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K n u t  P o l k e h n (knut.polkehn@rz.hu-beriin.de ) 

Institut e o f  Psychology ,  Humbold t  Universitat ,  1009 9 Berlin ,  German y 

Abstrac t 

In analogical problem solving, non-isomorphic source/target 
relation s ar e typicall y onl y investigate d i n contras t  t o th e idea l 
cas e o f  isomorphism .  W e propos e t o giv e a  close r  loo k t o 
differen t  type s o f  non-isomorphi c source/targe t  relation s an d 
varyin g degree s o f  stmctura l  overiap .  W e introduc e a  measur e 
of  grap h distanc e whic h capture s th e "size "  o f  partia l  isomor -
phis m betwee n tw o structure s an d w e presen t  tw o experiment s 
investigatin g th e influenc e o f  differen t  non-isomorphi c rela -
tion s o n analogica l  transfe r  I n th e first  experimen t  w e contras t 
transfe r  performanc e fo r  isomorphi c vs .  sourc e inclusiv e prob -
lem s wit h hig h vs .  lo w superficia l  similarity .  I n th e secon d ex -
perimen t  w e explor e differen t  type s o f  partia l  isomorphisms : 
sourc e inclusiveness ,  targe t  exhaustiveness ,  an d differen t  de -
gree s o f  source/targe t  overlap .  Th e result s indicat e tha t  (1 ) 
transfe r  o f  isomorph s i s no t  significantl y influence d b y superfi -
cia l  similarit y bu t  transfe r  o f  partia l  isomorph s is ,  an d (2 )  par -
tia l  isomorph s ca n b e transferre d successfull y i f  th e amoun t  o f 
structura l  overla p i s  a t  leas t  a s hig h a s structurall y differences . 
The experiment s wer e inspire d b y som e ope n desig n question s 
fo r  th e analog y modul e o f  IPA L ( a computationa l  mode l  inte -
gratin g proble m solvin g an d learning) . 

I n t r o d u c t i o n 

Analogica l  proble m solvin g i s  c o m m o n l y describe d b y th e 
componen t  processe s retrieval ,  mappin g an d transfer .  Th e 
wor k presente d i n thi s pape r  focusse s o n analogica l  trans -
fer .  Transfe r  ca n b e fault y o r  incomplete ,  eve n i f  retrieva l  an d 
mappin g wer e successfu l  (Novic k &  Holyoak ,  1991) .  W e ar e 
especiall y intereste d i n transfe r  o f  non-isomorphi c source s 
-  th e standar d cas e i n everyda y proble m solving .  Severa l 
studie s (cf .  Reed ,  Ackinclose ,  &  Voss ,  1990 ;  Novic k & 
Hmelo ,  1994 ;  Spellma n &  Holyoak ,  1996 ;  Gholson ,  Smither , 
Buhrman ,  Duncan ,  &  Pierce ,  1996 )  sho w tha t  subject s ca n 
transfe r  non-isomorphi c source s successfull y -  a t  leas t  w h e n 
retrieva l  an d mappin g informatio n i s give n explicitly .  I n ou r 
experiments ,  w e wan t  t o loo k close r  a t  th e influenc e o f  differ -
ent  type s an d degree s o f  structura l  source/targe t  similaritie s 
on transfe r  success . 

Thi s questio n i s interestin g fo r  severa l  reasons :  (1 )  I n a n 
educationa l  contex t  (cf .  tutorin g systems )  th e provide d ex -
ample s hav e t o b e carefull y balance d t o allo w fo r  general -
izatio n (learning) .  Presentin g onl y isomorph s restrict s learn -
in g t o smal l  proble m classes ,  whil e to o larg e a  degre e o f 
structura l  dissimilarit y ca n resul t  i n failur e o f  transfe r  an d 
thereb y obstruct s learnin g (PiroU i  &  Anderson ,  1985) .  (2 )  A 
plausibl e cognitiv e mode l  o f  analogica l  proble m solvin g (cf . 
Falkenhainer ,  Forbus ,  &  Centner ,  1989 ;  Holyoa k &  Thagard , 
1989 ;  H u m m el  &  Holyoak ,  1997 )  shoul d generat e correc t 

transfe r  onl y fo r  suc h source/targe t  relation s wher e h u m a n 
subject s perfor m successfully .  (3 )  Compute r  system s whic h 
emplo y analogica l  o r  case-base d reasonin g technique s (Car -
bonell ,  1986 ;  Schmi d &  Wysotzki ,  1998 )  shoul d refrai n fro m 
analogica l  transfe r  whe n ther e i s a  hig h probabilit y o f  con -
structin g fault y solutions .  Thus ,  i t  ca n b e avoide d tha t  syste m 
user s hav e t o chec k -  an d possibl y debu g -  generate d solu -
tions .  Informatio n abou t  condition s fo r  successfu l  transfe r  i n 
h u m an analogica l  proble m solvin g ca n provid e guideline s fo r 
implementin g criteri a fo r  w h e n analogica l  reasonin g shoul d 
be rejecte d i n favo r  o f  othe r  proble m solvin g strategies . 

Our  experiment s wer e mainl y motivate d b y thi s las t  reaso n 
(Schmid ,  Mercy ,  &  Wysotzki ,  1998) .  W e ar e wel l  awar e tha t 
analogica l  proble m solvin g i s strongl y influence d b y seman -
ti c an d pragmati c aspect s o f  th e involve d problem s ( H u m m e l 
& Holyoak ,  1997) .  Bu t  w e believ e tha t  ther e ar e stil l  ope n 
question s wit h respec t  t o th e structura l  basi s (Falkenhaine r 
et  al. ,  1989 )  o f  analogica l  transfe r  whic h ar e worthwhil e t o 
investigat e (se e als o result s o n dominanc e o f  systematicit y 
ove r  pragmati c relevanc e i n M a r k m a n &  Sanchez ,  1998) . 

I n th e following ,  w e introduc e ou r  proble m domai n an d de -
scrib e h o w w e constructe d problem s wit h differen t  types  an d 
varyin g degree s o f  structura l  similarity .  Afterwards ,  w e first 
presen t  a n experimen t  contrastin g th e effec t  o f  superficia l  an d 
structura l  similarit y o n transfe r  success ;  secon d w e presen t 
an experimen t  contrastin g targe t  exhaustiveness ,  sourc e in -
clusiveness ,  an d differen t  degree s o f  structura l  overla p be -
twee n problems .  Finally ,  w e wil l  describ e h o w th e experi -
menta l  findings  ca n b e use d t o improv e th e performanc e o f 
th e analog y modul e o f  ou r  proble m solvin g an d learnin g sys -
te m IPAL . 

Non-Isomorphic Variants in a Water 

Redistributio n D o m a i n 

Wate r  redistributio n problem s 

Our  materia l  i s base d o n a  modificatio n o f  th e wate r  ju g do -
mai n (Luchin s &  Luchins ,  1950) .  I n contras t  t o th e classica l 
problem s w e investigat e redistributio n problem s (Atwoo d & 
Poison ,  1976) ,  fo r  example :  Give n thre e jug s wit h capacitie s 
^  =  36 ,  5  =  4 5 an d C  =  5 4 liter s an d initia l  quantitie s 
A =  16 ,  B  =  2 7 an d C  -  3 4 liters ,  find  a  (minimal )  se -
quenc e o f  operation s pou r  fro m ju g x  t o y  s o tha t  th e jug s 
contai n A  =  25 ,  B  =  0  an d C  =  5 2 liters .  A n exampl e 
proble m i s give n i n figure  1 . 

The ;jour-operato r  i s define d i n th e followin g way : 

IF not(empty(x)) and not(filled(y)) THEN pour(x,y) resulting 
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Solution; C -> B, B -> A, A •> C. B •> A 

Figure 1: A water redistribution problem 

in ; 
I F current(x )  <  maxiy )  -  currentiy ) 
T H EN current{y )  : = currentiy )  +  current{x) ,  current(x )  : = 0 
E L SE currenKx )  . = current{x )  -  {max(y )  -  currency)) ,  cur -
rency )  : = max(y) . 

Water can be poured only from a non-empty jug and only into 
a ju g whic h i s no t  completel y filled .  Pourin g result s i n filling 
y u p t o it s capacit y (possibl y leavin g a  res t  o f  th e wate r  i n x ) 
or  i n emptyin g x  (possibl y leavin g a  free  capacit y i n y) . 

Problem Analysis 

We ar e especiall y intereste d i n th e influenc e o f  structura l 
similarit y betwee n sourc e an d targe t  o n transfe r  success .  Fo r 
thi s reason ,  w e us e onl y problem s from  th e sam e domai n -
wate r  redistributio n problem s -  an d wit h identica l  goal s -
find  a  sequenc e o f  pou r  operation s s o tha t  eac h ju g contain s 
th e desire d amoun t  o f  water .  Tha t  is ,  w e kee p semanti c an d 
pragmati c aspect s (Holyoa k &  Thagard ,  1989 )  constant . 

To investigat e analogica l  transfer ,  w e wan t  t o mak e sur e 
tha t  subject s reall y refe r  t o th e sourc e fo r  solvin g th e tar -
get  problem .  Therefore ,  th e problem s shoul d b e comple x 
enoug h tha t  th e correc t  solutio n canno t  b e foun d b y tria l  an d 
error ,  an d difficul t  enoug h tha t  th e abstrac t  solutio n princi -
pl e i s no t  immediatel y inferable .  W e constructe d redistribu -
tio n problem s fo r  whic h exist s onl y a  singl e (fo r  tw o prob -
lem s two )  shortes t  operatio n sequenc e -  i n proble m space s 
wit h ove r  100 0 state s an d mor e tha n 5 0 cycle-fre e solutio n 
pathes '  Th e strateg y fo r  solvin g redistributio n problem s i s 
t o expres s goa l  quantitie s i n term s o f  relation s betwee n ini -
tia l  an d m a x i m u m quantities .  Fo r  example ,  th e goa l  quantit y 
(2 5 liters )  o f  th e smal l  ju g (A )  i n figure  1  ca n b e obtaine d 
i n th e m e d i u m ju g b y filling  i t  u p t o it s capacit y (45 )  an d 
pourin g i n th e smal l  ju g (2 5 =  4 5 -  (3 6 -  16 )  =  4 5 -  3 6 + 
16) .  Abstractin g fro m th e give n values ,  th e relatio n betwee n 
th e goa l  quantit y o f  ju g A  an d give n initia l  quantitie s (start ) 
and edacitie s (max )  i s goal(small-jug )  =  max(medium-jug ) 

max(small-jug )  +  start(small-jug )  (se e ju g j 3 i n fig.  2a) . 
Eve n fo r  three-ju g problems ,  calculatin g th e desire d redistri -
butio n i s quit e complex^ . 

Redistributio n problem s ca n b e describe d b y th e followin g 
attributes ,  operation s an d relations : 

'Th e algorith m fo r  generatin g th e se t  o f  al l  solution s ca n b e ob -
taine d fro m th e authors . 

^Th e rule s fo r  calculatin g redistributio n sequence s ca n b e ob -
taine d fro m th e authors . 

•  superficia l  features :  name s (A ,  B ,  C  •  •. )  an d position s 
(left ,  right,  middl e ... )  o f  jugs , 

•  relevan t  features :  ju g capacitie s (mai(j)) ,  initia l  quanti -
tie s (start[3)) ,  an d goa l  quantitie s (goalij)) , 

•  relevan t  operation s an d relations :  ordina l  differenc e be -
twee n ju g capacitie s (j j  <  jj) ,  relativ e difference s be -
t w e e n quantitie s (e.g .  goa l ( j i )  =  (start(ji )  - h s t a n d i ) )  • 
( m a x i j i )  •  m a x ( J 3 ) )  fo r  th e larges t  j ug ,  j i  i n fig.  2 a ) . 

The structure of the problem given in figure I is presented 
i n figure  2a .  N o t e ,  tha t  w e represen t  on l y th e aspect s o f  th e 
p r o b l e m structur e w h i c h ar e relevan t  fo r  calculatin g th e solu -
tion ,  e.g .  w e d o no t  represen t  th e relatio n b e t w e e n start(ji ) 
and start{jz )  o r  max(J2 )  an d goal(ii) . 

We d o neithe r  clai m tha t  huma n proble m solver s withou t 
experienc e wit h thi s proble m domai n represen t  th e relevan t 
proble m structur e completel y an d correctly ,  no r  d o w e mak e 
assumption s whethe r  analogica l  proble m solvin g i s  bette r 
modelle d o n a  symboli c (Falkenhaine r  e t  al. ,  1989 )  o r  a  sub -
symboli c ( H u m m e l  &  Holyoak ,  1997 )  level .  W e constructe d 
thi s "normativel y complete "  symboli c grap h representatio n 
t o explor e th e impac t  o f  differen t  analyticall y give n structura l 
source/targe t  relation s o n empirica l  observabl e transfe r  suc -
cess . 

Non-Isomorphic Source/Target Relations 

I n th e followin g experiments ,  w e ar e intereste d i n a  spe -
cia l  kin d o f  non-isomorphis m -  partia l  isomorphism .  Tha t 
is ,  w e d o no t  conside r  many-to-on e (Spellma n &  Holyoak , 
1996 ;  i.e .  epimorphisms ,  se e Schmi d e t  al. ,  1998 )  o r  one -
to-man y (Spellma n &  Holyoak ,  1996 ;  i.e .  n o morphism , 
see Schmi d e t  al. ,  1998 )  mappings .  Instea d w e investigat e 
source/targe t  relation s whic h shar e a  c o m m o n substructure . 
Ther e ar e differen t  kind s o f  partia l  isomorphi c source/targe t 
relations : 

• target exhaustiveness: the target problem is completely 
containe d i n th e sourc e (Centner ,  1980) , 

• source inclusiveness: the source problem is completely 
containe d i n th e targe t  (cf .  Ree d e t  al. ,  1990) , 

• source/target overlap: source and target share a common 
part ,  bu t  bot h problem s hav e additiona l  aspect s (c f  Car -
bonell ,  1986) . 

Rsdktit>u1 * 

r 

•un(|i )  auvĵ )  muifi )  muifi )  iniitp )  •KitQi )  •urt02 )  max(|2 )  maxUS)  cun|P ) 

takiUo n Mqutnc *  |l->B.U->i3.|3-.|i.|j.» p |i  •.n,|J->u.)3->|i.|»->ia.|4-. B 

F igur e 2 :  Structur e o f  th e sourc e p r o b l e m (a )  a n d a  partia l 

isomorp h (b ) 
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For  al l  thre e type s o f  partia l  i somorphs ,  ih e degre e o f  struc -
tura l  overla p ca n vary .  Fo r  examp le ,  th e c o m m o n substruc -
tur e ca n consis t  o f  onl y five  node s an d thei r  interrelations , 
whil e the  targe t  p r o b l e m consist s o f  twent y node s vs .  s u 
nodes . 

T h e degre e o f  structura l  overla p i s capture d i n measure s o l 
grap h similarity ,  a s fo r  examp le : 

d{G,  H )  =  l -
Vgh +  Ng h 

max{VG,  Vh )  +  max(NG ,  Nh )  ' 
(1 ) 

The distanc e betwee n tw o graph s G  an d H  i s define d a s th e 
number  o f  c o m m o n arc s (Vg// )  an d node s ( N g h )  i n rela -
tio n t o th e numbe r  o f  node s an d arc s o f  th e large r  graph . 
Thi s simpl e measur e capture s al l  informatio n relevan t  fo r 
characterizin g relation s betwee n redistributio n problems .  T o 
captur e mapping s betwee n differen t  concept s (a s heat/water ; 
Falkenhaine r  e t  al. ,  1989 )  o r  relation s (a s + / — ;  Anderso n & 
Thompson ,  1989) ,  th e definitio n ca n b e relaxe d t o bijectiv e 
mapping s betwee n (similar )  nod e and/o r  ar c label s (Schadle r 
&Wysotzki ,  1998) . 

I n th e followin g experiments ,  w e investigat e a  smal l  sub -
set  o f  th e possibl e variation s o f  type s an d degree s o f  partia l 
source/targe t  isomorphisms . 

Experiments 

Exper imen t  1 

I n a  first  experiment ,  w e explore d th e suitabilit y  o f  ou r  do -
mai n fo r  studyin g transfe r  o f  non-isomorphi c sources .  Tha t 
is ,  w e investigate d (1 )  whethe r  subject s ca n solv e wate r  redis -
tributio n problem s b y analogica l  transfe r  (problem s ar e nei -
the r  to o difficult ,  resultin g i n a  failur e eve n t o solv e isomor -
phica l  problems ,  no r  to o eas y resultin g i n ignorin g th e sourc e 
proble m fo r  generatin g a  correc t  solution) ,  an d (2 )  whethe r  a t 
leas t  partia l  isomorph s wit h a  moderat e degre e o f  structura l 
dissimilarit y ca n b e transferre d successfully ,  an d (3 )  whethe r 
superficia l  similarit y ha s a n influenc e o n transfe r  success . 

The proble m give n i n figure  1  wa s use d a s sourc e problem . 
We investigate d tw o structura l  variations :  on e targe t  proble m 
whic h i s isomorphi c t o th e sourc e (deviatin g onl y i n th e ab -
solut e number s fo r  initial ,  m a x i m u m an d goa l  quantities )  an d 
one whic h i s a  sourc e inclusiv e partiall y  isomorp h wit h a  hig h 
degre e o f  structura l  overla p (on e additiona l  ju g an d on e addi -
tiona l  solutio n step ,  se e fig.  2 b an d tabl e 2) .  Additionally ,  w e 
varie d superficia l  similarit y betwee n sourc e an d targe t  b y re -
namin g jug s an d switchin g thei r  positions .  Al l  variation s (se e 
tabl e 1 )  wer e realize d betwee n subjects . 

Subjects Subjects were 60 pupils of a Berlin gymnasium, 
aged betwee n fourtee n an d ninetee n (averag e 17.4) ,  3 1 mal e 
and 2 9 female . 

Procedure The experiment was fully computer based. The 
overal l  tim e o f  a n experimenta l  sessio n wa s abou t  4 5 min -
utes . 

Afte r  genera l  instruction ,  subject s learne d h o w t o us e th e 
progra m an d wer e introduce d t o th e proble m domai n b y solv -
in g a n initia l  proble m wit h tutoria l  guidance .  Jug s wer e rep -
resente d graphicall y (se e fig.  1) ;  redistribution s pour(a;,t/ ) 
wer e performe d b y clickin g first  o n x  an d the n o n y ;  impossi -
bl e move s (fro m empt y o r  int o ful l  jugs )  wer e rejected ;  al l  op -
eration s coul d b e redon e an d th e subject s coul d cance l  thei r 

curren t  solutio n an d star t  again .  Th e tutor-modul e intervene d 
i f  th e solutio n pat h wa s longe r  tha n four ,  i f  th e proble m wa s 
tw o time s restarte d withou t  solvin g i t  correctly ,  o r  afte r  tw o 
minutes .  Th e progra m onl y proceede d i f  th e proble m wa s 
correctl y solve d twic e withou t  tutoria l  help . 

Next ,  subject s wer e informe d abou t  th e genera l  principl e 
fo r  finding  a  shortes t  solutio n pat h (i.e .  b y thinkin g abou t  th e 
goal  quantitie s i n term s o f  relation s t o initia l  an d m a x i m u m 
quantities) .  Note ,  tha t  th e problem s wer e to o difficul t  t o sim -
pl y appl y th e genera l  concep t  give n i n thi s instruction .  After -
wards ,  subject s receive d th e sourc e proble m -  whic h wa s iso -
morphi c t o th e initia l  proble m -  an d wer e give n th e hin t  tha t 
th e initia l  proble m wa s simila r  t o th e curren t  proble m an d 
tha t  referrin g t o it s solutio n migh t  hel p solvin g th e ne w prob -
lem .  Similarit y wa s pointe d ou t  b y explicitl y  presentin g th e 
mappin g relation s betwee n th e jug s o f  th e problem s (Novic k 
& Holyoak ,  1991 ;  Novic k &  Hmelo ,  1994) .  Th e initia l  solu -
tio n coul d b e retrieve d b y mous e click .  T o procee d wit h th e 
curren t  proble m thi s w indo w ha d t o b e closed .  Tutoria l  sup -
por t  wa s identica l  t o tha t  fo r  th e initia l  problem .  Th e progra m 
proceede d afte r  th e sourc e proble m wa s correctl y solved . 

We introduce d a n initia l  proble m befor e th e sourc e prob -
le m fo r  thre e reasons :  Solvin g th e sourc e proble m shoul d no t 
be disturbe d b y difficultie s i n interactin g wit h th e program ; 
th e handlin g o f  th e recal l  o f  a  prio r  solutio n coul d b e intro -
duced ;  an d th e subject s wer e "primed "  t o us e analogica l  rea -
sonin g a s solutio n strateg y (i n contras t  t o solvin g th e proble m 
by tria l  an d erro r  o r  guide d searc h i n th e proble m space) . 

Afte r  solvin g th e sourc e problem ,  eac h subjec t  receive d 
on e o f  a  se t  o f  five  version s o f  th e targe t  proble m (se e ta -
bl e 1) .  Al l  problem s ha d differen t  absolut e number s fo r  ju g 
capacities ,  star t  an d goa l  quantitie s tha n th e sourc e problem . 
Again ,  th e similarit y t o th e las t  proble m (source )  wa s pointe d 
out  b y explicitl y  presentin g th e mappin g relations .  Th e targe t 
proble m ha d t o b e solve d withou t  tutoria l  help ,  onl y b y refer -
rin g t o th e solutio n o f  th e sourc e (b y th e sam e procedur e a s 
give n above) .  T im e wa s restricte d t o te n minutes . 

Finally ,  subject s wer e aske d t o giv e th e mappin g betwee n 
th e sourc e an d targe t  jugs . 

Result s an d Discussio n T o m a k e sur e tha t  w e investigat e 
analogica l  transfer ,  w e restricte d th e criteriu m "succesfull y 
solved "  t o subjects ,  w h o produce d th e correc t  shortes t  tar -
get  solutio n i n a  singl e tria l  an d gav e th e correc t  mappin g 
betwee n sourc e an d targe t  whe n questione d afterwards .  Th e 
mai n result s ar e give n i n tabl e 1 . 

Tabl e 1 :  Targe t  problem s an d result s fo r  experimen t  1 

1 
2 

3 

4 

5 

large t  Problem s 
structur e 
isomorphis m 

isomorphis m 

isomorphis m 

partia l  isom . 
(additiona l  jug ) 
partia l  isom . 

surfac e 
same name s 

one renamin g 
( A ^  B ) 
tw o ren. s ( A - ^  B , 
B -> ^  C ,  C  - V A ) 
no renamin g 
one renamin g 
(A++B ) 

succes s 
8 
10 

8 

8 

3 

Result s 
no succes s 

4 
2 

4 

4 

9 

x' 

1 vs 2 
0.6 7 

1+2 v s 3 
0.2 2 

1+2+3 v s 4 
on 

1+2+3+ 4 vs 5 
8.09 * 

Kimball' s fc  x  2  test ,  d f  =  1 .  a  >  0  4  fo r  constrast s 1  v s 2 .  1+ 2 v s 3 ,  1+2+ 3 v s 4 , 
a =  0.00 5 forconstras t  1+2+3+ 4 v s 5  (Bonferoniadjuste d a  =  0.025 ) 
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Ther e i s a  significan t  relatio n betwee n sourte/iarge t  sim -
ilarit y an d solutio n succes s ( 5 x 2 contingenc e tabl e wit h 
\ -  =  9.58 ,  (i f  =  4 ,  a  <  0.05) .  T h e crucia l  (onl y signif -
icant ,  se e \ "  i n tabl e 1 )  differenc e i s  betwee n condition s 4 
an d 5 .  Tha t  is ,  partia l  isomorphis m i s a  sufficien t  conditio n 
fo r  successfu l  analogica l  transfe r  j/th e surfac e similarit y o f 
problem s i s high .  I f  partia l  isomorph s diffe r  i n surfac e fea -
ture s (namin g an d positionin g o f  jugs) ,  i t  seem s to o difficul t 
t o transfe r  th e sourc e solution ,  eve n i f  th e mapp in g i s give n 
explicitly .  T h e result s ar e i n correspondenc e wit h th e find-
ing s o f  (Ree d e t  al. ,  1990 )  i n th e doma i n o f  algebr a wor d 
problems :  I n thei r  secon d experimen t  the y coul d s h o w tha t 
transfe r  succes s w a s lo w fo r  sourc e inclusiv e problem s shar -
in g a  c o m m o n d o m a i n wit h a  targe t  (cf .  trave l  rate )  an d hig h 
fo r  isomorphi c problem s eve n i f  the y diffe r  i n thei r  doma i n 
(cf .  trave l  rat e vs .  interes t  rate) . 

Exper imen t  1  sugges t  th e followin g consequence s fo r  ou r 
furthe r  investigatio n o f  partia l  source/targe t  isomorphs :  (1 ) 
t o investigat e th e influenc e o f  structura l  similarity ,  superfi -
cia l  similarit y betwee n sourc e an d targe t  shoul d b e a s hig h 
as possible ,  an d (2 )  t o demonstrat e tha t  ther e exist s a  de -
gre e o f  structura l  dissimilarit y wher e a  sourc e i s n o longe r 
relevan t  fo r  generatin g a  targe t  solutio n w e hav e t o construc t 
source/targe t  relation s wit h les s structura l  overla p tha n prob -
le m 4 . 

Experiment 2 

I n th e secon d experiment ,  w e use d agai n th e proble m give n i n 
figure  1  a s th e source ,  tha t  is ,  a  thre e ju g proble m whic h ca n 
be solve d b y a  minima l  sequenc e o f  fou r  pou r  operations . 
We investigate d th e followin g source/targe t  relations : 

• Target exhaustiveness: a target problem in which the last 
operatio n o f  th e sourc e solutio n i s no t  neede d (i.e .  a  thre e 
jug ,  thre e operation s problem ;  proble m 1  i n tabl e 2) , 

• Source inclusiveness (2): a target problem, in which an ad-
ditiona l  operatio n i s neede d (i.e .  a  thre e ju g proble m solv -
abl e wit h five  operations ;  proble m 2  i n tabl e 2) , 

• Three degrees of source/target overlap: target problems 
consistin g o f  fou r  jug s an d ar e solvabl e wit h five  opera -
tion s 

- the partial isomorphic target problem used in experi-
ment  1  (calle d proble m 4  i n exp .  1 ,  se e fig.  2b ;  proble m 
Dl  inuble2) , 

-  targe t  problem s wit h progressivel y decreasin g structura l 
overla p t o th e sourc e (problem s D 2 an d D 3 i n tabl e 2) . 

To control the degree of structural overlap, we represented 
al l  proble m structure s a s graph s -  usin g a n extende d versio n 
of  th e representatio n give n i n figure  2  (additionally ,  th e solu -
tio n sequence s ar e explicitl y  coded^) .  W e calculate d th e dis -
tance s betwee n sourc e an d targe t  problem s usin g formul a (1) . 
Problem s 1  an d 2  diffe r  fro m th e sourc e onl y i n th e numbe r 
of  necessar y operations .  Thi s hig h degre e o f  structura l  over -
la p i s reflecte d i n th e lo w source/targe t  distance s o f  0.1 6 an d 
0.1 7 (se e tabl e 3) . 

jug -

Tabl e 2 : 
smal l 

Targe t  problem s fo r  experimen t  2 
medium-smal l  medium-larg e 

Proble m 1  (targe t  exhaustive ) 
larg e 

max 
star t 
goul 
solution : 

max 
star t 
goal 
solution : 

max 
star t 
goal 
solution : 

max 
star t 
goal 
solution : 
or 

max 
star t 
goal 
solution : 
or 

33 3 2 
48 6 0 
21 3 6 
0 3 3 

Jl  - ^  h,J 2 - *  33,3 3 - ^  j l 

Proble m 2  (sourc e inclusive ) 
33 3 2 
48 6 0 
21 3 6 
33 6 0 

3\  - > 32,3 2 - ^  J3,J 3 - ^  31,3 2 -> •  33,3 1 ^J 2 
Proble m D l  (hig h overlap) ,  se e proble m 4  i n exp .  1 

3*  3 3 3 2 
16 2 0 2 5 
3 8  1 5 
0 1 3 3 
31 - ^  32,3 2 - > 33,3 3 - > 3i,3 2 - ^  33,3 i 

Proble m D 2 (mediu m overlap ) 
3*  3 3 3 2 
16 2 0 2 5 
6 9  1 5 
14 1 4 0 
Jl  - + 32,3 2 - ^  33,3 1 - ^  3*,3 3 - > 31,3 2 
3i  -* •  32,3 1 - ^  3*,3 2 - ^  33,3 3 - ^  ji,J 2 

Proble m D 3 (les s overlap ) 
3*  3 3 3 2 
17 2 0 2 5 
7 9  1 5 
16 5  0 
J3 - > 3*,3 i  - ^  32,3 2 - > 33,3 3 -» •  31,3 2 
Jl  - ^  J2,J 3 - > J4 ,  J 2 - + J3 ,  J 3 - > Jl,j 2 

^J 2 

-+J 3 
-^J 3 

^  J 3 
- ^  J 3 

Jl 
72 
45 
69 

Ji 
72 
45 
9 

Jl 
31 
18 
28 

Jl 
31 
18 
20 

Jl 
31 
18 
28 

'Th e complet e representation s fo r  al l  problem s ca n b e obtaine d 
fro m th e authors . 

Problem s D l ,  D 2 an d D 3 wer e constructe d b y chang -
in g and/o r  introducin g relation s betwee n goal ,  m a x an d ini -
tia l  quantity .  O n th e operationa l  leve l  th e modification s re -
sul t  i n a n additiona l  operato r  afte r  th e solutio n sequenc e o f 
th e sourc e proble m (proble m D l ) ,  i n th e middl e (proble m 
D 2 )  an d a t  th e beginnin g (proble m D 3 ) .  T h e value s fo r  th e 
source/targe t  distance s decreas e fro m 0.3 7 ove r  0.5 5 t o 0.5 9 
(se e tabl e 3) .  Note ,  tha t  th e absolut e value s fo r  grap h dis -
tance s ar e t o s o m e exten t  dependen t  o n th e w a y i n whic h th e 
grap h representatio n i s  realized .  I f  al l  problem s ar e trans -
forme d i n th e s a m e w a y int o graphs ,  th e relativ e source/targe t 
distance s reflec t  th e varyin g degree s o f  structura l  overla p i n 
an unifor m way . 

T h e experimenta l  compariso n o f  th e realize d degree s o f 
structura l  overla p w a s no t  guide d b y a  specifi c  hypothesis . 
O ur  genera l  assumptio n w a s ,  tha t  ther e exist s a  degre e o f 
structura l  overla p betwee n sourc e an d targe t  (smalle r  tha n fo r 
th e source/D l  relation )  wh ic h i s  insufficien t  fo r  analogica l 
transfer . 

Subjects Subjects were 70 pupils of a Beriin gymnasium, 
age d betwee n 1 6 an d 1 7 (averag e 16.3) ,  1 8 male ,  5 2 female . 

Procedure The procedure was identical to experiment 1. 
Subject s wer e presente d wit h on e o f  th e five  targe t  problems . 

Results and Discussion To make sure that we really in-
vestigat e th e impac t  o f  source/targe t  relation s o n analogica l 
transfer ,  w e exclude d al l  subject s f ro m th e analysi s w h o di d 
no t  giv e th e correc t  mapp in g o f  jug s afte r  solvin g th e target . 
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Tabl e 3 :  Result s fo r  experimen t  2 

distanc e 

succes s 

no succes s 

1 

targe t 

exhaus . 

0.1 6 

6 

1 

2 
sourc e 

incl . 

0.1 7 

7 

1 

Dl  D 2 D 3 
decreasin g overla p 

0.3 7 0.5 5 0.5 9 

10 5  1 
3 4  1 1 

The mai n result s ar e give n i n tabl e 3 . 
Interestingly ,  ther e ar e n o performanc e difference s be -

twee n sourc e inclusiv e an d targe t  exhaustiv e source/targe t 
pairs ,  i f  problem s diffe r  onl y i n th e numbe r  o f  operation s 
(problem s 1  an d 2 ,  exac t  binomia l  test ,  a  =  0.601) .  Bot h 
problem s coul d b e succesfull y solve d b y mos t  o f  th e subjects . 

The finding  o f  experimen t  1 ,  tha t  a  sourc e inclusiv e par -
tia l  isomorp h ca n b e succesfull y solved ,  coul d b e replicate d 
(proble m 4  i n exp .  1  an d proble m D l  i n exp .  2) .  Ther e 
i s a  significan t  relatio n betwee n structura l  source/targe t  sim -
ilarit y an d solutio n succes s (condition s D l ,  D 2 an d D 3 ;  ex -
act  3  x  2  test ,  Q  =  0.002) .  Th e crucia l  differenc e i s be -
twee n condition s D 2 an d D 3 (exac t  binomia l  tests :  D l  vs . 
D2 a  =  0.1003 ,  D 2 vs .  D 3 a  =  0.0004 ,  D l  vs .  D 3 
a =  0.0001) . 

Partia l  isomorphis m exist s betwee n a  lo t  o f  problems ,  al -
thoug h mos t  o f  the m migh t  no t  b e i n a  source/targe t  rela -
tio n usuall y considere d i n analogica l  proble m solving :  Eve n 
i f  tw o problem s shar e onl y a  singl e node ,  formall y ther e ex -
ist s a  partia l  isomorphis m betwee n them .  Ou r  result s sugges t 
tha t  ther e i s a  degre e o f  source/targe t  dissimilarit y whe n th e 
sourc e ca n b e n o longe r  considere d a s relevan t  fo r  solvin g th e 
target .  Note ,  tha t  w e ar e no t  discussin g retrieva l  o f  a  sourc e -
whic h i s muc h mor e restricte d b y semanti c similarit y (Ree d 
et  al. ,  1990 )  -  bu t  analogica l  transfer . 

For  th e give n proble m domai n an d representatio n o f  prob -
le m graph s th e result s show ,  tha t  sourc e inclusiv e partia l  iso -
morph s ca n b e goo d candidate s fo r  analogica l  proble m solv -
in g a s lon g a s th e structurall y identica l  par t  o f  th e prob -
lem s (i.e .  th e c o m m o n subgraph )  i s greate r  tha n th e struc -
tura l  differences .  Thi s i s reflecte d b y a  distanc e smalle r  tha n 
0. 5 calculate d wit h th e similarit y metri c give n i n formul a 
(1) .  W e hop e t o continu e ou r  experiment s o n condition s fo r 
source/targe t  relation s fo r  transfe r  success ,  explorin g differ -
ent  proble m domain s (cf .  algebr a wor d problem s o r  geom -
etr y proofs )  an d furthe r  structura l  source/targe t  relation s (cf . 
one-to-man y mappings) . 

Modeling Analogical TVansfer in IPAL 

IPA L i s a  prototyp e fo r  integratin g proble m solvin g an d 
learnin g base d o n th e machin e learnin g approac h o f  induc -
tiv e progra m synthesi s (Schmi d &  Wysotzki ,  1998) .  IPA L 
i s primaril y intende d a s a n A I  applicatio n an d no t  a s a  cog -
nitiv e model .  I t  deal s wit h prograirunin g problem s (suc h a s 
sortin g o f  lists )  an d blocksworl d problem s o r  puzzle s (suc h 
as Towe r  o f  Hanoi )  i n a n unifor m way .  Currently ,  IPA L re -
ceive s a  proble m descriptio n (initia l  states ,  goal ,  operators )  a s 
input ,  generate s proble m solution s b y plannin g an d general -
ize s thes e solution s t o cycli c macro-operation s (Shel l  &  Car -
boneil ,  1989) .  Cycli c macro s represen t  solutio n strategie s fo r 

proble m classes ;  fo r  example ,  experienc e wit h sortin g list s 
of  thre e number s ca n b e generalize d t o a  recursiv e progra m 
fo r  .sortin g list s o f  arbitrat y length ,  experienc e wit h solvin g a 
Tower  o l  Hano i  proble m wit h thre e disc s ca n b e generalize d 
t o a  solutio n strateg y fo r  n  dis c problems . 

We pla n t o integrat e a n analog y modul e i n IPA L a s a  possi -
bl e wa y t o circumven t  macro-generatio n fro m scratch .  Cur -
rentl y ou r  analog y modul e operate s stand-alon e an d w e ar e 
usin g i t  t o explor e condition s fo r  successfu l  analogica l  trans -
fe r  base d o n structura l  informatio n alone .  O f  course ,  fo r 
many real-worl d application s i t  i s  necessar y t o conside r  se -
mantica l  aspect s o f  problems .  Bu t  w e wan t  t o develo p a 
(generic )  adaptatio n algorith m whic h work s context-fre e a s 
fa r  a s possible .  Thus ,  ou r  strateg y is ,  t o tr y t o extrac t  a s 
much informatio n a s possibl e fro m structura l  source/targe t 
relation s (Schmi d e t  al. ,  1998) . 

Th e analog y modul e work s i n th e followin g way :  W h e n a 
ne w proble m i s solved ,  w e chec k whethe r  ther e alread y ex -
ist s a  cycli c macr o unde r  whic h th e ne w solutio n ca n b e sub -
sumed.  I f  a  macr o (source )  ca n generat e a  solutio n sequenc e 
whic h i s isomorphi c t o th e curren t  solutio n (target) ,  th e 
macr o i s transferre d t o th e targe t  domai n an d tw o ne w knowl -
edg e structure s ar e committe d t o m e m o r y -  th e macr o fo r  th e 
targe t  domai n an d a  macr o generalizin g ove r  sourc e an d tar -
get .  I f  ther e i s n o isomorphi c source/targe t  relation ,  IPA L ha s 
t o decid e whethe r  (1 )  t o generat e a  re-representatio n o f  th e 
targe t  whic h migh t  resul t  i n a n isomorphi c source/targe t  rela -
tio n (currentl y don e o n th e basi s o f  rewrite-rule s provide d b y 
th e user) ,  (2 )  t o tr y adaptatio n nevertheless ,  or ,  (3 )  switc h t o 
macro-generatio n fro m scratch .  I f  sourc e an d targe t  ar e struc -
turall y to o dissimilar ,  analogica l  transfe r  migh t  requir e mor e 
effor t  tha n inductiv e inferenc e an d additionall y ha s th e dan -
ger  o f  generatin g inadequat e o r  erroneou s solutions .  Thi s i s 
th e reaso n w h y w e ar e investigatin g structura l  criteri a fo r  suc -
cessfu l  analogica l  transfer . 

I n ou r  psychologica l  experiments ,  w e investigate d th e 
transfe r  o f  proble m solutions ;  i n IPA L w e wan t  t o emplo y 
analogica l  transfe r  o n th e leve l  o f  macros ,  i.e .  proble m solv -
in g strategies .  Bu t  th e decisio n whethe r  a  source-macr o ca n 
be transferre d t o th e ne w domai n i s determine d o n th e ba -
si s o f  proble m solution s (th e ne w proble m solvin g trac e an d 
a trac e generate d fro m th e candidat e sourc e macro) .  Thus , 
informatio n abou t  condition s fo r  successfu l  transfe r  o f  prob -
le m solution s ca n giv e u s valuabl e desig n hint s fo r  IPAL .  U p 
t o now ,  ou r  analog y modul e eagerl y adapt s eac h sourc e t o 
th e targe t  bu t  generate s mor e tha n 5 0 % erroneou s solution s 
fo r  non-isomorphi c source/targe t  relation s (se e Schmi d e t  al. , 
199 8 fo r  th e adaptatio n algorith m an d tes t  result s fo r  a  vari -
et y o f  source/targe t  pairs) .  O n th e basi s o f  th e experimenta l 
results ,  w e pla n t o ru n ne w trials ,  comparin g IPAL' s perfor -
mance whe n adaptin g source s wit h mor e vs .  les s tha n fifty 
percen t  overlap .  Als o base d o n th e experimenta l  results ,  w e 
wil l  no t  prefe r  targe t  exhaustivenes s (whic h involve s delet -
in g o f  informatio n fro m th e source )  t o sourc e inclusivenes s 
(whic h involve s insertin g additiona l  information) .  I n ou r  cur -
ren t  implementatio n deletio n i s preferred .  T o introduc e n e w 
informatio n w e currentl y rel y o n structura l  constraint s give n 
by th e partia l  sourc e solutio n only .  Anothe r  possibilit y  migh t 
be t o introduc e a  mechanis m o f  interna l  analog y (Hickma n & 
Lovett ,  1991) . 
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Conc lus ion s 

We reporte d tw o experiment s investigatin g th e influenc e o f 
differen t  type s an d degree s o f  non-isomorphi c source/targe t 
relation s o n transfe r  success .  Fo r  th e water-ju g redistribu -
tio n domai n w e coul d sho w tha t  partia l  isomoiphi c source s 
Ciu i  transferre d successfull y  i f  sourc e an d targe t  d o no t  diffe r 
i n surfac e features .  Furthermore ,  w e coul d demonstrat e tha t 
ther e exist s a  degre e o f  structura l  overla p betwee n sourc e an d 
targe t  wher e th e sourc e i s n o longe r  helpfu l  fo r  constructin g 
a solution . 

Cognitiv e model s an d othe r  system s usin g analogica l  rea -
sonin g technique s usuall y mak e n o restriction s wit h respec t 
t o th e structura l  overla p betwee n problem s whe n retrievin g a 
source .  Retrieva l  (o r  a t  leas t  it s  first  stage )  i s usuall y guide d 
by feature-base d (i.e .  superficial )  similarit y alone .  Thus ,  a 
sourc e whic h share s onl y a  ver y smal l  isomorphi c substruc -
tur e wit h th e targe t  wil l  b e treate d i n exactl y th e sam e wa y 
as a  sourc e wit h a  hig h structura l  overlap .  I n thi s case ,  trans -
fe r  migh t  resul t  i n meaningles s inference s o r  erroneou s solu -
tions .  O f  course ,  problem s whic h shar e a  greate r  amoun t  o f 
simila r  attribute s migh t  ofte n als o shar e a  greate r  structura l 
overlap ,  bu t  thi s mus t  no t  b e tru e i n general .  Fo r  example ,  i n 
th e domain s w e ar e explorin g wit h IPAL ,  ther e migh t  b e th e 
followin g sourc e candidate s fo r  solvin g th e blockworl d prob -
le m "buil d a  towe r  o f  alphabeticall y ordere d blocks" :  (1 )  an -
othe r  blocksworl d proble m -  "unstac k a  towe r  o f  alphabeti -
call y ordere d blocks "  -  whic h share s a  lo t  o f  attribute s wit h 
th e target ,  an d (2 )  a  lis t  sortin g proble m whic h share s n o at -
tribute s bu t  ca n b e solve d wit h th e sam e underlyin g strategy . 
We woul d prefe r  t o retriev e th e structurall y rathe r  tha n th e 
superficiall y  simila r  sourc e problem .  Tha t  is ,  w e propos e t o 
conside r  no t  onl y attribute-base d bu t  als o structura l  similarit y 
betwee n problem s t o minimiz e th e risk  o f  erroneou s transfer . 
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