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* THE PSEUDO-FREE 32 VERTEX MODEL 

by 

Stuart Samuel 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

November 7, 1978 

ABSTRACT 

A new two-dimensional statistical mechanics 

model is solved, It is a general model with 18 free 

LBL-8427 

parameters and includes Ising-like spin systems and 

ferroelectric systems as subcases. The solution uses 

integrals over anti commuting variables. 

* Supported by the High Energy Physics Division of the United States 
Department of Energy. 
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1. INTRODUCTION 

This paper discusses and solves a new two-dimensional 

statistical mechanics problem called the pseudo-free 32 vertex model. 

It is a generalization of the free-fermion model, which, in turn, is 

a generalization of the Ising model (certain values of the parameters 

reproduce these two models). In addition, it includes several 

Ising-like models on various types of lattices as well as ferroelectric 

systems on the triangular lattice. This very general model involves 

eighteen parameters and yet it is exactly solvable. Section III 

computes the partition function. For ISing-like subcases, there 

is a simple way to calculate the vacuum expectation value of an 

arbitrary product of spins. An example is illustrated in Sec. VI. 

This paper is a computational one. It uses integrals over 

anti commuting variables. The techniques were developed in two 

12 previous papers ' They were.pedagogical in nature and formed 

the basis for this work. I recommend the study of these two papers 

for those readers interested in understanding the methods of this 

paper. 

Paper I reviewed integrals over anticommuting variables 

and showed how they could be applied to statistical mechanics 

problems. In general, what resulted was an integral over an action, 

or equivalently a fermionic-like field theory. Several models had 

quadratic actions such as the Ising model. These models were called 

pseudo-free and were exactly solvable. This is why the Ising model 

is solvable; it is a fermionic free field theory. Paper II stressed 

calculational techniques. ~e partition function of several models were 

evaluated in II. Graphical methods and a set of computational rules 
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were obtained. This allowed one to quickly solve the solvable 

(quadratic action) models. In general, the eValuation of a part ion 

function was reduced to solving a miniature dimer problem (MOP). 

Using this, general rules were derived for solving a class of two 

dimensional close-packed dimer problems. Finally, paper II reduced 

the calculation of anti commuting variable correlation functions to 

solving modified miniature dimer problems (MMDP's). For Ising-like 

cases, these results can be used to calculate the vacuum expectation 

value of any product of spin variables. 

Papers I and II dealt with models previously solved by other 

means. They formed the testing ground to see how the methods worked. 

This paper solves a new model never before considered. Papers I and 

II have stressed the importance of finding exactly solvable models 

as a first step for approaching unsolved models. 

The 32 vertex model is quite complicated, having 18 free 

parameters. The partition function involves calculating 265 terms 

and the anti commuting variable correlation calculations have over 

1000 terms, however simplifying tricks are used. Without these, 

the problem would be too tedious to solve. Furthermore, the results 

could not be presented in publishable form because equations ·would 

be too long. The anti commuting variables allow systematic evaluation 

and compactification of algebra. This causes roughly a seven-fold 

reduction in algebra. Computationally, the anticommuting variables 

are powerful objects. 

Section II introduces the model. The anti commuting variable 

action is given in Eqs. (2.1) - (2.5). The 32 different configurations 

and their weights are shown in table 1. 
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Section III calculates the partition function. Its value 

is given in Eq. (3.~The key function is L which is the determinant 

in Eqs. (3.4) and (3.5). The rest of the section is devoted to 

explicitly calculating L Equation (3.31) writes L as a sum of 

three other functions, Ll, L2, and L3. Equations (3.8), (3.13), 

and (3.30) give Ll, L2, and L3. 

Section IV and V evaluate the anticommuting variable 

correlations in momentum space and coordinate space. These results 

are presented in Eqs. (4.9) - (4.30) and Eqs. (5.1) - (5.21). This 

second set of equations is useful for solving problems related to 

the pseudo-free 32 vertex model. Section VI uses them to calculate 

the correlation function of two vertical spins in the triangular 

Ising model. 

II. THE MODEL 

The two-dimensional Ising model is equivalent to the partition 

function of closed polygons3where sides may intersect but cannot 

overlap. There is a Boltzmann factor per unit length of side. The 

Ising model is not the most general easily solvable model. The corners 

of polygons may also be weighted, resulting in the so-called free­

fermion mode14 ,5 described by the action of Eq. (I.4.4) whose weights 

are given in Fig. I. 11. Let w(p) be the weight of Figs. I. llP. 

Then, the following constraint, known as the free-fermion constraint, 

is satisfied: 

(2.1) 

Because of Eq. (2.1) the free-fermion model is not the most general 

eight-vertex model, although it is the most general easily solvable 
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model. 

Slightly more complicated than the basic Ising model would 

. be to include next nearest neighbor interactions. Consider adding 

one set of diagonal interactions. Using bond variables leads to the 

closed polygon partition fUnction drawn on the lattice of Fig. lao 

In the same sense that the free-fermion model is the solvable 

generalization of the square lattice Ising model, the pseudo-free 

32 vertex model is the generalization of the triangular lattice (Fi&l~ 

Ising model. The corners are weighted in addition to the sides. In 

short, the 32 vertex model is the partition function for closed 

polygons drawn on the lattice of Fig. la where sides and corners are 

weighted. This model contains many others: Mentioned already are 

the square and triangular lattice Ising models. In addition, duality 

enables the Ising model on the hexangonal lattice of Fig. lc to be 

included. By setting diagonal couplings equal to zero, the usual 

free-fermion model is obtained. 

Such a general model is, indeed, complicated. It involves 

18 parameters (the simpler free-fermion model has 8). The phase 

diagram will be more complicated since it is an 18 dimensional space, 

and will have an interesting set of phase transitions and critical 

phenomenon. None of these topics, however, is analyzed in this paper • 

For a model of interest or for a given choice of parameters, the 

thermodynamics of the system is determined by the partition fUnction 

[Eq. (3.6)] or the free energy per unit site [Eq. (3.7)]. Taking 

temperature derivatives will yield the energy and specific heat. 

In I and II anti commuting variaQles were used to draw 

polygons on a square lattice. This lead to a Grassmann integral over 

a quadratic action, an exactly solvable fermUnic-like pseudo-free 

6 

field theory. The action consisted of three pieces: a Bloch wall 

piece, a corner piece, and a monomer piece. The Bloch wall action drew 

the walls, the corner action formed the corners, and the monomer piece 

filled in all unfilled sites. Likewise, in dealing with polygons on 

the lattice of Fig. la, three terms are needed: 

Awall 

A corners 

A monomer 

A32 = Awall + Acorners + Amonomers 

a13 

(2.2) 

(2.4) 

Three types (horizontal, vertical, and diagonal) of anti commuting 

variables are used at each site denoted by the superscripts, "h " , 

"v", and "d". The subscripts "a" and "13" label the lattice sites 

and take on integer values. They are respectively the x and y 

coordinates of a site. The variables zh' zv' and zd are the 

horizontal, vertical, and diagonal Boltzmann factors. The a's, 

b's, and c's are just constants. Each term in Eq. (2.3) and Eq. (2.4) 
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has the graphical representation of Fig. 2 and Fig. 3. As in I 

and II, the following conventions are used: Arrows indicate 

the order of variables, "0'" sand "X'" s respectively refer 

to undaggered and daggered variables, and a horizontal, vertical, 

or diagonal line attached to a variable indicates whether it is a 

horizonta.l, vertical, or diagona.l type. 

There are 32 possible vertex configurations. These are 

shown in table 1. It is straightforward to calculate their weights 

using the action of Eq. (2.2). These are also given in table 1 with 

Bloch wall Boltzmann factors extracted. No minus signs result from 

reordering of anticommuting variables for non self-intersecting 

polygons. 6 This can be proven by induction on the area of a polygon • 

When lines intersect, however, a minus sign does result from 

reorderings. This is because of "fermi statistics" and is discussed 

in I. A few examples are shown in Fig. 4. This accounts for the 

extra minus signs in boxes (xvii), (xviii), (xix), (xxi), (xxiii), 

(xxiv), (xxvi), (xxviii), (xxx), and (xxxii) of table 1. In 

calculating the weights of boxes (v) through (xvi), one must be 

careful to include the possibility of two corners forming a third. 

For example, in box (v) an a
l 

corner and a diagonal monomer could 

be used, but, for example, a <i corner followed by a bl corner 

can also be used, in which case all variables at the site are used 

up and no monomers are needed. Likewise a 

corner followed by a b4 corner may be used. This accounts for all 

the weight factors in box (v). In calculating the weights of 

configurations (i) through (iv) one must be careful to include the 
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possibility that two corners can "act like" two monomers. For example, 

in box (iii) all horizontal and vertical sites must get filled. 

Although this could be done using the vertical and horizontal monomers, 

the corners a
l 

unoccupied sites. 

and or also combine to fill up the 

Equations (2.2) - (2.5) and table 1 summarize the results 

for the pseudo-free 32 vertex model. 

When 

-1 , 

the weights of table 1 are all -1. Thus, the closed polygon 

partition function on a triangular lattice with unit weights for 

corners is 

Z - (- )Nf t closed polygon - 1 d~d~ exp A , 

with A given by Eq. (2.2) with the values of Eq. (2.6). The (_l)N 

(N is the total N of sites) makes the weights of table 1 positive. 

In calculating Zclosed polygon' sides of polygons may not overlap. 

The relation between the triangular Ising model and Z is closed polygon 

Zt:. Ising (2 cosh ~Jh cosh ~Jv cosh ~ )N Z d closed polygon, (2.8) 

with 

z v 

tanh ~h 

tanh ~v 

.. 



.. 

9 

The J's are the coupling strengths of the spin-spin interactions. 

Although the main interest of this paper is the general model, the 

known triangular Ising model results wiil be used as a check. The 

hexangonal lattice Ising model has a similar representation (one must 

use disorder variables) in terms of Z . 
closed polygon' 

with 

~exangonal lattiec = [exp (~Jh + ~Jd + ·~d,)JN Zclosed polygon' 

(2.10) 

~ = exp (-2~Jd) 

zd = exp (-2~Jd') 

(2.il) 

The couplings Jh , J d, and J d , are the horizontal and diagonal 

ones of the lattice of Fig •. lc. 

III. EVALUATION OF THE PARTITION FUNCTION 

The main results of this section are contained in Eqs. (3.4), 

The· pseudo-free 32 vertex partition function is described by 

the action of Eq. (2.2). It is evaluated by going to momentum space. 

This partially diagonalizes the problem. The method is described 

in II. Formulas(II. 2.1) and (II. 2.3) are used. The result is an 

action in momentum Variables of the form 

10 

( ht v vt h t t 
v h ) + alastast + a3astast + a aVah 

+ a4asta_s_t 2 st -s-t 

( d
t 

v 
t t t 

v d ) + blastast + b a v ad +b aVad 
+ b4asta_s_t 3 st st 2 st -s-t 

( h t d 
+ clastast 

dt h 
+ c3astast 

dt ht 
+ c2asta -s-t + c4a~ta~s_t)]' 

where 

+ ~) 2N+l 

The lattice has been taken to consist of (2N+l) rows by (2M+l) 

columns of sites. When the thermodynamic limit is taken, it is useful 

to use the momentum variables 

functions 

d(p ,p ) = bd - zd exp (ip + ip ) • x y x y 
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The graphical method (described in II) will be used. The result is 

the miniature dimer problem (MDP) of Fig. 5. This problem has 

twelve sites and thirty bonds. In order not to make the figure messy, 

four copies have been made in Fig. 5. Each copy contains a subset of 

bonds and displays their weights. For the total MDP, put all bonds 
+ v v 

on the same twelve sites. By transforming a_s_~a_s_t' 

h h + d d+ + 
a_s_~_s_t' and a_s~ a_s _t ' the problem becomes of aa 

form. According to Eq. (I. 2.6), this is the determinant of the 

following matrix 

v(I)- ) -al -bl 0 a4 b4 

-a
3 

h(p ) -c x 3 
-a4 0 -c4 

M(px' Py) -b 
3 

-cl d(px,pi -b4 c4 0 

0 a2 b2 -v( -p ) a
3 

b
3 y 

-a2 0 -c2 -h( -p ) al x cl 

-b2 c2 0 bl c
3 

-d(-p ,-p J x y 

(3. 4 ) 

L(px' Py) det M(p , P ). x y (3.5) 

In the thermodynamic limit, the answer is 

12 

exp { (2N + 1)(2M + 1) ~ 

The free energy, f, per unit site is 

1 
-(3f = 2" 

-11 

dp } 
~2 .en L(p ,p ) 

11 X Y 

A 6 x 6 determinant, in general, has 720 terms. The matrix, 

M(px'py)' however, has six zero entries, which reduces this number 

to 265. For particular values of the parameters ai' bi , ci ' etc. 

one may use computers to evaluate Eq. (3.5). For general values, 

all 255 terms must be evaluated. This will be done using the 

graphical method. A brute force application would find and calculate 

all 265 coverings of Fig. 5, a process which is tedious, not useful, 

and results in an answer too cumbersome to be published. I circumvent 

this by using the following device: If the bonds in Figs. 5c and 5d 

are removed, what remains is the free fermion model. In II, the 

partition function and correlation functions were calculated. These 

result may be used as a calculational foundation. There are three 

types of terms: type 1 are proportional to 

d(px' py)d(-px'-Py)' type 2 involve either d(px' Py) or d(-px' -Py)' 

and type 3 involve neither d(px' Py) nor d(-px'-Py) and must use 

four bonds from Figs. 5c and 5d. Each of the three types will be 

systematically evaluated using results from II. 

~. After the d(px' Py) and d(-px'-Py) bonds have 
been used, what remains is the free fermion MDP whose value was 
given in Eq. (II. 3.3). The contribution of type 1 is 

.. 
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where 

Lf.f(PX'Py) = h(p )h(-p }v(p )v(-p ) - al a
3

[h(p )v(p ) + h(-p )v(-p ) ] x x y y x y x y 

Nine of the 265 terms are contained in Ll. 

~. These terms are proportional to or 

d(-px'-Py)' They must use two bonds from Figs. 5c and 5d. When 

d(-p , -p ) is used, the diagonal (s, t) sites must be covered x y 
by one bond from Figure 5c, say bl , and one from 

Fig. 5d, say b
3 

(see table 2, box l above Al ). What results is the 

modified miniature dimer problem (MMDP) used in calculating the 
+ 

correlation (a:ta:t ) of the free-fermion model. The value of the 

MMDP, ~ (px' Py)' is given in Eq. (II. 5.3). There is another way 

in which this MMDP can occur using d(px' Py) and the b4 and b2 

bonds connecting to diagonal (-s, -t) sites (see table 2, box l 

above Bl ). Summing these two terms yields 

and, in general, yields schematically 

(weight of MMDP)[d(-p , -p ) (bond weight for (s,t) diagonal variables 
. x y 

+ d(p , P )(bond weights for (-s, -t) diagonal variables)]. 
x y (3.ll) 

l4 

The sign of the bond weights is determined using the sign rules (a) 

and (b) of Fig. 1.8. 

All together there are l6 possible MMDP's. These are 

shown in table 2, column l. Let W.(p, p) be the values of the 
~ x y 

coverings. The Wi were obtained from Figs. II. 2l - II. 32 and 

Eqs. (II. 5.2) - (II. 5.l7) and are listed below. Let Ai and Bi 

be the values of bond weights for (s, t) and (-s, -t) diagonal 

sites. The numbers, Ai and Bi , are given in colums 2 and 3 

of table 2. Let 

_ [d(-p , -p )A. + d(p , P )B.]. x y ~ x y ~ 

then 

2 L (p , P ) = x y 

l6 

~ Wi(px' Py)Ci(px' Py} • 
i=l 

For completeness the W.(p, p} are given: 
~ x y 

(3.l5) 
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W9 (px' Py) = a4 [(al a
3 

+ a2a4 ) - h(p)v(-Py)]' (3.22) 

W10(px' Py) = W 9( -Px' -Py) , (3.23) 

Wll(Px' Py) = a2 [(al a
3 

+ a 2a4) - h (p )v( -p )], x y (3. 24) 

W12(Px' Py) = Wll(-Px , -py ) , (3. 25) 

W13(Px' P ) = al a 4[h(-p ) - h(p )], y x x (3. 26) 

W14(Px' P ) = a2a
3

[h(-p ) - h(p )], y x x (3. 27) 

W15(Px' P ) = a
3
a 4[v(p ) - v(-p )], y y y (3. 28) 

W16(Px' P ) = al a 2 [v(p ) - v(-p )J • y y y (3·29) 

Eighty-eight of the 265 terms are in L2 • 

~. These terms involve two bonds from Fig. 5c and two 

bonds from Fig. 5d and cover four sites in the free-fanian model 

(see the first column of table 3). The uncovered sites form an MMDP 

whose covering(6) is shown in the second column of table 3 and 

whose value is called Fi . Let Ei be the value of bonds of Figs. 

5c and 5d which go in forming the MMDP. The value of a diagram is 

36 

~ EiFi (px' Py). 
1=1 

The Ei and Fi values are given in table 3. Boxes 1 - 6 of table 3 

have 40 terms, boxes 7 - 12 have 32 terms, and boxes 13 - 36 have 

96 terms. Thus, L3 contains the remaining 168 terms. 

The final result is 
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123 where L, L , and L are given in Egs. (3.8), (3.13), and (3.30). 

Although a lot of algebra has gone into evaluating L(px' Py)' 

it is justified, since the next section reuses this algebra. 

Of interest are the values for the triangular Ising model 

[Eqs. (2.6) - (2.9)J: 

h(p ) = 1 - ~ exp (ip ), x n x 

d(p , P ) = 1 - zd exp (ip + ip ). x y x y 
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[ 
2 2 ] Wl (px,Py) = W2 ( -Px' -Py) = -l + zh - (l + ~ - 2~ cos px)zvexp( -iPy) , 

W
3

(p ,p ) =W4(-p ,-p ) = [-l + z2 - (l + z2 - 2z cos p )zhexp(-iP)] , xy xy v v v y x 

= - W (p ,-p ) = - W (-p ,p ) = - w 2(P ,-p ) - (3.35) 
lO x y II x Y l x Y 

= [- l - z. exp(-ip ) - z exp(-ip ) + Z z. exp(-ip -ip ) ] n x v y vn x y 

The non-zero E. are 
~ 

= [- z. exp(-ip ) - z exp(-ip) + z z. exp(-ip -ip )] , n x v y vn x y 

2 
F6(P ) = l + z· - 2z cos P , (3.37) y v v y 

. = - F 35 = .. - F 36 = l, 

FS = F9 = 2, 

lS 

=-F (p) = - F34 (P ) = l - z exp (ip ). 33 y y v y 

(p + p ) _,1 [zh
2 + z (l _ z.2) cos P + z2 

x y 1 v n y v 

+ ~(l-Z!) cos px} + SZvzd~ - SZv~ cos(px + pi} 
(3.3S) 

- 2(i - z2 )(l - z.2)z cos P - 2(l - z.2)(l - z2)zdcos(P + P ) 
d nv y n v x y 

The f'ree energy per unit site, f't::,' f'or the triangular 

Ising model (or rectangular Ising model with one diagonal interaction) 

is 
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Il 

1 f dp -~f = - ~ /:,. 2 21l 
-Il 

This agrees with the known answer 7. 

IV. THE MOMENTUM SPACE CORRELATIONS 

This section calculates the momentum space anti commuting 

variable correlation functions using the graphical methods developed 

in II. This becomes equivalent to solving modified miniature dimer 

problems (MMDP's). There are 21 non-zero different correlations 

(15 are zero). Each involves a large number of coverings (approximately 

50). If brute force methods are used, a total of roughly 1000 coverings 

must be found and their corresponding weights ~alculated. Such a 

process would be tedious. Fortunately, symmetry properties of the 

pseudo-free 32 vertex MOP determine 15 of the non-zero correlations 

in terms of 6. Furthermore, the results of Sec. III eliminate the 

need to find the 50 coverings. Instead, less than 20 terms must be 

found. All in all, roughly 1000 calculations are reduced to a little 

more than 100. This is fortunate since without these tricks the 

correlations could not be presented in a compact or readable form. 

v v t 
I will describe in detail how (astast ) is calculated. The 

results for the remaining five correlations will then be simply stated. 

Finally, symmetry properties will be used to obtain the remaining ones. 

Momentum variables, Px and Py' will be used to express the answers. 

<
v v t 

To calculate astast )' insert the superbond shown in Fig. 6 

and erase the bonds in Fig. 5 which connect to vertical (s,t) sites. 
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The resulting problem is the MMDP whose weight will be called VI' 

Analogous to the partition function, three terms contribute to VI: 

type 1, which are proportional to d(px,Py)d(-px' -Py)' type 2, 

which are proportional to either d(px' Py} or d(-Px'-Py)' and type 

3, which involve neither d(Px'py) nor d(-px' -Py)' Each will 

be evaluated in turn. 

~. After using the d(p p) and d(-p, -p ) x' y x y 

bonds, the diagonal sites are exhausted. What remains is the free 

(
V v t 

fermion expectation astast)te = Wl(px' Py)' Therefore type 1 

contributes 

(4.1) 

This is symbolically diSplayed in Fig. 7. 

~. These involve either or d( -p , -p ). x y 

The other diagonal "0" and "x" must be covered by bonds of Figs. 

5c or 5d or alternatively those of table 2. Only bonds which do not 

connect to vertical (s,t) sites may be used. These are those in 

boxes 2,3,4,6,8,10,12,15 and 16 of table 2. Consider box 2. When 

is used, B2 bonds must be used and when d(-p , -p ) x y 
is 

used, A2 bonds must be used. This results in the factor 

C2 = d(-Px' -Py}A2 + d(px' Py}B2 • In either case the resulting· 

diagram is Fig. Sa which is an MMDP with two superbonds. Its 

covering is in the second column of box 1 in table 3. The weight is 

Fl' The contribution is, therefore, C2Fl • The nine different type 2 

terms along with their weights are shown in Fig. 8. Their total 

contributio n is (4.2) 
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~. These involve four bonds from Figs. 5c and 5d. 

They will cover up four h and v sites besides the two vertical 

(s, t) ones. These sites could be those in boxes 4, 5, 6, 23, 24; 25, 

26, 33, and 34 of table 3. If box 4 sites were used, there would 

be four ways of doing this, the sum of which results in the factor E4 • 

What remains is the MMDP of Fig. 9a which has 3 superbonds. Its 

covering is h(-px)' Box 4 contributes E4h(-px) 0 Figure 9 shows 

the nine type 3 diagrams and their contributions. They sum to 

E4h(-px) + E
5
h(px) + E6V(-Py) - E25a

3 
- E26al - E

33
a4 - E34a2 (4.3) 

The sum of Equ. (4.1), (4.2), and (4.3) is VI' which is given in 

box 1 of table 4. 

Let Vi be the weights of the 

correlations in the ith box of table 4. 

MMDP's associated with 

V 32 were calculated using the method illustrated for VI 0 The 

remaining ones are obtained by using transformations (i.e. symmetries) 

of the MOP of Fig. 5 Consider Fig. 5. Suppose horizontal and 

vertical sites are interchanged. What results is the same MOP 

except that bond weights get redefined. For a horizontal-vertical 

transformation one finds: 

Transformation (i) Vertical-Horizontal. 

a~ -- -~, 

a4 ---a4' 

b l ..-- c3' 

b~-c2' 

b 3---- cl ' 

v ___ h 

(4.4) 
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In Eq. (4.4) v _ h stands for both v(p)- h(p ) y x 

and h( -px) ____ v (-Py) • This transformation can be performed when 

a superbond is present, so that the V3 of box 3 of table 4 is 

obtained from the VI of box 1 by Eqo (404)0 In using these 

transformations all functional dependence on the a b h i' i' ci ' v, , 

and d must be made manifest. 

In all, there are 5 different transformations. They are used 

to obtain the remaining Vi The others are 

Transformation (ii) Horizontal---- Diagonal. 

i = 1, 2, 3, or 4 

Transformation (iii) Vertical ___ Diagonal. 

b l ----- by 

b 2 --- -b2 , 

b4 -- -b4, 

v---d. 

(4.6) 

Transformation (iv) Vertical-- Horizontal--Di~on~ert;:ical. 

a.L -- c3' b2 -- -a2 , h - d, 

d -- v. 
a2 ---c2, b

3 --- aI' 

a
3 cl ' b 4 -- -a4, 

(4.7) --
a4 ---c4' c_ b i , 

~ 

bl -- a3, v -- h, 



Transformation (v) Horizontal-- Vertical-- Diagonal--Horizontal. 

a l -- b 3, 

a 2 -- -b2 , 

a3 -- b l , 

a4 --b4, 

cl -- a3, 

c2 ---a2 , 

c
3 --aI' 

c4 ---a4' 

h -- v, 

v -- d, 

d -- h. 

(4.8) 

For i~ 15, define V2,(p, P ) = V2 ' l(-P , -p}. The V].' ]. x Y ].- X Y 

are the pseudo-free 32 vertex analogues of the free-fermion Wi' 

The results for the momentum space correlations are 

v vt 
(astast > = vl(px' py} I L(px ' py )' (4.9) 

h ht 
(astast > = V3(px' py} I L(px' py)' (4.10) 

d dt 
(astast > = V 5(Px' py) I L(px ' Py}' (4.11) 

ht v 
V7(px ' Py) I L(p , P ). (4.12) (astast ) = x y 

dt v 
(astast > = V 9(Px ' Py) I L(px ' py)' (4.13) 

dt h 
(astast > = Vll(PX' Py) I L(px' py )' (4.14) 

vt h 
(astast > = V13 (Px ' Py) I L(px' py )' (4.15) 
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vt d 
(astast ) = V15 (PX' Py) I L(px' Py)' (4.16) 

ht d 
(astast > =V17 (Px, Py) I L(px' Py)' (4.17) 

vt h+ ;.. 

(asta_s_t > = V19(Px, Py) I L(px' Py)' (4.18) 

vt at 
(asta_s_t > = V21 (Px' Py) I L(px' py)' (4,19) f, 

ht dt 
Py) I L(px' py)' (a taO t) = V23 (P , (4.20) s-s- x 

(aVtah t> = V25 (P , s -s- x Py) I L(px' py )' (4.21) 

(aVtad t) = V27 (P , P ) s -s- x y I L(px' py )' (4.22) 

(h d a t a t) = V29(P , P ) s -s- x y I L(px' py)' (4.23) 

( vt v t 
a t a t> = V31(P , P ) s -s- x y I L(p , P ), x y (4.24) 

(a:ta:s_t > = V32 (Px' Py) I L(px' py)' (4.25) 

ht ht 
(asta_s_t > = V33 (Px ' Py) I L(px' py)' (4.26) 

(h h asta_s_t ) = V34(Px' Py) I L(px' py)' (4,27) 

d t d t 
(asta_s_t > = V35 (Px' Py) I L(px' py)' (4.28) 

(a~ta~s_t> = V36(Px ' Py) I L(px ' py)' (4.29) 

The zero correlations are 

~ 



( vt ht> 
astast <a:ta!t> 

vt dt 
{astast > (v d 

astast > = 

ht dt (h d v vt v ht 
(astast > astast > (a t a t) = (a t a t) = s -s- s -s-

v dt h v t h ht h dt 
(a t a t> = (asta_s_t ) (a t a t> = (a t a t) = s -s- s -s- s -s-

d vt d ht d dt 
{asta -s-t > {asta_s_t > (a t a t> = 0 s -s-

In Eqs. (4.9)-(4.30), Px = ~!l and Py = ~!l. Equation 

(3.5) or (3.31) give L(p, p) and the V. are given in table 4. 
x y ~ 

The correlations in Eq. (4.30) are zero. This can be seen immediately 

by interchanging "x"'s and "o"'s at (-s, -t) sites of the MOP 

of Fig.5. After doing this correlations are zero unless the number 

of "0'" s equals the number of "x'" s ("fermion number conservation"). 

V. THE COORDINATE SPACE CORRELATIONS 

The coordinate space a.nticommuting variable correlation 

functions can be related to the momentum space ones of Eqs. (4.9)-(4.30) 

using Eq. (II. 2.3): 

1( 1( 

i dpx f 
21( 

-1( -1( 

dp 
~2 exp[i(a - a')p + i(i3 - i3')p ] rr x y 

-rr 
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v d
t f rr 

dpx jrr dp 
(T)CXi311a:'i3' > = - . ~exp [i(a - ex')p + i(i3 - i3')p ] 21( 2rr x y 

-rr -rr 

)( V 9 (px' Py) / L(px' Py)' (5.5) 

h dt = _ jrr dpx f rr 
dpx 

[i(ex - a')p + i(i3 - tt)p ] (~11a:'i3' ) 2rr 2,f exp x y 
-rr -rr 

~ Vll(px' Py) / L(px' Py) • (5.6) 

h vt 
rr 

dpx f rr dp 
(~T]ex'i3' > = - f ~exp [i(a - a')p + i(i3 - tt)p ] 2rr 2rr x y 

-rr -rr 

(5.9) 



= In 
n 

v t ht dpx I 
(T]~T]a'~' ) 2-rr 

-n -n 

= In 
n 

v t d t dpx I (T]~T]a'~' ) 2n 
-n -n 

n 
dpx I 

n 
h t dt =1 (\xt3T]a'~' ) 2n 

-n -n 

n 
dpx f n 

(~~T]~,~, ) =1 2n 
-n -n 

= In dpx f n 
(v d \ 
T]~T]a'~' 2n 

-n -n 

n 
d In (T]~T]~,~,) = f Px 
~ 

-n -n 

n 
dpx f n 

vtv
t 

I (\xt311a'~') = 2n 
-n -n 
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dp 
[i(a' - alp + i(~' - ~)p ] ~ exp 

2n x y 

)( V19(Px' Py) / L(px' p ). y (5.10) 

dp 
[i(a' - alp + i(~' - ~)p ] ~exp 

2n x y 

X V21 (px' Py) / L(px' Pyle (5.11) 

dp 
~exp 
2n 

[i(a' - alp + i(~' x - ~)Py) 

'l( v23 (Px' Py) / L(px' pyle (5.12) 

dp 
~exp [i(a - a')px + i(~ - ~')Py] 2n 

\( V25 (px' Py) / L(px' pyle (5.13) 

dpx 
[i(a - a')p + i(~ - ~')p ) 2,( exp x y 

X V27 (Px, Py) / L(px' Py). (5.14) 

dp 
~exp 
2n 

[i(a-a')p +i(~-~')p] x y 

)(V29(Px, Py) / L(px' pyle (5.15) 

dpx 
[i(a' - alp + i(~' - ~)Py] 2n""" exp x 

)i v31 (px' Py) / L(px' Py). (5.16) 

n 

L 

n 
dpx f 
2n 

-n 

28 

dpx In dp 
~ exp [i(a' - alp + i(~' - ~)p ) 2n 2n x y 

-n 

dp 
~ exp [i(a - a')p + i(~ - ~')p ] 
~ x y 

dpx In dp 
~ exp [i(a' - alp + i(~' - ~)Py] 2n 2n x 

-n 

These are useful formulas in the pseudo-free 32 vertex model. 

VI. SPIN CORRELATIONS 

This section calculates a spin-spin correlation function in 

the triangular Ising model using the method outlined in II. This 

method generalizes to the calculation of the vacuum expectation of an 

arbitrary product of spins in a relatively straight forward way,· 
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although the answer is, in general, cumbersome (a Pfaffian of large 

order). The formulas in Sec. V are the essential ingredients. Consider 

(cr~cr~+m)' i.e. two spins in the same vertical column of Fig. lao 

This is expressible in terms of anti commuting variables as 

(6.1) 

One can choose a = ~ = 0 because of translational invariance. 

Define the 2m)( 2m antisymmetric matrix, M, by 

~i-l, 2j-l (6.2) 

~i,2j 

Then 

In Eq. (6.2) i and j go from 1 to m. The three correlations 

needed are give in Eqs. (5.16), .(5.17), and (5.1), with the parameter 

values of Eqs. (2.6) and (2.9). 

The correlation, (crcr'), on the hexangonal lattice can also 

be calculated. Again, it is a partition function on a defective 

30 

lattice (see section VI of paper II). Dual (disorder) variables 

must be used. Recall that this means polygons are drawn around 

regions of up and down spin. To calculate (crcr') draw a line on the 

hexangonal lattice connecting cr to , cr . This line intersects certain 

bonds on the dual (triangular) lattice. To obtain the correlation 

as a defective partition function, change the sign of these bond 

weights. This means that a minus sign results, as it should, whenever 

a polygon encloses one spin but not the other, i.e. when one spin is 

in a region of up spin and the other is in a region of down spin. 

Such a partition function can be expressed in terms of anticommuting 

variable correlations using a similar technique as used in obtaining 

Eq. (II. 6.2). Again, this method generalizes to the case of an 

arbitrary product of spins. 
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Figure 1. (a) The square lattice with one diagonal. (b) The 

triangular lattice. (c) The hexangonal lattice. Figure 

(b) is obtained from Fig. (a) by rotating the vertical 

lines counterclockwise by roughly 450
• 

Figure 2. The Bloch wall operators of Eq. (2.3). These are (a) 

th~ horizontal Bloch wall operator, (b) The vertical Bloch 

wall operator, and (c) The diagonal Bloch wall operator. 

The corresponding Boltzmann factors are also indicated. 

Figure 3. The corner operators of Eq. (2.4). 

Figure 4. Intersection minus signs. A non self-intersecting polygon 

has no minus signs due to reording of anti commuting 

variables. When self-intersections occur, one must use 

the pasting construction of Fig. I. 16. This results in 

a minus sign for configuration (xviii) as Fig. (a) 

indicates. Configurations (xvii), (xix), (xxiv), (xxvi), 

(xxviii), and (xxx) are similar to Fig. (a) and have a 

minus sign. Figure (b), Fig. (c), and Fig. (d) show why 

minus signs result in configurations (xxi), (xxiii), and 

(xxxii). 

Figure 5. The miniature dimer problem. For clarity the bonds have 

been drawn on four separate figures. One should take the 

bonds in Figs. (b), (c), and (d) and attach them to the 

"0" I S and "x" I s in Fig. (a) to obtain the miniature dimer 

problem. The upper left, middle left, lower left, upper 

right, middle right, and lower right sites respectively 

stand for the vertical (s,t), the horizontal (s,t), 

the diagonal (s,t), the vertical (-s, -t), the 

, 

• 



Figure 6. 
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horizontal (-s, -t), and the diagonal (-s, -t) 

variables. The bond weights are indicated in the figure. 
v vt' 

The superbonds used to calculate (astast ). The weight 

of the superbond is unity. 

Figure 7. The symbolic representation of Eq. (4.1). Type 1 terms 

and dtll, -p) bonds shown on x y 

the right. After bonds connecting to diagonal sites are 

erased, the free-fermion model results, and one needs 

v v t 
(astast ) for the free-fermion model as shown on the left. 

Figure 8. The super bonds used to calculate type 2 terms in 

v vt 
(astast )· When two bonds are used from Figs. 5c and 5d 

two sites besides the vertical (s, t) sites get covered. 

The numbers in the upper left hand corners indicate the 

boxes of table 2 containing these sites and bonds. What 

results are MMDP , s wi th two superbonds. The superbonds 

are shown here. There are nine different possibilities. 

The Ci factor is due to the bonds used from Figs. 5c 

and 5d as well as the d(px' Py) 

The Ci are given in Eq. (3.12). 

and d(-p, -p ) bonds. x y 

The Fi factor is the 

weight of the coverings of the MMDP. They can be found 

in table 3. 

Figure 9. The superbonds used to calculate type 3 terms in 

v v t 
(astast ) • When four bonds are used from Figs. 5c and 5d, 

four sites get covered in addition to the vertical (s, t) 

sites. The numbers in the upper left hand corners 

indicate the boxes of table 3 containing these sites. 

What results are MMDP , s wi th three superbonds. The super-

bonds are shown here. The Ei factors are due to the bonds 

from Figs. 5c and 5d and are given in the corresponding 

box of table 3. The easily calculated covering weight is 

v( -p ), y 

etc.J. Figures (d) and (e) have no coverings, hence the 

zero. 

Table 1. The thirty-two possible configurations which may occur. 

After the Bloch wall Boltzmann factors have been extracted 

their weights are (i) [bhbvbdJ + 

[(-al a3-a2a4)bd + (-blb3-b2b4)bh + (-clc3-c2c4)bvJ + 

[al b2c4 - al b
3
C

3 
- a2bl c4 - a2b4c

3 
+ a

3
b4c2 - a

3
bl cl - a4b

3
c'2 

- a4b
2

c
l

], 

(ii) [bhbd ) + [-cl c
3 

- c2c4]' 

(iii) [bvbdJ + [-b1b
3 

- b2b4 J, 

(iv) [bhbv ) + [-al a
3 

- a2a4 J, 

(v) [albdJ + [blCl - b4c2], 

(vi) [a2bd J + [b
3

C2 + b2Cl ], 

(vii) [a
3
bd ] + [b

3
C
3 

- b2c4], 

(viii) [a4bd] + b l c4 + b4C 3], 

(ix) [blbhJ + [al c3 + a4c2]' 

(x) [b
2
b

h
J + [a2c

3 
- a

3
c

2 J, 

(xi) [b
3
bh ] + [a

3
cl + a2c4]' 

(xii) [b4bh ] + [a4c3 - al c4]' 

(xiii) [clbvJ + [al b
3 

+ a2b4], 

(xiV) [c2bv J + [a2bl - al b2 ], 

(xv) [c
3
bv ] + [a

3
bl + a4b2]' 
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(xvi) [c4bv J + [a4b3 - a
3
b4 J, 

(xvii) [-b J 
v ' 

(xviii) [-bhJ, 

(xix) [-b dJ, 

(xx) [a
3
1 , 

(xxi) [-a4 J, 

(xxii) Cal J, 

(xxiii) [·-a J 
2 ' 

(xxiv) [-b
3 

J, 

(xxv) [b4 J, 

(xxvi) [-bl J, 

(xxvii) [b2 J, 

(xxviii) [-c
3 

), 

(xxix) [c4 ], 

(xxx) [-c
3 

J, 

(xxxi) [c2 ], 

(xxxii) [-lJ. 

The Ai and Bi values. Column 1 shows the sixteen 

non-zero momentum space anticommuting variable correlations 

v v t 
of the free-fermion model. For example box 1 is Z(a a ) 

t + ' st st ' 
box 2 is Z(a

V 
taV t)' box 5 is Z(ah aV ) etc, These co-nestims -s- -s- st st ' .> • 

occur in two ways: when d (-p ,-p ) x y and two bonds 

connecting to diagonal (s,t) sites from Figs. 5c and 5d 

are used or when d(px' Py) and two bonds connecting to 

diagonal ("$, -t) sites are used. The former are shown in 

the second column with the corresponding weight or Ai value. 

The latter are shown in the third column with the corresponding 
Bi weight. 

Table 3. and F. values. 
~ 

There are 36 non-zero four point 

anticommuting variable correlations in the free-fermion 

model. These are shown in the first column. For example, 

in box 1 is 

(
V v t v t 

Za a a a V ) st st -s-t -s-t 
( V v t v v t 

Z astast)(a_s_ta_s_t) -

v v vt v t 
Z(a t a t)(a t a t);;; Fl' s -s- s -s-

Fl is the value of this correlation. In graphical 

language, it is the weight needed to cover the rest of the 

110" 's and IfX'" s. Th E 1 th b d "ght e i va ues are e on we~ s 

needed to produce these correlations. Four bonds must be 

chosen from Figs. 5c and 5d, or two pairs from table 2. 

There are always four sets. For El these are Al and B2 

bonds, A2 and Bl bonds, A13 and B14 bonds, or 

A14 and B13 bonds. This is how El is calculated. The 

Fi are obtained by finding the covering of the corresponding 

modified miniature dimer problem. Boxes 2, 3, 4, 5, 8, and 

9 have two coverings; the rest have only one. 

When Ai and Bi are substituted into the Ei the 

following are obtained: 

(bl C4 + b4C
3

)(b
3

C2 + b2Cl ) 

(blCl - b4C2)(b
3

C
3 

- b2c4) 

2 
E6 = (cl c

3 
+ c2c4) 

2 
E7 = (blCl - b4C2) 

E8 = E9 = (bl b3 
+ b 2b4)(cl C3 + c2c4) 

EIO= (b
3

C
3 

- b2C4)2 
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E13 = E19 = (bl b3 + b2b4 )(b4C2 - blCl ) 

E14 = E20 = (bl b3 
+ b2b4 )(b2C4 - b

3
C,) 

E15 = E21 = - (bl b
3 

+ b2b4 )(b;C2 + b2cl ) 

E16 = E22 ;. - (bl b3 + b2b4)(b4C
3 

+ bl C4) 

E17 = - E23 = (b
3

c2 + b2cl )(bl Cl - b4C2) 

E18 = - E24 = (bl C4 + b4C
3

) (b
3

C
3 

- b2C4 ) 

E25 = E31 = (b4c2 - bl cl )(cl c3 + c2c4 ) 

E26 = E
32

· (b2C4 - b
3

C
3

)(cl c
3 

+ c2c4 ) 

E27= E33 - (b
3

C2 + b2Cl )(cl c
3 

+ c2c4 ) 

E28 = E34 = - (b4C
3 

+ bl c4)(cl c
3 

+ c2c4 ) 

E23 = - E35 = (b~c4 - b3C3 )(b3C2 + b2Cl ) 

Table 4. The Vi values. In the boxes to the left are the 

correlation functions. For example, boxes 1, 3, 5, and 7 

v v t h h t d d t h t v 
are (astast )' (astast )' (astast )' and (astast )' To 

the right are the Vi values of the MMDP's. For i~ 15, 

V2i(Px' Py) = V2i- l (-Px' -Py) so that these boxes are not 

shown. Many of the Vi are obtained from other Vi's by 

one of the transformations of Eqs. (4.4)-(4.9), in which case 

the transformation is indicated. For example, V3 is written 

in terms of VI by using transformation (i). In transforming, 

one must explicitly put in all the functional dependence on 

38 

and ci parameters, as well as the h,v, and 

d functions. This means that in obtaining V3 

WI' C2, Fl , C
3

, F2, etc. must be expressed in terms of 

the ai' bi , ci ' h, v, and d. The symbols h, v, and d 

stand for h(px) or h(-px)' 

d(p~, Py) or d(-px' -Py). 

v(p) or v(-p), y y and 



39 

.. 

( c) 

Fig. 1 X B L 7811-12646 



,0 
I 

xl 
bl 

X....Y 
Cl 

x1 
X 

b 2 

X~ 

C2 

41 

t ~ 
b3 b4 

ro 
~ t!o 

C3 C4 

Fig. 3 X B L 7811 - I 2642 



(0) x~f 

(b) ~ 

x-- fJ 
(c) x~ 

x-1~ 
(d) x;;r--o 

x 

42 

= -

= 

= 

--

xli --
x 

-~ = x 

v 
-~ro = x x 

«,0 
- ><1 

- J!?o 
x 

Fig. 4 XBL7811-12644 

.,. 

.. 



(0) 

(c) 

43 

6'*d(-R-P. ) 
X Y 

Fig. 5 

ox ox 

( b) 

(d) 

X BL 7811- 12641 



44 

-0. 

• 

• • 

• • 

• 

Fig. 6 XBL7811-12645 v 



45 

.' 

t1 • • • 
X 

• • • • 

Fig. 7 XBL 7811~ 12657 



2 3 

0) 6) 

• • 

(a) C2 F, 

6 8 

6)c 

• ~ 

(d) Cs F'3 

12 15 

Q). 

• 

(g) ,C12 FIG 

'.. "' ..... 

4 

6) • 6) • 

6* • • 6x 
( b) C3 F2 (c ) C4 F 3 

10 

6* ) 6}. x 

/. " 

• 

(e) Cs F'4 (f) C 10 FI5 

16 

0*- • C) • 

)( ~ )( 0 ~ 0 

(h) CI5FI7 (i) CIS FIS 

Fig. 8 XBL 7811-12640 

.. .. 

~ 
0'1 



e·. "'~,\ 

4 '5 6 

6). 6* ~cn 0* • 

~ • • 0} ~ 61: 

(a) E4 h{-Px ) I (b) E5 h (px) I (c) E6 v{-Py) 

23 24 25 

n O)c O)c Ox Ox 
A 

)( . )( () ~ () 01< * 
(d) 0 (e) 0 ( f) E 25 ( - a3) 

26 33 34 

~ )(. 01c x 

/6)< 
x 

6\. 

0*. c0 o 

(g) E26 (-a,) ( h) E 33 (- 04) ( i) E 34 (- a 2 ) 

Fig. 9 X B L 7 8 II - 1264 7 

-'=" ......, 



48 

1 - -- .- .-
-~ ~--- - 1 - -~-- -~ - -~ 

> 

~k 
.- ,I .-- .- ~-- - .- x > '- .- .- x .- > .-

" .:; .- > x x X 1 1 ' X 1 
, 

1 " x I' x - 1 ' 
, x -1 ' - 1 ' - 1 1 X 1 

X -- I - -

- -
-~~"~- _~L " I - - .- 1 '-1 

:~'-k-- ,: .-
-~~ 

.-
" 1 X - - -~ - - x .- > .- .- .- > ---"'-- .- --1' .- x ~I-- X .- I' .- I', X x I" x x f' x 1 ' X .-

1 ' > 1 , - 1 - -- x -- - 1 - --

-1 1 I 1 1 - 1 - " 1 
.- 1 -, 

-~t:-
, 1 - , 

1 - .:::::::L 
.-
~-

.- > +: x ,I - - , 1 
X 

, > .- 'x x X k .- .- --~ --'K- .- .- ~- ", X I' .- > - x :' > x I x , - -1 - X - -I - 1 1 -

1 - - ~ -, 
',I 

I 1 I - ~f, - ~--- .-
~h-,- > x - , 1 - , 

, 1 - -1"~-
.- .- x .-.- x - - :..&.--- .-

4'~- --K- x .-
X I' X I', > .- > I' x 1 " - .- - X 1 

, - - x x - 1 1 1 -1 - -



~ -~ 

o· 
• • 

• o 
• • 

2 

• • 
~. 

3 

• • 
.6) 

4 

I • 

• 

5 

• 
• I 

6 

I • 
• 

7 

II: ~ 
AI= - b

l
b

3 
BI= -b2b4 

I: :IJ 
A 2=- b2 b4 I B 2= - bl b3 

• • 

~! 
• 
• 

A 3=-CI C 3 

• • 

;;9 ~. 

• • 
X~. 

~ 
B3= - c2c4 

• • 

: i! 
A4= - C2 C 41 B4 = - CI C 3 

b: 
A5= b I C I 

:} 
;(/~ 

~ 
• X 

B5= - b4 c2 

:h 
A6= - b4 C2 I B6'-b l C I 

if 
• 
• 
• ~ 

B =- b C 7 2 4 A7 = b3 C 3 

! I ~ 
• 
• :h 

8 Ae~ - b2 c4 1 Be= b 3 c 3 

:~ 

9 

• x /. 

10 , . 
• 0 

II 

/. 
12 

~ 

• • 

13 

0+-0 

• • 

14 

• • 
~ 

15 

• • 
0--0 

16 

Table 2 

\If 

v. 
A9= b3c2 

i/ 
AIO= b 2 CI 

r; 
AII= b l c4 

if 

~ 

:\i 
B9 = b2 C I 

: r 
• '-X 0 

BIO= b 3 C2 

\ r · ~ 
B 11= b4 C 3 

~I 
A 12= b4 C 3 1 B12= b l C4 

1/: \1 
A13= - b2 b3 1 Bit b2 b 3 

II \1 
A14= -b l b4 1 B14= b l b4 

• • 

l/. 
A15= C I C2 

• • 

~/. 
A16= c 3 c4 

• • 
X, ¥ 
• XO 

8 15= - C I c2 

• • 

~I 
8 16= - c 3 c4 
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hC\ 0--0 
10 . . - - *-"K 

I I 
~ - 6'66* -- -• • . • 0--<> 

E ,= (A, B2+A2B, HA'3B,.f" A'4 B(3) FI = h (px) h ( - p x l E,O= (~Ba+AaB7HI\3B,s+A,S~~ 

2 II 

6\. 
= - II · • 0),. · II X *'-'< 

6) • • 6)< =+ 
• · *"-'< 

E2 =(A, BtA3~l-(AsB1+ A1 Bs ) F2 = h (-Px)v(-Py)-o, a E,,=(AgB,ctl\oBg)+{A,sB'3+A'3B,S) 

'.(\ . =-~ .~ 
12 

~ x- 0--0 

6') • + · A . 'b- 0--0 

E3=(A,B4+A4B, )-(A g BII+AII Bgl F3 =h (p.) v (- Py)-a2a4 E'2=(AIIB,tA'2BII)+(A,~s+ I\sB'4l 

4 
~. 

13 

• 6): =-~ ~ ~I 
0--0 

6) • 
= + ~ 

• 0) 
E4 = (AzB3+A 3 B2)-(A,nB,,+ A'2B, ol F4 =h(-px)V (pyl-a2 0 4 E'3= (A, Bs + AsB,l+(Ag B,tA'4B9) 

5 

:~=-:n 
6),.. 

14 

II ~I 
~ • 

~ 6). = + . 
E6= (Az B4 A4 B2l- (AsBa+Aa Bsl Fs =h(px)v(py)-a, 0 3 E'4= (A, Ba + Aa B, )+(AIIB,lA'3BlIl 

6 15 

• . . . 6).6). /. -I~ -
6).6\ = - -0---0 

~ 
. · 

Es = (A3B4+A4B3) -(A,sB,s+ A,sB,s) Fs = v (Py)v (-Py) E'5(A, B,o+AtoB, )-(A!!B'3+ A'3B!!) 

7 16 

I I 0--0 

I I ~= -l~ - --
*+-t< 

E1= (AsBs +AsB5)-(A'4B,s+A'5B,~ F 1= a ~ E,s=(A, B,tA'2B,HA1B '4+AI4B1) 

8 17 

I I X I r X 6\ . 
I~ =+ =+ 

~ 

Ea= (A5Ba+AaBsl+(AJ311 +AIIB,ol Fa= a, 0 3 + 02 0 4 E'7=(AI B,s+A15B, )+( ASBg + AgBs) 

9 186\ • 

I I X I I X 1~ - + =+ -
0--0 

Eg= (AsB7+A7B6l+(AgB'2+A'2Bg) Fg= a, 0 3 +02 04 Eui (A, B,tA,J3, )+(A1 BII+ All B7) 

Table 3 

c.\ .~ 

I I 
F,O= o~ 

X 
FII = a! 

X 
F'2 = a~ 

. 
I 6'x 

F'3= - 0 3 h (px) 

. 
I 6) 

F'4 = - a, h (Px) 

~ 
F'5 = -04 h (-Px) 

~ 
~s=- a2 h (-Pxl 

/1 
F'7= 0 3 0 4 

/1 
Fla = a, a z 
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.. () ~ 

19 

I ~ 
<>--Ox 

- - /. -
• 

EI9=(A2BS+As B2l-(AloBI4+ AI4BIO 

20 

I cf)<_ 7 --
• • 

E2d'(A2B7+ A7B2l-(~i313+AI3BI2l 

21 

,,~ =+ ~I • x 
E21= (A2 B9+A9B2l+(AsBt3+AI3Bsl 
22 

~ =+ ~1 
Eh(A2BII + AUB2l+(AeBI4+ AI4Bel 

23 
• <f) 

= - :/xI 
~ 

EZ3=(~Bt5+AISB2l-(AsBIO + AloBsl 

24 

• r11< =-/1 0---0 

Ez4'(A2BIS+AlsB2l-(AeBI2+ AlzBe) 

25 

~I =-/ 
>t+--t< 

E2S=(AaBs+AsB3HAI2 BIS +AIJ312) 

26 

~1 
• x 

=- x/ 
0--0 

E2S=(A3Be+AeB3HAloBls+~j3I,} 

27 

~. I~ = + cnc x 

EzT(A3B9+~B~+(A7BIS+AISB1 ) 

~, 50 

28 xcO 1 • ~= I~ + .'x t11< 
F19= - 0a h (-pxl E2«(A3BII+Au~l+( ~Bts+AlsBs F2e= - O2 V (-pyl 

29 

I • ~ 

II \1 - --en crx • 
F20=-01 h (-pxl E2S(A3BIa+AI3B3)-( A7 BIO+ A,oBi F29= - 01 04 

30 

~ 
0-+-<> 

I/, ~I - -
6),. -

• 
F21 = - 04 h (px l E3Q=(A3BI4+AI4B3l-(As B12+A 12se Fao= - 02 03 

31 
t1)r. 

~\ I • '\: I - + -
~ *'-"C • 

F22= - °2h (pxl E3t(A4Bs+AsB4l+(AIIBIS+AI5~1 
Fal = - 03V (-pyl 

32 

1\ i • x • 
I 
~ - + ''-x -

~ 0--0 • 
F23 = - 0 3 04 Ea2(A4B7+A7~J+(A9Bls+ AIsB9l F

32
= - 0 1 V (- pyl 

33 

r~ 
• x :J /. . / =-xt"x 

F24 = - 0 1 02 ~3=(A4BIO+AId3~-(AeBIS + AlsBel F33= - 04 V (Py) 

cf')c 34 
~ x I ~=- :J / • X • 

F25= - °3V (Py) E34=(A4BI2+AlzB,J-(AsBls+AlsBsl F34= - O2 V ( Py) 

~ 
35 

I 
~ 

\1 1/ - + -
• • c1),. 

F26= - a I V (p y ) 
E31i' (A4 BI3+AlaB4l+(A e B9 + A9Be) F3S= a I 0 4 

~ 
36 

0--<) 

~l 1/: - + -
• <f1c . 

F21= - 0 4 V (- Py) E3€(A4BI4+ A,4B4)+(AsBII +AII B6) F36= 0 2 0 3 
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dx · V1 (v ,h,d;al,a2,a3,a4;bl,b2,b3,b4;cl,C2,c3'C4) = W1d(px,py)d(-Px ' _py ) 

• • 
+ C2F1 + C3F2 + C4F3 + C6F13 + C8F14 + CU!15 + C1?16 + C15F17 + C16F18 

• • 
I + E4h(-px ) + E'jh(p) + E

6
V(-py ) - E

25
a

3 
- E26a

1 
- E

33
a 4 - E

34
a

2 

• • 

O'x • Transformation (i) applied to V
1 

• • 
3 

V3(v,h,d;al,a2,a3,a4;bl,b2,b3,b4;cl,c2,c3,c4) "" V1 (h,v,d;a
3

, .. a2 ,a1 , .. a4 ;c
3

, - c2 ,c1 , .. c4 ;b
3

, - b2.,b
1

, .. b4 ) 

• • 
• • Transformation (iii) applied to v

1 

0\ • 
5 

V5 (v ,h,d;~,a2,a3,a4;bl,b2,b3,b4 ;c1 ,c2 ,c3 ,c4} "" vI (d,h,~;Cl,C2,C3,C4;b3' .. b2 ,b1 ,. .. b4;al,a2,a3,a4) 

• 
Table 4 X BL 7811- 12650 
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0, 

1 
• 

V7(v,h,d;al,a2,a3'a4;bl,b2,b3'b4;Cl,C2,C3'C4 ) = W5d(PX,Py)d(-PX' -Py) 

• + C2F19 + C4F31 + C6F7 - Clc· + CEls + C9F17 - C12F30 - C13F15 + C16F2S 

• • - E5a3 + E9a 3 + EIOal - E20h( -PX) - E,,4a2 - E32 v( -Py) + E
35

a4 
7 

I 
• Transformation (ii) applied to V

7 

• V9(v,h,d;al,a2'"3,a4;bl,b2,b3'b4;Cl'C2'C3'C4) = V7(v,d,h;bl b2,b3'b4;al,a2,aya4;c3' - c2 ,cl ' - c4) 

• 
9 

Transformation (iv) applied to V
7 • • 

i • VII (v,h ,d;a
1 

,s2,a
3

,a4 ;b1 ,b2,b3,b4;Cl'C2'C3'C4) = V 7(h,d, v;c)' -c2 ,c1 , -c4;a" -a2,sl,-a4;bl,b2,byb4) 

• 
1/ 

Transformation (i) applied to V 7 

! • 

• V13(v,h,d;al,a2,a3,a4;bl,b2,b3,b4;cl,c2,c3,c4) = V7(h,v,d;a
3

, - a2 ,al' - a4 ;c
3

, - 'i!rl' - C4 ;b
3

, - b2 ,bl , - b4 ) 

• • 
13 

I 
• Trans forma tien (v) applied to V

7 

• V15(v,h,d;al,a2,a3,a4;bl,b2,byb4;Cl,c2,c3'c4) = V7(d,v,h;by - b2 ,bl , - b4;cl,c2,c3'c4;a3' - a2 ,al , - a4) 

• 
15 

• • Transformation (iii) applied to "7 

! • 
• 

V17(v,h,d;al,a2,a3,a4;bl,b2,b3,b4;cl,c2,c3,c4) = V7(d,h,v;cl,c2,c3'c4;b3' - b2 ,bl , - b4 ;al ,a2,a
3

,a4) 

17 

Table 4 (continued) X B L 7811 - 12649 
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~ V19~,h,d;al,a2,a3,a4;bl,b2,b3,b4;Cl,C2,C3,C4) = W9d(px' Py)d(-P
X

' -py ) 

+ C2F2l + Cl27 + C15F17 + CeF35 + C10Fll - CllF3 + Cl l'9 + C14"13 + C16F
3

" 

• • - E4a 4 + E8a 4 + E12a 4 - E22h(PX) - E24a l - E28v(-Py ) - E
30

a
3 

19 

X • Transforma.tion (ii) applied to V19 .". V21.(v,h,d;al.,a2,a3,a4;bl,b2,b3,b4;Cl'C2'C3'C4) = V1.9(v,d,h;bl.,b2,b3,b4;al.,a2,a3,a4;c3' ... c2 ' el , - C4) 

• X 

21 

Transformation (iv) applied to V19 • • 

~ V 23 (v ,h,d;sl ,a2 ,a
3

,a4 jb1 ,b2 ,b
3

,b4 ;c1 'c2 'c
3
'c4 ) = V 19(h,d, VjC

3
, ... c 2 ,c1 ' - C4 ;8

3
, ... 8 2 ,s1' ... &4;b

1
,b2 ,b

3
,b4 ) 

23 

~ 
v25(v,h,d;al,a2,a3,a4;bl,b2,b3,b4;cl,c2,c3,c4) :I: Wlld(px ' py)d(-px'-Py) 

+ Cl'22 + C3F28 + C6F36 +CI18 - C{3 + CloF8 + C12F12 + Cl l 14 + C15F~1 

• • - E4a 2 + E
9

a 2 + Ella 4 - E2lh(p) - E
23

a
3 

- E27v(-Py ) - E
29

al 

25 

\ 
TransfoI'm9.tion (ii) app1.ied to v25 

V 27(v ,h,dj81,a2,a3,a4 ;b1 ,b2 ,b
3

,b4 ;c1 ,c2 ,c
3

,c4 ) = v25 (v ,d,hjbl,b2,byb4j&1,s2,s3,a4 ;"3' ... c
2

,c
1

, - c
4

) 

27 

• • 
Transformation (iv) applied to V25 

~ V29(v,h,d;al,a2,ay84;bl.,b2,b3,b4;Cl.'C2'C3'C4) = V
25

(c
3

, - c2'c1 ' - c4;a
3

, - a
2

,al.' - a4 ;bl.,b
2

,b
3

b
4

) 

t 

29 , 

Table 4 (continued) XBL7811-12651A 
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~ V31 (v,h,d;al,a2,aya4;bl,b2,b3'b4;Cl,C2,C3,C4) = W13d(PX' py)d(-PX' -Py) 

• • + Cl29 + C4F 35 - C5F 15 + C6F 21 + CllF 14 - Cl ? 20 - C14F 1 + C15F ll· - C16F 10 

• • - E25a4 - E2Sal - E30h (-p) + E31a4 + E34al - E36h(px) 

31 

o.......a V32(v,h,d;al,a2,a3,a4;bl,b2,b3'b4,cl,c2,c3,c4) = W14d(px' Py)d(-Px' -py ) - -
• • + cl30 + C4F36 - clls + CSF22 + C9F13 - C10F19 - clll - c15F7 + c16F12 

• • 
- E26a2 - E27a

3 
- E29h(-P) + E32a2 + E33a 3 - E35h (P) 

32 

• • Transformation (i) applied to v31 

~ v33 (v ,h,d;al ,a2,a
3

,a4;b1 , b2,byb4;Cl,c2,cyc4) = v31 (h, v ,d;a
3

, - a 2,al , - a4;c3'-<>2'cl , - c4;b3' - b2 ,bl , - b4 ) 

• • 
33 

.. _-
Transformation (i) applied to V32 • • 

0+-0 
V34 (v ,h,d ;al,a2,a3,a4;bl,b2' b3,b4;cl,c2,c3,c4) = V32(h,v,d;a3 , - a2 ,a1 , - a4;c

3
, - c2 ,e1 , - c4;b3' - b 2 ,b1 , - b4 ) 

• • 
34 

Trans :forma. t ion (iii) applied to V31 
• • 

V35 (v ,h,d;al,a2,a3,a4;bl,b2,b3,b4;Cl'C2,c3'C4) = V31 (d,h, v;c1 ,c2 ,c3,c4;b3 , - b2 ,b1, -- b4;al,a2,a3,a4) 

• • 

~ 

35 

• • Transformation (iii) applied to V32 

• • V 36(v ,h,d;al ,a2 ,a
3
,a4;bl ,b2 , b

3
, b4 ;cl ' c2 ,c

3
,c4 ) = V 32(d,h, v ;cl ,c2,c3' c4;b3' - b2 , bl , - b4;al,a2,a3,a4) 

a--.-o 
36 
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