) ZQZZZ]T‘(@T 00)
ikj jesi rés;

EAz‘l + 121@‘2 + 12113 + Am + 1217;5 + Az‘ﬁ + Aw

Conditional on =y, I have that uniformly in ¢ € ngyj, j € S;, with probability
1- O(N _1)7

0

A A . N g
Ais + Aia| 2 2chip, + Amin Gy, j > A —
’ jes; 7 2

>

o] <2|@;

0 Y

is| < 2C U2 g7

0 Y

i6] <




Then

Aﬂ + AiS + Ai4 + 12115 + AiG

>|Aj| — ‘Az?) + A+ Ais + Agg
0
2)\% — {2091\@ +2Cpa g1 + 20)\#1,”}
0
c
Z>A\—
4

where I use Assumption 2.2 and 2.3

Thus

—
-~
R

>
[
<.
m
)
Fe
&,
.
m
%
~

/21@'2 + 141'3 + Ai4 + Ai5 + 12116 + Ai?

>

)

~ 9 _ _
<P (Ail P )\_47:'19NT> + P (ZinT)

A

For any S; C {1,...,p}, the result holds. So I could further get that P(E ;) =

P (i ¢ Grjli€ GY;) = o(N7Y).
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Then

p K5
< Z Z P (Ek J)
j=1k=1
p K
VY Y p(E)
Jj=1k=1 z‘eGgﬁj
p k? N CO
<> > > |\p (Au > )\_4751@NT> + P (Zinr)
j=1k=1 z‘EG%j
0
<Np max P (HQi,gu > AZ) +o(l)
R o
<NpP (lglégvHQu > A | +o(l)

=o(1)

where T use A2~ 2(InT) ™ — oo.

(ii) The proof is similar to |Su, Shi, and Phillips| (2016) Theorem 2.2 (ii) and thus omitted.

O

Proof of Theorem 2.3

Proof. The proof of Theorem is similar to the one in |Su, Wang, and Jin| (2019) and thus

is omitted.

]
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2.B Proofs of Technical Lemmas

We use ||-|| to denote Frobenius norm in the Appendix for simplicity and use C' to indicate

some generic constant, which varies.

Lemma 2.1. Let & be a R% random variable and E[&;] = 0 for alli,t. For eachi=1,...,N,
&ir is stationary strong mizing with mixzing coefficient a;(7). a(j) = maxi<<ny «;(j) satisfies
a(g) < caexp(—pj) for some 0 < ¢, < 00, 0 < p < 00. & are independent across i. Assume

that E[|§:||?] < oo for some ¢ > 3,Then

3| _ -1
P | max | = Z&t >CT 2 (InT)* | =o(N )
for large enough C > 0 if N>°T'~2 = O(1).
Proof. Tt is the same as Lemma [I.1] and thus omitted. O

Lemma 2.2. Let&; be a R% random variable and B[] = 0 for alli,t. For eachi=1,...,N,
i 1s stationary strong mizing with mizing coefficient o, (j). a(j) = maxic;<y a;(j) satisfies
a(g) < cqexp(—pj) for some 0 < ¢, < 00, 0 < p < 00. & are independent across i. Assume
that max <<y MaxXicicr EﬂlfitH%} < 00 for some q¢ > 6 such that N*T""3 (lnT)i; — 0 as

N, T — oco. Then

1 & .
P 121%)1(\/ T;fit Zc|=o0oN")
for any ¢ > 0.
Proof. It is the same as Lemma [1.2) and thus omitted. O

Lemma 2.3. Suppose that Assumption [2.1] and[2.3 hold, then

(i)
. oA S .
P0<c< R Pomin(Qizz) < Dax, Pmaz(Qizz) < €< 00)=1—0(N"")
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(ii)

Qz‘,zé =O0,(J 7"+ J%T’%)

(ii)

Qi,ze g Op(J_% + JT_l)

1N
N
(iv)

P (max H@z’,zé

0<i<N

> c (J’” +J2T72 (In T)3) (In T)”) = o(N71)
for any ¢ > 0 and some v > 0.

Proof. (i) Consider the difference between Var(z;) and QAi’gg.

Let p1(A) be the kth largest eigenvalue of matrix A. Denote S,; as the permutation

group of {1,...,pJ}. By Hoffman-Wielandt inequality,

‘ 2

Because

Qi,zz - Var(zit)

’ 2

<2 Hszz - E[zitz,/;t]

1L 1
T Z Zz‘tf Z 2y — Elzu|Elz}]

t=1 t=1

2
" +2

(i) Consider the first item, for any ¢ > 0, v > 0,

e Similar as the proof in Lemma we could get

_1
P | max max max max max >cJ 2

1<r<p 1<s<p 1<i<N 1<5<J I<k<J

1 T
72 B Bl — E [T BBk
t=1

rit,j rit,]

=o(N71)

Note that there are only O(.J) nonzero elements in By B; — E {BZ{BZ{/]
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Thus for any ¢ > 0,

‘ 2

> c) =o(N™1)

<1I2%}]CVHQZ 2z T Zztzzl‘t]
(ii) Consider the second item, for any ¢ > 0, similar as the proof in Lemma

\/_ IB}y; —E W JIBJ,|

P | max max max
1<r<p 1<i<N 1<<J| T

> ch) =o(N1)

Thus we could get

Z Zit Z it ZZt Zzt]

max
1<i<N

Combining part |(i)| and together, we have

(mln Z‘,uk i22) = Ho(k) (Var(zit))‘Z < c) =1-0o(N1

O'ESpJ

. A 1 T = % A 1 T = ~ N N
(11) Let Qi,gS =T Zt:l Zit(shi,ih and Qi,iﬁ =T Zt:l Zit Ut where 5h¢,it = Z?:l 6hi,j,it7 then
< HQi,ES +

we have HQi,gé’

For the first part, since

A

Qi,25
= Qi,zS Z Zit Z (Sh Jit

N

Qi,z&

Z Zit Z (Sh Jit
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e For the first item,

Z \/_Bmt 5hi1it

2]
T T ,
2 Z Z E |:JB7("]zt B;“]zséh',it(shi,is}

t=1s=1
T T
Z Z {B;“]Zt,B;"ls}

Qi,z&

|

2]:;2

2]
For any 1 < r < p,

T
N VIB 6nu

t=1

N =

1

1

vl

1 & 1
:9]2VTJE T;B;]Zt/TZBMt
2 ! 1 d J
:eNTsz::IE Tg T‘lthZBTltj
=0 (J—?T’)

Thus E ﬂ Oias

2} =0 (7).

e For the second item,

Similarly, we could get that

1A 1 ’
T ; Zitf ; 5hi,it
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For the second part, similarly

Qi,éﬂ
= Qi,zu - Z Zit Z Uit

< @i,zu Z Zit Z Uit
e Consider the first item,
N 2 P ?
E [ Qi,zu :| = Z Z \/_Bmt Ut
r=1
For any 1 < r < p,
1 & i
T Z \/ijt Uit
t=1
1 L& /
= > S E|JB}, Bl uiui|
T t=1 s=1
CJ T T
< T2 > Y E [uiug]
t=1s=1
=0(T~J)
N 2
Thus E HQZZU } =O(T71J).
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e Consider the second item,

Thus | Q; 0| = Op(J3T~3),

In sum, we have proved that
|Qie]| = 0,07+ 3773

(iii) Consider

Note that from the proof of , we could strengthen the results to

max E H‘Qi,zéHz] =0 (J*QT)

1<iKN

A

max E ﬂ’Qi’éa

1<i<N

2] — o)

Consequently,
2

E =0 +T71)

1 YA
N;HQi,ze
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This completes the proof.

(iv) Note that HQi,gé = HQL%S +HQM;L . To prove |(iv)|, we can show that for large enough
C >0, any ¢ > 0 and any v > 0,
A -\ _ —1
P(lrgzg% Qi) =CJ ) =o(N7)
11 v _
P (@] > e ) <ol

separately. First,

(i) For the first part, consider HQZ»,Z(; and H% > zit% ST Ot

A 2
Qi,Z(S

Pl
:;f

2

T
S VIBZ6h,
t=1

2
1 T
TZBmtj)
t=1

P J
RIS (
7=1

r=1

Consider = Et , B, j» forany ¢ >0 and 1 < j < J, we want to show

>cJ | =o(N T

P | max max max
1<r<p 1<5<J 1<i<N| T

ZBT’Ltj { mt]:|

Since
-1
o (m oo a7 Z By =B [Bl)| > el
N p T
gpNZZZP Z rit,j |:B’I"£,t]:| = CJil
i=1r=1j=1 t=1
C 2T2J—2
<pN2J exp | — 0¢ 5
TVomax +2+2cTJ-1 (InT)

As long as (InT)* JT~" = o(1), we could get the result. Then for large enough
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C >0 and for any 1 < j < J,

P | max max max —ZB
1<r<p 1<) 16N T 4 it 2

N
v,

max max max —ZE [ }
1<r<p 1<5< 1N T £ rit,]

1<r<p 1<j<J 1<i<N

1
+ max max max T g B‘T]im -E {B;fit’j} >CJ !
t=1

=o(N 1)

Thus for large enough C' > 0,

2

y4 J 1 T ; )
Pl T L 2\ 72 By ) 2C

j=1 t=1

<P J max max max | —
1<r<p1<]<J1<z<N th

2

1 T
<P | max max max | — B | >C?J 2!
T i<r<p 1G<T 1<KV T; S b
1 & ’
J 2 7-2 1
<P [ | max max max —ZBMW > C*J p

1<r<p 1<G<T 1<i<N T’

=o(N 1)
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Combining the previous results, we have for large enough C' > 0

max H
<1<1<N Qiz

N 2
<p (maxu@i,za >

1IN

2
D J 1 T
<P | Oyr 1%%5]<\,JZZ (TZB;]it,j> > C?J?

2
p J T
<P @%JZZ(TZ%) >C

=o(N71)
Similarly, we could prove that for large enough C' > 0

= = O(N_l)

max
1<i<N

Z Zit Z 5h it

A

Qi,zé

Thus P <max1<,<N > CJ”) =o(N71).

(ii) For the second part, since

Qz’,zﬁ

1 L2 ;1
Z TZZ\/_Bmtult Z\/_Bm‘tT Zuzt
r=1 t=1r=1 tfl t=1

Consider H% ST VIB/,uy|, By Lemma , for any ¢ > 0 and v > 0,

1 T
P | max —Z\/jB;]ituit > 2Tz (InT)* | = o(N )
t=1

1<GEN || T “—
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Similarly,

1 T \/_ ; 1 T
T; JBm'thuit

t=1

P | max
1<i<N

> 2T (InT)* | = o(N 7Y

This completes the proof.

113



Chapter 3

A Network Sample Selection Model
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3.1 Motivation

The problem of selection bias is pervasive whenever there is non-random sampling. Since
Heckman| (1974), there grows a large literature on how to correct for selection bias in various
different models(e.g., Kyriazidou (1997), (Greene| (1994), [Terza, (1998)), Das, Newey, and
Vellal (2003) and Newey, (2009)). The most popular method is the Heckman Selection model
(HSM), which includes two equations: the selection equation (or link formation equation
in network data models) and the outcome equation. However, it remains a challenge to
apply the HSM to network data models when bilateral fixed effects are introduced in the
selection equation to control for unobserved heterogeneity from both sides. To fill this gap, I
propose a network sample selection model in which 1) bilateral fixed effects enter the pairwise
outcome equation additively; 2) link formation depends on latent variables from both sides
nonparametrically.

The link formation equation follows |Auerbach| (2019). I assume that each knot is repre-
sented by a latent variable (discrete or continuous), deciding whether it forms a link with
another knot. Then I use a statistic introduced by |Auerbach| (2019) to measure the distance
between two different knots. In the outcome equation, I introduce a four-cycle structure
to difference out additive bilateral fixed effects. Using the distance statistics from the link
formation equation, I use the kernel function to control for selection bias.

My paper is closely related to two strands of literature: sample selection and network
formation. In the former literature, Heckman develops the HSM in a series of papers (Heck-
man| (1974), Heckman| (1976)), [Heckman (1979) and Heckman| (1990))). |Ahn and Powell
(1993)), [Powell (1994])), Kyriazidou (1997)), Andrews and Schafgans (1998]) and |Newey| (2009)
generalize HSM to semiparametric models and Das, Newey, and Vella, (2003) considers a
nonparametric version. My paper is close to Ahn and Powell| (1993)) and Kyriazidou| (1997)
in the sense that we both difference out fixed effects and use kernel function to control for
selection bias, but their methods are not applicable directly to network selection models

when bilateral fixed effects are present.
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In the network formation literature, I mainly discuss random utility models. To construct

networks, there are several different ways of modeling: from subgraphs (e.g, (Chandrasekhar|

and Jackson| (2014))); to consider strategic interactions between links(e.g., Ridder and Sheng

(2015)), |Sheng (2018)), De Paula, Richards-Shubik, and Tamer (2018), Menzel (2015)), Jack-

son and Wolinsky| (1996)), Bala and Goyal (2000]), Jackson| (2008) |Goldsmith-Pinkham and|

(2013)); to assume that different links are conditional independent (e.g.,
(2019)), |Graham (2017)), |Candelarial (2016) and |Chernozhukov, Fernandez-Val, and Weidner|

(2018))). My paper falls into the last category.

In addition, there are also several papers that develop sample selection models using

network data, like [Johnsson and Moon| (2017)), Hsieh and Lee (2016) and (Chernozhukov,|

Fernandez-Val, and Luo (2018)).

My contributions are three-fold. First, I introduce a fully nonparametric link formation
model and study pairwise outcomes. Whether two knots are connected is purely decided
by some unobserved latent variables. Fewer parametric or functional form assumptions are

required, thus avoiding as much model specification bias as possible. The model is used in

'Auerbach| (2019) and discussed in [Johnsson and Moon, (2017)), but I first apply it to the

studies of pairwise outcomes. Furthermore, I generalize this model to the directed network,
which is new in the literature.
Second, I contribute to the partially linear model literature by using a novel four-cycle

structure in network data models. I explore this structure to difference out additive bilateral

fixed effects. Although Graham| (2017)) also considered a similar structure, I use it in a very

different way.
Third, compared with the traditional approach dealing with two-way fixed effects in the

link formation equation, I no longer need to deal with the incidental parameter problem

encountered in |[Fernandez-Val and Weidner| (2016)), Chernozhukov, Fernandez-Val, and Wei-|

(2018), and (Chernozhukov, Fernandez-Val, and Luo| (2018), making the analysis much

more straightforward.

116



To further illustrate the applications of my method, I discuss the following example.
Example: Determinants of Trade Flows

To study the determinants of trade flows between countries is important. (for instance,

Helpman, Melitz, and Rubinstein| (2008), Rose| (2004) and [Haveman and Hummels) It is nat-

urally a network problem where knots are different countries and links are pairwise imports

and exports between them. However, only about 50% of all country pairs are with non-zero

trade flows (See Figure 3.1 from |Helpman, Melitz, and Rubinstein (2008)).

Figure 3.1: Trade Flows

Percent of country pairs
10 20 30 40 50 60 70 80 90 100

0
|

D AN AV AD AR 4D 40 A 4D 4D WA e A D O N b @ A
SO0 NP P00 g0 o 8 P F I T P T P P S

N

‘_ Trade in both directions [ Trade in one direction only No trade

Ficure 1
Distribution of Country Pairs Based on Direction of Trade
Note. Constructed from 158 countries.

Whether two countries trade with each other is a mutually rational choice. Thus it is
crucial to correct for the selection bias. Simultaneously, to control for unobserved hetero-
geneity from both sides, it is natural to add bilateral fixed effects to both the link formation
and outcome equations.

Outline: The rest of the paper is organized as follows. Section discusses the model.
Section [3.3]| presents the estimation strategy. Section studies the asymptotic properties

of the estimator. Section [3.5] extends the model to directed networks. Section [3.6] concludes.
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All proofs of the main results are given in the Appendix.

Notation: There are i = 1,2,...N agents (individuals, households, firms, countries, etc)
randomly sampled from the population and n = (];[ ) = %N (N — 1) pairs (dyads). D;; =1
if 2 and j are connected and 0 otherwise. I assume the links are undirected, and there is no

self-connection. The N x N adjacent matrix is denoted as D. I consider only dense networks

where P(D;; = 1) = py > 0.

3.2 Model Setup

In Helpman, Melitz, and Rubinstein (2008), the model setting is:

Yij =
0 if otherwise

where D;; indicates whether two countries ¢ and j trade with each other, y;; is the size
of trade flows between country ¢ and j. In the link formation equation, z;; are pairwise
characteristics; A; and A; are bilateral fixed effects and 7;; is the error term. xz;;, B;, B; and
ei; are similarly defined.

The goal is to estimate f3.

The two-step approach is usually used: 1) estimate the link formation equation and get
4, A; and A;. Then let 6 = 2+ A; + flj. (See (Graham| (2017) with logistic error term

and (Chernozhukov, Fernandez-Val, and Weidner (2018) on distribution regression.) 2) the

outcome equation could be expressed as

Elyi;| Dij = 1] =E[2};8 + B + B;j|Dyj = 1] + E[eyj| Dij—1]

=E[2};8 + B; + B;|D;; = 1] + 7(0)
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However, there are two main issues with this approach. First, the link formation equation
follows a parametric form, and certain particular distribution assumptions need to be made
for n;;. (Normal or Logistic distributions are two common choices.). Second, the estimation
of A; suffers an incidental parameter problem and is hard to deal with.

To fix the potential issues in the traditional approach, I propose an alternative model
where the link formation is purely nonparametric, and the incidental parameter problem is

no longer an issue. The model I consider is:

Di; = 1{ny; < flwi,wj)}

Yij =
0 if otherwise

where w;, w; and 7;; follow standard uniform distribution, which is a harmless normal-
ization. f :[0,1]> — [0,1] is Lebesgue-measurable and symmetric in its arguments. ;; and

n;; are correlated, causing sample selection bias.

3.2.1 Explanation of the Link Formation Process

I will use international trade as an example to better explain the formation process. Please

step back and rethink it.

(i) Suppose US and UK trade with the same countries, from the perspective of the for-

mation, they are the same. See Figure [3.2] where 1,2,3 denote different countries.

(ii) Add some randomness, if US and UK trade with different countries with the same
probability, they are the same. I denote that they are of the same type. See Figure
3.3
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Figure 3.2: Trade with Same Countries

Countries

9’0

0

Figure 3.3: Trade with Same Countries with Same Probabilities

Countries

P1 P1

U e

ogo S

(iii) Thus, I could classify different countries into different types, which are indicated by
different shapes. See Figure 3.4

Figure 3.4: Countries of the Same Type

Types of Countries

(iv) On the contrary, countries of different types would trade with the same type of countries

with different probabilities. See Figure [3.5] where pi; # piy or par # pou or psr # psu-.
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Figure 3.5: Countries of Different Types

Types of Countries

Mathematically, I formalize this intuition as

Dij = 1{n;; < flwi,w;)}

3.3 Estimation Strategy

To estimate the model, I first introduce some assumptions on the model setup.

Assumption 3.1. (i) The random sequence {x;j,€;;} are independent and identically dis-

tributed. {B;} are i.i.d. {B;} and {x;;} are independent of {e;;}.
(i1) ni; and w; follow standard uniform marginals. {n;;} and {w;} are independent.
(777) €ij and Ny, are independent if (i,7) # (m,n).
(iv) f:1]0,1]> = [0,1] is Lebesque-measurable and symmetric in its arguments.

I consider a four-cycle structure demonstrated in Figure [3.6}

Let Tijkl = DiijkalDila then
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Figure 3.6: Four Cycle

E[yij|Tijkl:1] - E[I;jﬂ + Bz + Bj + 5z'j|Tijkl = 1]
Elyjr| Tijri=1] = E[x;kﬁ + Bj + By, + €ji| Tij = 1]
Elyu|Tijri=1] = E[z},6 + Br + Bi + €| Tiji = 1]

Elya|Tijri=1] = E[z,5 + B; + B + cu|Tiju = 1]

Using Assumption [3.1] I have that

Eley;|Tiju = 1] = Elei;| Diy = 1]

Define A(f(w;,w;)) = Ele;j|Dij = 1] = Eleij|ni; < f(wi,w;)]. To estimate 3, there are

three steps.
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Step 1: I difference out the fixed effects B. Consider

Elyi; + yr — yje — Yl Tije = 1]
=E[(zij + o — zjn — xa)' B|Tije = 1]

+ (A(f (wi, wj)) — A(f (wj, wi)))

+ (A(f (wr, i) = A(f (wi, wi)))

Define

Yij ki =Yij + Ykl — Yjk — Yal

Tij gt =Tij + Ty — Tjk — Ty

Then I have

Elyij 1| Tijn = 1]

=E[z]; 10| Tijn = 1]
+ (A(f (wi,w5)) = A(f (wj, wi)))
+ (A(f (wr, wr)) = A(f (wi, wi)))

Step 2 : To control for the selection bias, I want to find ¢ and k& similar enough such
that (A(f(wi,wj)) — A(f(wj,wg))) = 0 and (A(f(wk, wi)) — A(f(wi,wi))) = 0. (Note that f
is symmetric in its arguments.)

I utilize the result from |Auerbach| (2019) and define average agent degree and average

codegree.
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Definition. Average agent degree:
1
~ 72 Dis
N-13
Then the agent’s population degree is [ f,.(7)dr. Define f,.(-) == f(w;,-).

Definition. Average codegree of i and j:

1
N_2 Z Dy Dy
t#i,5

The population codegree of i and j: p(wi, w;) = [ fu,(7) fu,(7)d7. Define py, (-) := p(wi, -).

Mathematically, IuseH fuwi = fon

) to measure the similarity between ¢ and k. If H fui = fun )

is small enough,

(A(Sf (@i, wj)) = A (ws wi))) + (A(f (Wi, wr)) = A(S (wi, wi)))

is negligible.

Now the target is to find a statistic to bound wai — fur

. It turns out that

b, =0 =12 = ], =0
The sample analogue of H Pu; = P, is
A 1/ 1 X 2\ /2

which is used to measure the distance between ¢ and k.
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Step 3: Define

Eijkl =€ij + €k — Ejk — €l

Thus the estimator could be constructed as
R 1 o\ ) "
p= < > 1 > Tk gy p K(}:))
i<j<k<l * melly N
1 i
( > i > Tijwt Tijwl Yiju K<hk )
i<j<k<l * welly N
-1 a -1
N 1 ik
=B+ <<4> > 1 > Tijw Iz’j,klxgj,kl K(fw))

1<j<k<l = welly

N\ 1 dik
(<4> > i > Tijw Tijwt it K(lm;))

i<j<k<l 7 mwelly

A

N—

where Il  is a permutation; K(-) is a kernel function and hy is the bandwidth.

3.4 Asymptotic Properties

This section includes three subsections. Subsection studies the consistency of the

estimator. Subsection [3.4.2] and [3.4.3] discusses the asymptotic distribution of the estimator

when w; is discrete or continuous, respectively.

3.4.1 Consistency

More assumptions are required.

Assumption 3.2. (i) x;;, €;; both have finite fourth moments.

(1) ElTiji vijpzijm | [[fuo; — furllz = 0] = Lo is positive definite.

(i) ETiji xijm €ijp | || for = furll2 = 0] = 0.
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Assumption 3.3. (i) limy, 0 E[Tiju Tiju@ijp | | fo— furll2 = k] = To is positive definite.
(1) limp 0 E[Tjj0 Tijp €ija | || fus — furll2 = ] = 0.
The following assumption imposes restrictions on the kernel function and bandwidth.

Assumption 3.4. (i) The bandwidth sequences hy — 0, N*™7h% — oo for some v > 0

as N — 0.

(ii) Let

N

(iii) K is supported, bounded, differentiable on [0,1], strictly positive on [0,1) and has

and Nry — oo as N — 0o.

bounded first derivative.

Remark. (i) The kernel functions could be Epanechnikov, Quartic, Triweight, etc, and I

restrict to the positive part.

(ii) Nr, — oo implies that the number of pairs "close" enough increases with N .

(iii) Assumptions together imply that if I randomly draw 4 agents i, 7, k, [, the

probability that 1) Tij =1 and 2) i and k are close enough is large than 0.
I need to utilize two lemmas from |Auerbach| (2019)).

Lemma 3.1. Under Assumption [3.1 and[3.4], I have
max [0k — 1P = Py 2] = 0as (077 )

Lemma 3.2. Under Assumption[3.1], I have that Ve > 0, there exists a 6 > 0 such that with
probability 1 — &2 /4

||pwi _pwk||2 < o — ||fw1 - fwkHQ < €
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They formalize the intuition that

Lemma 1

2 L a2
5ik I ||pwl _ijHQ = ||fwz - fwkHQ

The following theorem demonstrates the consistency of the estimator.

Theorem 3.1. Suppose Assumptions hold, 3 — B in probability.

3.4.2 Asymptotic Distribution when w; has Finite Support

An additional technical assumption is required to study the asymptotic distribution of the

estimator.
Assumption 3.5. z;; = ¢(X;, X;), where g is symmetric and Lebesgue-measurable.
The following theorem establishes the asymptotic distribution of g when w is discrete.

Theorem 3.2. Suppose Assumptions hold, using Theorem 1.1 of |Chatterjee et al.

(2006) and Theorem 1 of |Graham| (2017), when w; is finite, I can get

no; L (B —
VBRI B)
VeTotAnTgte

for any k x 1 wvector of real constants ¢, where

- 1
Ay==Y"A;

N n;

A; = oy vElwit | X, w]

u; = Blry ugn | Xi, X, wi, wj, €45
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3.4.3 Asymptotic Distribution when w; is Continuous

When w; is Continuous, it becomes more challenging, and more technical assumptions are
required.

Assumption 3.6. There exists an integer K and a partition of [0,1) into K equally spaced,
adjacent and non-intersecting intervals UX | [z}, 2?) with } = 0 and 23 = 1 such that for any

t € {1,...,K} and almost every x,y € [x},2?) and s € [0,1], | f(x,s) — f(y, s)| < Cs|z —y|*,

for some Cg > 0 and a > 0.
Assumption [3.6| imposes more structure restrictions on f.

Assumption 3.7. E[Tjx @ijr €ijpt | || for — furll2 = h] < C7hS for some C7,¢ > 0 and for

all h in a small neighborhood to the right of 0.

Assumption [3.7] imposes more restrictions on the conditional expectation.
More regularity conditions on the bandwidth sequence and the kernel function are also
needed.

[ [
448a’ 244«

Assumption 3.8. The bandwidth sequence h, = Cs x n=" for p € ( ) and some
Cs > 0. K(\/u) is supported, bounded, and twice differentiable on [0,1], and strictly positive
on [0,1).

The following theorem establishes the asymptotic distribution of § when w is continuous.

Theorem 3.3. Suppose Assumptions and hold. Further assume that a X { >
1/2, using the theorem 1.1 of |Chatterjee et al| (2000) and Theorem 1 of |Graham| (2017),

when w; is continuous, I can get

-1 J/h
\nag ne (B — B,

2N ( i) —%5 N(0,36)
\/CIFQ_IANFO_IC

for any k x 1 vector of real constants ¢, where

1 0;

E| T i i K22
Py | o i 2 ()
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Remark. There are several methods in the literature to deal with the bias brought by the
kernel method. First, one could introduce additional smoothness conditions and use jackknife
bias correction. Second, I could choose slight smaller h to get a consistent estimator while

sacrificing some efficiency. This is not the focus of the paper and thus omitted.

3.5 Extension to Directed Networks

Our approach could be easily extended to the directed networks, which is of practical im-

portance. The model should be revised as

D;,; = 1{77ij < f(wi>wj)}

l’gjﬁ + BZ'_> + Bj<_ + Eij if Di—>j =1
Yi—j =
0 if otherwise

where D, ,; = 1 if i exports to j; f : [0,1]* — [0,1] is not symmetric anymore; y; ,; is the
trade flow from ¢ to j; B, is country i’s export fixed effect and Bj. is country j’s import

fixed effect.

The definitions should be changed accordingly.

Definition. Average out degree:

1
N1 D
JFi

Define f,.—(-) == f(wi,*), and the agent’s population out degree is [ f,,—(7)dr.

Definition. Average in degree:

1
N1 D
JFi

Define f,. () == f(-,w;), and the agent’s population out degree: [ f,. . (T)dT.
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Definition. Average out codegree of i and j:

1
Y DDy
N -2 t#i,5

The population out codegree of i and j: p_(wi,w;) = [ fu,-(7) fu,—(T)d7. Define p,, () =

Definition. Average in codegree of i and j:

1
N =2

Z Dt—>iDt—>j
t#i,5

The population in codegree of i and j: p(wi,w;) = [ fu,(T)fu,—(T)dT. Define py,, () =
p(wi, ).

To measure the similarities of ¢ and £, I use the following two different strategies:

o Use |[pu— — Puy—l2 to bound || fu,— — fu—l2-

e Use ||pwi<— _pwk<—||2 to bound ||fwi<— - fwk<—||2-

The structure needs some modifications as well. Instead of a non-directed four-cycle, I
use a directed one.
The construction of the estimator would be:

Let Tijp = DijDysjDi Dy

E[yz‘—>j|Tz‘j,kl =1] = x;jﬁ + Biy + Bje + A(f(wi, w)))
Elyij|Tijm = 1] = 238 + Bess + B + A(f(wr, wj))
Elyi—i|Tijm = 1] = 23,8 + B + B + A(f(wy, wr))

Elyii|Tiju = 1] = 2,8 + Bisy + B + A(f(wi,wi))
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Figure 3.7: Directed Four Cycle

Then

ElYioj + Ynst = Ui — Yiot| Tijr = 1]
=(z45 + T — p; — xa1)' 8

+ (A(f (wi, wj)) = A(f (wr, w5)))

+ (A(f (Wi, wi) = A(f (wi, wi)))

One could use || fu,— — fu.—|l2 to measure the similarity of w; and wy as exporters.

Alternatively, rearrange the above equation, I get that

ElYinj + vkt — Yrj = Vit Tij = 1]
=(z45 + T — p; — x1)' 8

+ (A(f (Wi, wj)) = A(f (wir i)

+ (A(f (wry wi) = ACS (Wi, wy))

which means I could also use || f,, — fu|l2 to measure the similarity of w; and w; as
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importers.

The following procedures are very similar and thus omitted.

3.6 Conclusion

I propose a network sample selection model. In this model, the link formation depends
on two latent variables from both sides nonparametrically. Using the statistics offered by
Auerbach| (2019), I could measure the distance between two knots. Then in the outcome
equation, I propose a four-cycle structure to difference out bilateral fixed effects. At the
same time, I use kernel function to control for selection bias. The asymptotic properties of

the estimators are studied. Finally, I extend the model to directed networks.
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Appendix

Proof of Theorem [3.1]

Proof. The estimator is constructed as:

S\
Z Z Crzgkl xz]kl (hk>>
N

z<]<k<l ! welly

O
Z Z Tijk Tij y1jk1K<h ))
N

( 1,<j<k<l ! welly
=0+

((JD_ Z ZTum%kl <f;k)>_l

1<j<k<l 4l melly

() 5 55 T o 6(35))

z<]<k<l ! melly

Then

oo (() BBt

1<j<k<l 4l welly

p
5 e

z<j<k<l —eH4
-1 -1
N N N R
=0 + <<4> Z Uz’jkl) <<4> Z Uijk;l)
i<j<k<l i<j<k<l
=B+ Vy'Uy

Remark: For these items with replacing &k with ||p,, — Pu,|l2, I similarly define Vijkl, VN,
Uijkl and UN.

The estimator could be simplified as

B=pB+Vi'llUy~ B+ Vy'Uy

To prove that 3 is consistent, I just need to prove that
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1 1 i
S Vy— —E|T 22 K() )
. N - l ikl T3 ki I 1—>
[ ]
1 1 i
— Uy — —FE|Tuin Tiint € K(Z) L)
'~ N | gkl Tijkl €ijkl e 1—>
where
TN:E K<||pwz_pwk||2>]
L hN
By Chebyshev’s inequality,
Var(X)
PX ~E[X] > ¢) <

It is sufficient to prove that —Var(Uy) — 0 and = Var(Vy) — 0 as N — oc.
N N

Consider Var(Uy), define
Ay n = Cov(ry wijrt, TN Umnop)

where {1, j, k,(} and {m,n, o, p} have ¢ agents in common.

Observation: Ay = 0.
So as long as A,y < 00,q =1,2,3,4, Consistency is trivial.

Agn < 00,q = 1,2,3,4 is guaranteed by that x;;,¢;; has finite fourth moments and the

kernel function is bounded. O
Proof of Theorem [3.2]

Proof. Following the proof of Theorem We focus on %U N-
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One important observation:

e Ay y = 0 as well. Actually, for any two dyads sharing no links, their contribution to

Var(Uy) is trivial.

Remark: Consider

1 Oik
ur =—Tijkr Tiji Eijiki K()

N hN
1 Omo
Uz :7Tmnop Tmn,op Emn,op K< >
N hy

where they share no links (possibly sharing 0, 1 or 2 agents.).

Since

gij ki = selection bias 4 link specific error term

The first part is 0 if w; = wy. the second item makes 0 contribution to the covariance if they
share no links.

Then

-2

) )75
) G
) G s

As long as Ay i, Az y and Ay y make the same order nontrivial contributions to Var(Uy).
The first item dominates.
Using Theorem 1.1 of (Chatterjee et al. (2006 and Theorem 1 of (Graham| (2017), I finish

the proof. O
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