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Abstract

Thi s paper exanines the inpact of governnent policy on the allocation
of aggregate risks in a stochastic OG nobdel w th production. The market
allocation of risk depends significantly on the young generation's
willingness to substitute intertenporally and on governnent policy. Safe
governnent debt shifts productivity risk from old to young while wage-
i ndexed social security is essentially neutral. | also conpare the market
allocation to the efficient allocation of risk. The market allocation is
generally inefficient, except for the special case of wage-proportional
incomes and logarithmc utility. Safe government debt seenms to shift risk

in the wong direction



1. Introduction
In econonmies with finitely lived agents, the governnent has an inportant
role as an institution that can act on behalf of unborn generations. The
redistributional effects of government debt and pay-as-you-go social
security are well known. |In stochastic econonies, governnent policy also
affects the allocation of risk; see Enders and Lapan (1982), Smith (1982),
Fi scher (1983), Stiglitz (1983), CGordon and Varian (1988), and Gale (1990).
The market allocation of risk is likely inefficient (in an ex-ante sense)
due to the unborn generations inability to sign insurance contracts. Hence,
governnent intervention is potentially Pareto-inproving. But not nessarily:
The government may also protect current generations (voters) by shifting
risks onto future generations.l

This paper examines the allocation of aggregate risks in a Dianond
(1965) type overlapping-generations econony wth production. The nmain
objectives are to deternmine how the equilibrium allocation of risk depends
on governnent policy and to conpare alternative market allocations to the
benchmark of a Pareto-efficient allocation. The characterization of
efficient allocations in a stochastic OG econonmy with production may be of
i ndependent interest.

| find that policy tools with simlar redistributional properties--
such as debt and social security--have very different risk-shifting
effects. If the governnent operates a wage-indexed social security system
all cohorts share the risk of uncertain future productivity growh. If the

governnent issues safe debt, it provides safety to the old but increases

1 The risks at stake are huge. Just a percent per year higher growth over a generation
woul d make the next generation nmuch better off and substantially reduce the debt-GDP
ratio. Rsk-shifting also plays a key role in recent social security reformproposal s (see
Bohn, 1997; Advisory Council, 1997; and bel ow).



the wvolatility of after-tax incomes for future generations. Future
generations wll have to pay a non-contingent debt service out of a
stochastic income, inplying a relatively high (low) tax rate whenever pre-
tax incones are unexpectedly |ow (high).

Production is inportant in this context, because it places governnent
interventions in an environnment in which the labor income of the young and
the capital incone of the old are naturally correlated. For the special
case of Cobb-Douglas production and 100% depreciation, wage and capital
i ncomes are proportional, so that Pareto-inproving governnent interventions
are feasible if and only a non-proportional sharing of incone risk is
efficient. Government debt nmakes after-tax inconmes non-proportional and
shifts risk from old to young, whereas a wage-indexed social security
system provides redistribution without destroying the perfect correlation
of incomes across generations.?2

After exam ning the positive effects of debt and social security, |
characterize the set of efficient allocations. | find that the nmarket
allocation of risk is generally not efficient, except for the special case
of log-utility conbined w th Cobb-Douglas production, 100% depreciation,
and pernmanent productivity shocks. In this case, wage-proportional incones
translate into wage-proportional consunption due to a constant savings
rate.

For substitution elasticities below one (the enpirically relevant

range; see Hall 1988), the efficient allocation calls for the young

2 Per haps surprisingly, none of the above authors has seriously exam ned a standard
stochasticgrowth nmodel with production. Gal e and Fi scher consi der endownent econoni es.
Gordon and Varian consider a determnistic wage and nean-variance optim zation.
Ender s/ Lapan have noney as only store of value. Snith includes production, but focuses on
denogr aphi c ri sk and on a nunerical exanple. Stiglitz includes capital accunul ati on but
wi th exogenous interest rates. Note that adding a standard production functionrenoves
rat her than adds degrees of freedomto the nodel because it restricts the correl ation of
i ncomes across cohorts.



generation to bear less risk than they bear in the wage-proportional narket
allocation. In practice, povernnent policy seens to shift risk in the
“wong” direction, because governnents tend to issue substantial anounts of
safe debt and only partially wage-index their social security systenms. The
resulting supply of safe assets to the old shifts productivity risk from
old to young. For safe debt to be efficiency-inproving, the young would
either have to have an intertenporal elasticity of substitution above one
(a counterfactual assunption) or be less risk-averse than the old (a non-
standard assunption). O herw se, if t he gover nnent engages in
redistribution, it should do so through risk-sensitive tools such as wage-
i ndexed social security or nomnal debt wth productivity-contingent
inflation rather than through safe debt.3

The distinction between state-contingent and safe policy tools is
also relevant for social security reform Proposals to replace social
security by governnment bonds or to invest trust fund bal ances in the stock
mar ket (e.g., Feldstein, 1996; Advisory Council, 1997) would also shift
productivity risk to future generations. To address social security issue,
the nodel includes a social security trust fund with variable investnent
policy.

The paper is nethodologically different from nmost of the OG
literature. For reasonably general assunpti ons about pr ef er ences,
technol ogy, and policy, the nodel does not have a closed-form solution. |
therefore use log-linearizations to approximate the optinmal decision rules,

usi ng techni ques borrowed from the business cycle and finance literature,

3 An extensions section expl ores conplicating factors that m ght rationalize safe debt,
notably negatively correlated productivity growth and CES-productionwithalowelasticity
of factor substitution.



but applied at a much | ower frequency and to obtain analytical results, not
for nunerical sinmulation.4

A nunber of sinplifying assunptions are nade for analytica
tractability. The assunption of two period lived agents elimnates private
risk sharing. Wth longer lived agents, private risk sharing would occur
(conmplicating the nodel), but the governnent’s role as agent of the unborn
woul d renmain. For nobst of the paper, | focus on productivity risk, Cobb-
Dougl as production, and an inelastic |abor supply. In a final section about
extensions, | explain why |abor-Ieisure choices and non-productivity shocks
are unlikely to be inportant, while deviations from Cobb-Dougl as technol ogy
could be inportant and might be worth exploring in future research
Sur vi val uncertainty, i diosyncratic risks, denographic uncertainty,
bequests, and distortionary taxes are also left for future research.®
Dynanmic efficiency is assunmed throughout, ruling out bubbles and related
i ssues that would distract fromrisk sharing.

The paper is organized as follows. Section 2 describes the nodel and
explains the positive effects of alternative policy tools. Section 3
derives the equilibrium allocation. Section 4 derives efficiency
conditions, first for a general nodel and then with specific assunptions

about the dynamics. Section 5 provides extensions. Section 6 concl udes.

2. Overlapping Generations and Government Policy
This section lays out the market nodel and the main governnent institutions

that affect the allocation of risk

4 The nodel coul d be calibrated or simul at ed, but that woul d be beyond t he scope of this
theoretically oriented paper (see Bohn (1997), R os-Rull (1996) for calibrated GG nodel s).
S | di osyncratic risks could be shared within a cohort. Tax-distortionsarepotentially
i mportant because the government will have to vary tax rates to execute risk sharing
contracts on behal f of the unborn. R cardi an bequests woul d nake the nodel uninteresting.



2.1. Individuals

Individuals live for two periods. Ceneration t consists of N individuals
who work in periodt and are retired in period t+1. Wrkers earn a wage w
equal to the marginal product of |abor, pay payroll taxes at the rate q,
and pay other taxes tl;.6 The disposable income wxX1l-q)-tl is either
consuned (clt) or saved, either in capital (equity securities, sK) or in
form of bonds (sP;),

(2.1) cly = wl-q) - tly - skp - sby.

The rates of return on equities and bonds are denoted by RKt4q and RP;4q,
respectively. The old receive wage-i ndexed social security benefits with a
repl acement rate b and pay taxes t% 1. Their consunption is

(2.2) c%+1 = Répapsky + ROp4psPy + bwgar - t2p4r.

Preferences are assuned honothetic to be consistent with balanced
growh. Intertenporal substitution and risk aversion are separately
paranetri zed because of their different functions in the nodel.
Intertenmporal substitution determ nes the savings response to interest rate
signals and is crucial for the nodel’s dynanmic structure. Risk aversion
will be essentially irrelevant for the nmarket dynamics and nmatters
primarily for efficiency issues. To keep these concepts distinct, | assune
a recursive non-expected utility function
(2.3) U = %hf{ (cliye + rf B[ (c2g+q) (1-h2)]}e(2-h2)] (1-h1)/e
to capture the preferences of generation t, where r is the rate of tine
preference and E;[4 denotes the conditional expectations at tine t. This
specification is simlar to Epstein-zZin (1989) and Wil (1989), but

generalized to allow different degrees of risk aversion for old (h2) and

6 The distorti onary effect of taxation are ignored for sinplicity. Each worker supplies
one unit of |l abor. Retirenent savings are assunmed untaxed, inplicitly assum ng that such
savi ngs takes place (at least on the margin) through tax-sheltered instrunents |ike
pensi on plans, variable annuities, or IRA accounts.



young (hl); the elasticity of intertenporal substitution, 1/(1-€), is not
necessarily their inverse. The standard constant relative risk aversion
(CRRA) utility is the special case of hl=h2=1-e.

In the following, | consider general preferences (any e<l, hl>0,
h2>0). But for interpreting the solutions, | usually focus on either tine-
separability (hl=1-e), equal risk aversion (h1=h2), or the CRRA case.’

For positive analysis, the only relevant property of (2.3) is the

implied marginal rate of substitution

02141 }1-eh2f oty }1-e
Et[(02t+1)(1-h2)]}1/(1-h2) 02t+1

(2.4) MRS(cly, c2r41) = 1o
It depends on intertenporal substitution and on the risk aversion of the
old, but not on hl, because the young cannot participate in risk-sharing
contracts before their birth; hl will be inportant, however, for the socia
pl anner’s willingness to inpose risk on future generations. The optimality
conditions for bond and equity hol dings are then

(2.5) Et[ MRS(cly, c2+1) Rt +1] = Er[ MRS(clt, c2p41) ROpaa] = 1

Equations (2.1,2.2,2.5) characterize individual consunption and savings

behavi or for given governnent policy, wages, and return distributions.

2.2. Technol ogy

Al'l goods are produced by firns using capital K; and labor N at constant
returns to scale. For sone of the normative analysis, it will be sufficient
to wite output as a general function of capital and |abor, Fi(Ki,N), where
the tine-dependence of Fi(® may include arbitrary stochastic shocks. But to

solve the market nodel and to obtain reasonably specific policy results

7 Since CRRA is taken as benchmark for the i nt erpretation, readersunconfortabl ewi thnon-
expected utility should not worry that the results rely on non-expectedutility; but (2.3)
nakes the economic intuition nore transparent and all ows t he nodel to address i ssues t hat

require a realistic equity prem um(see Bohn, 1997). The linmiting cases e=0, h1l=1, and/or
h2=1 are covered as usual by applying de |  hospital’s rule.



one needs assunptions about the nature of wuncertainty and to ensure
bal anced grow h.

For nost of the paper, | assume that aggregate uncertainty is due to
an exogenous, | abor-augnmenting productivity trend Ax with stochastic i.i.d.
growmh rate a;, and that the technology is Cobb-Douglas wth capital
coefficient a. Denoting the output of new goods (GDP) by

Yo = K@ Aoy ) 12,

the total resources available for consunption and capital investnent are Y;
+ d¥;, where d is the salvage value of old capital and (1-d) can be
interpreted as depreciation rate. The marginal products of |abor and

capital are then

k
(2. 6a) W= (1-a) AN = (1a) A g ) ?
k
(2. 6b) R = ak @ HADN) 18+ dy = ax(p oy hegny) @+ d

where ki = K¢/ (A-1Ne-1) is the effective capital-labor ratio, 1+at=A/A-1
is the productivity growth rate, and 1+n=N;/N;-1 is the constant popul ation
growm h rate.

If A is the only source of disturbances, capital and |abor incone
are perfectly correlated (though not linearly, if dt0). This is clearly
restrictive, although the cointegration results of Baxter and Jermann
(1997) suggest that a high correlation is enpirically plausible for |ong
hori zons. Additional uncertainty about capital income could easily be
added, e.g., by neking the salvage value of old capital stochastic. But
this would conplicate the analysis and distract from productivity risk, the
mai n source of long-term income uncertainty. A discussion of other shocks
is therefore deferred to Section 5.

In nmodeling the time series of total factor productivity, it seens

reasonable to abstract from short-run autocorrelation, because each period



anounts to a generational tinme unit of about 20-30 years. The assunption of
i.i.d. productivity growth (i.e., permanent productivity shocks and a non-
stationary productivity level) is potentially restrictive, however, because
the young might be able to bear tenporary producitivity shocks nore easily
than the old through consunption-snoothing. Tenporary producitivity shocks
are therefore examined in Section 5. Until then, | focus on pernanent
shocks because | <consider this a better assunption for generationa
frequencies (keeping in mnd that, say, 20 generations cover about 400-600
years). Even if a stationary trend line fits the data over a shorter
hori zons (say, a few decades), the Ilikelihood of future trend breaks
inplies a unit root-like uncertainty in the very |ong.

Wthout governnment activity, i ndi vi dual incones are determ ned
entirely by technology. The young are exposed to productivity risk through
their wage incone. The old are exposed to productivity risk through capita
income. Each menber of the old generation holds sKi.1 = Ki/N-1 = Ar-1%kt

units of capital and earns/consunes
k
2 - pK, sck - Rt ya
(27) C%+1 = Rtst'l_a:’\t)((1+at)>(l+n)) >(1+n) +d)kt"t-l

a
= Ijg%1+n)ww + Ak A -,

an anount proportional to the wage rate plus the value of old capital. If
d=0, the incones of the young and the old are both proportional to the wage
rate. This sceanario of “wage-proportional” incones provides a usefu

benchmark for interpreting governnent policies.

In general, the narket econony converges to a stochastic steady state
in which the capital labor ratio ki+1 and the ratios of consunption and
income to productivity, cli/A, c?/A, and yl/A are Markov processes with
state variables ky and a;, to be examined in Section 3. The assunptions on

governnent policy will be chosen to ensure a sinilar steady state behavior



2.3. Governnment Spending and Social Security

| start the nodeling of the governnment sector with governnent spending and
social security, because these are two governnent activities that do not
necessarily upset the proportional division of incone.

Governnent spending is not the focus of this paper, but it should not
be omtted either, because it affects the real resources available for
i ntergenerational risk-sharing. For sinmplicity, | assune that governnent
spending is a constant fraction of output, G = g»;.8

CGovernnent spending is financed by |unmp-sum taxes on the young and
the old. Since GDP is proportional to wages, this can be done in a wage-
proportional way by setting tl; = xIx;/N and t% = x2x;/ N, where x! and x?
are the tax rates on the young and the old respectively. The budget
constraint requires x1+x2/ (1+n)=g.®

Social security can be nopdeled npbst easily by assuming a wage-
i ndexed, pay-as-you-go (PAYG system that collects payroll taxes N Xt
from the young and pays benefits N.-pbi* to the old generation t-1. The
PAYG constraint inplies that the tax rate q nmust equal the cost rate

bt/ (1+n).10 In the U S., social security benefits are indexed to the average

8 1t would be strai ghtforward to exam ne the positive inplications of many alternative
assunptions, but that woul d di stract fromnore i nportant i ssues. Spendi ng shocks and sone
alternative assunptions are discussed bel ow A constant g may be interpreted as a stylized
representation of the political realities that have produced a roughly constant GDP-share
of U S governnent spending in the post-war era.

9 Assunpti ons about taxes are al so kept sinple because general state-contingent taxes
woul d be a “too powerful” policy tool at this point. Through state-contingent taxes, the
government coul d i npose any arbitrary re-allocation of risk, making the anal ysis of soci al
security, debt, and other realistic policy tool suninteresting. State-contingent taxesare
therefore best interpreted in a nornmative context (Section 4) as a policy tool suitable to
i npl ement an efficient allocation. |ncone taxes are discussed in Section 5.

10 stochastic survival could be added at this poi nt by assuming that only a fraction | of
the young survive into ol d age, provided all non-social security assets are annuiti zed.
Then the social security replacenment rate could be scaled up by 1/1 to bt=g;xN/(N_q¥ ) at

the sane payroll tax rate, and the annuitized private returns would be Re/I and RO/I.
Al ternatively, one coul dfoll owHuggett (1996) and assune that private annuities do not
exi st and that acci dental bequests anobunting to | times private wealth are fully taxed
(i.e., considered part of t2. If the individual rate of time preference is nodified
appropriately, neither of these nodifications would significantly change the results.



nati onal wage level at the tine of retirement and inflation-indexed
thereafter, i.e., partially wage-indexed and partially safe in real terns.
Here | assune full wage-indexation for sinplicity and to highlight the
contrast between social security and safe debt. (A partially wage-indexed
system woul d have internediate properties that can be inferred from the
pure cases of safe debt and fully indexed social security.)

Wth full wage indexation and constant population growh, both the
payroll tax rate and the replacenent rate can be held constant. Then the

di sposabl e i ncone of the young

ylt = wx1-9 - t% =[1- b/(1+n) - BT

g- x2/ (1+n)

1-a
is again proportional to wages; and the consunption of the old,
(2.8) c? = Rk g + b -t

1A+ b X+ koA

is proportional to the wage, except for the term involving the salvage
value of old capital. Note that the parameter x2 is redundant with social
security, because individual behavior depends only on real spending g and
on the net transfers across generations, b-x%/(1-a), but not on the
conposition of the transfers (see Stiglitz, 1983; Kotlikoff, 1986). One may
therefore assune without |oss of generality that all spending is financed
by the young (t%°0).

The governnent’s ability to redistribute resources across generations
wi thout significantly wupsetting the allocation of risk is not only
conceptual ly noteworthy but also analytically convenient because it allows
a separation risk-sharing from redistributional concerns. Wen exanining
variations in the allocation of risk, one may assune that the overall scale
of intergenerational transfers is always kept at a level reflecting the

governnent’s distributional preferences.

10



2.4. CGovernment Debt
CGovernnent debt has a variety of effects that depend on the type and the
tinme-path of government debt. M key <claim is that governnent debt
generically destroys the proportional division of GDP. This point is best
explained by starting with a special case: Suppose for now that all
governnent is safe (real) debt and that the ratio of end-of-period debt Di4+1
to output is a constant dY = Di+1/ Yi.

The governnment budget equation
(2.9a) G + RPobD = Nothy + Ne-pt? + D
shows that governnent spending and initial debt nust be financed with taxes
and new debt. G ven t%=0 and G=g%;, the taxes on the young are

th = oW/ N+ RPODI/ N - Draa/ N

and their disposable incone is

ylt = (1-0)m - g/ N + D+1/ N 'bRbt>Dt/Nt
(1 9 dY R 1
(29b) - [(1 q) 1-a + 1_a] X 1+nxﬁ X W -1,

using Yi/N = w/(1l-a). Al but the last term are proportional to current
wages and to GDP. But the value of old debt is proportional to |ast
period's wage. If period-t productivity growmh is high, the |agged wage
termis relatively snmall and the young enjoy nore than proportional incone
growth. If current productivity growth is relatively low, the lagged term
remains fixed and inplies a nore than proportional downward novenent in
di sposabl e incone. Thus, safe debt increases the exposure of the young
generation to productivity risk. For the old, on the other hand, safe debt
represent a fixed incone that reduces their relative exposure to

productivity risk. Overall, safe debt shifts productivity risk fromthe old

to the young generation. 1l

11 This conclusion is of course prelimnary, because the general equilibriumeffects of
gover nnment debt have not been discussed, but it will be confirnmed in Section 3 bel ow

11



More generally, debt may be state-contingent. The overall return on
governnent debt in period t+l1 can then be witten as the product of a
predeternined “nomnal” return and an index variable P41, RPy1 = RNOMP; g,
where Pi41 is a random variable and R™OM is determined at time t. This
notation covers the case of safe real debt, if P;+1°1; nomi nal debt, if Pi4qq
is the stochastic purchasing power of dollars at time t+1 and RWOM s
literally the nonminal return;12 and wage-indexed (or equivalently, GDP-
i ndexed) debt, if Pry1=Ww4+1/W is the gromh rate of wages. In general,
(2.5) inplies ROM = 1/{E[MS(cli, c?+1) Pr+1] }.

If new debt issues are proportional to output, the disposable incone
of the young is proportional to the current wage except for the term
involving old debt, as in (2.9b). The burden of old debt relative to
current output, RPD/Yr = dYsROM _ 5P xv;_1/ Yy, now depends on the stochastic
properties of Py in addition to productivity risk. But generically, unless
Pyxft-1/ Yt is determnistic, debt destroys the proportional division of GDP.

The special case of deterministic Pyx;-1/Yy is the case of wage-
i ndexed debt. In this case, R'9M js a constant and (2.9b) reduces to

Y nom HY
1, — ) ) g d ) R Ad
yt =019 - 770 * 74" 1mia

XV\&,

an anount proportional to the wage rate. For this--and only this--case,
governnent debt is a perfect substitute for social security, and all
conmment s about social security apply anal ogously.

Anot her general issue is the time path of debt. To obtain bal anced
growt h, debt nust grow asynptotic at the sanme rate as the econony, i.e.,
one needs a stationary debt-productivity ratio di = D/ (A®N). A constant
debt-GDP ratio yields balanced growth, because the wage-productivity ratio

is stationary. But a constant debt-GDP ratio has the inconvenient

12 A nonet ary nodel is beyond the scope of this paper. Here, nonetary policy is just a
| abel for a random zation device that can generate a well-defined distribution for P;,q.

12



i mplication that disposable incone depends on | agged wages and therefore on
the past productivity shocks (for but wage-index debt). This would
complicate the equilibrium dynamcs without adding nuch insight.13 If
interest rates fluctuate, it is also unclear if a constant debt-CGDP ratio
should be interpreted as a constant end-of-period ratio or as a constant
expected debt-GDP ratio at the start of the next period.

To avoid these conplications, the general equilibrium analysis wll
be done under the nore convenient assunption that the governnent’s choice
variable is the debt-productivity ratio di (not dY) and that di depends at
nost on the current interest rate. Since state contingent debt has the sane
generic properties as safe debt, | further assune that all debt is safe
debt, i.e., that R4 is known as of period t. (Qtherwi se, Pt would have to
be added as state variable.) The taxes on the young are then
(2.10) th = g/ (1-a)x - dpie + RPpdp. g,
and the disposable incone is an increasing function of productivity growh
and a declining function of the past return on debt, RP% (as before, but
without involving lagged GDP). If RP fluctuates over tine, the government
faces a choice of keeping the ratio of new debt to productivity constant
(di=d), or to vary the debt supply such that RPt41xd¢ is constant, or to do
sonething in between. | consider an elastic debt supply of the form d; =
d*X{RP 4+1)"9 where g is an elasticity parameter. This is tractable because
R0 41 depends only on the current values of ki and at.

In practice, U S. governnent debt is nostly nonminal and in part |ong-
term i.e., not strictly safe in real terns. In the public policy debate,

governnent bonds are nonethel ess considered prototypical safe assets. The

13 The capital-1abor ratio woul d be characterized by a second-order differenceequationas
conpared to a first-order difference equationw th (2.10). The poi nt t hat gover nnment debt
has the potential to affect the nacroecononi c dynanic i s noteworthy and the inplications
woul d be straightforward to examne, but it would be a distraction here.

13



assunption of safe real debt above follows this tradition and it highlights
the contrast to wage-indexed social security and to “risky” equity

i nvest ment s. 14

2.5. The Social Security Trust Fund

The social security trust fund deserves attention because it's existence
affects the net supply of government bonds and because alternative
i nvestnments have potentially significant risk sharing effects. As Bohn
(1997) has shown, trust funds are irrelevant if they are invested for the
benefit of the generation building up the fund, but they are econonmically
significant in the context of a defined-benefit social security system
Assuming a defined-benefit system wth constant replacenment rate b
i nvestnent risks and returns are effectively borne by future generations of
soci al security contributors.

To nodel trust fund investnents, consider a nixed, partially funded
social security system Gaps between payroll tax receipts and benefit
paynents are invested in (or covered out of) a trust fund. The social
security budget equation is then
(2.11a) Nowoge + TRy + TRSy = Neopwsb + TFKi 4 + TFDB 4
where TF't is the initial trust fund, TFX 41 and TFPi4; are the new equity
and bond investnments, and TRS; is a transfer from the general governnent to
social security (to allow for this possibility). The trust fund bal ance at
the start of period t+1 will then depend on market returns,

(2.11b) TFi+1 = Rt41 x TR 41 + RPpyq x TFP 41.

14 Noninal debt deserves a conment here, because nominal debt can minmic any ot her type of
debt for an appropriately choseninflation process. For non-stochastic noney supply and
non-stochastic velocity, for exanple, the purchasing power of noney is proportional to
i ncome so that noninal debt would m mc wage-indexed debt. But without restrictions onthe
inflation process, nomnal debt is a too vague concept to yield insightful results.

14



Conmbined with the general governnment budget equation (2.9a), supplenented
by TRS; as an expenditure item this inplies a unified government budget
equation

(2.12) Nowoge + Nothe + Nept?e - Neopwb - G

ROODr - Drvg + TR + TFPryg - TF o

Rbt >D*t - Rkt XTFkt + TFkt+1 - D*t+1

where D't+1 = Di+1 - TFPi 41 is the publicly-held (net) debt. Total revenues,
new net debt issues, and initial equity holdings (R&XFX;) nust pay for
non-interest spending, for initial net debt, and for new equity
investnments. The wunified budget equation shows that trust fund bond
hol dings are equivalent to a reduction in gross Treasury debt and that
regular and social security taxes are perfect substitutes. For given
spendi ng, given taxes on the old, and given social security benefits, trust
fund equity hol dings expose the young to the risk of Ilow stock returns,
either through variations in payroll taxes (higher q) or through a soci al
security “bailout” (TRS;>0) financed by regul ar taxes.

To ensure balanced growh, | assume that the security trust fund
bal ance is, like debt, proportional to the productivity trend and that
fixed shares of the trust funds are invested in stocks (iK) and bonds (iP=1-
iK). That is, TRPt4+1 = siPtNsA and TRKt 41 = skKN A, where s is the ratio of

the total trust fund to the growh trend N ;.

3. Market Equilibrium

This section examines the equilibrium allocation of risk and the
macr oecononi ¢ dynanics of the OG nodel outlined above. The nodel includes
governnent spending equal to a constant fraction of output, safe debt
proportional to the productivity trend, taxes on young and old, and a

social security systemw th trust fund.
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3.1. Equilibrium Conditions

In equilibrium the young nust hold the net supply of governnent bonds,
Ne>sP = Dt41 = Dr+1-TRPt+1, and the capital stock net of social security
trust fund holdings, NosKi = Ki+1 - TRKt41. The equilibrium consunption of

the young is then
Ki+1- TR 41 Draa - TR%41

(3.1) ¢l =wmx1l-q) - t1 - N - N W - Kie1/ N - CFL;.

Its policy-dependence can be summari zed by the cash flow to the governnent,
CFl;. The cash flow measure CFl; includes involuntary paynents (regular and
payrol |l taxes) as well as voluntary payments (debt minus security sales to
the trust fund). The consunption of the old can simlarly be witten as

total capital income plus cash flows fromthe governnent,

Ki
(3.2) c2i41 = Rkt+1xtW+1 + CF2; 41, Wwhere
D - TR TR
(3.3) CF2i41 = bt +1 - t2r41 + ROy N - R N

i ncludes social security benefits mnus general taxes, the repaynment of
governnent debt, minus the return on the securities sold to the trust fund.
The unified budget equation (2.12) makes CFL a function of CF% and G,
nanely No>CFY = G + N;.1p)CF%. Hence, governnent activity can be sumnarized
by real spending and a single summary statistic for intergenerational
redistribution, CF%. Conbinations of governnent alternative tax- debt-, and
social security policies that generate identical stochastic processes for
CF2; are econonical ly equivalent. This generalizes Stiglitz's (1983) results
on the irrelevance of infra-generational tax timng and Kotlikoff's (1986)
result about the irrel evance of “labeling” governnent transfers.

An equilibriumin this econony is characterized by the consunption
equations (2.1-2.2), the Euler equations (2.5), the equilibrium conditions
on bond and equity narkets, and the policy rules. Under the policy

assunptions of Section 2, the equilibrium allocation displays balanced
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growmh. The growh trend is driven by deterninistic population growh, N,
and stochastic productivity growh, A. The dynanmics of stationary
vari abl es such as kt+1, (cY/A)t, and (c?/ At are given by a Markov processes
with state variables ki{ and a;. Throughout, | assune policies such that the
allocation is dynamcally efficient, to rule out a too-obvious source of
inefficiency and to prevent distracting discussions about bubbles and
uni queness.

The optinmal decision rules for consunption and capital investnent are
generally non-linear and do not have closed form solutions. | therefore
follow the business cycle Iliterature and log-linearize the relevant
constraints and first-order conditions. The linearization is taken around
the determnistic steady state obtained by equating the stochastic shocks
to their expected values, at=a (see King-Plosser-Rebelo, 1988a, 1988b). A
log-linearization is quite appropriate here, because sone of the key
equations are exactly log-linear (e.g., the production and wage equations)
and because the econony is exactly log-linear in interesting special cases
(e.g., for log-utility, d=0, and wage-proportional policies).

A linearization around a deterninistic steady state is sufficient for
under st andi ng macroecononi ¢ dynanmics, but it is not necessarily sufficient
for policy argunments involving wuncertainty, such as questions about
precautionary savings and asset pricing issues.l® Hence, | alternatively use
an approach notivated by Canpbell and Viceira (1996). Canpbell-Viceira use
| og-linearized budget equations, Ii ke King-Plosser-Rebel o, but they
evaluate the exact Euler equations under the assunption of |og-nornal

di sturbances. Adapting their approach to the OG setting, | log-Ilinearize

15 The Advi sory Council’s (1997) argurent for social securityequityinvestnentsis, e.g.,
based on a non-trivial equity premium But the equity premiumis zero if one |linearizes
around determnistic steady state.
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the consunption equations (3.1) and (3.2) around the determnistic steady
state and evaluate (2.5) for |og-nornmal shocks.

The resulting approxi mations are identical to the King-Plosser-Rebelo
solution, except that the log-linearized decision rules include intercept
terns reflecting the nean “di splacenment” of the stochastic relative to the
determnistic steady state. Mst results below are about the slope
coefficients, however, so that the King-Plosser-Rebelo approach is
sufficient and log-nornality is not required. The robustness with respect
to the approximation nethod should nonetheless be reassuring for readers
concer ned about precautionary savings and about asset pricing issues. To be
cl ear about the notation, let x (without subscript) be the determnistic
steady state value of a stationary variable x¢, |et Qt = I n(xt)-1n(x) be the
| og-deviation fromthe steady state, and |et

A A A
Xt = Px0o * PxkXt * Pxaft,
denote the log-linearized |law of notion, where pyxy are fixed coefficients.

The intercept ternms pxog are always formally included, but zero in the King-

Pl osser - Rebel o approxi mati on. 16

3.2. Equilibrium Dynanics
The key dynami c equations in the OG nodel are the optinmal decision rule for
the capital investnment of the young,
N N N
(3.4) Kt+1 = Pko + PkkXt + Pka*®t.
and the inplied consunption rules for the young and the old. The slope

coefficients in (3.4) can be witten as ratios pkz = Wkz/ Wk, where

16 petails of all derivations are in a technical appendi x avail abl e fromthe aut hor (and
avail able for downloading at http://ww.econ.ucsb.edu/~bohn). The nethodol ogi cal
i nnovation hereistouselog-linearizations to study intergenerational risk sharing and
to obtain approxi mate anal ytical (rather than nunerical) solutions. The derivations are
general ly straightforward, but quite |engthy.
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(1-a) X 1-d/ R¥) k dX k- dx 1- g) +s)
1-e ey a T2 A (1)
R d{a+(1-a) (1-g))-s]
(c2/ A) X 1+a)

(3.5a) Wk = a +

(3.5b) Wik = awl/ (cl/A) + (1-d/ R {dX1-g)-s)/(cl/ A
(3.5¢c) Wika = - ayl (cY A + R/ anx1-a) 5 d-s+s#kx1-d/ RK) ]/ (cl/ A)
and an = (1+a)X1+n). The consunption rules are then determned by the

budget equations (3.1) and (3.2). For the young, (cY/A¢ is income ninus
capital investment, so that the coefficients are related to the

coefficients for capital; nanely

k
(3.5d) Pciaz = Pkzf Wk - 1 = Wikl - 3,/ Wil

k
(cl/ A (cl/ A

for z=k,a. For the old, (c2/ At has coefficients

d{k-d(1-g)+s) ROfd{a+(1-a)x1-g))-s]

(30 Peak = A LAY (02 4y ( 1ea) (21 M) X 1+a)
(3. 6b) Deopa = - a - (1 a) PksH) +RAd-stsik)

(c?/ A) X 1+a)

These equations describe paranetrically how the allocation of risk depends
on government policy. Three general properties of the equilibrium
al | ocation are notewort hy.

First, the key preference paraneter is the substitution paraneter e.
Intuitively, the intertenporal elasticity of substitution 1/(1-e)
det erm nes how t he young generations responds to productivity shocks and to
fluctuations in the capital-labor ratio. The responses are |inked, because
a positive productivity shock and a low | agged capital -labor ratio ki both
imply a low ratio of capital to the current efficiency-adjusted |abor
supply, K¢/ (AN). A low ratio Ki/(A#) raises the expected return on
capital. If the elasticity of substitution is high, this triggers a savings
response that pushes the capital-labor ratio ki4+1 back to its steady state

fairly quickly, at the expense of larger fluctuations in (cl/A){. Hence, a
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high e-value is associated with relatively snmall (in absolute val ue) pkk and
pka coefficients and with relatively large pciak and pgiak coefficients.

Second, note the glaring absence of risk aversion paraneters hl and
h2 from the above fornulas. Since individuals cannot privately share risks
across generations, their exposure to productivity risk is deternned by
policy and production, except for the young generation's wllingness to
substitute intertenmporally. This does not nean that the nopdel sonmehow
abstracts from precautionary savi ngs: Usi ng the Canpbel | -Viceira
approxi mati on, one can show that the intercept ternms pko, Pclao, and Ppc2ao
depend on h2. The risk aversion of the old does affect the average |evel of
economi ¢ activity. But risk aversion and precautionary savings do not have
a first-order ef f ect on the macroecononic dynam cs (the slope
coefficients).1?” The risk aversion of the young, hl, never matters because
t hey cannot insure agai nst shocks already realized at birth.

Third, to understand the effects of productivity shocks, note that
level variables such as ¢l and c2 have elasticities with respect to
productivity growh that are one plus the elasticity value of the
corresponding ratio variables such as (cl/A) and (c2/A). A negative
paraneter pcopa » -a (for small d, d, and s values) for the consunption-
productivity ratio in (3.6b) inplies, for exanple, a positive response of
per-capita consunption levels c2 = A;Xc2/ At of about pera © 1 + pcoaa » 1-
a.18 Policy changes that increase pcpaa in absolute value (reduce it bel ow
-a) therefore tend to reduce the inpact of productivity shock on per-capita

consunption. The sane applies to cli: For plausible parameters, pciaa iS

17 The nodel al so incl udes a reasonabl e asset pricing structure. The difference prco Proo
between the itercept terns for R* and R° can be interpreted as the equity premum It
depends on h2 times the covariance between R and c2; see Bohn (1997) for a calibration.

N N N
18 gince wage dynamnics are given by (WAt = axkt-at), adecisionrulew th coefficient
val ues pyx=a, Ppya=-a means that the variable noves in proportion wth wages.
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negative while pc1a=1+pciaa IS positive, so that paraneter variations that
raise |pcipaal actually reduce the variance of consunption. Recall that a
high e-value inplies a high |pcipal- A high subsititution elasticity
therefore reduces the conditional variance of consunption |evels.19

To sumari ze the general results, we find

Result #1: The nmarket dynam cs and the market allocation of risk depend on

preferences only through the intertenporal substitution paraneter e.

Result #2: A high elasticity of substitution speeds up the econony’s return

to the steady state and reduces the (conditional) variance of the young

generation’s consunption.

Turning to specific paranetric results, the special case of wage-
proportional incones, d=d=s=0, serves as useful benchmark. For d=d=s=0, the

consunption and i nvestnent coefficients above reduce to
1+ k/(cYA
a + (1-a)/(1-€) + k/i(cl/ A

1+ kl/(cl A 1-a
{a+ 7))

Pkk = -Pka = & %

Peta = 1 - &% " 0y (1-e) + Kkl (cl/A)

and pcoa = 1l-a. Recall that 1-a is the weight on (AN) in production.
Hence, pcoa = 1l-a neans that the consunption of the old is as volatile as
out put and wages. The coefficients for the young depend on the substitution

paraneter e (as explained above) and on the steady-state capital-

consunption ratio. 20 Regardl ess of k/(cl/A), one finds pcia S 1-a, pka 2 -a

if and only if 1/(1-e) 2 1; for log-utility (e=0), pcia = 1-a and pkk = -Pka

= a. Hence, the question which generation bears nore consunption risk

depends entirely on the substitution paranmeter: For log-utility, both

19 Recal | that the ratios (cY/A) and (c?/ A are stationary but not the | evels. Comments
about the variance of consunption | evels here and bel ow shoul d t herefore beinterpreted as
referring tothe conditional variance at sone earlier date; say, one period ahead. The
conditioning date is inessential for qualitative conparisons.

20 The st eady-state capital -consunption rati o depends on tine preference, governnent
spendi ng, and the scale of intergenerational redistribution through social security, asis
wel | known fromthe literature on determnistic OG nodel s.
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generations bear equal consunption risk in proportion to inconme risk. For
hi gher/lower elasticity values (positive/negative €), a larger/snualler
fraction of any productivity shock is absorbed by variations in capital
i nvest nent, reducing/increasing the volatility of cl in absolute terms and
relative to c2

Conpared to the d=d=s=0 benchrmark, a positive net governnent debt (d-
s>0, iP=1) reduces the dependence of ol d-age consunption on productivity
shocks, i.e., reduces pcopa and pcra. 21 For the young, government debt
increases the sensitivity of clf to productivity shocks, raising pcla

Hence, confirnming the intuition from Section 2.4, we obtain Result #3: Safe

gover nnent debt shifts productivity risk from the old to the young. Note

that the critical variable here is the debt net of social security
hol di ngs, d-s, not the gross debt.

CGovernnent debt has additional, subtle effects on the dynam cs of the
capital-labor ratio. A fixed, not interest-elastic volume of debt (g=0)
yields a variable income for the old, because RP4+; varies with the capital -
| abor ratio, and it raises the autocorrelation of the capital-labor ratio
(reducing W, increases Wkk); the sane applies for a low interest
elasticity, 0<g<l. At g=1, the return on debt RPi1>d; becomes independent of
kt+1, removing the dynamic effects of debt per se. A debt-for-social
security swap would nonethel ess raise the autocorrelation of ki up to sone
critical g-value above 1, because wage-indexed social security benefits

depend positively on ki through the dependence of wages on capital.

21 see (3.6). An increase in debt d at a given steady state val ue of (02/A) implicitly
assunmes a given level of intergenerational redistribution. It is therefore best
interpreted as a substitution of safe debt for wage-indexed social security. The
assunption of constant redistribution is justified nore formally in Section 4 bel ow, where
| show that the steady state | evel of intergenerational redistributionis determ ned by
the social planner’s rate of tine preference. The substitution experinment represents an
anal ytically “clean” change in risk sharing policies and it is policy-relevant in the
context of social security privatization proposals (e.g., Feldstein, 1996).
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A shift of social security trust fund balances from debt to equity
(ik=1-ib>0) further reduces the old generation's relative exposure to
productivity risk at the expense of the young. This is because such a shift
i ncreases the governnent’s net indebtedness in bonds (less of the gross
debt is held by the trust fund) and because it effectively exposes the
young generation to capital incone uncertainty (the iK termin (3.5¢c)).

Undepreciated old capital (d>0) also reduces the old generation's
relative exposure to productivity risk, but w thout affecting the young.
This is because ol d capital provides productivity-independent incone. 22

Overall, it seens easy to find reasons why the consunption variance
of the old relative to the consunption variance of the young is |less than
in the wage-proportional allocation, but difficult to go in the other
direction. The next question is how the narket allocation of risk conpares

to the efficient allocation.

4, Efficient Risk Sharing
This section describes the efficient allocations inplenmented by a social

pl anner who nmaxin zes a wei ghted average of generations’ utilities.

4.1. Ceneral Efficiency Conditions
A few general efficiency conditions can be obtained for general preferences

U(cli, c?t+1) and a general technology Fi(Ki,Nt). Assume that at time t=0,

the social planner maximzes a wel fare function?3

22 I nconpl ete depreciation also increases the capital coefficient (pc2ak>a for d>0).
Intuitively, production has a capital coefficient of a while the salvage val ue has a unit
capital coefficient.

231t isa phi | osophi cal question if persons bornin different states of nature are the
same or different individuals. Here, treating them as different (nmaxim zing
é_s é_t W (s) xE U (s) sunmmed over states s) woul d be uni nteresting, because any inposition
of risk on future generations could then be rationalized trivially by an appropri ateset
of state-contingent wel fare wei ghts w,(s); see Peled (1982). Note that if young and old

are interpreted as worki ng-age and retired, the nodel’s next “unborn” generation are in
reality children, i.e., identifiable individuals.
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(4.1) W = Eol ; Wi X ]
t=-1
with wel fare wei ghts w{>0, subject to the resource constraint
(4.2) Kivp + Noclt + Neope? + Go= Fe(Ke, N
Initial capital and the t=-1 consunption of the old are given; utility is
i ncreasing and concave and production satisfies the Inada conditions.

Opti mal consunption and investment plans are characterized by the first

order conditions

dU dU.1
(4.3) Lo = wog s Loden = weai 35 Le = Bl

where Lt is the Lagrange multiplier of the resource constraint and
RKt=fFt/ K;. Thus, the efficient allocation nust satisfy two intuitively
i nsightful conditions:

(i) a distributional optimality condition linking the consunption of old

and young within a period,
dbi-1 wi-2/ N1 dU

and

(ii) a dynanic optinality condition
du dU
(4.5) S Et[dC2t+1

R +1] <=> E[ MRS(clt, c241) Rhr41] = 1,

which shows that the social planner respects the individual optimlity
condition for capital investnent.

The distributional condition (4.4) yields sonme inmediate insights for
the case of tinme-separable preferences (incl. CRRA). Separability inplies
that (4.4) depends only on the tine-t consunption of the two generations.
Then the social planning problem divides naturally into tw parts, a

“static problenf of allocating aggregate consunption to the [living

generations, and a “dynanmic problenf of choosing the path of capital

accunul ation. |f aggregate consunption differs across states of nature,

margi nal variations in aggregate consunption G = Nl + N.1x¢? nust be
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allocated to the different generations according to (4.4). Regardless of
how and why aggregate consunption varies, each generation's consunption
must be perfectly correlated with aggregate consunption in a way that
depends only on individuals' relative risk aversion and consunption shares,

deiy 1/ hi dce
(4.6) cly T f/h1+(1-f)/hy G

for i=1,2

where f = N1/ G and 1-f = N.1¢%/G are the consunption shares of the
old and young. (Neither f nor the h-s have to be constant here.)
Equivalently, the relative volatility of the two generation’s consunption

nmust be inversely proportional to their relative risk aversion,
dcl dc?

(4.7) hi x— 7' =h2 x5
Ct C%t

This characterization of the optinmal sharing of aggregate consunption
parallels the results of Gale (1990) and Stiglitz (1983). For age-
i ndependent risk aversions (hl=h2), it inmplies equal consunpti on
volatility. Eq. (4.7) shows that age-dependent risk aversion may
rationalize policies that expose one cohort to nore consunption volatility
than the other--e.g., safe debt, if one assunes that the old are nore risk
averse than the young. Egqs. (4.6-4.7) also inply that the governnent should
never inpose stochastic intergenerational transfers except to renedy a pre-
exi sting msalignnent between old and young consunption. This imediately
shows the inefficiency, say, of nonminal debt with “noisy” inflation (random
Pi) and of “political instability” (unexpected tax changes not associated
wi th econonmi ¢ fundanental s).

These general insights apply for all tine-separable preferences
wi t hout requiring assunptions about the stochastic structure of the nodel.
But (4.6) and (4.7) provide only a partial solution of the optinmal risk

sharing problem because risks can be shared with future generations by
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varying the path of capital accumul ation. Assunptions about the stochastic
structure of the econony are then unavoi dabl e.

The next section therefore returns to the Markov nodel and bal anced
growmh. To prepare, note that the efficient allocation displays balanced
growmh with honothetic preferences if and only if (wi-1/N-1)/(w¢/N) in
(4.4) is constant. To ensure balanced growh, | assune therefore that the
pl anner values each generation’s per-capita wutility in proportion to
popul ation size and then applies a constant rate of tinme preference, i.e.,
wt = Nowt, for some constant w.

If utility is honothetic of degree 1-hl, as assuned in (2.3), the
transversality condition limrsy E[LPKre] = O requires that the grow h-
adjusted rate of time preference w* = wx1+n)x1+a)l-hl satisfies w'<1. 24
Equations (4.4) and (4.5) then inply that the steady state return on
capital R¥an = 1/w*>1 depends only on the social planner’s rate of tine
preference; this notivates why steady state values were held constant in

Section 3.

4.2. Optinmal Policy in the Markov Model

This section exam nes the social planning problem under the preference and
technol ogy assunptions of Section 2. The planner’s problemis simlar to
the standard infinite-horizon optimal growh problem fanmliar from the
busi ness cycle literature (King-Pl osser-Rebelo, 1988a, 1988b), except that
there are two goods and a nore general utility function. Like the standard
busi ness cycle problem the optinal risk-sharing problem generally does not
have a closed form solution. A natural approach to characterizing the

stochastic and dynanic properties of the optimal risk-sharing policy is

24 The growt h-adj usted tinme preference can be interpreted as in representativeagent
nodel s (e. g., Ki ng- Pl osser-Rebel o, 1988a), except that the social planners rate of tine
preference matters and not the individual tine preference.
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therefore to again log-linearize the econony around its determnistic
steady state. The nodel is transfornmed into stationary ratio-variables by
di viding through the growmth trend A®N. The social planning problemis then

to maxi m ze

¥
W = Eol :éll(W*)“(U/A)t]

where (UA: = U/(A1h) and w* = wx1+n)x1+a)l-hl<i, subject to the

resource constraint

1 G S
- 1 4 2 - X A N
Kt

- ((l+at)>(1+n))a'

CGovernnent spending deserves sonme coment here. The technically
easi est assunption would be to set G/(A®N) = gA constant, essentially
removi ng governnent spending as a dynanic variable. But that would be
i nappropriate because a constant gA inplies systematic nobvenents in the
spending-GDP ratio that would a priori rule out a wage-proportional
al l ocation and nake a conparison to Section 3 inpossible. A constant G/Y; =
g is economcally nore reasonable, but it is technically tricky, because Y;
i s endogenous. If a constant g were interpreted as nmaking G endogenous, it
would “distort” the social planner’s capital accumul ati on decisions (just
like a proportional tax). Hence, | maintain that G is exogenous but at a
| evel that just happens to be proportional to the equilibrium path of V;.
Then G=gx%, as in Sections 2-3. This interpretation preserves both the
“undi storted” dynamic optinmality condition (4.5) and prevents fluctuations
in the spending-GDP ratio that would distort the natural 1inks between

growth and consunption opportunities. 2

25 Two alternative motivations can be given. First, the assunption can be interpreted as a
reduced-formrepresentation of a nodel with preferences over public goods. Gven an
ef ficient provision of such goods, the social planner will not engagein*“tax-avoi dance”
to reduce public goods provision. Second, for purposes of social security policy--e.g.,
for an assessnment of the Advisory Council proposal s--one think of the social planner as a
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The linearized solution for consunption and investnent is
characterized by three equations: First, there is the resource constraint
(4. %) kiyke + si(eliay +sp(cdi Ay = [ax1-g)+sql Aki-1 - a
where si1=(cY A)/y, sp= 1/(1+n)Xc2/A/y, and sq = d/ank/y. A high capita
stock and a high value of old capital raise consunption and investnent
opportunities, while high government spending reduces them Hi gh
productivity growh gt increases the |level of aggregate incone but reduces
incone relative to the new stochastic trend.

Second, the dynamic optimality condition (4.5) inplies
(4. 9b) El(cH Ml - (T = - prekin
wher e Pre = (1-a)X1-d/ RK)/(1-e)
refl ects the dependence of returns on the capital-1abor ratio,

(4. 9¢) Rh+p = (1-d/ R X 1-2) A aey - Kiea).
Intuitively, i ndividuals snpoth consunpti on (expl ai ni ng the uni t
coefficients on ¢! and c2) and respond to changes in expected returns
according to their elasticity of substitution

Third, the distributional optinality condition (4.4) inplies
(4. 10) h2xci Ay - hixcliA)y - (1-j) A 1- e h1) pRreKy +1

= (h1-h2)sa + (h2-h1){cliA)¢ 1 + [hi-h2+j { 1- e h1)] pReKy.
where j T (0,1) is a constant. This condition links the contenporaneous
consunption of young and the old with weights deternined by the risk
aversion coefficients. Age-dependent risk aversion (hl1th2) inplies a
dependence of current consunption decisions on | agged consunption (ci>A)t_L
which unfortunately increases the dinensionality of the state-space. To
prevent the analysis from being side-tracked by technical conplications

and because the conceptually significant point that age-dependent risk

gover nment agency wi th power over redistributional policyinstrunents whotakes governnent
spendi ng as gi ven.
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aversion nmay be a rationale for unequal consunption variances has already
been made in Section 4.1, | wll assume hl=h2=h for the remainder of this
section. Since hil-e is permtted, the preferences are still as general as
Epstein-zin's (1989).26

For hl=h2=h, equation (4.10) reduces to
(4.11) (B A - (el - hpkesr - hoky = 0
where hqg = (1-j)X1-h-e)/hprk and hy = jx{1-h-e))/hprc matter only for non-
separabl e preferences (1-€eth).

Equation (4.11) can be used to substitute (cf/A)t out of (4.9a-b).
Equations (4.9a-b) then form a pair of expectational difference equations.
For CRRA utility (h=1l-¢) and no governnent spending (g=0), it is
straightforward to show that the characteristic roots (m,np) satisfy
O<m<1<l/w*<np. For general h'l-e and g'0, | assune that m<l<np; this holds
in a neighborhood of (h=1-e, ¢g=0) and seens satisfied for plausible
paranetri zations. The dynam c system is then saddl e-path stable and vyields
optinmal decision rules for [/I2t+1, (cf/A)t, (cé\/A)t] as function of the

N N
Mar kov state vector (ky, at). Specifically, one finds

N N % N

(4.12a) ki+1 = m xky + p ka xat, and

é\ * n * A
(4.12b) (At = pc2ak Xkt + pc2pa X at

* * a>(1_g) +Sd
where p c2ak>0, p c2aa = -(1-1/mp) ¥ <0 depends on ycg = W%, and
* _ _ a>(1' g) +Sd 27

P ka = -(1-1/ )y ka<O depends on yka = Kly-sphy 0

26 For the ti nme- separ abl e case, (1-hl=e) the ﬁt +1-termin (4.10) woul d vani sh even for
h1'h2, confirm ng that unexpected changes i n consunption | evels ((c‘?A)t+/a\1t) shoul d be
shared in the proportion to the risk aversion paraneters, h2><[(cé\/A)t+,a\1t] =
h1><[(ci\/A)t+gt] + (h2-h1)><[(cf/A)t_1+kax/I2t], as in (4.7). But if h1*h2, the dynam cs are

conplicated by the (ci\/A)t_l term An analysis with (ci\/A)t_l as state variabl e woul d be
techni cal |l y strai ghtforward, but theinpliedhigher-order dynani c systemwoul d not yield
easily interpretabl e anal ytical solutions.

27 The constants m, ny, p*czAk are functions of the parameters that can be conputed as in
Ki ng- Pl osser - Rebel 0(1988a, b); derivations are in the technical appendix. For CRRA

utility, the coefficients on a and k; are rel ated: p*czAa=-p*c2Ak and p*ka=-rr1.
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Thus, efficient capital investmrent and consunption are both
autocorrel ated, positively affected by valuation shocks, and (in ratio
form negatively affected by productivity shocks. For CRRA utility (1-e=h),
(4.11) inmplies (ci>A)t = (cé>A)h so that the consunption rules should be
the sane for both generations. For 1-eth, they are different, and the rule
for (ci>A)t follows from(4.11) and (4.12a-b). The elasticity of consunption
| evel s to productivity shocks is again given by one plus the elasticity in
ratios, e.g., pPcoa =1 - (1-1/mp) ¥ ca Which is typically positive.

Recall from Section 3 that the generic narket allocation inplies
different coefficients for the consunption rules of the young and the ol d.
Hence, the observation that young and old consuners should have the sane
consunption dynamics for all CRRA wutility functions, inplies that the

mar ket solution is generally inefficient.

One notable exception is the case of wage-proportional inconmes and
log-utility. For the special case of log-utility (h=1-e=1) and ful
depreciation (d=0), the coefficients in (4.13) reduce to m = -p'ka = a and
P coAk = - P c2Aa = a, the same coefficients as in (3.5-6). Hence, the wage-

proportional market allocation is efficient for log-utility and d=0. For

this special case, any non-proportional policy tool (such as safe debt)
woul d be a source of inefficiency.

To understand the sources of inefficiency outside this special case
first consider CRRA preferences with a lower intertenporal elasticity of
substitution and higher risk aversion (e<0, h=1-e>1; d=0). Such preferences
call for smaller (absolute) responses of the consunption-productivity ratio
(P c2ak = - P c2pa < @) to shocks and to initial deviations from the steady
state (for both young and old consunmers) and |arger responses of capita

investnment to shocks and to initial deviations fromthe steady state (m =
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-p'ka > a). If old age consunption is wage-proportional, the old bear too
little productivity risk (pcpa = 1-a < p'cpa) and are not sufficiently
exposed to fluctuations in |agged capital (pc2ak = @ < my). The consunption
and investnent coefficients for the young differ from a in the right

direction (pc1a > 1-a) but not by the efficient anmpunt.

For the converse case, CRRA utility with high substitution elasticity
and low risk aversion (e>0, h=1-e<l), one finds m = -p'ka < a, P c2ak =
-p*c2pa > @, so that the wage-proportional narket allocation inplies a too
hi gh exposure of the old to productivity shocks. The enpirical evidence
tends be in to favor of a low elasticity of substitution (e.g., Hall 1988),
however, suggesting that the old bear too little risk.

Undepreciated old capital, d>0, is likely to nake the msallocation
wor se, because it provides a productivity-independent source of incone for
the old. Wth Ilog-utility (as benchmark), d>0 reduces the efficient
consunption response to productivity shocks, 1+p“coa<l-a. The market
solution yields peoa < Pca < 1-a = pclas i.e., too nuch exposure to
productivity risk for the young and too little for the old even with |og-
utility.

Redi stribution through safe governnent debt is difficult to
rationalize in this context, because it shifts additional productivity
risks fromthe old to the young. This might be pronmising, if the elasticity
of substitution were substantially above one, but not for enmpirically
pl ausible elasticity values below one. A social security trust fund nay
help, if it reduces the net amount of safe debt, but not if it holds equity
that inposes risk on future contributors. Wage-indexed social security, in
contrast, maintains a wage-proportional distribution of incomes and

theref ore appears preferable to safe debt.
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Epstein-Zin preferences outside the CRRA class (htl-e) produce a nore
complicated pattern of coefficients, but they do not provide a plausible
justification for safe debt either. For a risk aversion paranmeter above the
inverse elasticity of substitution (h>l1-e, the case wusually invoked to
rationalize a high equity premum, the consunption of the young should be
| ess sensitive to productivity shocks than the consunption of the old.28 To
notivate safe debt, one would need deviations from expected utility in the
opposite direction, a risk aversion paraneter below the inverse elasticity
of substitution; but that would be inconsistent with a reasonably high
equity premnmium

Overall, it seenms that for a wide range of reasonable paraneters
(e£0, h3l1l-e, d®0), the old generation bears to little productivity risk in
the market allocation. Safe governnent debt nakes matters worse. The next
section exam nes to what extent these conclusions are robust with respect

to nodifications of the nodel.

5. Extensions
This section generalizes the main nodel in several directions, discussing
ot her aggregate shocks, elastic |abor supply, CES-production, and incone

t axes.

5.1. Ot her nacroecononic risks

In the main nodel (Sections 3 and 4.2), permanent productivity shocks were
the only source of aggregate risk. Here | consider three other sources of
risk: tenporary productivity shocks, an uncertain salvage value of old

capital, and governnent spendi ng shocks.

28 Eq. (4. 10) inplies p*cla = p*cza - hlxp*ka < P*cza because p*ka<0 and h;<0; by simlar
reasoni ng, the consunption of the young shoul d be nore sensitivetoinitial capital than
the consunption of the old, p*clAk > I0*02Ak- Note that generally p*czAal-p*CgAk and
p*clAal'p*clAkv unli ke the CRRA case.
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Tenporary productivity shocks are worth di scussing because they raise

questions about the role of consunption-snmoothing. |f productivity shocks
are tenporary, the young nay be able to bear themnore easily than the old,
because can consunption-snooth over two periods. But since a tenporary
productivity shock reduces interest rates while a permanent productivity
shock increases them the inplications of tenporary versus permanent shocks
are far from obvious. The differential incone effects may be offset by
differential substitution effects.

To exanmne this issue nore fornally, suppose one adds a tenporary
productivity disturbance vi to the nodel, redefines output to be

Vi = K@ A L+vi) A ) 1@,

and nodifies the narginal products accordingly. If vy is assunmed i.i.d.,
both the positive nodel of Section 3 and social planning problem of Section
4.2 retain their Markov structures, now with the additional state variable
Vi. The log-linearized decision rules gain an additional term for the v¢-
shocks (va><\/t in the positive nodel, p*xva/t in the normative nodel). But
since the pxg and pxkx coefficients remain unchanged, all previous results
about permanent shocks and about initial capital remain unchanged.

The efficient solution for CRRA wutility again requires equal
coefficients for old and young consumers, p civ=p c2v. |n the market nodel,
the distinction between pernmanent and tenmporary shocks is irrelevant for
the old, i.e., pc2a=pc2y- For the young, the consunption response to
tenporary shocks generally differs from the response to pernmanent shocks
because of differential consunption snoot hi ng and i ntertenporal
substitution effects. The difference in the coefficients on vi and a; shocks
is

Pcia - Pciv

1
= k/(cllA){ﬂv%Al - 1],
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It is positive if and only if Wy in (3.5a) is |less than 1+k/(cl/ A).

In the benchmark case of wage-proportional inconmes and log-utility,
Wi=1+k/ (c/A) so that pcia = Pciy. Then the differential interest rate
novenents exactly offset the differential income effects, 29 producing equa
consunption coefficients and showi ng that the wage-proportional allocation
remai ns opti mal

The condition Wy<l+k/(cl/A) is satisfied, however, for wage-
proportional incones and a CRRA utility with elasticity of substitution
below one (e<0). For low elasticities, the differential inconme-effects
(consunption-snoot hi ng) domi nate and the consunption response of the young
is less than the consunption response of the old, pciy < 1l-a = pgoy. By
shifting tenporary productivity risk to the young, safe debt mnmight be
ef fici ency-i nproving. 30

It would be preferable, however, to find a poliy instrunment that only
shifts tenporary risk and not permanent risk. In practice, a governnent
woul d take a huge ganmble if it issues safe debt and blanes |ow out put
realizations on negative tenporary shocks. A negative tenporary shock vi
justifies a runup in the debt-GDP ratio because the government is likely
“bailed out” by above-normal productivity growh in the next period.
(Temporary shocks inply negatively autocorrelated producitivity growh:
(1+at +1) X 1+vi+1)/ (1+vy)-1 is above Eiai+1 in expectation, if vi<Evi+1.) But
the government would be stuck with an excessive debt-output ratio if the

shock turns out to be a misidentified permanent shock. Hence, one should be

29 A posi tive tenporary shock provides a consunption-snoothing notive to save nore, but it
al so raises the prospective capital -1abor ratiok¢+1, and hence depresses i nterest rates.
In contrast, a permanent shock reduces ki+1 and raises interest rates, providing a
substitution notive to save nore. Inthelog-utility case, these two different mechani sns
are equal ly strong.

0 n an econony with both shocks, the ideal policy instrunent would only reallocate
tenmporary ri sk and not permanent risks. But safe debt may have a role in a second- best
sense i f the government cannot di stinguishdifferent shocks and tenporary shocks are nore
conmon.
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wary about drawing strong policy conclusions from the case of tenporary
productivity shocks. 31 The negative autocorrelation in productivity growh

required for tenporary shocks is also enpirically questionable.

Second, consider adding uncertainty to the return to capital.

Productivity shocks (permanent and tenporary) inply a deterministic |ink
bet ween wages and the margi nal product of capital, which nay be considered
restrictive. To see the inplications of independent novenents in the return
to capital, suppose the salvage value of old capital is an i.i.d. random
variable di. In practice, the old hold a variety of long-lived capital goods
of uncertain value so that one might think of a stochastic di as a genera

“valuation risk.” The return to capital is then still correlated wth
productivity and wages, but contains additional “noise.” The nbdel retains
its Markov structure, now with di as additional state variable and with St-
terns in the log-linearized decision rules. The other coefficients remain
unchanged.

In the narket allocation, valuation risk is a generation-specific

risk, since the old generation holds all the capital: pc2g>0, while pc1g=0
and pkg=0, provided i€=0. Section 4.1 has shown that it is inefficient not
to share such risk across generations. In any efficient allocation,
valuation risk nmust be shared between the old, the young, and all future
generations; i.e., p 290, p c14>0, and p“kg>0. The proviso i€=0 points to an
interesting risk-sharing role of the social security trust fund. Wth

defined benefits, the risk and return of social security equity investnents

is carried by future generations (pc1g>0 and pkg<O if i€>0), so that equity

31 The political tenptation to identify shocks as tenporary shoul d be obvi ous. One nay
wonder if this is related tothe world-wi de growh in debt-GDPratios after the post-1973
productivity sl owdown.
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investnments are a neans to share valuation risk. This nmay be an interesting
topic for future research.

Overall, independent novenents in the return to capital are another
potential source of inefficiency but they do not change previous findings
about productivity. One may argue that valuation risk raises the variance
of the old generation’s consunption, but the appropriate renedy would not
be to issue safe debt that shifts all risks fromold to young.

Third, shocks to governnment spending are potentially inmportant source

of risk (e.g. war spending). In the normative npdel, a stochastic,
exogenous share of governnent spending gt = G/Yy can be accommpdated
easily, because governnent spending reduces the resources available to
consunption and capital investment in the sane way as a negative
productivity shock. To maintain the Markov structure, suppose the spending
share gt is i.i.d. with mean g. Then an efficient allocation requires a
negative response of old and young consunption (p*clg<0, p*c2g<0, wi th equal
coefficients in case of CRRA) and a burden-sharing with future generations
through variations in capital investnent, p*kg<0. In a market setting,
efficient responses to spending shocks could be inplenmented in various
ways; say, by allowing tax rates and the debt-output ratio to depend on
spendi ng shocks and | agged debt. A detailed analysis is beyond the scope of
this already | ong paper. The nain point here is that additional sources of
uncertainty can be acconmopbdated fairly weasily wthout changing mgjor

results.

5.2. Variable |abor supply
The assuned inelastic |abor supply may be considered restrictive, too. One

m ght argue, for exanple, that the young can bear nore risk, because they
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can “recover” from bad shocks by increasing their |abor supply, whereas the
retired old have to live with their given resources. 32

To examine this issue, assune that individuals are endowed with one
unit of time and have preferences over consunption and |leisure. By
assunption, the old are excluded from the |abor nmarket and use all their
time for leisure. The young consume |y units of leisure, where O0£l{£1, and
provi de | abor supply 1-1y. Efficiency and individual rationality both inply
that the marginal rate of substitution between young consunption and
| eisure equals the wage rate. In the normative analysis of Section 4.1,
(4.7) nust then be replaced by

dcczztt x h2 :dcclltt x hl +% xdl ¢,

where the subscripts in U; and U; denote partial derivatives. Thus, the
results about relative consunption volatilies remain (approximtely) valid,
if U is (approximtely) separable in ¢l and It. If consunption and |eisure
are substitutes (Ug<0) and negatively correlated (as one may suspect in
case of productivity shocks), the consunption of the old should actually be
nore volatile than the consunption of the young, contrary to the “recovery”
argunent notivating this section. In general, the relative volatility of
the old and young generations’ consunption depends on the correlation and
the substitutability of consumption and leisure for the young. But the
results based on fixed |abor supply are still approximately valid, unless
one is convinced that |Ug]| is large.

To say nore about the correlation of consunption and leisure, a
paranetri zed model is again needed. Consider therefore a time-separable
CRRA specification with a Cobb-Douglas aggregator over consunption and

leisure, Ut = u(cl,1¢) + ru(c?,1) with u(c,1) = [ctf]1L-h/(1-h), >0. The

32 This concern was often raised when | presented an earlier draft of the paper.
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Cobb- Dougl as aggregator inplies a unit elasticity of substitution between
consunption and |eisure, which is necessary for a balanced growh. The
efficient log-linearized decision rules can be derived as before. ne
finds: (a) In the special case of log-utility (h®1) and d=0, the |abor
supply is constant and the wage-proportional allocation is efficient, as in
the main nodel. (b) In the enpirically nobst relevant case of h>1 (low
elasticity of substitution), negative productivity shocks induce an
increase in labor supply so that consunption and |eisure are negatively
correlated. Since h>1 inplies U; <0, a variable labor supply inplies that
the consunption volatility of the young should actually be less than the
consunption volatility of the old, contrary to the “recovery” argument.
Intuitively, the “recovery” argunent fails because states of nature wth
Il ow income are also states of nature in which the nmarginal product of |abor
is low Hence, it would be inefficient to ask the young to work nore when
aggregate incone is |ow

Overall, the section shows that the | abor-1eisure option of the young
and the exclusion of the old from the |abor narket do NOT create a
presunption that the young are better able to bear risk than the old. As
shown above, the | abor-leisure choice may be irrelevant (with log-utility)
or even <call for less risk-bearing by the vyoung. Although other
paranetri zati ons may conceivably yield different results (I am not striving
for generality here), the main nodel with fixed |abor supply provides a

reasonabl e approxi mati on for the optinal allocation of risk

5.2. CES Production
The Cobb- Dougl as technology in the main nodel inplies a unit elasticity of

substitution between capital and labor. This is a significant restriction

38



because a non-unit elasticity changes the relative riskiness of capital and
| abor incones. To see this, consider a CES-production function

Ve = [ax] +(1-a) X AN T 1]
with elasticity of substitution 1/(1-j); Cobb-Douglas is the linmiting case
j =0. Technol ogi cal progress is assuned permanent and |abor augnenting (to
ensure bal anced growth), as in the nmain nodel.

Economi cally nost interesting is the case of an elasticity bel ow one
j<0. A positive productivity shock that raises the effective supply of
| abor (N¢»¢) relative to the stock of capital will then reduce the |abor
share in output relative to the capital share. This nmagnifies the effect of
productivity shocks on capital income and danmpens the effect on |abor
i ncone relative to the Cobb-Dougl as case. Hence, the old generation faces a
nore volatile nmarket income than the young, suggesting that the nmarket
all ocation may inpose too much risk on the old. This is reinforced by the
fact that the efficient allocation calls for productivity shocks to be
absorbed by variations in the savings rate that reduce the volatility of
old and young consunption relative to the Cobb-Douglas case. The |abor
augrmenting nature of technical progress is inportant here, because it nakes
the effective | abor supply the main source of uncertainty.

Overall, a CES-technology with elasticity paraneter below one nay
theoretically justify governnent interventions that shift risk fromold to
young such as safe debt. An elasticity of intertenporal substitution bel ow
one and a non-zero salvage value of old capital would, however, reduce the
relative consunption volatility of the old. An elasticity of factor
substitution below one is therefore by no neans sufficient to justify

gover nment intervention. 33

33 A wvei ghting of these factors would require an enpirical analysis beyond the scope of
this paper. For the nmai n nodel, | assune Cobb- Dougl as t echnol ogy because the qual itative
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5.4. Incone taxes as risk-sharing device

I ncone taxes are commonly believed to have inportant risk sharing effects.
Throughout this paper, taxes are assuned |lunp-sum even if the collected
anounts depend on variables |ike aggregate incone. Tax distortions are
beyond the scope of the paper because of the inplied second-best
consi derations. The taxes on the young can nonetheless be interpreted as
i ncone taxes because of the inelastic |abor supply and because the anount
was assunmed to be wage-proportional. The risk-sharing inplications of
capital incone taxes are therefore the nmin issue.

For the old, lunp-sum taxes proportional to per-capita output cannot
be interpreted as incone taxes, because capital incone taxes would distort
savi ngs decisions and because the income of the old (as usually defined)
woul d not be proportional to Yi/N. Since the capital income of the old is
(R&-1)sKi_1, an income tax on the old at the rate x® would collect
revenues

t2t = XG){aX(l'Fatl)(W)a-l + d - 1] KB 1.
The ratio of capital incone revenues to GDP would then be an increasing

function of the productivity and val uati on shocks,

. k
tzth\tTl =x9{a - (1'dt)>(m)l_a]-

If the taxes on the young the residual quantity determ ned by the budget
constraint, x>0 would increase the exposure of the young to productivity

shocks and to valuation risk. A capital income tax is therefore another

inplications of alternative preference and policy paraneters are nost easily explainedin
a Cobb- Dougl as setting (yiel ding wage-proportional incormes), and because Cobb-Douglasis a
standard assunptioninthe productionliterature (e.g., Gome and G eenwood, 1995). The
data aredifficult tointerpret. Inannual U S. data, the sinple correlation betweenthe
| og capital share and the | og output-capital ratiois actually negative (-0.31 for 1929-
1996, -0.33 for 1954-1996), contrary to what one woul d need to rationalize safe debt. But
careful production studies have found evi dence for a bel ow-unit elasiticity (e.g., Lucas,
1969); overall, this issue is best left for future research
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means of shifting risks from old to young. A uniform incone tax on young
and ol d woul d have sinilar features.34

Overall, it is true that inconme taxes on the old have potentially
interesting risk-shifting effects. But the welfare benefits of such taxes
are questionable, because they would clearly distort the individual first
order conditions (2.5) and break the link to the planner’s problem
equation (4.5). The literature on state-contingent taxation (Chari et.al
1991; Zhu, 1992; Bohn, 1994) has shown that capital incone taxes can be
| evied without causing distortions if and only if taxes in sonme states of
nature are offset by negative taxes in other states of nature. But such
taxes raise little revenue and are often equivalent to government debt with
state-contingent returns. Hence, the coments about state-contingent debt
apply analogously: They are theoretically a powerful tool for risk-
shifting, but quite conmplicated to design and too powerful to be
interesting, except perhaps for nornmative analysis. This explains their

exclusion in the mai n nodel .

6. Conclusions

The paper has exanmined the intergenerational sharing of macroeconomc risk
in a stochastic OG nodel. In the market allocation wthout governnment, the
old and the young share productivity risk through its inpact on capital and
| abor inconme. Safe governnment debt shifts productivity risk from old to
young. Wage-indexed social security, in contrast, is essentially neutral

with respect to the allocation of risk. A social security trust fund wll,

34 ¢ gover nment spendi ng were financed by a uniformincone tax at a tine-varying rate xt,
the tax rate woul d have to satisfy gxYy = xtx[wxN + (Rkt-l)thXAq_]_XN_]_] (for d=0 for
sinplicity), hence
xt = o (b a s (g L]
(1+at) x(1+n) (1+at) x(1+n)
Tax revenues fromthe ol d woul d be an increasing function of a; and di, which nmeans t hat
the tax shifts risks anay fromthe ol d.

41



in the context of a defined benefit system either reduce net governnent
debt, if invested in bonds, or shift <capital incone risk to future
gener ati ons.

A conparison of the market allocation with the set of Pareto-
efficient allocations shows that the market allocation is generally
inefficient. The market allocation of risk depends inportantly on
individuals' intertenporal elasticity of substitution--the willingness to
spread risk over time--and not primarily on risk aversion. The optinal
allocation requires that old and young bear consunption risk in inverse
proportion to their respective relative risk aversion

For plausible paraneters, the nmarket allocation seens to inpose too
much productivity risk on the young. Safe governnent debt is difficult to
rationalize in this context because it shifts nore risk fromold to young
| f t he gover nnent engages in i nt ergenerati onal redi stribution
productivity-contingent transfer schemes such as wage-indexed social
security seem preferable to governnent bonds. The w despread use of safe
debt makes one wonder if politicians have been tenmpted to offer safe
securities to current voters without consi deri ng--perhaps wi thout

recogni zing--the inplied risks for future generations.
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