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Abstract
ASYMPTOTICALLY SYMMETRIC METRICS AND RICCI FLOWS
by
Yufei Shan

This thesis presents a comprehensive investigation into the properties of asymptoti-
cally hyperbolic manifolds and provides an exact definition for asymptotically symmetric
manifolds.

Chapter 1 begins with a thorough classification of symmetric spaces of non-compact
type, as detailed in Section 1.1. Utilizing parabolic geometry, we then explore the
boundary geometry of symmetric spaces of non-compact type, aiming to precisely
define asymptotically symmetric manifolds in Section 1.2.

Chapter 2 focuses on the perturbation existence of asymptotically hyperbolic Einstein
manifolds. Following the methodology proposed by O. Biquard, we present the concep-
tual proof of perturbation existence for general asymptotically symmetric manifolds, as
outlined in their work [5].

In Chapter 3, we examine the stability of asymptotically hyperbolic Einstein manifolds
under normalized Ricci flow. Drawing on R. Bamler’s research [1], we establish a
reduction of the stability problem to estimating the heat kernel for the Lichnerowicz
operator (refer to Lemma 3.2.2). Furthermore, we discuss the underlying ideas behind
proving these heat kernel estimates.

Finally, in the last chapter, we introduce our improved result on long-time existence,
building upon the work presented in [42]. This enhancement in long-time existence

demonstrates the significant contributions made by this thesis.
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Chapter 1

Preliminary

In this chapter, we shall introduce some basic knowledge that is needed for the following
chapters. In the section 1.1, we shall talk about symmetric spaces and the corresponding
Lie algebra following the book [25] of S.Helgason. In the section 1.2, we will identify the
boundary geometry of symmetric spaces of the non-compact type as a model parabolic
geometry. By this identification, O.Biquard tried to define the so called asymptotically
symmetric spaces in [5] at least the rank one case about which we shall talk in the section
1.1.6. The references for this section are the book [12] of the A.Cap and J.Slovak and
the book [5] of O.Biquard. In the section 1.4, we shall introduce the spectrum theory
and the semi-group theory. The first one will be used to discuss the spectrum of the
Laplacian operator on the AH manifolds and the second one will be used to show the
exponential decay of the heat kernel. The references for this section are the books [46]
of M.Taylor. In the section 1.3, we shall introduce some basic concepts and methods
about microlocal analysis and semi-classical analysis which will be used in the paper
[48] of A.Vasy and the paper [33] of R.Mazzeo and R.Melrose to show the meromorphic

continuation of the modified Laplacian (See the chapter 3 for details). And in the paper



Chapter 1 Preliminary

[44] of AS.Barreto, A.Vasy and R.Melrose, they also make use of the semi-classical
analysis to show the high energy resolvent estimate on AH manifold (See the chapter
3 for details). In the section 1.4.3, we shall talk about the Newton‘s method which is
used to relate linear operators with non-linear operators. By the newton‘s method, we
can see the existence of the solution to an non-linear equation is mainly determined by
the invertibility of its linearization operator. We shall make use of this to talk about the

existence of the solutions to Einstein equations in the Chapter 2.

§ 1.1 Symmetric spaces and the semi-simple Lie algebra

In this section, we first review some basic notions and facts about the the Lie group
and the Lie algebra. With these knowldege and notions, we shall review some basic
concepts about globally symmetric spaces of noncompact type. In particular, we will
follow the ideal of R.Bamler (see [2]) to write down the Laplacian operator for tensor
in the "spherical coordinate" by the root system of its corresponding Lie algebra.
Then, we will introduce the famous classification result of globally symmetric spaces
which was first accomplished by E.Cartan. Here, we follow the book [25] of S.Helgason.
Finally, we will use the rank 1 symmetric spaces of noncompact type as concrete
examples. We will specifically write down the Laplacian operator on the symmetric two
tensor bundle under the spherical coordinate for the hyperbolic case and the complex

hyperbolic case.



§1.1 Symmetric spaces and the semi-simple Lie algebra

1.1.1 Lie groups and Lie algebras

In this subsection, we will review some basic knowledge of the Lie group and Lie
algebras. Specially, we will review how the Lie algebra determine a corresponding Lie

group (See the theorem 1.1.2 and the theorem 1.1.5).

A Lie group is a smooth manifold G (without boundary) that is also a group in the
algebraic sense, with the property that the multiplication map m : G X G — G and
inversion map i : G — G given by m(g,h) = gh i(g) = g~! are both smooth. (See
p-151Lee2013)

Moreover, any element g € G defines maps Ly, R, : G — G, called left translation

and right translation, respectively, by
Lg(h) =gh, Rg(h)=hg foranyheG

Thus, it is natural to introduce the concept of the right invariant vector field. Let X be
a vector field on a Lie group G and X(g) is the vector on g € G. Then X is called right
invariant vector field, if

dRp[X(g)] = X(hg)

for arbitrary g, h € G. (d(Ry) is the tangent map of Ry) (p.46 [8]). It is straightforward
to verify that the right (or left) invariant vector field forms a Lie algebra over R under
the Lie bracket for vector fields (Proposition 7.1 in [28]). We denote this Lie algebra
corresponding to the right (or left) invariant vector fields as g (See p.1 in [28] for the
definition of the Lie algebra). By the definition of the right (or left) invariant vector

field, it is easy to see that dim(g) = dim(T,G).
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By the integral curve generated by the right (or left) invariant vector field, it is natural
to introduce the definition of the exponential map. ForV v € T,G, let { ; }+er be the one-
parameter group generated by the right (or left) invariant vector field X(g) = dR,(v),

the exponential map is defined by the following map (Section 8 in [8])

exp:T.G —> G

v (1)

There are some basic properties about the exponential map such as (1) exp(tv) = @.(t),
t € R; (2) exp[(t; + t2)v] = exp(tjv)exp(tov), t1, tr € R; (3) exp(—tv) = [exp(tv)] !,

t € R. One of the most important properties is

Proposition 1.1.1 ([8], Proposition 8.2). Let G and H be two Lie group and f : G — H

be homomorphism. And the following diagram is commutative.

df).
7,6 Yoy 75

exp\L \Lexp

G%H

where the tangent map (df). can be thought of as a Lie algebra homomorphism.

For simplicity, we just use homomorphism and isomorphism instead of Lie group
homomorphism and Lie group isomorphism without confusing.

From the previous facts, we see how to obtain a Lie algebra from a Lie group. The
following theorems will show us how to recover a Lie group from a Lie algebra and in

what sense this Lie group is unique.

Theorem 1.1.2 ([8], Theorem 13.3). (One to one correspondence between simply

connected Lie group and Lie algebra) There is a one to one correspondence between

4



§1.1 Symmetric spaces and the semi-simple Lie algebra

isomorphism classes of Lie algebras and isomorphism classes of simply connected Lie

groups.

Proof: The above theorem follows from a theorem of Ado who prove that every Lie

algebra has a faithful representation in gl(n, R) for some n. m|

Then, Given a Lie group, the Lie subalgebra of Lie algebra for the Lie group cor-
respond an unique Lie subgroup. Before stating the theorem, we first introduce the

definition of the Lie subgroups.

Definition 1.1.3 ([25], p.112). (Lie subgroups and subalgebras) Let G and H be
a Lie group. If there exists a inclusion (i.e. inclusion means injective) Lie group
homomorphism i : H — G such that the tangent map of i is injective. Then, H is called
the Lie subgroup of G. Moreover, if the topology of H is the induced topology of G,

then H is called topological Lie subgroup of G.

Remark 1.1.4. The topology of H might not be the induced topology of G. For example,
consider the Lie group (R/Z, R/Z) and the Lie subgroup (at, bt), where a,b € R — Q

are fixed and t is arbitrary real number.

Theorem 1.1.5 ([25], Theorem 2.1, Ch II). (One to one corresponding between con-
nected Lie subgroups and Lie subalgebras) Let G be a Lie group. If H is a Lie
subgroups of G, then the Lie algebra by of H is a subalgebra of g, the Lie algebra of G.
Each subalgebra of g is the Lie algebra of exactly one connected Lie subgroup of G.

Moreover, if ) is a ideal of g, then H is a normal Lie subgroup of G.
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1.1.2 The semisimple Lie algbra and root system

There is natural symmetric two form on the Lie algebra, the so-called Killing form. With
this form, we will introduce the semisimple Lie algebra which is a Lie algebra with an
non-degenerate Killing form. The semisimple Lie algebra can always be uniquely
decomposed into a direct sum of its simple ideals. Therefore, we can classify the
semisimple Lie algebras by simple Lie algebras. In order to classify the simple Lie
algebras, we need to introduce the root system which is also important to the find a
good frame to simplify the expression of the Laplacian operator for tensor on the global
symmetric space of noncompact type. We will show that the Lie algebra over C is
uniquely determined (up to isomorphism) by its root system and its Cartan subalgebra.
By the Dynkin Diagrams, we can classify all the root systems. Therefore, so do the
simple Lie algebra over C. By the real form, we can get corresponding facts for the
Lie algebra over R. The reason we concern about the Lie algebra over R is that all the
Lie algebras induced by the Lie groups are on R. Let us start with the definition of the

Killing form.

Definition 1.1.6 ([25], p.131). (Killing Form) Let g be a Lie algebra over a field of
characteristic 0. Denoting by Tr the trace of a vector space endomorphism we consider
the bilinear form B(X,Y) = Tr(adXadY) on g X g. The form B is called the Killing form

of g. Itis clearly symmetric.
Then, we will introduce the definition of semisimple Lie algbra

Definition 1.1.7 ([25], p.131). (Semisimple and simple) A Lie algebra g over a field
of characteristic 0 is called semisimple if the Killing form B of g is nondegenerate. We

shall call a Lie algebra g # {0} if it is semisimple and has no ideals except {0} and {g}.

6



§1.1 Symmetric spaces and the semi-simple Lie algebra

A Lie group is called semisimple (simple) if its Lie algebra is semisimple (simple).

The following proposition is essential for the semisimple Lie algebra. It shows that
the semsimple Lie algebra can always be decomposed into a direct sum of two ideals if

it has non-trivial ideal.

Proposition 1.1.8 ([25], Propostion 6.2). Let g be a semisimple Lie algebra, a an ideal
ing. Let a* denote the set of elements X € g which are orthogonal to a with respect to

B. Then a is semisimple, a* is an ideal and
g=a®at

Then, the following two corollaries are just straightforward by the previous proposi-

tion.
Corollary 1.1.9 ([25], Corollary 6.2). A semisimple Lie algebra has center {0}.
Proof: For simsimple Lie algebra, g, the center is g=. O

Corollary 1.1.10 ([25], Corollary 6.3). A semisimple Lie algebra g is the direct sum

=619 ®¢r

where ¢; (1 < i <) are all the simple ideals in §. Each ideal « of g is the direct sum

of certain g;.

Next, we will introduce the root system, which is important to the classification of
the simple Lie algebra. Let us start with the definition of the Cartan subalgebra and root

system.
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Definition 1.1.11 ([25], p.163). Let g be a semisimple Lie algebra over C. A Cartan
subalgebra of g is a subalgebra by of g satisfying that (1) § is a maximal abelian
subalgebra of g; (2) For each H € 1, the endomorphism ad(H) of g is semisimple

(diagonalizable).

The Cartan subalgebra always exists (See Theorem 4.1, Ch III in [25]). Let o be a
linear function on the complex vector space h (Cartan subalgebra). Let g* denote the

linear subspace of g given by
g*={Xeg : [HX]=a(H)X forall H € bh}.

The linear function «a is called a root if g% # 0 and g“ is called a root space (See p.165
in [25]). The set of all the nonzero roots is denoted as A (See p.166 in [25]). There are

some basic concept for the root.

Proposition 1.1.12 ([25], Theorem 4.2, Theorem 4.3). (1) The restriction of the Killing

form B to ) X by is nondegenerate.
(2) The only roots proportional to a are —a, 0, a.
(3) Suppose a + B # 0. Then [g%, gP] = g***

By the (1) of the above proposition, for each @ € A there exists an unique elements
H, € b such that B(H, Hy) = a(H) for all H € ). We put (A, u) = B(H;,H,). Let
DR = Xqeca RHy. Then, we have that B is real and strictly positive definite on hr X hr
and the Cartan subalgebra h = hr @ V—1hg (See Theorem 4.4, CH III in [25] for the

proof). Moreover, we have

2B, a)

2p,a) _
(a, a

@) Z and p -

aecA foranyoa,B €A
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(See p.40 in [28] for more details). Now, we can the abstract definition of the root

system which is actually a description of the inherent construction of the set of roots.

Definition 1.1.13 ([28], p.42). A subset @ of the Euclidean space (E, (.,.)) is called a

root system in E if the following axioms are satisfied
(1) @ is finite, spans E, and does not contain 0.
(2) If a € @, the only multiples of a in ® are +a.
(3) If a, B € @, then B — (2(B,a)/{a,a))a € .

4) 2(B,a)/{a,a) € Z.

Then, we see that the root set A is a root system with the inner product defined by
the corresponding Killing form. As we mentioned, a semisimple Lie algebra over C is
determined (up to isomorphism) by means of a Cartan subalgebras and the corresponding
root system. (See Theorem 5.4 in [25] for details). Finally, we can use the Dynkin
Diagrams to classify the root system. So do the semisimple Lie algebra. (See Section
3, Ch X in [25])

Next, we will review the real form of semisimple Lie algebra which is served as
a bridge between the Lie algbra over C and that over R. First, let us introduce the

definition of the complexification.

Definition 1.1.14 ([25], p.179). (Complexification) Let gy be a Lie algebra over R.
The complex vector space g = (gg)* consists of all symbols X + iY, where X,Y € go.

We define the bracket operation in g by

[X+1iY,Z+iT| =[X,Z] - [Y,T] +i([Y,Z] + [X,T])

9
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g = (g0)® is a Lie algebra with the above bracket over C. g = (go)® is called the
complexification of the Lie algebra gg. Moreover, denote the Lie algebra of g over R

as g~.

The Killing form of the complexification has the following relation

Proposition 1.1.15 ([25], lemma 6.1). Let Ko, K, K® denote the Killing forms of the Lie

algebras go, g and g® respectively. Then
Ko(X,Y) = K(X,Y) for X,Y € g9
KR(X,Y) = 2Re(K(X,Y)) for X,Y € g®
Then, we can define the real form.

Definition 1.1.16 ([25], p.180). (Real form) Let g be a Lie algebra over C. A real
form of g is a subalgebra g of the real Lie algebra g® such that the complexification of
go is §. And the mapping o of g onto itself givenby o : X +iY — X — iV (X,Y € gp) is

called the conjugation of g with respect to go.

1.1.3 The symmetric space and its classification

In this section, we first identity the globally symmteric space with the so called effective
symmetric Lie algebra. Then, we will classify the effective orthogonal symmetric Lie
algebra by the classification of the semsimple Lie algebra over C. First, Let us start with
the definitin of the globally symmetric space.

Let (M, g) be a Riemannian manifold and p € M. We call an isometry ® : M —M

with ®(p) = p, a reflection at p, if d®|, = —idr,;. A Riemmaninan manifold (M, g)

10



§1.1 Symmetric spaces and the semi-simple Lie algebra

is called Riemannian locally symmetric space if for arbitrary point p € M there exist
a neighborhood of p € M, U,, and a reflection ®, at p in U,. Moreover, if ®, can be
extended into a reflection on M, then (M, g) is called Riemannian globally symmetric
space (See p.205 [25]). The most important property of the Riemannian symmetric
space is that the Riemannian curvature of the locally symmetric space is parallel, i.e.
VRm = 0.

Next, we will introduce the definition of the effective orthogonal symmetric Lie
algebra which can be thought of as a Lie algebra description of the Riemmannian

globally symmetric space.

Definition 1.1.17 ([25], p.213). (Orthogonal symmetric Lie algebra) A pair (g, ) is

called an orthogonal symmetric Lie algebra if

(1) gisaLie algebra over R.
(2) s is an involutive automorphism of g

(3) 1, the set of fixed points of s, is a compactly imbedded subalgebra of g

Moreover, it is said to be effective if, in addition, IN ¢ = {0} (¢ is the center of g). A pair
(G, K), where G is a connected Lie group with Lie algebra g, and K is a Lie subgroup
of G with Lie algebra 1, is said to be associated with the orthogongal symmetric Lie

algebra (g, s).

By the [Proposition 3.5, Proposition 3.6, Ch IV] in [25], there is one to one correspon-
dence between the Riemannian globally symmetric spaces and the effective orthogonal
symmetric Lie algebras.

Next, we will decompose the symmetric space by its effective orthogonal symmetric

Lie algebra.

11
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Definition 1.1.18 ([25], p.230). Let (g,s) be an effective orthogonal symmetric Lie
algebra. g = p ® [ be the decomposition of s into the eigenspaces of s for the eigenvalue

+1 and —1 respectively.
(a) If g is compact and semisimple, (g, s) is said to be the compact type.

(b) If g is noncompact and semisimple and g = p ® [ is a Cartan decomposition of g,

then (g, s) is said to be of the noncompact type.
(c) If Iis an Abelian ideal in g, then (g, ) is said to be of the Euclidean type.
Then, we have the cooresponding definition of symmetric spaces.

Definition 1.1.19 ([25], p.230). Let (g, s) be an orthogonal symmetric Lie algebra and
suppose the pair (G, H) is associated with (g,s). The pair (G, H) is said to be of the

compact type, noncompact type, or Euclidean type according to the type of (g, s).
The basic decomposition of the symmetric space is following

Theorem 1.1.20 ([25], p.244). Let M be a simply connected Riemannian globally

symmetric space. Then M is a product

M = My X M_ X M,

where My is a Euclidean space, M_ and M, are Riemannian globally symmetric of the

compact and noncompact type, respectively.
We can also use the section curvature to get the compactness by the following theorem.

Theorem 1.1.21 ([25], p.241). (Sectional curvature) Let (g, s) be an orthogonal sym-

metric Lie algebra and suppose that the pair (G, K) is associated with (g, s). We assume

12



§1.1 Symmetric spaces and the semi-simple Lie algebra

that K is connected and closed. Let Q be an arbitrary G-invariant Riemannian structure

on G/K (such a Q exists).
(i) If (G, K) is of the compact type, then G /K has sectional curvature everywhere > 0

(i) If (G, K) is of the noncompact type, then G /K has sectional curvature everywhere

<0

(i) If (G, K) is of the Euclidean type, then G/K has sectional curvature everywhere

=0

Moreover, we can further decompose the compact and the noncompact symmetric

space. First, we will introduce the definition of the irreducible symmetric spaces

Definition 1.1.22. Let (g,s) be an orthogonal symmetric Lie algebra, | and p the
eigenspaces of s for the eigenvalues +1 and —1, respectively; (g, s) is said to be irre-

ducible if the two following conditions are satisfied:
(i) g is semisimple and [ contains no ideal # {0} of g
(ii) The algebra adg4(1) acts irreducibly on p.

Definition 1.1.23. Let (G, K) be a pair associated with (g, s); then (G, K) is said to be

irreducible if (g, ) is irreducible.

Theorem 1.1.24. Let M be a simply connected Riemannian globally symmetric space

of the compact type or the noncompact type. Then M is a product
M=M; X...XM,

where the factors M; are irreducible. If M is Hermitian, then each M; is Hermitian.

13
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It turns out that the classification of the irreducible orthogonal symmetric Lie algebras
is determined by the classification of the simple Lie algebra on C. See the [25]. By the

[p.518, Table V] [25], we can see for the rank one case are

SU(1,n)/U(n), SO(1,n)/O(n), Sp(1,n)/sp(1) x sp(n), F;*/Sping

1.1.4 The symmetric space of noncompact type

In this section, we will introduce the properties of the symmetric space of noncompact
type and use the root system to derive the spherical coordinate.
Let M be a symmetric space with noncompact case, then by the previous discussion

we have a Lie algebra and a decompositiong =p @ |

Definition 1.1.25 ([2], Section 3). (Maximal abelian algebra)a C p which is not

contained in a bigger abelian subalgebra in p.

Definition 1.1.26 ([2], Section 3). The rank of symmetric space The dimension

r = dim a is called the rank of the symmetric space M.

Definition 1.1.27 ([2], Section 3). (Root) We say that @ € a* is a root of g relative to
a if @ # 0 and there exists some X # 0 € g such that [v,X] = a(v)X for any v € a.

Denote A the set of all the root. And denote g, the corresponding eigenspace about a.

Definition 1.1.28 ([2], Section 3). (Positive root) Let vy € a be an arbitrary vector
such that a(vg) # O for all nonzero @ € A and define the set of positive roots by

Ay ={a e A:a(vy) > 0}.

The existence of the involution 6, implies —A = Aand the involution 6, maps g, to

g-q. Soif we setand p, = (. D g—¢) Npand [ = (g, ®g—q) NL. Let vy € a be an

14



§1.1 Symmetric spaces and the semi-simple Lie algebra

arbitrary vector such that a(vg) # O for all nonzero a € Aand define the set of positive

roots by A, = {a € A : a(vg) > 0}.

Then we have the following root space decomposition

g =t Dgen, (8a®8-0)® 1o

=pol=a Daea, (pa 52 Ia) ® Iy

These splittings are orthogonal with respect to the Killing form. The subspace Iy
is a Lie algebra. Its geometric meaning will be described below. Using the Jacobi
identity, we can conclude that for any two a,b € A, we have [gq, 95] € gq+p. Hence
=14 = Bgep, 8q and N_ = Bgep, g—q are the nilpotent algebras with 0,(n,) = n_. The

spaces 1y and n_ are isotropic with respect to the Killing form, but on n & n_
(,.)=—<.,0,>

is a positive definite scalar product.

Next, we will introduce the (Orthonormal Basis) on the symmetric space of non-
compace type. Let ay,--- ,a,—r be the roots of A, be the roots of A, occurring with
the appropriate multiplicities and let xi, - - - , X, be an orthonormal basis of 1, with
respect to (.,.) such that x; € go. Then [x;,x;] € Sata;r S0 < X,y >= —6;; and

< xi,xj >= 0and [x;, ;] € gg;-q; and [yi, ¥;] € §-g;-q;- We set

1 1
pi=—=0i—Yy), ki=—=(xi+y)
V2 V2
Hence, pi,- -, pn_r form an orthonormal basis of the orthogonal complement a* of «

15
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in p and ky, - -, k,— are a negative orthonormal basis of the orthogonal complement
of [pin I.
We also choose an orthonormal basis vy, - - - , v, of a with respectto < .,. >. Observe

that 0. [x;, yi] = [yi,xi] = —[xi, yil, hence [x;,y;] € p. Moreover, [x;,yi] € g0, so

[x;, ¥i] € a. Since for any v € a, we have
< [x,yil,v>= - < [x;,v], i >= —a;(v) < xi, i >= a;(v)

We obtain
[xi, yi] = a;

Finally, we apply our knowledge on the infinitesimal structure to find out more about
the global geometry of M. The subgroup A = exp(a) < G corresponding to a is abelian
and isomorphic to R". The orbit F = Apy is a geodesic submanifold of M isometric to
R" and is called a maximal flat of M. The subgroup Ky = exp(lp) < Kcorresponding
to Ip is the point stabilizer of the flat F. Observe that there are symmetric spaces with
trivial Ky, such as SL(n) \ SO(n), however many symmetric spaces, e.g. hyperbolic
space H" (n > 3), have nontrivial Ky. The stabilizer (not the point stabilizer) StabK (F)
of the flat F however consists of several components of Ky. Forming the quotient
W = StabK (F) /K yields a discrete group, called the Weyl group. It follows that the or-
bit K(p) of every point p € M under the isotropy group K intersects F in a nonempty set
which is invariant under W. Moreover, F can be decomposed into fundamental domains
for the action of W, which are called Weyl chambers, and W is generated by reflections
along the walls of an arbitrary Weyl chamber. Finally, consider the subgroups N resp.

N_ corresponding to n resp. n_. The product subgroups P = AN and P_ = AN_ are

16
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called Borel subgroups. They act simply transitively on M and stabilize a Weyl chamber

at infinity in the geodesic compactification.

Then, in order to introduce the spherical coordinate, we will identity the symmetric

space with the homogeneous space.

Definition 1.1.29 ([12], definition 5.2.1). (Homogeneous vector bundle) Let G be a
Lie group and let K be a closed subgroup of G. Let M = G/K. A vector bundle E over
M is called a homogeneous vector bundle if G acts on E on the left and the G action

satisfies
(1) gEx = Egc forxinM, g inG
(2) The mapping from E, to Eg, induced by g is linear for g in G and x in M.

Remark 1.1.30. We shall give a basic construction that describes all homogeneous
vector bundles over M. Let (p, Ep) be a finite dimensional representation of K. Let K

act on the right on G X Ej as follows:
(g, v)k = (gk, p(k) "' (v)) forgeG, veEyand k € K
We set E = G X, Eg = (G X Eg)/~ where
(gk,v) ~ (g, p (k) V)

Then E is a homogeneous vector bundle on M. In fact, all the homogeneous vector

bundle on M can be constructed by the above process.

Remark 1.1.31. In fact, we can regard M as the base of a right K-principal bundle
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7 : G — M. Then, homogeneous vector bundle actually is the associated vector bundle

of this principal bundle and the representation p.
Remark 1.1.32. We have the following commutative diagram

GxXEy —% Gx,Ey=E

| .

G — 3 G/K=M
where pg is the projection of G X Eg on G, Py is the projection of the homogeneous

vector bundle E on the base manifold M, and 7 is the quotient map with the equivalent

relation ~.

Definition 1.1.33 ([12]). (Section of homogeneous vector bundle) Let G be a Lie
group and let K be a closed subgroup of G. Let M = G/K and E = G X, Eg be a
homogeneous vector bundle on M where Ej is a finite dimensional vector space and
p : K — GL(Ey) is a representation of K on Eg. A smooth map f : M — E is called
section of E if

o f=idy
where 1 : G — G/K = M is the natural quotient map. And denote all the smooth

section of E as C*°(M.E).

Definition 1.1.34 ([12]). (The lift of section) Let f : M — E be a section of a
homogeneous vector bundle E on the manifold M = G/K where G is a Lie group and
K is a Lie subgroup of G. Then f : G — G x Ej is called the lift of the section f if
miof=fom.

Remark 1.1.35. The liftof f : M — E, f : G — G X Ey, can be thought of as a section

on the trivial bundle G X Ey. On the other hand, if one of the section f G > G XEy

18
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satisfies that f(gk) = p(k™") f(g), then there exists an unique section f : M — E, such

that f is the lift of f.

Letg € Gand f : M — E be a section on the homogeneous vector bundle. Then, g

can induce another section g..(f) on the same homogeneous vector bundle by
g(f) :M=G/K - E=GX,Ey, [h]+— [¢g7'h, f(g™'h)] forheG

where [g~'h] is the equivalent class in G/K, and [g~'h, f(g~'h)] is the equivalent class
in G X, Ey. f:G— GxEgyistheliftof f : M — E. In particularly g.(f) is called the

push-forward of section f. Obviously, The lift of g, (f) is

g.(f)(h) = f(g"'h)

Definition 1.1.36 ([ 12]). (Lie derivative) Let f : M — E be a section of a homogeneous
vector bundle E on the manifold M = G/K where G is a Lie group and K is a Lie subgroup
of G. Andlet f : G — G X E be the lift of f. Suppose that X is a vector field on
M = G/K and X is a vector field on G such that dz(X) = X. Then, a section on the
homogeneous vector bundle, f : M — E, is called the Lie derivative of the section

f : M — E along the direction X if the lift of f” is

fle(t,8) - f(@(0,8))

t

df(%)(g) = lim
where ¢(t, g) is the one-parameter group generated by the vector field X. Denote this
section Ly f.

Remark 1.1.37. Since f’ = df(X) satisfies that f'(gk) = p(k)~'f’(g) for g € G and
k € K, by the Remark 1.20, there exists an unique section of of homogeneous vector

bundle f’ : M — E such that the lift of this section is f’.
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Proposition 1.1.38 ([2], Section 3). Let X and Y are two different vector field on
M =G/K. And let f : M — E is a section of the homogeneous vector bundle E. Then,

we have

LxLyf—LyLxf = _L[ny]f

Then, we will show that the tangent bundle for symmetric space, (M, g) = G/K, can
be thought of as a homogeneous vector bundle with the representation of K on p. This
G is the isometric group of (M, g) and K is the isotropic group fixing a fixed point p.
Let g be the Lie algebra of G. Then, by the previous section, we have g = p @ [, where [

is the Lie algebra of K. The reference is from [5] of O.Biquard.

(1) We the following natural map

T:GXM—>M

(g, p) — g(p)

and

aT,:G—>M

g g(p)

Then, consider the tangent map of 7,

(A7 py)e : TG — TpyM

i (@y)e(0) = - exp (U0) (PO

Moreover, the kernel of (dmp,). is [ and (dmp, ). is surjective. Therefore, p = T, M Let
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['(M) be the all the vector field on M. Then, we have the following map

(d7), : T,G — T(M)

v X(p) = (dmp)e(v) = 5 exput(plio

(dm). is a linear map. And Ker((dmx),) = 0. Therefore (dx), is an injective. Moreover,
the image of (dx). is Killing field and (dx), preserve the Lie bracket. This can be easily

checked by the definition.

Remark 1.1.39. In general, (dm,,)e gives an isomorphism between p and Tp,,M and

(dm), gives an isomorphism between g and the Killing field of (M, g).
(2) We have the following map

GXTpyM —-TM

(g,u) = g«(u)

If g1(u1) = g2(u2), then g = gh, then (g2h).(u1) = (g2)«(uz) and h.(vy) = v,.

(3) Define the equivalent relation ~ on G X T,,M by (gh,u) = (g, h«(u)). Then
[(G X TpM)/~] = TM

(4)(Representation) Let u € T, M. Then, there exists an unique v € p such that

(dmp,)e(v) =u. Let h € K. We have

() = b (d3)e(0)) = Shexp (00)(po) oo = S-hexp WO (o)l

= (d7py)e[Ad.(h) (V)]]p
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Define the representation pg : K — GL(T,,M)

po(R) () = (d7tp,)e[Ad.(R) ((d7py); ") ()]

Then the induced representation on Lie algebra I is

P (k) (v) = (d7p,)e[ad (R) ((d7p,); ) ()]

Moreover, we have h.(u) = po(h)(u).

(5)(Associative vector bundle) We can think of the tangent bundle as the associative
vector bundle

G Xpy TpyM =TM

which is nothing but the homogeneous vector bundle on M
(6)(The lift section) Let f € C*(M,TM) be a global section. Then the lift of the

section f is defined by
f:G— Tp,M
g & (f(p)
where g(p) = po.

Remark 1.1.40. Every global section can uniquely determine a lift by the above. In-
versely, for a function f € C%(G, Tp,M) satisfying that f(gh) = po(h™Y)f(g) can

uniquely determine a global section as well. Moreover, we have f(p) = g.(f(g)).

(7)(Push-forward) Let f € C*°(M,TM) and f € C® (G, Tpom) be its lift. Then for
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h,g € G = ISO(M) and p = g(po), we have

h.(f)(g) =g (h.(f)(p) = & () (g™ (p))
=g, h.(f(h"'gg™)(p)) = g ' h(f(h'g) (o))

=f(h~"g)
Actually, in the above process, we just make use of a fact that h.(f)(h(p)) = h.(f(p)).

(8)(Lie derivative) Let f € C*°(M,TM) and v € p. Then by the definition of the Lie

derivative
d
~£dare(v)f|p = E(exp (_Ut))*flp
By the definition of the lift section,

f(p) =g (f(g)

Therefore,

Lax,w)flp =%(6Xp (=v0)):(exp (vt)g). f (exp(v0)g)le=o

=g 5 F(exp ()80 = 8. vl ()

where g € G satisfying that g(pg) = p. Therefore,

Ldm(v)f'p = dJZ(U)lg

Remark 1.1.41. We see from (8) that the Lie derivative of this homogeneous vector

bundle is equivalent to the Lie derivative of the tangent bundle.
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For cotangent bundle, from the point of the representation, we only need to take the

dual representation of the representation corresponding to the tangent bundle.

Definition 1.1.42. (Dual representation) Let (p, V) be a representation of a group G
on a finite vector space V, then the dual representation p* is defined over dual vector
space V* as follows

p*(g) =p(g™)* forallgeG

where p(g~!)* is the dual operator of p(g™") on the vector space V*

Notice that the Riemannian metric g on a Riemannian metric actually can be thought
of as a section on the tensor bundle TM* ® TM*. And Tensor bundle corresponds to the

tensor product representation.

Definition 1.1.43. (Tensor product representation) Let (p;,V)), (p2, V2) be two linear
representations of a group G. then their tensor product representation is a linear

representation p> of G on V; ® V, defined as follow

p12(g)(v1 ® v12) = p1(g) (V1) ® p2(g)(v2)

forge G,vyeVianduv, €V,

Then, we will define a on the homogeneous vector bundle E = G X, Eg of noncompact
symmetric space (M, g) = G/K. This G is the isometric group of (M, g) and K is the
isotropic group fixing a fixed point pg. Let g be the Lie algebra of G. Then, by the
previous section, we have g = p @ [, where [ is the Lie algebra of K and g is semisimple.
We will see that on the tangent bundle (Since tangent bundle can also be thought of as

a homogeneous vector bundle), this connection is the Levi-Civita connection.
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Definition 1.1.44 ([12]). (Maurer-Cartan form) Let g = T,.G be the tangent space of
a Lie group G at the identity (its Lie algebra as right invariant vector field). G acts on
itself by left translation

L:GXG—G

such that for a given g € G we have
Le:G— G where Lg(h)=gh

and this induces a map of the tangent bundle to itself: (Lg), : TG — TgnG. A left-

invariant vector field is a section X of TG such that
(Lg), X=X VgeaG

The Maurer-Cartan form w is a g-valued one-form on G defined on vectors v € T,G

by the formula

wg(v) = (Lg_u )* v

Remark 1.1.45. If X is a left-invariant vector field on G, then w(X) is constant on G.

Furthermore, if X and Y are both left-invariant, then
w([X,Y]) = [0(X), w(Y)]
Moreover, we have Maurer-Cartan equation
dw(X,Y) + [w(X),w(Y)] =0
forany X,Y € TG.
Remark 1.1.46. Since every Lie algebra has a bilinear Lie bracket operation, the wedge
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product of two Lie algebra-valued forms can be composed with the bracket operation to
obtain another Lie algebra-valued form. This operation, denoted by [w A n], is given

by: for g-valued p-form w and g-valued q -form n. Then, we can define

[ An] (Ut, - Upq)

Z sgn(o) [“’ (Uo(1)s 5 Vo(p)) > 1 (Vopenys -+ UU(P+‘1))] :

o

“(p+9)!

Then, the Maurer-Cartan equation can also be written as
1
do+-wAw=0
2
Moreover, by the Jacobi identity of Lie algebra, we have
wAwAw=0

Definition 1.1.47 ([12]). (Principal connection) Let 7 : P — M be a smooth principal
K-bundle over a smooth manifold M. Then a principal K-connection on P is a differ-
ential 1-form 6 € Q' (P, 1) = C* (P, T*P ® I) on P with values in the Lie algebra [ of K

satisfying that

1. Ad, (R;G) = 0 where R, denotes right multiplication by g and Ad, is the adjoint

representation on I (explicitity, Ady X = %g exp(tX )g_1|

t=0 );

2. if § € I and X¢ is the vector field on P associated to & by differentiating the G

action on P, then 0 (X¢) = & (identically on P ).

Remark 1.1.48. A principal connection induces a connection on every associative

vector bundle E = G X, Eg by the following way. Let f € C*(M, E) be a section of E
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and consider its lift f. Then we set for any v € T »M. Then,
Vif = (df () + p.6 (V) f)
where v" € T,/G is any vector projectiong to v, i.e. n(p’) = p and dzr (v’) = v.

Now, for symmetric space M = G/K with Lie algebra of G, g = p @ [. Then, G
can be thought of as a principal bundle of M with structure group K. Consider the

Maurer-Cartan form on G w. Let X € g be a Killing field. Then

w(X(g)) = Ad(g™")(X)lia

It is straightforward to check that

0(X(g) = w(X(g)h

is a principal connection.
Let f € C*(M, E) be a section of a homogeneous vector bundle with lift f € C*(G, G x

Ep) and v € g. And we can define the covariant derivative (connection) as following

Vian). ), f = df(dme(v)]g + po.(Ad (™) () [) ()

where g is an arbitrary element in G such that g(pgp) = p and |{ means orthogonal
projection on [ with respect to Killing form on g. For the definition of d=, and (d ).,
see 1.3.4 (1). (See details in Kobayashi and SS.Chern, Foundation of Differential

Geometry.)
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1.1.5 Laplacian operator on the spherical coordinate

Next, we will write down the Laplacian operator on the symmetric space. Letv = k; € [

and p = exp (k;t) exp (rxo)(po) € M wherer > Oandxy € a (ais the Cartan subalgebra).

Then
Var, k), f =%f (exp(kit) exp(rxo)) + po.(ch(ad (-rxo))Ad (exp(—kit)) k) (f)
=%f (exp(kit) exp(rxo)) + po«(ch(ad(—rx0))k:) (f)
Therefore,

P d? .
Var. k), Ve (k) f =@f (exp(kit) exp(rxo))
d -~
+ 2p0*(ch(ad(—rx0))ki)(af)

+ pa. (ch(ad (~rx0))k:) (f)

Now, let k; = % (x; + yi), where x; is the positive root and y; = o(x;) is the negative

root. (See detail in the section of root system. )

S d2 y
Van, k), Vi (k) f =@f (exp(kit) exp(rxo))|e=o
d -
+ 2po(ch(—rai(xo))k;) (Ef)

+ p(ch(=rai(x0))ki) ()
On the other hand,

dm.(k;)(exp(kit) exp(rxp)) =(dmp,)e(sh(ad(—rxo))Ad(exp(—k;t))k;)

=(dmp,)e(sh(ad(-rx0))k;) € Tpy,M
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Therefore,

Vot o (k) = (A ) (shad (-rx0)) Ad(exp(~kit) )

+ po(ch(ad(—rxo))Ad(exp(kit))ki) [« (sh(ad(—rxo))Ad (exp(—kit))ki)]
att =0,

Var ko, @e (k) = () (sh(ad (-rx0) ko)

+ po. (ch(ad (—rxg) k) [ (@5, e (sh (ad (~r0)) Ad (exp(—kit) k)]
~[sh(ad(rx0))k;, ch(ad (~rxp) K]
~[sh(—at (20} )y, ch (—eti (o))

=sh(—a;(xo)r)ch(=a;(xo)r)(d7mp,)e ([ pi, ki])

where p; = %(xi —y;) and [p;, ki] = [x, yi] = Z;zl a;i(pj)pj. (r is the rank of the
symmetric space and p; is the basis of the maximal abelian subalgebra. See details in

the section of root system). Therefore, for p = exp (rxo)(po), we have
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.
Mflp =) V(o) Van.(op f

=1

n—-r n—r
1

Z Ve (ki)l, Vdre (k) f = Z Vdne(ki)|pd7re(ki)f]

b -
sh?(—a;(xo)r) i=1
r d2
= —f(exp(tpj) exp(rxo))|e=0

‘= dt

n-— h i
Z zhg Z gﬁoig Z; ai(p;) 7 f(exp(tp;) exp(rxo))

i=
n— 1 2

' Z‘ T o aa @kt exp(rxo)) ey

— 2coth(—a;(xp)r)
" 2 et

N R (o))
+Zsh2( Oll(X )I’) ()*( l)f

po (k) 3 F(xp(kit) exp(rxo)) o

Remark 1.1.49. We can see the above formula for Laplacian operator is only for the point
p = exp (kit) exp (xor)(po). For the other point, we will use the spherical invariance of

Laplacian to get it.

Remark 1.1.50. We see the above discussions do not rely on the choice of the repre-
sentation pg. Therefore, the above results also holds for the general associative vector

bundle of the principal bundle G — G/K

Here, we use the same notation with the section of root system. Let mg be Ié in [.
That is to say [ = mg & ly. (Moreover, we have [mg, mg] € Iy and [ly, [y] € [p) The

Casmir operator is defined as follow
n—-r
C(mo, po) == ) pg. (ki)
i=1
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where {k;}!_, is orthonormal basis of mg with respect to the Killing form < ., . >. This

operator does not depend on the choices of the basis {k;},.

Remark 1.1.51. One of important properties of the Casmir operator is that for v € Iy,

[po«(v), C(myg, pos)] = 0. In fact, let [v, k;] = 2?‘{ a;jk;. Then
< [v,kil, ki >+ < ki, [v, k] >=0

implies that a;; + a;; = 0. Moreover, we have

n-r

[P0 (), C(mo, po.)] = D [p0- (1), po. (k)] o (ki) + po. (ki) [po. (1), po. (k)]

L
n—-r n-r

= > > @ijp0s (k;)po. (ki) + aiipo. (k) po. (k;) = 0

i=1 j=1
Let f € C*(M,E) be a section of homogeneous vector bundle E = G X, Ey on
noncompact (M, g) with lift fec (G, Tp,M). This G is the isometric group of M and
K is the isotropic group for a fixed point pg. f is called the spherically invariant vector
field if f(h exp(xp)) = A(exp(xo))po(h~")v, where v € Eq is a fixed vector, h € K,
X0 € « (a is the maximal abelian subalgebra) and A(exp(xp)) is a linear transformation

of Ey. Therefore, the Laplacian operator on the spherical invariant vector field is as
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following
— r d2
Af(exp(rxo))|p = d_ A(eXp(th) exp(rxo))v)
j=1
n—-r h
+Z zhg Zgoig Z «(pj) 7 (A(GXP(ij) exp(rxo))v)

n

' Zl [m“%m»pmu

ch(—ai(xo)r)
sh?(=ai(xo)r)

+ coth® (—a;(x0)r) pg, (ki) A(exp(rxo))v]

pos (ki) A(exp(rxo)) po« (ki)v

where p = exp (rxo)(po). Moreover, we can rewrite the above formula as following

r n-r r

Af(exp(rxo)) =[ ), — & 5 A(exp(tp) exp(x0) + 3, ) i) A(exp(tp» exp(rxp))

j=1 i=1 j=1

— C(mo, po)A(exp(rxo))]v + B(exp(rxo))v

where B(exp(rxp)) is a higher order term with respect to ||rxo||.

1.1.6 The rank one cases

In this section, we are going to find a good coordinate of symmetric space which can
easy to see the underlying structure of it.

Real hyperbolic space

We see the hyperbolic space can be thought of as a quotient space H™*! = SO(1,n +
1)/SO(n). Therefore, consider the Minkowski space (R™2, g) with the pseudo Rie-
mannian metric

g = —2dxodxps1 + |dx|2
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where xo, Xpr1 € R, x € R" and |x|*> = X% dx?. Then it is easily to see that
H™! = {(x0, X, Xps1) € R™2| — 2x0xn41 + |X|> = —1} with the induced metric of g.

Therefore, we can consider the coordinate change

(x0,X, xn41) = (a0, X, p)  with  a = 2xxa1 — |X|?, p = a/x0, X' =X/x0

Therefore, we have the inverse change

a 1 la
X ==X, Xp41 = —pa + ——|x’|?
2p

a
X0 = —,
P P 2

Then, under the new coordinate («, X, p),
o?
g =—da’ + —[dp” +|dx|’]
p
Therefore, as o = 1,
1 ,
g= ;[dp2 +]dx'|?]

Complex hyperbolic space
Let C™!' = {(20,Z, 20+1)|20, Zns1 € C and z € C"} be a Hermitian manifold with

natural complex structure and Hermitian form
2 2 2
H = —|dzo|” + |dz|” + |dzn+1]

Obviously, U(1,n + 1) is the group action which keeps this Hermitian form.

3

Let CP™! be the projective space with homogeneous coordinate {[20, Z, zn+1] }-

It is easy to see that for A € U(1,n+ 1), A € U(1,n+ 1) can induce a transformation of
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CP™! by the following way
A:CP™ — CP™ A([20,2, 2041]) = [A(20,Z, Zn41)]

Moreover, this action is transitive on CP"*!

We just want to find a proper Hermitian form on CP™*! such that the group action of

U(1,n + 1) keep this Hermitian form.

The idea is fix the Hermitian form on [1, 0, 0] and use the group action to translate

this Hermitian form to every point. We are going to realize this idea step by step.

Stepl: (Coordinate) Let U = {[z0,z, zn+1] € CP™!|zy # 0} be a coordinate chart

on CP™! with coordinate function

Z Zp+l
@ U-— CTH'I (p([Z(), z, ZT‘l+1:|) = (Z_()’ il

)

20

Suppose that at [1, 0, 0] the Hermitian form is H([1, 0, 0]) = |dz|? + |d2.+1|* under the

coordinate (U, ).

Step2: (Group action) Consider the following matrix

cosh(]t]) O sinh(|e)ld
A= 0 I 0

sinh(leh 0 cosh(t])

where t € C and I is an n X n identity matrix. It is straightforward to check that
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A € U(l,n+1). Therefore A can act on CP™! by A([z20,Z, 2ns1]) = [A(20,Z, Zns1)].

Furthermore, in the coordinate (U, ¢), we have
PoAog™ U—U (22um) = (Z,2),)

where

7 = z

~ cosh(]t]) + Zparsinh(|e)) 4

sinh ([t + 2,41 cosh(]t])

Z 1 —_ .
" cosh(]t]) + zparsinh(J¢])

Then, at A([1,0,0]) = [cosh(|t]), 0,sinh(|t|)%], we have

1
/ — —d
2= s "

’

dg' . = ——dz,
LT osh2(fe)

Step3: (Hermitian form) Since at [1,0, 0], the Hermitian form is H([1,0,0]) =

|dz|? + |d2p.1]? in the coordinate of (U, @),

H([cosh(|t|),o,sinh(|t|)§]) = cosh*(|t])|dz’ ., |* + cosh?(|t])|dZ’|?

n+l

in the coordinate of (U, ¢). Now, since

[
t

sinh(|t])

[cosh(]), 0, sinh(]e]) S
cosh(|t])*;

1=11,0

Therefore,

Itl
t

sinh(|t])

@[cosh(]|t]), 0, sinh(]|t]) NN
cosh(|t])4

1=1(0

35



Chapter 1 Preliminary

’ __sinh(]t])

| = 77~ Therefore
n+ cosh(|t]) 4

which implies that z

1
11—z,

n+1

cosh(|t]) =
‘We have

t
H([cosh(|t|),0,sinh(|t|)%]) = cosh*(|t])|dz],,|* + cosh*(|t])|dz’|*

1
= |d? |+ ——]|dZ)?
(=l P20 1=z P
1

:m((l = |2 D (1dZ P + [dz) ) + |2, P12, )
n+l

1

N ARG PR CRLE MBI CREL )
n+1

Step4: General Hermitian form Consider the following matrix

1 1
1 0
0 |=1]¢g"
0O B
zn+1 2:n+1

We see that

2 2 2
1 -z 17 =1-1|dz"|" - |dz] ]|

2 2 2 2
|dz'|” + |dz] |~ = |dz"|" + |dz] |

(§:1+1dzr/1+1) = (ill)dzﬁ + (2;1/+1dz;1,+1
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We get the general Hermitian form in the coordinate (U, )

-1 <Z,Z> <Z,dZ >
H=———det

2
<Z,Z> <7,dZ> <dz,dZ >

where Z = (1,Z,2,41) and < . > is a Hermitian form on C™*2 such that the invari-
ant group of this Hermitian form is U(1,n + 1). This Hermitian form also called the

Bergman metric on (U, ). |

Consider the Bergman metric on CH™!,

-4 <Z, 7> <Z,dZ >
g=————det

2
<Z,z> <Z,dZ > <dZ,dZ >

where < .,. >= —dz9dZps1 — dzns1dZ0 + |dz|?

Now, take zo = 1 and let p? = 2,41 + Zns1 — |2|> and v = Im(2,41). Then we can solve
Zn+l = ,02 + |Z|2 +iv

Now, write down the Bergman metric under the coordinate (z, p, v). It is easy to get

_4ldz)* 1

o E(4,32(a‘1p)2 +4(dv + Im(zdz))?)

which can see the contact form dv + Im(zdz).

Then, we make use of the root system to find a frame of the symmetric space. And

then under this frame, we can write down the Laplacian operator in a beautiful form
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especially for the spherically invariant section. The reason we emphasis the spherically
invariant vector bundle is that the green function and heat kernel of the Laplacian
operator on the symmetric space is spherically invariant. Let (M, g) = G/K be a simply
connected noncompact symmetric space of rank 1. This G is the isometric group under
the metric g. K is the isotropic group fixing a fixed point pg. Use the same notations in

the section of root system. we can do the following computation.

Maximal Abelian subalgebra a = Span{xo} with < xp, xg >=1
* < [xi,yil,x0 >= ai(x0) = A;. Therefore, [xi, yi] = Aixo

* [x0, ki] = 5= ([x0, xi] + [x0, yi]) = =A;p;

Sl

* [x0,Pi] = —=([x0, xi] = [x0,¥i]) = —Aik;

Bl

Therefore, we have

sh(ad(-rxo))k; =sh(—r;)p;

ch(ad(-rxp))k; =ch(-ri;)k;

Xi+Yi Xi—Yi

V2 V2

[P, ki] = [ I =[x, yil = Aixo

where A; = a;(xp).
Let (p, Eg) be a representation of K on a finite linear space Ey. Let E = G X, Eq be

the corresponding homogeneous vector bundle.

(1)(Covariant derivative) Let f € C*(M, E) be a section on homogeneous vector

bundle E with lift f € C®(G,G x Eg) and v € g. And we can define the covariant
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derivative as following

Var.w)l,f = Vaf (V) lg + po-(Ad (g™ () 1) (f)

where g is an arbitrary element in G such that g(pgp) = p and |; means orthogonal
projection on [ with respect to Killing form on g. For the definition of d=, and (d ).,

see the 1.3.4 (1).

(2)(Laplacian Operator on the spherical coordinate) Now, let v = k; € [ and
p = exp (kit) exp (rxg)(po) € M where r < 0 and x € a is a normal vector with respect

to Killing form (a is the maximal abelian subalgebra). Then

Van, (ko) f = %f(eXp(kit) exp(rxo)) + po«(ch(ad (=rxo))Ad (exp(~kit) ki) (f)

Therefore,

— dz .
Var.(k)l, Vdre (k) f :Ef(exp(kit) exp(rxo))
d ~
+ 2P0*(Ch(ad(—TXO))Ad(eXP(—kit))ki)(af)

+ pg, (ch(ad (—rx0))Ad (exp(—kit))k:) (f)

Att =0

—_— d? .
Vi, (k) Vdr (k) f =@f (exp(kit) exp(rxo))le=0
d -
+ 2P0*(Ch(—rli))ki)(af)

+ pg, (ch(=rAp)k:) (f)
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On the other hand,
d (ki) (exp(kit) exp(rxop)) = (dmp,)e(sh(ad(—rxo))Ad (exp(=kit))k;) € Tp,M.
Therefore,

Van, (k)1 d7e (ki) = %(dﬂ'po)e(Sh(ad(_er))Ad(eXP(_kit))ki)

+ Py, (ch(ad(-rx0))Ad (exp(kit) ki) [« (sh(ad (-rx0)) Ad (exp(=kit)) k;)]

where pj, is the representation corresponding to the tangent bundle. At t =0,

Va1, @ (k) = (A7) (sh{ad (o) k)
+ pp. (ch(ad(=rx0))k;) [T+ (sh(ad (—rxo))Ad (exp(—k;t))k;)]
=[5h(ad (~rxo) ki, ch(ad (~rx0) k]
=[sh(~Aur)pi ch(~Aur)k]

=sh(—A;r)ch(=A;r) A7 (x0)

Therefore, for p = exp (rxp) (po), we have
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n

Bflp =Var, (v Vam. (o) f + h2( ' )[ZVdne<k>|p Vareko f = D Vamppdnek ]
i=1

ch(—A; r)

S A Flexp(ro))

2 —~
= Fep(ra) - Z

n 1 d2 N
' Z‘ T2 (i a2’ (P (kit) exp(rx0))le=o
Sh(—/lir)

h=(—A;
+Zchzg—)tr§ %*( l)f

#3702 (ki) & Flexpka) exprxo) s
i=1

Remark 1.1.52. We can see the above formula for Laplacian operator is only for the point
p = exp (kit) exp (xor)(po). For the other point, we will use the spherical invariance of

Laplacian to get it. (See )

Remark 1.1.53. We see the above discussions do not rely on the choice of the repre-
sentation pg. Therefore, the above results also holds for the general associative vector

bundle of the principal bundle G — G/K

(3)(Spherically invariant section) Let f € C*(M, E) and f € C*(G,G X Ey). fis
called the spherically invariant vector field if f(h exp(rxg)) = A(r)po(h~")v where

v € Tp,M is a fixed vector, h € K and A(r) is a linear transformation of T,,M. Therefore,
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the Laplacian operator on the spherical invariant vector field is as following

Af(exp(rxo)) =32 (A(r)v) + H(r) (3, (A(r)v)
Y 1 ch(=Air)
+ ;[mA(r)p%*(ki)U =253y PO (A@) po (kv

+ coth? (=Air) p, (k) A(r)v]

where p = exp (rxg) and H(r) = X1, EZ&BAI Moreover, we can rewrite the above

formula as following
Af(exp(rxo)) =[82A(r) + Ha,A(r) — C(mo, po) A(r)]v + B(r)v
where H = 3| A; and

B() =) = HIOAW) + ) [ A ()0
i=1 L

- 2—:,:12((__):?) po: (ki) A(r) pos (ki)v + (coth*(=Air) i, (ki) — DA(r)v]

Therefore, |B(r)| = O(exp(-r))[|A(r)| + |3-A(r)|]

§ 1.2 Parabolic geometries and asymptotically
symmetric metrics

In this section, we introduce the parabolic geometry. The reason we introduce this
geometry is that the boundary geometry of rank 1 noncompact type symmetric space
is still a homogeneous space and can be thought of as the model space of a parabolic

geometry (Iwassawa Decomposition). Then, we can define the general parabolic geom-
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§1.2 Parabolic geometries and asymptotically symmetric metrics

etry with this type. And it turns out that this kind of parabolic geometry is equivalent
to the infinitesimal flag structure. In particular, for the hyperbolic case, the boundary
parabolic geometry is conformal geometry and for the complex hyperbolic case, the
boundary parabolic geometry is strictly pseudoconvex partial integrable almost CR ge-

ometry.

In section 1.2.1, we define the boundary geometry of noncompact type of symmetric

space.

In section 1.2.2, we introduce the basic definition of Cartan geometry which is the
general case of parabolic geometry and define the parabolic geometry and show how

this geometry is characterized by the flag structure on the tangent space.

1.2.1 Geodesic compactifications of symmetric spaces

In this section, we will define the boundary of the noncompact symmetric space. We
will identity the boundary of the noncompact symmetric space with the geodesic classes.

Let M be a noncompact symmetric space.

* The asymptotic ray [18] Two (unit speed) geodesics ray o, 7 : [0, +c0) — M

are called asymptotic if the function t +— d(o(t), T(t)) is bounded.

* Martin boundary [18] The boundary at infinity d..M of M is the set of equiva-
lence classes of rays for the equivalence relation "being asymptotic". The equiv-
alence class of a ray o will be denoted o(c0).

* The topology of d.,.M [18] Let UyM C T, M be the unit ball in T,M. Then the
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map @, : UsM — d.M is bijective. Thus we can induce the topology of U, M

onto deoM.

Now, we see that the isometric group of the noncompact symmetric space can also
be acted on the Martin boundary of it. Furthermore, this action is transitive. Therefore,
the Martin boundary can also be thought of as a homogeneous space. And the isotropic

group is the so called Borel group.

* The group action on ‘9,,M* The isometric group of M, G, can transitively act on

the 9o M.

* The geometry of the boundary Let § € 9..M and Gg is the isotropic group at &.

Then d,,M = G/Ge.

* Borel group [25] Borel group is a subgroup in G, consist of AN*Ljy, where
A, N*, Ly is the Lie group corresponding to a, n* and I respectively. (This

decomposition actually is Iwasawa decomposition)
— Borel group fix the Weyl chamber at infinity 9.
— In particularly, for the rank 1 noncompact symmetric space, the Borel group

is the isotropic group of the infinity.

We will see from the point of the Cartan geometry, the boundary geometry is, in fact,
the model space of the parabolic geometry and its corresponding curvature. Moreover,
we will introduce the Liouville theorem, which says that the vanish of the curvature

implies that the geometry is locally model space(homogeneous space).

Definition 1.2.1 ([12], p.71). Let H C G be a Lie subgroup in a Lie group G, and let g

be the Lie algebra of G. A Cartan geometry of type (G, H) on a manifold M is a principal
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fiber bundle p :  — M with structure group H, which is endowed with a g—valued

one-form w € Q' (P, g), called the Cartan connection, which means

(M) w=Ad(h™") ow forallh € H
w ({x(u)) =X foreachX €} (1.2.1)

w(u) : T, — g is a linear isomorphism for all u € P

Actually, all the Cartan geometries will form a Category.

Definition 1.2.2 ([12], p.73). A morphism between two Cartan geometries (£ — M, w)
and (P’ — M, w’) of type (G, H) is a principal bundle morphism ¢ : £ — P’ such

that ¢p*w’ = w.

Now, we can define the so-called model Cartan geometry. The homogeneous model
for Cartan geometries of type (G, H) is the canonical bundle p : G — G/H endowed
with the left Maurer-Cartan form wg € Q'(G, g), which can be thought of as the flat
case of Cartan geometry. We see that dwg + [wg, wg] = 0, which enlightens us to define

the general curvatureof the Cartan geometry.

Definition 1.2.3 ([12],p.71). The curvature form K € Q%(®, g) of a Cartan geometry

(P — M, w) is defined by the srtructure equation K(&,7) := dw(&,n) + [w (), w(n)]

The most important things for the curvature is the Liouville Theorem which basically
says that the curvature of a Cartan geometry (P — M, w) vanishes identically if and only
ifany pointx € M has an open neighborhood U such that the restriction p l(U) > U, w)
is isomorphic to the restriction of the homogeneous model (G — G/H, wg) to an open

neighborhood of o.

Theorem 1.2.4 (Liouville Theorem, [12], p.73). Suppose that G/H is connected. Then
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any isomorphism between two restrictions of (G — G/H, wg) to connected open subsets

of G/H uniquely globalizes to an automorphism of the homogeneous model.

1.2.2 Parabolic geometries on the boundary

Now, we will define a special Cartan geometry, parabolic geometry. We will see that
the boundary homogeneous space of the symmetric space of the noncompact type is

such model space.

* The graded Lie algebra A Lie algebra g is graded Lie algebra if there exist a
decomposition of g = @f:_kgi such that [g;, g;] € gisj (3; = O if |i] > k) and the

subalgebra g_ := g_x @ - - - ® g1 can be generated by g_

* The parabolic subgroup If G is the Lie group with the graded Lie algebra, then

K < G is the parabolic subgroup if the Lie algebra of K is the @fzogi

* The parabolic geometry If G is semisimple Lie algebra and K is the parabolic
subgroup of G. Then the Cartan geomerty (P — M, w) of the type (G, K) is

called parabolic geometry.

— In particular, the Borel group is exactly the parabolic subgroup of G. Thus,
for the rank 1 case of symmetric space M, d..M = G /P is the homogeneous

of parabolic geometry.

We see that the Borel group can not act on the tangent space. However, we see that
the subgroup of Borel group, Levi subgroup, can act on the tangent space. If G is a Lie

group with the graded Lie algebra, then Gy < G is the Levi subgroup if the Lie algebra
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of Gy is go. By this Levi group, we can define the infinitesimal flag structure which will

be an alternative of the regular parabolic geometry.

Definition 1.2.5 (The infinitesimal flag structure, [12], Definition 3.1.6). An infinitesi-

mal flag structure of type (G, P) on a smooth manifold M is given by:

(1) A filtration TM =T *M 2 --- 2 T~'M of the tangent bundle of M such that the

rank of T'M equals the dimension of g'/p foralli = —k, ..., —1.
(2) A principal Go—bundle p : E — M.

(3) A collection 8 = (6_y, ...,0-1) of smooth sections 0; € T (L (T'E, g;)) which
are Go—equivariant in the sense that (r€)* 6; = Ad (g™!) o 0; for all g € Gy, and
such that for each u € E and i = —k,...,—1 the kernel of 0;(u) : TE — g; is

T;E C TiE. (¢' = @) g; and T'E = dp™ (T'M) i < 0)

The infinitesimal flag structures also forms a category by the following definition.
We will see that if we add a regular condition of this infinitesimal flag structure, this
category can be corresponded to the normal regular parabolic geometry category in

SOome sense.

Definition 1.2.6 ([12], Definition 3.1.6). Let M and M be smooth manifolds endowed
with infinitesimal flag structrues ({T'M},p: E — M,0) and ({T'M},5 : E — M, 0)
of type (G, P). Then a morphism of infinitesimal flag structures is a principal bundle
homomorphism @ : E — E which covers a local diffeomorphism f : M — M such that

T f is filtration preserving and ®*6; =0, foralli=—k,...,—1.

Next, we will define the regular condition for the infinitesimal flag structure. Before

that, we need to introduce the filtered manifold. A filtered manifold is a smooth
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manifold M together with a filtration TM = T~M 2 --- 2 T~'M of its tangent bundle
by smooth subbundles, which is compatible with the Lie bracket in the sense that

[€,n] €T (THM).

Definition 1.2.7 (The regular infinitesimal flag structure, [12], Proposition 3.1.7). Let
({T'™M},p: E —> M,0) be an infinitesimal flag structure such that (M, {T'M}) is a
filtered manifold. Then the structure is regular if for all i, j < O such thati+ j > —k and

all sections & € T (T'E) and nj € T (T/E) we have

0 ([€, 1) = [6:(£),6,(n)]

e Letg =gk ® - ® gx be |k|— graded semisimple Lie algebra, G a Lie group
with Lie algebra g, P C G a parabolic subgroup corresponding to the grading and
Go C P the Levi subgroup. Then any regular infinitesimal flag structure of type

(G, P) on a smooth manifold M is induced by a normal parabolic geometry of

type (G, P).

By the [Theorem 3.1.14] [12], the regular infinitesimal flag structure can be identified
as a normal regular parabolic geometry under some assumptions of the cohomology

space for the type (G, P).

1.2.3 The conformal geometry and asymptotically hyperbolic

metrics

In this section, We will first review the traditional definition of the conformal manifolds
and show that this is, actually, a special parabolic geometry whose model space is the

boundary geometry of the hyperbolic space.
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Then, we will review the asymptotically hyperbolic manifolds whose boundary is,
in fact, a conformal manifold. Finally, we will introduce some basic properties of
asymptotically hyperbolic manifolds.

Traditionally, a conformal manifold is a Riemannian manifold equipped with an
equivalence class of metric tensors, in which two metrics g and h are equivalent if and
only if

h=A%g

where A is a real-valued non zero function.

Then, we will show that there exists an infinitesimal flag structure corresponding to
this conformal manifold. First, it is easy to show that there exists a subbundle of a Frame
bundle p : E — M such that the structure group is A X SO(n) where A is the set of all

the non-zero scalar matrices. Now consider the
0:TE —>g_1, (p.Av,vm)— Ay

where p € M,A € Ax SO(n),v; € T,M,v, € Lie(A x SO(n)) and the g_; is an
Abelian Lie algebra. Moreover, we see that so(1,n+1) = g_; ®go®g+1. By the Propo-

sition 3.1.14 [12], the conformal manifold corresponds to a uniquely parabolic geometry.
Next, we will define the asymptotically hyperbolic manifold and identify its boundary

as a conformal manifold. Suppose that X™*! is a smooth manifold of dimension n + 1

with smooth boundary X = M™. A defining function for the boundary M" in X"*! is a
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function x on X™*! such that
x>0inX

x=0onM

dx #0on M

A Riemannian metric g, on X™*! is conformally compact if (X™*!, x?g,) is a compact
Riemannian manifold with boundary M™ for a defining function x. Conformally compact
manifold (X"*!, g,) carries a well-defined conformal structure on the boundary M",
where each metric § in the class is induced from g = x2g™ for a defining function x. We
call (M™, [&]) the conformal infinity of the conformally compact manifold (X™*!, g). It

can be computed that, given a defining function x,

Rapsy [g] = _ldxlg (gaSgﬁy - gaygﬂg) +0 (Xz)

in coordinate (0, €) x M" C X" Therefore, if we assume that g is also asymptotically

locally hyperbolic, i.e. its sectional curvatures approach —1 at the infinity, then
dxz| =1
axf?|

for any defining function x. Therefore an asymptotically hyperbolic (AH) manifold is a

conformally compact manifold in addition to being asymptotically local hyperbolic.

Definition 1.2.8. [31] For a smooth manifold X"*! with boundary ax™! = M", a
Riemannian metric g is said to be asymptotically hyperbolic Einstein (AHE) if it is AH
and it is Einstein

Ric [g*] = —ng*
Given an AH manifold (X"*!, g,) and a representative § in [¢] of the conformal

infinity Mn, there is a uniquely defining function x such that, on M x (0, €¢) in X, g, has
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the normal form
g=x"2 (dx2 + gx)

where g, is a 1-parameter family of metrics on M. This is because

Lemma 1.2.9. (Geodesic Defining function) Suppose that(X™', g.)is an AH manifold
with the conformal infinity (M, [&]). Then, for any g € [g], there exists a unique defining
function x such that

x|, = 1

in a neighborhood of the boundary [0, €) X M for some € > 0 and
x2g+|M — g

Proof: Let xo be any defining function for M™ in X"*! and g° = x(z)g. Then set

|dX| = |dX() +X()dLU|2 = |dX |2 + 2xodw [ Vsox + X, |dw|

Therefore the equation is
|dx|} = 1

1 — |dxo|50
2dw (Vgo)co) + xo|dw|?, = 1~ ldxolg

This is a non-characteristic nonlinear first order partial differential equation for w. Thus
there exists a unique solution w at least near the boundary M™ with the given boundary

condition

Given an AHE manifold (X™*!, g, ), in the local coordinate (0, €) x M" near the boundary

51



Chapter 1 Preliminary

where the metric takes the normal form (2.1), the Einstein equations turn into a second
order ordinary differential equations point-wisely on Mn with x = 0 as a regular singular
point. We have, as an improvement of Theorem 1.6.1, from (1.26) (1.27) (1.28) the

following expansions of the metric.

Theorem 1.2.10. [20] Suppose that (X", g) is a conformally compact Einstein mani-
fold with the conformal infinity (M", [g]). And suppose that x is the geodesic defining

function associated with a metric § € [g]. Then

g = &+ 8@x% + (even powers of x)
+ g(n—l)xn—l + g(n)xn P

when n is odd, and

g = &+ 8@x% + (even powers of x)
+gWx" + hx"logx + - - -
a) gV are determined by g for 2i < n;

b) g™ is traceless when n is odd;

c) the trace part of g™ is determined by § and h is traceless and determined by §

when n is even,
d) the traceless part of g™ is divergence free;
e) the trace-free part of g™ is non-local and determined by the g*and §;

f) the rest of power series is determined by § and g™ when n is odd and the rest in

the powers of r and logr is determined by g and g(”) when n is even.
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1.2.4 The CR geometry and asymptotically complex hyperbolic

metrics

In this section, we will first introduce the traditional definition of the pseudoconvex
partially integrable CR-structure and show that this structure is, actually, a special para-
blic geometry whose model space is the boundary geometry of the complex hyperbolic
space.

Then, we will introduce the asymptotically complex hyperbolic metric whose bound-

ary is, in fact, a pseudocovex partially integrable CR-structure.

Definition 1.2.11 (Partially integrable CR manifold, [13], Definition 1.7). Let M>"*!
be a smooth compact orientable manifold endowed with a 2n dimensional distribution
H C TM and an almost complex structure J on H. Then, (M2”+1, H™ J) is said to be

an partially integrable CR manifold if
1) H is maximal non-integrable. (For any vector field v| # v, € H, [vy,v2] ¢ H)

2) [H'9, H'9] € C ® H, where H"? is the holomorphic vector field of H under the
almost complex structure J and C ® H is the complexification of the distribution

H.

From the definition of partially integrable CR structure, we see there exists a con-

formal class of one form [n] (kern = H) such that for arbitrary v; € H and v, € H,

d[n](J(v1),J(v2)) = d[n](vi,v2) and d[n](v1, J(v2)) = d[n](v2,J(v1)) and A par-

tially integrable CR manifold is called pseudoconvex if —dn(., J.) is definite.

It is easy to construct a
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Definition 1.2.12. (Asymptotically Complex Hyperbolic Metric) Let M>™*? be a mani-
fold with boundary aM>"*!. (aM, H, J) is a partially integrable CR contact structure on
oM. (M, g+) is a complete Riemannian metric in the interior of M.

Then g, is said to be a asymptotically complex hyperbolic metric, if there exist a
defining function p (i.e p > 0in M, p = 0 and dp # 0 on dM), an extension of 1, ;j

(i.e nlram = 1) and one forms {&'}?", such that
1) p*g: € Co*(M) and p*gylrom = 0
2) p2g+|]\7[,kerﬁ € Ck’a(M) and p2g+|(3M,kern) = %dr](; J-)
3) |92|,, € Ck¥ (M) and |22 =1
) 15 lg, € C*(M) and |=F|g, |om

4) {dp, @', 7 }12:”l be a basis of T*M near the boundary.

And the metric g, can be written as follow

(d ) dp@d;f

~i ~io ] ~i
g+ = a5 + aoi O8I 4 q;; 288

®w
02 + al(2n+1) + a(2n+1)l +

+ a;o
( i + +
A2n+1)(2n+1) 4 o7 a0(2n+1) a(2n+1)0

where the matrix A = {q; j}l.zjg I'e k% (M) is a positive definite matrix.

Remark 1.2.13. Actually, the definition of the ACH metric does not depend on the
choice of the defining function, the extension of 1 in the interior and the choice of the

(& }]2.21. The following lemma will show this fact.
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§1.2 Parabolic geometries and asymptotically symmetric metrics

Lemma 1.2.14. Let

dpi = fdp + pdf
. . 2n . .
Bl = Aldp + Z Al + AT
j=1
2n .
M= Ay dp + Y| A @ + fij
j=1

form a new basis of T*M near the boundary with A(2)”+1|3M = AJZ.”+1|3M =0and f €
C® (M) is a positive function with f = 1 on dM. Then, (M, g,) is still an ACH manifold

for the new defining function p1 = fp and the new one-form basis {dp1, B}, 71 }]2.21

Proof. Since A |om = Aén+1|aM = 0, kerfj|su = kerfj|sn. Therefore, item 1) and
item 2) of the definition of ACH metric is satisfied for p; and 7j;.

For the item 3), in fact,
dpi d(fp) (fdp) + (pdf) dp 1
|—|2* = I—Iz* = I—Iz* = |—|2* +2 <dp,df >4 +—|df|22
P1 &+ fp 8+ fp 8+ p &+ f2 8

By the lemma 1.1, < dp,df >¢: |om = fizldflg* lanr = 0 on the boundary. Therefore, the
item 3) holds.

Suppose that {d,,, u;, T1 }77 is the dual basis of {dp, B;, 11 }]2.2]. Then, we see

dpi f 0 0 [|dp

=
I

Al A;'. Az gyl (1.2.2)
1 0o 0 f n

on the boundary. Therefore,
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w|=|0 B 0] (1.2.3)
T 0 B£n+1 T
where
. T -1
f' By 0 f 0 0
0 B 0| =|a) al ay
0 By, f'] [0 0 f

Let A/ = {a:J izzn(-)':}:()’ Where a60 = p2g+(ap: apl)’ Clg)i = ng+(ap1,ui)a a6(2n+1) =

P8+(3p1, T1)s afy = Pogr (), @y, gy = PPge(u T) and aly, )y = P8 (T, Th).

Therefore, A’ satisfies the item 4) in the definition of the ACH.

1.2.5 Asymptotically symmetric manifolds and parabolic

geometries

§ 1.3 Microlocal analysis

In this section, we will show the meromorphic continuation of the Laplacian operator
for the AH manifolds M™*! which is the key for us to relate the resolvent of the Laplacian
operator to the heat operator. The meromorphic continuation theorem relies on some

priori knowledge of the spectrum of the Laplacian operator on the AH manifold.
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§1.3 Microlocal analysis

We will first introducee some classic result of the spectrum for the Laplacian operator
on the AH manifold. It follows from the H.P.Mckean [38] that the essential spectrum
of Laplacian operator on M n+l g [”72, +00) and follows from Mazzeo [36] that there is
no embedded eigenvalues on the essential spectrum. And by the Mazzeo-Melrose [33],
there are at most finite eigenvalues in (0, ”72), each with finite multiplicity. Therefore,
the resolvent (A, —&(n — £))~!is holomorphic for Re£ > 5 except for a finite number of
poles in (3, n). The classic work of Mazzeo and Melrose [33] show that this resolvent
meromorphically continues to the whole complex plane with some discrete real points.
Later, C.Guillarmou [22], improve their result to show that for even AH manifold, the
resolvent (Ag —&(n—§& ))~! can meromorphically continues to the whold complex plane
without exceptional points. Later, Vasy [48][47] use a different way to show a similar
meromorphic continuation result which is easier to be generalized into the tensor case
[10], since it is independent with the explicit formula for the resolvent of Laplacian on

the standard hyperbolic space H™*!.

1.3.1 The analytical Fredholm theorem

In this subsection, we will introduce the analytical Fredholem theorem which just tells
us that in order to show the meromorphical continuation of the resolvent it is sufficient
to show that (1) the original operator is Fredholm; (2) the original operator is invertible

at some point. First, let us start with the definition of the Fredholm operator.

Definition 1.3.1 (Fredholm operator, [ 14], Definition C.2). (i) A bounded linear operator

P : X1 — X5 is called a Fredholm operator if the kernel of P,
kerP :={u € X | Pu=0}
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and the cokernel of P,
coker P := X, /PX;, where PX| := {Pu | u € X}

are both finite dimensional. Here the cokernel of P is defined algebraically, that is
a vector space of cosets, u + PXj,u € X,. (ii) The index of a Fredholm operator is

ind P := dim ker P — dim coker P.
Then, we will define the meromorphic family of a family of operators.

Definition 1.3.2 ([14], Definition C.6). Let Q C C be a connected open set. If X and
Y are Banach spaces then, z — B(z) € L(X,Y)* is holomorphic in Q if for any x € X

and y* € Y* (the dual of Y)), z — y*(B(2)x) is a holomorphic function in Q.

Definition 1.3.3 ([14], Definition C.7). We say that z — B(z) is a meromorphic family
of operators in Q if for any zy € Q there exist operators Bj, 1 < j < J, of finite rank™*

and a family of operators z — By(z), holomorphic near z, such that

+ B,
... ———— npear g
Z =20 (z—z20)”

B(z) = Byo(2z) +
We say that B(z) is a meromorphic family of Fredholm operators if for every 2o, Bo(2)

is a Fredholm operator for z near zy. For nonsingular z(, By(2) = B(2)

The following theorem is key to the A.Vasy method, which relate the Fredholm

property to the meromorphic extension of the inverse operator.

Theorem 1.3.4 ([14], Theorem C.8 ). Suppose Q C C is a connected open set and

{A(2) }seq is a holomorphic family of Fredholm operators. If A (zo)™" exists at some

*L(X,Y) is the set of the bounded operators from X to Y.
** A finite rank operator is a bounded operator between two Banach spaces with finite-dimensional
range
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§1.3 Microlocal analysis

point 2y € Q, then the family z — A(z)™), z € Q, is a meromorphic family of operators

with poles of finite rank.

1.3.2 The meromorphic continuation theorems of Mazzeo-Melrose

and Vasy

In this section, we will first introduce the meromorphic continuation theorms of Mazzeo-
Melrose. Then, we will introduce the C.Guillarmou‘s improvement for their result.
Finally, we will introduce the Vasy ‘version of the meromorphic continuation theorem.
In the original version of the results of Mazzeo and Melrose [33], their result is as

following

Theorem 1.3.5 ([33], Theorem 7.1). Let (M™*!,g,) be an asymptotically hyperbolic
manifold, A its Laplacian acting on functions and p a boundary defining function on M.

The modified resolvent
) -1
n 2 2
R(E) = (A - ¢ ) e Mery (OO,L (L (M)))
with poles at points & € Oy such that ("72 +£2) € opp(P), extends to a finite-meromorphic
Sfamily

R(E) € Mery (ON\ (Zi U zi) L (pNLz(M), p_NLZ(M))) . YN0

where

Oy ={§€C;J(&§) <N}, Zi = il(§+No) cC

Then, C.Guillarmou [22] their result in setting of the even AH manifold. we will

first define the even asymptotically hyperbolic manifold. Suppose that M is a compact
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manifold with boundary aM # 0 of dimenison n + 1. We denote M by the interior of
M. The Riemannian manifold (M, g) is even asymptotically hyperbolic if there exists
functions p € C*(M) and p € C*(M, (0, )), ploz = 0, dplyz # O, such that there

exists a diffeomorphism
p~'([0,1]) - [0,1]1X3M, p+> (p(p),i(p)) wherei(p) € oM (1.3.1)
where
i:M— oM
is a smooth map. And near dM, the metric has the form
glost = (4o + h(p) (132)
where [0, 1] 3 t = h(t), is a smooth family of Riemannian metrics on M.
Let A > 0 be the Laplacian-Beltrami operator for the metric g. Since the spectrum

is contain in [0, c0) the operator A — ”72 + ¢?) is invertible from H?(M, dvol,) to

L*(M, dvoly) for Im({) < —5. Hence we can define
o2 2 n
R() = (A - (Z +{%))” L7 (M, dvolg) — H*(M, dvoly), Im({) < -3
We note that elliptic regularity shows that R({) : C;°(M) — C*(M), Im({) < —5.

Theorem 1.3.6 ([33], [22]). Let (M™!, g.) be an even asymptotically hyperbolic mani-

fold with A its Laplacian acting on functions and p a boundary defining function on M.
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§1.3 Microlocal analysis

The modified resolvent
2 -1
R@ = (8- =) e Mars (0, £ (12)

with poles at points € € Oy such that ("72 +%) € opp(P), extends to a finite-meromorphic
Sfamily

R(¢) € Mery (ON, L (pNLZ(M), p_NLZ(M))) . YN0
where

Oy :={{ € C;Im({) < N}

Actually, Vasy‘version of the above result is a little bit weaker, it only shows the

following result.

Theorem 1.3.7. Let (M el g+) be even asymptotically hyperbolic manifold. Then the

inverse of
2

P(l)=A- nz — ¢ acting on L* (M)

. . . : n
written R({) has a meromorphic continuation from Im(§) < -3 to C,

R({) : C (M) — p*ics,, (M)

with finite rank poles.

we can show this result can be induced from theorem 1.3.6.

1.3.3 Vasy‘s approach

In this section, we will present the main ideal of the theorem 1.3.7 by the method of Vasy

[48] [47]. First, we will make use of the eveness to convert the noncompact problem into
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a compact problem by defining new manifold and new operator. Then, the meromorphic
continuation of the orginal operator is equivalent to the meromorphic continuation of
the new operator. Next, we will show the new operator is Fredholm operator in some
space and it is invertible at some point. Then, by the analytical Fredholm theorem,
the resolvent of this new operator can be meromorphic continue to the whole complex
plane.

We will first introduce some basic result of the spectrum of the Laplacian operator
for tensor which we will use in the proof of the meromorphic continuation theorem for
the spectrum of the tensor case. For function case and the differential form case, we
have the result of the [36]. For the symmetric two tensor case, we have the following

results

Theorem 1.3.8 ([15] and [31]). On an n+1-dimensional asymptotically hyperbolic
manifold with n > 1, the essential spectrum of the Lichnerowicz Laplacian acting on

trace free symmetric covariant two tensors is the ray

+00

n(n—8)
e

For the hyperbolic space, this is the spectrum.

Theorem 1.3.9 ([16]). Forn > 1, let us consider (N, g) an n + 1-dimensional compact
Einstein manifold. Let M = (0, 400) X N equipped with an asymptotically hyperbolic
metric g = dr? + f2(r)g. Then there are no L* TT-eigentensors of the Lichnerow-
icz Laplacian A with eigenvalue embedded in the essential spectrum. For the real

hyperbolic space, there are no L* eigentensors of Ar

Remark 1.3.10. TT-eigentensors refers to trace free and divergent free symmetric two
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§1.3 Microlocal analysis

tensor.

Next, we will define the new operator.
Let M be an even asymptotically hyperbolic manifold with defining function p and

U C dM be an open subset on M. Let
@:U—-R", pr(6'(p), - ,0"(h))

be a local coordinate of the open set U. Then, by the diffeomrophism of (1.3.1), we have

a boundary coordinate of M as
P[0, 1) N (@) = [0, 11X R", p > (p(p),0'(i(p)), 8" (i(p))  (1.3.3)
Moreover, the asymptotically hyperbolic metric is
= do t hi(or 0)d0Ide
8lp=1 = 2 (dp” + hij(p”, 0)d0'de’)

where h;;( p?, 0) is a family of the metric on M. Then, in this coordinate, the Laplacian

operator A can be written as

1
A== p'a,+ (n=1)pdp = 5p*(3p(y(p,0)) - 6, + Py

where y(p?, ) = In(+/det(h(p?, 6)))).

In the following section, we will show that the unique L? solutions to the equation

0-" gy =fecton, @) <]
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satisfies
u=p%tiCc®(M) and p ¥ 2ul,; = F(p?,0), FeC([0,1]xaM) (1.3.4)
Eventually we will show that the meromorphc continuation of the resolvent provides

solutions of this form for all { € C except the poles.

This suggests two things:

* To reduce the investigation to the study of smooth solutions we should conjugate

(A - ’2—2 — ¢?) by the weight p¢.

* The desired smoothness properties should be stronger in the sense that the func-

tions should be smooth in (p?, 0)

LetP({)=A—- 1—2 — 2. Then, by direct computation, we have that

_e_n n 1 ..
P2(Q) = p CEP(0)p"E = = p%5, + (n = 1)pdp = 5p°h7 (9p7)3, +

1
=208 +2)pdpf = 31+ 3)p(@p7)

where y = 9, (In(y/det(h))).

Now, by the (1.3.4), let y = p2. Then, by direct computation, we have that
P() =y(4yD} —4(1= )by 1y (1) ({ =15 +2yDy) + &)
where y(y) = ay(ln(M)) and D, = —19,. Now, let
P(¢) == 4yD% - 4(1= Dy — 1y (y) (¢ - lg +2yDy) + Ay (1.3.5)
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§1.3 Microlocal analysis

The relation of the three operators P({), P1({) and P({) is

PI(§) =p B R()p e = y Py

5 n { n ¢ n (136)
Py(§) =p ™ TEP(Q)PpHE = yTETIP(Q)y M

To define the operator P;({) geometrically we introduce a new manifold using coor-

dinate of the (1.3.3), (p, 8!, ---,0"). Let y = p? and consider the following manifold
X = ([-1,1]y x aM) u (M\p~' ((0, 1))

Then, we canextend y +— h(y);; to afamily of smooth non-degenerate metricon [-1, 1],
which provide a natural extension of y(y,0) = 9, (IH(M)) and the operator Ap,.
We notice that the asymptotically hyperbolic space (M, g) is diffeomorphic to X; :=
X N {y > 0}. However, X; and M have different smooth structure. They have different
boundary coordinate which are not diffeomorphic. In fact, the boundary coordinate for

X is

(v,0',---,0M (1.3.7)
while the boundary coordinate for M is

(p,6',---,0M. (1.3.8)

They are not diffeomorphic, since y = p2. The operator P;(¢) defined in the (1.3.5)
can be naturally extended into an operator on X. Consider the following the volume

form on X

dp = v/det(h)dy AdB' A --- A dO™
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Then, we can show that

Pi({)" =P1()

We can now define spaces on which P({) is a Fredholm operator. For that, we denote
H%(X°) the space of restrictions of elements of H® on an extension of X across the
boundary to the interior of X- See Section B.2 in [26]. In fact, for a smooth compact
manifold, X, with boundary, we follow the section B.2 in [26] and define Sobolev
spaces of extendible distributions, H*(X) and of supported distributions H*(X). Here
X = X° U dX and X° is the interior of X. These are modeled on the case of X = Rﬁ,

R :={x € R": y > 0} in which case

H(R}) :={u: 3U € H(R"), u=Ul,-0} (1.3.9)

H*(R?) :={u € H*(R") : supp(u) € R} (1.3.10)
Then, put
Y =0 (X), X ={uey™*:P(Ouey}.
The norm on 2 is defined as the graph norm, that is
lullg = llull gs ) + 1P1(O)ull g x)

Since the dependence on { in P({) occurs only in lower order terms we can replace
P(0) by P({) in the definition of 2. Then, we will show that Then, we can show that

Then, we can show that
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Theorem 1.3.11 (Theorem 2, [50]). For —Im({) > —s — % the operator
P8 (27 Ille) = (Z°, Il s x))
has the Fredholm property, that is
dim{ue 2°: P({)u =0} < oo, dim(Z°\P({)X*) <
and P1({) X is closed.

Then, we can show that

Theorem 1.3.12 (Theorem 3, [50]). For Im({) < 0, {* + (3)?) ¢ Spec(4y) and

s> Im(Q) — %

Pr(Q) (2% o) = (7, 1Ml s )

is invertible. Hence, for s € R and —Im({) > —s — %,

¢ PO (S ) = (20 11-lle)
is meromorphic family of operators with poles of finite rank.

Now, fix s € R and let -Im({) > —s — % By the above theorem we can define

Ri(Q) = PiO)™ (X ) = (27 11lle)

which is a meromorphic family of operators with poles of finite rank. Then, we restrict

the operator R ({) onto C°(X;). We can define

Ri({) : CC(X1) = C¥(X1), fr Ri(O(f)lx,
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Now, by the (1.3.6), we see that

f=PIQORIQ)f =y 5Py IR (O)f, forany f € CX(X)
which implies that
Y = p(O)y' TR, ()y Ty E forany f € G (X))
Therefore, we define
R(Q) =y ROy e (X)) - y ()

The Theorem 1.3.7 follows.

§ 1.4 Linear and non-linear functional analysis

In this section, we will review the spectrum theory for the self-adjoint operator.

1.4.1 From the resolvent to the heat operator

In this section we will introuce the spectrum theorem which can relate the heat operator
to the resolvent of the Laplacian operator. Therefore, we can relate the parabolic problem
to the elliptic problem and make use of the estimate of Schwartz kernel of the resolvent
to estimate the heat kernel. Once we have the estimate for the heat kernel, we can use it

to show the stability of the solution to this heat equation.

Theorem 1.4.1 (Spectrum Theorem, Theorem A.14, [7]). For A an self-adjoint operator
on a separable Hilbert space H, there exists a measure space (Q, 1), where Q is a union

of copies of R, and a unitary map W : L>(Q, du) — H, and a real-valued measurable
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function a on Q such that

W AW (x) = a(x) f(x)
for f e WLD(A), which is equivalent to the condition that af € L*(Q, du)

Remark 1.4.2. The spectral theorem gives us a functional calculus for operators: given

a Borel measurable function h : R — R, we can define
h(A) := Wh(a(x))w™!

This functional calculus admits an explicit formulation in terms of the resolvent.

Theorem 1.4.3 (Resolvent Functional Calculus, Corollary A.15 [7]). If A is a self-

adjoint operator on ‘H, then for h : R — C bounded and continuous,

h(A) = / h(A)dII(A)
where dlIl is the operator-valued measure on R given by

dri(A) := 2i lim [(A-A—ie)' = (A—A+ie)”']|dA

Tl e—0

with the limit taken in the operator topology.

Definition 1.4.4. Define the projection operator P(S) = Wys(a(x))W~! where ys is a

characteristic function of S C R.

Theorem 1.4.5 (Stone‘s Formula, Corollary A.16, [7]). The spectral projectors asso-

ciated with a self-adjoint operator A are expressed in terms of the resolvent by,

1 B
5 (Plag) +Pap) = / dII(A)
a
where dI1 is the operator valued measure in corollary 1.4.3.
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Corollary 1.4.6. Let A be a self-adjoint operator on H. And let h : R — C bounded

and continuous. Then

b
3 (1051 (4) 0 A(A) + 2101y (4) o A() = [ R()aTI(h)

where dlIl is the operator-valued measure on R given by

dIli(A) := Zimhm [(A A—ie) ' = (A=A +ig)” ]

with the limit taken in the operator topology.

Now, Let (M™!, ¢) be an asymptotically hyperbolic manifold. If A is a operator on
Sym?(T*M) with all its spectrum in [”72, o0) and no eigenvalue at ”Tz. Then, consider
the operator B = A — ’2—2. And take h(x) = e”™. Then consider the following operator

(o0

h(B) = lim / h(A)dII(A) = lim e M dII(1)
=0 ) _o e—-0 Jo

where

dri(A) = ZL lim [(B A—ie) ' = (B-L+ ie)_l] dA

Tl e—0

Let A =s2ands = a+bi

an (@) = an Re () = 5 tim | (8-7) " - (- | 2000

drI1 (az) = 1 hm [R(s) —R(5)] 2ada = L hm [R(a + bi) — R(a — bi)] 2ada
271 b— 27
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where R(s) = (B — s?)~!. Therefore,

h(B):lim/ h()t)dl‘[()t):lim/ e AdII(1)
-0 J_o e—0 Jo

= lim e~ d11(a?)

b—0* Jo
1 (o]
= lim — / ¢t [R(a + bi) — R(a — bi)] 2ada
b—0* 27l J
1 [ee]
= lim — | e [R(a+bi) — R(a — bi)] 2ada
b—0* 271 Jy
1 (o]
= lim —— e [R(a — bi)] 2ada

b—0* 27l J_o

Therefore,

2 & n2 n2 0 n2
h(A) =h(B+ ) = lim [ et *9)dM(A) = lim e ¥ / e A dII(A) = et Th(B)
4 e—-0 Jo >0 0

(o)

2
=eF lim ——— e [R(a - bi)] 2ada

Moreover, we can show that
d
—h(A)(u) = Ah(A)u
dt

It is sufficient to show that

1
lim =W (e ™99 4 q(x)e @YWy — 0 in the sense of L2(Q, dp)

>0 &
where x € Q. In fact,

1
(e—(t+s)a(x) —a (x)eta(x))

1 - _ _ -
W e+ a)e Wl < |- [ I el

It is L>(Q, dp1) convergent.
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1.4.2 The semi-group theory

In this section, we will introduce some basic concept of the semigroup and its generator,
which is another way to relate the parabolic problem and the elliptic problem which is

not as explicit as the previous section. For more detail, refers to [31].

Definition 1.4.7 (Semigroup). S(t) is called the semi-group if it satisfies that

{S(t) }¢+>0 is a family of bounded linear mapping from the Banach space X to X

S(0) = Idy

S(t+5) = S(£)S(s) = S(s)S(¢)

t — S(t)u is continuous from [0, c0) to X

Definition 1.4.8 (Generator of semigroup). Write

S(t)u —
D(A) = {u € X| lim M exists in X}
t—0+
and
S(t)u —
Au = tim SOLTE L pay)
t—0+

We call A : D(A) — X the (infinitesimal) generator of the semigroup {S(t)};>0; D(A)

is the domain of A.

There are some basic properties about the semigroup and its generator.
Theorem 1.4.9. Assume u € D(A). Then

1) S(t)u € D(A) for eacht > 0.

2) AS(t)u = S(t)Au foreacht > 0.
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3) The mapping t — S(t)u is differentiable for each t > 0.
4) Ls(tyu = AS(t)u (t > 0).
Proof : See 7.4.1 Theorem 1 in [17]. |

Definition 1.4.10 (Resolvent set). We say a real number A belongs to p(A), the resolvent
set of A, provided the operator

AM-A:—>X
is on to one and onto. And if A € p(A), the resolvent operator Ry : X — X is defined

by Ryu := (A = A)~lu

Remark 1.4.11. According to the Closed Graph Theorem, R; : X — D(A) C X is

bounded linear operator.

Theorem 1.4.12 (Hille-Yosida-Phillips). Let A be a closed, densely defined linear

operator on X. Then A is the generator of a semigroup {S(t) }+>o if and only if

1

(c,00) Cp(A) and ||Ry|| < 7 for A >0
-c
Moreover, we have ||S(t)|| < e
Proof : See 7.4.2 Theorem 4 in [17]. |

Now, let (M™!, g,) be an asymptotically hyperbolic manifold and take
X = CYY(Sym*T*M™)

with 8 € (0,n) and trivial L? kernel of P on Sym?T*M"*!. By the lemma 3.7 of [31],
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the P = Ay + 2nId is an isomorphism from Cg’“ to Cg’“. Then we have
1Pull s > cllullas
where ¢ > 0. And for ¢ > —A, we have

|[[Pu+ Aul] ox > (A +0)||ul 00
] [

Therefore,

forA >0

1
(~c,0) Cp(A) and IRyl < 7

Therefore, P is a generator of a semigroup S(t) with |S(t)| < e~

1.4.3 The Newton’s method for non-linear equations

The next theorem is a way to convert the existence of the solution to the nonlinear

problem into the invertibility of a linear operator.

Theorem 1.4.13 ([4], Lemma .4.13). LEMMA 1.4.13. Let ® : E — F be aC? mapping
between Banach spaces, such that ®(0) = 0 and dy® is invertible. If { and € are chosen

such that .
£[|(do®) ™| sup [ld*] < 5
By

ell@e) ™) < 5
(4.9)

then for y € F satisfying ||y |< €, the equation ®(x) = y has a unique solution with

[lx]| < ¢

74



Chapter 2

The existences of the asymptotically symmetric

Einstein metrics

In this chapter, we shall introduce two methods to show the existence of the AH Einstein
manifolds with a given conformal boundary which is sufficiently close to a conformal
boundary of an AH Einstein manifold. There are two ways to deal with this problem.
One is the elliptic way and another is the parabolic way. Furthermore, we shall introduce
the O.Biquard‘s work [4] about the existence of the Asymptotically symmetric Einstein
metric.

For the elliptic way, it is developed by the J. Lee and R. Graham [30] and [21]. In [21],
C.Graham and J.Lee show that every conformal structure on S™ sufficiently close to that
of the round metric is the conformal infinity of an Einstein metric close to the hyperbolic
metric. Later, J.Lee generalize this result into nondegenerate asymptotically hyperbolic
Einstein manifold case ([Theorem A] [30]). The idea is to show that the existence of the
corresponding Einstein equation. The Einstein equation is a non-linear equation. By the
newton ‘s method, the existence of the solution for a non-linear equation is pretty much

equivalent to construct the a initial metric such that the initial metric has the required
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

conformal infinity, is closed to the Einstein metric and the linearization of the Einstein
equation at this initial metric is invertible in the weighted space Cg’a for 6 > 2. (The
reason for Cg’“ is that we hope the solution has an infinite-order asymptotic expansion
in powers of p and log p and in fact it is smooth when n is odd. See [9]).

It is straightforward to verify that the linearization of the Einstein equation is not a
strictly elliptic operator. In order to make use of the knowledge about elliptic operators,
we need to consider the gauge Einstein equation whose linearization is the so called
Lichnerowicz operator plus a translation which is strictly elliptic. This consideration is
reasonable, since the existence of the solution for gauge Einstein equation is equivalent
to the existence of the solution for the Einstein equation in our settings.

Furthermore, by the Fredholm theorem, we can show that the invertibility of the
translated Lichnorwicz operator on the weighted space C'g’“ for |§—n/2| < Risinvertible
if and only if this operator has a trivial L? kernel. This indicate that for the invertibility,
we only need to care about the L? space.

The idea to construct the required initial metric is to glue the boundary part and
interior part together. For the boundary part, we need to make use of the result of
C.Fefferman and C.R.Graham about the expansions of the asymptotically hyperbolic
metric at boundary ([20]) which can ensure that the boundary part metric is close to
the given asymptotically hyperbolic Einstein metric in C? and close to Einstein metric
(J|Ric—(n—1)g+gauge term|| c2e small enough) in Cg’“. For the interior part, we directly
use the interior of the given asymptotically hyperbolic metric. Glue the interior and
boundary parts together by an cut-off function. Then, we can show this metric satisfies
the requirement of the Newton ‘s method.

For the proof of the Fredholm theorem, there are two ways to prove it. One is from J.
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Lee [30] another is from O.Biquard [4]. Both of them first show the invertibility of the
translated operator is actually invertibility on standard hyperbolic space and then, use
the Mobius coordinates to show the Fredholm theorem on the asymptotically hyperbolic
manifold. Their difference is the way they show the invertibility on hyperbolic space.
For the J.Lee‘s method, he first make use of the N.Koiso‘s eigenvalue estimate to show
the existence of the Green function. Then, he make use of the result of regular-singular
equation to find the decay of the Green function. Then, by an interesting inequality
(Lemma 5.4 [30]), he get the invertiblity of the Laplacian operator on weighted space.
For the method of O.Biquard, he make use of the expression of the Laplacian operator
on the spherical coordinate to first convert the equation satisfied by the Green function
into sort of ordinary equation. Then, he make use of the result about ordinary equation
to show the decay of the Green function. Then, he can construct a translated scalar
Laplacian operator such that Green function for the translated scalar Laplacian operator
has the same exponential decay rate with the tensor Laplacian operator, which make
it is possible to use the scalar Green function to control the tensor Green function.
Therefore, we only need to show that the invertiblity of the translated scalar Laplacian
operator, which depends on the L? eigenvalue estimate (Lemma 1.2.3 [4]). By the
method O.Biquard, we can skip the the inequality [4], which seems to make this way
more easier to apply on the the general Symmetric space.

For the parabolic method, it is originally from the J.Qing, Y.Shi and J.Wu [42]. They
recover the existence result [31] (Theorem A) for dimension n > 5. Basically, they
make use of the fact that the if the normalized Ricci flow converge, then the limit metric
should be an Einstein metric. Therefore, the key is to show the long time existence,

convergence of the normalized Ricci flow and the flow does not change the conformal
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

infinity. See more detail in the section

This chapter is organized as following. In the section 2.1, we will first introduce the
definition of Mobius coordinates, weighted spaces. Then, we will show the invertibility
of the Lichnorwicz operator on the standard hyperbolic space. Next, we will make use of
the invertibility of the Lichnorwicz operator on the standard hyperbolic space together
with the Mobius coordinates to induce the Fredholm theorem. In the section 2.2, we will
first introduce the gauge Einstein equation and then make use of the Newton‘s method
to get the existence of the conformally compact Einstein with given boudnary. In the
section 2.3, we will introduce the O.Biquard ‘s work [4] on the Asymptotically symmetric
metrics where he show the existence for the asymptotically symmetric Einstein metrics

of rank 1 cases.

§ 2.1 The analysis on AH manifolds and AH Einstein
metrics

In this section, we will first introduce the definition of Mobius coordinates, weighted
spaces. Then, we will show the invertibility of the Lichnorwicz operator on the standard
hyperbolic space. Next, we will make use of the invertibility of the Lichnorwicz operator
on the standard hyperbolic space together with the Mobius coordinates to induce the

Fredholm theorem.
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§2.1 The analysis on AH manifolds and AH Einstein metrics

2.1.1 Mobius coordinates

In this section, we will introduce the asymptotically hyperbolic manifolds and Mobius
chart. In the Mobius chart of asymptotically hyperbolic manifolds, the metric can be
uniformly bounded (See Lemma 2.1.5) and approaching the standard hyperbolic metric
as approaching the boundary. Therefore, we can get a pretty good globally elliptic and
parabolic estimate. Most content of this section is from [30].

In order to define the asymptotically hyperbolic manifolds, we need to first introduce

the conformally compact manifold. Defining function is the key in these concepts.

Definition 2.1.1 (Defining function). Let M be a smooth, compact, (n+ 1) -dimensional
manifold-with-boundary, n > 1, and M its interior. A defining function will mean a
function p : M — R of class at least C' that is positive in M, vanishes on M, and has

nonvanishing differential everywhere on oM.

Definition 2.1.2 (Conformal compactness). A Riemannian metric g on M is said to be
conformally compact of class C-? for a nonnegative integer [ and 0 < B < 1 if for any
smooth defining function p, the conformally rescaled metric p*g has a C"# extension,

denoted by g, to a positive definite tensor field on M.

Remark 2.1.3. For such a metric g, the induced boundary metric g := g|y, is a C#
Riemannian metric on dM whose conformal class [g] is independent of the choice of

smooth defining function p; this conformal class is called the conformal infinity of g.

Definition 2.1.4 (Asymptotically hyperbolic manifolds). If g is conformally compact
of class C* with [ > 2, and |dp|; = 1 on aM, we say g is asymptotically hyper-
bolic of class C-# and the corresponding manifold is called asymptotically hyperbolic

manifold.
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

We begin by choosing a covering of a neighborhood of dM in M by finitely many
smooth coordinate charts (Q, ®), where each coordinate map © is of the form ® =
(6,p) = (0%,...,0", p) and extends to a neighborhood of Q in M. Throughout this
monograph, we will use the Einstein summation convention, with Roman indices
i,j,k,... running from 1 to n + 1 and Greek indices «, 3, y, ... running from 1 to

n. Therefore, we can write (61, ...,0%, p) as 0" if we think of p as 0™*!.

We fix once and for all finitely many such charts covering a neighborhood W of oM
in M. We will call any of these charts "background coordinates" for M. Take a local

background coordinate (6, p). Define H.(p) as the following set
Z:(p) 2{(8,p) : 10~ 6(p)| <0< p <c}
And define the set A, as following
Ac 2 {p € W : 3 backgroud local coordinate chart (U, ") such that Z.(p) C U}

We see that for ¢; < cp, we have A., € A;,. And by the compactness M, there exist

co such that A, forms a neighborhood of dM. Now, we will define the Mobius charts

based on these background coordinates and the standard coordinate of hyperbolic space.

In the upper half-space model, we regard hyperbolic space as the open upper half-
space

H=H"2 (!, - ,x%y) CR™ :y >0}

endowed with the hyperbolic metric § = y 2 Y, (dxi)2 .
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§2.1 The analysis on AH manifolds and AH Einstein metrics

For any r > 0, we let B, C H denote the hyperbolic geodesic ball of radius r about

the point(x, y) = (0, 1)

B, = {(x,y) eH: dg((X,y), (0,1)) < r}

Then

B, C{(x,y) : |x| <sinhr,e™ <y <e'}

where |x| denotes the Euclidean norm of x € R™.

If po is any point in A. /g, choose such a background chart containing pg, and
{(8,p) : 16 = OB(po)| < ¢cp,0 < p < co} and define a map ®p, : B, — M, called a

Mbobius chart centered at pg, by
(0, p) = @p,(x,¥) = (60 + pox, poy)
where (09, po) are the background coordinates of py. Therefore, we see that
|6 — 60| < pox < posinh(2) <4py  p < poe’ < 8po
Since py € A¢y/8, po < co/8. Therefore,
©(B2) € {(6,p) : 16 —0(p)| < c0,0 < p < co}
is still contained in the same background local coordinate.

We also choose finitely many smooth coordinate charts ®; : B, — M such that the

sets {®; (B2)} cover a neighborhood of M\A,s,. For consistency, we will also call
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

these “Mobius charts.” Therefore, we have a Mobius charts covering
{®i(By), ®;}Y, U {Dp,(Ba), Do} poeaey s
For simplicity, we just write is as
{®p,(B2), Dy, }piem

where ©,.(0,1) = p;.

The following lemma shows the uniformly bounded of the Mobius coordinate.

Lemma 2.1.5 (Lemma 2.1 [30]). There exists a constant C > 0 such that if ®p, : By —

M is any y, Mobius chart,
”q);og N g”clﬁ(gz) <C

<C

-1
(Cbpog) g

sup
By
(The Holder and sup norms in this estimate are the usual norms applied to the com-
ponents of a tensor in coordinates; since By is compact, these are equivalent to the

intrinsic Holder and sup norms on tensors with respect to the hyperbolic metric.

2.1.2 Weighted spaces

In this section, we will define the weighted Holder space on the asymptotically hyper-
bolic manifolds by the Mobius coordinate. Most of the content of this section is from

[31].

Throughout this section, we assume M is a connected smooth (n + 1) -manifold, g is
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§2.1 The analysis on AH manifolds and AH Einstein metrics

a metric on M that is asymptotically hyperbolic of class C*#, with > 2and 0 < 8 < I,
and p is a fixed smooth defining function for dM. (It is easy to verify that choosing
another smooth defining function will replace the norms we define below by equivalent

ones, and will leave the function spaces unchanged.)

A geometric tensor bundle over M is a subbundle E of some tensor bundle T, M
(tensors of covariant rank r| and contravariant rank r,) associated to a direct summand

(not necessarily irreducible) of the standard representation of O(n + 1) (or SO(n + 1) if

. . 1 .
M is oriented ) on tensors of type over R™!. We will also use the same symbol

1)
E to denote the restriction of this bundle to M.

Definition 2.1.6 (Holder space). Let (M™!, g) be an asymptotically hyperbolic manifold
with boundary regularity C*#, [ > 2. Let a be a real number such that 0 < a < 1, and
let k be a nonnegative integer such that k + o < [+ 8. For any tensor field u with locally

Ck« coefficients, define the norm ||ul|x o by

llullie = sup 1D ullcra(py)

where |[v||cra(p,) is just the usual Euclidean Holder norm of the components of v on
B, C H, and the supremum is over all Mbius charts defined on B,. Let C&%(M; E) be
the space of sections of E for which this norm is finite. This space is called Holder

space.

Definition 2.1.7 (Weighted Holder spaces). The Weighted Holder spaces are defined
for § € R by

Cs*(M;E) := p°C(M; E) = {p®u : u € C*(M; E)}
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

with norms
. -8
llullkos = || u”k,a
Remark 2.1.8. If U C M is a subset, the restricted norms are denoted by || - ||x,«.5:v, and

the space Cg’“(U ; E) are the spaces of sections over U for which these norms are finite.

The following lemma just show that the above Holder norm actually is equivalent to

the usual intrinsic C¥ norm ¥; . sup,, |Viu| for 0 < k < L.

Lemma 2.1.9 (Lemma 3.4 [30]). Let (M™!, g) be an asymptotically hyperbolic manifold
with boundary regularity CoP, 1 > 2. Let u be a locally integrable section of a tensor
bundle E over an open subsetU C M If0 <a <land0<k+a <l+pB,uc C'g’a(U;E)
if and only if p~°Viu € C%* (U;E ® T'M) for 0 < j < k, and the C]g’a norm is equivalent
to

>~ sup [p™0Viu| + [|p=0Vkul|
0<j<k

Given a Mobius charts {®,(B2), ®p, } p;em, we will see the transition function and its

derivative is uniformly bounded.

Lemma 2.1.10. Let (M™!, g) be an asymptotically hyperbolic manifold with boundary
regularity CVP, 1 > 2. Given a Mobius charts covering {®p,(B2), @p, } piem, there exists
a constant C such that

||cp;j1 0Dy |lcta) < C
where U = By — ®,1(®),(B2) N @, (By)).
Proof : The transition map can be written down as

@, 0 @y, 0 ) (@, (By) N Dy, (Ba)) > D! (P, (B2) N Dy, (B2))

XYy
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§2.1 The analysis on AH manifolds and AH Einstein metrics

where X,y € By € H™!. We can thought this as

®,! o @, : T(U,TM) — (U, TM)

Where I'(U, TM) is the section of the tangent bundle on U. Then we have

n+1

-1 _ s i *
o, oqnpi_zaxt@dx ETM®T'M
t=1

Moreover

||‘13;j1 od,|l=k+1 and VCD;J_l o®, =0

By Lemma 2.1.9, we have

-1
1, © Ppllcte) < C

O

Lemma 2.1.11 (Lemma 3.5 [30]). Let (M™!, g) be an asymptotically hyperbolic man-
ifold with boundary regularity C-, 1 > 2. Let u be a global section of a tensor bundle
Eandu € Clg’a(M;E) withO <a <land0 <k+a <1+ p. Fixarbitrary 0 < e < 2.

Suppose that {®p,(B2), ®p,} is a Mobius charts covering of M satisfying that
Up,®p(Br) =M  for arbitrary e <r <2

Then we have the following norm equivalence

¢ supp (p)° || @full, . < llullias < Csupp (p)?||@5u], . -
i 1

Proof : Then first inequality is obvious. Because the ||.||x«,s is defined in the

Mobius chart in B,. For the second inequality, we can make use of Lemma 2.1.9 to
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics
show it. In fact, we only need to show that
@y ulleracp,y < C sup 19}, ullckap,)
Consider all the p; such that @, (B2) N @, (B;) # 0. Then from lemma 2.1.9, we have
19, 0 ®pllcs ) < C
where U; = By - ‘D;il(@pi(Bz) N @,.(B;)). Then

||q>;iu||ckﬂ(32) < ||‘D;iu||ckﬂ(3r) + ||q3;iu||ck,a(32—3r)

1
< 1@y ullgrecs,) + SEP [P, © Ppllcraqy X 1P ullcras,)
J

2.1.3 The elliptic estimates

In this section, we will mainly talk about the invertibility of the Lichnerowicz operator
on the standard Hyperbolic space. By the estimate of the Green function and a special
inequality, we can easily get this kind of invertibility.

For the purposes of this section, we will use the Poincaré ball model, identifying
hyperbolic space with the unit ball B € R™!, with coordinates (¢!, ..., &™), and with
the hyperbolic metric g = 4(1 — |€]) 72 Y, (d& i)z. The hyperbolic distance function can

be written in terms of the Euclidean norm and dot product as

(1+1£1%) (1+1Inl*) —4& -1
(1-1€1%) (1= 1n?)

dy(£,) = cosh”!

86



§2.1 The analysis on AH manifolds and AH Einstein metrics

It will be convenient to use

1 1 - gl
p(§) = = 5
coshdz(&,0) 1+ |€|
as a defining function for the ball, where 0 = (0, . .., 0) denotes the origin in B € R™*!,

Throughout this chapter, E will be a geometric tensor bundle of weight r over B, and
P :C®(B;E) — C™(B; E) will be a formally self-adjoint geometric elliptic operator of
order m. The fact that P is geometric implies that it is isometry invariant: If ¢ is any

orientation-preserving hyperbolic isometry and u is any section of E, then

@"(Pu) = P (¢"u)

We will assume that P satisfies (1.4). Then by Lemma 4.10, P : H™?(B; E) — L*(B; E)

is Fredholm. The next lemma shows that this is equivalent to being an isomorphism.

Proposition 2.1.12 (Proposition 5.2, [31]). PROPOSITION 5.2. Let P : C*(B;E) —
C®(B; E) be a formally self-adjoint geometric elliptic operator of order m satisfying
(1.4). Then P has positive indicial radius R, and for any € > 0O there is a constant C

such that

|K(&,n)| < Cp(&, ,7)"/2+R—g

whenever dg(§,1) > 1. (The norm here is the pointwise operator norm on Hom (E,, E)

with respect to the hyperbolic metric.)
In order to do the convolution, we need the following inequality.

Proposition 2.1.13 (LEMMA 5.4, [31]). Suppose a and b are real numbers such that

a+b >nanda > b. There exists a constant C depending only on n, a, b such that the
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics
following estimate holds for all £, € B :
[ pte o 0ravin < co(s. 00"

By the above two results, we have that

Proposition 2.1.14 (Proposition 5.6, [31]). If1 < p < oo,k > m, and |§+n/p—n/2| < R,

then there exists a constant C such that
”u”k,p,S < Cllpullk—m,p,6
forallu e Hk’p([EB' E)
8 5
PROOF. Using Lemma 4.8, it suffices to prove that
lullo,p,s < ClIPullo,p,s

for all u € Hg’p(B; E). Because C°(B;E) is dense in Hg’p([B;E), it suffices to prove

this inequality for u € C°(B; E). Since u = P~!(Pu) in that case, it suffices to prove the

estimate
||P‘1f||0’p75 < C||fllo.p.s for all f € C(B;E).
Put
= P
p—1
1
a=— (5 + E)
D D
so that
n R < ap® < n +R
— — a p—
2 P =3

n R I} <n+R
——R<ap- —~+R.
2 P=oP =<3
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By Holder’s inequality and Lemma 5.5, we estimate

Pl < [ IEmilfmlsavs
= [ (i oelrls) (e mi” pn) avs o)

o , 1/p
s( /B IK(En)]p(n) If(n)lngg(n)) x
. 1/p*
( /B IK(E, mlp(m)® dng))

1/p
< Cp(§)° (/ |K (&, n)lp(n)‘“plf(n)lngg(n))
B
Therefore,
P71 = [ o7 7 O aveo
<cP /B /B p(£)7 3 |K (&, m)lp ()P F(m) 2V () AV (&).

By Lemma 5.5 again, we can evaluate the £ integral first to obtain

[P £l s < € /B p ()~ p(m) ™| () [§dVy (n)

— p
=ClIf1lo, s

Theorem 2.1.15 (THEOREM 5.7, [31]). Let P : C*(B; E) — C*(B;E) be a formally
self-adjoint geometric elliptic operator of order m satisfying (1.4). Ifk > m,1 < p < oo,
and |8 +n/p — n/2| < R, then the natural extension P : Hg’p([EB; E) — Hg_m’p([EB;E) is

an isomorphism.

Proposition 2.1.16 (Proposition 5.8, [31]). If |6 — n/2| < R, there exists a constant C

such that [P~ f||, o.s < Cllflloos (5.18) for all f € C3°(B; E).
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PROOF. By Lemma 2.1.11,
P < [ Ikl lavio
B
<c / K& M2l Flloo.sdVe(m)
B

< C'p&)°IIf

0,0,8

which implies

-1 — =5 |p—1 v _C, )
27! s = 512 (067 P! £(©)]2) < €' lo0s

Theorem 2.1.17 (THEOREM 5.9, [31]). Let P : C*(B; E) — C®(B; E) be a formally
self-adjoint geometric elliptic operator of order m satisfying (1.4). If 0 < a < 1,k > m,
and |8 — n/2| < R, then the natural extension P : Clg’a(IHi;E) — C'g_m’“(IB;E) is an

isomorphism.

2.1.4 The Fredholm theory

In this section, we will patch the interior and the boundary for AH manifold together.
We will construct a parametrix for the Lichnerowicz operator and show that its error
term is in fact a compact operator. To make use of the discussions in the previous
section on the analysis of elliptic operator on hyperbolic space we like to introduce the
boundary Mobius coordinate charts. The boundary Mobius coordinate chart is built
based on the half space model for hyperbolic space again. For a point p € aX™! = M",
consider a boundary coordinate chart (xl, x2, X", x"”) for X**! around p so that
it is a normal coordinate with respect to the compact metric g for a geodesic defining

n+1

function x = x™**, where

¢p: U C R — X+l
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§2.1 The analysis on AH manifolds and AH Einstein metrics

Let

YH = {(z,zn41) € R™!:|z] < 1 and zn41 € (0, 1}
and (x, X,41) = (82, $Zn41), Where
ot Y — 7, c X!
is said to be a boundary Mobius coordinate chart.

Lemma 2.1.18. Suppose that s is a boundary Mobius coordinate chart around a

boundary point p € M" of an AH manifold (X’”l, g")of regularity CY8. Then

* +
lpbp,sg - gH”l,ﬂ,YH < Cs.
Furthermore in a boundary Mobius chart one can easily verify that

Lemma 2.1.19. Suppose that ), is a boundary Moébius coordinate chart around a
boundary point p € M" of an AH manifold (X”“, g+). Then, there is a constant C such

that
c15-8 |

l.bz,s“Hk,a,a,w < lullx,a,82,, < Cs™° | ‘p;,su”k,a,&,w

C_15_6|

_6|

pattlpsyn < Mlkpoz,. < €57 [Whatl gy

Suppose that {¢} is a partition of unity associated with the above covering. Le.

6w = 3 (h) (P) " 0 ()
0 = 3 (51) () (Pus =) 03 (0
and

=3 (h) (P) " e ([0 P ).
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

This is because we have

1

GPu= 3" (w;h) (P") ¥ (dpsPu)
= 3 (52) (%) s (P ) + o)
= 37 (wpd) (P") PP (at) + et + €t
= u+5;(u) + Gy (w).
Equivalently we may write
(Id+Sy) ' GPu=u+ (1d+S,) ™" Cs(v)

when Id + S; is invertible. More precisely

Theorem 2.1.20. Suppose that P is a formally self-adjoint geometric differential oper-

ator of order m on a tensor bundle of hyperbolic space H™*' and that
pH . gm?2 ([H]n+1 E) 12 (Hn+l E)

is Fredholm. Let the indicial radius of P be R > 0. Then, for p € (1,00) and

)5 vl oR
Gy : Hy? (X!, E) — Hy'™P (X™1, E)
S, H(l;,p (X! E) — H§’p (Xn+l, E)
and

C, : H§,P (XnH,E) - Hé<+1,p (Xn+l,E)

are all bounded, for any 6 € (8,6+1] and |0 — 5 + % < R. Moreover there is a constant

C such that

1Ss (W llk,p,s < Csllullk,p.s-
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Analogously, for a € (0, 1) and |6 - %| <R,
G, : Clg,a (Xn+1,E) BN Clg+m,a (Xn+1, E)

5,1 C* (X1, E) - cp* (X", E)

and

G, : Gl (X““, E) — chle (X”“, E)

are all bounded, for any 6 € (8,8+1] and ‘9 -3+ % < R. Moreover there is a constant

C such that

1S5 @ll08 < Csllullk.as-

Theorem 2.1.21 ([31]). Suppose that P is a formally self-adjoint geometric differential

operator of order m on a tensor bundle of an AH manifold (X””, g")and that
P|H] . Hm,2 ([H]n+1 E) N L2 (I]_I]n+1 E)

is Fredholm. And suppose that the so-called L*-kernel Z is trivial. Assume that

the indicial radius is R > 0. Then - P : ng’p (XL E) — ng_m’p (X1 E) is an

isomorphism for all |6 ~5+5 <Rand-P: Cg’a (X" E) — C'g_m’“ (X" E) is an

isomorphism for all |6 - §| <R.

Corollary 2.1.22. Suppose that (X”+1,g+)is conformally compact Einstein manifold
and that Pg is the linearization of Einstein equations. Assume that Pg has no L*-kernel

on (X", g*) .Then
Py - C;,a (Xn+l, SZ) N Cg’a (Xn+1, 82)

is an isomorphism for 8 € (0, n), where S? is the bundle of symmetric 2-tensors.
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§ 2.2 The existence of the AHE

In this subsection we will first formulate the appropriate analytic problem for solving
conformally compact Einstein metrics. Then, based on the previous discussions we build
the functional analysis framework and a version of implicit function theorem (Lemma
3.6.3). To apply the linear theory we have developed we will need to construct asymptotic
solution to Einstein equations on a given manifold X™*! with a prescribed conformal
infinity (M", [g]) near the conformal infinity (M", [§o]) of a given conformally compact

Einstein metric g.

2.2.1 The gauge Einstein equation

Let us first work out the appropriate analytic problem. To eliminate the obvious degen-
eracy of diffeomorphism one needs to choose a gauge (coordinate) to set the Einstein
Equations. Hence we recall the so-call De Turck’s trick first. For a symmetric 2-tensor

t on a Riemannian manifold (X”*l, g) we define

.1
(Ggt) ;= tij = 5tug gy

and the divergence
ik
(85t); = —tijxg™
The formal adjoint operator takes an 1-form w to a symmetric 2-tensor as follows:

. 1
(Sgw)ij = 5 (wi’j + wj,i) .
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Due to Bianchi identity we know that
8,GgRic[g] =0
for any Riemannian metric g. Recall the deformation of Ricci curvature at g

1 o
(DRic)h = 3 (V*V +2 Re —Rm° — 25*5G) h,
where the last term represents the degeneracy. To cancel the last term, by De Turck’s

trick, we add a term and instead consider
Q(g,t) =Ric[g] +ng — 8°gt "' 8G(t)

for a metric g and a symmetric 2 -tensor t. In fact, when t is also a metric, one
may verify that T = gt7'8G(t) is exactly the dual form of the so-called tension field
of the identity map Id : (X"*!,g) — (X" ¢t) with respect to the usual Dirichlet
energy, that is, Id is a harmonic map from (X", g) to (X"*!,¢) when t = 0. Recall,
for a map u : (X", g) — (X" ¢), the dual tension field in local coordinates is
Tg = —ggyg“ﬂuz,ﬂ = —g0,8% (85u£ - u)é (Fg)iﬁ +ud (T Zf uf;) Hence, for the identity
map, u}, = 8}, we have
7o = 80,8 ((Fg)Zﬁ - (L (};B) :

Itis easier to verify that T = gt "' 8G(t) if one uses the normal coordinate at each arbitrary

given point. The De Turck’s trick consists of the following two steps. First one has

Lemma 2.2.1. Suppose that (X", g*)is an AH manifold that satisfies Q (g*,t) = 0 for
a given AH metric t. And suppose that g*has a strictly negative Ricci curvature. Then

the identity map 1d : (X", g*) — (X1, t) is harmonic and g*is Einstein.
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

Lemma 2.2.2. Suppose that (X”” ,&*%)is conformally compact Einstein manifold. Then
the linearization with respect to the first variable (metric) of Q at g = t = g*is given as

follows:

1
DgQ (g+5 g+) = DgQ(g; t)|g=t=g+ = EPE

2.2.2 A general perturbational existence theorem

Let us first work out the appropriate analytic problem. To eliminate the obvious degen-
eracy of diffeomorphism one needs to choose a gauge (coordinate) to set the Einstein
Equations. Hence we recall the so-call De Turck’s trick first. For a symmetric 2-tensor

t on a Riemannian manifold (X"*!, g) we define

) 1
(Get); = tij - Efklgklgij

and the divergence
ik
(85t); = —tijxg™
The formal adjoint operator takes an 1-form w to a symmetric 2-tensor as follows:

, 1
(6gw)ij = 5 (wi’j + wj,i) .

Due to Bianchi identity we know that
8;G4Ric[g] =0
for any Riemannian metric g. Recall the deformation of Ricci curvature at g

(DRic)h = (v*v +2 Re —Rm® — 26*6G) h,

| =
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where the last term represents the degeneracy. To cancel the last term, by De Turck’s

trick, we add a term and instead consider
Q(g,t) = Ric[g] + ng — §*gt'8G(t)

for a metric g and a symmetric 2 -tensor t. In fact, when t is also a metric, one
may verify that T = gt~'8G(t) is exactly the dual form of the so-called tension field
of the identity map Id : (X™*!,g) — (X" ¢t) with respect to the usual Dirichlet
energy, that is, Id is a harmonic map from (X"*!, g) to (X"*!,t) when t = 0. Recall,
for a map u : (X", g) — (X", ¢), the dual tension field in local coordinates is
To = —g9,8" 1’ 5= —g0,8%° (8ﬁu£ - ug (T, )aﬂ +ud (1})5f B) Hence, for the identity

map, u!, = 8}, we have
T = goyg™’ ((Fg)ﬁﬁ - (I Zﬁ) :
It is easier to verify that T = gt~'8G(t) if one uses the normal coordinate at each arbitrary

given point. The De Turck’s trick consists of the following two steps. First one has

Lemma 2.2.3. Suppose that (X", g*)is an AH manifold that satisfies Q (g*,t) = 0 for
a given AH metric t. And suppose that g*has a strictly negative Ricci curvature. Then

the identity map 1d : (X", g*) — (X", t) is harmonic and g*is Einstein.

Lemma 2.2.4. Suppose that (X”“, g")is conformally compact Einstein manifold. Then
the linearization with respect to the first variable (metric) of Q at g = t = g*is given as

follows:

1
D,Q (¢%,8") = DzQ(8, )], _pv = 5PE.
Then, by the Newton‘s method, we can get that

Theorem 2.2.5 ([31]). Suppose that (X”“, g")is a conformally compact Einstein man-
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ifold with the conformal infinity (M", [g]). And suppose that the linearized operator Pg
of gauged Einstein equations has no nontrivial L>-kernel. Then for any conformal class
[8¢] that is sufficiently close to [g] there exists a unique polyhomogeneously smooth

conformally compact Einstein metric g;whose conformal infinity is [&].

2.2.3 Examples

§ 2.3 Asymptotically symmetric Einstein metrics of
rank 1 cases

In this section, we will introduce the generalization result of the last section into the
setting of the asymptotically symmetric Einstein metrics. The ideas are pretty much
same and from O.Biquard [7]. In order to shw the existence of the ASE metric on
the setting of the boundary perturbation. We need to consider the the gauge Einstein
equation. And its linearization is again a Lichnerowicz operator which can be shown
to be invertible on the standard symmetric space. And there also exists the Mobius
coordinate covering which satisfies the same result as it in the AH case. Therefore,
we can still show the Fredholm properties in the AS metrics. Finally, by the newton‘s
method, we can show the existence of the ASE metric.

However, there are something which is different from the AH metric. First of all, the

Green function estimate is different. Second, we do not have the inequality.
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§2.3 Asymptotically symmetric Einstein metrics of rank 1 cases

2.3.1 Definitions

First, let us introduce the definition of AS manifold, which is pretty much derive from
the cartan geometry for the model geometry on the boundary of the standard symmetric

space.

Definition 2.3.1 (Definition A, [7]). Let H = Uy,—1, Spm-1Sp1 or Spin 7, corresponding
to the complex, quaternionic or octonionic cases, respectively. Let S"~! be a manifold
with a contact 1-form n with values in R, R3 or R7, respectively, and let V = kern. A
Carnot-Carathéodory H-metric compatible with dn is defined to be a metric y on 'V such

that

* in the complex case, the restriction to V of dn is a symplectic form compatible

with g (that is, dn(-,-) = y(I-, -) where I is an almost complex structure on V );

* in the quaternionic case, the three 2-forms (dn;, dn,, dn3) on V provide a quater-
nionic structure compatible with y (that is, dn; (-, -) =y (I, -) for almost complex

structures I; satisfying the quaternionic commutation relations);

* in the octonionic case, the seven 2-forms (dny,...,dn7) on V provide a Spinn
structure compatible with y (that is, dn;(-,-) =y (I;-, -) for almost complex struc-

tures I; satisfying the octonionic commutation relations).

2.3.2 The perturbation existences

In this section, we will introduce the mainly perturbation result for the ASE metric from

O.biquard.
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Theorem 2.3.2 (THEOREM 1.4.14. [7]). Suppose K = H or O and H = Spp,,—1Sp1 or
Spin 7, suppose the manifold M is of dimension 4m or 16 , with boundary S, and has an
asymptotically symmetric Einstein metric go such that L>H' (gy) = 0; suppose gy is a
Carnot-Carathéodory H-metric on S with C>% regularity, close to the conformal infinity
of go, and let g be an asymptotically symmetric metric associated via (4.7), then there

exists a metric h such that
- h _ . 2,a
Ric" = -Ah; h-geCi".

Locally, the metric h is unique modulo the action of diffeomorphisms inducing the

identity on the boundary.

First, we need to introduce the precise definition of the weighted space on asymptot-
ically symmetric manifolds. Just like what we did for the hyperbolic space. First, we

introduce the definition of asymptotically symmetric manifold

Definition 2.3.3. An asymptotically symmetric metric is a metric which can be written
as g + h near infinity, where g is defined by (3.1), with gy having C>* local regularity,

and h € Cf’a.

Then, we need to introduce the Holder space. Holder norms. For a metric such as g,
the geometry is uniform at infinity, which is translated, in particular, by the fact that the
sectional curvature is bounded above and the injectivity radius ri,; is bounded below.
Consequently, following proposition 6.4.6 of [BK81], there exists a radius reony such
that in a ball of radius r¢ony , two points x and y are linked by a unique minimizing
geodesic.

Let us verify that the C* tensor norm, used earlier, has a natural definition. Let us
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fix a parameter p < reonv, and for x,y such that d(x,y) < p, let p,_,, denote the
parallel transportation along the minimizing geodesic joining x to y. The Holder norm

is defined by

vy (u(x)) —u
Juler =supll + sup Pr 000
d(x,y)<p d(X,_}/)

The C*® norm is then naturally defined by

k-1

llullgraq) = Z sup |Viu| + ||Vku
0

Ca

and the Holder weighted norm by

lull g gy = [leosh(r)ul| g

Harmonic coordinates. In order to deal with problems relating to local elliptic regularity,
we need coordinates on our balls for which the metric is controlled. In principle, this
does not raise a problem because of the uniform geometry at infinity, but there are a
number of subtleties associated with the use of metrics with C>% regularity.

If the metric gy on S is smooth, the curvature of g is completely controlled by the
calculation (1.7) and, in geodesic coordinates, the metric g will be uniformly close to
the flat metric, for example in C?,a. Adding a perturbation tending to O at infinity,
h e Cg"x, changes nothing. The same is true for a smooth asymptotically symmetric
metric. In this situation, Proposition I. 3.2 below is of no use.

On the other hand, if the metric gy has only C>* regularity, the above reasoning
does not work, since the geodesic coordinates lead to loss of the regularity. To remedy
this problem, we shall instead use the existence of harmonic coordinates, which are of

maximum regularity. The following proposition will suffice for us.
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Proposition 2.3.4. Let Q > 1, if ||Ric®||ck-2« < C and ry; > i, then there exists

Tharm, depending only on Q,C,i and k + a, such that any ball B (x) has harmonic

Tharm

coordinates in which the coefficients gi; of the metric satisfy
Q™' (8y) < (g5) < Q(8y)

Z 1Bl sup|apgii] + Z g |0pgi;(y) — 9pgij(x)] <0

harm harm =

_ [04
1<IB]<k Bk =yl

2.3.3 Main ideals of the proofs

In this section, the manifold is always the rank 1 symmetric space and the Laplacian
operator refers to the Laplacian operator with respect to the standard metric on symmetric
space. We refer [30] to show that the Laplacian operator is a Fredholm operator on so

called weight space with zero index.

The infinity behavior of the Green function

(1)(Geometric invariance for the Laplacian operator) Geometric invariance for the
Laplacian operator refers to the fact that Laplacian operator satisfies the following

commutative diagram.

C®(M,TM) —2% C®(M,TM)

A 2

C®(M,TM) —2 C¢®(M,TM)

where h € G = ISO(M). Therefore,
(Af)(h(p)) = k(AR (£))(p))
(2)(The definition of Green function) The Green function Ge,, (x) € Hom(Ep,, Ex)

102



§2.3 Asymptotically symmetric Einstein metrics of rank 1 cases

is section satisfying that

AGpr = 6P0 fpo

where 8, is the Dirac function at pg € M and &, € Ep,.

(3)(The linearality of the Green function)

aGfpo + bGUpo = G(afpo*"lpo)

where §,,,np, € Tp,M and a, b are constants. Then, the green function can be thought

of as a linear map as following

G(p) : TpyM — T,M

Epo = Gfpo (p)

The lift of égm can be also thought of as a linear map as following

a(g) : TpoM — Tp,M

fpo = afpo (&)

where g € G.

(4)(The geometric invariance for the Green function) The geometric invariance

for the Green function refers to

h* (GEP()) = Gh*spo

where h € K C G. In fact, by the geometric invariance for the Laplacian operator, we
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have

A(h*Gng) = h*(AGg’pO) = 6xh*(§po)

(5)(The Green function is a spherically invariant vector field) From 1.2.1 (3) (6),
we have (~?h*§p0 (8) = h.Ge, () = (~?§p0(h‘1g). Suppose that G(exp (rxg)) = A(r) is the

transformation of T,,M, then
Ge,, (exp (rxo)) = A(r)&p,

And from 1.2.2 (3),

Ge, (hexp (rxo)) = Gyrg, (exp (rx0)) = A(P)Ep, = ANAS (§p0) = AP0 (k™) (&p,)

where h € G. By the definition of spherically invariant vector field in 1.2.1 (11), 55 % is

spherically invariant vector field.

(6)
Lemma 2.3.5. For the above linear transformation A(r), we have
po(WA(r)po(h™") = A(r)
where h = exp(vt) withv € lpand t > O.

Proof: Since h = exp (Ipt), h(exp(lot) exp(rxo)(po)) = exp(rxo)(po). Therefore, we

have m(exp (rxo)) = po(h) (f(exp(rxo))). Therefore,
h.Ge, (exp(rxo)) = po(h)(Ge, (exp(rx0))) = po(M)A(r) (§p,)
On the other hand, from 1.2.2 (4), (5) h*(GEpO)(eXP (rxp)) = C?hj;po(exp(rxo)) =
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A(r)po(h)(&p,). Therefore, we have

po(h)A(r) = A(r)po(h)

(7) We can decompose the Tp,, M into the irreduciable invariant subspace E; @ - - - @ E;
for the group Ky which is generated by the lie algebra Iy. Since po(h)A(r) = A(r)po(h),
A(r)|g, = fi(r)idg,. From 1.2.1 (10), C(my, po)|g, = piidg,. Therefore, for v € E;, as in
the 1.2.1 (12), we have

AG, (exp(rxo)) = 3; fi(r)v + Ha, fi(r)v — pifi(r)v + B(r)v
(8)(The equivalence of the norm) Since
Gu(exp(rxp)) = A(v G, (hexp(rxo)) = A(r)po(h™ v
forh € K € G = ISO(M) and v € Tp,M, then we can easily get

|Gyl =IGy (exp(rxo))| < Ci|A(r)] - [v]

|Gyl =IG, (exp(rx0))| = Co|A(r)| - [v]
Therefore, |9"G,| is equivalent to |87 A(r)| - |v| for m > 0. Moreover, we have
+00
107Gy 2 = / < INA(r)v, T A(r)v > exp (Hr)dr
0

(9)(The elliptic estimate) For the elliptic equation AG, = 0, if G, € L?>(M), then by
the elliptic regularity,

3,G, € L* (M) G, € L*(M)
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Then, we have

|G (exp(rxo)) > = < A(r)u, A(r)v >

=- / exp (=HT)2 < 3:A(1)v, A(T)v > exp(HT)dt

<exp(—Hr)[ / |0:A(T)v|>dV + / |A(T)v|?dV]
M M
Therefore, we have
— H
|Gy (exp(rxo))| < O(exp(=—-1)) - |v|
Similarly, we have
— H
10:Gu(exp(rxo))| < O(exp(=—1)) - [v]
Therefore, from the 1.2.2 (8), we have
H H
[A()] < Oexp(=51))  18,A()] < O(exp(~51)
Remark 2.3.6. We will explain why G € L>(M). First, G(x, y) satisfying the equation
AG(x,y)=0 ifx#y

Then, fix y e M

G Qe 2y = 1G O Y |2 -85 (3)) + I1GO Y)2 (85 (4 (2.3.1)
For the first part, consider the following function

G(x,y) ifx € M — Bs(y)

flx,y)  ifx € Bs(y)

GI(X,_)’) =

where f € C*(Bs(y)) such that the second derivative of G, existence. Then, by the
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elliptic estimate on Hyperbolic space (Lemma 4.8 in [30]), we have that

G 1 (e, Y2y < CllAS e Y2y < C-

While for the secon part of (2.3.1), it can be controlled by the green function in R"*!

(Newtonian potential), which implies that

||G(X, y)”Lz(Bg(y)) <C.

Therefore, G(x, y) € L>(M)

(10) For the equation in 1.2.2 (7)
AG, (exp(rxo)) = a7 fi(r)v + Ha, fi(r)v — pifi(r)v + B(r)u
From 1.2.1 (12) and 1.2.2 (9), we have
H
IB(r)] = O(exp(=r)[IA(")| + |6rA(r)[] < O(exp(=—r —T))

(11)(A result of ODE)

Lemma 2.3.7. For constant coefficients ODE,

% f +a1d.f +aof = g(r) (2.3.2)

with |g(r)| ~ exp(kr) as r goes to infinity and a, ay constant. The solution, f(r), of the

above ODE satisfies
|f(r)| < Crexp(kr) + Cyexp(Ar) + C3 exp(Azr) (2.3.3)

where Cy, Co and C3 are constants and Ay and A, are two distinct solution of the

characteristic equation MP+al+ay=0
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Proof. By the variation of the constant method, the generation of the equation (2.3.2),
is

" Gi1(1)Ga(r) — G1(r)Ga(T)
G1(1)G)(1) - G| (1)G2(7)

G(r) = CIG1 (1) + C2Ga(r) + / g(t)dr

ro
where G (r) and G(r) are two linearly independent solution of the corresponding ho-

mogeneous solution. Therefore,
— Alr _ /121‘
Gi(r)=e and Gy(r) =e

Therefore, we have

G(r) = Cle)“r + Czehr + l /" e_’lﬂg(r)dr - e /r e_AITg(T)dT
12— 11 Jry Mo 11 Jy,

Then, the (2.3.3) follows. |

(12)(The infinity behavior of the Green function)

Theorem 2.3.8. As r goes to infinity, the Green function G, for the Laplacian operator
satisfies

2

Gul ~ Oexp(~(5 +y/ T + ) - o

where p is the smallest eigenvalue of the Casmir operator C(my, po)

Proof: From 1.2.2 (8), we only need to show that

2

A0 ~ (exp(~(2 + 3/ 2+ )

Step1 Assume that
H
A ~ Oexp(—(5- + )r))
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where 0 < A < J% + p. Then, by the interior Holder estimate, we have
H
0,A(")] < O(exp(~(7 + A)r))
Therefore, we have
H
|B(r)| < O(exp(—(? +A+1)r))

Therefore, if we consider the equation
*A(r)v + Ha.A(r)v — C(myg, po)A(r)v = —B(r)v

in each irreduciable subspace of T, M, then the above will induce some ODEs as in

1.2.2(7)
3; fi(ryv + Ho, fy(r)v — pify(r)v = =B(r)v

Then, Combining the result of ODE in 1.2.2 (11), we have

2

A0 < 0(exp(~(2+ 24 1) +0Cexp(~(2+4/ T + i)

which contradict to our assumption.

Step2 Assume that the A in stepl is

7_(2
A -
>\ tH

Again, by the Holder interior estimate, we have

|07 A(r)] < O(exp(—(%( +A)r)) form=>0 (2.3.4)
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and

|B(r)| < O(exp(—(g +A+1)r))

Suppose that the f(r) is the eigenvalue of A(r) such that the corresponding eigenspace

E; corresponds to p. Then, we have
£(7) ~ O(exp(~( 2 + 1)
Suppose that
£(7) = () expl~ (o + 1),
Then,
lg(r)] ~ O(1).
And by the Holder estimate (2.3.4), we have
701 =13, Gt (2 eno=2+.0m )~ ofenp(-5-+ 0,
i=0
which implies that

la;g () < o(1)
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Then,

T F(f) +Haf(r) = pf(r)

H H

- (afgm ~ (5 +D)ag(r) + Wargm) exp(~(5 + 1))

+ ((g +1)% - "H(g +1) - p) exp(—(g + A)r)
(#2200 = (5 + Dae() 4 Ho.20) + (54 02 = HCG 420 = ) expl-5 20
On the other hand, we have

2 H
107 £(r) + Horf(r) = pf ()] = | = B(r)| ~ O(exp(—(7 + A +1)r))
Therefore,
#er) ~ (X + Dag(r) + Horgr) + o v 2 ~ 1 Z v 1)~ =0

which implies that

07 f(r) + Ho f(r) — nf(r) =0

Therefore,

2

£7) = Cexp(~Cy+ |+ ),

which contradicts that

£() ~ 0texp(~(5 + )

Therefore, A = WTz +u
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The eigenvalue estimate for scalar Laplacian operator

(1)(The weighted space)

Definition 2.3.9. We define the weighted Holder space CZ;’“ for the sections f of an

associative vector bundle of the principal bundle G — G/K by requiring that
(coshr)®c e ke
where C'g’“ refers to the local regularity of the section.

We see that these are then sections with local C]g’“ regularity which decrease at infinity

in exp(—6r).

Definition 2.3.10. We define the weighted Soblve space for the sections f of an asso-

ciative vector bundle of the principal bundle G — G/K by
k H
Ws" = (flexp((6 = —2)na'f € P ()]}

(2)(The eigenvalue estimate for scalar Laplacian operator on the weighted space)
Consider the operator

P=A7Ay—pn

where A stands for the scalar Laplacian operator and p1 is the smallest eigenvalue of the

Casmir operator C(my, po).

Lemma 2.3.11. For compact supported smooth function f, we have
2

—yr H —yr
e Pfll2) = (T -y + P) Ne™" fll2qan
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Proof: For compact supported smooth function f € C°(M),

[ <adngser= [ agpe - apane
Br Br (2.3.5)
> [[@pre - 2ppae
Br
where supp(f) C Bg and Bg is a geodesic ball with radius R and center py. And since
I, _
~=f - @:f) < 5(a (3 f)* +af?)
together with (2.3.5), we have
[ <adpgsers [ @prerr—aprane
Br
> / (<2af - 3f) - Pf =2 - (3:0) - e (23.6)
Br
- [ 2@ensas- @i
Br
If we take a spherical coordinate in Bg, then we have

R
_f. L2 . oyr
/B ) f-(0rf)-e /aBR /0 £ (3ef) - e wy(r)dr (2.3.7)

where w, (r) is the volume of the n-dimensional unit sphere. Then, by the integration

by parts, we have

/ BR/ —f  @nf) () 2 5 / - / £ e (B (r))dr
/aBR/ y-f ern(r)drzi/aBR/O fz-e‘zyr'tf—((r?wn(r)dr (2.3.8)
_/aBR/o y S an(r)dr

113



Chapter 2 The existences of the asymptotically symmetric Einstein metrics

Since H = 20

wn (1)

R N (23.9)
Br Br

2
Then, combine (2) and (5), we have
/ <d'df,f>e 2 > / [2(a+ y)(ﬂz(r) —y) =) (2.3.10)
BR BR

Take a = @ —y. Then we have

2
/ <_Af’f>e—2yr2(£_y2)/f2_e—2yr
BR 4 BR

Therefore,

2
/ <-Af+uf,f>e > (WT—y2+p)/ 2o (2.3.11)
BR BR

By the Cauchy-Schwartz inequality, we have

2

_ H _
e Pfllzany = (= = v>+ 1) e Fll 2y
4

Isomorphism theorems

Theorem 2.3.12. The scalar operator
P=A)—p

where Ag stands for the scalar Laplacian operator and 11 is the smallest eigenvalue of

the Casmir operator C(my, po), is an isomorphism, provided that
H ﬂz +u<8< ﬂ + ﬂz +
2 N7z *H 2 "N g T
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Proof: Obviously, P is an injective by the lemma 1.3. We only need to show that P

is surjective. Since we have

_Jyr 7_{2 2 2 —2yr
<-Af+pf,f>e V2 (—— -y +n) | [
Br 4 Br

then, by the Lax-Milgram theorem, we can get the existence of the weak solution for
the equation

Pu=f
forf €eH Z;. Then by the interior Soblve elliptic estimate

lullgz < CCllullyz +11£152)

2,k+2

We see this weak solution u € L 5

. Therefore, P is also a surjective. m]
Lemma 2.3.13. Ifu € L5(M), then
1) ||u||L§ < C(p, 6,51)||u||L§f0r2 < p<+ooand b < 8;
1

2) ||u||L§1 < C(p, 8,61)||u||L§f0r1 <p<2andé >6;

Proof: u € Ly implies that

_H
ey e P

Therefore, by the Holder inequality, we have

H
||u||§2 :/(62(61—7)1”112) :/62(61—6)r_e26ru26—7-(rdVM
51 M M

S(‘/‘e2(61—S)rq*e—‘]’lrdVM)ql*(/(CSru)2qe—(HrdVM)
M M

Q=
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where qi + é = 1. Then, take ¢ = £ and ¢, = p%z. Then, we have
2p p-2
2 22 (8,-8)rq. ~H b2 2
L e T R [
81 M 8
Then, we can get the result. O

Lemma 2.3.14. The scalar operator P : Wg’p — LP (which is another extension of the

operator in Theorem 1.2) is an isomorphism, provided

ﬂ— EZ+ <5<ﬂ+ 12+
2 N7z TH 2 "Ny TH

Proof: For injective, if Pu=0andu € Wg’p . Then by Lemma 1.4, there exists a §;

which can be as close to § as you want, such that ||u| |L§ < C(p,6,81)||u| |L§. Therefore,
1

ﬁ— ﬁz+<6<ﬁ+ ﬂz+
2 TN g THEor s TN TH

From the lemma 1.2, we see that u € Lgl. Therefore, u = 0. For surjective, consider

the transpose operator of P : Wg’p — LP, p*: W;;p g Lg*. Since 8. = H — 8 and

?—{— ?ﬁ+<6<(}—{+ﬂz+
2 NV g TH=%=7 4 "H

Therefore, P* : W>P* — LP* is also injective which implies that cokernel of P is trivial.
P . J p

+ - =1, we have

141
p« P

Therefore, P is surjective. O

Theorem 2.3.15. The scalar operator P : Ag + u is an isomorphism as the map P :

2,a 0,a
C6 - CS
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§2.3 Asymptotically symmetric Einstein metrics of rank 1 cases
Proof: For injective, by the Holder interior estimate, we have

el 2o 5,y < CCllullcoay + 1Pl )

where C is a constant which does not depends on the center of the concentric ball B;

and B,. Therefore, we have the globally Holder estimate,
lallgzeqany < CCllullcagany + 1Pullcas )
Therefore, if Pu = 0, then we have
lall ey < Gl o

Since ||u||L§ my < C(p,61,6)||u||cg(M) for §; < 8, u € Ls,. And moreover, we can
1

ﬂ— ﬁz+<6<ﬁ+ ﬂz+
2 Ny THEO =Ty

Therefore, from Theorem 1.5, we have u = 0 which implies that P : Cg’“ (M) — Cg’“ (M)

always take

is injective.
For surjective, let f € Cg’a (M), we shall show that there exists a function u € Cg’“ (M)
such that Pu = f. Since || fll2 () < C (p,81,6) ||f||Cg, fe Lgl (M). Then, by theorem
1

1.5, there exists u € Lgl (M) such that Pu = f and

el < €ISl )

By Morrey inequality, we have

§-H
1€ 77 "ullcogs,) < Cllullyy 2o,
1

where, by the homogenity of the symmetric space, the constant C does not reply on the
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics
center of the ball By. Therefore, we have

[fullco < Cllully
Csr%,(M) WSIP(M)

Then, by the Holder interior estimate,

lulleze oy <Cllulleo ) + 1Pulloe, ap)
5 1=p 1=p

SC(Ilullwégip(M) + IIPUIICga L on)
1=

SC(HPuHLgl an T 11Pull e W(M))

<ClIPull oy < Cllll oy

which implies that u € Cg’“ 2 (M).
=5
We shall improve the weight §; — % to 8 by maximal principal. Let ® = e%"u. Then,

we have the following equation
%" (Pu) = AD — 28(3,D) + (82 = H(r)8 — p)@

Take R sufficiently large such that for r > R, we always have (8% — H(r)8 — u) <
%(52—7{6—;1) <0

Then, by maximal principal, we have

sup® <C sup (sup®, 2(8> — H8 — 1)~ sup(e Pu))
r>R r=R r>R

min® <C min (milgltb, 2(8% - HS - p)_lmig(eSrPu))
r= rz

r>R

Therefore, we have

1®llcou-y) < CUIPlo(ome) + 1Pl )
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§2.3 Asymptotically symmetric Einstein metrics of rank 1 cases
Moreover, we have

19lco sy = 1e™ullcosy < CR, po)llullas ) < CCR, pO)IIFllcaea
&-2

Therefore, we have

||u||Cg(M) S CllPuHCg,a(M) S Cllf”cg,a(M)

Then, by the Holder estimate, we have u € Cg’“(M ) which implies that P : Cg’“ — Cg’“

1S surjective. O

Theorem 2.3.16. If % - ,/7%2 +u<6< %’ + w/(HTZ + 1, the operator P on scalars is
k+2,a k,a

an isomorphism Cg — Cy.

Proof: Because the ker(P) does not rely the choice of the weighted space. Therefore,
this P : C§+2’a — C'g’“ is also injective. We just need to show that P : C§+2’“ — Clg’“ is
surjective.

Theorem 2.3.17. For the Green function of Gy for the scalar operator PGy = &,

satisfies the following properties

Go(r) ~ constant - e~ 7+V %Zﬂl)r’, r— oo
Go(r) ~ 3%, 1—0 (2.3.12)
Go(r) >0

Therefore, the green function of homogeneous vector bundle, G¢, , can be controlled

in the following way,

|G§p0| < CGy

Theorem 2.3.18. Let E be a homogeneous bundle associated with the representation

po, P = A which satisfies that (Pu,u) > c(u,u). If p is the smallest eigenvalue of
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Chapter 2 The existences of the asymptotically symmetric Einstein metrics

C(my, po), then
. k2, k,a
p: C5 — C(S

is an isomorphism, provided that

7—{— Ez+ <6<7—{+ 12+
2 Vg TH 2 N4 TH

Proof: Let us consider the equation Pf = g, hence
£ = [ 6xgnay

F1 < [ 6ot ey = cho
Therefore, by the theorem 1.3 we can get the result. O

Remark 2.3.19. For the Lichnerowicz operator A; — 2(n) on hyperbolic space. § €

(0,n).

2.3.4 Remark

For the minimal regularity that an asymptotically symmetric should have to ensure the
its metric is polyhomogeneous near the boundary, there are some results about real and

complex case.

Theorem 2.3.20 ([9]). Let g be a Riemannian metric on M. Suppose that dimM =
n+ 1 > 3;g is Einstein with Ric (g) = —ng; g is conformally compact of class C*; and
the representative y = p2g| sy Of the conformal infinity of g is smooth. Let'y be any
smooth representative of the conformal class [y]. Then for any 0 < A < 1, there exists
R > 0 and a CY* collar diffeomorphism ® : Mg — M such that ®*g can be written in

the form (1.1) ®*g = p~2 (dp2 +G(p)), where {G(p) : 0 < p < R} is a one-parameter
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§2.3 Asymptotically symmetric Einstein metrics of rank 1 cases

family of smooth Riemannian metrics on'Y, dp? + G(p) has a continuous extension to
Mg with G(0) =y, and has the following regularity: (a) If dim M is even or equal to 3
, then dp® + G(p) extends smoothly to Mg, so ®*g is conformally compact of class C*.

(b) If dim M is odd and greater than 3 , then G can be written in the form

G(p) =@ (p,p"logp)

with @(p, 2) a two-parameter family of Riemannian metrics on'Y that is smooth in all of
its arguments as a function on YX [0, R] X [R"logR, 0] . Furthermore, ®*g is smoothly

conformally compact if and only if 3, (0, 0) vanishes identically on oM.
and

Theorem 2.3.21 ([6]). Either half a ball

{x% +-oo+x2 < Lx; > 0} in the real case,

2 2 x%+--v+x5 2 .
xp+x;+ (=) < 1,x; >0 in the complex case

and y a smooth metric on M = {x; = 0} N M, resp. n a smooth contact structure
and J a smooth almost complex structure in H = K er 1 on .M such thaty = dn(., J.)
is defined positive.

If g is an asymptotically hyperbolic Einstein metric, resp. complex, in the sense that
g—2g0(y) € C;’“ for a € [0,1] and € > 0, then there is a half ball N included in M, a
diffeomorphism ® of N inducing identity on N U N, a sequence of asymptotically
hyperbolic metrics gx on N, with finite polyhomogeneous development, and a couple

(8, n) of strictly positive reals such that
VkeN, ®'g—gie€ C;i+ak+5,n (N)

In addition, the same estimate is valid for all the transverse derivatives.
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The stability of AHE manifolds under Ricci

flow

In this chapter, we shall mainly talk about the stability of the AHE manifold with some
addition restrictions on its conformal boundary. In the section 3.1, we shall review the
stability for compact quotients of hyperbolic space following the paper of R.Ye [49] and
that for the hyperbolic spaces following the paper [29] of H.Li and H.Yin, the paper
[43] of OC.Schniirer, F.Schulze, and M.Simon and the paper [2] of R.Bamler. In the
section 3.2, we shall review the stability result for the hyperbolic space following the
paper [2] of R.Bamler to see the relations between the heat kernel estimate and the
stability of Einstein manifolds. In fact, based on [2], in order to obtain the stability
result for more general AH Einstein manifolds, it suffices to give the corresponding heat
kernel estimate (See lemma 3.2.2). In the section 3.4, we shall talk about this kind of
heat kernel estimate following the method of X.Chen and A.Hassell [10], by which they
obtain the scalar heat kernel estimate on more general AH manifolds. In the light of
their result, we can see that the corresponding heat kernel estimate is determined by

the meromorphic continuation of the resolvent of the modified Laplacian (the result of
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§3.1 The stability for hyperbolic spaces

R.Mazzeo and R.Melrose in [33] or the result of A.Vasy in [48]) and the high energy
resolvent estimates in strips around the real axis via a parametrix construction (the result
of AS.Barreto, A.Vasy and R.Melrose in [44]). Therefore, in order to obtain a similar
heat kernel estimate for the symmetric two tensor, we need to generalize the above two
scalar results into tensor case. C.Hadfield generalized the meromorphic continuation
result into the tensor case in [24]. The high energy estimate for the tensor case is still

open.

§ 3.1 The stability for hyperbolic spaces

Let M be a (n + 1)—dimensional compact manifold with boundary dM. Suppose that
there is a complete Riemannian metric g in the interior of M denoted it M, and there
is a defining function p on M, (i.e. p > 0 on M; p = 0 on dM; dp # 0 on dM) such
that pg can be extended into a smooth Riemannian metric on M. Since for different
defining functions p; and p, on M, there exists a positive function f such that p; = fp;,
the interior Riemannian metric & uniquely determine a conformal structure on boundary

oM. We call (M™!, ) an asymptotically hyperbolic manifold with conformal boundary

P2§|6M-

Moreover, we call asymptotically hyperbolic manifold (M, g) asymptotically hyper-
bolic Einstein manifold if (M, g) is also an Einstein manifold. The asymptotically
hyperbolic Einstein manifold (M, g) is a fixed point of the normalized Ricci flow equa-

tion
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Chapter 3 The stability of AHE manifolds under Ricci flow

9.8 = —2Ricy, +21g 3.1.1)

where A is the Einstein constant of (M, &), (i.e. Ric = Ag). We can always normalize

the equation into the standard case A = —n.

In this notes, we want to prove stabality result for asymptotically hyperbolic Einstein
metric g, (i.e. we will show that every sufficiently small perturbation go = g + h flow

back to g under the normalized Ricci flow as t — o).

If (M, g) is an hyperbolic space, then we have the result of R. Bamler [2]

Theorem 3.1.1 ([2]). Let (M,3) H™! for n > 2, choose a basepoint xo € M and let

r =d (-, xg) denote the radial distance function.

There is an €1 > 0 and for every q < oo an € = €5(q) > 0 such that the following

holds: If go = & + h and h = hy + hy satisfies

£
| < —

1/q
and  sup |hy| + (/ |y |2 dx) <&
M M

r+

then the normalized Ricci flow exists for all time and we have convergence g — g in

the pointed Cheeger-Gromov sense.

We just want to generalize the above result into the case of asymptotically hyperbolic
Einstein manifold in the interior of n + 1 dimensional ball such that the conformal
boundary of this asymptotically hyperbolic Einstein manifold is a perturbation of the

conformal structure on the standard n dimensional sphere.
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§3.2 The heat kernel estimate and stability of asymptotically hyperbolic Einstein
manifolds

Theorem 3.1.2 (Our Goal). Let M = B™! be a ball wiht n > 3 and h the standard
metric on the sphere S™ and gy be the standard hyperbolic metric on B™'. For any
asymptotically hyperbolic Einstein manifold (M, g) with nonpositive sectional curvature
and a defining function p such that § = p>glau is sufficiently close to h in C** norm,

for some 0 < a < 1 and g is sufficiently close to gy in the sense of C°. And choose a

basepoint xo € M and let r = d(., xo) denote the radial distance function.

There is an € > 0 such that the following holds: If go = g + h satisfies

€

|h| <
r+1

then the normalized Ricci flow exists for all time and we have convergence g — g in

the pointed Cheeger-Gromov sense.

The existence of such asymptotically hyperbolic manifolds is by the result of R. Gra-

ham and J. Lee (Theorem A. [21]).

§ 3.2 The heat kernel estimate and stability of
asymptotically hyperbolic Einstein manifolds

In order to prove the long time existence of the Ricci flow, we need some estimates for

heat kernel

dcks = Aky + R(k;) and k; — 611,01'dEpO ast— 0 (3.2.1)
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Chapter 3 The stability of AHE manifolds under Ricci flow

where (k¢)o<t<r € C*(M;E) ® E, and E = Sym>T*M and R(h)y = §/X1 12 Ry, hp, i, -

Lemma 3.2.1. Let (M, g) be an asymptotically hyperbolic Einstein manifold of theorem
3.1.2. Choose abasepoint xo € M and consider the radius distance functionr = d (-, xg).
If the heat kernel k; defined by (3.2.1) satisfying that: For all x| € M and r| = r(xy),

t>0
C(w)
(ri+1+a+0)¥

/ |ke| (x1,x) |h|(x)dx <
M

provided that h € C* (M; Sym, T*M) and that

) < T s T aw

for some a > 0. The the result of theorem 3.1.2 holds.

By the argument of lemma 6.3, lemma 6.4 in [2], the result of lemma 3.2.1 is

determined by
lkellpiony < € lkell2ny < Cexp (Apt)  fort >0

Lemma 3.2.2. Let (M, g) be an asymptotically hyperbolic Einstein manifold of theorem
3.1.2. If the heat kernel satisfies that

lkellpiony < C kel 2y < Cexp (Agt)  fort >0

Then the assumption of lemma 3.2.1 holds.

3.2.1 Ingredients of the proof of the heat kernel estimate

In [2], R. Bamler have given the L' boundedness and 1? decay of the heat kernel on

H™! for n > 3 and CH2™*D for n > 2. In this section, we will derive the same result
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on H™*! directly from the equivalent formula of the result of Davies-Mandouvalos.

Theorem 3.2.3 (L! Integration). Let H™! be a hyperbolic space. Then the heat kernel

of the Laplacian operator on ™', H(t, z, 2'), satisfies that
IH|lp1 gty < C - for t >0
where C = C(n).

Proof. From the result of Davies and Mandouvalos, we only need to show the

following integral is uniformly bounded.

o 2t 2
t
/O D12 oy (_nT _ :Tt — %) (1 +r+0)"?7 (1 +r) sinh™(r)dr

By the fact that
sinh"(r) — exp(nr) asr — o and sinh"(r) > " asr — 0

we only need to show that

let T2 nr

/1 D12 oy (_T -t 3) (1 +r+ )" (1 4+r)dr <400 (3.2.2)

and

let 1”2 nr

1
/0 (D2 exp (_T s 3) (A +r+ )" N1 +r)dr < 400 (3.2.3)

Then, we can discuss the case that 0 < t < 2 and the case that t > 2 respectively.

Caseldl(n>2): If0 <t <2, thenfor (1)
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Chapter 3 The stability of AHE manifolds under Ricci flow

00 2 2
t
/ (D72 exp (—n— Ly E) C(L+r+ 07N (1 +r)dr
1

4 4t 2
oo 2
< / D2 e [~ 2 T (34 )2 (1 4 rydr
1 4t 2
00 2
SC/1 = *D/2 exp (_:E + %) r2dr

where we use the fact that (a + )% < C(a)(1 + r¥). Then, we have

/100 t~ (/2 exp —Z—i + %) r2dr
:/100 = D/2 exp —;—Zt - [;_Zt - %]) 2 dr
< /100 t~ (/2 exp —;—Zt + n;t) r2dr
<exp %Zt /00 = D/2 exp (—;—i) 2 dr
n2

t * 1)/2 r’
< exXp 7 / t_(n+ )/ exXp (_Q) rndr
1

n 1
(o) r2 r2 272 r2
/1 exp(‘@) (@) 13

[OO exp (—x) (x)%_% dx

8

=
[N}
~
oo
[SIE]
+
Bl

<exp

[\

=
o N
~
oo
SIS
+
[SIE

<exp

|
(\)

®© ) 2¢) 85+2 1
=513 /0 exp (—x) (x)i—% dx < exp (%) 2221"(%+§) < 400

=
[N}
~
oo
[SIE]
+
Bl

<exp
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manifolds

And for (2),
1 2 2
t
/ g (n+1)/2 exp (_n_ T E) (1+r+ t)"/z_l(l +r)r'dr
0 & 2
SC/ D2 (__) gy
0 4t

1
SC2”/ exp(
0

n

-

r2

At

r2

4t

Nl—=

2

illa) ()

1

8t n 1
<c2" / ’ exp(—x)(x)f_%dx < C2”F(g + 5) < 400
0

Case1.2(n >2): Ift> 2, for (1), we have

* —(n+1)/2
t — i —
/ eXp( FEVTR

1
t e}
+/
1 t

Then, for the first

Sexp(

let T'2 nr

) (L+r+6)"27 (1 +r)dr

2

YT 2)~(1+r+t)"/2_1(1+r)dr

part, we have

t 2 2
t
/1 = D/2 exp (_nT - :E + %) c(T+r+0)Y7 1 +r)dr
2 t 2
- 2n)t
(n” ~2n)t ; n) ) (1+26) 271 (1 + t)/ D2 exp (_:l_t) dr
1

<exp (—
<2"exp
<2"exp

<2"exp

(> =2n)t—¢

4

‘ (n+1)/2 r?
=\ ——1d
) [ oo (o

n_1
(> -2n)t—¢ /te r\ (r? §2d r?
——— X —— —_— —_—
4 O P N\ % 4t
2 - 2n)t - 4 "
_—(n 4n) £ / exp(—x) (x)f_%dx
1
4t
2 _ —
(" -2n)t-e¢ F(E+l).
4 2 2
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and for the second part, we have
00 2 2
t
/ = D/2 exp (—n— Ly nr) C(L+r+0)Y7 1 +r)dr
t
2 oo 2
t
<Cexp (—HT) t_(”+1)/2[ exp (_:E + g) 2y
2 00 2
t 1 t
<Cexp (_n_) t_(”+1)/2/ exp (——(r —nt)* + n_) Y 2dr
4 ¢ t 4
© 1
SCt_(””)/Z/ exp (——(r - nt)z) r2dr
¢ 4t
nt 1 °° 1
<ct~ (/2 / exp [——(r — nt)? -r”/zdr+/ exp [-—(@r —nt)?| - " 2dr
‘ 4t nt 4¢
(n=1)t 2 00 2
<ct~ (/2 / exp X -(nt—x)”/zdx+/ exp X - (x +nt)"?dx
0 4t 0 4t

o 2
§C2t'(n+l)/2/ exp (—%) - (x + nt)"?dx
0

00 2
SC2n"/2t_(”+1)/2/ exp (—%) (Vx + Vnt)"dx
0

n [o'e) 2
<22 (D)2 Z/o exp (—%) \/fk\/ﬁn kdx
k=0

ks [ X k/2
SZCZn 2t 2 exp o x<dx
0

n
szk/z”cz n"‘gt‘ﬁl"(E +1) < 400
k=0 4

Remark 3.2.4. Actually, we can not expect the integral (1) decay as t goes to infinity.

The above estimate is sharp.
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And for (2), we have

1 2 2
t
/ D2 gy (_”4 __ E) (1+r+0"*> (1 +r)rdr
0

1 )
SCt_S/Z/ exp (——) dr < ct™!
0 4t

Case2.1(n=1): If0 <t <2, for (1), we have

0 t 1> r
/ t~exp (—— - —+ —) c(L+r+0)" Y21 +r)dr
1

4 4t 2
</Oot_lexp —ﬁ+Z -+ 20 +r)dr
~ N 48 2

<C/00t_1 - + |12
= X _— —|r r
| PI73 72

- r*\ 1
t™ exp (—g) r/2dr
2
t~exp (—%) rdr

00 7‘2 r2
exp (——) d(=—)

IA
a
>
o

— —

IA
o
>
o

IA
a
>
o

8t

=

8

R+ N N DN~
~— ~——— ~— ~—

NN

— — —

exp (—x) dx < exp (%) 4T(1) < 400

IA
(]
>

S
=

and for (2)

t r r

1
/0 t~! exp (_4_1 i 5) (1+r+6)"Y2(1 +r)rdr

4t
1 2 2
r r
<C2 ——|d|—
- /OeXp( 4t) (4t)
1

&
SCZ”/ exp(—x)dx < C2I'(1) < +o0
0
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Case2.2(n=1): Ifn=1andt > 2, then for (1), we have

0 t 2
/ - ep(—Z—:E r) (1+r+0) Y21 +r)dr

/ / ] eXp(_Z_:th+r) (1 +r+0) 21 +r)dr

Then, for the first part, we have

4 4t 2
<e ( t) ¢ /te r2+r d
xp|—=) — xp | —— + = | rdr
=P\ 6 ), P\ T2
ty ¢ [ 1 , t
<exp (—Z)m/l exp (—E(r—t) +4_l) rdr
C f 1 )
St37 1 exp(—a(r—t) )rdr

C t—1 y2
St37 ; GXP(—4—t) (t—y)dy

C t-1 y2 t-1 yz
St37 [t/o exp (—E) dy — /0 exp (_Z) ydy]

Cr(%) + 7121 (1)

t t 2
/ t~1 exp (—— Dy E) (A +r+0)7" 21 +r)dr
1

<C < 400
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manifolds
and for the second part, we have
/wt‘l { r2+r (1+r+6)72(1 +7)d
exp|l-——— —+ =] r r)dr
) PlTa 7% 72
0 1
< / t~ exp (—E(r - t)z) (1+r+ t)_%(l +r)dr
t
0 1
< / 2 exp (——(r - t)z) - (1 +r)dr
: 4t
<t73 /mex —l(r— )2 - rdr
- ¢ P\™%
00 2
<t_3/2/ exp (——) - (x +t)dx
0 t
<t73/? [ / e dx + t3/2/ exp (—xz) dx| < +o0
tJo 0
And for (2), we have
1 2
t
/0 t~ exp (_4_1 - :E - %) (1+r+ t)_%(l +r)rdr
1 r2
SCt_3/2/ exp (——) dr < ct™!
0 4t
O

Theorem 3.2.5 (L? Integrability). Let H™*! be a hyperbolic space with n > 2. Then the

heat kernel of the Laplacian operator on H™' H (t, z,2’) , satisfies that
||H||L2(Hn+1) < Cexp(Apt) fort>0

where C = C(n)

Proof. From the result of Davies and Mandouvalos, we only need to show the

following integral is uniformly bounded.
0 1 n2t r2 2 2
/ =D exp (—— i nr) - (1+r+t)"“(1 +r)°sinh"(r)dr
0
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By the fact thatsinh™(r) — exp(nr) asr — o and sinh(r) —» r"asr — 0 we

only need to show that

00 | 2t 2 ) 5
/ t—(n+)exp(___—)-(l+r+t)”' (1 +r)“dr < +o0
1

2 2t
and
! —(n+1) nzt 1’2 n-2 2.n
t exp _T_Z__Hr (1+r+6)"“(1 +r)r"dr < o0
0 t
0 2 2
t
[ () oo
1
let - —(n+1) r2 n-2 2
<exp 5 t exp e (1+r+6)" (1 +r)<dr
1
n-2 2 o )
t
<C(n) Zexp —n? / =D exp (—%) - kekdr
k=0 1
n-2 2 o 2
n-t r
SC(H) exp |—— / t—(n+1—k) exp (__) . r2(n—k)+1dr
;) 2 1 2t
n-2 let
<C(n) Zexp 5 I'(n+1-k)
k=0
2
t
<C(n) exp (_n_)
2
and

1 n’t 2
/ t_(n+1) exp (—— - = Tll") . (1 +r+ t)n_2(1 + r)zrndr
0
2 1 2
t
<exp (_n_) / ¢~ () exp (_r_) c(L+r+0)"2(1+r)%dr
2 0 2t

<C(n)exp (—%Zt)

oo
1

The last step is from the / .
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manifolds

Remark 3.2.6. For n = 1, actually the heat kernel of ||H|| 2y (t) — o0 ast — 0.

Case 2 : (n=1) Then, we have

00 2
/1 t72 exp (—% - ;_t) (1 +r+0)7 (1 +7)2dr

and

2 2t
D) [ 7
——|rd
2+t Jy vy R
exp (-5) 7

O

Theorem 3.2.7 (Short time convolution). Let H™! be a hyperbolic space with n > 2.

And let H(t, 2, 2") be the heat kernel of the Laplacian operator on H™*'. Then, for every

0<t<T, wehave

1 1

/MH(t’ 2 %) [r(z,20) + 1+ a]“’dz <CnT,0) [r(2,20) + 1 +a]®

where a > 0, w > 0 and C(n, T, w) is a constant only depending on n, T and w.

Proof. First, by the heat kernel estimate of [11] in the complete manifold and the
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symmetry of the hyperbolic space, we have

2 ’
H (z; z, t) < C(T, n)t_("”)/z exp (_M)

8t
Therefore,

1
H(t ! d
/M R P o S P

2 ’
:/ (D72 exp _r(z3) ! dz
M 8t [r(z,20) +1+a]®

Letd =r(2,2p). Then, we have

2 ’
—(n+1)/2 r-(z,2) 1
t - d
/M P ( 8t [r(z,20) +1+a]® z

2 ’
- [/ +/ ] D2 e (_r (2,2 )) 1 N
M\By(z') JBy(z) 8t [r(z,20) + 1 +a]®

For the first part, by the triangle inequality, we have

2 ’
/ D2 (_" (2,2 )) 1 iz
M\By(2') 8t [r(z,20) +1 +a]®

2 ’
< / = (D72 exp (_r (2,2 )) ! dz
M\By(2) 8t [r(z,2’) —d+1+a]®

00 2
—(n+1)/2 r 1 . 1n
< t - h'(r)d
_/d eXp( St) [r—d+1+a]‘*’Sln (rydr

For the second part, by the triangle inequality, we have

2 ’
—(n+1)/2 r-(z,2) 1
t - d
‘/Bd(z,) e=p ( 8t [r(z,20) +1+a]® #

2 ’
—(n+1)/2 r°(z,2") 1
< t _ d
- /Bd(z') P ( 8t Jld-r(zz)+l+a®

; (n+1)/2 r’ 1
< e - inh"(r)d
_/0 exp( 8t) [d—r+1+a]“’Sln (rydr
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manifolds
Case1: (d > 2) For the (5), we have
. —(n+1)/2 n
t h"(r)d 3.2.10
/d exp( )[r—d+1+ sinh"(r)dr ( )
2d r
sc/d = D/2 exp (—8—) T — exp(nr)dr (3.2.11)
® 1
ve [T (-2 d 32.12
/2d P\ =g r=d s 1 ape OP (3-2.12)
Then, for (10), we have
2d )2 r2 1
e\ -—— d
,é e“% &)U—d+l+dw@wwﬂr
) 1 2d )2 2
<C 4n°t g —-——|d
<Cexp(4n )[1+a]“’/d exp( 16) r
1 2 d x?
=Cexp(4n’t)d——— [ ¢ /2 d
exp(4n-t) [1+a]‘”/1 exp Tar | &
1 2 d?x?
=C 4n’t d—Tﬁ/2/ g~ (B+1)/2 ——\d
exp(dn’t) [1+a]® 1 P\ " Ter |
N 2 22\ 2\ e
<C 4n“t)dTP* ———— — = d|—
<Cexp(4n’t) [1+a]w/leXp( 16t) (t) (t)
1 4ph) g ﬂ +1 1
2.\rB/2
<Cexp(4n“t)T +a® amd ) <C(n,T, B)[ Ta]® o

C(n,T,w)
T r(¢,20) + 1 +al]®

Remark 3.2.8. Here, we just use the fact that

d+1+a)”

1+ a)ed <C and ford>2,a>0
aww

where C = C(w) is a constant only relying on w.
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Then, for (11), we have

00 2
~(n+1)/2 r 1
t - d
/2d P ( St) [r—d+1+a]® exp(nr)dr

S S /mt—(n+1)/2 exp r +nr|dr
[d+1+a]® Jy 8t
2 o 2
SM g (n+1)/2 exp - dr
[d+1+a]l® Jy 16t
Cexp(4n’t) [ ’
<CeRERY [T a2 gy (L) gy
[d+1+a]® Jy 16t

(n—1)
<Cexp(4n2t)4”+‘ /"" . r? r2\ 2 4 r?
X —_—— . —_— —_—
STd+1+a® Sy SP\TTet) | Ter 160

2 n+l
<Cexp(4n t)4 n+ 1) < C(n,T,w)

[d+1+a]® I( 2 77 [r(#,20)+1+a]®

For (8), we have

; (n+1)/2 r’ 1
t" - inh"(r)d
/0 exp( St) [d=r+1+a]® sinh’” (r)dr
: (n+1)/2 r’ 1
<C " — "d
B /0 exp( St) [d—r+1+a]‘*’r :

4 (n+1)/2 r? 1
+C " - d
/1 eXp( St) [d—r+1+a]® exp(nr)dr
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For (13), we have

L e r? 1
=\ - "d
/0 eXp( 8t) [d—r+1+a® o

87 _ n+1 1
_[d+a]“’r( 2 ) < Cln, @) [d+1+a]® < Cln, @) [r(2,20) +1+a]®

Then for (14), we have

2

d
1
~(n+1)/2
t - d
/ exp( St) [d-r+1+a]® exp(nr)dr

1
g d 2
2 r 1
—(n+1)/2
+ t -
1 /% exp( St) [d—r+1+a]

—exp(nr)dr
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d

/7 (~(nt1) /2 r’ 1 (nr)d
X _— explnr)dr
1 P 8t) [d-r+1+a]® P

d

1 2 r?
g—/ =02 exp [-— + nr| dr
[£+1+a]® i 8t

’ d 2
SC(oo) exp(4n-t) / P = (n+1)/2 exp (_r_) dr
1

[d+1+a]®

d
C(w)exp(4n®t) 2 iy r
< diiral J, " exp |—— | r"dr
n—1

<C(oo) exp(4n’t)4mt! /% P\ (r?\ 7% q r?
exp|-——||— —
ST d+t+ae S, TP\ TTed) \ et 16t
C 4 2t 4n+1 1 1
- (w) exp(4n 2) F(n+ ) < C(n.T, w) , _
[d+1+a] 2 [r(2’,20) +1+a]

Remark 3.2.9. Here, we just use the fact that

(d+1+a) <

<2* ford>2,a>0.
d+1+a) f
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‘ (n+1)/2 r’ 1
" - d
A exp( 8t) [d=r+1+a]® exp(nr)dr

2

1 I —(n+1)/2 r?
S[l+a]w‘/% t exp(—§+nr)dr

<M dt‘(””)/zexp —i dr
< 16

[1+a]® d
_Cexp(4n’)T?/ / dt—(n+B+1)/2 exp o (I)”ﬂ dr
= [1+q® g 16t \d
Cexp(dn’)TP2 1 / ? a2 exp 7\ sy,
- [t+ale dvP e 16t
<Cexp(4n2t)Tﬁ/24# LY RN
[1+a]® dn+B 2

1
[r(2/,20) + 1 +a]®

<C(n,T,w)

Case2: (1 <d < 2)We only need to show that (5) and (8) are both bounded. For (5),

we have

00 2
~(n+1)/2 r 1 . 1n
t - h"(r)d
/d exP( St) —dslsqe mhndr

-~ 2
< C(w) t—(n+1)/2 eXp _r_ + nr dr
[1 + a]a) d 8t
2 o0 2
SC(oo) exp(4n-t) ¢~ (n+1)/2 exp - rdr
[1 +a]w d 16t
C(w) exp(4n2t)4n+1 n+1
< T <C(n,T
[1+a]® (F) =l
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For (8), we have

(” 1)/2 1 n
/ eXp ( t) [ 1 ] Sin (]) 1
— : ( 1)/ 1 n
= + t ] © i
[ n+ 2exp( 8t) [ T+a] sinh" (r)dr

)2 r? 1
" _ d
/0 CXP( St) [d—r+1+a® O

C(w)8'% _ n+l
< r <C(n,T
= [1+a]w ( 2 ) — (n) ,(A))

d (n+1)/2 r? 1
=\ - "d
/1 CXP( St) [d-r+1+a®

C(w)8'F _ n+l
_[1+a]wl"( > ) <C(n,T,w)

Case3: (0 <d < 1) This case is almost same with the case 2. We just omitit. O

3.2.2 The spectrum results

Let (M™!, g) be an asymptotically hyperbolic manifolds with defining function p. In the
following sections, we will talk about some results about the spectrum of the Laplacian
operator of (M™!, g) and the behavior of its modified resolvent after meromorphic
continuation.

The first result is about the spectrum of the asymptotically hyperbolic manifold. The
g-form result is originally from the R. Mazzeo [35]. And later, it is reproved by the J.

Lee [30].

Theorem 3.2.10 (Theorem 1.3, [35]; Proposition F, [30]). Let (M™!, g) be an asymp-

totically hyperbolic space. The Laplace-Beltrami operator on M acting on q - forms
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satisfies that
(a) When0 < q <n/2, withR=n/2 —q.
(b) Whenn/2+1<q<n+1,withR=q-n/2-1.
In each case, the essential L* spectrum of A is [Rz, ).
For the symmetric two tensor result is from J.Lee [30] and E.Delay [15].

Theorem 3.2.11 (Main theorem, [15], Proposition D, [30]). Let (M n+l g) be an asymp-
totically hyperbolic manifold. The Lichnerowicz operator Ay, acting on symmetric 2

-tensors has the essential L> spectrum, Ay is [n2 /4 = 2n, ).

Then, R. Mazzeo [36] show that there is no embedded eigenvalue into the essential

spectrum.

Theorem 3.2.12 (Theorem 16, [36]). Let (M™! g) be an asymptotically hyperbolic
manifold. The Laplace-Beltrami operator on M acting on function satisfies that there

. . : : 2
is no eigenvalue embedded into the essential spectrum [ — 2n, 00).
Then, E.Delay prove a corresponding symmetric two tensor case.

Theorem 3.2.13 ([16]). For n > 2, let us consider (N, g) an n—dimensional compact
Einstein manifold. Let M = (0, c0) X N equipped with an asymptotically hyperbolic

metric

g=(dr)*+ f(r)g

Then there are no L* TT-eigentensors (Trace-free and divergent free symmetric two
tensor) of the Lichnerowicz Laplacian Ay with eigenvalue embedded in the essential

spectrum. For the real hyperbolic space, there are no L* eigentensors of Aj.
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Chapter 3 The stability of AHE manifolds under Ricci flow

Moreover, we call asymptotically hyperbolic manifold (M, g) asymptotically hyper-
bolic Einstein manifold if (M, g) is also an Einstein manifold. The asymptotically
hyperbolic Einstein manifold (M, g) is a fixed point of the normalized Ricci flow equa-

tion

8tgt = _2R1Cgt + 2Agt (3.2.16)

where A is the Einstein constant of (M, g), (i.e. Ric = Ag). We can always normalize

the equation into the standard case A = —n.

§ 3.3 Heat kernel estimates of R.Bamler

Theorem 3.3.1 (Long time convolution). Let H™*! be a hypebolic space with n > 2.
And let H(t, 2, 2") be the heat kernel of the Laplacian operator on this hyperbolic space.

Then, there exists a constant C(n, w), such that

1 1
H(t,z, 2 dz < C(n,
,/M ( ZZ)[r(z,zo)+1+a]w z (n w)[r(z’,zo)+t+1+a]“’

where a < 0 and w > 0.

Before we proving this theorem, first we need to introduce a property hyperbolic

space which have been used in the [2] (Lemma 6.3).

Lemma 3.3.2. Let M = H™! or CH*™*V. There are constants C < oo and u > 0 such

that:
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§3.3 Heat kernel estimates of R.Bamler

Consider two distinct points 2y, 2" € M and let rog > 0,0 < a < % Letv € T,M be

the vector pointing towards zy and define the sector
Sva = {expz, (u) :u €Ty M, <y (u,v) < a}
Then for d = d (20, 2") — ro we have
vol (By, (20) \Su,«) < Ce Hdg=2(n=1),

Proof. By rescaling we can assume that the sectional curvature are less than —1. By

the graph, we see that

B, (20) \Sv,a C Bq (z,)

We know the law of cosines in H? is
cosh(rg) = cosh(rg + d) cosh(a) — sinh(rg + d) sinh(a) cos a
By the Rauch comparison theorem, in the H™*! or CH2("™*1) we have
cosh(rg) > cosh(rg + d) cosh(a) — sinh(rg + d) sinh(a) cos a

Since

cosh(rg) = cosh(rg + d) cosh(d) — sinh(rg + d) sinh(d),
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we have

cosh(rg + d) cosh(d) — sinh(rg + d) sinh(d)

> cosh(rg + d) cosh(a) — sinh(rg + d) sinh(a) cos a
sinh(rg + d) sinh(a) — sinh(rg + d) sinh(d)

> cosh(rg + d) cosh(a) — cos a cosh(ry + d) cosh(d)

sinh(rg + d)[sinh(a) cos a — sinh(d)] > cosh(rg + d)[cosh(a) — cosh(d)]

and

sinh(a) cos a — sinh(d) > cosh(a) — cosh(d)
cosh(d) — sinh(d) > cosh(a) — sinh(a) cos
e ¢ > sinh(a)(1 — cos a)
Therefore, we have
sinh(a) < e"4(1 —cosa)~!

Then, we have
vol (B, (20) \ Su.a) < vol (B4(2)) < Csinh™(a) < Ce™™ (1 —cosa)™ < Ce ™a™"

O
Proof of Theorem 3.3.1. For small times t > 1, the estimate follows with the help
of the Theorem 3.2.7. So we assume thatt > 1. Letr, ki, - - - , k¢, k7 be some positive

constants to be determined.

146
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Casel: (r +kit < 1+a)By the L' boundedness of H(t, z, 2’), we have

1 C C k
/H(t,z,z') dz < (n, @) < (n, @, k1) .
M [r(z,20) +1+a]® [1+a]® ~ [m+1+a+t]®

Case2: (r; + kit > 1+ a) Then we have

1
H(t ! d
/M R Yo S P

1)
M\Br2 (20) B, (20)

For the first part, we have

1

H(t !
(’Z’Z)[r(z,zo)+l+a]“’ z

1 C(k
/ H(t,z,2") —dz < #ﬂ)
M\B,, (z0) [r(z,20) + 1 +aq] [+ 1+a]

(3.3.1)

For the second part, we have

1 1
H(t,2,2) dz < [/ +/ ] (3.3.2)
/Brz (20) [r(z,20) + 1 +a]® [1+a]® " Jb, o)\sva By 20001

By the L! integrability and the L? exponential decay of the heat kernel

|H|l1ar) () < C(n) and  ||H||;2(¢) < C(n)exp(-Agt),
together with Lemma 3.3.2, we have

/ < c(n)exp(n(ry —r1) — Agt)a™"
Br2 (ZO)\SU,[X

and

/ < C(n)a™ This is because that the L' integrability of H
Br2 msu,a

147



Chapter 3 The stability of AHE manifolds under Ricci flow

Therefore, we just need to find some proper a and r; such that

C(n,w)
[ri+1+a+t]®

C(n,w)
[ri+1+a+t]®

exp(n(ry —r1) — Agt)a 2" <

A

and o

Letr, —ry = —kpry + kat + k4(1 + a). In order to guarantee that r, > 0, we need

(1 —ko)ri + kst +kg(1+a) >0

By the assumption that r; + kit > a + 1, we can just simply set

=1 -k)(ri+kit—(1+a)) O<ky<l1

On the other hand, in order to guarantee that

C(n,w)
T [+ 1+a+t]e’

n

we set

a = exp(—ksr; — ket — k7(1 + a)).
Together with the requirement

C(n,w)

—2n<
T [+ l4+a+t]e’

exp(n(rp —ry) — Agt)a
we need to require that

exp(n(ry —r1) — Agt)a ™"
=exp(—nkpr; + n(1 — kp)kit — n(1 — kp)(1 + a) — Agt + 2nksr) + 2nket + 2nk7(1 + a))

=exp(—n(ky — 2ks)r; — (Ag — n(1 — kp)k; — 2nke)t — n(1 — ky — 2k7)(1 + a))

Take proper ki, - - - , k7 such that the coefficients of the above formula are all positive.
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Wecantakek; = 1, k, = %,k5 = %,ké =2_34nd k; = % Then we have (k,—2ks) =

1
n 4 4

(Ag — n(1 = kp)ky — 2nke) = % and (1 —ky — 2ky) = % which satisfies the requirement.

O

3.3.1 The spherical coordinates and the Casimir operators

Now, let v = k; € I and p = exp (k;t) exp (rxo)(po) € M where r > 0 and xp € a (a is

the Cartan subalgebra). Then

Van, (k)1 f =%f (exp(kit) exp(rxo)) + po«(ch(ad (~rxo))Ad (exp(~kit) ki) (f)

=%f(e><p(kit) exp(rxo)) + po-(ch(ad(=rxo))k:) (f)

Therefore,

— d? .
Van, k), Ve (k) f =@f (exp(kit) exp(rxo))
d -~
+ 2P0*(Ch(ad(—rxo))ki)(5f)

+ p(z)*(ch(ad(—rXO))ki) (f)

Now, let k; = % (x; + yi), where x; is the positive root and y; = o(x;) is the negative
root. (See detail in the section of root system. )
d* .
“aF(exp(kit) exp(rxo)) oo
d -
+ 2po(ch(—rai(x0) ki) (= f)

Vn, (ki)l, Vdr (k) f =

+ pg(ch(=rai(x0))ki) (f)
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On the other hand,

dr, (ki) (exp(kit) exp(rxo)) =(dp,)e(sh(ad(=rxo))Ad(exp(=kit))k;)

=(dmp,)e(sh(ad(-rx0))k;) € Tp)M
Therefore,

Vot (ki) = () (shad (7o) Ad (exp(~ki) k)

+ po(ch(ad(-rxo))Ad (exp(kit)) ki) [7..(sh(ad(-rxo))Ad (exp(—kit))k;)]

Att =0,

Vo ko, @e (ki) = (A7) (sh{ad (o) k)
+ o (ch(ad (~rx0) k) [y, ) sh(ad () Ad (exp(kit) ko)
—[sh(ad(=rxo))k;, ch(ad(=rxo))ki]
=[5h (- (x0)r )P, ch(~ai(o)r)k]

=sh(—a;(xo)r)ch(—a;(xo)r)(dmp,)e ([ i, ki])

where p; = %(xi —y;) and [p;, ki] = [x, yi] = Z;zl ai(pj)pj. (r is the rank of the
symmetric space and p; is the basis of the maximal abelian subalgebra. See details in

the section of root system). Therefore, for p = exp (rxg)(po), we have
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.
Bflp =) V(o) Van.(op f

=1

n—-r n—r
1

Z Ve (ki)l, Vdre (k) f = Z Vdne(ki)|pd7re(ki)f]

+ _—
s (—ai(xo)T) Z

)
= j—f(exp(tpj) exp(rxo))e=0

=
< ch(=ai(xo)r)

d ~
- sh(—ai(xo)r) le O(i(Pj)af(exp(tpj) exp(rx0))

i=

1 d? —
’ Z‘ T2 o ey a2 (P ki) exp(rx0))le=o

= 2coth(—ai(x0)r)
* 2 et

ch?(—ai(x0)r) 5
+Zsh2( Oll(X )I’) ()*( l)f

po (k) 3 F(exp(kit) exp(rxn)) o

Remark 3.3.3. We can see the above formula for Laplacian operator is only for the point
p = exp (kit) exp (xor)(po). For the other point, we will use the spherical invariance of

Laplacian to get it. (See )

Remark 3.3.4. We see the above discussions do not rely on the choice of the repre-
sentation pg. Therefore, the above results also holds for the general associative vector

bundle of the principal bundle G — G/K
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3.3.2 The maximal principle

Lemma 3.3.5. For everyt > 0 and v € a denote by K;(v)(min) resp. K.(v)(max) the

minimal resp. maximal eigenvalue of the endomorphism K.(v). Then
0 < K¢(v)(min) < K;(v)(max) < K/ (v)

Moreover, K.(v)(max) is a subsolution to the heat operator 9, + L° in the following
sense: If (Gt);sy, € C*(a) is a solution to the equation 3,G, = —L°G, and a spherical

model at all times, then K, (v)(max) < Gy, implies K;(v)(max) < G, for all t > t.

Proof. The proof makes use of the maximum principle. We will first establish the
bound K;(v)(min) > 0. If the inequality was not true then, by the local behavior of the
heat kernel for small times, we would find some € > 0 and some first time t’ > 0 such

that there are v’ € a and ¢’ € E( with |¢’| = 1 such that
(K¢(v)e,e) = —¢

holds for all t < t/,v € a and e € Ejy with |e| = 1 with equality for t = t',v = v" and

e = ¢’. This implies Ky (V') ¢’ = Ky (V") (min)e’ = —¢e’ and
(0:Ky (V') €/,¢’) <0

as well as (9,Ky (V') ¢/, ¢’) = 0 for any direction u € a and (AKy (V') ¢’,¢’) > 0. As for
the zero order terms we compute (note that due to the invariance of (-, -) on Ey under the

action of K, we have (k; - e, ex)+{e1, ki - e2) =0foranyi=1,...,n—rand e, e; € Ey)

(K (V) (ki - ki - €') ,€') = (Ko (V) (€) , ki - ki - €)
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=Ky (V') (min) (k; - k; - ¢’,¢") = e (ki - ¢, ki - &’)

and
ki (Ko (V) (ki €)), €)= — (Ko (V) (ki €) ki~ €) < & (ki - &, ki - &)
So
— Ky / ks - —C di (U,) ’
(0K (V) €, e>>2<h2 e ) (k) S e 01) ()
—2Mki (Ko (V) (ki ¢)), >

b a; (')
1 —cha; (V') e
> Z( shot; () ) |ki-e'|” >0
3.3.3 A remark about the result of O.Biquard and R.Bamler

Combine the result of R.Bamler and O.Biquard for the quaternion hyperbolic space and

octonions hyperbolic space, we can deduce a very strange result.

Definition 3.3.6 (Definition A, [7]). Let H = Uy,—1, Spm—1Sp1 or Spin 7, corresponding
to the complex, quaternionic or octonionic cases, respectively. Let S"~! be a manifold
with a contact 1-form n with values in R, R3 or R, respectively, and let V = kern. A
Carnot-Carathéodory H-metric compatible with dn is defined to be a metric y on V such

that

* in the complex case, the restriction to V of dn is a symplectic form compatible

with g (that is, dn(-, -) = y(I-, -) where I is an almost complex structure on V );

* in the quaternionic case, the three 2-forms (dn, dn,, dns) on V provide a quater-

nionic structure compatible with y (that is, dn; (-, -) = y (I3, -) for almost complex

153



Chapter 3 The stability of AHE manifolds under Ricci flow

structures I; satisfying the quaternionic commutation relations);

* in the octonionic case, the seven 2-forms (dny,...,dn7) on V provide a Spinn
structure compatible with y (that is, dn;(-,-) =y (I;-, -) for almost complex struc-

tures I; satisfying the octonionic commutation relations).

Theorem 3.3.7 ([2]). Let (M, 3) be either H" for n > 3 or CH>* for n > 2, choose a
basepoint xy € M and let r = d (-, xq) denote the radial distance function. There is an
€1 > 0 and for every q < co an €y = €5(q) > 0 such that the following holds: If go = g+h

and h = hy + h satisfies

&1
+1

1/q
|hi| < and  sup |hy| + (/ |ho |2 dx) < &),
r M M

then Ricci flow (1.1) exists for all time and we have convergence g — g in the pointed

Cheeger-Gromov sense.

§ 3.4 Heat kernel estimates of X.Chen and A.Hassell

he basic strategy for analyzing the heat kernel is to express it in terms of the spectral
measure
e~t(8x) — ptn?/4,—t(Bx-n/4) _ e_t”2/4/ e_tGdE(AX—n2/4) (o)do
0

and then, via Stone’s formula, in terms of the resolvent:

e t(8x) — ZLe_mz/“ /00 e—tAzR()L —10)24dA, o= A*
s -

(o)

Theorem 3.4.1 ([ 10]). Suppose (X, g) is an n+1 -dimensional asymptotically hyperbolic

CartanHadamard manifold with no resonance at the bottom of the continuous spectrum
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and denote the operator |(Ax — n?/4) . by P. The Schwartz kernel of the spectral

measure dEp(A) satisfies bounds

CA?, if A<l
|dEp(A) (2,2")] <

cAtif A1

Theorem 3.4.2. Assume that (X, g) is an asymptotically hyperbolic Cartan-Hadamard
manifold with no eigenvalues and no resonance at the bottom of the spectrum. Let r
denote geodesic distance on X x X. Then the resolvent, R(1) = (Ax — n*/4 - 12)_1 is
analytic in a neighbourhood of the closed lower half plane Im A < 0, and satisfies in

this region of the A-plane and for r(1 + |A|) > 1 (the 'off-digaonal regime’) (2.7)
R(A) (2,2)) = e ™MRoq(A) (2,2)), r=d(z2)
where
o for |A| < 1,Roq(N)is an element of (pLpr)™* A° (Xg)

 for |A| = 1,R,q (1) is of the form

PP oo p Al (X§ x1 [0, l)h)

In particular, Roq(A) is a kernel bounded pointwise by a multiple of
(T‘(l + |)L|))n/2—lr—n+l — r—n/Z(l + |A|)n/2—l

forr <C, and

e—nr/Z(l + |A|)n/2—1

forr > C.
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Chapter 3 The stability of AHE manifolds under Ricci flow

This result is from the result of Melrose-Barreto-Vasy [44] [40]. [10] obtain a

semiclassical resolvent
5 2 2.2 2\ !
R(h,0) = (h Ax —Rn2/4 -0 ) with |o] = 1,Tmo < O and h € [0, 1)

through the parametrix G(h, o) constructed by Melrose, Sa Barreto and Vasy. Then
the properties of the resolvent R(A) in Theorem 2.2 follow from the counterparts for
R(h, 0). Their idea is from [36] [33]. Let (X, g) be a n + 1 dimensional asymptotically
hyperbolic manifold. They construct 0—double space (i.e. blow up of double space X?).
Then, introduce the O—calculus. By this way, they construct the resolvent for Laplacian

operator.

3.4.1 The heat kernel estimate for function case

In this section, we will introdue the idea of X. Chen and A. Hassell to do the heat
kernel estimate. Basically, first they use the spectrum theorem to covert the heat kernel
estimate to the Schwartz kernel estimate of Laplacian operator. Then they make use of
the high frequecy estimate for Schwartz on Asymptotically hyperbolic manifold to get

the corresponding heat kernel estimate.

Theorem 3.4.3 ([10]). Let X be an n+ 1-dimensional asymptotically hyperbolic Cartan-
Hadamard manifold with no eigenvalues and no resonance at the bottom of the spectrum.

Then the heat kernel obeys
e—tAX (Z, Z/) < Ct—(n+l)/Ze—n2t/4—r2/(4t)—nr/2(1 7+ t)n/2—1 (1 + T‘)

where r is the geodesic distance between z and 2’
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§3.4 Heat kernel estimates of X.Chen and A.Hassell

We see the heat kernel can be write like

2 7 ©
h(t,z,2) = lim e 4f2L e R(A — ig)2AdA

£—0 _oo

By the theorem 3.4.2, we see that if (1 + |A|? + £€2) > 1, we have
R(A)(z,2) = e Roq(1)(2,2)
Now, suppose that r > 1. Then, Obviously, (1 + |)L|2 + 82) > 1. Therefore,

n? ] o0
h(t,z,2") = !1_{1(1) e'Tfé / e'MzR()L —ie)2AdA
e—0

n2
=lime” 4t—/ ~tA =i OrR.a(A —ig)2AdA

n2 [
:lin(l)e_ztle / U2 gmidrgmerp (A — ie)2AdA
£ JT

Since

. 2
e—t/lze—mr: —t(A ’__@+4t2) t(,1+ )2_r_

Therefore
PN V= I .
h(t,z,2") :gl_lge Tie e o e %) Rog(A —i€)2AdA
Therefore, we have that
2 2 1
h(t,r(z,2)) =e Tle 4{2—1m% AR (A — ie)2AdA
I e—

Now, let w = A4 + . Then, we have

2, 21 2 ir ir
h(t,r(z,2)) = e Tle" % — lim e " Rog(w — — —ie)2(w — —)dw
I -0 J(w)=L 2t 2t
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Again, by the theorem 3.4.2, we have the kernel of R,;(4) bounded pointwisely by

multiple of
e—nr/Z(l + |A|)n/2—1

Then, we have

n2 20 nr ir n ir
Ih(t,r(z,2)))| < e Tle % — e (1 4+ |w— — —ie)) 27 12(w — —)dw
21 J(w)=£ 2t 2t

The shift of the integral contour: We want to show that

2 ir . ir 2 ir . ir
/S(w)z t e Rog(w — i i£)2(w — 2—t)dw = /Re““ Rod(w — % i£)2(w — Z_t)dw

2r

Consider the following integral

= ¢ Rog(w — r_ i£)2(w — i—r)dw
/p3 ~/S(w):% 0 2t 2t

Now, define

Ry . .
to? ir ir
= R - — —ie)2(w - —)d
/P] -/—R| e od (@ o i€)2(w 2t) w

and

/ = / ethRod (w - LA ie)2(w — E)dw
Py R(w)=Ry, 0<T(w)< % 2t 2t

Let w = Ry +ib. Then

/ - / e tR+p (R ib — L ie)2(Ry + ib — —)idb
P, 0 2t 2t
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Then, similarly, define

to? ir . ir
= Rog (@ — = — i£)2(w — =)dw.
£4 A(w)Z—R|,OSS(w)S ¢ Od(w 2t lg) (w Zt) @

L
2t

By letting w = —R; + ib, we can write fp4 as
/ _ / e R R (R 4ib— - —ig)2(=Ry +ib — —)idb
Py 0 2t 2t
Then, since R,q is analytic in the domain
ir r
J(w-=—-ie) <0=>7 < —+
(w P i€) (w) TR
Therefore, we have that

/: lim /+/ —/
Ps R|—00 Ry—00 P, P P,

For fpz, by the theorem 3.4.2, we have that

B R ithRo b~ 2 r 11 2 r
|L2|SC/O e e e e 2(1+\/R2+(b—Z—€)2)2 (,/R2+(b—z)2)db

tR

. _+p2
By the existence of the term e™"*2, we can see that

lim =0
Ry—o0 P,

Similarly, we can get that
lim =

R]—)OO

Therefore, we have that

/= lim /
Ps R|{—00, Ry— P,
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Chapter 3 The stability of AHE manifolds under Ricci flow

Therefore,

e’ R a(w — r_ i£)2(w — i—r)dw
/5;((0):% ¢ 2t 2t

= /R et“’ZROd (w — % -i£)2(w — %)dw

Exchange the order of the limit and integral: We are going to show that

li wp (@=L ie)2(w- L)
el—I>I(l) Re al@ 2t ie)2(w 2t)w

2 ir ir
:/Re“" Rog(w — Z)Z(w - Z)dw

First, we change the variables. Let w = n + ie. Then

2 ir ir
‘/Re“*’ Rod(w — % i£)2(w — Z)dw (3.4.1)
= et R () — i—r)z(q _r, ie)dn (3.4.2)
‘/i;(’]):—f © 2t 2t
= e Rog (1 — 2)2(n — 5-)dn (3.4.3)
‘/3(,7):_5 © 2t 2t
+2ig / etie’p (n — Dyap (3.4.4)
I(n)=—¢ 2t

First, by the previous section, we see that

343) = [ ™R (= Lyan - Lyg

(:4.3) = [ e R - 200 -

(3.4.4) = 2ie / et R (- ;—r)dn

R t
For (3.4.4), by the theorem 3.4.2, we have
(3.4.4)| < 2¢ / e e |20 e~ % (1 4 | - ;—r|)%‘ldn
R t

The integral is bounded by the existence of the term e Therefore, (3.4.4)— 0 as
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§3.4 Heat kernel estimates of X.Chen and A.Hassell

For (3.4.3), consider the difference
34.3) = [ @R (0= Ty - Ly
G43) = [ O R = 9200 - )
<2 t(+ie)® _ | IR _Iny. _i_rd
<2 [ 1~ e R = 301 = 3
<2 —tn?| te? —2itne —11-IR _ E dotln — E d
<2 [ eI e 1] R = ledotln - Soidn
Then, by the theorem 3.4.2, we have
2 —tn?) te* —2itne ~1!-IR _ E . _ E d
eI ) gt = 5001 In = Sl
) —tn?| te? —2itne —11- - 1+1n— E =1 1, _ E d
<2 [l 1] e (1 Iy = TDET - fn- Tl
=2 e e e _ e F (14 g — — )3 Jp - —|d
| e e F (I 3D - In - ldn
: nr ir n ir
+ 2/ e e e 2 e E (14 |- )P - - 5-ldn.
In|>6 2t 2t
And
. nr ir n ir
2 [ eele 1 e E (e - DA In- il
In|>6 2t 2t
nr ir  n ir
<o [ e E Q- SDE - S
In|>6 2t 2t
Therefore, take large enough &, this term is going be small enough. And
2 e e e 2iE _ 1] o7 T (14 _ Iy —i—rd
| e e F (I = 303 < In~ Sl

<2 e—t,,2 ethe—Zitr]s_l '6_% 1+In— E L P E d
/M | e E i -
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Chapter 3 The stability of AHE manifolds under Ricci flow

fix §, we see that
etsze—Zitne _ 1| -0

uniformly, as € — 0.

The estimate of the heat kernel: Now, we have that the heat kernel

Rt r(z,2)) = 5 te = / R (- 200 - L)a
= f— w-—=—)2(w-=—)dw.
,7(2,2 e e o IR{e od o on

Then, by the theorem 3.4.2, for r > 1 we have that
IRoa(1)| < Ce™% (1 +[A])37!
Therefore, we have that

, 2, 2 —tew? ir ir
Ih(tr(z, &) <Ce™ T | e Roa(w ~ )| o — 5-|dw
R t 2t

2 2 2 ir ir
sce e [ @ tejo- L) o Tlda
R 2t 2t

—ﬁt‘ _ﬁ _nr _th 2 rz 21 2 1‘2
<Ce +'¢ #e 2 [ e (l+4|w +—2)2 @+ —dw
R 4t 4t

Then, we will make use the following formula

Ci(a] + |b]) < Va2 +b2 < |a| + |b|

C3(lal* + [pI) < (a+b)* < Cy(lal* +|b[")
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for k > 0. By the above inequalities, we have that

n? r2 nr 2 r2 n T’Z
|h(t,r(z,2))| <Ce” 7'e e 2 / e (1 44w+ —)2 w2+ —dw
R 4t? 4t2

2

n 2 nr 2 r.n r
~Ce Tl @e 2 Tt + +—)27! +—)d
CEEE [ (ol ) (ol + 2do
Therefore,

2 2
eTleTe |h(t,r(z,2))|

IA

[ ol + 24 ol + Lo

IA

IA
S —5—5—3

e (] + 5) + (] + ) ]do

—tw? r % L % n
e (ol + 3) + (olt + () do

< —tw? L 5 L 5 d
<[ e [|w|+2t+|w| +(2t) ldw
Then, by the fact that
0 1 nal 1 +1
[ewlar =2 [ er—my Jay =50,
R 0 tT 2 t5 2
Then, we have that
2. 2 o 2 r n ' . n
edle®e2 |h(t,r(z,2))| < / e |w| + =— + |w|? + (=) 2 ]dw (3.4.5)
R 2t 2t
1 r 1 ra

(3.4.6)
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On the other hand, for the heat kernel of hyperbolic space, we have that

2 2
eTleT e hyn (t,1(2,2"))

1 n
~—(L+r+t)27 (1 +7)
5
1

il
2

1

el
t2

(1+ @+ (1 +r)*

~

t

~

(1+ (Vr+ V)" ) (1 +71)

(1+7" T 46 7) (1 +7)

t2
n
r r2 r
Tt Tt
t2 t2 t2
n
r2 r
~m T
t2  t2

The last step is because that for r > 0,

n

E rt~rm.

i=1

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)

(3.4.11)

(3.4.12)

(3.4.13)

We see that if we fix r, then, as t — oo, the formula (3.4.6) can not be controlled by the

formula (3.4.13). (The bad term is 1)

(1) (The region for 2 < 2v/t < r) However, if we require that 1 < V't < r, then,

n

r2 r 1
(3.4.13) ~—+ — + =
5 22 2t
1 1 p
>C[=+—— + — + —] ~ (3.4.6)
t 22 t+ tz
Moreover, if 0 < t < 1, we see that
1 1 2 2
(Bab)=-+—+—+—~ 4L = (3413)
t 22 t4 tz tz 2

164



§3.4 Heat kernel estimates of X.Chen and A.Hassell

80:7L 0L°2L'0202

Figure 3.1: Regions for the proof of the upper bound

(2) (The regionfor 0 <t <1, 0 < r < 2) We have

1 r 1 ra ra
(3'4'6) =-+ 3 + n+2 + L el
t 2t2 t4+ tz tz

and

n n
r2 r r2
m T3 T
t'T  t1  t2

(3.4.13) =

Therefore, there exists a constant C, such that
(3.4.6) < C(3.4.13)
(3) The region for 1 < r < 2+/t We start with the formula for heat kernel

—tw? ir ir
e " Rog(w — Z)Z(w - Z)da).

rl2 r2 i
h(t,r(z,2')) =e Tle % — /
2

R
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Chapter 3 The stability of AHE manifolds under Ricci flow

And for the standard hyperbolic space, from (3.4.13), its heat kernel is
n2 r2 nr
etle®er hy (t,1(2,2)) (3.4.14)
~e (v D) (3.4.15)
t2 otz
(3.4.16)

Then, we consider
e%ez‘_zth(t r(z,2)) = : / e Rog(w — E)(ou —~ Z)dou
GO od 2t 2t
(3.4.17)

ir i —te? ir
e Rog(w — —)dw
[ Rasteo = 3

i te? ir
R — —wd
/Re i@ = 5 Jwde 5

T

The second term of the (3.4.17): By the theorem 3.4.2, we have
et (1 4 oo + L)
[ewetasion g

ir i —te? ir
Rog(w — =—)dw| < C
[ & Rasteo = Sdal < ¢

2t
<Cr o [ 1 N 1 +r%_1
<Cz-e -T+t= =
2t t7 ti 5
[T r ra
<Ce 2 =+t =t
t2 t4 t2
~Ce™% (%+ r:) ~ (3.4.15)
t2 t2
The first term of the (3.4.17):
(3.4.18)
(3.4.19)

—te? ir
R, - —)wd
/Re a(w 2t)(,o w

ir ir
/ e‘“"zROd(w - —)wdw + / e_t“’zROd(w - —)wdw
|| <8 2t |w|>6 2t
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Then, for the second term of (3.4.19), by the theorem 3.4.2, we have

ir nr ir n
| e’ Rog(w — S wdw] < / e e T (14w + sz—l |w|dw

lw|>8 |w|>6

nr

~e / (14 w2 + ()3 ) w|dw
|w|>5 2t

<e™7C(8,0)e (1418 < (3.4.15)

where ¢ can be any number in (0, §?). The last inequality above needs the following

remark.

Remark 3.4.4. In this remark, we are going to show that
/ e_thlwln < C(6)e't(52_£)
|w|>68
First, we have

(o]
42 )
/ e |w|”=2/ e w'dw
|w|>8 ]

Lety =tw? and w = \/g . Then, we have that

—tw?) |n ® _te? n D =
e Y wlt=2 e Y w'dw = eV —y Zdy
lw|>8 8 t82 t2

Let z = y — t5%. Then, we have that

Ty Lo 1 T 2y%1
/ e’ —ry Tdy=—; e e (z+t87) 7 dz
t82 t2 tz Jo

1 R S n-1
~— e e (27 + (t8%) 7 )dz
= Jo
—t82 poo —t82en—-1 poo
e . n=l e 98 _ 82
=— / e %z 2 dz+—/ e*dz < C(8,¢)e 69
tz Jo t 0

where € can be any number in (0, §%).
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For the first term of the (3.4.19), we have

/| L Rt - D wdo = /| . 5 (00 Roa(0 ~ )
w|< wl|<

By the integration by parts, we have that

/| ) 6—2—(8we_“" Raa(w = 5)dw (3.4.20)
1

=— — 3, e 'R, w—i)d
2t lw|<6 ( i Zt)

1

—tw? ir
e 3w (Rog(w — —))dw
1 ) g€ B Raalw =20

(3.4.21)
For the first term of the (3.4.21), we have that

1

1 ir
| v e Roa(w = D)) do| < ~—e TR, 5—— (=5 - L
3 w( a(w )) w| e"% |Rod( ) Rod( 2t)l

2t

Then, by the theorem 3.4.2, we have that

I _s ir ir

2te (Rod(6 2t) Rod( 8 Zt))

C _ _z 1 1
<-e e |(1+|5——|) 1_(1+|_5__|) 'l

| 5 21 21
~— T(1+827 + ()2
R (3

nr e_t62 e tézrg_l nr 2 n
~eF |t | s eEC(s, £)e 0 (1+r27) < (3.4.15)
t2—

where € can be any number in (0, §2).

For the second term of the (3.4.21),

1

—tw? ir
3 " Se 1979, (Rog (w — Z))dw, (3.4.22)
w|<
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we need to estimate the term

ir
dwRod (w - Z)

We see that R,q(A) is analytic in a neighborhood of A = 0. Therefore, we can take small

enough &, such that the Ball, Bs(w — %) C C, is always in the analytic domain of R,q,

provided |w| < 8. Then we make use of the Cauchy integral formula:

_ 1 Rod (A)
93 Rod(A)|1=a = i /8B5(a) mdA

where a = w — % Then we have that

ir C
|0wRod(@w — =) < = sup |Roa(A)]
2t 8 AeoBs(a)
By the theorem 3.4.2, we have that
ir C C nr n
dpRod(w — —)| < = Rog()] < —e 2 (1 +|A])27!
9uRoa (@ =301 < 5 U [Rea(D)] < G ¥ (1+12])

€dBs(a)

C nr r n
<—e 2(1+|w|+—+8)2"
5 (1+|wl o )
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Chapter 3 The stability of AHE manifolds under Ricci flow

Then, plug (3.4.24) into (3.4.22), we have that

1 ~tw? i
— 3w (R - —)d
3 et = 5ol

1 C nr r n
<— <e_“"2—e_7(1+|ou|+—+6)7_1
2t lw| <6 2t
C6_1 nr n r . n n
~ e_7/ (4 |wF 4 () 488
t |w|<8 2t

w1l 727!
~8§le 7 (_3 + rﬂ ) < (3.4.15)

t2 t2
Therefore, in this region, we have that
h(t,r) < hy(t, 7).
(4) (The region for 0 < r < 24/t < 2) We will make use of the following theorem

Theorem 3.4.5 ((Cheng-Li-Yau). Let M be a complete non-compact Riemannian man-
ifold whose sectional curvature is bounded from below and above. For any constant

C > 4, there exists C| depending on C,T,z € M, the bounds of the curvature of M so

that for all t € [0, T] the heat kernel H (t, z,2") obeys

h (t, T(Z, Z’)) < w exp (_I”Z(Z—,Z/))

‘B\/Z(z)‘ Ct
where r (2,2") is the geodesic distance on M.

Form the above theorem, we see that in our asymptotically hyperbolic manifold
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(X™1 g,), its heat kernel, in this region, has the following estimate

C
h(t, T'(Z, Z,)) < Tl < h|].|]n+l(t, T')
t 2

where

1 2 nr r2 n
hygnet (6,7) ~ ——e~ Tle™Ze® (1 +r+6)27 (1 +71)
t 2

(5) (The region for 0 < 2/t < r < 2) We go back to the original formula for the

heat kernel

n2 [
h(t,r) = lim e~ Tt L / e ™ R(A — ie)dA
T Jr

E—

If we can shift the integral contour to I (1) = '2—itr, then,

n2 l ir\2
h(t,r) =lime™ #'— / e ("2 R(A — ig)AdA
R

£—0 Ja

PO | —tw? i .
=lime e m— [ e @ MR(A - ig)AdA.

e—0 T JR

At this time we see that
r r?
A > =—=r|Al>2=22=r(1+]|1]) > 1.
2t 2t

Therefore, we can make use of the theorem 3.4.2. We have that

e—0

2 21
h(t,r) = lim e L / e_thROd (A —ie)AdA
T JR
By the section of the exchange the order of the limit and integral, we see that

2. 21
h(t,r) = et L / e_thRod(A —ie)AdA
T JR
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Then, by the theorem 3.4.2,
[Roa(D)] < 172 (1+2)37!

Therefore, we have that

n2 r2 2 ir ir
h(t,r(a, )] <Ce™ Tl / e Rog (@ — D] o — 2 |dao
R 2t 2t
2, 2 n ir n ir
<Ce e @r 2 / e_th(l +lw-=2"""|w - —]dw
R 2t 2t

(S}

—ﬁt _r- _n _th 2 r2 n_ 2 r2
<Ce +'¢ ar 2 | e (1+4w +—2)2 o+ —dw
R 4t 4t

Then, we will make use the following formula

Ci(a] + |b]) < Va2 +b2 < |a| + |b|

C3(lal* + [pI) < (a+b)* < Cy(lal* +|b[")

for k > 0. By the above inequalities, we have that

’ nzt r2 n tw2 2 r2 n_q 2 r2
h(t,r(z,z <Ce #'e ar 2 e l+4/w*+—)27 - {Jw*+ —dw
h(e,r(z, )| [ e R

2 n

~Ce e S / (14 (Jo| + =)D (o] + —)dw
R 2t 2t
Therefore,

n2 r2 n n
etlemr2|n(t,r(z,2))| < / e_t“’z(l + (Jow| + L)Tl)(lwl + L)dw
R 2t 2t

IA

e (o] + ) + (o] + 3)]dw

e (] + 3) + (0] + (3)9)"ldw

IA

A
S~

e[|l + % +lw|? + (%)ﬂdw
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Then, by the fact that
© 1 nal 1 +1
[ewlar =2 [ er—my Say =50,
R 0 tT 2 t5 2
Then, we have that
n2, 12 n 2 r n r n
edtemr z|h(t,r(z,2))| < / e |w] + = + |w|? + (=) 2 ]dw (3.4.25)
R 2t 2t
1 r 1 ra

(3.4.26)

Therefore,
n n n
ﬁt ﬁ , r§+1 r§+1 rz rn
edew|h(t,r(z,2"))| ~ —t Tt et
2t2 t 4 t2
ratl 2 r2
T3 mt o S0
2t t 4 t2 t2

On the other hand, for the heat kernel of hyperbolic space, we have that

2, 2 ,
e+ e hynn (t,17(2,2"))

1 n
~—(1+r+t)27 (1+7)

t 2
1 n
~— (L+ (03 (1 +r)*
t2
1 -2
Ntn_zl(1+(\/F+\/E)” Y(1+7)
1 n— n—
~— (1+rTz +th)(1+r)
t 2
r r% r
T Tt
t2 t2 t2

Therefore, in this region, we have that

h(t, T') < Cth+l (t, T')
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(6) (The region fort > 1, 0 < r < 2) We start with the formula for the heat kernel

2

n2 n o A
h(t,r) = e t(AT) = eTt/ eE  2(dr)
0 M

. 2
where E, nis the spectrum for the operator Ax — 7. By the fact that
X~T

E » =E
Ax=tp a2

we have that

[ n2 2 ®©
h(t,r) = e Me=)? - eTt/ e V'E ~(dA)
0 VAx—T

By the theorem 3.4.1, we have that

] 1 00
—tA2 —tA242 —tA29n -3/2
/0 e " dE ,—Ax_n2/4(/l)£C/0 e Ad)t+C[ e " A"dA < Ct

On the other hand, in this region,

2
_n-
7t

1

n+l
2

le r r2
Ry (E,7) ~ e Tl Tem(14r+6)2 ' (1471) ~e

~
mml —

t

Therefore, we have that
|h(t,r)| < Clhyni (t,1)]

Therefore, we finish the estimate for the upper bound of the heat kernel.

3.4.2 The Vasy’s approach for tensor cases

Let (M™!, g,) be an asymptotically hyperbolic space with the conformal boundary oM

and defining function p. The resolvent (Definition 6.1 [7]) of A is defined for Re(s) > %,

174



§3.4 Heat kernel estimates of X.Chen and A.Hassell

Ru(s) == (A —s(n—s))""
Let U € C be a open subset.

Mer (U, L(H))

stands for the set of meromorphic functions on U with values in L (H) where L(H) is

the bounded linear operator on .

Our goal is to finitely meromorphically extend the resolvent Ry, (s) from the above
region to the complex plane C. For function we have the classical result of Melrose and

Mazzeo which is as following

Theorem 3.4.6 (Theorem 7.1in [33]). Theorem 1.1. Let (M™!, g,) be an asymptotically
hyperbolic manifold, A its Laplacian acting on functions and p a boundary defining

function on M. The modified resolvent
R(s) == (A —s(n—s))"" € Mer; (00, L (LZ(M)))

with poles at points A € Og such that A(n—1) € o,,(P), extends to a finite-meromorphic

Sfamily

R(s) € Mer (ON\ (zl U z%) L (pNLZ(M), p_NLZ(M))) . YN0

where

k
Oy = {)L € C;Re(A) > E—N}, VAN ::Ew_L —+Npg|] cC
2 =2 \2
While Colin Guillarmou modified the above result by adding an extra condition-

evenness
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Definition 3.4.7 (Definition 1.2 in [22]). Let (M™!, g,) be an asymptotically hyperbolic

2k+l)

manifold and k € NU {co}. We say that g, is even modulo O (p if there exists € > 0,

a boundary defining function p and some tensors(h;);—, _x on dM such that

k
o' (ng) —d + Z hyit? +0 (t2k+1)
i=0

where ¢ is the diffeomorphism induced by the flow ¢, of the gradient gradng( p)

Theorem 3.4.8 (Proposition 1.3 in [22]). Under the assumptions of Theorem 3.4.6, the

modified resolvent extends to a finite-meromorphic family

R(s) € Mer; (ON\ZI,L (pNLZ(M), p—NL2(M))), YN > 0

2k+1)

and if g is even modulo O (x , this extension satisfies

R(s) € Mer (ON, L (pNLZ(M), p_NLZ(M))), VN € :

0,k + l) (%)

Conversely if (x) holds true for k > 2 then g is even modulo O (pzk‘l),

3.4.3 The High Frequency Result for the tensor

In this section, we will introduce the High Frequency result of the tensor from the [24].

Theorem 3.4.9 ([24]). Let (X”“, g) be even asymptotically hyperbolic and Einstein.
Then the inverse of A — @ + A% acting on L? (X; 8(2)) Nker A Nker § written R; has

a meromorphic continuation from Re A > 1 to C,
Ry CZ (X; 8(2)) Nker A Nker§ — p**72¢% ()_(; 8(2)) Nker A Nker$

with finite rank poles.
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Theorem 3.4.10 ([24]). Suppose that X is an even asymptotically hyperbolic manifold
which is non-trapping. Then the meromorphic continuation, written Q;l of the inverse
of Q; initially acting on L?(X;E) has non-trapping estimates holding in every strip

. 1
|[ReA| <C,|[ImA| > 0:fors>35+C

Jo+tmas ]

<cla™! Hp—A—gm—zf’

Bl (x:8)

Hp - (X:€) -1

If X is furthermore Einstein, then restricting to symmetric 2-cotensors, the meromorphic

continuation Ry of the inverse of

_n(n—8)+
4

A A2

initially acting on L? (X ; 8(2)) N ker A N ker 8§ has non-trapping estimates holding in

every strip |ReA| < C,|ImA| > 0 : fors > %+C

sond

< el oty

H Ly (X:8@) B H‘Hlll-] (x:6@) .

Remark 3.4.11. The above theorem is not enough to prove the heat kernel estimate for
the Lichnerowicz operator. We need a more precise high frequency like theorem 3.4.2.

I am still working on this.
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Main results

In this section, I will introduce my research about the long time existence and conver-
gence of the normalized Ricci flow starting with an asymptotically hyperbolic manifolds.
Our study demonstrates that the normalized Ricci flow exists globally and converges
to an Einstein metric, provided that the initial metric is non-degenerate and sufficiently
Ricci pinched. Notably, this result holds under weaker conditions compared to the cor-
responding outcome in [42]. Subsequently, we obtain the corresponding stability result
of the conformally compact Einstein metric under the normalized Ricci DeTurck flow.
Furthermore, the normalized Ricci flow enables us to partially recover the existence
results in [21], [30], and [3]. Specifically, we consider conformally compact Einstein
metrics with conformal infinities, which are perturbations of the given non-degenerate

conformally compact Einstein metric.
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§ 4.1 Introduction

In this section, we study the normalized Ricci flows on asymptotically hyperbolic
manifolds and use normalized Ricci flows to construct conformally compact Einstein
metrics. We recall that Ricci flow starting from a metric gg on a manifold M" is a family

of metrics g(t) that satisfies the following:

%g(t) = —2Ricy(y)
g(0) = go
We then consider the normalized Ricci flow as follows:
d .
ag(t) = -2 (Ricg(r) +ng(t))
§(0) = go

It is easily seen that the above two equations are equivalent. In fact explicitly
N —2nt 1 2nt
g (t)y=e"g —(e —1)
2n

solves the second equation if and only if g(t) solves the first equation.

Naturally one initial step is to study normalized Ricci flows starting from metrics
that are close to be Einstein. Such questions on compact manifolds were studied in
[49], where it was observed that the normalized Ricci flow exists globally and converges

exponentially to an Einstein metric if the initial metric g is sufficiently close to Einstein

metric and non-degenerate.

To be more precise, suppose that (M™! g) is a Riemannian manifold. We say a
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metric g on M is e-Einstein if

lIhgllco < €

on M, where hgy = Ricy + ng is called Ricci pinching curvature. The non-degeneracy
of the metric g is defined to be the first L? eigenvalue of the linearization of the Ricci

pinching curvature tensor hg as follows:

F. S (AL +2(n = 1) wij, uij)
Iy lu?

where the infimum is taken among symmetric 2 -tensors u such that

/ (|Vu|2 + |u|2) dv < o0
M

and Ay is Lichnerowicz Laplacian on symmetric 2-tensors.

Theorem 4.1.1 ([49]). Let (M, g) be a closed Riemannian manifold of dimensionn > 3

with non-degeneracy A > 0 and the pinching condition

/ Ihe[2dv < e(n, [IRmll, d):
M

for some positive number € depending on the C° norm Riemannian curvature , ||[Rm/|| co,
the diameter d and the dimension, n. Then g can be deformed to an Einstein metric

through the normalized Ricci flow. In particular, M supports Einstein metrics.

In the primary literature of [49], the definition of the Ricci flow varies slightly from

our own. Nevertheless, the outcome and approach remain same.

There are also several works in the non-compact cases. In [29], the stability of the

hyperbolic space under the normalized Ricci flow was established. This stability result
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on the hyperbolic space in [29] later is improved and extended in [2] [1] [43] [45]. In the
light of [29], [42] gives a more general long time existence result about the normalized

Ricci flow on asymptotically hyperbolic manifolds.

Prior to presenting the findings of [42], it is imperative to first provide an introduction
to fundamental concepts. Suppose that M) is a smooth manifold with boundary
daM™. A defining function of the boundary is a smooth function x : M — R* such
that, 1) x > 0in M;2) x = 0 on dM; 3) dx # 0 on dM. A metric g on M is said to be
conformally compact if x’g is a Riemannian metric on M for a defining function x.
The metric g is said to be conformally compact of regularity C*% if x*g is a C** metric
on M. The metric g = x?g induces a conformal class of metric [¢] on the boundary
dM when defining functions vary. The conformal manifold (oM, [¢]) is called the
conformal infinity of the conformally compact manifold (M, g). Furthermore, (M, g)
is said to be asymptotically hyperbolic if it is conformally compact and the sectional
curvature of g goes to -1 approaching the boundary at the infinity and (M, g) is said to

be a conformally compact Einstein manifold if Ric, = —ng.

In addition, we say a metric g on a manifold M"*! is e-Einstein of order § if
|hg|(x) < edd(x0x)
on M™! where d(x, x) is the distance to a fixed point xo € M"*!,

Theorem 4.1.2 ([42]). Let (M™!,g,) be an asymptotically hyperbolic manifold with

non-degeneracy A > 0, n > 2, ||[VRm||c0 < ki for some positive number k| and pinching
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condition

|hg, |(x) < ge7rdxx0)

for a fixed point xo € M, some y > 0 satifying
eV

and € depending on n, A, ky, y, |Rm||c0, vo, and Coy, where
vo = inf (vol(By, (x, 1))

and

Co = sup (/M exp(—nd(x, xp))dx).

X0EM

Then, the normalized Ricci flow starting from a metric g exists for all the time and

converges exponentially to an Einstein metric in the sense of C*.

It is apparent that the prerequisites for the results presented in [42] and [49] share a

significant resemblance. However, the key difference lies in the pinching conditions.

/ |hg|2dvg < €.
M

allowing for the exponential decay of ||hg||;2(ps) in the time direction to be easily obtained

Specifically, [49] stipulates that

using non-degeneracy. Once the exponential decay of ||hgl|;2(5) With respect to time
is established, the exponential decay of ||hg||co With respect to time can be derived by
the De Giorgi-Nash-Moser theorem. A contradiction argument can then be employed

to achieve the desired long-term existence and convergence outcome.
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While, [42] requires that

|hg|(x) < ged(xx0)

It is worth noting that when y < n/2, such a condition precludes the possibility of
achieving exponential decay of ||hgl|2(py) in relation to time. Consequently, the author
of [42] utilizes an auxiliary function constructed in [29] to acquire local 1? exponential
decay of hg, which still suffices to achieve the exponential decay of |h,|co with respect
to time through the De Giorgi-Nash-Moser theorem. Specifically, the authors consider

the following auxiliary function

_ dixy)
(2+ Cpe)(t—s)

s(x7y5 t’s) =

where do(x, y) is the distance from y € M to the geodesic ball By(4/r/2, x)) with respect

to the initial metric and Cy is chosen so that
1 2
&+ -|VEIT <0
2
Subsequently, they set

J(x,t,5) = / exp(E(0 . 6,5)) - |hgl2(y, 5)dy

M
It is evident that

J(x,t,8) < exp(=2(A —¢€)s)J(x,t,0)

and

h 2
I g||L2<30<\/r/_2,x>>>(

s) < J(x,t,s)
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Thus, through the De Giorgi-Nash-Moser theorem

t
hnll? SCn,v,k,r// h,|? ,s)dyds,
Wkl o emr 2yt iy < Cvo kL) | BO(\/r/_z,x))l sl (72 5)dy

the following local estimate can be derived

2 — —
1 ) < € K 7) eXP(=2(3 = )00, 1,0)
d2(x,y)

~cexp(-201-0) [ exp(-

/ 21
<Cexp(=2(A — Ao — &)t) / exp(=24/5 - C(I)oedO(x’ ¥)) - gexp(=2ydo(y, x0))dy
M

To obtain a uniformly bounded last integral, the additional constraint

) - |hgl* (v, 0)dy

y+Vis 2,
2
is imposed by the following lemma

Lemma 4.1.3 (lemma 6.1 in [30]). Let (M™!,g,) be an asymptotically hyperbolic

manifold. Then

/ exp(—ad(x, xg))dvol,, <C
M

for any constant a > n, where C is independent of xo € M.

Then, by applying the same contradiction argument as in [49], [42] still achieve the
long-time existence and convergence theorem. It is worth noting that for hyperbolic

space H™!, A = ”742 and the above additional condition always holds if y > 0.

Drawing on the method presented in [49] and [42] and taking into account the obser-

. . . 2 .
vation that the Rayleigh quotient tends towards - as the function’s support approaches
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infinity,

Lemma 4.1.4 (Lemma 7.16 in [30]). The following asymptotic estimate holds for any
smooth, compactly supported, trace-free symmetric 2-tensor u :
n2
(u, (A0 +20)u) 2 -l
we derive the ensuing enhanced global existence and convergence theorem. This
theorem effectively demonstrates that the aforementioned supplementary constraint is

unnecessary.

Theorem 4.1.5. Let (M™!,g,) be an asymptotically hyperbolic manifold with non-
degeneracy A > 0, n > 3, |[Rm||os < k for some positive number k > 0. Suppose the

metric g, also satisfies the pinching condition
g, |(x) < ge7rdxx0)
for a fixed point xy € M, some y > 0 and € depending on n, A, k;, y, and Cy, where
= inf (vol(B 1
UO J%EM(UO ( 8+ (X) ))
and

Co = sup (/M exp(—nd(x,xg))dx.

X0EM

Then, the normalized Ricci flow starting from a metric g exists for all the time and

converges exponentially to an Einstein metric in the sense of C*.

After obtaining the aforementioned improved long time existence result, we can apply

theorem 4.5 in [42] to obtain the following theorem, which states that the normalized
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Ricci flow also preserves conformal infinity as time goes to infinity:

Theorem 4.1.6. Let (M™!, g,) be an asymptotically hyperbolic manifold of regularity
C? with non-degeneracy A > 0, n > 3 and ||Rm)||s < k for some positive number k > 0

and the pinching condition
|, |(x) < ee7?4®%0) VR, |(x) < Ced0xx0)

for a fixed point xo € M, some C > 0, some y > 0 satisfying

n n2 n n?
LY L) S L
reG -7 23 V7%

and € depending on n, A, k, y, and Cy, where
vo = inf (vol(By, (x, 1))
and

Co = sup (/M exp(—nd(x, xg))dx.

X0EM

Then, the normalized Ricci flow g(t) starting from a metric g, exists for all the time and

converges exponentially to an Einstein metric g, in the following sense
lim [ (g (t) ~ geo) lco = 0
In particular, g is an asymptotically hyperbolic Einstein metric if y > 2

It is worth noting that if n = 3, the y can not reach 2.

The theorem 4.1.6 can be regarded as a generalization of the theorem 4.1 in the paper
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[42]. In the latter reference, the condition is imposed on the weight y as follows:

2 2
ye(g—min{ﬁ, ”Z—z},g+ "Z—z)

where A is the non-degeneracy of g,. However, with the aid of the theorem 4.1.5, the

above condition can be weakened to the following

[:2 [2
Y € n_ n——2,2+ n——2
2 4 2 4

Moreover, once we have the long time existence and convergence of normalized
Ricci flow, we can derive the following stability theorem of asymptotically hyperbolic

manifolds.

Theorem 4.1.7. Let (M™!, g.) be an asymptotically hyperbolic Einstein manifold with
nondegeneracy A > 0, regularity C>* and n > 4. Let g be another asymptotically
hyperbolic metric on M™'. Then, for any y > 0, there exists eg(A,y) > 0, such that if
g — g+lg, (%) < €0e 7200 Then the normalized Ricci DeTurck flow with the initial g

has the long time existence and
lim [0 (g(¢) = g,)l|co = 0

For the stability result of hyperbolic space M™! = H™!, Schulze, Schnurer and Simon
([43]) have shown stability of n > 3 for every perturbation |g — gy |1~ is bounded by
a small constant depending on ||g — gyt |12

While Li and Yin ([29]) have shown a stability result of n > 2 if
llg+ — gun+tllco < € |Ricg, +ngyl(x) < ge?d0ox0)

for small enough ¢.
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Furthermore, Bamler ([2]) have shown stability of n > 2 for the perturbation |g —

gun+1| = hy1 + hy for which

1

Il < —2— and sup|h2|+( / |h2|q)"s62
M

d(xp,x) + 1 M

for every q < oo.

It easy to see that the stability result of [2] just implies that the stability result of [43].

For the theorem 4.1.7, if we take g, is the standard hyperbolic metric, then this sta-

bility result is implied by the stability result of [2].

In addition, by the theorem 4.1.6, we can partially recover the perturbation existence
results in [21] [30] [3]. The idea is to construct an asymptotically hyperbolic metric

with prescribed boundary satisfying the condition of theorem 4.1.6.

Theorem 4.1.8. Let (M™!,g,), be a conformally compact Einstein manifold of regu-
larity C* with a smooth conformal infinity (dM, [g]) and n > 4. And suppose that the
non-degeneracy of g satisfies

A>0

Then, for any smooth metric h on dM, which is sufficiently C>¥ close to some § € [§]
for any a € (0, 1), there is a conformally compact Einstein metric on M which is of C*

regularity and with the conformal infinity [h].
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4.1.1 Curvature flow and its linearization

Let g(t) be a family of metrics on the same manifolds M™*! satisfying the normalized

Ricci flow
0 .
ag(t) = -2 (Ricg(r) +ng (1))

g(0) =g+

Let h(t) = Ricg(y) +ng(t). Then, we can get the evolution equation of h(t) as following
d
ahil = Aphi — 2nhy
where Ay is the Lichnerowicz Laplacian operator defining as following
Arhy = Ahg — g Rijhr,i — 7' Rijhi,1 + 287 8" Rigy1jh i
Moreover, we can also write the above as
0
&hil = Ap(g(e-1)ha — 2nhy +Q
where

Q =[Ar(g(r)) = Drge-n) i
=g(t) = g(t — 1) = [Vg(t) = Vg(t) + g(t) * (V?g(t) + R(g(t —1)))] = h

+g(6) xg(t = 1) = [Vg(t)] * Vh

where V is with respect to g(t — 1).

The following metric flow is called the normalized Ricci-DeTurck flow
5}
.80 = ~2Rij(8(0) + ViW; + VW, - 2(n — 1)g;
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where W; = gllig jk(rﬁl (g(t)) - l"l'fl (2(0))) and V is the covariant derivative with respect

to g(t).

Linearization : Let h;;(t,x) = g;;(t,x) — g;;j(0,x). Then the Ricci-DeTurck flow is

equivalent to the following flow
d A 5] ~ ’
o1 = Bthij = 2(n = Dhij = 2(Ri; + (n = Dgij) + Q;;(t, x)

where A; and R are the Lichnerowicz Laplacian operator and Ricci curvature with

respect to g(0) = g and the high order term Q is

ng(t,x):g*g_l*g*g_l*vh*ﬁh+g*g_l*g*g_l*ﬁzh*h

§ 4.2 Long time existences

In the ensuing section, we shall present a formal proof of Theorem 4.1.5. Firstly, we will
provide a comprehensive review of the proof of the long time existence of the normalized
Ricci flow for the compact case in section 3.1, as expounded in [49]. Subsequently,
in section 3.2, we will examine the approach adopted in [42] for the asymptotically
hyperbolic manifolds. Finally, we will proffer a proof of Theorem 4.1.5, utilizing the

principles outlined in [49] and [42].

4.2.1 The compact case

The idea of [49] comprises three steps. The first step involves demonstrating that the

norm of hg () in the L*(M) space exhibits exponential decay over time, subject to certain
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specified conditions pertaining to the flow g(t). The second step employs the De Giorgi-
Nash-Moser estimate to establish that ||hy () ||c2 also undergoes exponential decay over
time, given the aforementioned conditions about the flow g(t). Finally, Ye’s argument
in [49] relies on a contradiction approach to deduce the existence of a solution over a

long time interval. Let us start with the L? estimate.

Lemma 4.2.1 (L? estimate). For any T > 0, let (M", g(t)), t € [0,T], be a normalized

Ricci flow of closed Riemannian manifolds with n > 2 satisfying that

1) lg(t) — g(0)[lcoqm g0y < &

2) the nondegeneracy A(g(t)) > Ao for some Ao > 0;
3) [Rmg || (t)co < ko for some ko > 0;

4) the diameter d(g(t)) < Co for some Cy > 0

where € depends on n, Ay, kg and Cy. Then, for any (x,t) € M X [0,T], we have

/ g (6)|* (x, t)dx < Cem(Pho=Co)t / |hg|(x, 0)dx
M M

where Cy is a postive constant depending on n, Ag, ko and Cy.

The proof of the lemma 4.2.1 is straightforward. The above exponential decay is

derived by the equation of [, |he(t)[*(x, t)dx,

3, / g () (x, t)dx < -2 / ((Ap +2n)hg (), hg(r) + Ce / (o[, t)dox
M M M

< -2 - CS)/ |hg(t)|2(x, t)dx
M

Then, by the De Giorgi-Nash-Moser estimate, the following C? estimate is derived.

Lemma 4.2.2 (C? estimate). For any T > 0, let (M", g(t)), t € [0, T], be a normalized

Ricci flow of closed Riemannian manifolds with n > 2 satisfying that
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1) 1g(t) — g(0)|lco(m,gc0y)) < &

2) the nondegeneracy A(g(t)) > Ag for some Ay > 0O;
3) [Rmg || (t)co < ko for some ko > 0;

4) the diameter d(g(t)) < Co for some Cy > 0

where € depends on n, Ay, kg and Cy. Then for any (x,t) € M X [T, T], we have

Ihgllcoqary < Cre~FRomCrelt / |hg|?(x, 0)dx
M

and

Vg llcoany + 11V llcoany < Cae™Plo=C2 / g 2 (x, 0)dx
M

where Cy is a postive constant depending on n, Ay, ko and Co, and C, is a positive

constant depending on n, A, ko, Co and t.

Then, by the following short time existence of the normalized Ricci flow [23] on the
compact manifolds, we can see that there exists a time T such that the conditions in the

above lemma hold if the non-degeneracy of the initial metric, A > O.

Theorem 4.2.3 ([23]). Let (M", g) be a closed Riemannian manifold. Then, there exists
T > 0 depending on n and ||Rmg||copy), such that the normalized Ricci flow starting
with g, g(t) exists on the time interval [0, T]. Moreover, the following estimates hold at

any time t € [0,T]:

C(ka n, ”ng”CO(M))
tk/z

IV Rmg ol coary < , k=0,1,---

where c(k,n) depends only k, n and ||Rmg||cor)-

Then, we will review the contradiction argument in [49] to sketch the proof of the

theorem 4.1.1.
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Stepl (The choice of ¢ in lemma 4.2.2): Take Ag, kg and Cy in lemma 4.2.2 as
Ao = A/2, ko = 2||[Rmg||co(pr) and Co = 2d(g) respectively, where A, Rm and d(g) are the
nondegeneracy, Riemannian curvature and diameter of the initial metric g respectively.

Then, we can find a € in lemma 4.2.2.

Step2 (Short time existence): By the theorem 4.2.3, we can find T > 0 such that the
conditions in the lemma 4.2.2 holds for above ¢, Ag, kg and Cy. Then, take the maximal

value of the all the above available T, Tqx.

Step3 (Long time existence): The long time existence is shown by contradiction.

Assume that Tj,q < +00. Then, by the lemma 4.2.2, we can alway take

/ |hg|(x, 0)dx
M

small enough such that in [0, T

D llg(®) = g(0)llg0) < 3&

2) the nondegeneracy A(g(t)) > %A > Ao;

3) |IRmg(o)I(t)co < 3||Rmyllcoyy < ko for some ko > 0;
4) the diameter d(g(t)) < %d < Cp

which contradict the choice of Tj,q < +00.

4.2.2 The non-compact case

The idea of [42] is pretty similar with that of [49]. The key difference is that in [42], they

make use of the auxiliary function constructed by [29] to obtain the local L? estimate of
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hg. First, we will review the local L? estimate in [42].

Consider the following auxiliary function

_ dixy)
(2=Ce)(t—ys)

§(x,y,t,8) = 4.2.1)

where dy(x, y) is the distance from y € M to the geodesic ball By(4/r/2, x) with respect

to the initial metric and C is chosen so that
1 2
fs + _|V$| < O
2
Subsequently, set

J(x,t,5) = / exp(E(, . 6,5)) - |hel2(y, 5)dy

M
It is evident that

h 2
I g”L2<Bo<«/r/_z,x>>>(

Thus, the local L2 estimate of hg is related to the control of J(x, t, s).

s) < J(x,t,s)

Lemma 4.2.4 (Local L? estimate). For any T > 0, let (M™!,g(t)), t € [0,T] be a
normalized Ricci flow of non-compact complete Riemannian manifolds with n > 3
satisfying that

1) the non-degeneracy A(g(t)) > Ag for some Ay > 0;

2)

lhg(o)lcocro,rxany < & 118(6) = &(O)|lco(mg(oy)) < €

where € > 0 depends on n and Agy;
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3) for the initial metric g(0)

/ exp(ad(x, xp))dvolg) for some a > 0
M

where d(x, xg) is the distance function to a fixed point xo € M with respect to g(0).
Then, we have

J(x,t,s) < e”Pho=CEs (. ¢, 0)

where C > 0 is a constant depending on €, n and Ay.

The above lemma is derived by the following inequality.

9. (x,t,5) < =2 / ((Ay +2n)(e3hyey), e3hg(e) + CeJ (x, £, X)
M

< —(2A¢g—=Ce)J(x,t,s)

Lemma 4.2.5 (C? estimate). ForanyT > 0, let (M"™*!, g(t)), t € [0, T], be a normalized
Ricci flow of non-compact complete Riemannian manifold with the dimension n > 3
satisfying that

1) the non-degeneracy A(g(t)) > Ag for some Ao > 0;

2)

lhgo) lcoro,rxan) < & 118(6) = &(O)|lco(mg(oy)) < €

where € > 0 is a constant depending on n and Aq,
3) [IRmg()llcocary < ko for some ko > O;
4)

sup  wvolg(y)(B(x, 1)) > vg for some vy > 0
(t,x)€[0,T]xM

5) for the initial metric g(0)
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Ig(oy] (x) < g, / exp(ad(x, xo))dx < o
M

for some gy y, a > 0 satisfying that
a
\/I+y>§ and € < ¢

where d(x, xo) is the distance function to a fixed point xo € M with respect to the initial
metric g(0).

Then for any (x,t) € M X [T, T], we have

”hg”CO(M) < CIE()E_(ZAO_CIE)t

and

IVhgllcoqmy + 11 V?hgllcoqary < Cargge™PRome)

where Cy is a postive constant depending on n, A, ko, vo, a, y and €, and C is a positive

constant depending on n, Ag, ko, vo, @, y, € and T.

Through the De Giorgi-Nash-Moser theorem

t
hall? SCn,v,k,r// h,|? ,s)dyds,
LY o T R L R BO(\/r/_z,x))l el )y

the following local estimate can be derived

2 — —
”hh||co(<f_r/2)x30(\/r/—z’x) < C(n,vo, ki,1) exp(—2(A — €)t)J (x,t,0)
d2(x,y)
=Cexp(=2(A — )t 07y kP (y, 0)d
exp(—2(A —¢) )/Mexp( (2+Cog)t) |he|” (¥, 0)dy

24
<Cexp(-2(4~ Ao = e)0) [ exp(-2\ 5+ odo(x.) - eexp(~ydoly,m)dy
M +CO€
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To obtain a uniformly bounded last integral, the additional constraint
y+ VA > %,

is imposed. Then, by applying the same contradiction argument as in [49], [42] still
achieve the long-time existence and convergence theorem. It is worth noting that for
asymptotically hyperbolic manifolds, « = n. And in particularly, for hyperbolic space
HY A4 = "Zz. Therefore, for any y > 0, we can away find a metric which is closed

enough to the standard hyperbolic space, such that

eV

4.2.3 The proof of the theorem 4.1.5

For arbitrary asymptotically hyperbolic manifolds, the above condition
.

might not be satisfied. However, by the lemma 7.13 in [30], we see that if (M n+l g+)
is an asymptotically hyperbolic manifold, then for any € > 0, there exists a compact set
K. C M, such that

((Ar +2n)u,u) > (nzz —¢e)(u,u)

whenever u is smooth and compactly supported in M\K,. This observation reminds
us of that for asymptotically hyperbolic manifolds case, the above additional constraint
might not be necessary, since the y only works for the part of a function which is closed
to the infinity.

Drawing on the method presented in [49] and [42] and taking into the above obser-
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. . . 2 .
vation that the Rayleigh quotient tends towards - as the function’s support approaches
infinity, we will derive the enhanced global existence and convergence theorem 4.1.5.
This theorem effectively demonstrates that the aforementioned supplementary constraint

1S unnecessary.

The key is to prove the following lemma which is an asymptotically hyperbolic

manifolds version of lemma 4.2.5 without the constraint
Y+ Vi > g

Lemma 4.2.6. ForanyT > 0, let (M™! g(t)), t € [0, T], be a normalized Ricci flow of
non-compact complete Riemannian manifolds with the dimension n > 3 satisfying that
1) the non-degeneracy A(g(t)) > A for some Ao > 0O;

2)

lhge) lcororixmny < & 118() = &(O)lc2((mg(0y)) < €

where € > 0 is a constant depending on n and Ao,
3) [IRmg(e)lles(ury < k for some k > O;
4)

sup  volg(y)(B(x, 1)) > vg for some vy >0
(£,X)€[0,T]xM

5) g(0) is an asymptotically hyperbolic metric with

g0 P < ener =, [ exp(nd(x, o < Co
M

for some €y, y > 0 satisfying that



§4.2 Long time existences

where d(x, xg) is the distance function to a fixed point xo € M with respect to the initial
metric g(0).

Then for any (x,t) € M X [T, T], we have

”hg”CO(M) < Clgoe_(ZA(J—Cls)f

and

”thHCO(M) + ”VzthCO(M) < CzSoe_(ZA‘)_sz)t

where Cy is a postive constant depending on n, Ao, k, vo, a, y and €, and C; is a positive

constant depending on n, Ag, k, vy, a, y, € and t.

Once we have the above lemma, we can utilize the contradiction argument of [49] to

obtain the theorem 4.1.5 as in previous section.

We will sketch the proof of the above lemma step by step.

Stepl: (non-linear equation to linear equation) Since g(t), a normalized Ricci
flow, is fixed for t € [0, T], we can think of the Lichnerowicz operator, Ay is a operator

depending on t, then the equation
deu(t,x) = —(Ar +2n)u(t, x)

as a Linear equation. Once the geometry of g(t) is controlled, the Lichnerowicz operator

is controlled.

Step2 : (Cut-off on the boundary) Since the Rayleigh quotient will approcach
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to n?/4 only if the support of the related function approach to infinity, we need to
seperate the interior and the boundary of the given asymptotically hyperbolic manifold.

Therefore, we consider the following equations:
athi(ta X) =- (AL + 2Tl) hi(ta X)

hi((i = 1)st, x) = @(x) - hi—1 ((i = 1)st, x)

and
atLi(t’ X) = _(AL + 2T1)Li(t, X)

Li((i — Dst,x) = (1 = @)hi—1 ((i — Dst, x)
for (i — 1)st <t < T, where Aj is the Lichnerowicz operator determined by the metric
g(t), st > 0 is a small time step which we will determine later, ¢ is a cut-off function on

the boundary of M which we will determine later as well and ho(0, x) = hg(0)(x). Let
h(t,x) = hi(t, x)
where [ = [t/st] + 1. It is straightforward to show that

l
Re(o (%) = A(t,x) + ) Li(t, x)
i=1

for any O < st < T. Therefore, we just need to show that

l
IA(t, ) llcoary < Ce™ and || ZLi(t, X)lcoqary < Ce™ (4.2.2)
i=0

where C does not reply on T. Once we have the C° estimate of he(¢), by the standard

parabolic estimate, we easily get the estimate of Vh, () and Vzhg(t).
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§4.2 Long time existences
Step3: (Boundary Estimate) we will find out 0 < st < T, such that
It )llcon) < Ce™
It is turned out that the following lemma playing an important role.

Lemma 4.2.7. For any 8, a, k,vo,Cp,Cy,y,t" > 0, and n > 3, there exists €(8,n) >
0, D(6,vp,Co,C1,y,n) > 0 and st(8,n, e, vy, Co,Cy,y,t',n) > 0 such that for any
normalized Ricci flow of non-compact complete manifolds, (M™!, g(t)), t € [0,t']
satisfying that
1)

lhgwllcoany <& llg(t) — gO)llc2(mgoy) < €
foranyt € [0,[0,t']],
2) [V'Rmg(glles oy < k
3)

sup  wvolgr)(B(x, 1)) > vg for some vy > 0
(t,x)e[0,t']xM

4) g(0) is an asymptotically hyperbolic metric of regularity C** with

|hg(0)]*(x) < goe? ), /M exp(nd(x, xp))dx < Co
for some €y < g, where d(x,xp) is the distance function to a fixed point xo € M with
respect to the initial metric g(0),
and for any cut-off function @ € C®(M) satisfying that
1) @(3M) = 1;
2) supp(p) C {x € M | d(x,x9) > D},

3) llellesauy < Cr,
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we have that
/ ((Ap +2n)u;(t, x, T +a,y), ui(t,x, t" + a,y))dx
M
n2
> (-8 [(@lend +anun +a)ds
M
forany (i—1) st <t <i-standy € M, where
wi(t,x, t' +a,y) = eESYTHOR (¢ x ' +a, y)
for & and h; defined as (4.2.1) and (4.2.3) respectively.

Once we have this lemma, by the same method as what is shown in the previous
section, we can get that

IA(, 2)llcouy < Ce™
for any t’ € [0, T]. Specifically, consider the following auxiliary function
Ji(y,t' +a,t) = / (wi(t,x,t" +a,y),ui(t, x,t" +a,y))dx
M

for (i— 1) -st <t <i-st. Since J; satisfies the following inequality

Jy(y, ' +a,t) < —2/ ((Ap+2n - e)ui(t,x,t' +a,y),u;(t,x,t’ +a, y))dx
M

2
< 2 =8t +a),

forany ¢t € [(i—1) - st,i-st], then

Ji(y,t' +a,t) < exp(—Z(HZ2 -8)(t—(i—1)-st))Ji(y,t' +a,(i—1) -st).
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Then, by the fact that
Ji(}’,t,*'a, (l_ 1) St) < Ji—l(}’,t,+a: (l_ 1) St):
we have that

2
Syt +a,0) < exp(=2(5 ~ 80 Jo(y, ¢ +a,0)

2 d? ,
<ep(-2(5 - 90 [ el 3o ()P

forany t € [(i — 1) - st,i-st]. Then, by the De Giorgi-Nash-Moser estimate, we have

that

t/
Bl <Cnkr) / / Iha(s, 2)2dz
tleo([e —z,t]xBo(y,\/r/_Z)) vy Bo(y,\/r/—z) !

t’
<C(n,k,r) / J([s/st1+1) (2, T + a, s)ds
t'—r

2
<C(n,k, 7, a) exp(—Z(% —§-20)T)

d2(z,y) )
: /M exp(— o 8’6)@' ot 240(t" + @) |hg(0) (2)|*dz

2
<C(n,k,r,a) exp(—Z(% —§— At

2
. -2 Ao - d —2yd d
[ exw-2yf 5250 dol v exp(-2pd(z xo)ds

We see by the above lemma, for any y > 0, there exists a small &, such that we can find

out a proper A satisfying that

2
(%—6—A0)>0 and A0+y>g

2+Cé
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Therefore, by the theorem 5.4 of [30], we can get that

2
/7 n 4
il o (¢) < Cexp(—Z(Z -8 - At

for any t’ € [0, T].

Step4: (Interior Estimate) In this step, we will estimate
l ~
I ZLi(t, Xl < Ce for I = [¢/st] +1
=0

in (4.2.2). First, we will get the L? estimate of L;. Then, by the De Giorgi-Nash-Moser
estimate, we can have the corresponding C” estimate. Since ||L;((i—1)-st, x)|| 2(my < 9,

by the equation of L;(t, x). we can get that

ILi(t, ) |2y < exp(=2(A1 = 8) (¢ = (i = 1) - sO)||Li((i = 1) - st, %) || 2 (ag)
< C(D)exp(-2(A1 = 8)(t = (i—1) - st) - ILi((T = 1) - st, ) [|co(agy
< C(D)exp(-2(A1 = 8)(t = (i — 1) - st)[|hi—1 ((T = 1) - st, x)[|coar)
< C(n, k, @, a)egexp(=2(A1 — 8)(t = (i— 1) - st) exp(=A(i — 1) - st)

< C(n, k, a, a)gg exp(—2(A; — 8)t) - exp(—(A — 2(A; — 8)) (i — 1))
for any A, € (0, A]. Therefore, we can always take small enough A; such that

A—2(A = 8) > 0.
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§4.2 Long time existences
Therefore, we have that
l l
1D Lilt, Doy < € DLt )2
i=0 i=0
l
< Cepexp(=2(41 = 8)t) ) exp(~(A~2(A1 = §))(i~ 1))

i=0

< Cepexp(=(A = 2(11 = §))(i - 1))
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