Lawrence Berkeley National Laboratory
Recent Work

Title
MEASUREMENT OF THE POLARIZATION PARAMETER IN Jt+p SCATTERING FROM 750 TO 3750

MeV/c

Permalink

https://escholarship.org/uc/item/9rx5p2p7|

Author
Johnson, Claiborne Holt

Publication Date
1967-08-01

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/9rx5p2p7
https://escholarship.org
http://www.cdlib.org/

St A sl A

UCRL-17683

4,7.. L

University of California

Ernest O. Lawrence
Radiation Laboratory

MEASUREMENT OF THE POLARIZATION PARAMETER
IN #*p SCATTERING FROM 750 TO 3750 MeV/c

Claiborne Holt Johnson, Jr.
{Ph. D. Thesis)

: August 1967
4 )
TWO-WEEK LOAN COPY |

This is a Library Circulating Copy

which may be borrowed for two weeks.
For a personal retention copy, call

Tech. Info. Division, Ext. 5545
\_ J

Berkeley, California

x bt
£89L1-14



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not nccessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



UCRL-17683

UNIVERSITY OF CALIFORNIA

Lawrence Radiation Laboratory
Berkeley, California

~AEC Contract No. W-7405-eng-48

MEASUREMENT OF THE POLARIZATION PARAMETER

IN ntp SCATTERING FROM 750 TO 3750 MeV/c

Claiborne Holt Johnson, Jr.
(Ph. D. Thesis)

August 1967



-1ii-

MEASUREMENT OF THE POLARIZATION PARAMETER IN r'p SCATTERTHG
~ FROM 750 TO 3750 MeV/c

Contents

Abstract

I.‘ Introduction « « o o o o o o o o @

II. Experimental Procedure and Equipment

Ao MethOd ® o & o o o e * e e o

B. Beam Design and Tuning . . «

C. Polarized Target + « ¢« ¢« ¢ o &

D. Scintillstion Counter Arrays .

E. System Electronics and Prograrming

1.
2.
5
L,

IIT. Data

General Description . . . .
Fast Electronic;. o e s e e
On-~line Compﬁter System . .
Programming « « « o« o + o+ o

Acguisition and Reduction. .

A. Raw Data Acquisition . . + o .

Bo mta Reduction . . . . . . . .

1.

2.

General Considerations. . .

e o L] e & o e . .

Compression of the Correlation MALTIX + o o o o o o

Background Suppression. o « o o &

Selection of Blastic Events

Background Subtraction. . .

. e @& o & 8 e o *



) .-in

C. Calculation'Ofvthe‘Polariiation Parameter. .

1.

2.

,5.

‘Mathematical Procedure. ‘oo

e, ® o e o

Consistency Checks and Data Combination .

EXTOrSe o o o o o o o o o o o

IV. Final ResUltSe o o o o o o o o o o o

V. Analysis of the ResultS. « « o o o &

A. Formalistie « . & } ¢ e s e e e s

1.

2.

Partial wave Expansion of the

e o o o s o

Amplitudes.

Legendre Expansion of the Observables ...

Bc . PhaSE-Shift Arlalysis L] e o s . .

BaSiC Approacho « o o vo [] ‘u L]
Data Available. . . + « + & &

Energy-independent Results. .

Continuation with Eneérgy. « . .

Ce Legendre FitsSe o o o ¢ o & o o &

AcknOWledgme nt S o o ¢ s o o o o s e o s @

Appendu. L] .' * e o o o ". * e \0 ¢ o o o

RETErencesS. o« o s o o o o s o o s o s o o

60

60

63

67

69

102
102
102
107
109
109
115
119
123
1h7
1k9
150

154



P

-y~

MEASUREMENT OF THE POLARIZATION PARAMETER IN x p SCATTERING
FROM 750 TO 3750 MeV/c¥
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Lawrence Radiation Laboratory
University of California

- Berkeley, California

August 1967

ABSTRACT

We have measured the polarization parameter in ﬁ+p elastic scatter-
ing at fifteen lab momenta from 745 to 3747 Me%/c. The positive pion beam
was focussed on a one cubic inch polarized proton target and both final-
state particles were detected by scintillation counter hodoscopes. On
the basis of their coplanarity and opening angle, elastic events involving
polarized protons were distinguished kinematically from background events.
The polarization parameter was obtained by observing the asymmetry in
counting rates detected when the target was polarized successively parallel
and antiparallel to the normal to the scattering plane. These results,
combined withﬂﬁhose of' other experiments, are being used to conduct a
phase-shift analysis of the pion-nucleon system at 19 energies from 490
to 1566 MeV (1443 to 2025 MeV total center-of-mass energy). Several
comments about this analysis and a tentative solution are presented.
This solution is not in disagreement‘with earlier analyses, but its unigue-

ness has not yet been firmly demonstrated.

Work done under the auspices of the U.3. Atomic Energy Commission.
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I. INTRODUCTION
- The pion-nucleon system; consisting as it does of particles with
spin zero aﬁd one-half respectively, is one of the sim@lest in thch the
nature of the stfong interaction can be studied directly. If this inter-
action obeys all the currently accepted symmetries, then its complete
description in the case of =N elastic scattering at a given energy and
scattering angle involves only féur independent complex amplitudes.
Two (the so-called "spin-flib" and "non-spin-flip" amplitudes) are
required to describe the scattering in any given charge state. But the
three charge states of the pion and two of the nucleon allow the exis-
tence of several types of reactions, each a different mixture of the two
possible isotopic spin states, I=1/2 and I=3/2. Thus there are four ampli-
tudes, two for each I-spin state, that describé all N elastic scattering.
Fach of the observableé--total cross section, differential cross
section, polarization and rotation of the spin of the nucleon--in any
elastic nll reaction can be expressed.by an appropriate combination of
these amplitudes.l Conversely, accurate measurement of sufficiently
many of the oﬁéefvables allows the amplitudes to be calculated and their
dependence on energy to be studied. This has been the goal of a number

23-29

of experiment52_22 and analyses in recent years.
With the availability of charged‘pion beams from modern high-
energy accelerators, three types of elastic nll scattering have become

readily accessible for study:
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:r+p - zr+p (I-1a)
7p-ADp (I-1p)
ﬁ-p‘*bﬁoﬁ - o (I-1c)

The first exberimenﬁs done werc mcésureﬁents of total Cross scctions in

ﬁN scattering.e'lo The results (ﬁig. 1) show a'rich structure and indi- > -

cate that the nuclear force is qulte complncated even 1n&tb1s simp]e case.
-Then differential cross sectLon measurements3o g and recoil

nucleon poiarization measufement355 % exhibited the angular dependence

of the reactions and led to a gcod ﬁnderstanding of the amﬁlitudes up

to beam enefgies of a few hundred MeV.57 In this région fhe reaction

is heavily dominated by the prominent "3-3" resonance at 1238 MeV total

center-of-mass encrgy. By this we mean that the reaction tends to

prcceed predcminantly through the intermedlate pion-nucleon state with

isotopic'spin'B/é and total éngular momentum 5/2.

Most recently, with the develogmigt of polarized proton targets

suitable for high-enefgy experiments,5 ) it has become feasible to

‘increase the number of polarizétion measuremenfs ehormously'and extend

~ them into‘the-&;cyaGeV range. Particular attention has been paid to

the energy range above 300 MeV in which the st?ucfﬁre in the total cross

sections is obvious and where the mcst readily decipherable resonances

are thought to exist. EFEnough data has been accumulated from the three

types of differéntial Cross se t¢01 measurements listed in (I l)ll o

) 18-22 «
from polarization experiments in the.reactions (I-1a and b)

to allow several groups to attempt reconstruction of the amplitudes 0
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by phase-shift analyses. The success of such an analysis depends
on thenshorﬁ range of the nuclear force and involves expanding the
amplitudes in tfuncated.series of partial-wave amplitudes. These
serieg explicitly exﬁibit the reactions' dependence on the.angular
momenta involved and separate the functions of énérgy from those of Y -
angle. Then various procedures are used to fit the partial amplitudes
to the data and to discover their energy dependence. This, in turn,
allows a great deal to be said about the behavior of the forces which
underlie the bumps in the total cross sections.

These analyses hafe led to gocd understanding of the =il system
up to at least 600 MeV and probably 1 GeV. But of the five types of
data.generally available, the n+p polarization has Beéﬁ in shortest
supply, even in the resonance region between .5 and 3 GeV. The experi-
ment reported here was performed tp improve this last situatibn; the
phase-shift analysis, to test the effect of this new data on the earlier
phase-shift findings.

'Sectidp II réviews briefly the general assumptiéns underlying
a polarization measuremenﬁ using a polarized target.and.describes
the specific procedure used in this experiment. Section IIT explains
how the raw daia obtained was refined, resuits calculated, and errors
estimated. The results themselves are presented in Section IV and

discussed in Section V. ‘ . : ’ "o
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II. EXPERIMENTAL FROCEDURE AND BQUIEMENT
A. Method
The polarization parameter P in nlN scattering was originally
defined in terms of the recoiling nucleon from an unpolarized target.
If the scattering is taken to be in the horizontal plane, then for a

given center-of-mass angle 6,

_ number of nucleons with spin "up" minus number with spin "down"
" total number of nucleons recoiling at angle 6

P(e)
(11-1)

(This "up" direction is more precisely defined below as the direction n.)
Many such experiments have been performed, but they all have had to face
the difficulty of détermining the recoil polarization through making the
nucleon scatter a second time.

With the assumption that parity is conserved in the interaction
or that it is invariant under time reversal, however, the same parameter
can be determined with only one scattering if that scatfering is from
a polarized target. Only the differential cross section I(8) and tar-

get polarization 3 need be measured. The relation between P, I, and

T
?& is
1(e) = 1_(6)(1 + P(G)ﬁ-ﬁé) | (11-2)

where Ib is the differential cross section measured with an unpolarized

target, and n = ﬁi X K 1is the unit normal to the plane determined by

f

. -
the pion's initial and final momenta ki and L In practice it is

easier to avoid systematic errors by measuring the two rates I+ and T ,
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corresponding to scattering with target polarized_in the direction of
the normal to the plane of scattering and opposite to that normal,

respectively. Then what is cqmputed is the asymmetry_

<(6) T +1 ’ ' (11-3)
+
Finally (ignoring background),

p(6) - —I%l o (11-4)

In the experiment reported here, P(6) was determined by this
second method. Thé exberimenfal facilities of the Bevatron were used
to direct beéms of pions of éeiected moménta at a polarized proton
target. The target geométry was such thaf % and 5& were horizontal
in the lab. Scintillation counters were used to define the directions
in the Vertical scattering pléné of fhe incoming pion and of each of

the outgoing pion and nucleon.

-
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B. Beam Design and Tuning

The pion beam originated in a %3 X % X 3 inch copper target

placed at the third focus of the Bevatron's External Proton Beam (EPB).
It was focussed and momentum-analysed by the four doublet quadrapole
magnets, Ql'Qu’ and three bending magnets, Mi-MB’ arranged as shown in
Fig. 2. The small vertical bending magnet Mh’ positioned Just in front
of the polarized target, was used to compensate for the vertical deflec-
tion of the beam in the magnetic field surrounding the target itself,
Figure 3 gives a schematic view of the beam optics.

Except for three short sections--one Jjust after the production
target at the third focus of the EPB, one near the beam's first focus
Fl’ and one Just before the polarized target at F2——the beam was enclosgd
in a vacuum pipe to minimize its scattering in the atmosphere.

Beam momentum was determined by wire-orbit measurements of the

second leg of the beam, through Q_, MB’ and Qh' The currents in the

3
other magnets were then tuned empirically around their design values

to give the best flux and profile at the target. A hodoscope composed
of twenty—eigﬁfil/h x'7 inch scintillation counters greatly facilitated
this tuning. It was placed perperdicular to the beam at the target
position at the second focus and was mounted so that it could be rotated
about the axis defined by the beam direction. A system of scalers and
an on-line computer (see Section III) made it possible to obtain with

this hodoscope a profile of the beam intensity from only one Revatron

pulse. The final result of this tuning was a beam spot at the second
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focus of approximately Gaussian shape and one inch diameter at half
height (Fig. L.

A momentum bite (Ap/p) of about 1-1/2% was obtained by placing
a 1-1/2 inch wide léad colliﬁator at the firsf“focus where the momentum
disﬁersion was l% per iﬁch in:the horizontal>piane,

Protons were the chief contaminént in the beam, with the ratio
of protons to pions ranging from about 1:1 at T4S MeV/c to 4:1 at
37h7 MgV/E. They were discriminated against in two ways. First the
time-of -flight between the counter P at the first focus and the inci-
dent-beamﬁanale defining hodoscope near the second focus was appreciably
different fér protons and pions of the same momentum. This difference,
At, ranged from wmore than tﬁenty nsec at fh5 MeV/b to iess than four
above 2 GeV/c. The' bean countérs were all physically small and their
electronics fast enough so éhat the timing curves for coincidences
between P and the beam hodoscope counters couldﬁbe made as narrow as
three nsec. 8o this timing requirement alone was quite effective at
all but the highest momenta of the experiment. As an adaitional check,
to keep two coﬁéééutive protons from conspiring to look like a single
pion, the signai from P was also delayed’to.correspond to a proton's
time-of-flight and used in anticoincidence in the beam.electronic
logic. |

The second discrimination was effected by requiring a coinci-

[¢/]

dence pulse from the gas-filled threshold Cererkov counter Cb at the

. . - f 1. P .
first focus. Up through 2260 Mej/c this counter was filled with ethane

T
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XBB 678-4500

Fig. 4. Horizontal (top) and vertical (bottom) profiles of the pion
beam intensity at 3 GeV/c. The plots were drawn by an
on-line computer. Each dot represents 1/4 inch in the lab.
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(CHBCH3) pressurized so that n > % where n is the index of refraction
of the gas and B the velocity of 'the pion. At the highest momentun
nitrogen repleced ethane. The photomultvpller tubes on this counter
were equlpped with "afterburners", i. €. they were fed by 1ndependent
powver suppl:es capable of furnlshlng enough current to these dynodes
to keep the tube s output at a constant voltage even et high counting
rates;‘ As e result this counter:oterated reliably even at the highest
beam rates avallable durlng this experlment-—several mlllzor pions per
Bevatron pulse.
| A second much smaller but very troublesome contemlnatlon by
pos1trons was dlscovered partway through the data- taklng. A measure~
ment of their abundence at 745 MEV/C, using Cb paftially evacuated
rather than pressurl ed, showed it to be less than lp but (as will be
discussed in ‘Section III) they contributed heavily to the background
seen in'the‘;inal dataythnoughbmuch of the experiment. So at the two
last momenta to.which the beam was tuned towards the end of the experi-
ment, an l/B-lnch lead sheet Wae pleced in-the beam at the first focus.
This effectlyely-removed the positrons, but had the disedvantage that
'the difference in energy lost by ploneiend protons traVersing the sheet
was sufficient to seperate these two components horizontally when they

passed through the final bending magnet M This separation was about

ok

1" at the second focus at T45 MeV/c, which was enough to create prob-

lems in keeping the pions on target. Also the large proton flux to the

side of the target heavily loaded the anticoincidence counter L guarding

the left poleface of the polarized target magnet, so data-taking rates
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had to be reduced. (The geometry of the target apparatué is discussed
in Section III.)

Altogether, though, the fact that pions were distinetly a minor-
ity group in the beam population tended to retard the rate of data
acquisition, rather than affect the quality of the data., And there were
some advantages to having the protons available. Range measurements on
them at lower energies at the beginning of the experiment provided a
check that the wire-orbit beam momenta were correct. The agreement was
within 1%. (Also the wire-orbit measurements were repeated at the end
‘of the experiment. Again, the agreement was within a percent.) And 5y
changing the timing of the beam counters and using Cb in anticoineidence
rather than coincidence, it was possible to use the proton beam to
measure the polarization parameter in p-p scattering.

The beam conditions during the experiment are summarized in
Table I. Data was taken at fifteen momenta, altogether, ranging from

T45 to 3THT MeV/e.
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Table I. Properties of the pion beams used in this experiment. At is

the time-of-flight difference between protons and pions from

Fy to the beam hodoscope near Fp.
(except at 3747 MeV/c) Cerenkov counter at Fj. Where there is ~ .

Cp is the ethane-gas-filled

no entry, the quantity was neither used in the experimental

logic nor measured directly.

~* Momentum K.E. C.m. energy Ot
an(Mev/c) T (MeV) M(MeV) (nsec)
hs 618 1524 25
895 766 1612 19
102k 89l 1685 16
1084 953 1718 15
1155 102k 1756 13
1284 1152 1823 11
1352 1220 1857 10
14k 1308 1902
1570 1k37 1964 7
1690 1556 2020
1869 1735 2102
1988 11853 215k L
2535 2399 2380
3260 3123 2650
37h7 3610 2817

pressure

(psig) B

165
135
128
120

107

p:x
ratio

1:1
’+:5
3:2

2:1
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C. Polarized Target

The details of the polarized target have been described adequately
elsewhere,is so only a brief descriptidn will be given here. In this
experiment the target was an approximatgly one-inch cube composed of
four crystals of neodymium-doped lanthanum magnesium nitrate, abbre-
viated ILMN [LaeMg3(NO3)12'24H20]. The free protons in thg hydrogen of
the waters of hydration, 3% of the mass of the crystal, were polarized
by the process of dynamic nuclear orientation.

The crystals were cooled in liquid helium pumped dovn to lO K and
placed in a horizontally aligned magnetic field of 18.5 kgauss. In
this environment the paramagnetic neodymium ions are over 90% polarized
and behave analagously to free electrons. The crystals are then
irradiated with microwaves to transfer this high polarization of the
"electrons” to the free protons in the target. Depending on which of
two nearly equal frequencies is used, the resulting proton polarization
is either parallel to or antiparallel to that of the "electrons". In
the target magnetic fleld of this experiment these frequencies are
about.70 GHz and differ by about 0.2%, or 150 MHz. Periodic reversal
of the proton polarization is obtained simply by changing from one
frequency to the other.

Theoretically the "electron" polarization can be almost entirely
transferred to the protons, but in practice things are less ideal.

The average of the absolute value of the polérization of the target
protons in this experiment was 50%. It was measured by the process of

nuclear magnetic resonance (MMR) by observing, effectively, the amount
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of energy exchanged betwegn‘the_proton spin and an applied weak field.
This exchange slightly aepoiarizesvthe protons, but, if the depolarization
is kept small enough, its éign and magﬁitude are proportional to the
target protons' average polarization.

During the time of data acquisition when the microwaves were on
and the target highly polarized, this NMR sigﬁal was constantly monitored
as a check that the target poiarization was maximal and steady. . Peri-
odically_-- about once every ten minutes -~ it was recorded for later
use_invcalculating the actual value of the target polarization. This

calculation was based on‘comparisqn of the size of the NMR signal
obtained when the polarization of the target's free protons was enhanced
by the microwave pumping to the size of the NMR signal obtained when
those protons were allowed to come to thermal equilibrium ﬁith their
environment without the microwaves; These latter "T E" signals were
recorded about every twelve hours and served as a continually updated
calibration of the polarization measurement system.

At six of the beam momenta used in this experiment data were also
_taken with the IMN crystal target replaced>by one of comparable heavy-
element composition but containing no free hydrogen. . This "dummy" target
data was used to estimate the amount of. background to be subtracted from
the real crystal data before calculation of the final results. (See
Section III-B-5) The dummy target 1tself was composed of a mixture of
MgFg, BaCOs, and CF2:CF2 (teflon), dried to remove all water and
combined in a proportionlto match that of the atomic weights in the

IMN crystal.
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D. Scintillation Counter Arrays

Six different arrays of counters were combined into three hodo-
scopes surrounding the target to observe the geometry of the np inter-
actions. One hodoscope monitored the incoming pion direction; the other
two, the final state particles' directions. Their arrangement relative
to the polarized target is shown in Fig. 5, and a dimensioned projection
of each hodoscope in Fig. 6. The coordinate convention used throughout
is right-handed, centered at the targét, and with +Z axis along the
beam direction and the +Y axis vertically upward. Thus, loocking down-
stream, the X cartesian coordinate increases from left to right, the
Y cartesian coordinate from bottom to top. Similarily, above and belbw
the beam the polar angle 9 principally defines the vertical lab coordi-
nate and the azimuthal angle ® the horizontal. The counter arrays are
named according to this convention.

The beam hodoscope was a 3 X 3 arrangement of counters placed

perpendicular to the beam and to each other and named X, through X

1 3
and Yl through’Y_5 according to whether they defined the incoming beam
particles' X or Y cartesian coordinate eight feet upstream of the
target.

The two final-state hodoscopes, one above and one below the
beam, were composed of five arrays of counters, and each hodoscope

determined the direction of an outgoing scattered particle. According

to the coordinate convention mentioned above, the bins in these arrays

/
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were called Gu s 0 . The polarized target magnet

D

down Qup > Paowm
gap imposed the geometry that the arrays overall were narrow horizon-

‘correlation determined the

6down .,

tally and wide vertically, so the eup-

lab opening—angle of the final state particles, and the X-Y-@up-@down
correlation, their coplanarity. As shown in Figs. 5 and 6, each of ' ~
these arrays was composed bf fairly long,thin counters arranged so
that in its thin dimension each generally overlapped 1/5 of its neigh-
bor. By separating the events in which two adjacent counters fired
simultaneously from those in which only one fired, the distinguilshable
nunber of bins into which events could be classified in a given dimen=~
sion was made almost double the number of counters menitoring that
dimension. | |

Positi oned horizontally in the two hodoscopes there were alto-
gether 30 edown counterg, overlapped to provide.59 edOwn bins; and
20 eup counters, overlapped, except .in three cases, to provide 56 eup
bins. In the polar direction below and above the beam the physical
size of each hodoscope was too great‘to be spanned by a single counter
of reasonable length, so the azimuthaleangle-defining counters in the
up and down hodoscopes were physically divided into series of two or
three counters placed end-to-end. The outputs of these counters were

combined electronically to produce, effectively, 13 ¢down and 19 @up

bins. ‘ ‘s
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The size of the bins in each array was choéen to give the best
angular resolution consistent with the effects of multiple Coulomb
scattering and finite target size. With the exceptibn of Arrsy III,
the lowest third of the upper hodoscope which was inherited from a
previous experiment, the lengths of the O-counters Wefe chosen so that
in their positions shown in Fig. U4 théy'covered the entire solid angle
downstream from the target into which particles could scatter without
hitting the target ﬁagnet. The total lab solid angle subtended by the
final-state hodoscopes was about .09 steradians by the upper arrays
and .33 steradians by the lower.

The entire upper hodoscope was mounted on rails so it could
be moved back to give more exact measurement of the angle of forward-
scaftered particles at higher momenta. This option was used only once,
however, at 3260 MeV/c.

Besides the hodoscope counters there were a number of special-
purpose counters involved in the experiment. Upstream from the target
and immediately in front of the cryostat were four small veto counters
called L, R, T, and B (for left, right, top, and bottom) which limited
acceptable incoming particles to the actual target area: about one
square inch. These counters helped keep events originating in the
side walls of the cryostat or magnet pole tips from adding to the back-
ground. They also provided a convenient continuous monitor of the beam
position while data were being taken. The standard prodcedure was every

few hours to place an X~ray film in the beam downstream from the target.
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A few minutes' exposurejwasvsufficient>to shpw the shadow of the target.
If the beam was well ceﬁtered,_during subsequent data-taking the mag-
nets M1 and Mu were tuned to keep fhe céunfing rate ratios R/i and T/B
cohstant.

Another pair of veto counters Rp and Lp lay flat against the
magnet pole faces behind and to the sides of the target. These also
protected against events originatiﬁg in the magnet iron, but more
important helped eliminate inelastic events with multi-particle final
states in which one particle came out sideways. They were installed
about half-way through the experiment and made a marked improvement in
background suppression.

The final veto counter, Bu for Backup, was in the beam down-
stream of the target magnet and helped eliminate both accidental trig-
gers in which a beam particle did not scatter and multi-particle inelas-
tic events with one particle coming off very forward.- Its position was
adjusted to compensate for the variations in beam deflection in the
target magnetic field as that field or the beam momentum was changed.

Immediately below and behind the target was a small counter
Dd (down-defining) used in coincidence with the lower arrays to distin-
guish particles which came from the target region. The size of the
arrays was such that even with all the veto counters, this additicnal
coincidence was an lmportant help. It also, in conjunction with the
beam electronics, served to define a definite event time, against which

the trigger logic could compare pulses from the arrays for proper time -4



L'.

-03-
of flight from target to array, time of counter response, etc.
Finally, beneath the down array was a large water-filled
Cerenkov counter Ca } This was used to distinguish-whether it was
the pion or proton which scattered downward at that angle where the
kinematics were ambiguous.
The dimensions and electronics associated with the various

counters are summarized in Table II.
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Table IT. Scintillation counter dimensions and electronics.

Counter Dimension  Number Size of Scintillator Photomultiplier
or © Scintillator Type ‘ " Type
Array (inches) :

Vi 0 4 30x8x1/! Pilot B 66554

Vup 0 2 30x5-1/3x1/% Pilot B 6655A

Vup P 8 30xk-1/2x1/} Pilot B 68104

Vip ® 2 30x3x1,/ 1t Pilot B 68104

Vup 2 10 30x5x1/l Pilot B 6655A

Vo ) 2 30x3%-1/%x1/} Pilot B 66554

IV, 0 4 30xbix1,/ 4 Pilot B 66554

IV, ) 2 30x2-2/%x1/4 Pilot B 66554

Ivup' ® 8 55xk-1,/2x1 /I Pilot Y 68104

Voo P 2 55x3x1/l Pilot Y 68104

I, 6 5x6-3/lix1 /4 Pilot B 6655A

T, 0 . 2 Sxck-1/liscd /l Pilot B 66554

T, 9 1x25x1 /b '~ Pilot B 66554

I, 0 0 19 16xhx1 /b Pilot B 2067

IT40im ] 1 16x2-2/%x1/h Pilot B 2067

IT40im P - 55xhx1 /b Pilot Y 68104

ITy o ) 55%2-2/%x1 /L Pilot Y 68104

Tyoun 2 5 16xbx1 /4 Pilot B 66554

Taoum Z 1 10x5x1 /b Pilot B 66554

Tiomm 9 3 8x6x1 /L Pilot B 66554

Lsoun 0 1 Bxlizc1 /1t Pilot B 66554

I3oun P i 55xbx1/4 Pilot Y 63104

Lioun P 2 27-1/2x2-2/3x1/% Pilot Y 68104

X eam X 3 7-1/4x1-1/3x1/86  Pilot B 66554

Y eam Y 3 4-1/bx2-1/3%1/8  Pilot B 68104

(continued on next vage)

rva
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Table IT. Scintillation counter dimensions and electronics. (continued)

Counter Number Size of Scintillator Photomultiplier
or Scintillator Type Type
Array (inches)
C, 1 19x2hx5 water ‘ 6-T046"s
Cy 1 8" diam., ethane or 2-70461s
2k" long nitrogen
T 1 2x2x1/k4 Pilot B 66554
L,R 2 1x6x1/h4 Pilot B 66554
B 1 2xlix1 /i Pilot B 6655A
Dy 1 10x2-1/hx1 /4 Pilot B 68104
P 1 6x3x1/8 Pilot B 6810A
PpsPp 2 20x6x1/4 Pilot B 68104
B 1 1hx6x1 /b Pilot B 68104
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E. gSystem Electronics and Programming

l. General Description

| Figure T is a block'diagram of the overall system. Array counter
pulses were stored in delay iines while.the fast (nanoseconds) electronics
compared timing of signals from the various sources to decide if an accep-
table event had probably occurred. If the decision was yes, coincidence
gates‘at the ends of the delay lines were openedin time for the array
counter signals to set ;hort memory flip-flops (SMFF's). Then at compu~
ter-electronics speeds (microseconds) the binary information in these
flip-flops, one bit per array counter, was transferred to the core
memory of an on-line PDP-5 computer. When the transfer was complete, the
SMFF'S and trigger circuitry was reset to watch for another event.
During the time it was not actually having an event loaded into its
core, the PDP-5 was programmed to decode the binary counter.information,
t§ check for the_event's validity, and between Bevatron pulses to write
the events accunulated during the previous pulse onto magnetic tape for
future, more sophisticated processing. It also performed various super-
visory and summarizing functions to control the flow of data and give
the experimenter a real-time survey of how the data looked.

Up to 128 events could be accepted during one BOO/mseclBevatron vulse.
(Typical trigger rates acfually observed are listed in Table 1.) It took
about 80 nsec for the fast trigger to decide on one event's possible
validity, 60 usec to load it into computer core, and 10 msec for the

computer to check its actual validity and recode it for future processing.
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The between-pulse transfer of an entire core load of encoded events
onto magnetic tape took .75¥sec.

More complete discussion of these varioﬁsvfunctions is in the
following paragraphs.

2. The Fast Electronics » .’

A detailed schematic of the fast electronics is shown in Fig. 8.
Overall,‘the coincidence requirements for a tfigger were:

1) The beam Cerenkov counter pulse C, had to be present to

signal that abean particle had been involved which had suffi-

ciently high velocity to be a .pion.

2) The first-focus counter P and each dimension of the X-Y beam

hodoscope near the second focus had all three to fire with timing

appropriate to the velocity of a pion with the momentum to which

‘the beam was tuned.

3) The delayed P signal, P., could not be present since this

d
was a warning that a proton had passed the first focusvat a
time which would permit it to confuse the final event.

) None of the beam-position veto counters L, R, T, or B in
front of the target could fire, or else the beam particle might
not have hit the polarizeditarget crysﬁal.

5) DNeither of the target magnet pole-face veto counters P_ or

R

PL could fire, or else some particle might have scattered side-

ways to invalidate the event.

6) A signal from the down-defining counter Dd was required to
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‘be pfesent to prove thaﬂ some particle had scattered from the
target area into:the lower array. .
0 The.veté counter, Bu? in the bgamvline behind the target
was not allowed to fire, Thisrguaranteed thaﬁvtwo beam'parti-
cles very close together had ﬂot been involvedvand that an
inelastic eventvwitﬁ one particle going very forward had not
occurred.
8) Fach dimension of each of the two final-state hodoscopes
had to fire. Thus a.pulse was required from at least one of

each of the 9
u

] { and counters. The timing
’ “down ’ kpup ’ Paown ©

P
of these pulses depended on the times-of-flight of the Tinal-
state particles from the target to the arrays and on the response .
time of the counters involved. Hence it was necessary for the
logic to distinguish among the times at which each array fired
and to "remember" these times' relations to each other. In the
discussion below the relative timing of these signals,vrefer-
enced to a basic time fixed by the beam particle involved in
each é&éﬁf, is referred to as euftime, Gd—time, etc.

Discussion of these coincidence requirements can be divided between

those referring to the beam and those‘referring to the final-state

particles.
The beam logic is simple and was discussed briefly in Section

I1T-B. Each of thé counters involved was equipped with an afterburner

and adjusted to deliver .3-.5 volts to its discriminator, a Chronetics
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Model 101 with output clipped by a six-inch line. The signals from
X1-X3 and Y1-Y3 were added actively in the OR gates "XX" and "ZY" and
simultaneously stored individually on delay lines in one of the fast
logic boxes. A "beam" signal B was a coincidence P~ZX-ZY-Cb.Fd'ﬁ-§~T-E,
and the input to the final-state array logié which defined an event's
time was the coincidence BD=B:D, PP .

The array fast logic was complicated by the appreciable times
of flight and counter lengths involved. The essentlal coincidence

(c

dom to be allowed in this coincidence varied from signal to signal.

desired was BD-Gu 39] o®

D +H . or C_), but the amount of free-
p ‘up “down a

down a

Also the interrogate signals which the trigger was required to return
to the fast logic boxes had to be timed properly if they were to allow
the array counter signals to set their short-memory flip-flops. These
interrogate pulses were shortened to a 15 nsec width to help reduce
the number of triggers in which two SMFF's for a given hodoscope
dimension might get accidntally set. So the trigger was designed to
remember five different times: BD time, the time 60 nsec after which
the X-Y FLB wa;7£o be interrogated, and analogously, edtime, Outime,»
@dtime and @u time. Furthermore the 6-9 coincidences in each of the
up and the down hodoscopes had to be allowed to vary over times deter-

mined by the counter lengths and photomultiplier response, while the

‘up-down hodoscope coincidence requirement had to be more lenient

since it had to allow for the time-of-flight from target to hodoscope
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which varied with angle and whether the pion went up or down.
These are the reasons for the series of AND gates building up
to the final coincidence decision. First each hodoscope had to fire
in the sense that its ¢ and 6 pulses were coincident to within *8 nsec
at the 8Pup and 6pdown gates. In addition, the down hodoscope, which <.
was closer to the target and subject to less target-to-array time-of-
flight jitter, was requirea to be in coincidence with BD to within
a constant, *8 nsec. Then the up and down hodoscopes had to be coinci-
dent to within %15 nsec at the 66 gate, so named because the 8 pulses
were used to define the hodoscope time since their counters were
physically shorter. The 60 coincidence was the decisive permit to
trigger the event and so opened the final gates for the fi&e array-
timed pulses to trigger their respective interrogate-~-pulse generators.
Theée in turn loéded the SMFF's and notified the compufer that an event
was waiting to be loaded into core.

3. On-Line Computing System

This microsecond-speed part of the experiment's electronics
was built éroﬁﬁé-fhe PDP-5, a small programmable computer. It has a
core memory of 4096 12-bit words and a programming structure built
around eight basic commands. It also has a program interrupt facility,
which allowed various external devices to ask for special attention
during the execution of its main program. The action required by such
interrupts was itself prcgrammed into the computer and was executed

like any other part of its program. Depending on the nature of such
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an interrupt, after it was serviced, control ﬁas returned to the main
program in various ways. The binary counter information of
each fast-logic triggered évent was transferred into core through
another facility, called the data break. When a data break occurred,
execution of the regular program can be more accurately described as
suspended than interrupted. Control of the computer's memory input
and address registers passed to an external device, the Data Break
Control (DEC). The DBC loaded the 96 bits of counter information
of a single event into a prearranged eight words of core, then
returned control to the computer itself and the main program continued
with the next instruction.

Besides the DBC, the computer was interfaced with twenty to
thirty 10-MHz scalers, two oscilloscopes, a Model-35 ASR Teletype;
several external flip-flops and switch registers, and a Datamec Model
D2020 magnetic tape transport. The program interrupt facility was
used to initiate input from or output to most of these devices.

In general the 10-MHz scalers monitored the fast electronics
and advised the computer to take action to change the status of the
experiment when certain total counts were reached. E.g., single
continuous stretch of data accumulation, a "run", was terminated when,
say, 400 million counts had been received from the beam coincidence
circuit B. One oscilloscope provided real-time visual display of the
experiment's progress to the experimenter. The other was fitted with

a Polaroid camera so that graphs of data swmmaries could te photographed
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periodically. The Teletype keyboard was the principal instrument through
which the experimenter could input commands to the computer. Conversely,
the Teletype printer allowed the computer to output comments and status
reports to the experimenter. - The flip-flops and switch registers deter-
mined, or were determined by, the various external conditions of the
experiment~-whether a Bevatron beém"spill was in progress,that the
current beam momentum was, etc. The magnetic tape transpoft was the
ulﬁimate recorder of the information in each scattering event as well

as much summary information obtained from scalers and the main program

in the .course of the run.

The overall block diagram in Fig. 6 shows the major components
of the computer system. One not mentioned specifically above is the
Data Merger (DMR) which was simply a system of gates which, under the
control of the DBC, converted the 96-bit parallel input from the fast
logic box SMFF's to a series of eight sequential 12-bit inputs to the
computer memory. Another is "863" which was used here as a high-speed
system status monitor. Basically it supplied the gate signals which
signalled Whééhér an event was being watched for, being received and
transferred to computer core, or being written onto wmagnetic tépe.

It was the instrument by which status commands were relayed to the

other apparatus--scalers, fast logic, etc.--external to the computer.
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4. Programming

The main advantage in having the PDP5 available was its programma-
bility. This allowed many tasks which would have required special hard-
ware or human effort to be accomplished instead by a combination of
computer "software', its program, and standard external devices like
the oscilloscopes. Also the same basic system could be operated in
different modes, one for beam tuning, another for counter timing, a
third for data taking, simply by changing the program and reconnecting
a few cables. Finally, periodic use of a system test program enabled
the computer to check automatically its own reliability and that of
most of the peripheral electronics and also to facilitate repair work
when components failed.

The PDP5 program which controlled data acquisition was called
Escoffier. It had two primary functions: to write the counter infor-
mation onto magnetic tape and to keep the experimenter informed of the
experiment's progress. In the process of accomplishing the latter,
some reduction and validity-checking of the incoming binary counter
data was necessary, and so this additional information was also written
on magnetic tape to simplify the subsequent analysis.

Specifically, the incoming raw data, 9 bits per event, was converted
to a series of six numbers which were coded into twelve octal digits
(36 binary bits) and specified which bin had fired in each dimension
of each hodoscope. This conversion took into account the overlapping of
most of the counters and also checked the event's validity: one and

cnly one bin had to fire in each array. If no bin appeared to have
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fired in some array (because the fast electronips_had_failed to relay
some counter pulse into the computer core), the evént was classified
no-good-zero (NGO); if more than one, as no-good-two (NGE). For each
event this validity classification as well as its six bin numbers and
96 bits of raw data all eventually went onto the magnetic tape.

In addition, after each event's decoding, the program retained
certain information abbut it in an area of the computer memory reserved
for accumulating summary information. The number of valid events
(NGO or NG2) in each array, the number of times each of the
3+3+59+19+56+11 = 151 bins (See Section II-D) had fired, correlations
between counts in- the up and down arrays -- all this was rememberedrto
be displayed on the oscilliscope at the\experimenter's-request. Thus,
while the data was being accumulated, it was possible to tell when a
scintillation counter falled or when accidental rates chénged or how
the elastic events from free hydrogen in the target stood out above
bé.ckgrou.nd.

The progrém checked for parity errors when it read external scalars
into its memory or wrote onto magnetic tape, and a failure of these
external devices_was communicated to the experimenter via the teletype
printer. At certain intervals this printer was also the output for
standard summary.information ~-- counting rates, time of day, etc. --
which provided a running log of the experiment's progress.

Control of the_program by the experimenter was principally through
the teletype keyboard. A variety of some ten qOmmands told the computer

to start or stop the counting, rewind the magnetic tape, type out
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information, etc. Conversely, the program checked to be sure that the
experimenter avoided certain trivial errors like trying to start
taking data without readying the magnetic tape transport. This proved
a valuable feature and kept the amount of data lost through human error
to almost zero.

A simplified diagram of the logic of Escoffier is in Figure 9.
Another program which greatly simplified the task of setting up
the experiment was called Herbie. It enabled the computer to accumulate
in its memory the data from as many as thirty external scalars and then
display various types of graphs of that data on the oscilloscopes. This
program was used for beam tuning, counter high-voltage adjusting, counter
timing, etc. The beam profiles in Figure U are examples of its output;
In that instance, 28 scalars had monitored counters in a hodoscope in
the beam through one Bevatron pulse, then the counts were read by the
computer, normalized, and plotted. Total elapsed time was less than

one second.
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DSPY:Display one Ssweep e——————e—
on the oscilloscope.

Is there a new event to »Decode and store one event.
decode? yes Is this the last event for
no ‘ this magtape record?——/———=
JCN( junction): s
Jump to DSPY, J
or

Jump to MAGOUT.
&

—i

MAGOUT:Disable interrupt
facility.
Reset JCN to JMP DSPY.
Write a normal magtape

Enable interrupt facility.

record. o
RESET3Reset DBC and enable
“if ceunting is to continue. e
TEST: Is this the end of a run? s~Write this run's summary magtape
no yes record.
Type out note to experimenter
Out of magtape? and list contents of 10 Miz
yes ~no scalers.
Out of magtape? )
e T
ENDRUN: Set TEST to end run. EOT; Type note.
Write end-of-tape record.
Rewind and unload magtape.

CNTOFF:Disable .DBC.
Set JCN to JMP MAG.

The éﬁperimenter controls the computer through its interrupt facility.
His commands cause the program to behave essentially as if it has '
encountered the following instructions:

Start run: jump to RESET -~
Stop counting: Jjump to CNTOFF

Resume counting: jump to RESET

End run: Jjump to ENDRUN

Rewind magtape: Jjump to EOT

Fig., 9. ZLogic of the PDP-5 data acquisition program Escoffier.
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ITI. DATA ACQUISITION AND REDUCTION

A, Raw Data Acquisition

Altogethér,'data for this experiment was accumulated in stages
between December, 1965, and March, 1966. During this period polarized-
target ﬂ+p data was taken for 65 12-hour Bevatron periods, and filled
43 magnetic'tapes with about 12 million events. An additional 13
periods and 10 tapes were used taking dummy-target background data.

Conditions changed several times during this time. The beam
Cerenkov counter was installed in January, 1966, The poleface anti-
counters PR and PL were added in late February, and the positron contam-
ination of the beam eliminated with the lead sheet at the beam's first
focus only in the beginning of March. So_the data-to-~background ratio,
cohnting rates, etc. at different energies often were quite different,
and in the case of the positron beam contamination at lower moments,
enough so to effect somewhat the method of the subsequent data reduc-
tion as will be discussed below.

In addition, some of the data was taken with the field of
polarized target magnet in the "normal" direction, defined to be that
direction which bent the positive beam downward, and some with that
field reversed. This was to make different center-of-mass angular
regions accessible in the lab geometry. But it affected the type
of background subtraction used in the data reduction, which also will

be discussed below.

Common to all the data-taking, thdugh, was its division into
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the 15-to-30-minute periods galled."runs" mentioned in Section II-E-4.
During each of these periods every effort was made to keep target-
polarization, beam conditions, counting rates, etc., constant. The
run was the basic unit of data for later individuval reduction.

Also universal were the practices of reversing the target
polarization about every two hours to minimize the effects of any
long-term changes in the énvironment and of taking thermal-equilibrium
polarization éignals every twelve hours to calibrate the target polari-
zation detection apparatus. Beam, trigger, and accidental rates were
monitored continuously and recorded by the computer as explained in
Section II-E-k.

In Table III are listed-some of the counting conditions and
rates as a function of beam momentum., Where there is more than one
entry for a given momentum, each entry corresponds to a block of runs
which were eventually analyzed together. Comparison of the results
from the different blocks and their combination will be discussed

below.
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Table ITI. Experimental conditions for each block of data.

Momentum . Target Total Rates per pulse Comments
P_(MeV) magnet type  beam beam triggers NG2
T polarity (x10-9)  (x10-3) (%)
745 normal xtal 5¢3 650 70 22
normal xtal 1.0 460 60 15 %
normal xtal 2.9 400 45 22 (a)
895 normal xtal 6.6 670 37 15
102k normal xtal 2.9 650 50 1%
normal xtal 2.5 690 61 15
normal Aummy 3.5 550 a7 1k
1084 normal xtal 3.3 L4ho - 15 10 (a);(b)*
1155 normal xtal 3.8 670 65 14
reverse xtal 4,5 360 15 18
1284 normal xtal 5.5 660 W7 19
reverse xtal 6.0 390 28 19
normal. dummy 4,0 680 4o 19
reverse  dummy 2.9 360 28 20
1352 normal xtal 3.8 600 17 13 (a);(b)
1hha 7 normal xtal 5.6 680 50 21
reverse  xtal 3.4 400 37 20
reverse xtal 1.5 480 28 21
1570 normal  xtal 6.0 1000 6% 26
: reverse xtal L4 500 37 20
normal dummy k.0 1100 66 2k
1690 normal xtal 6.0 1000 68 25
normal xtal o4 550 26 19 (a)
1869 normal xtal 5.6 1300 I 27
normal xtal 3.5 370 - 15 19 (a)
normal dummy 5.0 1300 65 25

(continued on next page)
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Table IIT. Experimental conditions for each_blogk of data. (continued)

Momentum Target Total ‘Rates per pulse Comments

P (MeV) magnet  type beam beam  triggers ~NG2
" polarity (x10-9)  (X10-3) (%)
1988 normal xtal b7 1330 70 28
normal xtal 6.3 1900 > 19
normal xtal 8.2 1100 55 20
2535 normal  xtal ‘8.6 1800 63 ol
normal xtal - 14.0 1550 50 22
3260 normal xtal 17.2 1500 15 27 (c)*
normal dummy 7.8 1500 2L 26 (c)
374 normal  xtal 5.3 Loo 8 35 (d)*

(a) Poleface anticounters Py and Py were in use.

(b) Lead sheet in beam at F,.
(¢) Up array moved back.

(d) Beam spill length reduced to 200 msec.
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B. Data Reduction

1. General Considerations

The six bin numbers written on magnetic tape by the PDP-5 to
describe eaéh valid event theoretically could occur in 3 X 3 X 59 X 19
X 56 x 11 = lO7 possible combinations. Most of these combinations were
seldom detected because they would have described évents which were
hopelessly bad fits to elastic n+p scattering. " But many could corres-
pond to quasi-elastic scattering off one of the unpolarized protons
bound in the nucleus of a heavy element in the target. Others could
have resulted from inelastic pion-nucleon reactions or even reactions
not involving a beam pion at all. Hence the second step was to refine
the data on a CDC 6600 computer.

There were several tasks to be accomplished. The lOY-bin
correlation matrix needed to be reduced to manageable size. The
background had to be suppressed enough to make it possible to select
the true elastic events. The size, shape, and normalization of
remaining backgrpund had to be determined.

The general principle involved was to use the kinematics of
elastic scattering on a fixed target to distinguish the events invol-
ving free protons from inelastic events and from those involving bound
protons with appreciable Fermi momentum. The beam momentum, the hodo-
scope and target positions in the lab, and the magnetic field surround-

ing the target were all known. So for each beam momentum, each pair

of beam hodoscope bin numbers, and each pair of upper array bin numbers,
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the conjugate lower array bin numbers expected for elastic scattering
could be calculated. Each Valid event was Fhen'compared to this ideal
and classified by'how well it fit. Finally a judgment_waé made on how
many of the events clustered around the ideal could be considered real
and how many background. This comparison and select;on_process pro- -
ceeded through the several steps discussed in the rest of this section.

2. Compression of the Correlation Matrix

The overall geometry of the magnet—ﬁarget;hodoscope system
dictated the manner in which the individual counts in the 107-bih
matrix were summed together into a reasonable-sized correlation scheme
which could still show the distribution of events about the free elastic
ideal at each angle. Since the four-inch polarized target magnet gap
limited detectable scattering principally to the vertical plane in the
lab, it was natural to Jjudge events in two steps--first on the basis
of their coplaharity, and second on the basis of their opening angle.

The procedure, then, was to select events on the basis of
their X, ¢up,>§n§ Qdown coordinates first, since to within the hodo-
scopes’ anguiar resolution these alone determined Qoplanarity. Events
which were very non-coplanar were eliminated, and what remained was a
Y, eup’ edown correlation matrix. But a change in Y binvnumber corres-
ponds essentially to a rotatién of an event in the vertical plane
bisecting the beam and up and down arrays, and then by only & bin or

down

two in the eup and 6 dimensions. So by adjusting the two 6 bin

numbers to effect this rotation the Y index of each selected event

o
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was also eliminated, leaving only a 6-6 correlation. (Actually this
compression was performed at the very final step, but this was a quirk
of the computer programs used.) But for a given eub , only about half
of the bottom array needed to be considered to get a good profile of
the event distribution about the elastic opening angle. So the final

result was a 56 X 30 6__-6 opening-angle correlation matrix, extract-

up ~down
ed on the basis of coplanarity.

Actually it was convenient in each scan through the PDP-5 tapes
storing the unreduced matrix to divide events into five groups depending
on how they satisfied the coplanarity requirement. The middle group

consisted of events which fell into what was called ¢-¢ stripe 3. They

were the most coplanar. Groups 2 and 4 contained those events in @-¢

. stripes 2 and 4 where the @down bin slightly failed coplanarity to the

beam's right and left, respectively. Events in ¢®-¢ stripes 1 and 5
were grossly non-coplanar to the right and left. Events in stripes
l.and 5 were discarded, but separate 56 X 30 6-0 matrices were simul-
taneously constructed for the other three stripes.

The term "¢-¢ stripe" arose because of their appearance in a

slice through the original matrix in the @up-@ plane. Finite bin

down
and target size, Coulomb scattering, and roundoff errors dictated that
in general seversgl mdown bins needed to be considered coplanar to each
$up bin for given eup 3 edown ; X, and Y. The result of the computer's

actual calculation of one such ¢-¢ coplanarity correlation is shown in

Fig. 10. The widths of the stripes shown there are typical of those
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used in practice. The point in explaining this coplanarity treatment
in such detail is that the relative appearance of the hydrogen peak in
stripes 2, 3, and 4 for given eup angles was the deciding factor in
the background suppression discussed next. The usefulness of this
coplanarity-stripes concept lay in the fact that their width and posi-
tion were programmed to be adjustable. This was one of the main wea-
pons against background.

3. Background Suppression

Using the general reduction process Jjust described, for each
block of data in Table III several preliminary surveys were made of
the distribution of counts recorded on the PDP-5 tapes. The goal was
to suppress the background by making the coplanarity condition as
exacting as possible consistent with not losing too many elastic events.

The basic hodoscope dimensions and positions involved in the
coplanarity calculation were known from surveys made both before and
after the experiment (and found in good agreement). But in the case
of the X-hodoscope the flux distribution of the beam made the effective
centers of theée.counters somewhat different from their physical centers
and slightly variable from one energy to another.

So the best position to use in the final data reduction was
determined experimentally. First the width of the p-stripes was
artificially narrowed so that part of the elastic peak would overflow
into stripes 2 and 4. Then the computer scénned the entire block of

data, picking out events involving selected eup bins. For each such
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event the coplanarity calculation was done several tiﬁes using differ-
ent positions for the X counter involved. Finally the edown count dis-~
tributions for each Gu and each position of each X counter were plotted.
It was possible to choose to within a quarter inch the position which
best centered the elastig peak in stripe 5.for each eup and each X coun-
ter. This best position for a given X was always the same for each
eup ’ as it should have been, indicating that the arrays were not ti}ted.
The effective center of each X counter defined in this manner was used
in subsequent handling of that block of data.

The next step was to determine how narrow the center stripe
could be made and still include most of the elastic peak. The para-
meter determining the stripe width was called PHIWID and was the magni-
fication factoriintroduced in projecting onto the lower array the conju-
gate of the eup bin which fired. Events were in stripe/3 if they fell
into any of the edown bins covered by this projection, in stripe 2 if
they fell one,projection to the right, etc. This factor was not indepen-
dent Of_eup ,ugg'the up array was divided intovthe four sections shown
in Fig. 6 and the best PHIWID determined for each. These PHIWID's were
selected in a manner analogous to that of the X positions. The entire
block of data was scanned and each event involving selected eup bins
was processed several times using various PHIWIDs. A edown distribu-
tion was plotted for each eup and each PHIWID, and the best PHIWID
chosen on the basis of the peak-to-background ratios in stripe 3.

The final step in this phase of the data reduction was to make
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one more scan through the PDP-5 tapes. and, using the optimized copla-
narity criterion, to construct and regord the 56 X 30 eup-edown corre-

lation matrix for each run.

4, Selection of Elastic Events

Then the 6-6 matrices for all runs in a given block of data

were summed together and the 6 distribution plotted for each Gup .

_ doﬁn
Usually the elastic peak stood out clearly and the edown bins contain-
ing it could be choseh for the final run-by-run analysis. Sample distri-
butions are shown in Fig., 11. But some comments are needed.

So far, the question of whether it was the pion or proton which
went into the upper array has been avoided for simplicity. But usually
there was some region of the upper array where either event was possible
and a distinction had to be made. In general the conjugate down parti-
cle would be expected in different regions of the down array in the two.
cases, Figure 11 shows instances where both elastic peaks stand out,
well separated. In such cases the coplanarity calculation is somewhat
different for the two types of events because of the difference in
momenta and bénding in the target's magnetic field. Still, both parti-
cles have the same charge, and the bending is not too great. If both
peaks can be seen at all, they are both visible when the coplanarity
reduction ié done under either assumption.‘ Figure 11, in fact, was
obtained using w-up kinematics on all events. The general procedure

adopted was to reduce a block of data assuming all pions went up, then

if a m-down peak appeared, the whole analysis was repeated with the
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show the positions of the'm:u and gy elastic peaks
predicted by kinematic'calcufations.
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opposite assumption.

There are several reasons why the pions going down never stood
out so prominantly as those going up. First, for all but the highest
Gu bins the edown event was more backward in the center-of-mass and
thus had generally smaller cross section. Second, those n-down events
involving the lower eup bins had their conjugate protons going into the
edown bins nearest the target where background was always high. (This
background was much reduced towards the end of the experiment, though,
after the poleface anticounters were installed and the positron beam
contamination eliminated. Then more n~down events were visible and
data were obtained over a wider range of center-of-mass angles.) Finally,
at loﬁer center-of-mass angles with higher n-down cross sections, the
transformation to the lab is such that a given eup bin is conjugate to
from two-to five-times as many edown bins., The elastic peak is more
smeared out and tends to be lost in the background. Data at these angles,
though, is supplied adequately by n-up events alone.

Even when the x-down peak is not visible, however, its predicted
location is of interest because of how the background subtracticn was
performed. There is further discussion of this below, but the point
to be made here is that the subtraction was normalized to the "tails"
of the edown distribution, i.e., the counts in those bins far enough
away from the elastic peak to be free of events whose distribution is

affected by the polarization of the target. Thus it is important to

keep n-down polarization from biasing the n-up background subtraction,
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so in choosing the limits of the w-up "tails" care was taken not to
include any edown bins which might reasonably be expectéa to contain
an appreciable fraction of'elastic n-down events. Ahd-of course f-up
background contaminatibn was treated similiarly when subtracting back-
ground from n-down elastic peaks.

There remains the more serious problem of when zs-up and s-down
events are indistinguishable kinematically. When the target's magnetic
field was in the normal direction, at each energy there was always some .
lab angle such that no matter which of the‘proton or pion went up or

bins were conjugate for elastic events.

down; the same 6 and 6
up down

In such cases the lab momenta of the proton and pion are equal, and so
are the center-of-mass scattering angles for m-up or x-down events.

It is vital to distinguish amoﬁg such ambiguous events because
if there is a non-zero asymmetry at that center-of-mass angle, any
wrongly classified events will dilute it. For a given target polari-
zation m~-up and n-down events will contribute to opposite sides of the
asymmetry. This was the reason for the Cerenkov counter Ca'mentioned
in Section II-D. The ambiguous angle changed depending on the beam
momentum, sO Ca was moved to cover the twenty or so edown bins centered
on the critical angle. Whether or not there was a Ca pulse was used to

divide events in the questionable 8 bins into two classes. A pion

down
was considered to have gone down only if Ca had fired. This procedure
left the n-up asymmetry at the mercy of the efficiency of Ca’ but can

be justified on several counts. The Cerenkov counter was éonservatively



-5%-
designed and several times was carefully checked to be performing well.
At all momenta where either type of event was detectable at this angle,
the differential cross-section transformation from center-of-mass to
lab always limited the expected ratio of m-down to m-up events to a
fairly small fraction (one-half at 2535 MeV/c down to one-fifth at

) MeV/c). In the few instances where the limited statistics in the
n-down elastic peak centered over Ca made an asymmetry calculation
meaningful, the result agreed well with the comparable w-up calculation.

And finally, at all energies where the polarization parameter was calcu-

lated from events classified as m-up simply by the absence of a Ca pulse,

its absolute value never displayed an anomalous dip at the ambiguous angle.
In spite of these reassurances, though, when the m-up and w-down peaks
were nearly but not quite 6verlapping, the choice of the Qdown bins
defined to contain the elastic peak was biased away from the ambiguity

as an extra precaution, even at the possible expense of some statistics.
For instance, if the xm-up elastic peak appeared to cover three 0

down

bins and the center of the n-down peak was predicted to lie only four

edown bins lower than that of the n-up peak, then the counts in the

lowest of the three n-up peak bins were not used in the analysis.

5. Background Subtraction

Even after the background suppression discussed above, it was
always the case that a significant number of the events in the elastic
peak region did not come from free protons. This fraction had to be

subtracted from the total, of course, before the asymmetry for scattering
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off the polarized protons could be computed. Two basically different
methods were used to accomplish this, and they'cénfirmed each other by
giving almost identical results.

At some momenta dummy-target data were taken under conditions
as closely paralleling those of the polarized-target data as possible.
The only difference was that the IMN crystal target was replaced by
one of similar heavy-element composition, but containing no free pro-
tons. These dunmy data were then normalized to the real data as mention-
ed above by equalizing the total counts in edown bins well away from
the elastic peak region. The total counts in the elastic peak region
of the crystal data minus the normalized total counts in the same
region of the dummy data was used to calculate the final polarization
parameter. (See next section.)

The other subtraction procedure used the non;coplanar events
accumulated while the IMN crystal target was in place to estimate the
size of the background under the elastic peak. In the terminology
of Section III-B-3, the 9-@ stripes 2 and L were displaced safely (two
or ﬁhree @down bins) to the sides of.stripe 3y and then whatever events
fell into them were considered background. The assumption was that thé
shape of this background was the same as that which fell into stripe 3.
Normalization again was to the total counts in the region away from the
elastic peak in the @-direction.

These two subtraétion procedures were compared directly at the

six of fifteen momenta where dummy data were taken. (See Table IIT.)
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Except for target-magnet-normal data involving up Array IIT, the final
results were found to be in excellent agreement in every case. Where
raw asymmetries were small or zero and peak-to-background ratiocs good,
this was not surprising. But the finding was the same even when there
was appreciable asymmetry. As an example, the polafization‘parameter
calculated with each type of background subtraction at 1284 MeV/c is
shown in Fig. 12. The conclusion was that at all momenta the back-
ground constructed from off-coplnar events was a faithful estimate of
the true background except in Array III. As an additional safeguard,
regardless of the subtraction method used, the dummy and real data
were checked for consistency. It was required that the normalization
factors computed from countsin the tails of each edown distribution
on the left and the right and from one Qup to another all agree within
statistics for each block of data.

Except in the lowést part of the upper array, these criteria
were always reasonably satisfied. The trouble with the lower eup
bins resulted frpm'&mir narrowness in the @up direction (Fig. 6),
combined with the fact that when the target magnetic field was in
the normal direction they were usually conjugate to edown bins inside
the magnet gap and thus also narrow in the wdown direction. This made
it impossible to detect enough non-coplanar events to estimate back-
ground from the non-coplanar events alone. When dummy-target back-
ground data were available, there was no problem. ILikewise, with the

target magnetic field reversed these eup bins were conjugate to the
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wide section of the doﬁn érray where non-coplanaf couqters existed, and
there was no problem. But with the target fieid normal if only the off-
coplanar events weré ﬁsed fo estimate background, the esfimate was usually
unreasonably low. The solution adopted was to estimate the background
under the elastic peaks conjugate to the eleven lowest eup bins by
direct inspection of the edown distribution plots. The reliability of
this more subjective treatment was supported by its good agreement with
the real target results and by data taken at some momenta with the tar-
get magnet reversed. Figure 12 also compares results obtéined with these
two signs of the target magnetic field. Note the better agreement between
results of dummy-target and off-coplanar background subtraction when the
target magnet was reversea and Array IIT not involved.

A particularly annoying background problem experienced at low
momenta early in the experiment was the result of a positron contamina-
tion of the beam. Although relatively few such particles hit the target,
that target constituted 1/5 radiation length of material, and so those
which did stood an appreciable chance of creating a bremsstrahlung
gamma ray which would convert to an electron-positron pair. These

final particles had momenta nearly colinear with the beam, so the target's

‘horizontal magnetic field deflected one of them into each hodoscope. The

resulting "event" was almost exactly in the vertical plane bisecting the
arrays and so was automatically coplanar. The background contributed in
this way was especially troublesome because its shape could not be esti-

mated from non-coplanar events alone.



-58-

At momenta above 1 GeV/c there were too few positrons in the
beam to be worrisome, and after'the iead sheéf was inseftéd,at the
first focus there were essehtially none at any momenta. ‘But at the
two lowest momentavreported here, this background had to bevreduced
artificially if the data were ﬁo be useful at more fhan a véfy few L
angles. The solution was to ignore events in or very near the verti-
“cal plane, both in summing the counts in thevelastic peak and in compu-
ting the background from ﬁon-coplanar evehts. In effect the middle
three of the wup bins and middle three of the mdown biné were turned
off. This discarded a good fraction of the real elastic events but
almost all of the elecﬁron "events". An example of the net improve-
ment obtained is shown in Fig. 13. The resulting good peak-to—
background fatios and conéistencyvin normalizing the off-coplanaf
background to the non-elastic peak regions suppoft the validity of

the final results obtained this way.

P e o
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Distributions of coplanar 6 counts obtained
before (left) and after (ri%ﬁ%? suppressing the
center three ¢ bins to reduce the background
caused by positron contamination in the beam.
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med together, (cos 6, _.1§ for myp events) and
were taken at T45 Mevyc before a lead sheet was
placed in the beam at Fie
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C. Calculation of the Polarization Parameter

1. Mathematical Procedure

Use of the simple expressions (II-3 and II-4) was somewhat compli-
cated in practice by the problems of background subtraction and of combin-
ing the reSulﬁs from the different runs in one block of data. In this
section the formulae actually used to compute the polarization parameter
P and its étatistical error AP will be explained.

Just as a block of runs was the basic collection of data to be
analyzed together, the run itself was the basic collection of counts to
be considered together. We will adopt the fqllowing conventions and
notation:

The subscripts i and J will vary with run number. 1 will refer
to runs being used for their hydrogen counts and j to runs
being used to calculate baCkgrbund. (When the off-coplanar
method discussed in the last section is used to estimate
background, i and j can actually refer to the same run,
but in different contexts. When dummy~-target data is used,

| fﬁé hydrogen and background runs are physically distinct.)

The subscript k and c.m. angle 6 (or ek) will vary with Gup
bin number.

NikzNi(ek) is the total number of coplanar counts for the ith
run of rea} crystal data in those edown bins of the
56 x 30 correlation matrix which have been selected as

defining the elastic peak region for eup bin kX at angle Gk.

AN
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Djk=Dj(9k) is the analogous number of coplanar elastic-peak-

region counts for the jth run of dummy target data, or

- of the off-coplanar elastic peak region counts of simu-
lated dumy, depending on which type of background sub-
traction is to be used.

M, is the number of monitor counts for the ith run of crystal
data;

M. is the number of monitor counts for the jth run of dummy
data, or simulated dummy data. Mi or Mj is the total
counts .in the non-elastic-peak region of the 56x30 6-6
matrix for run i or j. Specifically, for each eup’ the
edown counts are first summed over all the edown bins

which are safely non-conjugate to that eup for elastic

0 events. Then these numbers are summed over

jTup T Tdowm
all the 6 bins for run i or j to get M, or M.,. All M,
up i J i
and those Mj corresponding to dummy-target runs are calcu-
lated from coplanar events, since that is the way the 6-0
matrix is constructed. The Mj of simulated dummy runs,
however, are calculated from the same off-coplanar region
in the ¢ direction that is used to construct the Djk'
Thus in general Mi % Mj’ even if 1 and J refer to the
»- same physical run.
P, 1is the algebraic value of the target polarization during
.th . ey . = P
the i** run. p, is positive when P& is parallel to n,

negative when antiparallel.
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A basic assumption underlying the Background subtraction method
is that the shape of the background is the same for the whole block of
runs being analyzed together; only its size should vary from run to run,
gnd then}in proportion to the monitor. So for -each k (eup bin) under
the hydrogen peak there is a unique amount of background per unit

monitor, given by

(I1I-1)

From this one predicts the actual background at angle k in a particular

run i to be

By = M;b . (III-2)

And so the number of events coming from free hydrogen, normalized to unit
monitor, is

N.. -B :
_ ik Tik
o —'-Tﬂf__ . (I1I-3)

This is the céunting rate which is related to the polarization parameter
according to Eq.(II-2)by

Hy =I.(6,)(1 +p, B(6,)) . (ITT-4)

Now p; and Hik vary with i, so the method of least squafes is

N

used to solve Eq.(III-Y) for a single value of P(ek) for the whole block

of runs i. The quantity to be minimized with respect to IO and P is

_ 2
J = }ZN& (Hi - I -p; IOP) | (111-5)
i
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where the factor Mi is included to give proper statistical weight to
the ith run,'énd the subscripts j have been sﬁppressed for clarity.

The conditions for a minimum are

oJ _oJ B
5 ='STT;§T =0 . (I1I-6)

From Eq. (IIT-6 it is straightforward to relate P and the statistical
error AP to the various counting rates mentioned above. The details
are given in the Appendix.

2. Consistency Checks and Data Combination

Though the number of different blocks of data listed in Table III
complicated the process of calculating the final results, it did serve
to provide a variety of consistency checks on those results. In fact
at only four of the fifteen momenta was there no comparison possible
between results of data taken in independent blocks. At the other
momenta the variations in experimental conditions among the different
blocks of data allowed several tyﬁes of consistency checks.

At each of the momenta T45, 1024, 1690, 1869, 1988, and 2535
MeV/c there ﬁeré at least two distinct periods of data-taking each
involving the same target magnet polarity and lab geometry. The results
of such separate periods of running should agree at all angles for each
beam momentum. This was checked and found to be s0, within statistical
fluctuations, in every case. In about half of these caseé, experimental
conditions other than the geometry had been changed somewhat between the

times the different blocks of data were accumuled. For instance, at
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1690 and 1869 MeV/c, the poleface anticounters Py and P, were installed
between the two times data-were taken atveach momentum. Though this
sort of change usually affected the quality of the data--in siénal-
to-noise ratios, for instance--in no case did it significantiy change
the result of the final célculation of the polarization parameter.

At each of the momenta 1155, 1284, 1441, and 1570 MeV/c, data
were taken with both polarities of the target magnetic field. The
primary reason fér this was to make events at backward center-of-mass
angles visible by bending the positive final-state particles upward
in the lab. This deflected backscattered pions into the lower Array I.
But it also allowed forward-scattered pions to hit the higher part of

'the upper arrays while their conjugate protons scattered downward into
_Array IT. This provided a particularly gratifying check on the validity
of the background subtraction method'(discussed in Section III-B-5) which
was used for forward-angle n-up events with the‘target magnetic field
in the normal direction.

At all momenta and for all data blocks there was available the
bin-to-bin cohsisfency chéck. In no instance was an anomélous varia-
tion noted between the polarization parameter calculated from counts
in adjacent eup bins (unless some array coﬁnter actually was not work-
ing--and the few instahces when this happened were readily detected.)

An example of a bin-by-bin calculation of the polarization parameter -

at 1441 MeV/c is shown in Fig. 1h4.

In the final results reported below, the results of these
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separate analyses of the different blocks of data have been combined

where they overlap in energy and angle. Also, the results of the

calculation of the polarizatioﬁhparametér from counts in adjécent ~ -

Gup bins have been averaged over groups of from two to. four bins.
The actual number of bins chbined in a given instance depended on how
rapidly the polarization parémeter appeared to be changing as a func-

tion of angle. In all cases the final result reported below has been '

calculated with weighting matching the statistical accuracy of the

points involved. The formulae used were the customary ones:

S (AP )'2P -1/2
P=— 5 e = (3(ap,)P) / ,
Z(APK)

where the Pk and APk are the values and statistical errors of the

polarization parameter calculated from the Gup-bins to be combined.

o
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3. Errors

The principal source of error in all the data was simplylstatis—
tical fluctuations in counting rates. Throughout the experiment the
emphasis was on obtaining moderately good information at as many differ-
ent energies and angles as possible with the intention of providing data
for phase shift analyses of the nlN system, rather than on accumulating
very good data at only a few points.

But there is also a possible systematic error of *8% associated
mainly with inaccurate measurement of the target polarization. This
would have the effect of changing the scale against which the polari-
zation results are quoted. This error results from uncertainty con-
cerning how accurately the MR polarization signal in the course of data-
taking run can be measured, how well that signal represents the true aver-
age target polarization during that run, and how absolutely that signal
can be normalized. Error in the first and second cases is probably about
+3% each, judging from repeated measurements under stable conditions.
The final normalization, though, relies on how well the thermal'equilib-
rium (TE) polarization can be known and used to calibrate the system.
Evén if it is reasonably assumed that the crystals are at the temperature
of their helium bath and that that temperature is well known by an accu-
rate McCleod-gauge vapor-pressure measurement, the detected TE NMR signal
is small and noisy enough to be unreproducible by 5% over short periods of
of time, and the whole detection system seems to have enough slow drift
to make the short-term averages not repeatable over 12-24 hour periods

to more than another i5%. Combining these uncertainties gives the quoted
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8% systematic error.

Concerning the topic of measuring target polariﬁation, it is

worth mentioning that there are differences in the techﬁiques used at
the various laboratories which have‘poiarized targets, In this experi-
ment the NMR frequency was sweptrslowly thréugh the proton resonance. -~
A complete sweep took about twé minutes. Both the change in the rf
power level in the NMR circuit and the derivative of that change were
recorded for later computer calculation of the target polarization.
In contrast, the Europeah labofatories in recent experiments have used
a fast (milliseconds) sweep through the resonance, repeated frequently,
and allowing on—liﬁe computation of the target polarization by analog
méthods.v They tend to report coﬁsistently higher target polarizations
than wé do. And for & given observed scattering asymmetry, higher
target polarizations give lower (absolute) values of the polarization
parameter, |

See Ref. 39 for a more complete discussion of the types of

polarization detection systems currently in use.
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IV. FINAL RESULTS

Tables IV through XVIiI and Figures 15 through 29 give the final
results of the polarization calculation and data combination discussed
in Section III-C. The errors quoted and shown are only the purely
statistical ones discussed in III-C-1 and the Appendix. The *8% systematic
error estimated in Section III-C-3 is not included. Its effect is to
introduce a i8% uncertainty in the scale against which the polarization
is quoted and plotted.

The angular ranges over which results were obtained were limited
by several factors. At some momenta data were taken only with the
polarized target magnetic field in the normal direction, and at the lower
momenta this left the backward angles inaccessible. This was the chief
backward limitation on the data up through 1084 MeV/c.

At all momenta the forward limitation was the requirement that
the recoil proton have more than about 350 MeV/c momentum to escape the
target and be detected reliably.

Finally_there was the problem of cross sections being too small
to permit the elastic peak to stand out above background. Fifty ub/sr,
center-of-mass, was about the 1limit under best conditions. This was
the principal backward limitation on the higher momenta results. And
it was a limitation at backward angles aggravated at all momenta by
the fact that pions had to be detected in down Array I near the target
where background was highest.

Agreement of the results of this experiment with similar existing

19

data is good where such data does exist. Also in good agreement with
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43-43

éxisting data is the result of a test run which measured p-p
polariiation with the séme.éxperimental setup described here, unchanged
except for tuning the beam to 1390 MeV/c (kinetic energy = 738 MeV)

'protons. This provided a check of the target polarization calculations

as well as of the counting apparatus. The results of this p-p polari-

zation measurement are given in Table XIX.
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Table IV. Polarization parameter P(6) in x p scattering. The error
AP(G) is statistical only and does not include the syste-

matic error discussed in Section III-C-3.,

P =+ T45 GeV/c T, ;=618 GeV E ,=1.524 Gev
Cos 6 :E Afffl AP(8)
.510 .208 -.28 .13
66 227 -2k A1
419 2oh7 -.19 .09
.362 271 -.20 .08
.303 .297 -.25 .09
243 322 -.09 .10
.18% 37 -0k A2
.12k 373 =2 .12
054 Lho2 -.19 .13

-.0k2 43 -.17 17
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Fig. 15. Polarization parameter in ﬁﬁp eléstic scattéring for an(incident

pion momentum of 0.745 GeV/E. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section III-C-3. This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted.
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Table vV, Polarization parameter P(6) in ﬁ+p scattering. The error
AP(G) is statistical only and does not include the syste-

matic error discussed in Section III-C-3.

P ,p=+895 GeV/c T =+ 66 GeV 8, =1.612 GeV

Cos 6 :E fﬁfﬂ LP(O)
601 170 -.20 .13
549 .192 -.15 .12
.50% 211 Nort 11
A51 233 -1k Qo9
.391 .259 -.21 .09
329 .285 -.19 .10
.268 311 -.10 .12
207 ' 337 .00 .13
145 . 364 .0k .16
055 Lho2 -.05 15

-, 046 5 .22 .22
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Fig. 16. Polarization parameter in ﬁ+p'elastic scattering for an incident
pion momentum of 0.895 GeV/c. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section III-C-3. This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-

tainty in the scale against which the polarization parameter is
plotted.

1.0

...WL_



-75-

+
Table VI. ' -Polarization parameter P(6) in = p scattering. The error
AP(6) is statistical only and does not include the syste-~

" matic error discussed in Section ITII-C-3.

P p,=1.02k Gev/e Ty, =-89% GeV B, =1.685 GeV
Cos‘ecm :E fffl AP(6)
.T49 164 -.05 .23
.693 .201 .27 Lk
622 2kt .22 .08
.583 273 15 .07
537 .303 .13 .06
8l 338 .08 .06
22 .378 .12 .07
360 A9 .09 .06
.297 460 .11 .07
.23k .501 J11 .07
170 She .09 .08
.078 .603 31 .09
-.025 671 A2 .10

-.10k 722 55 o2
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Fig. 17. Polarization parameter in ﬂ+p elastic scattering for an incident
pion momentum of 1,024 GeV/b. The errors shown are statistical
only and do not include the *8% systematic error discussed in
Section ITI-C-3. This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-

tainty in the scale against which the polarization parameter is
plotted.
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Table VII. Polarization parameter P(6) in n+p scattering. The error
AP(9) is statistical only and does not include the syste-

matic error discussed in Section III-C-3.

Plab=1.08u gev/c Ty =953 GeV Ecm=l.718 GeV

Cos 6 , :E fffl AP(6)
STh6 179 .26 .15
670 233 .29 .13
607 277 .22 .09
561 .309 .09 .08
510 345 .12 .07
) .389 .10 .07
.386 433 -.02 : .08
322 L78 ~.03 .10
«259 523 -.05 .12
.195 .567 .10 .11
111 627 .05 .13
.006 .701 .18 AL

-.088 767 .16 .25
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Polarization parameter in ﬂ+p elastic scattering for an incident
pion momentum of 1.08k4 GeV/c. The errors shown are statistical
only and do not include the i8% systematic error discussed in -
Section III-C-3., This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted.
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Table VIII. Polarization parameter P(6) in ﬂ+p scattering. The error
AP(9) is statistical only and does not include the syste-

matic error discussed in Section III-C-3.

Py ,=1-155 Cel/c T, <1024 Cev E_=1.756 GeV
Cos ecm :E fffz AP(6)
787 .16% .64 ' 12
755 .188 .65 15
127 .209 .35 .11
b6h2 2Th .26 .08
596 .309 \ .30 .06
.549 346 Lk .06
Jho1 .390 12 .06
428 438 .20 .06
.36k 487 .05 .06
.299 537 -.03 .08
235 .586 .06 .09
.166 .639 .00 .09
.06k 717 ol A1
-.0k4O L7196 .00 .13
-.103 .85 .00 .25
-.928 1.476 46 .12

-.960 1.500 .10 .10
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Fig. 19. Polarization parameter in n+p elagtic scattering for an incident

pion momentum of 1.155 GeV/c. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section ITT-C-3. This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted. '
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Table IX. Polarization parameter P(6) in n p scattering. The error
AP(6) is statistical only and does not include the syste-

matic error discussed in Sgction ITI-C-3.

Py p=1.28k Gev/e T) p=1-152 GeV B, =1.823 GeV
Cos 6. :E ff?l AP(6)
.826 .152 700 .10
.781 192 .85 .07
JI3T 230 81 .06
. 706 .258 63 .08
665 .293 .5k Jd2
631 .32% .50 .08
596 355 .22 .07
.559 .387 .21 .08
.51k . Wh26 .06 .08
466 169 -.08 .09
A7 512 -.09 .10
367 555 -.28 1
.318 .598 -.h6 .12
.260 .649 -.43 .15
.193 o L7007 -.48 A7
.096 <793 -.82 .23
-.011 .887 -.90 .25
-.092 .958 -.95 .35
-.523 1.336 .12 .26
-.6%9 1.437 3T 2h
-.752 1.536 ' .63 .31
-.8%0 1.605 .35 .23
-.880 1.649 .13 .13
-.922 1.686 .11 .08

-.956 1.715 -.12 .08
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Fig. 20. Polarization parameter in ﬂ+p elastic scattering for an incident
pion momentum of 1.28% GeV/c. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section ITI-C-3. This systematic error comes from irnaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted.
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Table X, Polarization parameter P(6) in ﬂ+p scattering. The error
AP(6) is statistical only and does not include the syste-

matic error discussed in Section IIT-Cc-3.

P, =1.352 Gev/c T, =1+220 GeV B _=1.857 GeV
Cos 0, : :E EE?Z . AP(6)
831 .159 .89 Ak
778 .208 .80 11
-709 275 .70 .10
LOhk 333 .63 .10
.60% 372 L6k A1
572 Jho1 .19 17
536 435 .01 .12
L0 488 -1k 11
413 549 -.35 11
346 612 -.58 1%
.280 B75 -.87 L1k
.213 LT37 . -.84 A7
-139 .806 -1.02 .16
.056 .884 -.65 .16
_.02k " .959 -.02 .16
-.093 1.023 .11 .19
-.215 1.138 -.51 .29
-.316 1.2%2 .33 .22
- . 403 1.314 .18 .18
-7 : '1.383 Lok | 17
=560 l.bher .22 .27

-.679 1.572 .69 ' .29
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Fig. 21. Polarization parameter in #Tp elastic scattering for an incident

pion momentum of 1.352 GeV/b. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section III~-C-%. This. svstematic error comes from inaccurate
knowledge of the target polarization and resuvlts in an 8% uncers
tainty in the scale against which the polarization parameter is

plotted.
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Table XI. Polarization parameter P(®) in ﬂ+p scattering. The error
AP(B) is statistical oﬁly and does not include the

systematic error discussed in Section III-C-3.

P, . =l.4k1l GeV/c

1ab Tlab=1.508 GeV E,,=1-902 GeV
Cos ©_ -t P(8) AP(O)
.861 141 R .16
.835 .167 71 .08
.801 202 .75 .05
765 .238 .83 .05
721 282 1.00 .06
676 .328 .98 .06
641 .363 .82 .07
.598 .1o8 .69 .10
.558 .4h9 an .13
.518 .489 .59 .15
.493 514 .19 .22
RITe) .548 -.35 .15
Lol 608 -.62 .15
<333 677 -.92 .18
265 .Th6 -.79 .19
.215 797 -.43 17
.125 .887 -.29 .16
.015 1.000 -.12 14
-.107 1.121 -.08 .13
-.234 1.252 -.11 .22
-.33h 1.35% -.21 .22
-.h21 1.h41 -.2k 23
-.489 1.507 .12 12
-.61k 1.637 .29 .16
-.730 1.755 .52 41
-.80k 1.830 .96 43
-.858 1.885 Lo 20
-.900 1.927 .13 13
-.930 1.958 -.07 10

.955 1:98u -.05 :10
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Fig. 22. Polarization parameter in ﬂ+p elastic scattering for an incident

pion momentum of 1.4kl GeV/c. The errors shown are statistical
only and do not include the *8% systematic error discussed in
Section IIT-C-3. This systematic error comes from inasccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted,
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Table XII. Polarization parameter P(0) in n+p scattering. The error
AP(B) is statistical only and does not include the

systematic error discussed in Section III-C-3.

P =L 570 GeV/c Tlab=1.u57 GeV Ecm=1.964 GeV

Cos 6, -t P(8) AP(8)
.880 .135 .05 .34
.853 .165 .48 .07
.818 .205 , .45 .06
.790 237 : L7 .08
766 263 .59 .06
732 302 .76 .09
.689 .350 77 .07
.648 . 396 .85 .09
.609 L4ho .89 .15
.557 .500 A7 : .21
490 575 27 .37
o2 .65% .22 .25
.352 731 -.05 .25
.283 .809 .38 .24
214 .887 -.02 .18
.123 .990 -.10 .19
.0l1 1.116 .29 .2k
-.090 1.230 42 .27
-.229 1.387 .22 .27
-.33%0 1.501 -.20 .32
b1 1.587 .29 1k
-.502 1.690 .02 : .13
-.636 1.846 .16 .26
- 741 1.959 1.17 .65
-.80k4 2.03%6 .99 .62
-.859 2.098 .05 .20
-.907 2.152 -.06 .13
-.9L5 2.195 -.0L .13
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Fig. 23. Polarization parameter in =’ elastic scattering for an incident
pion momentum of 1,570 GeV/c. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section III-C-3. This sgystematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncers~
tainty in the scale against which the polarization parameter is

plotted.
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Table XIII. Polarization parameter P(6) in n p scattering. The error
AP(G) is statistical only and does not include the syste-

matic error discussed in Secfion ITI-Cc-3%.

P ,p=1-690 GeV/c Ty, =1:556 GeV B, =2.020 GeV
Cos 6_ -t P(0) Ap(6)
887 140 .25‘ .08
.860 L1753 31 .05
.830 .209 43 Nort
- 799 .2ho 4o .05
. 765 .290 A5 .05
(ol . 366 A2 .08
.680 . 396 .53 .08
.655 o6 A .09
.630 457 .60 A1
.598 Lho7 .83 12
Sh5 .562 .87 J1h
L6 648 .86 .16
105 LT3k .90 .16
L334 .822 .98 ' .13
.303 ) 861 .84 .21
.26k .909 82 b
.148 1.05% RiTo) ‘ .25
.090 ' 1.124 57 .10
-.023 1.263 A2 ' A1
-.111 1.371 .33 .16
-.218 1.505 16 .25
-.320 1.631 -.23 27
-.h6 1.749 .00 .25
-. kol 1.845 .05 .21

-.565 1.933 -.06 .21

I
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Polarization parameter in ﬂ+p elastic scattering for an incident
pion momentum of 1.690 GeV/b. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section ITTI-C-3., This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polari zation parameter is
plotted.
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Table XIV. Polarization parameter P(8) in ﬂ+p scattering. The error
AP(G) is statistical only and does not include the syste-

matic error discussed in Section ITT-C-3.

Py 3,=1.869 GeV/e Tiap=t-132 GeV E__=2.102 GeV
Cos 6.y :E EEEZ AP(0)
897 LLhk 13 m
.870 .181 .30 .08
Bh1 .22% e .06
008 267 .32 .06
STTH .516 .39 06
<11 403 .30 .09
-6Th 455 .49 .08
622 227 .35 11
56k .608 .60 .1k
NN 705 .9k 20
oo 806 1.29 : 15
39 .908 .88 11
277 1.001 .92 1
.205 1.109 .85 1%
.110 o 1.2k2 .87 20

-+006 1.403 .80 16

-.108 1.547 L6 .22
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Fig. 25. Polarization parameter in s'p elastic scattering for an incident

pion momentum of 1.869 GeV/E. The errors shown arestatistical
only and do not include the i8% systematic error discussed in
Section III-C-3. This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted.
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Table XV. Polarization parameter P(9) in ﬂ+p scattering. The error
AP(6) is statistical only and does not-include the syste-

matic error discussed in Section III-C-3.

P, =1.988 GeV/e Ty, =1-853 CeV B, =2.154 GeV
Cos € . :E fﬁfz AP(6)
.890 166 .29 .05 .
.861 .208 .36 .0k
.830 .255 .28 ol
.796 306 .32 .06
.Thé .382 .30 ‘ .06
696 A4s6 .29 .08
.658 51k .19 .07
.618 STk .29 .10
STh 640 ‘ .23 .12
530 .706 43 .20
485 TR .69 .18
420 Neyal .79 .21
346 .983 .90 .17
272 1.09k .78 , .16
.200 1.203 .85 .16
.103 1.348 .85 16
-.014 1.524 .72 .23

-.117 1.679 R iTe) 3l
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Fig. 26. Polarization parameter in xtp elastic scattering for an incident

pion momentum of 1.988 GeV/c. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section IITI-C-3. This systematic error comes from lnaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is

plotted.
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Table XVI. Polarization parameter P(6) in n+p scattering. The error
AP(6) is statistical only and does not include the syste-

matic error discussed in Section III-C-3.

P p=2.535 GeV/e T p=2-399 GeV E,,=2.360 GeV
Cos 6 :E fffl AP(6)
.921 .158 .30 07
.89k .213 .33 Nollt
.863 27k .38 ol
829 L343 W37 .06
.791 Rk .bo .08
709 .582 .23 Jd1
.653% - .693 .05 R
594 812 .36 - .21
522 .957 .25 .19
We 1.115 .25 .18
.362 1.275 .35 2k
.283% 1.435 .23 30
.20k 1.591 -.0h .29
.121 - 1.757 -.03 27
.003 1.995 -1k .32

-.11kL 2.229 -.29 37
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Fig. 27. Polarization parameter in ﬂ+p elastic scattering for an incident

pion momentum of 2,535 GeV/c. The errors shown are statistical
only and do not ineclude the i8% systematic error discussed in
Section III-C-3. This systematic error comes from inaccurate
knowledte of the target polarization and results in an 8% uncer-

tainty in the scale against which the polarization parameter is
rlotted. :
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Table XVII. Polarization parameter P(8) in = p scattering. The error
AP(0) is statistical only and does not include the syste-

matic error discussed in Section III-C-3.

Plab=5.26o GeV/c Tlab=5.124 Gey_ Ecm=2.650 GeV

Cos 6 :E p(o) AP(6)
.9%2 181 .31 .15
911 237 Lo .11
.889 .297 R L1
.863 .36k .1k L1k
843 419 .10 17

.800 534 .49 27
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Fig. 28. Polarization parameter in ﬁ+p elastic scattering for an incident

pion momentum of 3.260 GeV/E. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section III-C-3, This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted.
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Table XVIII.Polarization parameter P(6) in n+p scattering. The error
AP(9) is statistical only and does not include the syste-

matic error discussed in Section III-C-3.

e

= 7h — _ 1 v
P, =0 THT Gev/e Tlab—3.6lo GeV E,,=2.817 Gev
Cos 0, ;E P(0) AP(6)
9%k 207 .64 .18
L919 250 .08 .18
.903 302 .36 .18
886 «355 .60 .21
.868 J1e L32 : 22
848 b2 .02 .30

.828 .536 -.02 e
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Polarization parameter in ﬂ+p elastic scattering for an incident
pion momentum of 3.747 GeV/c. The errors shown are statistical
only and do not include the i8% systematic error discussed in
Section III-C-3. This systematic error comes from inaccurate
knowledge of the target polarization and results in an 8% uncer-
tainty in the scale against which the polarization parameter is
plotted.
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Table XIX. Results of a calibration run which measured the polarization
parameter in proton-proton elastic scattering at 1390 MeV/c
(kinetic energy = 739 MeV).

- P(6) 2p(6)
(degrees) -
Lo ' A5 .06
g .52 .05
56 .53 .05
62 .55 .Ok
66 43 ol
72 35 .05
78 .30 .05
8 L1k .06

90 .01 .08
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V. ANALYSIS OF THE RESULTS
A. " Formalism

1. Partial-Wave Expansion of the Amplitudes

In non-relativistic notation the wave function of a system

involving a single spin—l/2 particle has two components and the corres-

Ll
ponding density matrix p is a two-by-two matrix. The polarization
F of the spin-l/2 particle is related to p by
p = 2L (1470, (V-1)

2

where O is the Pauli spin operator. Let M denote the two-by-two tran-
sition matrix which tekes the =l system from its initial state into
its final state. It is easy tc show that if parity is conserved in
this transifion, the most general form M can have is

M = f. + g o8, | (v-2)
where f and g are complex-valued functions of energy and angle, and o)
is the normal to the plane of the reaction defihed in Section II. This
follows from the fact ﬁhat since there is no change in intrinsic parity
between the initial'andbfinal states, M must be a scalar‘rather than
a pseudoscalar. Thus terms like Eaﬁi or Eiﬁf which change sign under
parity inversion cannot appear in M. In fact the oﬂly scalar terms
which can be constructed from the available kinematical quanfities are

the two in (V-2). The initial and final state density matrices are

related by M according to
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Now the differential cross section, I, averaged over the final-

state polarizations is in general

I = trace Pp- (v-k)
And if there is no initial-state polarization, (V-1) gives that Py
normalized to unit intensity, is simply 1/2 times the two-by-two
identity matrix. It follows from (V-3 and -4) that

lg]°.

I = |f]2 + (Vv-5a)

But starting with the polarized initial state
= + 5
one obtains from (V-1 through -5) that
I=1(1+ P?E‘ﬁ),
which is equation (II-2), and that
*
IP =2 Ref g. (V-5b)

Equations (V-5) are the basic relation between the éurrently available
experimental results and the functions f and g, called the "non-spin-

1

flip amplitude" and the "spin-flip amplitude"”, respectively. The spin
rotation parameters mentioned in Section I can be expressed as com-

. . 2 2 *
binations of ]fl - |g| and Imf g, but they have not been experimentally

measured yet.
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-104~

amplitudes for elastic pion-nucleon reactions.

Process Amplitude
+ + _ > a L 3[2
T +Pp—>n +0P M+—f++g+0-n=M.
f+=f3/2
g+=g5/2 \
% 4P + P M_=f_+g_g-ﬁ=%M3/2+ng/2
L1322 /e
£=3f S T
_1l 3/ 2 1/0
g. =387 +5¢
st_+p—>ﬂ:0+n Mo=f0+gog.ﬁ =% (MB/2 -Ml/g)'
3 NE (f5/2 _ f]_/g).
N2
go~-—5(g5/2 g/?)
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The fact that the three processes of (I-l) are all observed can
be taken into account by indexing all of the above by +,-, or o to

indicate the charge state in question. Thus ,one has f+, f, fo;

8y 8.5 83 etc. But if the interaction is invariant under T-spin,
only four of these émpliéudeé are independent, since the nN system
can have I = 1/2 or 3/2 only. The relations are given in Table XX.
The energy dependence and angle dependence of the amplitudes can
be separated by expanding f and g into series of partial-wave

5

amplitudes:

1
8

[(ﬂ + 1) Tii + lTiiW Pl(cos 0)

™

BN
il

o]

I i I I 1
g =F Z{: [T£+ - Tl‘ 1 P! (cos 0).
=1

Here k is the momentum and 6 the scattering angle in the center of mass.
Tii is the partial-wave amplitude corresponding to the nlN state with
isotopic spin‘I? orbital angular momentum £, and the total angular
momentum J = [ + 1/2 or £ - 1/2. Pl is the ordinary Legendre polynomial,

and Pi is the first associated Legendre polynomial.

d

1 .
(PZ (cos 8) = sin 6 (o5 8) Pz(cos 8).)

]
The use of expansions (V-6) in practice depends on the assumption

that their convergence is sufficiently rapid that they can be replaced

by finite sums, taken to some relatively small lmax’ It is the short-
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range character of the strong interactions which makes this plausible.
If that range is.r,.thén éféﬁés‘Withkz large enbﬁgﬁ that‘kr << £ should
not contribute significaﬁtiy to the scatﬁeriné émplitudes because of the
centringél barrier. Their Tg should be negligible. It ié reasonable
to assume in =N interactions that r is <1 fermi = (197 MeV/c);l since
the longest range force éhould involve the exchange of two pioﬁs. So
$ oo ™ k/197 (with k in units of MeV/c) is aﬁ estimate of the number
of terms needed in (V-6). Taken literally, this gives Loy = 4 at
about pion lab kinetic energy Tﬂ = 1600 MeV (or lab moméntum
P_ = 1734 MeV/c, or total c.m. energy M = 2040 MeV), and imax =5 at
T = 2340 (Pﬂ = 2475, M = 2356).

Thé T's are complex-valued functions of energy (or momentum) only

and are usually parameterized each by two real-valued functions of

energy. Suppressing indices for clarity, we write

_ 6215 1
T = n‘—z——* (V'7)

The n's and 8's, which are also indexed by I, £, and J, are called
absorption parameters and phase shifts, respectively. Unitarityl
restricts 1 to lie in the range O to 1. This fact and the form of
(V-7) dictate that in the complex plane T always lies on or within
a circle of radius 1/2, centered at O + 1/21. This circle is-called

the unitary circle and its plot, an Argand diagram.

Discussion of the behavior of amplitudes on such diagrams can
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1
be found in the literature, but an essential point to mention here

is that when a particular partial -wave amplitude passes through a
resonance, its trajectory traverses the top of a roughly circulai6arc on
its Argand plot. Furthermore, causality (the "Wigner Condition" )
requires that the motion be in a counter-clockwise direction with
increasing energy. If the resonance is perfectly elastic, that arc
coincides with the unitary circle itself. This 1s the case with the
resonance in the P33 partial wave at 1236 MeV. (Here the notation is
spectroscopic -- S, P, D, F, G,... for £ =0, 1, 2, 3, 4,... =-- and

the subscripts give 21 and 27. for instance, has £ =2, I = 3/2,

P35
J = 5/2.) In general, however, the resonance arc may lie anywhere
within the unitary circle, and & need not pass through 900 at the
resonance energy.

The‘ﬁltimate goal of a phase shift analysis is to discover the
behavior of these partial-wave amplitudes. Equations (V-5 through -7)
express the relation between them and the experimental data. In general,
finding a solution entails‘finding a behavior which 1s consistent with
all the data. How such a solution can be constrained, searched for,

and tested for uniqueness will be discussed in Section V-B.

2. Legendre Expansion of the Observables

An alternate approach to finding out how the individual partial
waves are behaving begins with direct Legendre expansion of the data

itself. One varies the (dimensionless, real-valued) coefficients
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Ai and Bi in the series

i

i 2
I X ZAiPi(cos e) - .

I p= %2 8.7, (cos 6) ()

o iti

to obtain best fits to the existihg data. Here % = k;l is the incident
c.m. wavelength/En; The Ai éndei are quadratiéally relatedvto the T's
of the last section. (These relationé are explicitly listediin, for
instance, Reference 1.)

Examination of theée coefficients' behavior with.énergy, given
some a priori knowledge about how a few of the partial ﬁave amplitudes
are behaving, allows one to make certain general statements about other
specific amplitudes. Tﬁis can someﬂimeé givé good evidence toward
| . 59,50
determining the guantum numbers of resonances already located, but
it is not as quantitative an approach as that reviewed in the last
section. It élso suffers from the difficulty that when fhe data is
not available at all aﬁgles, as_is often the case with the results of
polarization measurements, the Bi gre hard to determine in a straight-
forward way. The "fit" obtained will then predict impossibly large
values of P at angles where there is no daté. Introduction of
fictitious daﬁa ( ? = 0. £ 1.) at these angles helps to constrain the
fit to be mofe reasonable but prejudices thevrésult at‘least somewhat.

Still, this was the sclution used in obtaining the fits reported below

to the data of this experiment.

=
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B. Phase-Shift Analysis

1. Basic Approach

Different groups have used different methods and constraints to
try to determine uniquely the behavior of the partial-wave amplitudes

27
Tit. Roper has done an energy-dependent analysis up to TTt = T00 MeV.
The most significant result of this piloneering analysis was his discovery

of the "Roper" resonance in the P.. amplitude somewhere around M = 1400

11
MeV. He parametrized the non-résonant phase shifts by power series in
k and used Breit-Wigner forms for the resonant amplitudes.
29 25,26

Two groups, Bransden et al  and Donnachie et al, have since in
various ways used the information obtained from partial-wave dispersion
relations to help constrain the problem and exte%? the analysis to
higher energies. The latter group has reported2 several variants
of a solution to energies as high as T = 1308 MeV (M = 1900 MeV).

Bareyre g}_glleed an approach which was energy independent at
the first step. They found fits to the data at each of l3lenergies
between Tﬂ = 310 and Tﬂ = 990 MeV.  These fits include S, P, D, ané F
waves at all 13 energies and G waves at the two highest energies. No
a priori energy;dependent restriction was put on these fits; but after
they were obtained, the particular fit to be included in the final
solution was selected by the requirement that each partial wave ampli-
tude exhibit reascnable continuity from one energy to the next. The

argument for the uniqueness of the final result was that at the lowest

energy the solution is unique, and in extending it upward in energy, ﬁo
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alternate set of fits could be found to give continuity. = The result
showed resonances near -the n p-total cross section bump at Tﬂ = 600

MeV (M = 1512 MeV) in all three of the amplitudes S P.;» and D

13"

And’ there were resonances contributing to the = p cross section bump

11’

+
at T_ = 900 MeV (M = 1688 MeV) and the &t p cross section "800 MeV

11> Dygs Fp5 and 8o

The analysis whose preliminary results are reported here most

shoulder" in all four of O

closely follows the approach of Bareyfe. At each of some 19 energies,
initial guesses for values of the n and & parameters were obtained in
ways described below. Then these parameters were varied in an attempt

to get a good fit to the data at that energy by minimizing the scalar

quantity | 5
. - :
2 'i(EQmeas Qcalc)
X = (e (erq, ) . (v-9)
{ Qmeas :
: n _ :
Here Q represents some observable -- m , w , or charge-exchange

. . . + - . . .
differential cross section, or = or = polarization. Qmeas is the

measured value of that observable at a given energy and angle; Q ,

calce

the calculatedivélue from the given n's and d's at the same energy

and angle. € is a scaling parameter which was allowed to vary around

1 to account for normalizétion errors in a given experiment. € could
vary from one experiment to another; but was fixed for all data from

a given experiment at a given energy. The sum is over all data available

at or near a given energy. This is typically 80-100 points at a variety
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of angles, invoving five types of experiments and five or six actually
distinet experiments. (There could be two overlapping n+ DCS measure-
ments, for example. Further discussion of the data available is in
the next section.)

The computer program used to minimize x? is named ORPHE%% and
is basically the variable-metric minimization scheme VARMIT. This
program makes use of Xg’ the gradient of Xg, and the inverse of its
second-derivative matrix. The first two quantities are calculated
explicitly at each step of the iteration. The third is constructed
during the minimization process by a method of successive approximations.
Information from all three sources is used to predict the size and
direction of the next iteration step. Besides being quite efficient,
this scheme has the advantage that at the end of the process a good
approximation to the compiete error matrix is available for calculating

correlations among the errors in the different parameters.
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Initial guesses for~input to ORPHEUS were obtained in three ways.
The first started with a rather coarse survey conducted wiﬁh'é ravine-
following minimization method operated with fixed siép-length in a
search mode. By this is meant that the brogram used information
gccumulated from several successiVe evaluafions of X2 and its gradi-
ent to predict the direction it should move in the parameter space to
select the next point for evaluation. Each such move or "step" was
over a fixed distance in.terms of a metric on the parameter space and
was calculated to follow the curvature of the contours of constant
X2 in that parameter space. The term "search mode" refers to the fact
that the program was required to continue to step forward once it had
established a general direction in which X2 tended to decrease. Even
if X2 eventually began to increase in this direction,the steps were
not completely reversed. Instead the program was instructed to follow
the contour along which X2 seemed to increase least rapidly. This
procedure was designed to allow the program from each start to step
through and compare several successive relative minima in X2 . At
each energy these searches were started at points chosen randomly in ¢
the general vicinity of the solutions published by Bareyregzgd Lovelace.2
This restriction was imposed mainly to conserve computer time by making
it more likely that the search program could find an acceptably small
relative minimum of X2 in its prescribed number of steps. Initial
values of the absorption parameters (n‘s) were chosen randomly in the

region ranging from *.1 to *.4 around their values in the Bareyre and
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TLovelace solutions. The phase-shift parameters (st) were chosen from
a region ranging from +20° to i9OO_in a similar manner. The amount of
variation allowed depended on the energy and the orbital angular momen-
tum of the partial-wave amplitude involved. In general, lower partial
waves (smaller £) and higher energies were given the most latitude.

Some 40 to 120 starts (Table XXII) were made at each energy in this
survey. The point with best X2 found along the path of 75 to 100 itera-
tion steps after each such random start was then used as input to
ORPHEUS. After a relatively brief effort to improve the X2 of all
these cases (about 40 sec of 6600 computer time per case), the best
candidates were selected for more intensive (2-3 min/case) minimization
efforts. Final selection of acceptable fits from each set of cases at
each energy/¥::ed on comparison of the final X2 to the number of degrees
of freedom corresponding to the number of data used and to the other
cases’ Xe’s obtained under the same conditions. There were wide varia-
tions in the amount of change in the values of the parameters between
an initial random start and a final acceptable fit obtained in this way.

The second source of initial guesses wag fits obtained in the
above way at energy En » but submitted as starting points fgr ORPHEUS
using data at energy En+l or En-l o Initial X2 for such a start was
usually at least an order of magnitude better than that of a purely

random start and roughly comparable to that obtained in a start taken

from the output of the crude ravine search. Final X2 tended to be
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acceptable in a somewhat greater percéntage of the cases than with the
method above, and the amOUnf the parameters changed to achieve a fit
at the adjacent energy was comparable to the changes between one energy
and the next in a."continuous" solution like' Bareyre's.

It should be mentioned, however, that because of variations in
how the minimization program takes its first~few steps, this procedure
is not necessarily guaranteed to find the nearest relative minimum of
X2 at the adjacent'energy. When fits at energy En were continued to

E and then the resulting En+

el fits resubmitted with En data, the

1
original starting point was recovered in only about half of the cases
tried.

The third source of ORPHEUS starting points was the solutions

25

published by other groups. Those of Bareyre -~ and of Donnachie?é in
particular, were used as inputs at each energy of this analysis, and
at several energies the resulting fit is the one included in the tenta-

tive solution reported below. (See Table XXIV)
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2. Data Used in the Search

An analysis of this type would be completely impossible were
it not for the great increase in the last few years of the amount of
nlN data available. In the energy range considered here the contribu-
tions have come mainly from Saclay, Rutherford, Argonne, and Berkeley,
and have generally been the results of major experimental efforts in
which a given observable is measured at a number of energies with
the same setup. BEfforts have been made to measure the different
observables at the same energies so there would be complete sets of
data at specific points. At the present time a "complete" set con-
sists of only five types of experiments, however. The spin rotation
parameters have not been measured at all, and only a few data points
exist for charge-exchange polarization.

The points at which this analysis was carried out were chosen
for their availability of complete or nearly complete sets of data.

16,21
Though some new data has been published since the analyses of
Bareyre or Donnachie, the points used here are not different from
“those of earlier analyses, except that two high-energy points have
been added.

The specific energies chosen for analysis and the data used
in each case are listed in Table XXI. Except for the interpolation of
some charge-exchange differential cross section data mentioned below,
none of the data was edited or corrected in any way. The only preju-

dice exercised was which of the experiments to use in the fits at a
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Table XXI. Data used in the phase-shift analysis. The entries are:

pion kinetic energy(reference). - -

Nominal T
(MeV)

490

550

581

600
650
698

T

796
845
870
900
949
990
1049
1148

1228
1507

1446
1566

- Differential Cross Sections
xt Ll Ch.Exch,
490 (12) 490(12)  500(16)
550(12) 550(12)  533(16)
581(11) 581(31) 592(16)
600(12) 600(12) 5838(1k)
650(12) 650(12)  655(16)
698(11) 698(11)  To4(16)
7(13)  TRT(A3)  T55(1k)
796(13)  796(13) 796 (k)
8U5(13)  BU5(13)  BAS (14)
- 870(13) 870(13)  875(16)
900(13)  900(13) 900 (16)
ok9(13)  9h9(13)  9k9 (16)
990(11) 990(11)  975(16)
1049(13) 1049(13) 10&9*(16)
1148(13)  1148(13) 1117(16)
1151(1k)
1228(13) 1228(13) 1228*(16)
1311(11)  1307(13) 1300(16)
14U6(13)  1hh6(13) 16T (16),(17)
1545(11) 1566(22) 1581(17)

Polarizations

ot

7

Lo2(20)

572(19)
61.9(21)
619(21)
689(1.9)

%66(21)

766(21)
864(19)
864(19)
89k (21)
953(21)
981(19)

L92(20)
hre(21)
546(21)
572(19)
619(21)
619(21)
692(21)
689(19)
766(21.)
Th7(18)
796(18)
8L45(18)
86L4(19)
900(18)
949(18)
981(19)

102k(21) 102hk(21)

1152(21) 1148(18)

1220(21) 1220(21)
1308(21) 1307(18)

1301(19)

1439(21) 14k6(18)
1556(21) 1566(22)

data interpolated to this energy
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few of the energies whgre»there were duplications. Where both groups
reported results, the charge-exchange data of Ref. 16 was preferred
to that of Ref. ik. And at TJr = 870 MeV where the n+ and ® cross
sections of Ref. 11 and Ref. 13 are in some disagreement, the latter
was used. At all other points all the available data were used.

When only the four types of data—-n+ and s differential
cross sections and ﬂ+ and n polarizations--were available at a given
energy, and charge-exchange differential cross section data were avail-
able af energies on both sides, the fifth type was created artificilally
by interpolation. Simple linear interpolation was used on both the
data points and the errors. This was thought preferable to the alterna-
tive of conducting searches with only four experiments for two reasons.
First the number of different statistically good fits to the data is
much reduced by the added constraints of the additional data. Second,
without some information about the charge-exchange cross section, the
fits often predicted irrationai values for it. Such interpolation was
used only for charge-exchange differential cross section ana only at
the seven points listed in Table XXI, No interpolation in angle was
necessary because in this energy range data of this type has been
reported by all groups at fixed intervals of cehter-of-mass angle.

The number of degrees of freedom listed in Table XXI for each
energy is the total number of measurements minus the number of para-~
meters allowed to vafy in the search. All the fits in the analysis,

reported here were through G waves (zmax = L4), and involved both
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I-spins. So the number of parameters is M(EBmaX + 1) + number e's = k41,
for a typical case of five experiments. 1In this analysis none of these
parameters was restricted in any way (except that n was required to lie
between O and 1) other than by the data and N

The total number of "measureﬁents" listed in Table XXI includes
four which correspond to the real and imaginary parts of the I=l/? and
I=5/2 amplitudes. The imaginary parts, by the optical theorem, come
essentially from total cross section measurements. The real parts are
not measured directly, but are obtained by dispersion-relation calcula-
tions. The values used of both real and i&aginary parts were taken
from Ref. 47._

' The number of measurements also includes the number of scaling
paraﬁeters (e's) involved at that energy--four to six depending on the
number of experiments used in the search. These €'s are treated by the
program both as data to be fit and as parameters to be varied. As data
they are taken to be 1 + A€ , where Ac is the systematic error reported
by the experimenter. (If no systematic error was reported, A€ was taken
to lie between .10 and .05, depending on the type of experiment.) As
parameters they are used in the calculation of X2 and its gradient and
in general treated by the program on the same footing as the 7's and &'s.
Because of their dual role of déta and parameters, the number of ¢'s does

not affect the number of degrees of freedom.
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3. Energy Independent Results

The number of‘different starting points for X? minimization at
each energy are listed in Table XXII. At all except the two highest
energies all of the three  methods described above were used to select
those starts. At T = 1446 MeV starts were made only from some of the
acceptable fits at 1307 MeV. And in turn only the results of these
starts (not all of which were good fits) were used as input at 1566 MeV.

The number of good fits listed in XXII is intended to give an idea
of the amount of ambiguity involved in a search of this type and is not
to be considered the total number of fits that might possibly be found.
It is simply the number which have been found as of this writing (July,
1967). At each energy these fits all have comparable X?- (The range
from best to worst is ten to twenty) And all are distinct not only
in the sense that they will not converge no matter how long the minimi-
zation program works on them, but also in that they differ by significant
amounts. By this last is meant amounts comparable to (or greater than)
that between fits at adjacent energies in a final "continuous" solution,
like Bareyre's or the one reported below.

As a quantiiative measure of this distance between fits we have
used a metric based on the separation of the amplitudes on the Argand
diagrams. Consider each amplitude to be plotted on a separate diagram
and each diagram to contribute two dimensions to a M(Elmax + 1)-dimen-
sional Euclidian space. The distance between two fits is taken to be
the Cartesian distance between the points they occupy in this space.

The normalization used is such that two diametrically opposite fits --



Table XXII. Energy independent phase-shift results. The symbols
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are defined in the text.

Tﬂ »Pﬂ M  Number . Number - best X2
(MeV) @MeV/c) gMeV) of starts of fits
490 614 1443 4o 6 79.2
550 675 1481 50 15 6L, 7
581 707 1501 ™ 35 59.2
600 726 1512 65 30 53.8
650 777 1543 60 31 65.9
698 826 1572 66 30 68.6
Th6 875 1601 71 28 76.2
796 925 1629 110 b7 45.6
8L5 975 1658 58 33 48.9
870 1000 1672 103 31 46,7
900 1030 1688 - 96 27 41,1
949 1080 1716 k9 13 52.9
990 1121 1738 76 2l 47.8
1049 1180 1769 4o 7 75.6
1148 1280 1821 b1 1k 70.5
1228 1360 1862 ko 13 79.1
1307 1440 1901 55 23 84.8
1446 1579 1968 26 12 61.9
1566 1700 2025 13 6 82.2

DrF

58
L9
L1
65
63
67
7
51
54
50
5k
53

- 5L

65
65
69
71
68
83

best X

n

DF

.83
1.05
1.02

.99

.90

.91

.93

.76

.89
.16
.09
15
.19
.91
99

R SIS
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that is, two fits which have all n's equal to 1 and corresponding 8's
differing by 90O -~ are taken to be 100 units apart.

In terms of this distance, fits at a given energy can be regarded
as distinet if they are more than about three to five units apart (de-
pending on their energy). And fits at adjacent energies (separated by
about fifty MeV) in a "continuous" solution will be typically 8-12 units
apart in the energy range considered here. By no means all the distances
encountered are this small, however. With a few exceptions 1t is true
that at each of the energies in Table XXII almost equally good fits have
been obtained, in terms of x?, that are more than 25 units apart. Such
fits are radically different in most of their partial waves, and usually
predict very different values for unmeasured observables -~ specifically
the charge-exchange polarization.

The "best x?" listed in Table XXII is simply the best found at
each energy to date. It is intended to convey some idea of the quality
of the fits at one energy relative to that of fits at another, but cannot
be taken too literally in this respect. Usually,vat an energy where
x? is signifiééﬂtly greater than expected, most of the contribution
comes from two or three well-defined data points. All the different fits
at such an energy will fail at the same few data. It seems more
reasonable to regard these points as being themselves in error than all
the fits intrinsically bad.

The best x?_found at each energy does seem to be a meaningful guide
for judging the acceptability of other fits at that energy, however.

Slight changes in the data, such as the substitution of the charge-
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exchange data of Reference 16 for that of Reference 15, can affect x?
by as much as 10-15. (Referéﬁce 15 is a preliminary report and Reference
16 a final report on the results of the same experimen£.) But such
changes affect-all the X?’s in.a given set of fits in generally the same
way. Fits which had relatively bad x?'s with the old data are still
relatively bad with the new. So the selection of the fits listed in
Table XXII is based on theif statistical merit relative to the best £it
obtained at each energy rather than fo an absolute scale.>y&he fits in
each set were run under identical conditions to make if meaningful to
compare their x?'s; the distribution of x?'s was plotted, and fits -
which were more than 10 té 20 worse than the best were discarded.

The différences among the fits at a glven energy are most noticeable
in the lower partial waves, particularly S and P. It was found that no
matter where an F or G wave amplitude was started, the minimization process
would move it back to near zero (except at energies where resonances
could be expected). But usually fits could be found whose S and P
amplitudes, especially in the I = 1/2 state, were distributed over the
entire unitafy éircle. The inability of the data to determine these
amplitudes very exactly was also evident in their sensitivity to small
changes in the data. Modifications like the charge-exchange cross
section substitution mentiéned above would sometimes move a few of the
lower amplitudes a fifth of the way across the Argand plot. (But this
would usually correspond to a distance of less than 5 units in the metric
defined above, so the distinctions among fits at a given energy would
be preserved.) This is an argument against interpreting the mathemati-

cally computed errors on these lower waves t00 literally. - - - . . .. _
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4. Continuation with Energy

The hope in an analysis like this one is that the tremendous
ambiguities which result when each energy is considered separately will
be reduced or removed by requiring "reasonable" behavior in each ampli-
tude as a function of energy. The problem is to define "reasonable",
and then to apply this criterion to the multitude of fits obtained at
the various-energies.

A minimum requirement for reasonabieness is continuity, but in practice
this requires the basic assumption that the energies at which individual
Tits have been made are close enough together that discontinuity will
be manifest. Even if this assumption is valid, there remains the job of
detecting the continuity. wﬁen as many fits as are enumerated in Table XXIT
are plotted versus energy, the result is hardly enlightening. There appear
to be many ways to select one fit from each energy so that a given partial
wave will behave smoothly, but it is difficult to get all eighteen to
behave smoothly simultaneously, or to tell how many alternate ways there
may be %o do this.

To quanﬁiée the continuity condition so the computer could do the
sorting, the distance defined in the last section was used and the
additional assumption made that the most continuous path through the maze
of fits would be the shortest one. All of the fits were read into the
ccmputer and the lengths of the shortest path from a single starting
point (taken to be the it by Donnachie et al at T = 450 MeV) to each
fit at each enefgy were calculated. The only restriction placed on which

fits could be included in such a path was that there should be one from
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each energy between 450 MeV and the termination point.

This is an unsophisticated procedure; but the results are interesting.
First of all, the shortest total path from hSO MeV to 1570 MeV gives a ”
solution which has almost all the feétufés of Bareyre'é or:Donnachie‘s
solutions. The resonances in the D and F waves aré clearly present.

The S and P trajectories are less smoofh, but they at least pass through
the same general parts of the uﬁifary circle as do Bareyre's. And their
roughness is not much worse than that of the Donnachie gsolution. The
surprising point is that this approximate reproduction of all the

 resonant behavior previously reported can be obtained from this version

of the continuity requirement. One would expect paths which include
resonancés to be longer than those without them because of the distance
amplitudes move in passing through resonance. . So, if anything, the
selection process used here should be prejudiced against finding resonances.

Yet even the loop in the S .. amplitude just above the eta threshold is

11

approximately reproduced.

A second point is that the fits selected by the shortest path from
the startinguééint to any of the fits at a much higher energy tend to
be the same over most of the path. Thus the shortest path from fit 1 at

energy E. to any one of fits 1-20 at energy Eq will tend all to pass

1

through, say, fit 4 at En This says that at least with the collection

-3°
of fits on hand at the moment, most paths which branch off from the
shortest overall path do not continue for very many energiesﬂ

When this selection technique was first used on an early collection

of,fits, all obtained only from the random-starting procedure already



-125-
described, no branch path was observed to survive for more than four
énergies. (The overall result was essentially the same as the one
reported‘here, however.) More recently, after a number of new fits had
been obtained by the second starting procedure of trying direct con-
tinuation of individual fits to an adjacent energy, several branches
have been extended through additional energies. One now extends through
ten, departing from the solution reported here at 650 MeV and disappearing
after 1050 MeV. The x?’s of some of the fits along this path are not
particularly good and it is not seriously proposed as an alternate
solution. The point is that this general search and sort procedure
seems to offer a promising base for an extensive investigation of the
question of uniqueness.

Another advantage of this sorting teéhnique is that it is easy to
test which partial waves are helping most to constrain the solution. Only
the definition of distéance need be changed. One such test was made by
computing the distance as described above except that S waves were com-
pletely ignored. Thus continuity in the sense of short path-length
depended only on the P, D, F, and G wavés. The result was interesting
because the result was essentially the same, even including the behavior
of the S waves. This is some confirmation that the higher wave (Pll,

, and F__) resonances are really there, even if the

) .,'D , F
P13 Plgr 150 i3 37

behavior of the lower waves is hard to determine with existing data.

The results of this analysis (as they starnd at this writing)

are plotted in Figs. 30 through 37. The meaning of the symbols used
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to plot the points in these figures and a summary of the properties
of the fits at the different energies are<giVen in Table XXIV. The
numerical values of the parameters at eaéh energy and the mathemati-
cal calculation of their errors are given in Table XXV. These errors
come directly from the inverse of the X2 second-derivative matrix as
mentioned in Section V-B-1l. But as is also discussed above, they
should not be regarded too literally as giving the real uncertainty
with which we have determined the golution, even if this solution is
basically the correct one. The "epsilons” listed in Table XXV are
the scaling parameters, also diséussed in Section V-B-1, which were
allowed to vary around 1.0 to adjust the normaliéation of each experi-
ment. At each energy the order in which they are listed is the same
as that of the References in Table XXI.

ﬁz a convenience in evaluating this solution, thé currently
accepted properties of the resonances in the nlN system are sumarized
in Table XXIII.

It is to be emphasized that this solution is presented only
as an example éf.the results which have been obtained to date with
" the search methods discussed above, It is not necessarily the "best"
solution in any theoretical sensé, nor is it claimed to be unigue.

The highest-energy points are particularly speculative.
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Tgble XXIII. =l resonances and their properties, taken from Ref. 48,

—— —

Mass Width I-spih Ahg. Mom. Spin-Parity Spectroscopic

(Mev) (MeV) (1) (2) (3Fy Symbol
~1400  ~200 1/2 1 1/2* P
1525 105 1/2 2 3/27 D)5
1570 130 1/2 0 1/27 811
1670 1ko 1/2 2 5/2" D)5
1688 110 1/2 3 5/2% F s
1700 240 1/2 0 1/2 811
2190 200 1/2 i 7/2" G
2650 ~300 1/2 62 11/272 L1
3030 400 1/2 82 15/272 K115
1236 120 3/2 1 3/2" Pys
1670 ~180 3/2 0 1/2" 851
1920 200 3/2 3 7/2" Fyr
+
2h20  ~275 3/2 52 11/272 Hy 1y
2850 ~300 < : 2
50 ~3 5/2 7 15/272 I3 15
230  hho > ? o
523 3/ 9 19/271 Ls 19




-128-

Table XXIV. Summary of the properties of the phase-shift solution

presented in Table XXV and Figs. 30-37T.

(a)

Found from start at values of Ref. 23 or Ref. 26.

T P M Plot Symbol ~ X° DF ¥°/DF  Source
T T . p . o of
(Mev) (MeV/c) (MeV) o rit
370 490 1362 o1 (a)"
410 532 1390 02 (a)
by 570 1415 03 (a)
490 614 14h3 ok 86.5 58 1.491 (b)*
550 675 1481 05 86.0 4o  1.75% ()"
581 707 1501 06 64.8 M 1.581 (@)
600 - 726 1512 o7 2.1 65 .955 (a)
650 177 1543 08 68.2 63 1.083 (v)
698 826 1572 09 68.9 67 1.028  (a)
46 875 1601 10 95.1 77 1.23%6 (c)
796 925 1629 11 48,7 51 .95k (c)
845 975 1658 12 57.3 5k 1.062 (a)
870 1000 1672 1% 56.7 50  1.133 (b)
900 1050 1688 1k 53,2 5k 8L (c)
ok9 1080 1716 15 63.0 53  1.188  (c)
990 1121 1738 16 52.6 54 97k (b)
1049 1180 1769 17 6.9 65  1.18%  (b)
1148 1280 1821 18 .6 65 1.148 (v)
1228 1360 1862 19 79.3 69 1.149 (o)
1307 1440 1901 20 9.0 TL  1.353 (@)
1446 1579 1968 21 90.0 68  1.%24  (c)
1566 1700 2025 22 9%.5 83 1.1k (c)
* (a) Taken directly from Ref. 26.
(b) Found from random start.
(c) Found from continuation from adjacent energy.
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Table XXV. Numerical fésults of the phase-shift analysis.

PLAB= 613.9 TLAB= 490.0 PCM=  399.3 INVARMALHE 1442.6
. CHI-SCUARE= B.64798E+01 _FOUR 58 DEGREES OF FREEDIM 100 MEASUREMENTS
1=3/2 PARAMEFERS B I=1/2 PARAMEYERS
ETA DELY ETA DELTA
TS TL00CC ¥/ L0CCE T T S38,2119 4/~ L4534 s1l L7377 #/- L0217 28.5039 +/-  .8432
CER! 1.00C0 +7- .CCCE ~19.3€56 +/- 544l T BUL T L2983 TN G224 7T ST 9T /S T301978
TS NASE) ) +/-"L281C P13 <9231 /- .0284 ~.0061 +/- L0005
PEK L9456 /- C0S4 T S1.5282 +s0 1381 ) 013 .8864 ¢7- L0207 18.0222 +7- ".861%
PER .9999 +/-  .CCCz ~.1€23 /- .CI50 T b1s 9756 48382 /= 3446
FI€ T 1.00CG +/-7 .cct3 7 -.8723 ¢/~ .0978 F15 <9998 +/- L0004 2.0685 +/- .5232°
TFI11.00CC ¢/- JC0CLT T TZ.7210 v/- J1420 - FLT 709969« /- T, 6003 1.5567 +/> " 3204
(K] 1.0000 +7- .G0CC 6720 ¥/- U115 7 T GITTTIT60T0 E 42T UOC09 TTYUSTE9 ¢ 7=, 214%
TTNSETE v7-TTLCCESs T T -.2425 ¢/- L0410 619 9997 +/~  .0041 3879 ¢/- ,0608
TEFSILGNT1 - B
EFSILON(20= WS84 %/~ L0155~~~ 7777 - T T T T I T T T e e e e
TUUERSTLON{3)1= <528 4/~ L0232 ) T
TUUTERSILCANTYYETTLC3¢s v/ L0372 ° T T
EFSILONIST=T1.CI51 /- 00325 T T ST e e
T EFSTLORTONE T TEITC TS L0461 T o
D PLAB= 675.3 TLAB= 550.0  PCM= 427.8 INVARMASS= 1481.1
e CHI-SQUARE= 8.59680E+01 FOR 49 DEGREES OF FREEDOM 89 MEASUREMENTS
1=2/2 PARAMETERS 1=1/2 PARAMETERS
ETA ' DELTA ETA " DELTA
521 +96C4 ¢/- ,0080 ~27.6798 +/- .4130 Sl 6549 +/~ .0175 31.1004 +/- .9758
TP 9957 «/5 L¢ccs ST702331 7~ L3553 CPIVTT L e3017¢7- TU012T T T T65.5627 7= 19577
P32 1.00C0 ¢/~ .CC12 ~19.0874 +/- .2854 P13 «8304 +/- .0133 -.0062 +/- L0001
033 <9745 ¢/~ L.0133 -2.38€5 +/~- .0859 013 «6850 +/- 0174 31,3794 ¢+/- 77173
D35 7 7.9999 #/75 TU00F0 T UEIT192 475 L0041 OIS T U999 W75 L0004 T TTE R/ U TIRT
F35 29991 +/~- 20046 ~s7414 #/- L0555 F15 .9120 +/- ,0087 3.66L4 +/- LATTT
F37 <9963 +/-  .0009 3.7352 +/- .1182 F17 <9802 +/- .0038° 1272002 ¥7- L0701
631 1.0060 #/~ J0¢12 L2551 #7- T.J0a38 T T TTRIT T U999 T e/ 70005 29096 7~ .T486
639 .9966 +/- L0028 ~o1€677 /- .0145 G619 1.0000 +/- .0002 25053 /- 01497
EPSILON(L)= 1.C455 ¢/— ,0203 CT T a
EPFSILONTZT= €758 /7= L0180 ~ T T T
EPSILON(3)= 1.001C +/-  .0188 - o )
EPSILON{4)= .9530 ¥/< " 0169
XBL 678-4610
(continued on next page)



Table XXV. Numerical results of the phase-shift analysis.
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(continued)

PLAB= T7C¢.9 TLAB=

pCH=

581.0 442.0 INVARMASS= 1500.6.
CHI-SQUARE= _¢.481€61€¢01 . FOR 41 DEGREES OF: FREEDOM - - 82 MEASUREMENTS R ——
e PARAMEYTERS =~ I=1/2 PARAMETERS
ETA DELTA ETA DELTA
'S31 L8611 +/- L0214  -29.02C5 /- .6820 si1 L7004 ¢/~ .0410 38,0284 ¢/- 1.9228
P31 <9556 +/- .CC21 I ° TPIY T 5221 /- TL06197 T T <T3.7904 /73,5829
P33 TTL9151 +/- 7 L0202 -13.2911 +/- .7889 P13 27299 +/- .0514 —6.2270 +/- 1.9664
D32 L8860 +/- J0225 ~2.8329 /-  .S404 D13 <2975 +/-  .0907 38.1912 +/- 4.0895
D38 TT.00C0 /= (CCCT ™ TUUSE€Z v/ Usa1e T D15  1.00007%/- .0004 19,5896  #/X 107009
F35  1.0000 +/- .CC4é -1.2753 +/-  .3442 F15 1.0000 +/- .0003 3.9347 +/- .6218
Fai T 9998 o7 ey 3.2€59 +/-  .2968 F17 L9999 +/- .0004 Te6611 4= M 7967
637  1.C0€0 /- .00CO 24169 /- ,1333 T UG T.9996 Y7 TTdG02 2.1561 ¢/- 5835
635 1.0000 +/- .0GC4 L1189 4/~  .2340 619 29944 +/- .0125 -.8203 +/- .2365
T TEFSILONT1)= 1.00CE €= L0305 - T
EFSTLENG2)=  .$75¢ +s= 6288 - h Comm T
EFSILCN(3)= L6837 +/- .0271
T EFSILOM 4= .SSSC e/- L0586 T
EFSILCNES)= 1.C2C2 +/- .0S58 - o
T - SRR 776,37 T 1AL hARTH Prv=  4R0.4 TNVARMASS= 1512.5
CHI=SMIAPF= Ae PNRATE4+NT FNF A3 DFGREES NE FP.FF.!"‘(TN 194 MEASUREMENTS
_ . . 42 PAGAWETERS . I=1/2 PARAMETERS .
FTA NELTA ETA DELTA
s31 LBEID /- Y VR TN 4747 7= .3153 39.2196 + /- 1. 4719
LE}! L0669 +/-  .aj2n onLe271 47- S11 L4470 +/- L0195 ~69.3469 +/- 1.3000
P33 LR P YR VAt B P13 JR060 /- 0147 ;8.3739 /- 6002
“paa 01 235066 4r-T T BETE 2016 +/- L0210 T 53,1089 +/- 1.8391
P15 1.0600 +/- .80 L04hR /2T t1s L9970 +/-  .0019 7.8033 #/- L3547
TFae TR o T T eys L6572 + /= L0013 6.5144 +/— L7437
37 2Rt - and) T T e G0t wre BRes T T T T T T Y T T gy T L0005 J3231 47— L0106
3780 /- L3008 S30ma 7< L1454 517 L9999 +/- .3)03 1.2255 +/— 4004
29986 +/- L0007 <0112 s/~ A 29998 /- L0001 25013 +/- . 7145
T FesIUen (1 S Tenan vyl Ty T T T e -
EPSTLEN (D)= L9777 7~ LAlRp T
NooThn vis esps T T T T T s
T ERs T A Y A ST T
EPSILONSY= 9984 +/-  _ozpo
XBL 678-4607
(continued on next page)
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Table XXV, Numerical results of the phase-shift analysis. (continued)

i‘r

PLAB= T777.2 TLAB= 650.0 PCM=  472.5 INVARMASS= 1543.2
CHI~SGUARE= 6.82041E+01 FOR 63 DEGREES OF FREEDIM 104 MEASUREMENTS o
... 1=3/2 PARAMETERS 1=1/2 PARAMETERS
ETA DELTA . ETA DELTA
ST T L9052 ¢/ 10287 T <26.0587 ¥/~ L6344 s11 .2860 ¢/~ .0373 24,1538 /- 2.1756
P31 .§562 +/- .0113 —17.25C6 +/= 766871 o L1 ¥ R . 0335 48,1765 ¥7- 1.4141
P33 1.0000 /- L0009 T -10.8122 +/- L3144 P13 . 8448 +/- .0250 ~13.4732 +/- .7796
‘D33 L8796 ¢/- 0144 T 2.6580 ¢/- .5830 013 L2179 +/- .0218 ~45.6261 +/- 2.9331°
D36 .9086 +/- .CCSE =3 1422/~ U359 T T T T T T T s T T 9048 #0193 T T 21 TR /S T 4419
F35 709366 +/- (61027 T 1.4690 s/- L2680 F15 .9998 +/- ,0012 13.1945 +/- .6701
F37 7 09992 e/-  TUCCCTTTTT T 345104 s4- L2227 F17 «9830 +/- .0122 -.5962 +/- " 1474
G31 .99%6 *+/- .0CC3 C3BG e S TONAST T T T T T TG TTTL.0000 ¢/- L0001 T T T30 T 093 RS L30T
639 49999 +/- L0004 T 4515 +/- L0947 G19 .9998 +/- .0001 -.3467 +/- .0835
TUEFSILONG1Y="1.0052 +/- L0260 - - - )

EPSILON(2)=" .$755 &/- 0216 ~ T 7° T - D ) -

"""" " 1.CL26 T+ L0358 -
“‘Eésx(oﬂi2)= 1.€034 +/- T.0393
EPSILON{S)= 1.0123 +/- ,0389 T o T T T T T
T pLaB=  825.9 TLAB= 698.0 PCM=  492.9 IAVARMASS= 1572.1
— CrI-SQUARE= €.EBEEIE*O0)  FOR 67 OEGREES OF FREEDOM 109 MEASUREMENTS.
e e 42342 PARAMETERS - [=1/2 PARAMETERS o
ETA DELTA ETA DELTA

S J7201 w72 700434 —26.3092 /- 1.0991 s1t L5160 +/- .0589 31.6017 +/~- 3,6580
P31 L9755 +/- .CZ18 —i1484Ce +/- 1.0767 T ey T T 6230 v L0738 T T45 8181 ¥/TT2U6815
P32 T ,8967 +/- L0218 -7.18€2 ¢/- ,780€ P13 L9318 +/= ,0480 -9.7232 +/~ 1.8054
022 TlAssa 4t ez C.8cza vy- L6918 D13 L4812 +/- .0384  -30.0699 +/- 1.9619
PEH WSEL1 +/-~ .0z:z0 S3.03€8 ¥/ USIAE T T T T TR L g7 W ST L0345 T T 14,6165 /ST L6378
F2e 1.c0CC 4/~ .CC12 L0528 +/~  ,0121 F15 .91€8 /- .0414 13.9235 +/- .7294
F31 Tle9ss VST ECeE 3.7¢36 +/- L3769 o F17  1.0000 +/- .0014 1.5481 +/=  .8516
637 LS871 ¢/~ .Ql€2 SWB21L /- V28e0 T UTTTGLTT TTIG99E Tvi- T001e T T TR 1994 v /= T6BIT
6397 71,0000 4/- T 06CE T T Ia196 s L14ks ’ 619 L9988 +/- ,0025

1862 +/- L1910

TEFSILGN IS Lgses e T Tozie T

EFSILOCN(Z)=  .$STS ¢/-  ,031C

TOEFSILEN(3)= L$512 4= T.casc

T ERSILEN (a0 = TLesE L AT T 064

EFSILCA{S)= .5735 4/- .0601

" EPSILCN(6)= 1.CLE% 4/~ L0872

XBL 678-4611
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Table XXV, Numerical results of the phase-shift analysis. (continued)

PLAB=  974,5 TLAB=  T46.0 PCM=  512,7 INVARMASS= 1600.5
CHI-SQUARE= 9,51367F+01 FOR 77 DEGRFES -OF FRERDOM ™ 119 MEASUREMENTS
1=3/2 PARAME TERS ’ 1=1/2 PARAMETERS -
ETA DELTA ETA DELTA

$31 +6729 4/~ L0162 . ~24,2342 ¢/~ 5863 SUL 05626 #/= L0169 T 31,3410 #/~ 9447
P2y L7226 4/~ LCLT? -28.8561 +/= L6012 PIL 0310 +/= L0047 -42.1788 +/- 11,8676 4 :
P32 «52C3 ¢/~ 0109 ~7.3155 ¢/- ,2657 . L3 8069 /- L0165 -3.4932 +/- 1751
C33 <9659 ¢/~ 0003 ~+3766 #/- L0082 ' D13 JTT36 /- L0157 -28.3023 /- L4459
c3s 9CT9 ¢/~ L0086 L2077 /- L2224 . nts WTHTT $/- L0032 12.7387 +/- 377
Fas C 1627 +/- .écﬂr 1.0544 ¢/~ 1177 . F15 7319 /- 0137 20.8366 +/-  ,4088
37 5566 /- L0002 3.07264 #/— 2364 CFL7 1.0000 +/- 00D <1803 +/- 0040
G637 . $589 ¢/-  .0029 1.0245 ¢/~ 0260 G617 29992 +/- L0028 8473 /- 02D
G3s 9690 /- .GON9 <3778 ¢/~ L0116 Gi9 .9855 ¥/~ ,0N68 <1336 +/- 0027

EPSTLON(LI=  ,S397 4/~ .0233
EPSILCN(2}= .9728 +/- ,0154 o T T ) s T
EPSILCN(3)= 1.04B2 +/- .0211
EPSILENL4)= 1.0252 +/- .N272
EPSILON{S)= .96C5 +/- .0257
EPSILCN{6)=  ,978] +/- 0312

. e - PLAR= 925.1 | TLAB= 735.0  PCM= 532,77  INVARMASS= 1629.5 o
CHI-SQUAR = 4.8654TF N1 FAR 51 JESREES NF FREENGM 92 MEASUREMENTS
1=2/2 PARAMETERS =172 PAZAMETERS
ET A NELTA . ETA DELTA

S31 .. 7357 #/- 0237 | =~36,9205 /- 1.0 . s , :7953 /= 0438 41.8958 +/- 1.2992
P31 < HBRT + /- (251 =2R,293N0 +/= 1.0774 pIl 2962 /- 0140 | ~69.3417 +/- 3,5417
P33 « 8740 &/~ o124 —4.26R8 /- .5124% P13 . «R274 +/- « 0146 . -7.045._7 +/- .7873
D33, 7341 8/- _.C217 | ~.3R37 /- 0366 LD .. D13 L8105 +/- L0361 ~22.4836 +/-  .9649
35 «3550 +/- L0111 =3.6069 +/- 4210 315 « 6680 ¢/~ L0214 17.1522 +/- ,5507
F35 «7281 +/- 0152, 242677 +/~ 1858 T15 0 LT8R ¢/~ L0453 32.8141 +/~ 1.4645
F37 . 29923 #/= . W0C16_ 55074 /= _.2930__ . _ . Fl7... .+9999 ¢/~ .0017_ el684 #/-  ,2879
G37 29999 +/~ L((16. . 28013 /= .0436 617 29992 +/- . 0007 «8734 +/- .5162
639 .....9968 ¢/- _.CC1D RS 4 D G19  1.0000 ¢/~ .0013 1312 ¢/~ 2168

EPSILANIL) $5RA2 4/ - 0253 e e el
EPSILIN(?)=  JSKER ¢/~ ,Cl90 )
EPSILINIZ)= 1.0077 +/= 0298 ___ .
EPSILINtG)=  .€C33 +/- 0545

EPSILINIS)= 1.0074 «/- ,0535

XBL 678-4616

(continued on next page)
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Table XXV. Numerical results of the phase-shift analysis.

-1k41-

(continued)

PLAB=__975.0 TLAB=__B45.4 . PCM=__ 551.8 . INVARMASS= 1657.7
CHI-SQUARE= 5.73320£+01 FOR 54 DEGREES OF FREEDIM 95 MEAS
o ..]=§IZ~P‘7AE(”A.}4£*E:R"S . e Do - - [ =173 'P'Ah'A_"EYéRSW' .
e EYAL ... DELTA. . . .. ETA . DELTA
_S31 45927 #/~ _.0317 -45,2059 +/- 1.7092 I 2 § ¢ «6639 +/- L0369 62,6738 +/~ 1.6164
LP31.. . 9666 %/= 23.3058_ 4 - _PLL ___=17.7502 +/- 1.2083
P33 .6555 ¢/=_ _,0208 ___ =S.4478 #/- 6389 _ . . R _ P13 —.4834 +/- .0588
032 «B464 ¢/~ 0218 -«1063 ¢/- .0178 D13 .7882 ¢/~ .0210 -12,8570 #/-  .7529
D35 . 9323 +/- . L0153 _ . =4.T733 #/~ _ ,4482 e D15 3216 #/-_ .0184 _ __15.1422 /= 1.3985
F35 . .8588_4/-. L0280 __ . ,5615 %/~ 0197 . ___ F15 .4243 #/- 0215 _  _ 59.2034 ¢/- 1,9240
»,E}J_i_ 1.0000 0/; .0002 95219 #/- 2988 Fl‘lv +999% +/- .000} «0917 +/~- .0106
G3T. _1.0000 ¢/~ 0001 25680 +/— 0860 _ GIT _ 1.0000 #/- 0001 _ 42442 #/=_ _.3849
.G39 . 9618 +/- _.0100 -.0383 +/- _.0056 G19..  «9644 +/~ L0081 -.6513 #/- .1324
oo EPSTLONSL)= 9873 #/= L0220 . o . .
. ... EPSILON[2)=__.91S6 #/= .0166 _ o N IO _ -
EPSILON(3}= 1,1614 +/- _.0337 e - -
... .EPSILON(4)=_1,0317 /= ,050) . ___ . — e e et e e
EPSILON(S)= ,9783 ¢/- _,0484_ I O
_ __PLAB® 999,9  TLABa 870.0  PCMs S61.2 INVARMASS® 167146
CHI=SQUARES §,66634E401 FOR 50 DEGREES OF FREEDOM 91 MEASUREMENTS ~~~ " — =~ —
Is3/2 PARAMETERS 1%1/2 PARAMETERS
ETA DELTA ETA DELTA
831 47040 e/= 40411 4643235 o/= 1,7039 e S1V 06302 e/ ,0687 84,7830 ¢/= 2,1067
P31 W9TTH o/= L0290 =19,0389 +/= 1,2710 P11 41386 ¢/= L0396 28,4064 $s= 7,2969
£33 $6106 o/= L0196 =6.1956 o/~ 1,0654 P13 +9997 ¢/= L0063 3777 ¢/~ ,9223
033 48605 e/= ,030)  =.6590 e/~ 06003 — _. 013 7679 +/= .0268  =18,5050 183
D35 09229 o/=  Lplé2 =6,305] +/= ,5514 015 21638 o/~ L0191 =2,9817 ¢/« 6733
F35  ,8241 o/ L0287 14949 o/e L3263 F15 23905 /= ,0332 63,2876 ¢/« 2,7312
_F37 49942 e/= 00084 942234 ¢/= 43538 e FIT 49996 /% 40009 0550 /- 5882
637 ,995) o/~ ,0054 4128 o/= 1486 ) 617 09210 o/= L0192 3,4384 o/ 5986
639 29802 +/=_ 0096 06313 o/= L1518 619 +9878 o/= L0120 1.9145 ¢/« 4184
__EPSILON(1)m 9518 /= ,0235 , - B o I
EPSILON(2)s 49681 ¢/= ,0259
EPSILON(3)® 140750 o/ 0284
... EPSILON(4)» 1,0870 o/= 0505 _
EPSILON(S)a 140057 o/= 0485
XBL 678-4612
(continued on next page)
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XXV. Numerical resultq-oftthé phase-shift‘analysis., (continued)

Gay

Bs 1030.2

TLAB=  900.0

PLA
CHI=SQUARES 6431626E401
13372 PARAMETERS
ETA DELTA
#5025 ¢/~ -,pl196 =38,3587 /= 1,06417
09054 o/= L4152 =31,7662 +/~ ,6906
5761 +/= ,nll2 =841454 o/= ,8237
.9257 +/=" .nll2 =1,4264 o/- L0847
1.0000 ¢/~ L0006 =3,6897 +/= L4060
#8034 +/= ,pl2l 27182 o/= L0461
9625 +/= L0077 948858 +/= L2332
-1e40000 ¢/= ..0001 +5245 4/~ L0988
- 49772 +/= L0056 =.2969 o/= L0809
EPSILON(L)= 49307 «/= L0177
. EPSILON(2)= 49766 +/= ,0124
EPSILON(3)z 1.18556 4/~ ,0200
EPSILON(4)= 14,0146 +/= L0525
_EPSILON(S)= 1,0076 _¢/= .0407
PLAB= LUdJ.d TLAB=

$31

P31

P33

D32

o35

£37
637

G39

CHLZSwUARE= | 6.29850E¢01

1=3/2 PARAMETERS

ETA

«5489 +/- + 014
9013 +/-" Jol4
.6023 +/-  L0l11
L8792 +/~ L0l1

"7 9990 v /- Too1
7763 ¢/-  L011
9981 +/~ .002

T 7 .9997 «/- 062
.9744 ¢/-  .005
EPSILON(L)= .9365
LEPSILON(2)=  ,9609
EPSILON(3)= 1.1869
EPSILON(4}=  .9999
EPSILON(S)=  .9987

-]
s
2

5
T
4

3

e

2

/=
¥=
/=
/=
+/-

DELTA
~42.5859 +/-
~30.3500 +7-

—4e 9240 ¢/-

~4.ldls ¢/-

T4, 2999 #r-

«OVou /-

12.2924

Tedduy ¥/-

—e3785 ¢/~
«Olos
eOl4y
202306
<0333
U374

6369
« 707U
$2065
L2330
L1257
. 0002
L2028
<0053

0235

949, 4 pPIM=

FOR 53 DEGREES OF FREEDOM

PCM=  572.5
FOR 54 DEGREES OF FREEDUM

Sil
P1l
P13
013
D35S
F15
F17
G617
619

590.6

si1
P11
P13

013

vis 7

Fl5
F17
617

Glg

INVARMASS= 1688,3

95 MEASUREMEN
I=1/2 PAR
ETA

«6641 ¢/~ L0176
«1881 +/= ,0086
8740 ¢/~ L0134
26991 +/~ L0186
2509 ¢/= ,0l08
«3764 +/= 40151
49938 ¢/~ ,0053
«9983 +/= L0011
«9T04 +/= L0051

INVARMASS= 1715.5

94 MEASJREME
1=1/2 Pa
1A
V4433 #/~ 1207

L2960 7= T 0239

L7505 ¢/~ ,0299
L7294 /- .Nlas
J37606 /- LDVI0TTT
L4002 ¢/- 0148
.9997 #/-  .33235
T.9930 ¢/~ TJD13y T
9878 +/- L2755

TS
AMETERS
DELTA
~88,9240 +/= 1,0699
=17,4039 +/= 2,4147
“s6435 +/- L0247
=13,0824 +/- L6454
=10,4550 +/- 8335
-82,2899 +/= 11,3668
+0524 +y/- L0027
4,6164 +,~ . ,2372
~.0701 /= ,2237
NTS S
RAMETERS B
JELTA
“73.1392 +/- 1,77)3
S19.2277 s/- 1.0735
~2.4545 /- L1445
-12.0397 +/- 7337
TL7Iis99 ¥/L Ises
-30.9147 +/- ,828
-2.3939 #/- 12353
T 73,8539 /- L1248
- 1115 /- ,0159

(continued on next page)

XBL 678-4613
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Table XXV. . Numérical.results of. the phase-shift analysis. (continued)

PLAG= Llc¢u.9

e CHL-SHUAR E=

. 1=3/2 PARAMEIERS _I=1/2 PARAMETERS
ETA DELTA ETA DELTA
31 LI510 €/~ L0337 -00.2977 +/- 1.5732 sii L6504 +/- L0399  -67.4764 +/- 2.1263
TP31 .8482 #/- L0342 =22.1434 ¥/~ .4890 TR L0000 +/- .0000 Z1.C049 ¢/-  .0999
P3z .8344 #/- 0186 -5.8314 +/- 1.0946 P13 .6200 +/- .0228 ~1.7815 +/- 1.4733
£3: L1STS +4- L0215 —11.2312 +/- .8l84 D13 29134 ¢/~ .0376 —9.C467 +/- 1.4924
b3t .7364 +4- .0204 ~1.2999 ¢/ .8s2¢ T YT <5132 /= L0324 “16.€757 +/- 8184
F35 .8660 /- ,0205 34110 /- L5078 F15  .5345 #/- .0325 -36.2T13 ¢/- .8820
F31  1.0CC0 ¢/- .0002 11,3683 ¢/~ L4044 F17  1.0000 +/- .0003 2.1866 +/- .5400
7637 8568 €/-  .0002 | =2.1659 #/= .3189 L9027 v/= T o174 J1588 «/-  .1216
63s .98G4 ¢/- L0117 Leloyy +/- L1810 Gl9  1.0000 +/- .0004 .C522 +/- .0l11
EPSILONIL)=  .9722 +/- .0253 ) T
TTEPSILONIZ1= .S666 ¢s- .oz13 T B T o
EPSILUNE3)= 1.0159 ¢/~ .u3%0 ) o
EPSELCNI4)=  .9970 /- L0663
TEFSILCN(SY=  JS68L ¢/~ usle ) B - -
PLAR= 1189 TL A= 1744,4 A2RLR INVARMARS= 1760, N
e FHEZSQUARE=S  TL69152640] LFN 88 DUGRCSES NF FRITOIM 15 vEasysevrnTe e
1=3/2 PAPAMFETERS i=1/7 spoamrrees
ETA IFLTA Y R NELTA
$31 L6525 +/-  .0759 ~64,07TR3 +/— 1,117 ST L4339 47+ 044 ~ERLIB1Y /- 16D
CER L9926 /= T 0267 TTI09,929% ey- 6740 T TR TOART TR WeA T L LV IR E TN e TE T
P32 .9099 +/- L0207 -4,57568 #/- ,7475 213 L6651 v/- Lm0 —€,2165 +/- t,?A00
D33 JTT41 #/- L0115 12,3685 +/-  .6397 ny e L9934 +/- a0 -5.9007 +/- 4770
‘Das ST e/ TNYRE T D 893§ T s 15 T ms oTOT %7= L Ama A 2T e ST
F15 WJREA2 4/~ (D174 2.3227 +/- L2541 F15 J5P5 +/- DT L72,5449 s/~ L7074
F7 - 9991 #/- LNNCH 11,3383 +/- 37373 F17 1.0700 /- JANNA “4Y64 +/- L2183
637 LT A2 T E R TS Y S 1% A 617 39K w72 AT PR YRS
639 .9463 +/- ,nna3 1.2651 +/- 1779 G619 .9398 +/- JAnny LSO /- 1348

EPSILON(1)=  ,9R44
EPSTLONIZ) = 1.0n47
FPSILON(3)= 1.047]
FPSILON(4Y=  .9R60

EPSILONIS)=" L9346

/- 02720
+7=-"T002
/- L1299
/- 0402

VAN VT Y I

TLAB=

.22 238B9E+OL

990.0 PCM=  605.2

INVARMASS= 1T737.6
95 MEASUREMENTS = N

_FUR 54 ODEGREES CF FREEDOM

XBL 678-4609
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Numerical results of the phase-shiftfanalysis. (continued)

PUARE 12600 AR 1160, h57.§ TNVARIASG s 1000 N0
LHT=SJIUAYI = 7,6485550040] (AR S E ERELO0N 16 MEAQIIITMENTS
1=2/7 nn?xﬂslg«s- - V=177 pARAMETERS
£T4 JELTA AR NEITA
571 .7i?w YEREPRT LY —E6,ADGT +/= 2.045] s1t LEPI ese nase 71,7930 472 2,7473%
F31 1,000 4/~ e Sl alald /= 343527 D1y LONnT e - A —2,73R4 +/- L 7314
£3z P TELD w /- Sheshle 4/- LB2R4 "1 e L ShWGLST +/- 1.791%
C3: WJTVTT /= g 12,1280 #/= 1l.040]) a3 R0 B AT A S 8 A4 —3,440% &/ 1,235
cac STCEL /- PN - [ R T ns Y R L EIETE ALY SR N
(R4 TR 4= DD JealU3 /= G3TED £15 I L T 14,7935 w/- 1,1104
F37 BTHY w/— D0 17,1367 /- 45679 7 R A ] P ¥ L I S A
G317 1.5007 + /= PR A =lenlut #/- 03320 s BN 4 .’1‘-3;~ 0)- L2 RPN A LR I AN P A
G35 LFE24 4/ M7 Jualln ¥/e L hany BL] L L L L R AT LR S )
COSILGNII) = WT415 4 /= 0euh
SPSILENE2) = L0 /- i
TPSTLGNE2) = 1056 ¢/~ L0dns
FOSILONGA s 5509 +f= 0449
(8)= o LA
- B PLAR= 1359,4% TLAB= 1227.0 PCM=  635.3 INVARMASS= 1861.2
CHI-SJUAR E= . 7,931165401 FI? 69 IE3RTES 37 FREIINM 110 MEASUREMENTS
1=23/2 PARAMETIRS 1=1/2 PARAMETERS
€TA DELTA ETA DELTA
$31 JTITTO +/- 046 ~87.4234 +/- 2.2866 (331 4755 +/- 3501 ~31.6435 +/- 3.1967
P31 9987 4/~ .0C26 - 15,4490 ¢/~ 1.0485 Pl L4976 ¢/~ .0339 -.0396 ¢/- .0045
P33 L9091 +/- ,Cz8s ~9.3165 /- 1.4847 P13 »5360 /- L0252 -16.8617 +/- 2,1359
D313 6866 +/- 0237 ~10.7599 /- 1.3491 3 L8209 s/~ 0289 ~12.0346 +/- L8280
n3s5 #5573 ¢/~ L0293 “Be6TT 4/= 1.40T5 315 “5839 ¢/~ L0200 ~12. 7149 ¢/- .9882
F35 «A515 47— 0211 2.7462 /- 4792 15 249%5 ¢/~ L2208 ~7.3591 +/- 1.7205
F37 «3115 ¢/-  ,022) 19,3749 + /- .7627 E17 1.0000 ¢/~ L0012 -2.0715 /- .3173
G637 9518 #/-  LCIT1 —4.0741 ¢ /- L4579 617 23735 ¢/- L0154 3.5037 #+/-_ .S820
639 7801 ¢/-. L0192 4.5684 +/~ ,%880 G19  1.0000 /- ,0001 -.1072 #/- .0115
EPSILON(L)= .9362 +/- ,0253
EPSILONIZ)= 1.0119 ¢/~ .0292 - :
EPSILIN(II= 1,0689 ¢/- ,0334
EPSILIN(4)= 1.C210 ¢/~ .0305
EPSILIN(S)I=  .R962 /- ,0343

XBL 678-4608

(continued on next page)
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Table XXV. Numerical results of the phase-shift analysis. (continued)
PLAB= 1443.9 TLAB= 1311.0 pCM=  711.8 INVARMASS= 1903.1
CHI-SQUARE= 9.60396E401 _ FOR 71 DEGREES OF FREEDOM 112 MEASUREMENTS __
. o . 1=3/2 FARAMETERS _ 1=1/2 PARAMETERS
» ETA DELTA ETA DELTA
S21 T J44S4 +/- 0228 B4.55e4 4/- 2.1108 st L0720 +/- .0321 -53.1159 +/-10.3055
- FIT T Ie36e w70 L04Cy T HeLaTes VIS 113367 599 Ti5.9338 W/ L8820
-y P32 1.00CC +/- .CCLS ~18.6350 +/- .8150 P13 L6515 #/- .0248 ~25.5360 +/- 1,0652
D227 T .8C44 +/- 00223 -16.0202 /- L8270 ) D13 L7810 +/- 0219 7 -10.9716 +/< 1.285s
D38 L2761l ¢/~ .G234  C19.9982 ¥/-1.BTS0 T T TTTTUTTTBIRTTTT USi29 ¥ /- TU0202 TIT0V34VS5 /- T1.0165
F35 L8218 +/-  LC1€7 2.8749 +/- .4101 F15 .4970 +/- ,0185 -2.7943 +/- 1.1141
TE21 L1563 +/- L02Ce 21.7226 +/- L6515 F17 1.0000 +/- ,0001 1.1092 +/- L1781
G637  1.00C0 +/- .cCC1 T106586 v/~ T J2as0 T T T T TR TTle270 v/ L0146 T T 948 7 472 T 5987
629 T l7cc4 +/-7 LCHIB —2.6668 +/~ .5€30 G19  1.0000 #/- 0001 1.7724 +/-  .379%4
TTEFSILEN 1Y s L5782 +/- L0237 B
EFSILEN(2)=  .S67C +/- 0266 I TrrmTm T T
EFSILGN(3)= 1.CCOC +/- .0375
TUUEFSTLCN4) = L5202 4/- L0271 T
EFSILCN(5)= 1.012z +/- .C592 Tremmemee o o B Tt -
PLAB= 1579,4 TLAB= 1446,0 PCM= 752.8 INVARMASSE 1968,.5
CHI=SOUARE= -9.00369E+01 FOR 68 DEGREES OF FREEUOM 109 MEASUREMENTS
1=3/2 PARAMETERS Ie1/2 PARAMETERS
ETA DELTA ETA DELTA
$31 +3836 +/~ L0195 ~3645979 +/- 1.1633 s1l +0032 +/= L0175 =17.9027 %/~ ,9151
P31 «1253 o/= L0229 745011 e/~ .1898 P11 7731 */= L0241 19.3844 */= L6786
P33 +9998 +/= L0010 ~1344984 +/= 4393 P13 +5237 %/~ L0157 -20.9749 ¢/~ 1.2182
033 «9349 +/= L0135 ~1647412 o/= ,3733 013 29918 ¢/= L0027 1.5909 ¢/~ ,0735
D35 L1399 e/= ,0125 43,4455 ¢/~ 1,0972 015 L3435 +/a L0153 14,0746 ¢/= },1682
F3S « 7451 +/= L0105 ~4,3145 o/= L2474 F1o 09991 ¢/= L0034 4476 e/ L3212
F37 4948 +/= L0116 1641650 o/= ,5018 F17 6282 +/= L0162 3.,7722 +/- ,2620
G637 «9152 +/= 0079 =1,9820 +/= L2349 617 +9974 */= L0032 ~1.060] ¢/= L0837
G39  1.0000 +/= ,0006 -6,3745 ¢/ L2130 619 JT488 ¢/« L0094 =5,1470 +/~ . ,3673
EPSILON(1)5 9345 ¢/= ,0106
EPSILON(2)= 1,0348 ¢/= .0208
EPSILON(3)=  ,9890 o/= ,0253
EPSILON(4)= 1,0669 o/~ ,0289
EPSILON(S) = 1.0483 o/= ,02¢4 .
XBL 678-4615
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Table XXV. Numerical results of the phase-shift analysis. (continued)

——e e e ——
PLAB= 1699,9 TLABS 1566.0 PUM= (81,0 INVARMASS=
- o CHI-SQUARE= 24600E401 8 'EES CF FREEDOM 124
[=3/2 PARAMETERS
ETA DEL TA ETA
531 4150 +/- L0174 ~20.2806 ¢/- 1.4152 S11 3210 +/-
TPILTT TIBI927W /ST ,0082 TTUL1656 #/-T1.4234 PYL TV 6A8Y /-7
P33 .8453 ¢/- L0130 ~20.9612 ¢/~ ,4998 P13 L4397 +/-
£33 9513 #/- L0047 ~6.9426 +/- 4193 013 .8347 ¢/-
£35 7T T.3315 ¢/-  [nl3l -21.7788 #/- 1,0455 Dts o008 /-7
F35 L7605 +/-  .0081 -1.9955 ¢/~ ,393%4 F15 L8700 +/-
F37 .2023 ¢/-  ,0C59 1.4205 #/- 1.7698 F17 L4275 /-
637 .S987 #/<° 0003 -3.1181 +/- .1892 TGLTTT 49965 4/
639 .9933 +/- 0016 ~.2475 ¢/~ L0135 G19 8965 ¢/~
EPSILON(1)= 1.0687 ¢/- ,0112
EPSILON(2)= .9897 +/- ,0087
EPSTLONI3)= '1.0695 /- ,0242 )
EPSILCN(4)= 1.,0309 ¢/- ,0205
EPSILON(5)= ,9729 +/- ,0268

e —
e

2024.9

=172 PARAMETERS

DELTA
T L0214 -6.B049 ¢/~ 2,7924
Te NS0T T, 3207 e - NI TNET
0161 -20.6391 +/- 1.3115°
<0151 2.2432 +/-7 61917
TL0T8E T 25,6825 F/ T TREGT
0121 5.4588 ¢/- 2478
0124 9.39%6 +/- .2323
1b0?b'“‘_“426185"&7:“‘:ﬁmﬂ§‘.
.0120 ~10.1663 /- ,3682

XBL 678-4614
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C. Legendre Fits

The results of fitting the data of this experiment to an expan-
sion similar to that in (V-8) are shown in Fig. 38. The actual expan-

sion used was

_ 1oy
IP = ZC;P; (cosd) ,

s0 the Ci are not dimensionless as were the Bi in Section V-A-2, The

n+p differential cross section data (IO) used was that of Duke et al
(Reference 13), The behavior of these coefficients, when related to

the partial-wave amplitudes by the formulae given in Reference 1, sup-

49 to the 1920 MeV ﬂ+p resonance.

ports the F__ assignment

57



06F ¢ RS ’ -

O4r

NL U LA

0.0
-0.2—+—+—+— —— &){f $————t———+ 1
0.6} } + .
3 : G
0.4} 1 s .
— o 3
o
s ¢ -
S $
E 0.2 — } } } 4 N
2 v
: } 28! t
~
’E 0.0t
- 0.2 et} s ———+
- § 4 L
0.6 +
Cs Ce ﬂ
0.4 — '1‘ -
0.2 $ $ T ~
{ [J $ {
|t t | 3t ey
0.0 {
_ | L 1 ) 1 | 1 | L | 1 1 | 1 4
0.2 I 1.5 1 1.5
(GeV/c)
MUB-12726

Fig. 38. Coefficients in the associated Legendre expansion
IOP=ZCiPil(cosec,m,) versus lab momentum of the
pion for ntp scattering.

[}



(%

 -149-
ACKNOWLEbGMENTS

It has been avpleasufé aﬁd an'insbirafion to work with and learn
from Professors Gilbert Shapiro, Owen Chamberlain, and Herbert Steiner.
I am indebted to Professor Shapiro, in particular, for his influence in
inbroducing me to the field of high energy physics.

Dr. Leland E. Hoiloway has been a personal friend and a great
help in assembling the electronics for this experiment. Drs. Paul D.
Grannis and Luc Valentin contributed in many ways; but especiaily to
the programming involved in the analysis of the data.

My co-worker, Dr. Michel J. Hansroul, has earned my sincere grati-
tude for his close collaboration and friendship throughout this work.

Dr. John F. Arens, Dr. John E. Brolley, Dr. Byron D. Dieterle,
Dr. David M. Weldon, Raymond Fuzesy, William Gorn, Charles Morehouse,
Michael Paciotti, Peter Robrish and Stephen Rock all contributed gener-
ously during the setup and data-taking phases of this experiment.
Messrs. Robrish and Morehouse, in particular, deserve credit for their
work on the beam design and target polarization measurements, respectively.

The assistance of the Bevatron staff and the personnel of the ILRL
computer center is gratefully acknowledged.

The final preparation of this thesis would have been impossible with-
out the generous and able secretarial assistance of Mrs. Rosemary Fowell.

Most of all I am indebted to my wife, Katherine, for her patiénce,
perseverance, and encouragement during these lastvfew years. This is

her thesis, too.



-150-
APPENDIX
Throughout this appeﬁdix we will suppress the subscript k which

varies with eup bin number. The formulae.apply to each eup bin inde-

péndently. “
In Sectdion III-C, wé_obtained'the'least squares fit conditions: M
. , : >
oF oJ
= =0 (A-1)
5, 7%, °
where
— 2
J = M, [Hi - (I, + I pi)} )
i
1\Ti - B1
B == (a-2)
i
Il = IOP 2
= DM,

and _ B

From (A-1), one gets. _
Z(Ni - Bi) - I Z M, - IP Z M,p; =0
3 - -

and -

Z(Ni Bi.)pi - I Z M, p; - IP ZMi p;” =0.

i i i

Eliminating I and solving for P, this yields

i i
- ' e
<p >Z ME, -<p> Z H,M, D,
: i i ,
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where
ZMipi
<p>=-— _
My
i
and
2
ZMipi
< p2> = —
M,
i
i

If g newvariable,qi , 1s defined by

1

then

< q2> = < p2> -<07p >2

and (A-3) becomes

Z(Ni - B;) a4

q.-=pi.'<P>:

P =

This can be written more consisely as

€

Pegme<ps

where

Z(.Ni - B) gy

2
< q >Z (Ni-Bi)
T

o
<4q >Z(Ni - B)-<p> Z(Ni - B q
i 1

(a-})

(A-5)

(a-6)

(A-7)
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The error in P is obtained from (A-6):

The second term of ﬁhis expression can be verified to be very small,

2 : 2
(AP)2 =[§'§ Ae] + [B—Zag—5A<p>}

and its contribution can be neglected in the calculation of AP. Thus

1\)..

AP = = s A (4-8)
(L -e<p>)

[de 2 | Oe 2 oI5 2
e = Z gﬁi ANi] + Z 51\—41 AMi + 15 Ab
it i :
1/2 '
- 2 »
+ Z %;i Api:l . - (A-9)

The first three terms in (A-9) express the contribution to the error

which results from the statistical uncertainty of the counting rates.

AN,
i

is the uncertainty in tpe number of coplanar counts in
the elastic peak for run i : ANi =:Jhi .

is the uncertainty in the number of monitor counts used
to normalize run i : AM& = Jﬁi .

is the uncertainty in the number of background counts
per unit monitor and for a given eup bin is the same
for all runs in a single block of data. From (III-1):

wp 4] /2
Mo ={p —d—d

2
(224,)

Here,as in Section III-C-1, Dj is the number of counts in

(> 2

the elastic peak region of dummy-target (or simulated

dummy -target) run j, and‘Mj is the number of monitor counts



-15%-

for that run.
The last term in (A-9)‘gives the contribution to the errbr which results
from the uncértainty in the target polarization during run i. This error

is not simply statistical, and so has been included in the systematic

error discussed in Section ITI-C-3.
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