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Abstract

By invoking the formal equivaleﬁce of a finite level quantum mechanical
system to a quantum spin in an gxtefnal field, this paper shows how a classical
model can be constructed fof an arbitfary finite level quantum system. For
the 2-state and 3-state cases this leéds~to the same classical Hamiltonian
that was obtained earlier by other more heuristic methods, but it shows
how to treat.the general F-state case. The purpose of this overall
épproach is to be able to represent the electronic states in electronically
non-adiabatic collision processes by a classical degree of freedom so that
gil degrees of freedom, electronic and heévy particle (i.e., translation,
rotation, and vibration), éan be treated on a éonsistent dynamical footing.
Applicationlof this model to the quenching of F*(zPi/z) by collisions with

H, is described, and this completely classical approach is seen to give

2

excellent agreement with the quantum mechanical coupled channel calculations

of Rebentrost and Lester.



I. Introduction.

In sevefal'recent i)apersl_3 it has been shown how the electronic degrees
of.freedom in a.molecular collision system can be modeled classically. The
motivation fcr this work. has beec to develop an approach in which all tﬁe
degrees of freedom, electronic acd nuclear (i.e., translation, rotation,
and vibration), are treated on the same dynamical footing. This is important
if one is to have a unified theoretical description of eleccronically non-
adiabatic collision processes, for it has been noted4 that dynamically
inconsistent models~-i.e., those which describe some degrees of freedom
by quantum mechanics and other degrees of freedom by classical mechanics-~
can sometimes miss.significant features in these processes. One can, of
course, achieve dynamical consiétency by resorting to a fully‘quantum
mechanical formulation--i.e., the complete rovibronic coupled-channel
Schrodinger equation--but this is often impractical because of the large
number of strongly coupled rotational and vibrational states in a molecular
collision system. To retain the.facility of a classical description of
the heavy particle degrees of freedom and tc'achieve dynamical consistency,
one is ;hus forced to model the electronic degrees of freecom also by
classical mechanics.

Thls caper presents some additional formal developments in this
approach and also the results of its applicatlon to a problem of considerable

*
interest, the quenching of F (2P1/2) by H,y,

F*(zPl/z) +Hy » F(2P3/2) +H, . (1.1)



' . , 4,
It was the desire to describe the prominent resonance effect in this

prdcess that was the initial motivation for this entire line of work,

"and it is gratifying to see in Section III that this completely classical

model for electronic and nuclear degrees of freedom does indéed describe
this effect correctly, in fact, giving reasonably good agreement with the
quantum mechanical coupled-channel scattering calculations of Rebentrost
and Lestér.5 Section II firét shows an alternate methodology for deriving
classical models for finite level Quantum systems, i.e., for replacing a
finite level quantum system by a classical degreé.of freedom. For the
2-state and 3-state cases this new more solidly based deriVation gives

1,2 .
>” on more heuristic

the same classical models that were obtained earlier
grounds, and it shows a definite procedure for extending the approach to

4-state, 5-state, etc., cases. Section III then describes the application

of these procedures to reaction (1l.1) and the results obtained.



II. Derivation of Classical Model via Analogy with Spin.

The goal here is to replace a finite quantum mechanical Hamiltonian

matrix representation of a system, {Hn, n}’ by a classical Hamiltonian

3
function HCL(n,q), where the quantum number labels (n',n) are discrete
integer values, i.e., n = 0,1,2, ..., and (n,q) are classical action-angle
Variables.6 The action variable n has continuous values > - 1/2 and the

angle variable q varies over the interval- (0,2m). For the application we

have in mind the quantum states are electronic states and the matrix

elements depend parametrically on the nuclear coordinate x, {Hn, h(x)}.
. ~ H ~
The classical electronic Hamiltonian thus also depends parametrically on

x, and once H__(n,q;x) is obtained the classical. Hamilton function for

CL
the complete system, including electronic and nuclear degrees of freedom,
is

2

H(E ,Ij,n,Q) = %

=t HL(,ax) (2.1)

The key to this formulation is thﬁs lgarning how HCL(n,q)'is
obtained from the matrix elements'{Hn,,n} (the dependence on the nuclear
coordinate X will be suppressed when it is not necessary). Although we
have electfonic states in mind, there is nothing in the results we obtain
which restricts the treatment to this. Section IIa and IIb treat the

2-state and general F-state cases, respectively, while Section IIc shows

a simple example.

(a) 2-State Case

It is well-known that a quantum mechanical 2-state system can without

restriction be regarded as an angular momentum, or spin 1/2 system in an,



external field, the two state being spin up and spin down, i.e., m = + 1/2
or - 1/2. Furthermore, the most generai form of the Hamilton operator

for a spin 1/2 system is

T
H=A,+ A-S

0
=A +A S +A 'S +A S (2.2)
0 X X y Yy z z
where S , S , S are the usual angular momentum operators and A , A_, A,
x’ 'y z 0" "X’ 'y

Az are real numbers; i.e., the operators 1, Sx’ Sy’ Sz are a complete set

- of linearly independent operators in the space of spin 1/2.

It is then a straightforward matter to obtain the classical Hamiltonian

corresponding to Eq. (2.2) by replacing the operators Sx’ S_, Sz by the

y
corresponding classical functions of the canonical variables. A classical
angular momentum consists of two degrees of freedom for which the action-

angle variables are (s,qS) and (m,qm): s is the magnitude.of the angular

momentum and m its projection onto & space-fixed axis (the z-axis), - and

4 and q, are their conjugate angle variables. The projections of the angular

. , , 7
momentum onto the three cartesian axes--i.e., Sx’ Sy’ Sz——are given by

\/sz—m2 cosq (2.3a)

S =
x
Sy = Vsz-—m2 sinqm (2.3b)

S =m . . (2.3c)



Using Egs. (2.3), the classical Hamiltonian corresponding to the Hamiltonian

operator in Eq. (2.2) is thus

CL(m qm) A + A Vs“-m cosq + A Vs —m sinqg + A /0 . (2.4)

Since HCL is not a function of dgs S is a constant of the motion and for

the present case has the value s-=-% . Since 9, is the only interesting
angle variable left, the index m will be dropbed from it for the remainder
of this section.

Eq. (2.4) gives the general form of the classical Hamiltonian for the

spin 1/2 system, but to make the construction complete one needs to express

the parameters A, A, A, A in terms of the matrix elements {H ' }.
0’ x* Ty’ Tz v A n',n
Since the matrix representations of the operators Sx, Sy, Sz are
0 1/2 ' )
SX = (2.5a)
1/2 0 a
0 +i/2 '
S = (2.5b)
y -i/2 0 :
-1/2 0
Sz = (2.5c)
0 1/2 .

one finds from Eq. (2.2) that

- _1
H—1/2,—l/2 = Ao 5 A (2.6a)

Hip1/2 = Agt3 A (2.6b)



.
H.1/2,1/2 2B T1A)

| 1, .
H1/2,-1/2 28 —1A))

These relations are easily inverted to give

-1
Ao = 3Wy 9 172 T Hog)p 1/2)

z = Hy2,1/2 7 B12,-1/2

Ax = 2 Re(H—l/Z,l/Z)
Ay m 2y o

(2.6c)

(2.6d)

(2.73a)

(2.7b)

(2.7¢)

(2.74)

and using Eqs. (2.7) in Eq. (2.4) then gives the classical Hamiltonian

explicitly in terms of the matrix elements themselves:

1 1 »
Hop @) = GHAm) By qpp v Gom) By 1/n

+ 2\/{%—1112 Re(H_l/2 1/2)C°Sq + 2

—1/2,1/2)Sinq .

(2.8)

- The classical variable m varies over the interval (-1/2,1/2), but to

make better connection with earlier work it is useful to have an action

defined by

variable defined on the interval (0,1). The action variable n is thus



or

and it is also useful to label the matrix elements.H_l/z,_l/z, Hl/2,l/2’

2

. ' . 1l - _
HOO, Hll’ HOl’ respectively. Since ; ~ O n(l-n), the

F1/2,1/2 28

final expression for the classical Hamiltonian for the 2-state system is
HCL(n,q) = (l—n)HOO + n H11-+ 2 Re(HOl)\/n(l—n) cosq "

+ 2 Im(HOl)‘/n(l—n)-sinq (2.9)

which we note is identical to the formula obtained earlier by Miller and

McCurdy,l‘by invoking the Heisenberg correspondence principle and heuristic

arguments, and by Meyer and Miller3 from their "classical analog" analysis.

The Meyer-Miller analysis showed, in fact, that in a certain sense this
classical Hamiltonian is_exactlz equivalent to the quantum 2-state system.
As discussed in our earlier papers, ~7 for actual calculations one

should replace s by s +<% in Eq. (2.3) (% by 1 in Eq. (2.8)),i.e., make

use of the Langer modification. With this modification Eq. (2.9) becomes
H, (n,q) = (1-n) H.. + n H .. + 2 Re(H..) (n-+;9(§~—n) cosq
CL" 00 11 _ 01 2712

+ 2 Im(HOl) (n-F%)C%-n) sing . (2.10)

The action variable n can now vary over the interval (- %3 %), and the

integral values n = 0 and n = 1 thus occur at the centers of the "boxes"
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(- 23 and (%,-%) required for the standard quasiclassical histogram
procedure.

(b) F-State Case

An F-state quantum mechanical system can without restriction be
. F- . . | »
considered to be a spln-—il system in an external field. The four matrices

1, s S , Sz’ however, do not form a complete set of F x F matrices for

x* Ty

F> 2, To expand an F x F Hamiltonian matrix as a sum of angular momentum
operators, one must introduce products of (Ffl) operators, and these
operator producﬁs must be symmetrized in order to be hermitian. We use
brackets to denote the properly symmetrized products

<A. A L (2.11)

1742 A" T DT &) o)t fen)
where the sum goes over all permutation ¢, and the Ai are members of the
set {1, Sx; Sf’ Sz}. Therelare, however,-% F (¥+1) (F+2) such symmetrized
operatorvproducts while a F %X F hermitian matrix has only F2 independent
real parameters. For F > 2 the set of symmetrized operator products is
therefore overcomplete (linearly.dependent), and the question arises which
operators should one choose in which to expand the Hamiltonian.

‘From the Heisenberg correspondence principle one can conclude that
the form of the corresponding classical‘Hamiltonian function isl

1
Hy (n,q) = £(n) + JLZ=:1 g (n) cos(fq) + hy(n) sin@q) ; (2.12)

the task is thus to determine the functions f(n),'{gz}, and {hl}' It is
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p;
also clear from the Héisenberg correspondence principle that1 f(n) depends
only on the diagonal elements of the Hamiltonian, while gﬂfn) énd hgﬁn)
are determined by the real and imaginary part, respectively, of the
matrix elements Hk,kiz
We therefore choose the independent set of matrices in which the

Hamiltonian will be expandgd to be those whose corresponding classical

functions show a simple harmonic dependence on the angle variable q.

These functions and their corresponding matrices are (cf. Eq. (2.3))
m < sJ
z
mJ(SZ-mz)l/z‘cosq-+* <sd s >
_ z X
. 2 3
o (s -mz)l/2 sinq > <Si Sy>

- 2 2 N . o . -
n? (s“~m Jcos2q = mJ(sz—mz)(coszq —sinzq) > <s;(s§ - 32)>
. ‘ y

mj(sz—mz)sian = mJ(sz—mz)'Zsinq cosq ++-(S; 2 sty>

- ) ; 2 03 4 o2
mJ(sz—mz)?’/2 cos3q = mJ(sz—mz)B/Z(cos3q-+3sin q .cosq) <> <Si(SX—3 Sysx)>

j j 3/2 2 . .3 j 2 3
sz—m2 3/2 sin3q = mJ(sz—m2 / (3cos™q sing - sin"q) <> <Sz(3 SXSy—Sy)>

mJ(

- (2.13)

and so on.
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The general classical function of this type has the form:

ng

or
j, 2 2.8%/2 4

m (s -m") cos (q)
or

m‘.l(sz—mz)-ﬂ'/2 sin(2q)
Since 4 = 0,1,2, ..., F-1 and j = 0,1, ..., F-1-4, one obtains F g-independent
terms, Eiggil cos-terms and Eﬁggll 'sin-terms, and thus F2 functions altogethef.

The F2 corresponding operators férm a complete and linearly independent set
of hermitian matrices. Table I shows these matrices for F = 2,3,4.and the
Appendix shows a simple way to construct them in genefal.

As in the 2-state case one now éxpands the Hamiltonian in térms of the

ig .
matrices. For the 3-state case, F=3, one obtains

H
“ 1,-1 g0 Hgg
B=tH 1 Hyo Hyg
H H H

N s

2 .
(S,-S,)H_; _

2 1,2
(1_—sz)H00 +5 (S;+S )H | + 1

V2 | V2 | :
+ V= + < > = .
5 (SX .ZSZSX ) Re(HOl) + 5 (Sy + <2SZSy>) Im(HOl)

a

V2 ' o -
+V< (s - <255 > £ (S - <28
CH 5,5,°) Re(®_; ) + V5 (5 - <25,5>) In(H_; )
+ <82 - §% Re( . L) + <255 > Im(H . ) (2.14)
X y -1,1 Xy -1,1 ’ )
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or

H11+H—l-1 2.

00’ 2 z T2 - Hyp)s,

i
]

=)

[

+‘/—§-—Re(H +H )S +‘/ZIm(H

2 0,17%-1,07% * 2 0,111,095,

- ’ < >
+\/2 Re(Ho’l H—1,0)<stx> +‘/2. Im(H0,1+H_l’0) sty
+ Re(H ., .)<S 2—s 2, + Im(H )<2S S > . | (2.15)
-1,1 X 'y -1l Xy '

The classical Hamiltonian function for the 3-state system is then obtained
by simply replacing the matrices (operators) by their cdrresponding
classical functions:
Hll—H

-1-1
2

HygtH g,

m+ ( 2

- H_ Jm

Hop(m,q) = Hyy + 73 00

véf . .
+ V5 Vs©-m {Re(H0’1+H_1,O)cosq + Im(H0,1+H_l’O)sinq}
+ VE_mVs ~m {Re(HO,l—H—l,O)COSq + Im(HO,l_H—l,O)Slnq}

' 2 2 2 2, .
+ Re(H—l,l)(S -m )cos2q + Im(H_l,l)(s -m )sin2q . (2.16)

(c) Example:. Collinear Atom-Diatom Collision System

It is illustrative to test the general formulae obtained in the
previous section on a known example. Thus consider the collinear atom-

diatom (harmonit oscillator) collision system for which the Hamiltonian
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is v ' \

P2 p2 1 22
H=E+§E 7 m T + VQR,r) . (2.17)

(for example, if the intéraction V= exp[-a(R-r)], this is the well—known~
Secrest—Johnson8 model.) For thé test purposes of this section tﬁe vibrational
degree of freedom will be considered to be the quantum-like degree of freedom,
i.e., to play the role of the electfonié‘degrees of freedom. For fixed

translational coordinate R the vibrational Hamiltonian is thus

2
=P 41,22
ho= s+ 5 m'r” + V(R,r) . , (2.18)

If the classical variables (p,r) are replaced by the harmonic‘action—angle
variables (hn,q), where h is introduced to make n dimensionless (i.e., the
"classical quantum number"), then the classical vibrational Hamiltonian is

given in terms of its action-angle variable by

he, (n,q) = ho(n +3) + V(k,-'\/wmgillcosq) . (2.19)

The "test" is then as follows: choosing as basis the unperturbed
harmonic oscillator states {|n>}, the matrix of the vibrational Hamiltonian
operator in Eq. (2.17), hn' 0’ is first constructed. Then considering this

b

matrix {hn',n} as given, -one uses the general results of Section IIB to
determine the classical Hamiltonian function corresponding to it. If the
methodology of Section IIb is correct, one should regain the classical
Hamiltonian in Eq. (2.19).

. To keep the arithmetic simple the interaction potential “V(R,r) is

. . . . 2
expanded in a Taylor's series in r through terms in r°. The correct
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classical'Hamiltonian, Eq. (2ﬂ19), thus becomes
= 1 . 5 /P(2ntl) 1 h(2n+l) . 2
hCL(n,q) hw(n-+2) + VO(R) + Vl(R) —m  ©0sq + 3 VZ(R) ——;Ir——-cps q
V., (R)

= V,(R) + hu(n +-;—)[1 + —2—2]4 vl(R)Jh—Q’ﬂl cosq
2m o

h (n 4%)
\
+ VZ(g)' i cos2q . , (2.19")

where

_ 3"V(R,1)
V(R = n ,r=0

or

The matrix representation of the vibrational Hamiltonian operator is

01 0 O...
1 0 0 O 1 0 0 0... , _
h 0 3 0 0 : 0 1 0 O.. V/ﬁ 1 0v2 o...
=5 ) + v +V Vol 0 /2 0 v3...
{hn'n} 2 0 0 5 0 ofo o 1 o.. mw 2 9
’ 000 0 7 0 0 0 1.. 09§9
1 0v2 O0...
1 h 0 3 06... . _ (2.20)
2% 2w (v 0 5 o...
0v6 0 7...

If these infinite matrices are now truncated to F x F matrices and equated
to the appropriate spin matrices as in Section IIb, one then obtains a

family of approximate classical Hamiltonian functions hF(n,q), each of

which has the form

R4}



=15~

V
hF(n,q) V hw(n + 2)[1 + ————1
2mw
+\/;V f_(n) ~cosq
i+~—§—- V,g.(n) cos2q
2mu) 28F (2.21a)
where
h - 3 F-2 . F-1 1 .
£5(n) =‘/; V(s +§I),2—m z m )} wak) Vi . (2.21b)
j=0 k=1
F-3 ., F-2
g, =3 [ +D7 'l L o ¥ WD iy (2.21¢)
3=0 k=1 J
and

(%)
ik

classical Hamiltonian, Eq. (2.19'), one sees that the diagonal, i.e.

s and W are defined in the appendix. Comparing Eq. (2.21) to the correct
gq-independent, parts are identical, as are the forms of the g-dependent
terms. For the comparison to be exact, however, one would need fF(n) and

gF(n) to be equal to the exact functions,

exact(n) —\/2n+; (2.22a)
g (n) =n+ I A (2.22b)
exact 2 ’
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and this is not the case. Figures 1 and 2 show ff(n) and gF(n) éompared
to the correct functions [Eq. (2.22)]. One sees that fF(n)-and gF(n) become
better approximations to the correct functions as F increasgs and indeed
appear to converge to the correct fuﬁctions as F » =,

For this example the methodology of Section IIb is thus seen to
reproduce the correct classical Hamiltonian, the only error seeming to
originate from truncating the matrix representation of the quantum
Hamiltonian. This example ﬁas no practical significance, of course, since

one already has a classical model for vibrational degrees of freedom. The

interesting applications of the approach are to those finite level quantum
states for which one does not know the appropriate classical model a priori,

e.g., to a finite number of electronic states.

-
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*
I1I. Application to F + HZ’

a. Derivation of the Hamiltonian

The diabatic electronic potential matrix for the F—H2 system has been
calculated by Rebentrost and Lester’ in the cartesian basis set |x>,|y>,{z>.

It has the form:

H 0 0 .
XX
V = (0 Ho Hyz) ) _ (3.1)
0 H H
yz = zz :

The four reélvfunctions H ,H ,H ,H depend on R, the distance of the
xx’ yy’ Tzz’ Tyz
centers of masses of the fluorine atom and the hydrogen molecule, and on
' > >

Y, the angle between R and the internuclear distance vector r of the H2
molecule. There is no r dependence for the present appliﬁation, i.e.,
H2 is treated as a rigid rotor.

It is useful to express the potential matrix Eq. (3.1) in terms of

the angular momentum basis set {|m>}, m=-1,0,1, which is given in terms of

the cartesian basis by10

|0> = [2>
|1> = -/%, (|x> + ily>)
1> = 2 (b - iy

Straight-forward matrix multiplication yields V in the angular momentum

basis set

H
B iXE A
no 2 H
v=f-1i-2= § -1 JZ , (3.2)
¢§ sz. /I ‘
-A i Y2z H
V2
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where H and A are given by

(3.3a)

i
]
N
Pan
faui
+
=
p—

A =-%(H - H ) X | | (3.3b)

Using Eq. (2.16) one then obtains the corresponding classical electronic

Hamiltonian
) 2 . V) e
V(RaYﬁmqumL) = (l_mL')HZZ + mLH - ZT&[‘\/L —m.L Hyz 31nqu )

- (Lz—mi)A coqumL R (3.4)

where we have changed the symbols s,m,q to L,mL,qu and also indicated
the dependence on R and Yy in order to avoid confusion. . Eq. (3.4) is
identical to a result obtained from a different approach by McCurdy,

Meyef and Miller.2

The full classical Hamiltonian was also derived earlierl’ and has
the form
Ho . o(P,R,N,q ,m ,q_ s ,q_ ,M.,q ) =
J,L,S NmNmNLqu Sqms
2 2
P- . 3 22 |
o + 5 + Brot'N +B3i" + V(R,y,mL,qm +¢) (3.5)
2UR L
3
where % denotes the orbital angular momentum of relative F-H, motion,

2

and N and mN the rotational angular momentum of the diatom and it's

. >
projection onto R, respectively. j is the total electronic angular



-19-

momentﬁ@, and S,L,ms,mL are the electron spin and orbital angular momenta
and their projection ontolthe i axis. J, finally, is the total angular
momentum. Since J,L,S ére conserved quantities they appéar in the
Hamiltohian.only‘as parameters and not as‘variables. The quantities

. lz,jz,y, and ¢ are given in terms of the canonical variables of the
Hamiltonian by “

> >.2

22 = |F-R-T-3

J2+N2+L2+S2 2m§—2m —2m —ZmNmL ZmNm -2m m

LS

- ZV(IZ-—(mN+mL+mS)2 Qﬁzjgsﬂ:cosqu »v.

- 2‘[12— (m.[\I'HILL-PmS)Z \/Lz'—mi l cos_qmL
- 2“52—(mN+mL+m;;§1VSZ—m§ cosq |
S

+ 2 my  VLT-mp (qu qu)

+ ZV{IZ—T \/Sz—mz"d cos( - )
™y S qu qms

7 2 VR ' '
+ 2VL™- § -m cos(q_ -q ) (3.6)
mL S qu mS _

L—‘wl'
VN'

[2 L + S + ZmLm + ZVL V ~fig cos(qu—qm') (3.7)

cosy = l—mN/N EosqN R ' (3.8)

while the azimuth angle ¢ is determined by the relation
siny*sin(¢+q ) = sinq _°*sin(q -q )
m, Ny

lTIN
L

N cosqN-cos(qu-qu) . (3.9)
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The Hamiltonian of Eq. (3.5) is in the uncoupled rebresentation,

i.e., it depends on the variables (mL,q ) and‘(ms,qm ). TUsing the
' S

b

. . > >
generating function given before, one can couple L and S, i.e., replace

(mL,qu) and (mS,qu) by the coupled variables (J,qj) and (mj,q&j), where

.2
J

1T + 3|2

mg =W tmg

The Hamiltonian in this coupled representation,

HJ’L’S(P,R,N,qN,mN,qu,J,qj,mj,qmj) T,

is given still by Eq. (3.5), but with 22, m , qu now expressed in the

terms of the couﬁled variables:

2 o> o2 2 2,.2 .2 2 '
= -_ -— = + <+ - —_ -
2 |J -N -7 J° + N5 2m 2n; - Zmm,
\/2 2 \/ 2 2
- - +m -
2vJ (mN j) ‘N my cosqu
vk zJ.2_ 20
2vJ (mN+mj) 37 -m cosqmj
2 27 f !
+ 2\/N —IILN :l:z—m2 " cos (q -q ) (3.10)
. J mN m,
J
m =-—l§ {anz—m? cosq, +'m.(j2+L2 —SZ)} ‘ (3.11)
2 iTd
+ -1 [ V o j sing. .
Q9. =49 tan , I (3.12)
o nﬁ o mjcosqj - Vi -mj (j2+L2—SZ)

where

»
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o = sy 212 ViZ=(1-8)2 X | (3.13)

It was found that calculating the trajectofies in the coupled representation
takes only n 1/6 of the time of doing so in the uncoupled representation.
Aléo, it is the coﬁpied variables (j,mj) which are asymptotically tﬁe "good
quantum numbers" between which one is determining transitions. It was,
_however, é useful check to compute some trajectories invboth representation
and verify that the same results‘were‘indeed obtained.

We alsq note a useful trick to simplify the calculation in the
coupled representation; it avoids the necessity of calculating éiny, ¢,
and q  individually as fqnctions of the canonical variables. The four

matrix elements sz; ﬁ, Hyz,‘and A depend on R and Y in such a way that

H
zz
q -
Hyz = siny : (3'14?)
£ =5 _ (3.14b)
sin vy

depend only on R and cosyY. Using Eq. (3.4) we therefore write the

electronic Hamiltonian as

V(R,Y,mL,qu+¢) =-V(R,COSY,mL,a) = (l;mi)H;z(R,cosv) + miﬁ(R,COSY)

_gavé:-mi 'Hyz(R,cosy) - (Lz—mi)(1—c052Y—2a2)£(R,cosY) (3.15)

where a is given by:
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[y
1

= sinY°sin(¢+qu)

| N
= sinqN sin(qu-qu) +~3$ cosqN-cos(qu—qu) . (3.16)
Eqs. (3.15) and (3.16) then replace Eqs. (3.4), (3.9) and (3.12).

b. Computational Aspects

The calculations were carried out within the framework of the
standard quasiclassical trajectory model. 'The Langer modification

was also consistently made throughout, i.e., wherever J,N,L,S or J

appears in Eqs. (3.5)-(3.16) one makes the replacements

o
¥
o
+

N

N->N+
L->L+

S+8S +

N N Nl Nl

>3+

The cross section for the (jl,Nl) - (jZ’NZ) transition, summed over

me 5 M, and averaged over My ,rmj » 1s given by

2 J2 1 1
o«
i -
o, o s = — Y (23+1) P, . (J3) (3.17)
3poNy < 316N 2 0 13 395Ny < 3y58
Jl’Nl J = 53—2_,.-- .

where the wavenumber .kﬁ N is related to the initial kinetic energy
1771 - : '
E. in the usual way,
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w22 .
3%
E. ———

The classical histogram approximation to the average tramnsition probability

is

- = ron a1y"Lros a1yl
Fypm, < 5N ) T GND @D EEN Z —y
M B M
jy 2m 2T 2m
(2m) dq d qu qu
o J1Jo q‘“jl o NM1Jo ™,
X [JZ(N ’qN ’mN qu ,Jl,qJ sn, qm ) ]
1 9
]_ . .
5 {N,(N,,q, sm_ ,q . 53,4, ,m R ) - N, }] (3.18)
2 7271 N, le_qul 1 iy qm 2

where X(x) is the "histogram function"

]
=

= <

|x| 2

| X (x)

1}
o
[ S
rh
N[H N

The functions jz(Nl,...)vand Nz(Nl;...) in Eq. (3.18) are the final values
of.the variables j and N, respectively, that result from the classical
trajectory with the indicated initial conditions. The factor 1/2 in the
second histogram function results from the fact that, since H2 is

~ homonuclear, one has AN = 2 rather than AN = 1 transitions.
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The integrals in Eq. (3.18) are then evaluated together with the
sum in Eq. (3.17) (which is approximated by an integral) by the usual

Monte Carlo method.

c. Results

The relevant eﬁergy 1evels for the infinitely separated F atom and
Hz'molecule are indicated in Figure 3, where we have chosen the zero of
energy to be the (%,0) state, as is done for the rest of the paper. Since
the transition (%,0) - GQ,Z) is almost resonant we expect a large cross
section for this transition, Wﬁile all other'transffioné'involved should -
have ﬁuch smaller cross sections (at leastAét collision energies below
100 meV). The quantum’ﬁechanical élose—coupling calculations of Rebentrost
and‘Lesters‘shoﬁ this expected behavior.

Calculating the classical cross sections via the histogram proceddre
‘described above [i.e., via Eds. (3.17) and (3.18)], however, gives quite
poor agreement with the (correct) quantum mechanical results of reference
5. The (%,0) > (%;2) transition, which is an enérgetically closed channel
for energies below 43.9 meV, is especially poor since a large cross section
is obtained for all energies between 10 and 80 meV.

The difficulty is easily understood, though, when one looks at the
contour plots of the distribution of the final values of N and j. Figureé
4 and 5 show these plots for E = 10 meV and E = 50 meV. There are no
trajectories that end with final (j,N) values outside the outermost closed
loop. The dashed line indiéates the resonance line, i.e., the line for
which the loss of electronic energy exactly cancels the gain in rotationai

energy. One sees quite clearly that the resonance effect plays an important
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role: most of the final (j,N) values lie neér the resonance line. But
in doing so, some trajectories fall in the CL,Z) "box'"' even though élmOSt
all the rotational énergy gained comes from de—eiiting the electronic
degrées of freedom rather than from'translatioﬁ. This makes the (%,O) -+
(%,2) cross section muéh too large. The failure is therefore an artifact
of the classical histogram approximation and not a failure of the classical
approximation to the Hamiltonian. Exactly the same failure is to be expected
for a nearly resonant rigid—rotor.riéid—rotor classical trajeétory
calculation.

The failure can'be (partly) o&ercome by recognizing that the contour

plots are almost '"separable" in the new quantum numbers X and Y,

~
]

- (4 - +N/2 | (3.19a)

s
]

= (-3 - N/2 . (3.19b)

Applying the usual histogram procedure to X and Y i.e., replacing the

X-functions of Eq. (3.18) by

l, cens qmj_)—Xz] X X[Yz(Nl, cens qm.»)—YZJ s

1 I
is equivalent to using the "new boxes" in (j,N)-space which are shown in
Figure 6.

An other important observation was that microreversibility is poorly

obeyed, i.e., the classical cross sections
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and -

"E, (23 +1)(2N 1)

~ 355Ny

. > (E) = o . . o (E)

poNy « 358 E (23 +1)(2N A I T 3N
J N
1’71
- (3.20)
where . E, denotes the energy with respect to the (j,N)-state and E is

3,N-

the total energy, could differ by an order of magnitude. We therefore

deflned the average cross section O (whlch does obey microreversibility)

by

5 =08 . ,‘ (3.21)

Symmetrizing the cross sections via a geometric average is much to be

preferred to the arithmetic average ,
= 1 | A
o = 5(0 + 8) » s : . (3.22)

which also obeys microreversibility. This is because Eq! (3;21) gives a
much better description of a threshold behavior than Eq. (3.22) does.
Consider,.for example, the troublesome non-resonant transition (%,0) >
(%,2). Below the threshold of 43.9 meV there will be no trajectory starting

from the (%,2) state and hence 8 = 0. Thus the geometric average cross

0, the correct result, but the arithmetic average cross

section gives G
. . = _1
section yields o =50 # 0.

Using the "new boxes" and the geometric average cross section, Eq. (3.21),

results in a quite good agreement with the quantum mechanical results,
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as seen in Figure 7. Shown are the quenching cross sections,

F( P,)Y + H, (N =0) - F( P,,,) + H, ) | R

1/2 3/27.

for N = 0,2, and one sees.how_prominent the resonance effect is at these
low collision energies (i.e., H2 emerges primarily in the N=2 state). The
cross sections for quenching by rotatlonally excited Hz——i .e., the transitions
2) (2,2)(2,0)——have quantum cross sections5 <1 A2 in this energy

region, and the quasiclassical results also yield this, The quasiclassical
model is, of course, not capable of describing these very weak transitions
quantitatively, but it is consistent in giving small values for these cross
sections as, for example, for the non-resonant transition in Figure 7.

The important conclusion of these calculations is chat the classical
model for the electronic degrees of freedom provides a correct description
of their dynamics and their interaction with the.heavy particle degrees of
freedom. Thus even at this completely classical level the resonance effect
which dominates this quenching process atviow COllision energies is cofrectly
described. Furtoermore, the somewhat modified Quasiclassical histogram modei
is capable of a reasonably quantitacive description of all transitions.
There is always the possibility, too, that alternate ways of extracting
quantum results from classical trajectories——e.g., the classical moment

method,ll or most rigorously, classical S-matrix theory7—-may be of use.
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IV. CONCLUDING REMARKS.

In Section II we have presented a new méthod, based on the equivalence
of a fiﬁite level quantum system to a quantum spin system in an extermal
fiéld, for deriving a classical Hémiltonian which corresponds to a given
matrix representation of a finite level quantum systeﬁ. For the 2f and 3-state
cases it gives essentially thé'same classical Hamiltonian obtained eaflierl—3
but is somewhat better founded aﬁd alsovshows how'to proceed in the general
F-level case. (For the Z—ievel system'we;have now obtéined the éame
classical Hémiltonian from four completely different approaches!)

One should note that this formal procedure always models the F-level
systém with one classicél dégree of freedom. In some cases thislmay be
unphysical. Consider, for example, the Rydberg’states‘of an atom or
molecule,vfor which the states are labeled with quantum numbérs n,l.and mg .
Although it may be possible to construct a classical Hamiltonian with one
degree of freedom which will reproduce all these energy.levels, one does
not expect this to be uéeful. The reasén, of course, is that the states
correspoﬁd physically to a classical sysfem with three degrees of freedom,
i.e., one particle (tﬁe electron) in 3-dimensional space. |

The cléssical pseudo-potential analysis of reference 2 is more physically
based thaﬁ the method devised in Section II and, for example, would clearly
lead to the correct model for the Rydberg case mentioned above. The pseudo-
potential approach in general has_;he advantage that if one has identified
underlying physical origin of the states correctly, then it will provide
the correct form of the classical Hamiltonian. It has the disadvantagey

though, that it cannot always uniquely give the dependence of the parameters

in the classical Hamiltonian on the quantum matrix elements.
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In general, therefore, there is stili:somewhat of an art involved in
constructing”a classical model for an arbitrary set of electronic states.
The method of Section II of this paper give a definite, unambiquous result,
but it éould be unphysical, while the pseudopotential analysis2 is physically
based but does not alWays completely define the classical Hamiltonian. When
attacking a new electréhicélly non—-adiabatic process>it is likely that one
may need to use some aspects of both these approaches in order to arrive at
the "best" classical model for the electronic degrees of freedom. For
example, the pseudopotential analySiS'may be uéed to detgrmine the fggg
of classical Hamiltonian, and some aspects of the methodology in Section II.
of,phis paper.may be helpful in uniquely determining the various functions
vwhich appear in the cléssical Hamiltonian determined by the psdudopotential
‘approach.,‘

For the procesé that we have treated so fér, however, e.g., F* + H+,Xe >
F + H+,Xe in refgrenceIZ, and F* + H2 - F + H2 in this paper, the origin of
the electronic states is sufficiently simple that there is no ambiguity
about the‘correét classical model. Indeed, all roads lead to the same result'
in these cases. |

The results reported in Section III for the quencﬁing of F* bvaz are
quite,good;‘perhaps surfrisingly S0 in light of thé fact that the quantum
numbers involved aré so small. It is particularly gratifying to see that
the resonance effect is described cérrectly since it was the failure of the
"surface hopping'" model of Tully and Preston12 to describe it4 which was
largely responsible for the liﬁe of thinking that has lead to the development
of these tbtally classical models for electronically non-adiabatic collision

processes.
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APPENDIX

The evaluation of the symmetrized matrix products in Eq. (2.11) gy
straightforward matrix multiplication becomes extremely cumbersome for
F > 4. This appendix shows a simple way to do this for the general case.
First we explain the notation.to be used. The spin matrixaeléments‘
are labeled by m = —S,.—$+l, ..., s=1, s, but it is often more convenient
to relabel them by k = l,é; ...,.F, where the relations between m and k

and s and F are given by

F =2s + 1 (A.1)

m = k-1~ 8 (A°2a)
or

m=k —fizi ) ~ (A.2b)

Sometimes m will be used with a subscript, m s to denote the dependence on
k, and the following relation is then useful,

My T M + v . (A.3)
(J) , (=:(J $2') and

The properly symmetrized matrix products are denoted by M

§(J’2), where the correspondence to the classical functions is

R (A.4a)
mj(sz-mz)z/zcosﬁq > g(j’g) i | (A.4b)
m (SZ*mZ)W2 sinfq <+ g(j %) (A.4c)
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Upon examining Table I, it is suggestive to write M,C and S as

“ka‘ Stk ka (A.5a)
3 5 (3,9) (3,2

Ck_',k 'Gk'—ﬂ,,k Vk + 61{_' ,k—-R, V. v (A.Sb)
(j’-jz')= — ; (j,Q,) . (j’tqa)

Sk',k * 6k'—l,k Vk. t1 Sk',k_g Vi ' (A.5¢)

Eq. (A.5a) is trivial and Eq. (A.5bc) obviously hold for £=1. It will

become clear éhortly that they hold for all 2:§ F-1. Eq. (A.5) enables

us to work with vectors V(J’g)'

rather than with matrices. From the elementary

* treatment of angular momentum operators one knows,

(0,1) _ _ 1 '
Cort = Spr = Sy i 7 V) ()

+ (Sk_' ,k."l % J(S—mk' ) (S+'m.k'+1)' ’ | (A- 6)

0,1 _g

and a similar equation holds for S . Thus,

vlgo’l) =% Grmy) (s+m +1)

]

—%\/k(F—k)' k=12, ..., F-1 (A.7)

To simplify notation we will consistently drop the upper index if it is

©0.1), 1.e., ¢ = O 5o gD 0,1
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It is now useful to introduce the matrix g,
E=C+1i8§ . (A.8)

. . iq + -
E corresponds to the classical function e 9, E and E', it's hermitian

conjugate, are the usual lowering and raising operators. E is given

in terms of V by

Ek',k =2 6k'—l,k Vk (A.9)
'C and S are given in terms of E and gf by
C = %-(E + E+) ‘ (A.10a)
=L g-gt
§=57 (E-E) . (A.10b)
We now evaluate
;E v - Fer b+ - 19h
1 L Ly _ VYV RY Y
=302 <cTg> E + (-1))]
Ny
| X Ly 1 1\V/2 _ v
= X NS (A.11)
V=02, 4 |

where the brackets <¢e+*> denote again symmetrization via Eq. (2.11). Comparison

with Eq. (2.13) shows that Eq. (A.1l) is exactly the matrix which corresponds

2_2.8/2 (0,0 08 Gne

to (s™-m") cosfq, i.e., C . Since a similar argument applies to S

obtains the following equations

¢
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2(0,2) =_; (52 + §+2) (A.12a)
500 _ _Z;L_ & - ™ . _ (A.12b)
L, ,
E" is now easy to evaluate:
2 F
E, . = 2 S, 4 2v_ 8§ 2V ... 8 _ 2V
k',k 1311:1 kf-1,n n, 0y ]_,n2 n, ny 4 1,k "'k
n2_1=l
g v 2=1
= 2 'Gk'fz,k I Vk+v' . - (A.13)
=0

Using Eqs. (A.12) and (A.13) one is able to show that Egs. (A.5) indeed
hold for all 2. They aléo hold for all j sinée multiplication of a matrix
with a diagonal one does not‘change the location of zeros in that matrix.
From Eqs. (A.5), (A.12), and (A.13) it also follows that

-1

nv s - (A.14)

0,8%) -1
v = 2
V=0 k+v

k
and similar to Eq. (A.9) one has

=26 v (0.8

k'-2,k 'k . (A.15)

k',k

We have thus derived all matrices which correspond to cosfq and sinfgq.

The remaining task is to find the matrices which corresponds to those
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functions multiplied by m?. Consider therefore the following symmetrized
matrix product:

J
L_J J12! j ] j ]
<E"M"> = e . 0 1 -1 '8
== "k',k (@H)! _2; M " EM E...M EM™Y). , . )
JO 0 _ » - - = = k 9k J’JO+Jl"‘+J2
3,70 ' '
J£=0
= _Q}Xi__z 8 V(O’Q) | 25 mjo(m+l)ji(m+2)j2’-
: G+ k'-2,k 'k . oot
, 3p™0
i 3570
: L
X (m+L) S

3,3yt ¥y (A.16)

Since the matrix elements of this symmetrized product are by definition
(3,2) L
2 Sk'—l,k Vk , we obtain .

g0 _ 0,0)  _i1al

vhere B(m,J,Q) is.given by
v J j0 jl jz
B(m,J,%) = '2; ‘m o (mtl) ... (arkR) aJ’j Fi ot (A.18)
Ja= : 0-1 %
.0
i

The problem is now completely solved, but it is useful to find a simpler
expression for B. For £=1 B is given by

£
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J+l
1- (m+l
B(m,J,%=1) = 3, m (mHl) (mt+1)
3= 1_(m+l )
o J+1 . ' :
Epis LR . (A.19)
This can be generalized to all &, yielding
1 X v+5L L j+2
B(m,3,0) =gy & D () (m+\))J B (A.20)
hd \)=O .

“where (i) is the binominal coefficient. Eq. (A.20) can be proved by

induction over & using the recursion formula

J .
B(m,J,%+1) = 3. (m+2+1)7 B(m,J-j,L) A  (A.21)
j=0 ‘

which follows directly from Eq. (A.18). By appling the binominal theorem

to (m+v)j+2AEq. (A.20) can be transformed to
1,0 - 3 o f:mf’” Ly e (A.22)
m,j, - JA g u+2] m fer . (\) . .

For large % Eq. (A.22) is easier to use than Eq. (A.ZO); Since the second
sum in Eq. (A.22) depends neither on m nor j, it should be--for fixed %
and p=0,1, ..., F-f--evaluated once, stored and used to evaluate B(m,j,%)
for all m and j. .In fact, the second sum in Eq. (A.22) can be done analytically,
but this becomes increasingiy'cumbersome for large yu; for the lowest U values

it is
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(2+1)! %, : u=1

VA
Vz; (-1) Qv < (A.23)
(D)1 5 (3041), p=2

2
L (4+3) Z%' (@), u=3

Using Eqs. (A.17), (A.22), and (A.23), one can now evaluate v(3:2) gop

j=1,2,3.
(1,8) _ 0,2)
v = @+ v (A.24a)
2,2) _ 2 2(39+1) .. (0, %)
Ve = (my + m A=Y
= {(mk + —;’1)2 +.liz} VIEO"Q') | (A.24D)
3,0 _ (3,3,2, 2000 2ot 0,0
Ve = (m + 5 fm + =" g OV
- + D>+ L @ + 5 v O (A-24c)

To summarize, in this Appendix we have derived simple expressions for the

@), (G| G0,

matrices‘g To obtain the classical Hamiltonian function

H(m,q) it is necessary to expand the given Hamiltonian matrix H in a sum of



-37-

these matrices, i.e.,

F-¢ -1 , . 0y
3 ¢HMp, ) 4.0 (A.25)
g L 2

@, =
DY
R = | .

o

j=

where dj’ aj X bj g are the F2 real coefficients to be determined. Recognizing
2 b4
that matrices of different type and matrices for different 2 do not mix and

using Egs. (A.5), one finds the following sets of linear equationsvfor

d,,'a, and b,
i’ 3% j,%
F-1 J .
JZ% dj m = Hkk k=1,2, ..., F (A.26a)
J=
F—l"la v _ Re (H, y PE b e, B (A.26b)
P PE Skl k=1,2, ..., F-%
F-2-1 | 2 =1,2, ..., F-1
(j,ﬁ) _ . 94y ’
P bj,% Vie = Im(Hk,k+2) ‘ (A.26c)

k=1,2, ..., F-2

After solving these linear equations, the classical Hamiltonian is then

given by
F-1 . F-1 F-2-1 |
H(m,q) = Z d,m + Z 2 m (sz—m2 2,/2(a. 9 cosfq + b, sinflq) .
i=0 3 421 j=0o 3 3%

(A.27)
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It is even possible to express H(m,q) explicitly in terms of the matrix

elements H by the following procedure. One first defines

k,k'
(3,0) _ _3° | |
v, =m (4.28)

and this enables one to include the q independent terms in '~ the sum over

the cos 2d terms. For fixed % one then considers Vé;’z) as a (F-R) x (F-2)

matrix. The inverse of this matrix is given by E(l), i,e., W§Zi is defined
by
P-4 . , |
3 wf%)k véJ’z) =8, . . (A.29a)
= 3 ils3
or

F-2-1
(3,2 (&) _
éé%. vy W = Sk (A.29Db)

2

With the aid of the matrices W , the coefficients_dj, aj 2 and bj 2 are
, = ’ ’

easy to evaluate:

F
0
d. = ¥ i n - (A.30
J k=1 jsk k,k ( a)
;- gf? W) e ) (A.30b)
4,07 & Mk el .
F-4
b, , = )
5.0 2 W Tm(H pp) (A.30¢)

k=1 7’
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Substituting Eqs. (A.30) into Eq. (A.27) finally yields

F-1 F-2-1 F-%

_2,.%/2

- S 3.2 . )
H(m,q) = 2§0 Z:% m (é m | cosiq 1(2::1' Wj Tk Re(Hk,k+2)
| F-1 F-2-1 F-2
j,2 2002 . . (2
+ gz:: | jgo m” (s”-m“) s:_nR,q k2=.-:1 wj,k Im(H’k,kH,) . (A.31)

For all practical applications one then makes a Langer type modification,

i.e., replaces 82 by (s +%)2 in Eqs. (A.27) and (A.31). Table II lists
(2)

the matrices W for the cases F = 2,3,4.
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Correspondence between Classical Functions and Symmetrized Angular

Momentum Operator Products (and their Matrix Representations).

Matrix Representations
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Table I. continued

Cléssicai Function
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Table II. The Matrices E(g) Appearing in‘Eq. (A.31).
F=3 F=4
- 3 108 108 -3
1 1 1 0 2 0 1 2 =216 216 - 2
2=0 0 5 -1 0 1 %8 12 ~ 48 =~ 48 12
-2 1 -2 1 T \- 8 96 96 8
— - wf-1 135 -1
2=1 ‘/%—_% ; % 12 0_ 12
12 -12/3 12
_ NN 1
2=2 1 6 \-2 5
_ 1
2=3 3
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Figure Captions

¢

The functions fF(n) (solid lines) of Eq. (2.21), for F = 2,3,4,
compared to the exact function (dashed line) of Eq. (2.22),.

The functions gF(n) (solid lines) of Eq. (2.21), for F = 3,4
(gz(n) = 0)? éompared to the exact function (dashed line) of

Eq. (2.22),. |

Lowest energy levels for infinitely separated collidants.F(sz)
and HZ(N)’ where j is the total electronic ahgular momentum ‘quantum
number of F and N the rotational quantum number of H,. |
Contour plot of the distiﬁction of final (j,N)-values resulting
from- the claséical trajectory calculation with (jl,Nl) = (%,0)
and energy E = 10 meV. The dashed line is the "resonance line"

eF(j) + eHZ

increments off resonance. The points are the locations of the

(N) = 0, and the dotted lines correspond to 10 meV

discrete quantum:values of j and N. No c¢lassical trajectories
give (j,N)-values outside the'iargest conﬁour (solid 1ine).
Same: as Figure 4 except for energy E = 50 meV.

Solid lines show the quantum number "boxes" for the conventional
histogram method, and the dashed lines show the "modified boxes"
described in thé text.

%
Cross sections for quenching of F (2P ) by non-rotating

1/2

(i.e., N, = 0) H,, as a function of initial translational energy

1
E. The solid curves are the quantum mechanical results of
reference 5, and the points are the results of the quasiclassical

trajectory calculation (with Monte Carlo error estimates indicated).

Note the break in the scale.
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Figure 1
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Figure 2
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Energy State
(meV) (j,N)
43,9 ——(1/2,2)

0 —-(/2,0)
-6.27(3/2,2)

-50.| =—(3/2,0)
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. Figure 3
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Figure 5
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