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ABSTRACT 

UCRL-20616 

Starting from an energy-independent phase-shift analysis 

carried out at 26 momenta between 385 and 1700 M.evjc, we attempt to 

find the proper energy continuation through these momenta. Our ''best" 

path agrees in general with paths found by other groups. However, there 

appears to be additional resonance structure in the P31, D35, and Pl3 

partial waves between 1400-1700 MeV • 
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In a typical energy-independent phase-shift·. analysis there exist 

many possible solutions at a given energy. We hope. that the tremendous 

ambiguities which result when each energy is considered separately will 

be reduced or removed by imposing certain theoretical assumptions on the 

behavior of each partial-wave amplitude as a function of energy. We 

assume that each partial-wave amplitude is continuous and maintains a 

certain amount of "smoothness" whe.n plotted on an Argand diagram. In a 

previous paper [1] we investigated several path-finding schemes and 

developed a method that takes into consideration both continuity and the 

smoothness of each partial wave. In this letter we examine further the 

''best" path found in ref. l. 

We discuss briefly the methods used in obtaining the energy-

independent phase-shift solutions; we review the method used to find the 

energy continuation; a~d we examine the properties of our ''best" 

solution. 

An energy;...independent phase-shift analysis of pion-nucleon 

scattering was carried out at Berkeley several years ago [2]. Solutions 

were found at some 26 momenta from 385 to 1700 MeV/c. For completeness 

we briefly mention the method used to obtain the solutions. 

At each of the 26 momenta initial guesses for the·· parameters 

TJI,j,.t and 0 
I,j,.t 

are made. Then by use of a variable .. metric minimi-

zation scheme called ORPHEUS these parameters are varied in an attempt 

to get a good fit to the data by minimizing 2 X • The data include the 

n:+,n: .and charge-exchange differential cross sections as well as the 

rr+· and n:-. polarizations. The analysis includes waves through G 

waves (.£ = 4). 

'" 
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_The ·starting values of the 11' s arid o' s · for ORPHEUS are. 
' . . ~ . . . ; . . . 

obtained. by one ,of th'rt=e methods . One uses a· ratpe'r coarse sur~ey· 

. . condu.cted with .. a: ravine-following minimization me.thod using starting 

points . chosen randomly; ~n the general viCinity cir-:-~he solutions pub,lished . 
. . . ~ ' 

by other g}:-ci.ups. A s.econd ni.eth.od is to use -the ORPHEUS solution's from· 

the fii'st ·:method ·at, momentum . ,kn-l. or k · ·as initial: g· ues_s_es in · n+l 

-ORPHEUS at.morii.entum k. This method is pa~tic~arly useful when·o~e n , · · 

.is tcying.to'continue to k 
n a path that previously' stopped ~t · kn-~i· 

. . . . 

The' third. me.thod 'consists of simply. using solutions. obti:l.ined by g;roU:ps . 
. . ' 

at other installations as starting points in ORPHEUS .. 

At; each ·momenttim, solutions with intolerable 
'2 x. · ar·e removed·~ 

. . . 

. ·.(i.e.·, .several Yiith· all para~eters approximately equ~l) were reduced'to 

.'.' 
o_ne •. tn this work, ho'w~ver, we have included all solutions thatare 

~ot· ·exac;:tly equai. We f~e{ it is important when carrying out e~ergy- · 

continuation procedures to have many solutions at each energy .. We must 

require, however, that the · x.2 o·f each solution remain reasonably good. 

The 
2 

X. value alone is not . a vt=ry good way· of deciding whi'ch solution · 

at each enet.gy is the right one. · For example, an energy continuation 

made· lip bf ::the ·be.st x.2 at each·. energy has -V~ry disco'ntinil:ou.s. ~nd ·rough 
; ' . ···.fl 

be}lavior and hence is unsatisfac-tory. On the.other·harid,-.-~ nietho.d._.that 
. . \· . . 

. im~c;se~ smoothness while ~gnorin_g l ' may give .. a. poor fit to th~. data; 
. : :· 

. 2 
. The best: :method is on~ ,that keeps only solutions with .r.easonable X..' 

:but -has enough at. each. energy to. allow the· .sioo.othing progz:am ·freedom 

. to .find ·a smooth· and continuou·s path . 

. ·.,,. 

·• 

··: .· 

"'· 
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The problem is to define a procedure by 1vhich a computer can 

pick out one solution at each energy such that the resultant path.is 

both continuous and smooth wheri viewed on each Argand diagram. We 

define a "distance" Di for the path i as 

k max L d(.e ,j ,I,k,i), 

k=k . m1.n 

(1) 

where a path consists of one solution at each momentum k, and where 

.e is the orbital angular momentum; j the total angular momentum, and 

I the isospin. The simplest choice for the function d(.e,j,I,k,i) is 

the geometric distance between two points on the Argand diagram, 

d0(.e,j,I,k,i) II(.e,j,I,k,i)- I(.e,j,I,k-l,i)j, (2) 

where T is the appropriate partial-wave amplitude. The proper energy-

continued path is assumed to be that path 

Di is a minimum. 

i . for which the "dis.tance" 
m1.n · 

The problem with using just the geometric distance [eq. (2)] 

for d is that although it does incorporate the idea of continuity 

(i.e., the solution does not change much when the energy is changed 

slightly), it does not produce paths that are smooth. They are not 

smooth because the angles may change erratically even though the distance 

on the Argand diagram from energy to energy changes smoothly. To 

correct this we define 

d(.e,j,I,k,i) = [1/(a + cos 9)] d0 (.e,j,I,k,i), (3) 
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. where Q .. is the angle between the vectors. 

!C8;,j,I,k-2,i) ·. 

and 

.. ·:s . 
"' . 

., 

and where d0{.e,j,I,k,i) is defined in eq. (2) {see Fig •. la). ln 

ref. 1 we find the best value for a is a = 1.5. An example of the 

effect oi includi~g the "smoothing factor" (1.5 + cos 9)~1 · in the 

definftion of d can be seen in Fig. 1. Figure lb shows the P33 ·:wave 

. for the path found by usirig d = d0 ; Fig. lc shows the same :wave for 
. ·;. 

the path .found.by using the i'smoothii1g factor"'[eq. (3)l. In Fig. 2 

we exhibit -the. rr+p and :rr-P elastic a~d in.elastic total· cross 

se-ctions·. as a function of center;;.of-mass energy w for our "best" 

path. Fo·r ·a _more complet~ study of the .. effects of using the "smoothing.· 
. ., ' .. ~ ' ; . . 

factor" and the 'results of using other defini tio~s. of the "distance;' 

D . see ref. l. 

.Oirr best path agrees in general with the paths found by other· 

groups. ·However, there appears to be· additional re·sonance-like structure 

in the P3i, D35, and Pl3 ·partial ·~aves (see Fig~~ 3 and 4). Further 

investi .... tiofi of' thi~rl~s th~h in addi ti:on ~ loops-in • 

the. Argand ·diag-ta-rns; each· of the abo~e · partiai .waves .has a: pe·ak. in the 
. / ···.· .. ·· .•·.·· .. · 

partial-wa:~e total, elasti~, ·and in~lastic cross ·s~ctions •. Also, ~ach·. 
/· . . . 

/··.• . ,. 

/df the ) .. <?ops ·has -a corresponding. maximum in :the speed,. ·~ere the speed 
/ 

·is defined, by. 

. .. 

• 

~I 
<i 

I 
1 

l 
I 

\?I 
I 
I 
I 
I 
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Speed(I,j,£,k) = 

The loqps onthe Argand diagrams alone£!: the peaks in the partial-wave 

cross sections alone, or the maxima in the.speed plots alone would not 

be compelling evidence for the existence of resonances in these waves. 

However1 the,fact that each of these partial waves exhibits all three 

properties leads us to believe that they may indeed be resonances. A 

** crude estimate of the resonance parameters yields 

Partial wave Mass (MeV) Total width .r (MeV) 

P31 1630 50 

D35 1660 40 

Pl3 1480 .· 40 

xe = r ;r e 

0.17 

0.07 

0.12 .. 

For comparison in Fig. 4 we exhibit the Argand diagram, speed, and 

partial-wave total cross section, respectively, for the well-established 

Dl5 re.sonance. It is of interest that a narrow 1 
I= 2 . peak (r ~ 50 MeV) 

at 1462 MeV has been reported recently in :n:N invariant-mass plots 

from. pp --7 pN:n: at 6.6 GeV / c [3]. The peak is considered to be 

different from the well-known broad N(l470)~+. From our analysis it 

could well be our Pl3 resonance. 

These tentative new resonances are narrow and mainly inelastic. 

As noted by other authors [4] all path-finding techniques tend to be 

biased against narrow resonances. This can on the one hand explain why 



l: 
·· ... 

. ·· .·, 

'· _'l.: • .... 

these resonan·ces have escape<i notice until now, and on the other hand 
. ~ : . 

. lend support for the1r existence pecause _of their survivaL of our 
.... ~ . . .; . 

methodis::~·t'teinpts to smooth them away ... The: Y.} Values of the' solutions 

2. 
X. . 

.·. 

around these tentative reson~nces ar~ all reasonably .good }i.e.' 

p~r degree Of freedom ~ 1) and hence they can no~ ·b.e ruled out ori the 
.'2. .· . .• 

basis· of -their ·X · values. ·It can be argued, however, that more solu~· 

tions .with' reasonable l ca~ be fou~d. at: .each energy' thereby, possibly. 

changing our resu1ts. This is po,ssibl,e, but the original search fo~· 
. . .. . 

solutions w~_s quite exht;ustive and as many_: as 80 solutions at each 

energy wez:e ·found. 

In sUmm.ary, we have- applied a path-finding scheme to an· energy- · 
.·: .. 

indepenc1~nt pion-nucleon phase-sh:i_ft analysis .a~d. found;. in_ addi:tion to. 

the .:ge~erally accepted resonanc~s; three partia],. 'waves ap~arently 

possessing .previously unseen. resonant behavio; ( i ~e. i an Arga~d lo~p ,: 

·peaks. in.both the speed and partial-wave cross sections). ·or the three 

·. the P31. structure at 1630 MeV is the mo~t conviricill;g. • 
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FIGURE CAPI'IONS 

(a) Argand diagram illustrating the vectors ~· and B and 
""' 

the angle g used in defining the function 

d(.e,j,I,k,i) = [1/(1.5 + cos g)Jd0 • 

(b), (c) Illustration of the effect of including the "smoothing 

factor" in the definition of d. Notice that the path found 

(b) by using simply d·= d0 has a jagged structure around 1716 

MeV, whereas the path found (c) by using the "smoothing factor" 

no longer exhibits this unwanted behavior. 

Fig. 2. Plot of the rr+P and rr-p ,elastic and inelastic total cross 

sections versus c.m. energy W for our "best" path. 

Fig. 3· The Argand diagram and plots of the speed, partial-wave total, 

elastic, and inelastic cross sections versus c.m. energy W 

for the P31 and D35 partial waves obtained from our "best" 

path. The arrow indicates the position of a possible resonance. 

Fig. 4 .. The Argand diagram and plots of the speed, partial,-wave total, 

elastic, and inelastic cross sections versus c.m~ energy W 

for the Pl3 and Dl5 partial waves obtained from our "best" 

path. The arrow indicates the position of a possible resonance. 
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