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FIELDS AND FIRST ORDER PERTURBATION EFFECTS IHN
TWO-DIMEISIOHAL CONDUCTOR DOMINATED MAGNETS

K. Halbach
Lawrence Radiation Laboratory
University of Csliforania

Berkeley, California 94720

July 1969

ABSTRACT

General expressions are given for the field and its expansion
coefficients produced by a two dimensional conductor structure surrounded
by iron with a circular inside boundary. Saturation effects are described
in terms of the tangential field at that boundary. The effects of the
following types of perturbations are discussed: displacement, rotation
and error excitation of a conductor, change of conductor shape, and
modification of the inside contour of the iron. A design criterion is
given to minimize the error fields associated with a displacement of the
iron shell relative to the conductor structure. Expressions for the
force and torque acting on a conductor are derived both for the unperturbed
and perturbed magnet. Formulae are presented that allow convenient and fast
evaluation of pertinent quantities with a computer when the structure is too

complicated for hand computations.
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1. Introduction

With the maturing of superconductors as a practical material for the
construction of magnets, a considerable amount of work has been done over the
last few years on magnets whose fields are dominated not by the iron con-
figuration, as in conventional iron magnets, but by the conductor configuration.
A number of theoretical papers have been published, for instance those by
Beth,l) Blewett,Q) Asner,S) Meuser,h) that deal with two dimensional conductor-
dominated magnets that are surrounded by a circular iron shell. These papers
discuss special design considerations for specific types of magnets. The topic
of this paper is in a sense the opposite: it will be attempted to give as
general a description of conductor-dominated two-dimensional magnets as
possible, and to discuss in particular the effects resulting from deviations
of the actual magnet from the ideal design.

A good understanding of these perturbation effects is not only
important for establishing reasonable manufacturing tolerances, but is also
important for the design of a magnet. It will be shown, for instance, that
it is advantageous to satisfy a certain design criterion to make the magnet
insensitive to a particular very common kind of perturbation. Besides causing
unwanted fields or harmonics, perturbations can also produce substantial
forces between the conductor structure and the iron shell, and these forces
can lead to disastrous results if not anticipated and properly taken into
account. In contrast to the discussion of perturbation effects in iron-
dominated magnets,s) perturbation effects are fairly easily expressed to
higher than first order of the perturbation parameters; however, this was
not done here since the first order perturbation theory will be of

sufficient accuracy in the majority of practical magnets.
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In developing the general description, an attempt has been made to
introduce as few restrictions as possible. Although symmetrical multipole
magnets are emphasized, the theory has been kept general enough to also allow
its application to other types of magnets. The only essential limitations
are the restriction to two-dimensional magnets and the assumption that the
boundary between the iron shell and the inside of the magnet is a circular
cylinder. Although the latter restriction can in principle be dropped
through application of the appropriate conformal transformation, in view of
the resulting complications this does not seem be to justifiable at the
present time. The exact analysis extends only to the boundary between the
iron and the inside of the magnet, and the iron saturation effects are
expressed in terms of the azimuthal field component that is produced by
saturation effects at that boundary. The information necessary to obtain
that field, or to design the outside contour of the shield, is supplied.
This approach was preferred over the one including the iron shield and
assuming constant permeability of the iron: If the permeability is small
enough to be noticeable, the B(H) curve is usually so nonlinear that the
latter approach will usually give meaningless results. A drawback of the
approach chosen here is that in calculating the effect of perturbations of
the conductor structure, the effect of the change of saturation in the iron
as a conseguence of the perturbation is not taken into account, although
this could be done with an iterative procedure. However, these secondary
effects should be fairly small unless the iron is driven extremely hard,
and seem to be difficult to describe properly no matter what basic

approach is chosen. The description of iron-free magnets is obtained by
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dropping the terms associated with the iron shell, or by letting R (see
fig. 1) go to infinity.

Although it is the main purpose of the general description to give
a better understanding of various effects, the formulae are simple enough
to be easily evaluated by hand for simple structures. To make quantitative
evaluation possible when the structures are more complicated, sect. 7 gives
explicit formulae that are easily evaluated by a computer. The guiding
thought is to convert all surface integrals into contour integrals to make
both the logic of the program simpler and to minimize execution time. In most
parts of sect. T it has been assumed that the current density in the conductor
structure is not a continuous function of the space coordinates, but is
constant over finite cross sections of the conductors. Although this restric-
tion could be lifted, it seems not worthwhile to do so at the present time.

In order to limit the length of this paper, the author had to leave
out many formulae that might be of interest under some circumstances. It is
hoped that the presentation is clear enough to allow the reader to derive
expressions needed for specific applications, and in some instances it is

briefly indicated how to obtain them.
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2. Basic formulae, notation, normalization and units

The coordinate system is chosen such that the fields are in the £,

N - plane of a Cartesian coordinate system, with the center of the iron shell
at £ =n = 0. MKS units are used throughout. All distances are normalized
with the normalization length p, which is most conveniently chosen to be the
useful aperture radius of the magnet. The actual guantities used to describe
the geometry are the dimensionless quantities x = £/p, ¥y = n/p and

z=x+ iy = rei¢. This does not preclude dimensional checks on formulae,
since at any stage a dimensional check can be performed by assuming that p
is dimensionless and equals one.

The field components Hx and Hy can be derived in the conductor-
and iron-free region from a scalar potential V, and everywhere from a vector
potential which needs to have only a component A in the direction perpendicular
to the x-y plane. The field components are obtained from the potentials

through

pH dA/dy = - 8V/dx (1a)

PH

Il

- 0A/3x = - 3V/dy . (1b)

The egs. involving V are of course valid only in conductor- and iron-free
regions. Introducing the complex quantities F(z) = A + iV, and H = H + iHy,
and indicating the complex conjugate of a guantity by an asterisk, the

field components can, because of egs. (1), be obtained in a conductor- and

iron-free region from the complex potential F +through
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pH* = idF(z)/dz . (2)

If the complex potential can be expanded into a Taylor series in =z,

F(z) = j{: cnzn , (3)
n=0

the coefficients Cn are usually called the multipole coefficients. From

*
egs. (2) and (3) follows for the Taylor series of H :

% inC
g Z W N (ba)
p
n:

%
Introducing i-n-Cn/p = e, the series for H  becomes

H* = Z c zn_l . (4b)
n

n=1

In this paper the coefficients c, will be called the multipole coefficients.
The physical significance of B and the usefulness of setting p equal to
the usable aperture radius of the magnet follows from eq. (4b): The absolute
value of the contribution of the term cnzn_l to the total field at

lz| = 1 equals Icn|. < and the expansion coefficients that will be intro-
duced below may sometimes be used to describe only the effects resulting

from one part of the total structure. Whenever it is essential for the

correctness of a formula that these coefficients describe the whole structure,
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the coefficient symbol will be underlined. Since this paper contains a

lafge number of equations, the numbers of those equations that are either
very important definitions or can be considered as an end result will be
underlined. Throughout this paper, n, m, N, M represent integers. The
difference between quantities describing the perturbed and unperturbed system

will be indicated by A.
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3. Fields for infinite permeability

3.1. BASIC FORMULAE

To describe the fields generated by the conductor structure, it is
convenient to consider first the fields produced by a current filament.
If the region of interest is enclosed by an infinite permeability iron shell
with normalized inside radius R (fig. 1), the boundary condition at the inside
surface is that the tangential field component is zero there. An equivalent
condition is the requirement that the scalar potential is constant on that
surface. This can obviously only be satisfied if the current return for the
filament is also in the region enclosed by the iron. If the current filament
with current I in the x X ; direction is located at =z and the current
return at the coordinate origin, then it is easy to verify that the complex

potential at z is given by

F(zo) = - 5%ﬂ£n ((zo—z)(zo—R2fz*)/zo) (5a)

and that this complex potential satisfies the above stated boundary condition.
If every current filament in the whole aperature is represented in this
manner, the singularity at B = O disappears since the sum of all currents
of the whole system must vanish. One can therefore consider the contribution

of the current I at =z to the total complex potential to be given by

Flz ) = - =

y 5 n (zo—z)(zo—REXz*) ; (5b)
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This potential can also be interpreted as the potential at |zo| < R produced

by I at 2z if the return current is uniformly distributed over the inside

*
boundary of the iron shell. From egs. (5b) and (2) follows for H

B ) e e el . (6a)

2
o R/z -z

Introducing the normalized area element doO = dEdn/p2 = dxdy, and the current

density Jj, the fields produced by distributed currents become

* ip 1 1

T = s + z 6b

& 2m J Z-2 2, ¥ &9 (6b)
o R/z Sl

When calculating H* inside a conductor, an infinitesimally small circular
disc around Z has to be excluded from the integration of the first part of
the integrand. Although the contribution to the field from that circle is
infinitesimally small, eliminating that circle from the integration has the
effect that H* is no longer an analytical function of Z - This expected
result becomes even more apparent in eq. (53).

Expanding H* into a Taylor series in Zos with a convergence radius
equal to the distance from the origin to its closest conductor, gives for

the multipole coefficients cn from eqs. (L4b) and (6D)

— -—:.!'-Q P
a =35- [Jz do (Ta)
; #
b = %%fgz B (Tp)
c =a +b ( c)



-9- UCRL-18947

The coefficients Cn’ an, bn are intentionally not underlined since
eqs. (7) describe obviously the contribution of any part of the structure.
If a part of the structure is described by egs. (7), and if that part is
rotated about the coordinate origin by o in the positive sense, the
coefficients produced by the rotated part are obtained from egs. (7) by

replacing 2z by zela, and one obtains

a(a) = a (0) - &0 (8a)
b (@) =1 _(0) + e (8b)
c (@) =c (0) - &7 (8c)

If one is dealing with a symmetrical 2N pole magnet whose conductor structure
is invariant under rotation by m/N, with alternating sign of excitation of

the individual sectors, and if the reference sector of angular extent /N

is described by a b, c > it then follows from egs. (8) that the whole

structure is described by

2N-1 2N-1
. z e—lnmm’N(_l)m=c Z o—imm(14n/N)
=0 n n
=0 m=0

If every term of this sum equals one, the sum equals 2N. Otherwise,
application of the summation formula for the geometric series shows that the

sum vanishes, leading to the following result:
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n = N(2m+1)

]
ny
=
[g]
o

n
o
=
o]

JU"

I
H
o]
l-1$

Cn
e, =0 for n ¥ N(om+1l) .
Since the odd multiples of N are thus the only harmonics that are possible

in a symmetrical 2N-pole magnet, they are called "allowed harmonics". If the
reference sector has a symmetry plane and if this sector has such an orientation
that it is symmetrical with respect to the x-axis, as is shown in fig. 1 for

a dipole magnet, it follows from egs. (7) that the expansion coefficients

for that sector are imaginary. Because of eg. (9) the same is then also true

for the expansion coefficients of the whole magnet.

3.2. EFFECT OF BASIC PERTURBATIONS ON THE FIELD

When cne is dealing with a symmetrical 2N pole magnet, and the
reference section is perturbed in some way, resulting in an effect described
by &cn, and if all other sections have the same perturbation when rotated
into the same position as the reference section, it is clear that the egs.
(9) are valid also if all a, b, ¢ in eq. (9) are replaced by Aa, Ab,
Ac. For this reason the emphasis in the following is on describing the effects
of perturbations of parts of the system. In general the effects of perturbations
are more damaging when they are not identical in all sections than when they
are.

If a particular section of the system has for some reason an incorrect
excitation, its effect is of course directly described by the coefficients

an, bn that describe the contribution of that section to the field.
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If a particular section, described by an, bn’ is rotated by the
small angle o, it follows directly from eqs. (8) that the effect of that

rotation is to first order in @ given by

Aa = - inca ; Ab = - inob_ . (10)
n n n n i

For the discussion of the effect of a perturbation of the outside contour
of a conductor, it is assumed for simplicity that in the conductor block
under consideration, the current density J is constant. One then has to
distinguish between two cases, namely when the total current is unchanged,
and when J 1is not affected by the contour change. In the latter case,

it follows from egs. (7) that

=ER' -n - =-j-'£.._.lj_ *n
ﬂan v jo z do | Abn > BQn A(-/fz do : (11)

When the net current I is fixed, which will be the more frequent occurence,

one can replace J in egs. (7) by I/fd0 and obtains:

(12)

If, as it will mostly be, the contour modification consists of the addition

of a narrow strip of not necessarily constant thickness t, it is of course
P ¥n *n

sufficient to calculate ﬁ(fz dc) by evaluating [z t(s)ds, where ds is

the line element. The same procedure is applicable for the calculation of

A(rz™"a0) .
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Probably the most important type of perturbation to know is the
- < -n
displacement of a conductor by Az. Replacing =z % in eq. (T7a) vy (z+Az)
and expanding in Az +to first order gives

s Shoe z_(n+l)d0 A

Expressing the integral by a » and applying the same procedure to brl

n+l

gives

2

*
Aa = - nAza . ; Ab = nAz bn_l/R : (13)

3.3. EFFECTS OF DISPLACEMENT OF THE WHOLE CONDUCTOR STRUCTURE OF A SYMMETRICAL
2N POLE RELATIVE TO THE SHELL
From egs. (Tc), (9) and (13) follows that for displacement of the
conductor structure of a 2N pole the only nonvanishing harmonics are

described by

Aoy (ome1)-1 = = B2(M(am+1)-1) ayn Ly s ‘)
Bes o &z*(N(2m+1)+1) QN(2m+l)/R2 . (14b)

If the coordinate origin of a symmetrical 2N pole is displaced by Az
without perturbing the magnet, it follows from eqs. (4b) and (9) that the

effect on e, is described by

Ac

Si(em+1)-1 Az (N(2m+1)-1)

SN(om+1) >
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If one displaces the coordinate origin together with the conductor structure
by Az, corresponding to moving the shell by -Az relative to the conductors
with the coordinate origin remaining at the center of the conductor structure,

it follows from addition of egs. (1ka) and (15):

= Az (N(2m+1)-1) (16a)

Al anien I Oy (om+1)

= Az (W(2me1)+1) pN(2m+l)/R2 : (16b)

ﬁEN(2m+1)+1

Egs. (1k) and (16) can be of importance for the design of magnets: It is

clearly impossible to avoid generation of Ac by a dislocation of the

N+1
shell relative to the conductor structure. But this kind of perturbation
will also cause harmonics directly adjacent to the allowed harmonics unless
the conductor structure is so designed that not only the usual design

objective is satisfied for m > 0, but that also

L

By(2m+1) = Py(omer) = O for m >0 (D)

is fulfilled. When eq. (17) is satisfied, the generation of Sy Y
dislocation of the shell can, at least in principle, be turned into an

| advantage. If the usually quite damaging component SN+l is generated by
some other asymmetry of the system, it can be compensated by dislocating
the shell relative to the conductors. The associated production of CN-1
can then be elimingted by an appropriate new choice of the coordinate origin.
Whether this procedure is practically feasible depends of course on the

magnitude of Cye1 and EN’ but is certainly worth considering when the

magnet is in the design stage.
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To satisfy eq. (17) one needs twice as many free parameters compared

to satisfying only = 0. However the design process is greatly

SN(om+1)

simplified if one restricts oneself to conductor structures with radius-

independent current densities in the range r. S<r < T and j = 0 outside

1

that range. It follows then from egs. (7) that ay( and

EN(Qm+1)

depend in the same manner on the azimuthal current distribution, and

2m+1)

consequently vanish together when one of them doces. Fig. 1 gives a simple

example of such a design: if a, = 3,182 o= 52:159; ag

const. and identical in all current blocks, eq. (17) is satisfied for

= 67.27°, and |j|

2m+l = 3, 5, 7. The above mentioned angles have to be divided by N for

a 2N-pole.
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4., Detailed shell related effects

L4.1. SATURATION EFFECTS

Until this point it has been assumed that the iron has infinite
penmeability, leading to the boundary condition that at the inside iron surface
the azimuthal field is zero, requiring that the scalar potential is constant
there. Because of the relation between B and H in the iron, there will
actually be an azimuthal field component, and associated with it a varying
scalar potential. The correct solution for the fields is therefore obtained
by adding to the fields that have been described above fields that result
from the solution to the field equations that satisfy the boundary conditions
established by the iron and have no singularities for fz] < R. The solution
to this Dirichlet problem in a circular disc is given by Schwarz's integral,6)
and if the scalar potential is used to express the boundary condition ocne

obtains:

e =2 [ 2 v(e) - ap+ R0 2= - O (18)

Dropping the unimportant quantity F(0) and expanding in z, gives

o0 T
F(zo) = Z z{rj [ i—z“n‘V(d))dd) . (19)
n=1 =T

_ *
From this one obtains with eq. (2) for H
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n=1
(20)
Ul
.n
9. =Eo v(¢)as
-7
Integrating by parts and introducing H¢(¢) = - V'(¢)/Rp yields
m
i -ingd
d = - . e~ "H,(¢)ap . (21)
-n TrRn—l L ¢

As one expects, the expansion coefficients Qn are essentially the Fourier
coefficients of the azimuthal field component at thelinside surface of the

iron shell. For a symmetrical 2N pole, i.e., when H¢(¢+ﬂfN) = = H¢(¢)

is valid, one obtains of course nonvaﬁishing coefficients only for n = N(om+1)
and eq. (21) reduces to

/2N

2Ni iN(2m+1)é
=TT Hy(9)a6 (22)

-m/2N

Soltoma) = = RN

and if the structure is symmetrical with respect to the x-axis as shown in

fig. 1..1.e., if H¢(—¢) = H¢(¢), eq. (22) becomes

; /2N :
-d-N(21.31+l) - Nl(\lngr-ﬁl) 1 f cos (N(2m+1)¢) - H¢(¢)d¢ . (23)
0



=1 UCRL-18947

It is clear that in order to avoid generation of undesired harmoniecs,
H¢(¢) should be proportional to cosN¢, unless the maximum value of H¢
is so small and R so large that the undesired harmonics are not harmful.

To know H, requires the solution to Laplace's equation in nonlinear

¢
iron, which is clearly.not obtainable analytically. Although one can use

one of the many computer programs developed for that purpose, the following
procedure should give a reasonable design of the iron shell for operation

at a specified field level: From the equations given in sect. 5 for the field
in the region adjacent to the iron shell, the flux entering the iron that
results from the infinite permeability solution is known. Specifying H¢(¢)
allows calculation of the associated flux through the equations given in this
section. Although with a specified H¢(R,¢) there will in general be no
question that the convergence radius of the power series (egs. (19) and (20))
is larger than R, one might have to solve problems where there is doubt about
convergence. Starting from eq. (18) one can derive expressions that give the

vector potential without use of a power series. Since these expressions

are not likely to be used frequently, they are given without proof:

: T . [¢_¢2)
s51in
A(R,¢2) - A(R,q)l) = .13% f H¢(R,¢) - fn —-——-(QTEEJ— *a¢ . (2k)
- sin
: 2

If for a 2N-pole H¢(R,¢+W/N) = - H¢(R,¢) is valid, one obtains

¢-¢

m/2 2
tan(N )

A(R,9,) - A(R,d;l) = 5%- ﬁ H¢(R,¢) - fn _"“E%“ o . (25)
1

-m/2N ta.n[I\I—-é-—-
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The singularities of the integrand are of course integraﬁle and the
integration is easily carried out numerically.

With A(R,$) thus completely known one is in a position to design
the outside contour of the iron shell such that one obtains the specified
H, on the inside. The graphical method given by Meuser,h) if modified as

¢

stated above, should result in a resonably good design.

4.2. SHIMMING OF THE INSIDE IRON SURFACE

Although small deviations of the inside iron surface from a circle
are not very likely to'occur, effects of such perturbations are of some
interest. One might for instance intentionally introduce additional iron at
that surface to modify the fields of a magnet that does not produce quite the
desired fields. If one adds locally at R, an iron sheet of normalized
thickness h, its effect can be described to first order in h by changing

the scalar potential at the unperturbed iron surface by

Vv(¢) = - ph(¢) - H (¢) . (26)

i i

Using this expression in egs. (18) and (19), and expressing the resulting

field change by &gﬁ, &gn resulting from an extended sheet is given by
- -in¢
Ac = —— - e h(q))Hr(q))d(b . (27)
=T

Hf(¢) can again be obtained from sect. 5. The simplified expressions for

a symmetrical 2N pole with symmetrical perturbations are again easily



-19- UCRL-189u4T

obtained and will not be given here. While eq. (27) would be only a rough
approximation if the additional iron has to be applied in a region where H

is very strong, even this rough approximation would allow a reasonable estimate

of the effect of a shim.
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5. Field in the region adjacent to the iron

Referring to eq. (6b) it is clear that an expansion of the first
part of the parenthesis in z_ = is not possible when Izol is larger than
the distance from the coordinate origin to the closest conductor. If [zo]
is larger than the distance from the origin to the farthest conductor, an
expansion in l/zo is possible, giving together with the contribution from

the second part of the integrand in eg. (6b) the Laurent expansion for H

Carrying this through and defining b " for n =2 0 through

B b=, jzido, (n=>0) . (28)

Since, according to eq. (28), 20 = 0, one can also set in this context
b =0 for any part of the system. Comparison of eq. (28) with eq. (7b)

yields

b= R2nb: ;n o) (30)

*
Using eas. (30) and (29), H can be expressed by

oo

H =z 1 ZE: Rn(bn(zOfR)“ B bz(R/zo)n) ; (31)
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From this follows for the field at the iron surface:
H (R,4) = 2Re Z i T (32)
r n

n=1

The expression for the vector potential at the iron surface is

oo

A(R,¢) = 2pTm Z Rnbnein¢/n ' (33)

n=1
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6. Force and torque between conductor structure and iron shell

One can obtain an expression for the force acting on a system by
starting from Maxwell's stress tensor, representing the force by a surface
integral,T) and then specializing the result for the two-dimensional case.
A more compact derivation of egs. (34) and (L4l) is given in Appendix 2.
With fx and f& describing the x and y component of force per meter

*
length of magnet, and introducing f = fx + ify, f is given by

* iu P %2
A §H dz_ - (3k4)

This eguation gives the force.acting on all parts enclosed by the integration
path. It should be noted that for the validity of eq. (34%) it is not required
that H‘,E is an analytical function of Zg To obtain the force acting on the
whole conductor structure, the contour has to be somewhere between the con-
ductors and the iron shell. H* can there be expressed by the Laurent

series. To include also saturation effects, it is convenient to introduce

the expansion coefficient g which is defined as follows:

5n =Db + 4 n >0

1]
=y ]
no
O‘P
*
=]
v
o

& n =n (35)

50=O .

*
In the above specified region, H is given by
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* n-1 |
s Z g2, (36)

r=-0c0

and using this in eq. (3k4) yields:

. ip p
. o n+m-2
£ =-= 95 Z €.8n7% a2
n

,m: =00

All integrals in the sum disappear unless the exponent of Zo equals -1,

giving

*

_ * _2n
£ = 2'!11100 ’ Z En+15'-n - 2Tmop Z [En+l+gn+1]EnR : ("l)
n=1 n=1

For a perturbation of the ideal structure, described by Ab, one obtains to

first order for the perturbation of the force

[+5]
* *

_ 2n *
AT = 2Truop.ZR (Agngnﬂmgnﬂgn} g (38)
n=1

Eq. (37) confirms the a priori known fact that the net force on the conductor

structure of an unperturbed 2N-pole megnet is zero. Using eq. (38) to

evaluate the effect of the displacement by Az of the whole conductor

structure, one obtains with eq. (13):

oo
*®

. on-2, * 2 ¥
A = ETTUOQ'Z RO (2 (w1 o, [etend, g ) o2t

n=1
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Since &z* is multiplied by a real and positive number, that term
represents a force that has the same direction as the displacement of the
conductor structure. Applying eq. (39) to a symmetrical 2N-pole, it
follows from eq. (9) (Qn satisfies the same equations) that the term
proportional to Az vanishes, unless N = 1. Although the term proportional
to Az will in general be very small even for N = 1, it is at least of
academic interest to note that the dipole magnet is the only multipole magnet
where a displacement of the conductor structure does not necessarily lead to
a force that is parallel to the displacement. .Neglecting the term "Az
for N = 1, one obtains for the force resulting from a displacement of the con-

ductors in a 2N-pole magnet:

[e]

= 27mopﬂz . Z [N(2m+1)+1}32N(2m+1)'2 - o

2
"‘N(Em+l)| o (40a)

m=0

To obtain a more practical form of eq. (L40a) for a multipole magnet, it is
now assumed that only the first term in the sum of eq. (L40Oa) contributes

significantly to f. Assuming also that only the term proportional to EN

is significant in eq. (32), by can be expressed through the maximum radial

field Hr - at the iron surface for infinite permeability, and f becomes
>

Using more practical units by expressing f in metric tons per meter

magnet length, Br max in Tesla, and the displacement pAz in mm, one
>

obtains
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- . . B2 . L0Ob
£ = .127 « (N+1) Br,max phz . (Lob)

Since the forces can be substantial, and in particular since they are in
the same direction as the causing displacement, they have to be taken into
account in the design of the support structure. It is also noteworthy that
these forces could be used as a diagnostic tool by installing strain gauges
at appropriate locations.

The torgue, or moment of the force with respect to the axis of the
system, has only a component in the ; X ; direction, and its magnitude T
per meter magnet length is obtained in a manner similar to the derivation of

the force. One obtains from

1 2 #2
= o i
T Euop Re Sﬁ- H zodzO (k1)
w
T = - 2mu p°In Z R p . (42)
o] “—T—n e
n=1

As expected, a torque can appear only as a consequence of saturation of

the iron. T 1is zero for a symmetrical 2N-pole, even if the whole conductor
structure is displaced. However perturbations like rotational error of a

part of the conductor structure can result in torques and are easily evaluated

with eq. (L42).
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T. Numerical evaluation formulae

It is the purpose of this section to provide expressions that are
easily evaluated by a computer for the most important quantities of interest.
With the exception of parts of sects. 7.3 and 7.4k, it is assumed in this
section that J 1is constant over conductor cross sections of finite size.
Despite this fact J is sometimes written after the integral sign to indicate
summation of j +times the integral over all conductors of the region specified
by the subject of the discussion. It is assumed in sections 7.1 and 7.2 that
the iron has infinite permeability, since saturation effects are easily taken

into account through the expansion coefficients gn

T.1. EVALUATION OF EXPANSION COEFFICIENTS
The expansion coefficients bn, characterizing a conductor, are given

by eq. (Tb), and application of eq. (A3a) yields

-2n
b=ﬂ%‘R -?gz*”ﬂdz . (43)

n+l

Applying eq. (A3b) to eq. (T7a) gives for n > 1:

Application of eq. (A3a) to eq. (Ta) gives for n = 1:

"
=dL .9 z
a i Sﬁ-:a dz . (Lhb)
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As was stated at the end of sect. 3.1, the coefficients are imaginary if the
conductor is symmetrical with respect to the x-axis. If that is the case,
the integrals above are most easily obtained by integrating only over the
upper half of the conductor, dropping the real part and multiplying by 2.
A minor reduction in computer time can be obtained for most integrals appear-
ing in sect. T by applying the following argument, demonstrated in its
application to eq. (L4bb): writing z* =2x -z =g - 2iy, it becomes clear
SEEE B in eq. (4hb) can be replaced by 2x or -~ 2iy.

To evaluate the contour integrals in sect. T, various techniques can
be applied. A simple method consists of specifying the contour by a
sufficient number of points and then applying the trapezoid formula or
Romberg integration.B) If substantial parts of the contour are straight lines,
integration over these straight lines can often be performed explicitly
in the following manner: If starting and end point of the straight line

are zq and 255 and Az = Z, = Z;, One can use temporarily the following

parameter representation of the straight line (p = real, 0 < p < 1):

From this follows

*
* * *® *
z =z, % Az p = z, ¥ %§~ (z—zl) (L5a)
* ¥
dz /Az = dz/Az . (L5b)
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Applying this to the integral in eq. (43) gives for a straight line:

Z z

2 2 Z*n+2 z*n+2
E E ¥ A e
f zn+lc‘iz=-‘-&-z:,; zn+ldz - z,,é = n+21 . (P_)
zy Az z2, Az
One obtains similarly
z
5 2-n 2-n
Jﬁ l-n_ ¥ ﬂz* i =B
Z dz Az B o 7 s n > 2 (_l_{'__é)
%1
=
f 1% Ag
= 8z L
dz i Qn(zgle) (47p)
A
1
o
-[“ ) W - A %
7 Z
/ Tl = N+ {zl—zl EE"J Rn(z2le) : (48)
il

*
It should be noted that the right side of eq. (48) equals Az when the
extension of the straight line goes through =z = 0.

For a circular arc with its center at the origin, one obtains by application
* 2

_[‘ 2 Dilge rg(z*n—z*n]fn (49)
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“[‘ z_n+ldz* o r_2(n_l)(z*n—zin}/n (50a)

*
* ®»
fgz—dz=zl—22 . (50b)

Expressions for circular arcs with the center not coinciding with the origin
can also be derived. However they are somewhat more complicated and will not
be given here since they do not seem to appear very frequently.
If the contour of a conductor is bounded by two circular arcs with
radius r and r, and with their centers at the origin, and by two radial

1 2

lines at ¢, and o the integrals in egs. (7a) and (7b) are of course

most easily evaluated directly and are given by

" ino, -ino
z 4o = ( g+2—r2+2 ( Ten ) /n(n+2) {52)
-ino,, =-ino
z Mdo = 1[r§"n—ri”n]( “a l)Xn(Z—n); n 7.2 (52a)
-ino, -ino
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T.2. EVALUATION OF H*

Although the expansion coefficients are usually of primary interest,
for a variety of reasons it can be of interest to have a direct method for
calculation of H*: H* can be of interest in the aperture to find the

difference between the actual fields and the contributions of the major multi-

*
pole coefficients. H is of interest in the coil regions to find ]H|max.

*
H can also be of interest for the evaluation of f =and T with egs. (3L4)

and (41), unless one wants to use the equations given in sect. T7.3.
Applying eqs. (A3a), (A4), (A5) to the first part of the integrand
in eq. (6b), and eq. (A3b) to the second part of the integrand in eq. (6b)

gives:

As mentioned in Appendix 1, eg. (53) is correct whether or not z, 1is inside
the contour. The absolute value of the integrend of the first integral is
one and has furthermore the convenient property that when zg is on the
contour, the integrand does not change when one goes '"through" z_ unless
Z is located at a corner. As in sect. 7.1, integrations over straight lines
or circular arcs can be performed explicitly but will not be given here.

The field perturbation ﬁH* resulting from a displacement of =z

conductor by Az is obtained from eq. (53) by differentiation and one obtains

*
% . % ¥
R = 2B | <ps = sl He g Ry dz_ _ Rgﬂz* T S
L 2 Z~-7 2 *.0
(z-2 ) o (R -2 2 )

-Z
o
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The second integral contributes obviously only when B is inside the conductor

and is therefore not of great interest. For the effect of rotation by a

small angle © one obtains similarly

» ) *
¥ . Jdp zZ 2 zz *
M= -da - 9{——2@-3@——-——-————2 ¥ dz w  (55)
(z-z ) (R™-z 2z )

Eg. (53) represents the contribution of one conductor to the total

field. When one is dealing with a symmetrical ©2N-pole magnet, the contribution

from the conductor rotated by m + T/N with respect to the reference conductor

is obtained by replacing in eq. (53) z by elmﬁ/N and multiplying the

whole expression by (-1)™. Doing this and summing up gives in eq. (53)

instead of the first integral

- * iN- L .
eN-1 ¥ iNemw/N _ ¥ i(N+1)-mm/N

Z imﬂ/ﬁ . dz
z(e - ZO/Z]

=0

Applying eq. (Al8) to both parts of this integrand and following the same

procedure for evaluation of the second integral in eq. (53) gives

-1 *
” ; : z (zz -z z ) ¥N-1 ¥
g = 48 -1 090 4, - gH —Z___2Z2__ 5.
2m o) 2N 2N L 2N *2N
Z - zo R —zo z

(56)
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7.3. FORCE AND TORQUE ON INDIVIDUAL CONDUCTCRS
In order to reduce computer time, the use of transcendental functions has
been avoided so far whenever possible. To calculate force and torgue on individual

conductors, eq. (34) and (41) can be used t

o]
g}
5

sther with the expressions for

#
H given in sect. T7.2. However, when the stored energy has to be computed,

extensive use of logarithms seems unavoidable, and if they are 'available from
the energy computation, the following procedure is preferable: In the two-

dimensional case, the force f and torque T per meter are given by eas.

(19) and (A10):
= iu o° . (57)
£ = i e jH(zo,zo}dGo 57

ca g8 L § 3 (o = W . Rk
TR i d ¢ (eliE, S LI [ IR e s, - (58)

The total field is a linear superposition of the following three
fields: 1) The vacuum field, i.e., the field produced by the conductor
structure without any iron present. This field is derivable from eq. (5b)
if the second factor of the argument of the logarithm is set egual to one.
2) The field produced by the image currents, described by the second factor
of the argument of the logarithm of eg. (5b). 3) The fields caused by the
saturation effects, described by the expansion coefficients gﬁ (eq. (21)).
Although the forces and torques resulting from the last two scurces can be
obtained in a manner similar to the one used to obtain the effects stemmiﬁg

from the vacuum fields, the following procedure is simpler and quite adequate.
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Using eq. (36) to describe the total fields caused by image currents

and saturation, one obtains

* %o
f = iuopgfz gnjzon ldco . (59)

Expressing the integrals through the coefficients b (eq. (Tb)),describing
the part of the conductor structure under consideration for the calculation

of f and T, one obtains

_ # 2n-2
£ = 2m p Z gb R ; (60)

n=1
Using the same procedure to calculate T, one obtains

o

T = 2Tr].10p21m Z 5:an2“ ; (61)

n=1

It should be noted that contrary te what was said in sect. 5, bo is not
necessarily zero in this context.

Although general explicit formulae for bn are given in sect. T.1.
only for conductors with constant current density over finite areas of conductors,
egs. (60) and (61) are valid even for nonuniform current distributions.

To obtain the contribution of the vacuum field to force and torque,
it is convenient to transform egs. (57) and (58) first into contour integrals.

To do so, H is expressed by spatial derivatives of A (eq. (1)). Considering
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*
A as a function of Z and z and using eqs. (A2), one obtains
¥
H= (-2i/p) - BA/BZO ; (62)
Using this in eq. (57) and applying eq. (A3a) yields
iU pj A( *) (63)
f=- 1u0p3 zo,zO dzo ”

Proceeding similarly to obtain T from eq. (58), and utilizing

* *® * *
anA/azO = a(zOA)/az0 -~ A and the fact that A is real yields
2, (e o5 e (64)
T= - H P JjRe 55 A Z 52 zodzD . 6L

It should be noted that in eq. (6k4), any integral over a circular arc with its
center at z = 0 does not contribute to T.

To evaluate egs. (63) and (64), A has to be known on the contour of
the conductor under consideration. Since one would also consider a part of
a conductor block to obtain the internal stresses, part of the contour will
in this general case be inside a conductor. From eq. (5b) follows for the

contribution of a current filament at 2z to the vector potential A at Zo

k== E%—[Rn(z—zo) + En(z*—z:)) . (65)

The logarithmé are declared real for real positive arguments and are made
single-valued with a branch cut so that the imaginary part of each logarithm

is between -1 and .
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From this follows for the contribution from all conductors

EE ) % %
B = oo J[Rn(z—zo) + n(z —zo)]do . (66)

Converting this into a contour integral gives with eq. (A8)

5 e
A= i%; gﬁ-j(z*—zzJ[Rn(z-zo) + in(z*—zz)-l)dz - (67)

* #
Since é zodz =0, éz dz = 2i0, and the total current equals zero, the
term -1 in the parenthesis of eg. (67) does not contribute to A so that

A can be written as follows:

.=
A(zo,z:) = 3%-1? é j(z*—z:)2n|z—-zo}2 *dz . (68)

Eg. (68), together with eqs. (63) and (64) allows thus the evaluation of

f and T. The fact that A is known to be real allows a simple check of at
least some parts of the program to evaluate A. To obtain the order of
magnitude of computer time needed to evaluate f and T, the following
numbers seem reasonable for a quadrupole: if the conductor contours in each
sector are specified by 100 points, calculation of A requires computation
of L0OO logarithms. If the contour of the conductor under consideration is
also specified by 100 points, evaluation of f and T requires computation
of h.loh logarithms. 35 usec execution time per logarithm on the CDC 6600

under the Chippewa operating system thus leads to a total time of a few

seconds.
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"T.4. TOTAL STORED ENERGY
Since the vector potential represents the flux in a two dimensional
magnet, the power E per meter magnet length delivered from the power supply

to the magnet is given by

- 5 g "
E = HP JA(zo,zo)dOD

Starting at t = 0 with E =0, jJ = 0, and integrating by parts over time

yields
J
5
E=yp °* Aj -‘j’ A(3)ay do_ . (69)
0

It has been assumed here that the current density has the same time dependence
everywhere, and the time dependence of A 1is expressed through its

dependence on Jj. The contributions to A from the vacuum field and the image
currents are linear in j and therefore contribute j A/2 to the integrand

in eq. (69). The contribution to A from saturation of the iron requires
integration over the past as indicated in eq. (69). This means that for the

contribution of saturation to the energy, fﬂsa jddo has to be known for all

t
past excitation levels. Of course not all contributions to E resulting
from saturation are recoverable, so that the term "stored energy" for E is
really a misnomer.

To get the contributions to fAjdco, and ultimately E, that are

caused by saturation effects and the image currents, the procedure is similar
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to the evaluation of their contribution to f and T:

oo
¥ n-1
i -
H iF'/p Z &2,
n=1

[==]
o o B n
F=A+iv = 1ngﬂzofn
n=1
[as]
- P ¢
Ajdoo = Re Z flp,]zodcfogn/n
n=1
. .
Ajdo =21T'Rez R (b +d )/n
o “n'-n -n

n=1

Using this in eq. (69) then gives for the contribution of the image currents

and saturation effects to E:

=) ® J
b
3
" = Uoﬂpg Z REn |Bn|2+2Re<Engn(j) - ::31- fén(j)dj) /n . (71)
n=1 0

It is interesting to note that the energy given by eq. (7T1) is smaller
than the vacuum field energy given below if é‘n = 0, and will be still
smaller if saturation effects are present. This is most easily seen as
follows: 1if the infinite permeability shell is replaced by a superconducting
shell, one obtains the complex potential from a current filament by dividing
the first factor of the argument of the logarithm in eq. (5b) by the second
factor instead of multiplying by it. The energy resulting from the image

currents is then again given by eq. (71), except the right side is multiplied
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by -1. Since the total energy must be positive, the energy given by eq (T71)
for gh = 0 must be smaller than the vacuum field energy. This statement is
of course correct only if the conductor structure is surrounded by a circular
shell.

The procedure to obtain the contribution to E that results from the
first factor of the argument of the logarithm on the right side of eq. (5b)
follows the same pattern as the calculation of the contribution of that term

to f and T,

For the contribution of one current filament at z to E one

obtains

1 2 .. =L k¥
E = 2 H.P ol = (ﬁn(zo~z) - Rn(zo—z ))dco

Applying egs. (A3a) and (A8), and taking into account that fjdco = 0 one

obtains
-1 2 3
B LB ?; jGi(zo,zO)dzO ; (12)
with
¥4I, % % * %
szo’zo) = 87 (zo-z )[Zn(zo-z) + Rn(zo-z ))

The effect of all currents is described by
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* . 2 - ¥ %
Gl(zo,zo) = i%;" j(zo—z )(ﬂn(zo—z) -+ Rn(zo-z )]dc . (73)

Applying eq. (A3b) to this expression gives in the same manner as the

derivation of eq. (A8):

Gl(zo,z:) = I%F . Eﬁ- j(zz—z*)(zo—z)[ﬂn(zo—z) + Qn(z:—z*)-l)dz*

It is again easy to see that the term -1 in the parenthesis of this equation

does not contribute to E, so that E can be calculated from

M P "
B= e § j - G(zo,zo)dzo (7k)

¥ #®
gLy o2 ] § i|z-2 |2 * fn|z-z |2 o . (75)
o’ o o o]
For a symmetrical 2N-pole, the integral in eq. (T4) has to be
evaluated for only one sector since each sector contributes equally to E;

for evaluation of G, the integration has to be carried out over all con-

ductors of the system.
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Appendix 1
. . 9 .
Although egqs. (A3) can be found in the literature,”) they are briefly
derived because they are applied here in a not quite trivial manner, which

also needs some explanation.

P
From Stoke's theorem (/Scurl G - do = Eﬁ‘ G . d;), applied to a vector in the

X = ¥y plane, follows

BF(:;X:'E) do = ?de_ (Ala)

[——-—-’I—dc -56Fdx . (A1b)

%
Expressing x and y by z and 2 and considering F now as a function

I}

*
of z and 2z , the operators 9/8x, 8/3y become

§78x= 50z 4 B0y (A2a)

5/8y = i(3/3z - 3/3z) . (A2b)

Using this in egs. (Al), multiplying eq. (Ala) by i, and first subtracting

and then adding eq. (Alb) gives

3F o
L 40 =5 95 Fdz (A3a)

O ;
Eao -t ra’ (a3b)
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It has been assumed in this derivation that F and its first derivatives are
in the integration area single-valued and have no singularities there.
Considering from now on only eq. (A3a) with the understanding that the
equivalent considerations apply to eq. (A3b), the case is now discussed where
BFXBZ* has a singularity of the type l/(z-zo) at Z inside the integration
area. Considering an infinitesimal circular disc around Z.s and carrying out
the integration of 3F/8z* over that disc, it is clear that that integral is
infinitesimally small. After removing that disc from the integration area,
eq. (A3a) can be applied. However, the boundary of the integration area
consists then of two parts, namely the outer contour and the circle around

Z_ s 8s indicated in fig. 2a. When calculating F from 3FZ82* one can
clearly add as "integration constant" any function of 2z that is analytic

in the integration area and can use this to make the contour integral over

the circle around zZg vanish. This is most easily seen with the following

example: Assuming
8F(z,2 )/0z" = F (z) - Filz) (k)
and Fl(z) to be proportional to l/(z—zo), F(z,z*) can be chosen to be
Flz,2) = Fy(2) (Fy(2)) - Fp(z])) . (45)

With this choice of F, the contour integral over the infinitesimal circle
around z, vanishes so that the contour integration has to be carried out

only over the outer boundary of the integration area.
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*
If 3F/9z is given by eq. (A4) and Fl(z) has single poles at
#
several locations Zn’ the following choice of F(z,z ) eliminates the need

for contour integration around each individual pole:

1}

P (2) = ((z-z )}/(z-2 ); Q (2) = P (z)/P (2 ) , (A6a)

n

F(z,2) = Fi(2) (Fy(z') = ) Folz) - q (=) . (A6b)

n
It should be noted that although all poles that are in the integration area
have to be treated as indicated, it does of course make no difference when a
pole that lies outside is treated in eqs. (A6) as if it were inside.

To transform

J =.Jfk£n(z—zo) + Rn(z*—zz))dc (AT)

into a contour integral, it is indicated to make each logarithm with a branch
cut single-valued, with the convention that the logarithm of a positive number
is real. Because of the singularity at Zo’ which is assumed to be inside the
integration area, a circular disc is again removed around Zo without changing
the value of J. The complete contour for the integration is indicated in

fig. 2b. The strip to the left of Z, has zero thickness and therefore does

not change J either. Using eq. (A3a) and choosing
% % ® %
P = - - + - -
(z ZO)[Rn(z zo) n(z zo) 1)

gives
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E 1 * * ® ®
e + - = —_— - F — y _

(Rn(z zo) in(z zo)]do 51 (z zo)[ﬂn(z zo) + n(z zo) 1)dz (AB)
Since the integral around the small circle vanishes, and the integrals along
the branch cut cancel each other, the contour for evaluation of the integral on
the right side of eq. (A8) can be simply the outer boundary of the integration
region. It is easy to see that this would not have been the case if F would

have been chosen as

® % * % *
F=(z —zo)[Rn(z —zo)—lJ + z In(z-z )

It is of course not necessary for the validity of eq. (A8) that z, is

inside the integration area. It is noteworthy that choosing F such that one

has to integrate only over the outer boundary of the integration region is

more than a convenience: it makes it for instance possible to perform in the

normal manner operations like differentiation under the integral sign, which

is not possible when one has to integrate along branch cuts or when singularities

are excluded in the manner described above. Finally it should be noted that

the freedom to choose either eq. (A3a) or (A3b) for the transformation of the

integral, as well as some freedom in selecting the "integration constant",

can lead to very dissimilar looking contour integrals, and one should select

that form of the contour integral that is most easily evaluated.
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Appendix 2
b o
J

=
From the general expression for the force density u X H and

o}
- > >
torque density uo r x (j X H) acting on a conductor, it follows immediately

in the two-dimensional case for the force f and torque T per meter

magnet length

] 2 .
f = iup jHAC (A9)

3 *
M P Re [ JH zdo . (A10)

=
1]

To convert these integrals into contour integrals, it is indicated to
%
consider H as a function of z and z . With egs. (A2), div H=0 and

¥ - T
curl H = j reduce to

¥ %
9H/3z + OH /3z

I
o

(A11)

2i3H*/3z* = - 2i9H/%z . (A12)

PJ

Eliminating Jj in eq. (A9) and (A10) with eq. (Al2), and then applying egs.

(A3) gives for f and T:

1l

up n
f=up- [ 28 g—zdc = - ——g-l- 55 124z (A13)

H
I
g
o
©
=)
4
[N
no
j==i
*
J
N
[=1]
Q
1]
n =
g =
o]
©
j=s}
14

g Eﬁt H*gzdz : (A1L)
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It should be noted that egs. (A13) and (AlL) are valid even when iron is
enclosed by the contour or when part of the contour goes through iron, since
one can consider the permeability to be caused by Ampdrean currents. For this
reason, H has been used exclusively. Over those parts of the contour

that go through iron, one has to consider the iron removed over a strip

of infinitesimal thickness so that the contour goes in principle through
vacuum. The field components parallel and perpendicular to the contour

then follow from the boundary conditions for B and H.
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Appendix 3
Consider
n-1
1 ﬁg z
5= S (A15)
et (z-a)(zM—l)

with a representing some complex number, M an integer, n an integer

satisfying

and the contour chosen to be a cirecle that encloses both z =a and z = 1.
By either introducing 1/z as new integration variable, or by letting the

radius of the integration circle go to infinity, it is easily seen that

3 ; ; s im2m/M
S = 0. BSince the integrand has singularities at z, = 8 Z = elm2 / 5
m=0,1, ... , M=1, application of the residue theorem gives
an—l =ty g;-l
e Z —_— e = N (Al'_l()
M M-1
& =1 — (z_-a)Mz
m=0 m m

e-lmEH/M

Since one could also have chosen B = , from eq. (Al7) follows that

= tin.m.2T/M n-1
e a

Fmorm oM T W 235
e - &

m=0

It should be noted that eq. (Al6) does not really represent a restriction of
the value of n since on the left side of eq. (Al8) any multiple of M can

be added to or subtracted from n without changing the value of the sum.
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It is also noteworthy that by differentiating eq. (A18) with respect to
a, one can obtain an expression for a sum of the same type as the left

side of eq. (A18), but with the denominator raised to some integer power.
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Figure captions

Fig. 1. Conductor and iron configuration for dipole magnet.

Fig. 2. Integration contours.

Fig. 1





