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*
THE PSEUDO-FREE 32 VERIEX MODEL

by
Stuart Samuel
Lawrence Berkeley Laborstory
University of California

Berkeley, California 94720

November 7, 1978

ABSTRACT
A new two-dimensional statistical mechanics
model is solved, It is a general model with 18 free
paremeters and includes Ising-like spin systems and
ferroelectric systems as subcases. .The solution uses

integrals over anticommuting variables.

*Supported by the High Energy Physics Division of the United States
Department of Energy.

I. INTRODUCTION

This paper discusses and solves a new two-dimensional
statistical mechanics problem called the pseudo-free 32 vertex model.
It is a generalization of the free-fermion model, which, in turn, is
a generalization of the Ising model (certain values of the parameters
reproduce these two models). In addition, it includes several
Ising-like models on various types of lattices as well as ferroelectric
systems on the triangular lattice. This very general model involves
eighteen parameters and yet it is exactly solveble. Section III
computes the partition function. For Ising-like subcases, there
is a simple way to calculate the vacuum expectation value of an
arbitrary product of spins. An example is illustrated in Sec. VI,

This paper is a computational one. It uses integrals over
anticommuting variables. The techniques were developed in two
previous papersl’2. They were pedagogical in nature and formed _
the basis for this work. I recommend the study of these two papers
for those readers interested in understanding the methods of this
paper.

Paper I reviewed integrals over anticommuting variables
and showed how they could be applied to statistical mechanics
problems. In genersl, what resulted was an integral over an action,
or equivalently a fermionic-like field theory. several models had
quadratic actions such as the Ising model. These models were called
pseudo-free and were exactly solvable. This is why the Ising model
is solvable; it is a fermionic free field theory. Paper II stressed
calculational techniques. The partition function of several models were

evaluated in II. Graphical methods and a set of computational rules



were obtained. This allowed one to quickly solve the solvable
(quadratic action) models. In general, the evaluation of a partion
function was reduced to solving a miniature dimer problem (MDP).
Using this, general rules were derived for solving a class of two
dimensional close-packed dimer problems. Finally, paper II reduced
the calculation of anticommuting variable correlation functions to
solving modified miniature dimer problems (MMDP's). For Ising-like
cases, these results can be used to calculate the vacuum expectation
value of any product of spin variables.

Papers I and II dealt with models previously solved by other
means. They formed the testing ground to see how the methods worked.
This paper solves a new model never before considered. Papers I and
IT have stressed the importance of finding exactly solvable models
as a first step for approaching unsolved models.

The 32 vertex model is quite complicated, having 18 free
parameters. The partition function involves calculating 265 terms
and the anticommuting variable correlation calculations have over
1000 terms, however simplifying tricks are used. Without these,
the problem would be too tedious to solve. Furthermore, the results
could not be presented in publishable form because equations would
be too long. The anticommuting variables allow systematic evaluation
and compactification of algebra. This causes roughly a seven-fold
reduction in algebra. Computationally, the anticommuting variables
are powerful objects.

Section II introduces the model. The anticommuting variable

action is given in Egs. (2.1) - (2.5). The 32 different configurations

and their weights are shown in table 1.

Section III calculates the partition function. Its value
is given in Eq. (3.6} The key function is L which is the determinant
in Eqs. (3.4) and (3.5). The rest of the section is devoted to
explicitly calculating L . Equation (3.31) writes L as a sum of
three other functions, Ll, L2, and I°. Equations (3.8), (3.13),
and (3.30) give LY, L°, and I7.

Section IV and V evaluate the anticommuting variable
correlations in momentum space and coordinate space. These results
are presented in Egs. (4.9) - (4.30) and Eqs. (5.1) - (5.21). This
second set of equations is useful for solving problems related to
the pseudo-free 32 vertex model. Section VI uses them to calculate
the correlation function of two vertical spins in the triangular
Ising model.

II. THE MODEL
The two-dimensional Ising model is equivalent to the partition

3

function of closed polygons-where sides may intersect but cannot
overlap. There is & Boltzmann factor per unit length of side. The
Ising model is not the most general easily solvable model. The corners
of polygons mey also be weighted, resulting in the so-called free-
fermion modelh’5 descfibed by the action of Eg. (I.4.l4) whose weights
are given in Fig. I. 11. Let _W(P) be the weight of Figs. I. 11P.

Then, the following constraint, known as the free-fermion constraint,

is satisfied:

(@) (m) * Y(®)"(e) = "(@)¥(2) ¥ Y(e)(g) (2.1)

Because of Eq. (2.1) the free-fermion model is not the most general

eight-vertex model, although it is the most general easily solvable
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model.

Slightly more complicated than the basic Ising model would

. be to include next nearest neighbor interactions. Consider adding

one set of diagonal interactions. Using bond variasbles leads to the
cloged polygon partition function drawn on the lattice of Fig. la.
In the same sense that the free-fermion model is the solvable

generalization of the square lattice Ising model, the pseudo-free

32 vertex model is the generalization of the triangular lattice (Fig 1b)

Ising model. The corners are weighted in addition to the sides. In
short, the 32 vertex model is the partition function for closed
polygons drawn on the lattice of Fig. la where sides and corners are
weighted. This model contains many others: Mentioned already are
the sqQuare and triangular lattice Ising models. In addition, duality
enables the Ising model on the hexangonal lattice of Fig. lc to be
included. By setting diagonal couplingsequal to zero, the usual
free-fermion model is obtained.

Such a general model is, indeed, complicated. It involves
18 parameters (the simpler free-fermion model has 8). The phase
diagram will be more compliéated since it is an 18 dimensional space,
and will have an interesting set of phase transitions and critical
phenomenon. None of these topics, however, is analyzed in this paper.
For a model of interest or for a given choice of parameters, the
thermodynamics of the system is determined by the partition function
[Eq. (3.6)] or the free energy per unit site [Eq. (3.7)]. Taking
temperature derivatives will yield the energy and specific heat.

In I and II anticommuting variahles were used to draw
polygons on & square lattice. This lead to a Grassmann integral over

a quadratic action, an exactly solvable fermimnic-like pseudo-free

field theory. The action consisted of three pieces: & Bloch wall
piece, a corner piece, and a monomer piece. The Bloch wall action drew
the walls, the corner action formed the corners, and the monomer piece
filled in all unfilled sites. Likewise, in dealing with polygons on
the lattice of Fig. la, three terms are needed:

A=A

+
32 wall Acorners * Amonomers - (2.2)

T + t
_ hT n v v aft a
Apnr = Z (zhnaﬁna+13+zvﬂcxﬁnaﬁ+l+ Za"op o+ B+l) - (23)
ap

+ tpt t
_ h' v v h v' h v h
Acorners = E [alnaﬁnofﬁ * &Moo * 83N lop * &g op
ap

oot

+ +
a' v v' 4 v d (2.4)
* PylagTog * PallogTas * PaTlapflon + PLlopNas

t t ot +
nt q at n at n d_h
* st Collagflap T C3NogTop t ch'lagnag] :

L T :
Amonomer = Z [bhngﬁngﬁ * bvngsqga * bdngﬁqg; ] : (2.5)
aB .
Three types (horizontal, vertical, and diagonal) of anticommuting
variables are used at each site denoted by the superscripts, "h",
"v", and "d" . The subscripts "o" and "B" 1label the lattice sites
and take on integer values. They are respectively the x and y
coordinates of a site. The variables Zyor B and 2y are the

horizontal, vertical, and diagonal Boltzmann factors. The a's,

b's, and c's are just constants. Each term in Eq. (2.3) and Eq. (2.k)



has the graphical representation of Fig. 2 and Fig. 3. As in I
and II, the following conventions are used: Arrows indicate

the order of variables, "o"'s and "x"'s respectively refer

to undaggered and daggered variables, and a horizontal, vertical,

or diagonal line attached to a variable indicates whether it is a

horizontal, vertical, or diagonal type.

There are 32 possible vertex configurations. These are
shown in table 1. It is straightforward to calculate their weights
using the action of Eq. (2.2). These are also given in table 1 with
Bloch wall Boltzmann factors extracted. No minus signs result from
reordering of anticommuting variables for non self-intersecting
polygons. This can be proven by induction on the ares of a polygon6.
When lines intersect, however, a minus sign does result from
reorderings. This is because of "fermi statistics” and is discussed
in I. A few examples are shown in Fig. 4. This accounts for the
extra minus signs in boxes (xvii), {xviii), (xix), (xxi), (xxiii),
(xxiv), (xxvi), (xxviii), (xxx), and (xxxii) of table 1. 1In
calculating the weights of boxes (v) through (xvi), one must be
careful to include the possibility of two corners forming a third.

For example, in box (v) an a_ corner and a diagonal monomer could

1
be used, but, for example,a ¢, corner followed by a bl corner

can also be used, in which case all variables at the site are used
up and no moriomers are needed. The weight is blcl. Likewise a c,
corner followed by a bh corner may be used. This accounts for all
the weight factors in box (v). In calculating the weights of

configurations (i) through (iv) one must be careful to include the

possibility that two corners can "act like" two monomers. For example,
in box (iii) all horizontal and vertical sites must get filled.
Although this could be done using the vertical and horizontal monomers,

the corners al and a or s

3 o and a) also combine to fill up the

unoccupied sites.
Equations (2.2) - (2.5) and table 1 summarize the results
for the pseudo-free 32 vertex model.
When

a =a, =b, = bh =c, =0 = -1,

b, =b,=c =c,=+1, (2.6)

b =b_=b, =28, = a), 1 3 1 3

v " h d

the weights of table 1 are all -1 . Thus, the closed polygon
partition function on a triangulsr lattice with unit weights for

corners is

= N ki
Zelosed polygon (-1)" fandn" exp A , (2.7)

with A given by Eq. (2.2) with the values of Eq. (2.6). The (~1)N
(N is the total H of sites) makes the weights of table 1 positive.

In calculating 2 , sides of polygons may not overlap.

closed polygon

is

The relation between the triangular Ising model and zclosed polygon i

Z, Ising = (2 cosh pJ, cosh BJ_ cosh aJd)N 21 0sed polygon, (2.8)
with
Z = tenh By
z, = tanh BJ_, (2.9)
zg4 = tanh BJ, .
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9 ' 10

T T t
» A = v Vv h h . 4 _d
The J's are the coupling strengths of the spin-spin interactions. 32~ vtastast * hsastast dstastast
st
Although the main interest of this paper is the general model, the
known triangular Ising model results will be used a§ a check. The ( h+ v Vf h vf h+ v h )
+{a.a ,a ., +a.a 8 +g8a . & +a,8 .4
hexangonal lattice Ising model has a similar representation (one must 1'st st 3 st st 2 st -s-t bist -s-t (3.1)
use disorder variables) in terms of 2 H
closed polygon df v vf a v* df v a
: . . * (blastast TPt Potsttoset T bhasta-s-t)
Zhexangonal lattiec ~ “¥P (BJh +BJd + BJd')] chosed polygon’
2.10 .
( ) + {c ahfﬁd + ¢ adféh + c.a fghf +c ad ah )
1 st st 3 st st 275t -s5-t 4 st -5~
with
where
Z, = €Xp ('EBJh) )
C v =b -z e 2nit

z, = exp (-289,) , (2.11) 8- v T %y P \anm )

z. = exp (-28J.,) . : ' . (3.2)

d a . h =b - exp 2xis

s "n " % oM+ |,
The couplings Jh’ Jd’ and Jd’ are the horizontal and diagonal
ones of the lattice of Fig..lc.
d =b, - z_ exp (gﬂii + §££E> .
III. EVALUATION OF THE PARTITION FUNCTION st 4 d M+, 2N+

The main results of this section are contained in Eqs. (3.4),

The lattice has been taken to consist of (2N+1) rows by (2M+1)
(3.5) and (3.6).

columns of sites. When the thermodynamic limit is taken, it is useful
The pseudo-free 32 vertex partition function is described by

to use the momentum variasbles p_ = and p_= EEEI and the
the action of Eq. (2.2). It is evaluated by going to momentum space. X~ 2M#l y +
: functions
This partially diagonalizes the problem. The method is described
in II. Formulss(II. 2.1) and (II. 2.3) are used. The result is an V(Py) =b, -z ex (ipy) s
v
action in momentum variables of the form
h(p,) = b, - z, exp (ip,) , (3.3)

alp,,p,) = by - 24 exp (ip, +ip ) .



The graphical method (described in II) will be used. The result is
the miniature dimer problem (MDP) of Fig. 5. This problem has
twelve sites and thirty bonds. In order not to make the figure messy,
four copies have been made in Fig. 5. Each copy contains a subset of

bonds and displays their weights. For the total MDP, put all bonds

+
on the same twelve sites. By transforming a‘_’s_ra‘_ls_t 5

+ +
h h d d :
B TRt and st Bg-t ?

form. According to Eq. (I. 2.6), this is the determinant of the

the problem becomes of a.a.+

following matrix

v(py) -8y -by 0 ay, by, \
-ag h(px) -03 -8, 0 -e),
M(px’ py) = -b3 -y d(px,py) -b), ey 0
0 a, b, -v(—py) as b3
) 0 ~¢ a; =n( -px) ey
\-bz <, 0 by cs -d(-px,-py)/ .
(3.4)
Lipys py) = det M(p,, p.). (3.5)

In the thermodynamic limit, the answer is

12

L (8 Ty
Z32=exp{(2N+1)(2M+l)-2- / E{—/ 3y 40 L(px,py) .
-

(3.6)
The free energy, f, per unit site is
7 7
dp p,
=1 X i
Bf = 5 / ” / 5 n Llegpy) - (3.7)
-7 -1t

A 6X6 determinant, in general, has 720 terms. The matrix,
M(px,py) » however, has six zero entries, which reduces this number

to 265. For particular values of the parameters a bi’ ;s ete.

12
one may use computers to evaluate Eq. (3.5). For general values,

all 265 terms must be evaluated. This will be done using the

graphical method. A brute force application would find and calculate
all 265 coverings of Fig. 5, a process which is tedious, not useful,
and results in an answer too cumbersome to be published. I circumvent
this by using the following device: If the bonds in Figs. 5c and 5d

are removed, what remains is the free fermion model. In II, the

partition function and correlation functions were calculated. These

result may be used as a calculational foundation. There are three
types of terms: type 1 are proportional to

d(p,, py)d(-px,-py), type 2 involve either d(p,, py) or d(-p,, -py),
and type 3 involve neither d(px, py) nor d(-px,-py) and must use

four bonds from Figs. 5¢ and 5d. Each of the three types will be
systematically evaluated using results from II.

Type 1. After the d(px, py) and d(-px,—py) bonds have
been used, what remains is the free fermion MDP whose value was
given in Eq. (II. 3.3). The contribution of type 1 is



=

Nine of the 265 terms are contained in L

Fig. 54, say b

in which this MMDP can occur using d(px, py) and the b, and b

13

(o, , p,) = alp,, »)alp,, B )Le o (pys Py) (5.8)

where

Le. s (Popy) = np)n(-p v(p )v(-p)) - aja;In(p v(e) + h(-p,)v(-p)]

- agm (e )vi-py) + B(-p)v(p))] + (aga; + agah)2 . (3-9)'

1

Iype 2. These terms are proportional to d(px, py) or

d(-px,-py). They must use two bonds from Figs. Sc and 5d. When

d(-px, -py) is used, the diagonal (s, t) sites must be covered

by one bond from Figure Sc, say bl’ and one from
3 (see table 2, box 1 above Al). What results is the

modified miniature dimer problem (MMDP) used in calculating the

+
correlation <aZtaZt) of the free-fermion model. The value of the

MVDP, Wi(px, py), is given in Eq. (II. 5.3). There is another way

2

bonds comnecting to diagonal (-s, -t) sites (see table 2, box 1

above Bl)' Summing these two terms yields

Wy (py> pp)lalpy, -p ) (-bbo) +dlpy, 2 )(-bo0))] (3.10)

and, in general, yields schematically

(weight of MMDP)[d(-px, -py)(bond weight for (s,t) diagonal variables

+ d(px, py)(bond weights for (-s, -t) diagonal variables)].

(3.11)

1h

The sign of the bond weights is determined using the sign rules (a)
and (b) of Fig. I.8.

All together there are 16 possible MMDP's. These are
shown in table 2, column 1. Let Wi(Px’ py) be the values of the
coverings. The Wi were obtained from Figs. II. 21 - II. 32 and
Egs. (II. 5.2) - (II. 5.17) and are listed below. Let A, and B,
be the values of bond weights for (s, t) and (-s, -t) diagonal
sites. The numbers, A, ‘and B,, are given in colums 2 and 3

of table 2. Let .

¢, (py, py) = [a(-p,, -py)Ai + a(p,, py)éil- (3.12)
then
16
(e, , ) = :E: W (p,» 2 )C; (0,5 By) (3.13)
i=1

For completeness the Wi(px, py) are given:

W, (e, B,) = Bph(-p)v(-p.) - & 1a.8(p,) - a8 n(-p,),(5.10)

y
Wo(pys ) = W (-pysp ), (3.15)
Wy (o, 2y) = B(-p vip )v(-py) - 8y2,v(p) - a2 v(-py), (5.16)
W)_I_(Px: Py) = WB(‘PX"Py)) (3-17)
Wo(p,, ) = a3[(ala3 +aa) - h(-bx)V(-py)], (3.18)
W6(px, Py) = W5('Px: 'Py): (3'19)
W7(px, py) = al[(ala3 +aye,) - h(-px)V(-py)] (3.20)
Wa(p,s py) = W7(-px, -py), V (3.21)
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Wé(px: Py) = ah[(ala.3 +ay8,) - h(Px)V('Py)], (3.22) L, py) - Ll(px, py) . L2(Px, Py) . LB(Px; Py)’ (3.51)
Wlo(px’ Py) B W9(-pX, -Py), (5.23) where Ll, L2, and L3 are given in Egs. (5.8), (3.15), and {3.30).
Wil(Px’ py) = a2[(ala3 +»aeau) - h(Px)v(_py)]’ (3.24) Although a lot of algebra has gone into evaluating L(px, py),

it is justified, since the next section reuses this algebra.
R T (5.25) Of interest are the values for the triangular Ising model
Wy 5(p,s Py) = 83 [h(-p,) - hip,)], (3.26) [Eqs. (2.6) - (2.9)]:
W (e, py) = ageshl-p,) - nlp)l, (3.27) vip,) = 1 -z, exp (ipy),
Wo(es py) = a2 [v(p) - v(-p))), (3.28) B(p,) = 1 - 7, exp (ip,), (3.32)
WPy ) = 2gaslvle) - v(-p )] . (3.29) Apys p) = 1 - 24 exp (ip, +ip ).

2
Eighty-eight of the 265 terms are in 1° . _ - - _ - - - -
8~ A9 - A10 - All - Al2 - A15 - Al6 - 1,

Type 3. These terms involve two bonds from Fig. 5c and two

bonds from Fig. 5d and cover four sites in the free-femion model A5 = A? = A13 = Alh =1, (3.33)
(see the first column of table 3). The uncovered sites form an MMDP Cm em m o oLm o o—m _w B _ B _ _
Bl = 32 = B3 = Bh = B5 = B7 = B9 = Blo Bll = B12 = B13 =By = 1
whose covering(s) is shown in the second column of table 3 and
whose value is called F,. Let E, be the value of bonds of Figs. Bg=Bg=Bjg=Big=1-
5¢ and 5d which go in forming the MMDP. The value of a diagram is
= = = = = = = = - + +
E,F,. Therefore, € =0Cp=0Cy=0Cy =Cy=0Cpy=0Cpy =Cpp== 2 + 224 cos (p, + 1),
= - = = - = = - = - = i si +
, 36 05 =-Cg=C, Cq 013 = 015 Cig = 224 1 sin (px %).
L = E.F. . .30
(py> Py) Z 1F1 (P ) (3.30) (5.58)
i:l ¢

The Ei and Fi values are given in table 3. Boxes 1 - 6 of table 3
have 40 terms, boxes 7 - 12 have 32 terms, and boxes 13 - 36 have
96 terms. Thus, L5 contains the remaining 168 terms.

The final result is
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I O 2 (1 4.2 . Lo
Wy (2,o2,) = Wy (-p,,-p) [ 1+ 2z - (1 + 2 -2z cos p )z exp( 1py)J , Fi5(p,) = Fp(p,) = - Fl5(—px) = - Fig(-p,) = Fig(-p,) = Fppl-p,)

2 2 s
Wy (e, ) =W, (-p,s-p)) —[—l +z - (1 +z -2z cos py)zheXP(-lpx)] ;

=-Eyl)= - Fo(p,) =1 - 7 exp(in) ,

“ W5(px,py) = W6(-px,-py) = W7(bx,py) = WB('Px"Py)= - W9(-px,py)
Foep ) =F (p ) =-F,(-p ) =~F. (-0 ) =F, () =F,  (-p)
2 2 P P
. = - W (Repy) = - Wy (ppy) = - Wpp(pueR) - (5.35) v Ry sy 00Ty Ay ey
==F . = - F = l - i -
_ [ S 1- 2 ex(-in) - zvexp(-ipy) + 2z em(-ip, ‘ipy) , 33(Py) Bu(Py) z,, exp (1py)
WlB(px) =Wy (p,) = - 218, sinp , L _[ 14+52.02 (o, + )]‘[ @+ )+ D) + 2 2
= zd - 2z4 cos(p, +py ' 1+ 2z +z) + 2(1- zv) 7, cos D
wl5(py) = wl6(Py) = 2iz sin p& .

+2(1 - zi)zv cos py] ,

The non-zero Ei are

. 2 11 2 2
E, =E =E =E =E;, =E —Ei——E =E,_=E, = L={4[chos(px+%’)-q[zh+zV(l'?121)°°SPy+zV
=By = By = By = By = By = By S B =g 7 ) :
v (505 ) + zh(l-zi) coOs px] + Szvzdzh - 8Zv2.h COS(px + PQ}
=Ey = Ep = Byp = Byg = gy = By = he (3.38)
3 _ 2 2
(o) a1s >, 1’ = hl 2, * 2, *2z.2 cos(pX + Py)] .
1Py’ = o " PR COSPys )
F(p,,p ) = F,(-p_,p ) = F)( )= F_(-p_,~p_) L=d (L +20)(1+ )@+ 2D) - 2(1 - 25)(1 - )z cos
o Px’Py =¥5 PX:Py =y Px:-Py = F5\TP Ry d %y v 4 v/ %n Py
. . ; 2 2 2
.a = [- z, exp(-ip,) - z, exp(-ip)) + 2.2 exp("lpx-lpy)] s - 2(1 - 23 )1 - 7))z cos p - 2(1 - 7)1 - zs.)deOS(px *p,)
2
v Fp.)=1+2" -2z cosp_, (3.37)
< 6\Py v v v + BZdszh} . (3.39)
P =F =F_ =F_ =F _ =F_ =F_ =F =F_ =F
7 gb . 12 17 18 23 2k 29 30 The free energy per unit site, £, , for the triangular
= - F35 = - F56 =1, Ising model (or rectangular Ising model with one diagonal interaction)
Fg = Fg = 2, is



19

1 " dpx " dp 2
-t = 3 f = f = zn[(ecosh BJycosh BJ_cosh BJ,) L(px,py)] )
-7 -7

(3.40)

This agrees with the known answer7.
IV. THE MOMENTUM SPACE CORRELATIONS
This section calculates the momentum space anticommuting
variable correlation functions using the graphical methods developed
in IT. This becomes equivalent to solving modified miniature dimer

problems (MMDP's). There are 21 non-zero different correlstions

(15 are zero). Each involves a large number of coverings (approximately

50)., If brute force methods are used, a total of roughly 1000 coverings
must be found and their corresponding weights calculated. Such a
process would be tedious. Fortunately, symmetry properties of the
pseudo-free 32 vertex MDP determine 15 of the non-zero correlations
in terms of 6. Furthermore, the results of Sec. III eliminate the

need to find the 50 coverings. Instead, less than 20 terms must be
found. All in all, roughly 1000 calculations are reduced to a little
more than 100. This is fortunate since without these tricks the

correlations could not be presented in a compact or readable form.
v vt
I will describe in detail how (astast)

results for the remaining five correlations will then be simply stated.

is calculated. The

Finally, symmetry properties will be used to obtain the remaining ones.

Momentum variables, p_ and py, will be used to express the answers.

X

1
To calculate (a:ta:t), insert the superbond shown in Fig. 6

and erase the bonds in Fig, 5 which connect to vertical (s,t) sites.
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The resulting problem is the MMDP vwhose weight will be called Vl'

Analogous to the partition function, three terms contribute to Vl:

type 1, which are proportional to d(px,py)d(-px, -py), type 2,
which are proportional to either d(px, py) or d(-px,-py) , and type
3, which involve neither d(px,py) nor d(-px, -py). Each will

be evaluated in turn.

Type 1. After using the d(px, py) and d(-px, -py)

bonds, the diagonal sites are exhausted. What remains is the free

-'.
. . v v,
fermion expectation <astast>ff = Wl(px, py). Therefore type 1
contributes

W (pys 2y )a(pys 2 )alepy, =) (.2)

This is symbolically displayed in Fig. 7.

Type 2. These involve either d(px, Py) or d(-px, -py).
The other diagonal "o" and "x" must be covered by bonds of Figs.
5¢ or 54 or alternatively those of table 2. Only bonds which do not
connect to vertical (s,t) sites may be used. These are those in
boxes 2,3,4,6,8,10,12,15 and 16 of table 2. Consider box 2. When
d(px, py) is used, B, bonds must be used and when d(-px, -py) is

used, A2 bonds must be used. This results in the factor

c, = d(-px, -py)A2 + d(px, py)Be. In either case the resulting -
diagram is Fig. 8a which is an MMDP with two superbonds. Its
covering is in the second column of box 1 in table 3. The weight is

F The contribution is, therefore, C.F The nine different type 2

1° 2°1°
terms along with their weights are shown in Fig. 8. Their total
contribution is (4.2)

+C + C_ _F

CFy + CgFy + O F, + Oy, + Cgfy) + C)(F) o+ C F) o+ C) Fy o + C) F o,
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Type 3. These involve four bonds from Figs. 5c and 5d.
They will cover up four h and v sites besides the two vertical
(s, t) ones. These sites could be those in boxes 4, 5, 6, 23, 24; 25,
26, 33, and 34 of table 3. If box 4 sites were used, there wpuld
be four ways of doing this, the sum of which results in the factor Eh'
What remains is the MMDP of Fig. 9a which has 3 superbonds. Its
covering is h(-px). Box U4 contributes Ehh(-Px)° Figure 9 shows
the nine type 3 diagrams and their contributions. They sum to

Ehh(-Px) + E5h(px) + E6v(-py) - E25a.5 - Epgay - Eﬁ“"u - E3hs‘2 (4.3)

The sum of BEqu. (k.1), (4.2), and (4.3) is V), which is given in

box 1 of table 4.

Let Vi be the weights of the MMDP's asgsociated with

th

correlations in the i~ box of table k. Vi,V

77 V197 Va5 VBl,vva.nd
V52 were calculated using the method illustrated for Vl° The
remaining ones are obtained by using transformations (i.e. symmetries)
of the MDP of F:Lg 5 Consider Fig. 5. Suppose horizontal and
vertical sites are interchanged. What results is the same MDP
except that bond weights get redefined. For a horizontal=-vertical

transformation one finds:

Transformation (i) Vertical <—»Horizontal.

8y - 83, bh > =C)>
a5 ~=-a,, © Ve>h.
a) -8y, (4.4)

bl<—> 03,
bz<—>-02,

b3<—> cl’
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In Eg. (4.%) v-=h stands for both v(py)“-> h(px)
and h(-px)<_>v(-py). This transformation can be performed when

a superbond is present, so that the V., of box 3 of table L is

3
obtained from the V., of box 1 by BEq. (4.4). In using these

1
transformations all functional dependence on the a, bi, ;o Vs h,
and d must be made manifest.
In all, there are 5 different transformations. They are used

to obtain the remsining Vi . The others are

Transformation (ii) Horizontal e Diagonal.

aiﬂbi’ i=1,2, 3, ork

Cl< - (35, .
Cp ="Cp> » (k.5)
Ch —»-Ch,

h == g .,

Transformation (iii) Vertical —e» Diagonal.

8, - C_
i i’

bl<—> b},

by = =by, ' (4.6)
b’+ — -bl;," )

v - d .

Transformation (iv) Vertical—= Horizontal»Diagonal»Vertical.

8 —= Cz; b, —= -a,, h — 4,
a — v.

ay —==Cy, b3 - 8y,

a5 —= ¢y, by, —— -8, (&.7)

a), —>=c), ey — b

b, —= a v h”

1 3’
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Transformation (v) Horizontal —— Vertical —— Diagonal-» Horizontal.

— =g,
‘o 2

Ch —’-&)_I_,
h —= v,
v —»= 4,

4 — h.

(L.8)

For i€15, define V,;(p, p.) = Vpi.1(-Pys “By)e The y;

are the pseudo-free 32 vertex analogues of the free-fermion Wi’

The results for the momentum space correlations are

t
vVl o it
(aiary) = V(o py) / i, p.).

1.
h h )

a‘sta‘st = VB(pr Py) /

1.
(agasy) = V(e 2,) /

¥
.,.
h' v

(astast> = V7(Px: Py) /
@I ) = Voo, p,) /
BstBst/ T 9 Py py
elleh ) = v (o, p.) /
Bstdse’! T 11\ Py py

v _h
<astast> = Vij(Px’ Py) /

L(Px:
L(p,,
Lp,.,
L(Px:
L(p,.,

L(PX)

y

py)e

o).

(.9)

(%.10)

(4.11)

(k.12)

(k.13)

(k.1h)

(4.15)

(avTad ) =

st st

-'..
h' d Y =

a's'l'.a's’c,

vi h'
<a's.‘l:a'-s-’c)

T gt
vi d y =

AgtBog-t

ni-at

8's‘t:a.’-s-1:> =

v _h

B8 g g) =

(aV.a )=

st -s=t

( h 4 Y =

asta'-s-t

(VTVT >=

BstPaget

v .,V
<a's'ba'-s-t>

nt nt

V15(Px:

Vl7(px’

= Vl9 (Px)

V21(Px’
Vos (0,
Vos (P
Vo (pys
Vog(Py

= V52 (PX’

asta-s-t> = V33(px’

h _h
<asta-s-t> = Vah(px’

al af

<a's.'l',a'-s-i:) =

V35 (Px:

dgd =
<asta-s-t> - V36(Px’

oh
Py) / L(Px:

;) / Llp,

r.) / Lo,
) / Lo,
r,) / Lo,
) / Lp,,
vy) / Loy,
r,) / Lo,
p.) / Llp,;
r,) / Lo,
r,) / Lip,,
p,) / Lip,s
) / Lo,

) / 1lp,,

The zero correlations are

(4.16)

(4.27)

(k.18)
(4.19)
(k.20)
(k.21)
(k.22)
(4.23)
(1.2
(k.25)
(4.26)
(&.27)
(.28)

(k.29)
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taf, t gt
v h v' d v _d
(a st st = ( S5t st> = <a’sta'st> = a'st.ﬁ"st>

T, t
(ag d ) = <agta:t> = <8':t Ys-t> - ag,el

st st st -s-t
v d’r h h+ ' r at (k.30)
(a st -s-'l'.> - ( 85t -s-t) = (a st -s-t <a’st8'-s-t> =
¥ T T
a v d _h d _d
lagea_gay) = (ageiigy) = Sagpig ) =0 -
2xs 2nt

In Egs. (%.9)-(L.30), P, = sygy ond P, = 5y - Equation
(3.5) or (3.31) give L(px, py) and the V, are given in table L,
The correlations in Eq. (4.30) are zero. This can be seen immediately
by interchanging "x"'s and "o"'s at (-s, ~t) sites of the MDP
of Fig.5. After doing this correlations are zero unless the number
of "o"'s equals the number of "x"'s ("fermion number conservation").
V. THE COORDINATE SPACE CORRELATIONS

The coordinate space anticommuting variable correlation

functions can be related to the momentum space ones of Egs. (4.9)-(k.30)

using Eq. (II. 2.3):

(Y v >¥ ﬂd—p’i " d—Ple@[i(a-oz')p +i(p - 8")p_1
nCtBnOt'B' _ 2n 25 X v
k¢ -3

x Vy(pes 2y) / Bloys ). (5-1)

; _ i ap, 7 ffl
i) = [ = [ Etew e -aim, 16 - e,

-7

x V(o 2y) / 1o, p). (5.2)

a af

<not6not'ﬁ' > =

1'
(o, ) =

gl

+
v d >=

‘g

(B at
oy

T
d h )_

{ognarp!

[ =/ #

-7

dp
2n

Py
2%

26
exp [i(a -ct')Px +i(p - B')Py]

xV (px, P, ) / L(p,, p, ). (5.3)

™ ap
"‘leXP li(a - a')p, +1(f3-6)p1

x V(e B)) /Loy, ) - (5.1)
P
5 e [ilo - a)p, +1(B - 8')p, )
xVo(pr B) / Llpys py)- (5.5)
dpx . . . g
37 e [ila -a)p, +i(p - glp )
V(b 2,) / Lo, By« (5.6)

—Iexp li(a - a')p, +1(B-B)pJ

x Vil 2) / Lley, 2)) (5.7)
f—pl exp Li(a - a')p +i(B -8')p ]
Zn x y

XV (o, ) /Lo, B (5.8)
—Iexp lila-a)p, +i( - B Jpy ]

=7

ler((px, Py) / Loy, py)- (5.9)



tyt
(T]Y“Bna151> = f
t gt
(ng@na.aﬂ =/
tat '
"ars"a ) = /
h
(H&BWQ-BJ = f

(naﬁnaﬁ = /

~

(naﬁna gr?

-
“opnorpr) = _/

dp
2
-

dp
25
-

Iy
2n

a7

dp

L exp [i(a' - oz)pX + i(p'

5 - B)py]

xV)o(p,s 2,) / Lip,, P). (5.10)

dp,
P L
-—lgﬂ exp [i(a' - a)p +i(p ﬁ)py]

x Vo (pps ) / Llpys 2 (5.11)

P.
E} exp [i(a' - C>£)Px +i(g' - ﬁ)Py]

Vas(pps 2y) / Ly, B (5.12)

—xexp li{a ~ a')p, +1(B-B)pJ

¥ Vo5 (pys 2y) / Llpy, 2 ). (5.13)

dp .
e_nx exp Li(a - a')p, +i(p - B’)py]

xVar(py, 2) / Ly, py). (5.14)

dp,

2?1 exp [i(o - a')Px +i(p - B')Py]

®Vpg(pys 2,) / Loy, By). (5.15)
dpx (ot ot .
50 o [i(a' - a)p, +i(p' - Blp,]

xV; (o, p)) / Ly, ). (5.16)

h h dpx
(T‘CXBT]Q'B'> = f w f

+ .t x dp
4’ 4 X
<“aa“a's'>=f é‘n"/

=T

28

D
L exp [i(x - a)p, +i(p - 8o, ]

x Vsp(pys 2) / Loy 2y)e (5.17)

P
é-nl exp [i(a’ - a)p, +i(p' - s)pyJ

(p,p)/L(p,p) (5.18)

X 35
D,
s e [ -a)p, +i(p - 8')p )
xVsu (s p) /Loy, 2). (5.19)

D
ik ex [i(@' - a)p, +i(B' - Blp,)

XVES(PX’ Py) /L(PXJ Py)° (5-20)

4,

p
z—f’- exp [i(a - a')p, +i(p - B')pyJ

xVzg(Pys ) / Loy, p). (5.21)

These are useful formulas in the pseudo-free 32 vertex model.

VI. SPIN CORRELATIONS

This section calculates a spin-spin correlation function in

the triangular Ising model using the method outlined in II.

This

method generalizes to the calculation of the vacuum expectation of an

arbitrary product of spins in a relatively straight forward way,
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although the answer is, in general, cumbersome (a Pfaffian of large

order). ' The formulas in Sec. V are the essential ingredients. Consider

_ {oag g im 2

This is expressible in terms of anticommuting variables as

i.e. two spins in the same vertical column of Fig. la.

N vt 2 vvf v .
<qas aB+m ={lz, + (1 -2 )“aﬁnas+1] z, + (1 - Zv)“aa+1"as+2] Tt
[z + (1 - 22)n) i) (6.1)
v v na{3+m-ln0t{3+m - M
One can choose O =B = O because of translational invariance.
Define the ©2m X 2m antisymmetric matrix, M, by
tt
- v v 2
Mas 1, 23-1 = (Mg i-aM0,5-1) (- %) (6.2)
v v 2
My 25 = {ngaMg 572 = 20) 5
My, =% 05+ (1-2 )<"o 1-1“0 3
Then
=Pf M. 6.
. <q1ﬁ aB+m> (6.3)
In Eq. (6.2) i and j go from 1 to m. The three correlations
v’ needed are give in Egs. (5.16), (5.17), and (5.1), with the parameter

values of Eqs. (2.6) and (2.9).
The correlation, f{gc¢'), on the hexangonal lattice can also

be calculated. Again, it is a partition function on a defective

30

lattice (see section VI of paper II). Dual (disorder) variables
must be used. Recall that this means polygons are drawn around
regions of up and down spin. To calculate {oc') draw a line on the
hexangonal lattice connecting o to ¢'. This line intersects certain
bonds on the dual (triangular) lattice. To obtain the correlation
as a defective partition function, change the sign of these bond
weights. This means that a minus sign results, as it should, whenever
a polygon encloses one spin but not the other, i.e. when one spin is
in a region of up spin and the other is in a region of down spin.
Such a partition function can be expressed in terms of anticommuting
variable correlations using a similar technique as used in obtaining
Eq. (II. 6.2). Again, this method generalizes to the case of an
arbitrary product of spins.
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Figure 5.

32
(a) The square lattice with one diagonal. (b) The

triangular lattice. (c) The hexangonal lattice. Figure

(v) is obtained from Fig. (a) by rotating the vertical

" lines counterclockwise by roughly u4s°.

The Bloch wall operét;rs of Eq. (2.3). These are (a)

thg horizontal Bloch wall operator, (b) The vertical Bloch
wall operator, and (c) The diagonal Bloch wall operator.
The corresponding Boltzmann factors are also indicated.
The corner operators of Eq. (2.4).

Intersection minus signs. A non self-intersecting polygon
has no minus signs due to reording of anticommuting
variables. When self-intersections occur, one must use
the pasting construction of Fig. I. 16. This results in
a minus sign for configuration (xviii) as Fig. (a)
indicates. Configurations (xvii), (xix), (xxiv), (xxvi),
(xxviii), and (xxx) are similar to Fig. (a) and have a
minus sign. Figure (b), Fig. (c¢), and Fig. (d) show why
minus signs result in configurations (xxi), (xxiii), and
(xoxxii).

The miniature dimer problem. For clarity the bonds have
been drawn on four separate figures. One should take the
bonds in Figs. (b), (c), and (d) and attach them to the
"o"'s and "x"'s in Fig.(a) to obtain the miniature dimer
problem. The upper left, middle left, lower left, upper
right, middle right, and lower right sites respectively
stand for the vertical (s,t), the horizontal (s,t),_
the diagonal (s,t),

the vertical (-s, -t), the
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Figure 6.

Figure 7.

Figure 8.

Figure 9.
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horizontal (-s, -t), and.the diagonal (-s, -t)
variables. The bond weights are indicated in the figure.
The superbonds used to calculate (azta::). The weight
of the superbond is unity.

The syﬁbolic representation of Eq. (4.1). Type 1 terms
involve the d(px, py) and dépx,-py) bonds shown on

the right. After bonds connecting to diagonal sites are

' eraséd, the free-fermion model results, and oné needs

(a:ta::) for the free-fermion model as shown on the left.
The'super bonds used to calculate type 2 terms in
(a:ta::). When two bonds are used from Figs. 5c and 54
two sites besides the vertical (s, t) sites get covered.
The numbers in the upper left hand corners indicate the
boxes of table 2 containing these sites and bonds. What

results are MMDP's with two superbonds. The superbonds

are shown here. There are nine different possibilities.

. The Ci factor is due to the bonds used from Figs. Sc¢

and 54 as well as the d(px, py) and d(—px, -py) bonds.

The C; are given in Eq. (3.12). ‘The F, factor is the
weight of the coverings of the MMDP, They can be found
in table 3.

The superbonds used t; calculate type 3 terms in

(a:ta:I). When four bonds are used from Figs. 5c¢ and 54,

four sites get covered in addition to the vertical (s, t)

sites. The numbers in the upper left hand corners

indicate the boxes of table 3 containing these sites.

Table 1.

3k
What results are MMDP's with three superbonds. The super-
bonds are shown here. The Ei factors are due to the bonds
from Figs. 5c and 5d and are given in the corresponding
box of table 3. The easily calculated covering weight is
the second factor [h(-p ), b(p,), V(-py),
etc.]. Figures (d) and (e) have no coverings, hence the
zero.
The thirty-two possible configurations which may occur.
After the Bloch wall Boltzmann factors have been extracted

their weights are (i) [bhbvb +

a)
[(-alaB-agah)b a (-ble-b2bh)bh + (-clc3-c2ch)bv] +
[alb2ch - albac3 - a2blch - a.zbhc3 + a,}bhc2 - a3b1cl - ahb
- a;bzcl],

(i1) [bhbd] + [-clc3 - ceply

(i13) [bvbd] + [-blb3 - bby I,

(iv) [bhbv] + [-a.la3 - a8l

(v) [albd] + [bje; - pye,l,

(vi) [a2bd] + [b3°2 + b2°1]’
(vii) [aBbd] + [b3c3 - bzch],
(viii) [ayb,y] + [‘ulcl+ + bhca],
(ix) [byby] + [ajes +mye,],
(x) [bzbh] + [3203 - a3c2],
(xi) [bBbh] + [e.scl + a0, ],
(xii) [byb, ] + [ahcs - 80,
(xiii) [clbv] + [e.lb3 + a2b)+],
(xiv) [ceva + [a.zbl - alb2]’

(xv) [c5bv] + [aBbl + ahb2]’

3%2



Table 2.

35

(xvi) [ep 1+ [aub3 - a1
(xvii) [-v ],

(xviii) [-bh],

(xix) ['de’
() [ag},
(xxi) [-&h]’
(xxii) [a.l],
(exiii) [-a,],
(xxiv) [-bBJ’
(v) [y J,
(acvt) [y,
(xxvii) [b2],
(xxviii) [-ca],
(xxix) [ch],
(e [-e,],
(oexi) eyl
(xxii) [-17.

The Ai and Bi values. Column 1 shows the sixteen

non-zero momentum space anticommuting variable correlations

of the free-fermion model. For examp}e, box 1 is Z(a:ta:t),
box 2 is Z(aYs_taYS_t), box 5 is Z(agta:t),etc._These corrdatims
occur in two ways: when d(-px,-py) and two bonds

connecting to diagonal (s,t) sites from Figs. 5c and 54

are used or when d(px, py) and two bonds connecting to
diagonal (-s, -t) sites are used. The former are shown in

the second column with the corresponding weight or Ai value.

The latter are shown in the third column with the corresponding
B; weight.

Table 3.
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The E, There are 36 non-zero four point

and F, wvalues.
i i

anticommuting variable correlations in the free-fermion

model. These are shown in the first column. For example,
in box 1 is -
t t t t :
v vV v B v v v v _

Z(astasta-s-ta—s—t> B Z<astast><a—s-ta'—s-t>

kI o »

v v vl v
Z(asta-s-t> a'sta-s-’c) =F.

F, 1is the value of this correlation. In graphical

language, it is the weight needed to cover the rest of the

n_ nt

o"'s and "x"'s. The Ei values are the bond weights

needed to produce these correlations. Four bonds must be

chosen from Figs. S5c¢ and 54, or two pairs from table 2.

For E

There are always four sets. these are Al and B2

1

and Blh bonds, or

bonds, A, and Bl bonds, A

2 13

bonds. This is how E

Alh and B is calculated. The

13 1
Fi are obtained by finding the covering of the corresponding
modified miniature dimer problem. Boxes 2, 3, 4, 5, 8, and
9 have two coverings; the rest have only one.

When Ai and Bi are substituted into the Ei the

following are obtained:

2
E, = (blb5 + b2b)+)
E, = E5 = (blch + bhc3)(b3c2 + bzcl) .
E3 =E, = (blcl - bhcg)(bj% - b2c)+) o

Eg = (cye5 + epey)’

=
!

2
= (bye; = ®y0;)
Eg = E9 = (b1b3 + bebh)(clc3 + c2ch)

2
E o= (b3c5 - byey,)



‘.\

Table 4.
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Ell = (b3c2 +byey 2

E), = (b + bhc5)2

E13 = E19 = (b b +b bh)(bh 5 - blcl
Ej) =By, = (blb5 + bebh)(bzch - b3c3)
E15 =E, =- (blb +b bh)(b ¢ +b,e )
Ejg=Eyp = - (b b +b bh)(bhc +b c,+)
E17 = - Ez3 = (b3c2 + bgcl)(blcl - be,

Eg = = By = (byoy, +Bye;)(bses - boc))
E25 = E31 = (bhc - b )(clc3 + ¢ ch)

Ejg = Egy = (b2ch - b c )(c 105 e ch)

E, =E . =~ (b3c2 + b )(clc + ¢ ch)

3
Eg = EBh = - (bhc3 + blch)(c1c3 +c Ch)

=]
"
[]
=]
1§

2 35 (v, e, b c )(b e, +bye

E =

30 cl)(buc3 + blch)

- E36 = (bhce - D
The Vi values. In the boxes to the left are the

correlation functions. For example, boxes 1, 3, 5, and 7

t nt
h h d v
8gp8gy) (858 t>’ and <ast st

the right are the Vi values of the MMDP's. For ig 15,

are (aSt t), ). To

V2i(px’ py) = V2ifl(-px’ -py) so that these boxes are not
shown. Many of the V:.L are obtained from other Vi's by
one of the transformations of Egs. (4.4)~-(4.9), in which case
the transformation is indicated. For example, V, is written

3

in terms of Vl by using transformation (i). In transforming,

one must explicitly put in 211 the functional dependence on

38

the ai, bi’ and ey parameters, as well as the h,v, and

d functions. This means that in obtaining V_, from Vi,

3

c,, F 03’ F2, ete. must be expressed in terms of

wl’ 27 "1’
the as, bi’ ey h, v, and d. The symbols h, v, and 4
stand for h(px) or h(-px), v(py) or v(-py), and

alp,> py) or al-p,, -p.).
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(a)

(b)

Fig. 1

(c)
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d(p, py)6.3< 8 X d(- px-py)

(a)
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16921 -1182718X

(1nxxx) (1xxx) (xxx) (x1xx)
| s
/ /1

(11AXX) (1A% X) (1AXX) (AXX)
||\_\.1 LNl .I"I Ir“\
\_ \" / \_
(ALxX) (111xx) (11xx) (1xx)
) N2 ] /.

| | /
(xX) (x1x) (111AX) (11AX)
A _J- a “
| ! /|
(1AX) (AX) (A1X)
| m !
(11x) (1x) (x)
(1HA) (1) - () (A)
(A1) (1) (1 (1)
| ', , "\
- __ A ; m\ . G ||\J”\||..




& @ L ©
g) ° [ X\\. x\o( . b’ [
° [ . o ° L ¢ X .\ i
I vo ° x x/o . x
| A|=-blb3 B|= —b2b4' 9 Ag= byc, Bg=b, ¢,
* ¢ X . o X o x . X
° g.) /o . X/. /o p ¢ {
o 170 | O
2 Ap==b,b, | B,=-Dbby 0 Ag b2 ey | BT bzcy
° L] ° ° L [ . L4 .
g) ° . X\. (0\0 I . r
Ii ° N X/:) . X
3 Az=—cic3l Bg-cpiq | I Ap=bicq | By bacs
° PY [ ] o . . . b
L Q o g X . (/)i .
. | 8 IVONE RN
4 Agf-CpCyl| Baz—c cy 12 App= bgcz | Bigm bycy
. . . N X
I . X * ¢ o };//. ?\\
o\x . . X
5 57~ b,C, 13 Ajz= -by byl B3 by by
. * 00
- I AN
° . . X
6 5P ¢y 14 Ala=-b byl B b by
I . X . . . ° . . .
. \0 W X
®
AN L7 ™
7 =-by c, 5 AgC ¢ | BgF-c ¢,
° [ ] ] L] . . ® *
. I . z o0 \I
. e |
8 =bjCy 16 Ag=cscs | Bi&g=C3¢
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|
EXOx_ o .o | -

© * m n I i - 00 I I
Ei=(ABrABI MBI A Bigl | Fy=h (py) h (- E " (Ar Byt AgBy)-(AgBigt AgBr) Fo= of
2 1
5'\ . . X o 2 _ et >
Sx. H o WX Ee 2
Ep=(A B3 A4B) (AsB+ A7 Bgll Fy=h(-p,)v(-p,)-0, 05 E;=(AgB\¢ A B HA B3+ AgByg) F,=02
3n . _ _% . n y 120\ _ . oo ,x

- & * 6 . ¢ c/\z B 0——0 X

E, (At AgB, )+ A B¢ AgBiy) Fizs 0}

E3=(A|B4+A4B| )'(AS BII“-AH 89)

F5=h(px)V(' py)'0204

P

E4'-'(AZB3+A 3Bz)'(A|QB|L+A|ZBI d

Ca N

Fa=hi-pvipy)-a, 0,

13

o |

Fig== o3h (py)

DAL}

Eg7 (A, B, Ag B,)- (AgBy +Ag By)

AN

&x .

F5 =h(Dx)V(Dy) -0 05

E\7 (A Bgt Ag B 1+(A B A8,

N

FM:'O' h (px)

6 15
- R e Te B b o A
36X =7 e ’= I o
0 . hd
Eo=(AgBy+A By ~(AsBet AgBig)| Fo= v (PyV{-py) E s (A BotAB )-(AgB 3+ AsBg) Fisg = -04n{-p)
7 16
— | 11 | s
1 - I O//f - I . 6'\
E7= { A5BG+ASBS)'(AI4B(5+AISBIJ F7= qg EIG=(A| BIZ.'.AIZBI)-(A78 l4+Al4B7) Fl6= -0, h (- p)()
8 lzh} .
1 = + x z x&p =+ 1\ / i
4 XX
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9 18 .
RN I 5 ., 1\ /‘I
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[ &
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Ep5 (A3B, i+ A By)+ ( As BgtAgBs]

Fog" = 0,V (=)

E23=( Aza 5+A|582)' (ASB|° +A 10 B 6 )

20 29
1 . O//f I & &k o . * I
Epg(ABy+ ArBHABSAB o) Fogm— 0 h (-Py) | E5(A3B A 3B5)-( A B,gt AgB)  Fag™ = 01 04
2] 30
=+ =
=TT A . L
Eaf (A2Bo+AgBpIHAGBIstAgBY|  Far™ = 9an (Px) |EsHA B +A Bs)-(A5Bo+A 8] F3o® — 92 %3
2
Q& oo, | x . [P . : x
‘\\) = + 1 \ I =+ \ 1
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23 32
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24 33
e . z . ’ /x = ! 6’:/)
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E,;(A;BgtAB,)-(AgB ,+ A|,Bg) Faa=— 0,02 Esa(A 4B o+AB)-(AgBis + AgBg) Fa3® ~ 94V (py)
25 | ;//o X I 34 ” . T x
X I - pr— . O/d:\ R 0-9—2 x/-

E3q*(ABtA BJHAB g +A Bg)

Eprm(A3BstAB)+(A,BgtAgB,)

F21: - 04\’ (—py)

26 35
[ ] * * ﬁ
i == I =+ \,1 I/
6’) o0 . . &X ¢ *
Esx(AsBgtABy-(AB et A8 F2s” 7Y (py) Esg (A4 BistAsByHAgBo+ABe)| Fag® 91 94
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V1 (v,h,d5a 8,858, 50, ,,05,b) 50, 50,,05,0)) = Wpdlp,,p )d(-p,, -P)

+ CF +CF2+ChF

oF1 3 +C6F + CF.

3

- + Eh(-p) + Eih(px) + Es"('Px) -E - E.a

2583 = Fogt) - Exgty - Ejey

15 * Cgf1y * Ciofis + Ciafie * Custip * Cigfis

Transformation (i) applied to v,

Vi(v,h,d;a.l,ae,aj,ah',bl,b2,b3,bu;cl,c2,c3,ch) = Vl(h,v,d;aa, - 8558,

- 8y3Css ~ CpyCyy - ch;bj’ - hg_’b]_’ - bh)

Transformation (iii) applied to v,

V5(viB,d58,,8,,85,8),5D) 5505, 5¢) 65,0550, ) = Vi (8,750 ,05,¢5,0, 5bs,

- bysby, - bh;al’a?’aj’ah)

‘Table 4
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L J
Vo (voh,dsay ,8,,85,8, 50, bbb, 50, 0500550, ) = Wod(p,p )al-p,, ~p))
o - - -
+ C2F‘19 + c’*Fil + C6F7 C7F2 + C8F8 + 09F17 C12F30 ClBFlﬁ + C16F28
. ) - - E5a3 + )39a3 + B8y - Ezoh(-px) - E 8, - E32v(—py) * Exy,
. Transformation (ii) applied to V7
.
v9(v’h’d;a1'ae’sj’ah;bl'bz’bybh;cl’CQ’cych) = V7(v,d,h;bl b2’b3’bh;&1’a2’aj’ah;°5’ - eh0y, - ch)
®
9
Transformation (iv) applied to V.
. . 7
. vll(v’h’d;al’az’&j’ah;bl’bTh}’bh;cl’CZ’ca’ch) = V7(h’d'v3°3"cz’cl"ch;aj"32’&1"ah5b1’b2’b3’bb)
[
1
o Transformation (i) applied to V7
. Vli(v’h’d;al’ae"i)’ah;bl’bz’ba’bh;°1’°2’°3’°h) = V7(h,v,d;a3, T 85815 - Byt T GFps - ch;bj’ - byby, - bh)
[ L ]
13
- Transformation (v) applied to V7
. V]_5(V’h’d59‘1’5'2’aj’a‘h;bl’b2’b§’bh;cl’62’c}’ch) = V7(d,v,h;b5, - BBy - BY3e 0,050 50, - Bns8y s - a,)
[ J
15
. - Transformation (iii) applied to \'7
.
Va7 (VB 858y s85,85,8,,30) 0o by 50 s ep,05,0y) = V() vie) sep,05,0, 30y, = By, - by 8y ,8,,85,8)
. .
17

Table 4 (continued)
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/

Vot diagsen,n,,m, 301,000,k 500 505,05,0)) = Wodley, p)a(p,, -p,)

- 3
+ C,F,, +C,F +015F17+C8F35+CF CF+012F9+C +C

221 * Y3y 1011 T "1 14715 * Cu6s0

- By *Egey +Ejga - Epohlp) - Byay - Epgvl-p) - Byges

b d
.

o

.
X

Transformation (ii) applied to Vl9

Vop (V5h,838,,85,85,m,30) 5,0 5By 560 0,0,,0)) = V) o(v,ah50, 0,000, 58y 18,8, 8 505, - ey, €5 - @)

Transformation (iv) applied to V19

Va5 (VR 458, ,85,85,8) 50 0,00, 50 s05,05,0,) = V) o(b,d,vies, - €550, = Giags T 858;, = 8y 5bysbybY,)

Vos(vih,d58) 85,8558, 30y 0D, By 500 ,05,05,¢)) = Wya(py, By )d(-py,-p,)
* CoFpp * CsFpg * Cgfag *0fyg = CgFy + Cpgfg + CpaFp * C15Fy) + Oy

- B8, + E932 + B8y - EZlh(px) - E2353 - EE'?V(-py) - E29a1

Transformation (ii) applied to V25

v27(v’h’d;al’a2’a’5’ah;bl’bg’bi’bh;cl’cg’cj’ch) = Vg5("’drhibl'bgibybu;"yag’%"’u;"5' T €psCys ch)

29

Transformation (iv) applied to V25

Vzg("’h'd;araz’ayah;bl’bz’bybb;°1'°2’°3’°h> = V25(c3, - CpsCs = O38g, - B8, - ah;bl’bz’bjbh)

Table 4 (continued)
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XX Vi (v)h, 858, ,85,85,8), 30, ,0,5,05,0) 5¢; ,¢5505,0,) = Wyzd(p,, 2)al-py, -py)
.o [ ] - - - -
* CaFpg * CyFgg = CoFyg + CgFpy * CpqFyy, = CioFpg - Oy + Ci5F1n . Ci6fi0
[ ] L ] - - - -
- Byt - Epghy - Exgh(-p,) + Eyay + Ejpe, - Exh(p)
31
: c V}Q(V;h:dialyaz135:ah3bl:b2:b31bh:01;02103;014) = wlhd(px’ Py)d('Px; 'Py) -
e o * C5Fs0 * CuFs6 - CoF1g * Cofan * Cofy5 = Cagfig = Cusfy - Cisfy * Cagfae
. . - By, - E27a3 - E29h(-px) + E32a2 + E3553 - E}Bh(px)
32
° - Transformation (i) applied to v31
»——x Vs (Vh,d58) 585,858, 3b; 555,050,360 ,05,05,¢)) = Vg (0,7, d58,, = 85,81, = 8,365,25,01, = 3by, = DyDy, = By)
[ ] [
33
Transformation (i) applied to V
32
[ ] [ ]
Vo, (v,h,d58, 8,8, 8, 5D bbby 50 400 ,0,,0,) = Vo (Byv,die,, - 85,80, = 8,385, = €505 = Cibg, = Dysby, = by)
YAV 1% 38 585585,8), 307 50550300, 3€7 1C55C55C, 3p\HsVs 82, 2251 4273 2771 3
(00 2 ®) 5
o L J
34
Transformation (iii) applied to v31
L ] L J
V35(v,h,d;al,ae,aa,au;bl,bz,bybh;cl,cz,cz,ch) = vBl(d,h,v;cl,cz,ca,ch;bj, - Dysbyr T bk5al’a2’a3’“h)
[ L] .
e
35
- . Transformation (iii) applied to V32
[ [ V36(V,vh:dsal;azya3:5’h§blyb2:b5:bu;Cl:ce:c5:ch) = v32(d;h)v501132133131‘_5173) - bglbl) - bh;al’aZ’aB’ah)
36

Table 4 (continued)
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