Lawrence Berkeley National Laboratory
Lawrence Berkeley National Laboratory

Title

ALFVEN-WAVE OSCILLATIONS IN A SPHERE, WITH APPLICATIONS TO ELECTRON-HOLE DROPS
IN Ge

Permalink

https://escholarship.org/uc/item/996688ag

Author
Markiewicz, R.S.

Publication Date
1978

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/9q6688qs
https://escholarship.org
http://www.cdlib.org/

For Reference

Not to be taken trom this room




LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the Depart-
ment of Energy, nor any of their employees, nor any of their con-
tractors, subcontractors, or their employees, makes any warranty,
express or implied, or assumes any legal liability or responsibility for
the accuracy, completeness or usefulness of any information, appa-
ratus, product or process disclosed, or represents that its use would
not infringe privately owned rights.

W



Submitted to Physical Review B LBL-6942

ALFVEN-WAVE OSCILLATIONS IN A SPHERE,
WITH APPLICATIONS TO ELECTRON-HOLE DROPS IN Ge#®

R. S. Markiewicz+
Physics Department,
University of California,
Berkeley, California 94720
and
Materials and Molecular Research Division,

Lawrence Berkeley Laboratory,
Berkeley, CA 94720

(received Jan. 1978)

ABSTRACT

The problem of Alfvén-wave oscillations in an anisotropic sphere is
studied, and two solutions are presented. One solution is exact,
involving an expansion of the current inside the sphere in a series of
orthonormal modes. The second is approximate, based on a perturbation
expansion of the induced fields and currents in powers of the drop
radius. The approximate solution can be applied to a material having
a completely general conductivity tensor, while the exact solution is
restricted to situations of high symmetry.

As an illustration of these solutions, the resonant power absorption
by electron-hole droplets in Ge is calculated explicitly. Size-
dependent resonances, for which the resonant field increases with the

drop radius, have been observed experimentally. The present calculation
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shows that such resonances occur both in the magnetic and electric
dipole absorption, with the magnetic dipole absorption being most
intense, particularly for small drops. From the approximate solution,
it is found that certain of the resonances can have a very strong
dependence on the orientation of the magnetic field with respect to
the crystal axes, similar to cyclotron resonance of an electron in Ge.
As a second application of these results, the transition from
Alfvén waves (in a material having equal numbers of electrons and
holes) to helicon waves (only one carrier type) is studied. The
"elimination" of one carrier type can be accomplished by increasing its
mass, decreasing its concentration, or increasing its collision rate.
The Alfvén to helicon transitions are quite different in each of these

three cases, and examples of intermediate states are presented.



I. INTRODUCTION

A. Scattering of Waves by a Sphere

Electromagnetic waves have long been a valuable probe of the
properties of free carriers in solids. A particularly important
technique in semiconductors has been cyclotron resonance:l this gives
the effective mass m and (using circularlj polarized waves) the sign
of the charge for each type of carrier in the material. From the
linewidths, information can be found concerning collision processes
of the carriers. Unfortunately, this technique can generally only be
used when the number of carriers is small.2 A high density n of
carriers screens out low-frequency electric fields, and shifts the

' 3
cyclotron resonance to frequencies near the plasma frequency,

/2

w, = (lﬂrnez/i-:Lm) 1 (1)

where eL is the dielectric constant of the medium. The remaining plasma
resonances and plasma-shifted cyclotron resonance contain much less in-
formation than the cyclotron resonance. The peak gives a measure only of
the ratio n/m, and if these are several types of carriers, the effective
mass is an average among those types.

A static magnetic field B greatly changes the situation, opening
a "window" in the normally screenmed frequencies below the plasma

frequency: certain low-frequency waves can propagate through the

material without loss if their frequency w is less than the cyclotron



frequency,

w, = eB/me (2)

The nature of these waves depends sensitively on the types of carriers
in the material.4 For a material with a single type of carrier, the
propagating waves, called helicons, have one sign of circular polariza-
tion (depending on the sign of the carrier's charge) and are highly

1/2

dispersive, k « w , where k = 27/A is the wave number, and A the
wavelength in the medium., If there are equal numbers of electrons

(negatively-charged carriers) and holes (positively-charged), then

dispersionless, linearly-polarized waves can propagate. These are

called Alfvén waves.

Such propagating waves can be conveniently studied using "dimensional
resonance' techniques: by matching the linear dimension of a sample to
the wavelength of the propagating wave, it is possible to excite a normal
mode oscillation inside the solid, for which the absorption of the wave
is greatly enhanced. This absorption is resonant in the wavelength of
the wave (or the length of the sample). The technique therefore allows
a precise measurement of the wavelength inside the sample, from which
the properties of the carriers can be determined. The resonance
condition is most easily visualized in a flat plate: the thickness of
the plate t must be equal to an integral number, j, of half-wavelengths:
t=jA/2. Such resonances are by no means confined to flat plates.

Figure 1 shows schematically the field distributions in a sphere near

the lowest two (dipole) dimensional resonances. (This figure will be
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discussed in more detail later on) Below the spheres are shown the

intensity of the electric fields at different points along the sphere
diameter. The sinusoidal pattern clearly indicates what is meant by
fitting one (or two) wavélengths inside the sphere. For a sphere of

radius a, the resonance condition can be written 2ma = Yijx’ or

ka =y (3)

ij
Here the Yij are a series of constants which, for the slab, would be Twj.
For the sphere, these constants are to be found by solving the electro-
magnetic boundary value problem for absorption by a sphere. This
difficult problem is the central topic of this paper.

In a magnetic field, A is a function of B, so that the absorption
is also resonant in B. As B is varied, a series of resonances will
appear, different resonances associated with different normal modes
(Yij). When a is varied, the peaks of these resonances, Br’ will shift
in a characteristic manner which is different for helicon waves (Brcraz)
and Alfvén waves (Br<xa). This is discussed further in Section II.

If the conductivity of the sphere is an isotropic scalar, then the
probleﬁ reduces to Mie scab.teri_ng,5 for which the solutions are well
known, and will serve in this paper as a guide to the more general
problem. Unfortunately, in the problem of interest, the magnetic field
breaks the spherical symmetry and introduces a tensor conductivity.

The problem of electromegnetic scattering in this case remained unsolved
for almost fifty years. Recently, Ford and Werner6 presented a formally

exact numerical technique to calculate the magnetic dipole absorption



in this problem, in the special case in which there is a single carrier
type with scalar mass. This solution places some limit on the size of
the sphere, but in practice it is not very restrictive. The sphere
must be small compared to the wavelength outside the sphere. The
wavelength inside the sphere is reduced by /E, where £ is the effective
dielectric constant of the medium (given, e.g., by Eq. (6) below).

For a good conductor in a magnetic field, this reduction can be of the
order of 100. In the specific example of this paper - electron-hole
drops»in Ge - the drops were probed with K-band microwaves, so that

the wavelength outside the drop is 3 mm - much larger than the largest

drops observed.

B. Electron~hole Drops in Ge

In a recent series of experiments,798 such dimensional resonances
have been observed in microwave absorption by electron-hole drops (EHD)
in Ge.9 These drdps are produced by condensation of excitons at low
temperatures, and in unstrained Ge form small (a~2-10 um)10 metallic

spheres, having equal numbers of electrons and holes, and a pair

density of about 2.3><1017 cnr3. From an approximate theory of the

7,1

dimensional resonances 1 (briefly described in Section II e below),

'a drop radius a > 100 um was estimated, suggesting that what was observed

was not the ordinary, small EHD. Subsequent experimentsg’lz’13

confirmed that the sample was strained in such a way as to produce

a potential wel1l?:1%

inside the sample, and that the small EHD were
all attracted into the well, forming a single large mass of electron-hole

liquid (EHL) near the bottom of the well. Because of the large strains,
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the properties of this large liquid mass - called a y-~drop — are quite
different from the properties of EHD in unstressed Ge. The pair

density is considerably lower, n = 5><1016 cm_3,15

and consequently
the recombination lifetime is over an order of magnitude longer.

The purpose of the present paper is to extend the calculation of
Ford and Werner to account for the dimensional resonances observed in
these y-drops. The calculation is complicated because there several
carrier types with anisotropic masses. In unstressed Ge the conduction
band consists of four equivalent electron valleys with ellipsoidal masses
symmetric about the different (111)-axes of the crystal: my = 1.58 m,,

0

m = 0.082 m.o,l where my is the free electron mass. Under a large
(111)-stress (as is associated with Y—dropsl4), three of the valleys
are raised in energy and only a single one remains populated. The
valence bands consist of two warped hole bands, which are also gradually
split by a (11l)-stress. Further detéils of these bands are presented
in Appendix I. Thus, application of (111) stress gives rise to three
distinct types of EHL: Ge(4:2), corresponding to very low (or zero)
stress, for which 4 conduction band valleys and 2 valence bands are
occupied; Ge(l:2), with 1 occupied conduction valley, but still
2 valence bands; and Ge(1l:1), for large enough stress that only
1 valence band is occupied. The y~drop corresponds to Ge(l:2), but
the formal solution will also be applied to Ge(4:2) and Ge(1l:1).

In Section IT of this paper, the electromagnetic equations are

summarized, and some simple properties of Alfvén and helicon waves

are reviewed. Also a simple theory of the dimensional resonances,



due to Cardone and Rosenblum16 is presented. The theory, based on an
ad hoc application of Mie theory to the problem, is here called the
empirical Mie theory (EMI). Section III presents the generalization
of the exact theory of Ford and Werner.6 In addition to including the
multiple, anisotropic-mass carriers of Ge, the Rayleigh limit (small a)
is treated correctly, and electric as well as magnetic dipole absorption
is calculated. Section IV presents an approximate analytic solution to
the same problem, based on Ref. 18. This approximate solution comple-
ments the exact solution in many ways. It is much easier to handle
and, while it lacks the rich, resonant structure of the full theory,
it nevertheless reproduces the basic properties of the principal
resonances with a reasonable accuracy. Furthermore, it is more versatile
than the exact solution. The exact solution can only be applied in
cases of high symmetry, when the conductivity has a particularly
simple form. For the EHL in Ge, this means the solution can only be
found when the field lies along the stress ((11l)-)axis, except in
unstressed Ge, where solutions can be found if B is parallel to either
a (111>~ or a (100)-axis. In this paper, the approximate solution is
- generalized to an arbitrary conductivity tensor, and as an application
the full angle dependence of the dimensional resonances in the EHL is
shown.

In Section V, these theories are applied to the EHL in Ge, and a
detailed comparison of the exact and approximate theories (as well as
the EMI) is carried out. It is found that there is a quite complex

spectrum; while the most intense absorption is magnetic dipole (excited



by the microwave magnetic field), there are also electric dipole
resonances which should also be experimentally observable. These are
three series of magnetic resonances, depending on the polarization of

the microwave magnetic field B, with respect to the static field B: LM,

1
for 31 I %; and TM*, for transverse fields (ﬁll ﬁ) circularly polarized
in opposite senses. Correspondingly, there are three series of
electric resonances, LE and TEX. The spectra are much more complicated
than expected from the EMI: the magnetic field induces a "mode mixing"
which induces a contribution to the dipole absorption from resonances
associated with all the multipole modes of Mie theory. It is found that
these dimensional resonances can be of great value in analyzing the
properties of the carriers: from the Rayleigh limit resonances the
effective carrier masses can be found, while the shift of these resonances
in field as a is varied allows a determination of the carrier density.
Finally, the linewidth can be used to measure collision rates of the
carriers. In a subsequent publication, the results of this paper will
be compared to the experimentally observed Alfvén resonances in EHD.
Helicon and Alfvén waves are just two limiting cases in a spectrum
of possible resonances. In Section VI the transition between these
two limits is briefly explored. For convenience, the initial material
is taken to be composed of equal numbers of electrons and holes, each
of which has an isotropic mass. The transition from Alfvén to helicon-
like behavior is carried out in three different ways, each time by
reducing the effectiveness of the holes as carriers. This is done by

alternately decreasing the number of holes, increasing the hole mass,
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and increasing the hole scattering rate. In each case the final state

is the same: the resonance, due solely to the electrons, has features v
entirely characteristic of helicon waves. However the nature of the

transition is quite different in the three cases, and 1llustrations are

given of the very different types of resonances associated with the

intermediate states (neither pure helicon nor pure Alfvén).



IT. BASIC EQUATIONS

A. The Electromagnetic Equations

<>
In a medium characterized by a complex tensor conductivity o,

> _ e >
J:O’aE

, (4)

Maxwell's equations have the form (for a plane wave E(t) =E e—ﬂnt)
VeE=0 (5a)
VB =0 (5b)
> iwB
V x § = W5 (5¢)
c
Fo4mr_de o _dwg 2
vXB—-CJ Lotz el E (5d)
© e 4 @
€ Zep I - i © (6)
L1 d
where > is the lattice dielectric constant, and I is the identity
matrix. Equations (5¢) and (5d) can be combined to give the
fundamental wave equation
> w2<’*+
Vx (U xB) =% €8 (7

In addition to satisfying Maxwell's equations in each medium,
there also exist boundary conditions which must be satisfied at the
interface between two media. These conditions require continuity of

> > o
B, of the transverse components of E, and the normal components of € * E.
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B. The Conductivity Tensor

The properties of the medium are determined by its dielectric
constant and its conductivity tensor. The conductivity tensor is in
general found by.solving Boltzmann's equation,17 but if the system of
carriers can be characterized by an energy-independent collision time,
T, the conductivity tensor may be found more easily from an equation-
of-motion method. This derivation will be appropriate for a degenerate
Fermi system, for which only the collision time at the Fermi level is
important. If the current is carried by a single kind of carrier
having charge e, density n, and effective mass tensor g, then the

.+
equation for the average carrier drift velocity V is

d-'*' > - > -
A'S v v
me (g + =) e(E+Z><B) (8)

If the time dependence of the drift velocity is also taken as sinusoidal

- >
with frequency w, then the current density j = ne V can be found:

j=0-% (9)
5 =0t (10a)
5o = tam - wneF + 2 ExT1/(ed) (10b)

<> o ©
For a carrier with isotropic mass m = mI, 0 becomes:

at
i
!
Q
Q
o

(11)



where

w, is given by
z-axis (03).
The above

A
coordinates x,

waves). Then

with

-13-

0, = 0y(1-iwn) /[ (-1 * + ()] (12a)
0. =0 T 6./ [(1-i01)% + @ 2] (12b)
2 c 0 c
Oy = 00/(1—iwr) (12¢)
_ 2
0y = me /m , (13)
Eq. (2), and the magnetic field is taken to be along the

tensor may be diagonalized by going to the complex

=%t i§ (corresponding to circularly polarized plane

ad
I

(14)

9 = 00/[1 - i(w = wc)T] (15)

If there are several types of carriers, their conductivities are

additive.

which there are equal numbers of electrons and holes.
example of such a "compensated plasma"

carriers with isotropic masses, m1 and

We shall be particularly interested in the situation in

The simplest
would consist of two types of

m,. Each carrier would have a

2

conductivity of the form of Eq. (11), and the total conductivity would

therefore also

be of the same form.
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For systems having conductivities of the form of Eq. (11) (or,
equivalently, of Eq. (14), the multipole absorption can be found
exactly, as will be shown in Section III. TFor the EHL in Ge in an
external magnetic field, the conductivity is more complicated, as
discussed in the introduction and in Appendix I. The conductivity
has the simple form of Eq. (11) only if the field lies along a high
symmetry direction. ¥or the magnetic field aligned along other
directions, the dipole absorption can be approximately found by the

methods of Section IV.

C. Helicon and Alfvén Waves in an Unbounded Medium

Particular solutions of Eq. (7) are transverse-polarized plane

waves:
> > (—12+ )
E=E e Tt (16)
k+E =0 (17)
1
2E - 23 as)
kB =Ty ErE -
c
The waves corresponding to the eigenfunctions of this equation are
(1) a wave linearly polarized along the magnetic field, for which
2 4o
2 _w _ 3
k=7 CE -5 (19)

and (2) circularly polarized waves propagating along the magnetic field,

for which

) (20)



i,
¢
wiie.
&
e
pe
(=
o

For a single carrier with isotropic mass, kl is independent of

magnetic field, while, for high frequencies (wt >> 1)

9 w2 wz

where the plasma frequency wp is defined by Eq. (1). In zero field,

kl, ki all reduce to the familiar result for a metal
2 .
2 W
2 . w_ __k
%o 7 fL 2 ( 2) - @

Thus for w < wp, k0 is imaginary, and no waves can propagate in the
medium below its plasma frequency. In a finite magnetic field, the

situation is radially changed. For wp >> W,s W,

2
e w W
2 L
T 23
[} C

Thus, for one sign of circular polarization, k2 >0 if |wc| > w. These
propagating waves are called helicon waves. For w, >> p», their disper-
sion relation is given by

w £ W
L 1 ,4 -
k ~ cp_ -1 Trgecw (24).

o, |

These waves are highly dispersive (k/w ¥ constant), and have a wave-

length A = 27/k which increases as the square root of the magnetic

field.
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There is a close connection between the sign of the circular
polarization and the sign of the electric charge of the carriers, as
far as cyclotron resonance or heliconwave propagation is concerned.
Cyclotron resonance is associated with an infinity of the conductivity.
From Eq. (15), 0+ becomes infinite when w, = -w < 0 - that is, if the
carriers have a negative charge. Similarly, from Eq. (21), if
Iwcl > w, then k+ is real if w, < 0: in both cases, the (+)-polarized
wave is helicon-or cyclotron-active for negatively charged particles.
The opposite result holds for the (—)—polarized wave.

In a compensated plasma, containing two types of carriers with
opposite charges and scalar effective masses, m, and m,, a similar

analysis shows that

2 2
2 . 50 | %, “p2
k + (25)
* 2 wtw w*w
c cl c2

Now the lowest order term in w/wci gives a contribution which
is linear in charge and independent of effective mass, and hence

vanishes in a compensated plasma (n1=11 =n). Thus, to lowest

2

nonvanishing order:

2 [ 2 2
2 _ .2 _ e wpl wp2 _ 2 &m
ky=k =—3 5o v 5| =w T (mpmy) (26)
c w w B
cl c2

Thus for Alfvén waves, both circular polarizations are propagating and

dispersionless, and A « B.
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D. Dimensional Resonances

For a dielectric sphere (indeed a body of any shape) embedded in a
material of different dielectric constant, there is a series of electro-
magnetic "normal mode" oscillations. If the materials were completely

. lossless, these modes would be self-sustaining: once excited, they
would continue to oscillate forever, with no external source. In a
real, lossy medium, the oscillations would gradually die out. If the
decay time is slow, power may still be easily coupled into the system
by coupling to these normal modes. Since these normal modes can
generally be considered as "fitting an integral nuwber of wavelengths
inside the sphere" (formally, Eq. (3), ka = Yij must be satisfied),
there will be a resonant absorption of power as the electromagnetic
wavelength is tuned through the value necessary to couple to the mode.

For the problem of a conducting sphere in a magnetic field,
Cardona and Rosenbluml6 gave an approximate theory of these dimensional
resonances, which explicitly determines the Yij of Eq. (3) in terms of
zeroes of the spherical Bessel functions. Once these Yij are known, an
explicit form fdr the wave number (eg. Eq. (24) or (26)) can be used to
transform the resonance condition, Eq. (3) into an equation for the
resonant magnetic field as a function of drop size. The resulting

equations are quite different for helicon waves:

2

B = 47necw ( 2 ) (27a)
chj
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and for Alfvén waves:

= Jhmn(m 4m) L&
B 4ﬂn(ml+m2) Yij (27b)

Thus, if power absorption is plotted while the magnetic field is varied,
the absorption will appear as a series of resonant peaks, one for each
value of Yij'- As the size of the sphere increases, the resonances will
shift to higher field, with B « a2 for helicon waves, or B « a for

Alfvén waves.

E. The "Empirical Mie Theory" (EMT)

The theory presented by Cardona and Rosenblum.16’19

(called here
the empirical Mie theory (EMI) for scattering by an anisotropic sphere)
is based on an assumption which, though plausible, cannot be rigorously
justified. Consequently, the validity of any results obtained by

this theory can only be tested by comparison to the exact theory.
However, by reducing the anisotropic scattering problem to a particular
case of Mie theory, analytic results are available. The simple physical
picture which these results present can be of great value in attempting
to understand the complicated numerical results generated by the exact
theory. In Section V, the EMI will be compared to the exact theory,20
and its usefulness demonstrated.

Mie theory offers an exact solution to the problem of the scattering

of a plane electromagnetic wave by a conducting sphere, as long as the

<> ©
conductivity is a scalar, 0 = 0 I. In an external magneti¢ field,

even if the conductivity can be written in the diagonal form, Eq. (14),
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the diagonal elements are in general not equal. Cardona and Rosenfeld
assumed that the absorption due to each diagonal element of the
conductivity tensor could be analyzed independently of the other
diagonal elements. Furthermore, this absorption was assumed to be
the same as that for a sphere having an isotropic conductivity of the
same value, either 0,5 O_, or 03. The anisotropic problem is thereby
reduced to Mie scattering for three different isotropic spheres, and the
solutions can be found analytically.

The normal modes of Mie theory consist of a series of electric
or magnetic multipoles. If the conductivity in the Mie theory is
taken as one of the elements of the conductivity tensor appropriate
to the helicon problem (single carrier type) the following results are
found: (1) There is no resonant absorption in the longitudinal mode
(associated with 03), and the resonances occur only in one transverse
made (o_ for holes, 0, for electrons); (2) in the resonant mode there
is an infinite series of resonances, associated with each multipole order.
Results are similar for the Alfvén problem, but now there are resonances
in both transverse modes. 'For large fields, these resonances satisfy
Eq. (27), with Yij defined as follows. ¥For each Yij’ 2i is the multipole
order (i=1 for dipole, 2 for quadrupole, etc.), while the j are numbered
in order of increasing magnitude of Yij' For an electric Zi—pole
(magnetic 2i+1—pole) resonance, Yij is the jth zero of the spherical
Bessel function of ith order: ji(Yij) = 0. This quite literally

corresponds to fitting j wavelengths inside the sphere.
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-The problem with this empirical Mie theory is that, once the
absorption has been calculated fo£ the three isotropic cases (oﬂ=oi, 03),
there is no rigorous technique to recombine them to generate the
results for the anisotropic case of interest. What has been done in the
past is to simply assume that the anisotropic absorption is approximately
the sum of the three isotropic cases. This assumption will be analyzed
below in Section V.

However, using the analytic solutions from Mie theory, this
empirical Mie theory can make some very definite predictions about the
properties of these size resonances. TFor small enough spheres, the
resonant field deviates from Eq. (27), and for all modes resonance
occurs at the cyclotron field W, =W (using Eq. (2) for wc). Further,
for small spheres, the absorption intensity is predicted to increase

2i+43 . § 2i+
a for a magnetic 2 -pole resonance, or as a it for an electric

as
2i—pole. The width AB of the resonance is proportional to the collision
réte, T_l, and, if T is independent of magnetic field, AB is field-

" independent for helicon waves, but proportional to B for Alfvén waves.12

These general features are confirmed by the exact analysis, as will be

shown in Section V.



III. EXACT RESULTS FOR DIPOLE ABSORPTION

A. The Solution Inside the Sphere

Following Ford and Werner,6 the problem is solved by expanding

the current in terms of a complete basis set of vector functions over

the sphere:

1/2 1/2
B@ = (37) dpn@ T - (5) 4@ G, o
1/2 1/2
50 = (3847) 3@ Bt (z5m) da@ H 0
Eg(q) = 3,(qr) ?E,z (30)

I

where the jz are spherical Bessel functions and the g .q' are vector
E]

spherical harmonics. A summary of the properties of these vector
functions is given in Appendix II; the Am(q) and Cz(q) are constructed
s0 as to be divergenceless, while the ﬁ?(q) are curlless.

Rather then expanding the true current 3 in terms of these
functions, we expand the 'pseudo current'

iwe
j = 3 - 41TL E s (31)

By Eq. (5d), this pseudo current is divergenceless, so that the ﬁg(q)

do not appear in its expansion

jq = Z ap (@ K;‘(q) + ¢, (q) E’,‘L’(q) (32)
2,m
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R 1 d
1f the conductivity temsor ¢ has the form (11), Eq. (7) may be rewritten

+
in terms of J:

'V’X{Vx[3+ya’z‘-—5+w2><3]}=q§3 (33)

where vy, W, and qi‘are constants defined in terms of the conductivity
tensor elements (Appendix III, Eq. AIII.5). Since the KE, ﬁg, and EE
form a complete set of functions, the operations %ﬁ, ;x, and zz

applied to these functions can be expressed as linear combinations of
these functions (see Appendix II), so that the differential equation (33)
is transformed into an algebraic equations linear in the Kg and E?.
Since these functions are orthogonal over a sphere, the coefficients

of each function must vanish separately. This leads to a system of
coupled linear equations, Eq. (AIIL.6), in the coefficients ag s Cons
in which q enters as a parameter. This eigenvalue equation has
solutions only for particular values of q. For each eigenvalue q, the
eigenvectors alm(q), sz(q) define a particular pseudo current jq’
which is a particular solution of Maxwell's equations inside the sphere.
The total current 3 must be a linear combination of these values

J=xc¢7 (34)
q°q

where the Gq are determined by boundary conditions at the surface of the
sphere.

The matrix equation, presented in Appendix IITI must be evaluated
numerically, but certain simplifying features are evident from its

general form. In the first place, the.equations do not mix different
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values of m. This simplification is made possible by the special

form of the conductivity tensor, Eq. (11) - any more general g would

lead to a mixing of m~values. (This can be seen by analysis of

Eq. AIL.13). Furthermore, the equations do not mix parity. The
functions EE, KE;I, ﬁﬁil, all have parity (—1)2, so that the coefficients
can be divided into two series: {alm, Cpos a3m,...}, and {clm’ a,
c3m,...}, of which the first series has even parity and the second

odd. Only the even series couples to an electric dipole field, whereas

the odd series couples only to the magnetic dipole field.

For a given q, the electric field is found to be

->
E

4riw > ' om
= J + 2L f B
q qZCZ a Lm "4

(35)

)

where the fi
m

are defined in Eq. AIII.12,

B. Solution Outside the Sphere

Outside of the sphere, the electromagnetic fields also satisfy
Eq. (4)-(7), but with G = 0 and the dielectric constant € appropriate
to the medium outside the sphere. Now for a good conductor €. < lel,
where € is a typical value of g (Eq. 6), the dielectric constant tensor
inside the sphere. Thus there can be a large frequency range w where
koa << 1 even though ka >> 1, where ko

outside the sphere, and k is the wave vector inside the sphere

= VEL w/c is the wave vector

te.g.: Eq. (24) or (26)).
In this frequency range, the field equations simplify considerably.

The total field can be separated into two parts: an electric part,
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' >
Since 0 = 0 outside the sphere, the pseudo current J is given by

F=-—X F . (45)

C. Boundary Conditions

By standard pill box arguments, it is found that the boundary
conditions at the surface of the sphere are continuity of ﬁ, of the
tangential component of E, and of the normal component of 3. Again,

by using the orthogonality of the scalar and vector spherical harmonics,
these equations become a matrix of linear equations, relating the
coefficients Gq’ FTQ’ and ng of Eqs. (34)-(35), and (40)-(45). These
equations are: for the normal compomnent of 3

0 m
j,(qa) iwe F
E:G- agm(q)-JE:;—- = — L [ 1 DEm 621} ; (46)
q 4 4 4y L V2941

>
for the transverse component of E:

3 4T | ' Jp(qa)
¢ {———— a, (@), (qa) - @+ i, .(qa)1+£f, VA(H) —r
q q q2c2(22+1) Lm 241 -1 Lm qa
m 2
=T Vaogn P S (47)

where 6%1 is the Krorecker delta function 62 =1 if %=1, =0 otherwise;

1
and

D. = 4% & % (48)
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Further EL

is the dielectric constant outside the sphere, which may

differ from €L in the sphere. These equations may be rewritten

i4(qa)

ga

4
8 —— YL (20+1) zjc,q a, (q)

iw €5, q

(49)

Zmiu) ('Q'+]—) jQI (qa) 4'ﬂ'i jl (qa)

2:G 5 [i,,,(qa) - ] a, (@) + [f, -—=2 a, ]
1 q 'q202 2+1 qa m m wel m qa

L

= 3DEm 6%1 (50)

(fkm is defined by Eq. AITI.13). Similarly, continuity of the magnetic

field results in the equations:

m o —hmi ‘/__%__ . Som
Fae = ¢ % 6y Yzzix dpn e — (51)
4ri o
o 2 Gqq (e = My, 8y (52
= \IZE.A* .« B
DBm = 3 € B1 (53)

The coefficients azm(q) and Cﬁm(q) are assumed to be known (Section
III.A). Note that DEm couples only to the even parity series (odd

a, s even cRn?’ while DBm couples to the odd parity series. Thus, in
studying the purely electric dipole modes of the sphere (DBm = 0), the

odd parity solutions are not excited. The even parity solution is

found by solving the matrix equation
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= 3DEm 8

21

(54

<>
where RE is a tensor transforming vectors in g-space into vectors in

2~space, which can be explicitly written as:

briw

(2+1) jg(qa)

=72 Ugg e -
c“q
REZq .
_ lyiia 3g-7¢22)
= C B VU ——
c Lm qa

A simjlar solution can be found for the magnetic dipole case,

y

qa

, % even

+
e G =

3D

]

$

a

Bm 21

£m + 1

£

m

4mri

we.

o
L

20m

Jg(qa)

1 e , L odd (55a)

(55b)

(56)

< +
where RB is defined similarly to RE’ with odd and even rows inter-

changed.

Once the Gq are found by inversion of Eq. (54) (or 56), the entire

current and field distribution inside the sphere can be calculated.

However, it is often sufficient to calculate only the total power

absorbed by the:sphere,
absorbed is simply P =

where the dipole moment

which can be found much more easily.

@
2
-5
P

a-13

The power

>k >
Im(El' P) for electric dipole absorption,

is defined by

(8ﬂ)l/2

(57)

*
Similarly the magnetic dipole absorption is proportional to Im(ﬁl"ﬁ),

with
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(8w) -1

Thus all that is required is the calculation of the coefficients
FTl, Fgl. These can be found much more simply, using formal matrix

manipulation. Thus, by Cramer's rule,22 the solution to Eq. (54) is

given by
cof(
¢ = g (59)
q Pim det (Rp)

where det(A) is the determinant of the matrix K, while cof(Aij) ié the
cofactor of the ijth element of the matrix K; that is, cof(Aij) is the
determinant of the reduced matrix formed from.K by deleting the ith
row and j_t_:h_column.22 Using Eq. (59), and the result22

det(A) =L A 13 cof(Aij) , for any i, (60)

(AN

we may rewrite Eq. (49) as.

det(S.)

m ; o - 12m E
Flg = DEm(?E 801 = V2 (2041) - det(RE)> (61)

iweL
— ]
where SE%'q = REl'q L'#1
g (qa)

SElq = a%m qa (62)
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Similarly,
2% V 29+1 Bm det(RB)
Squ = j%+l(qa) cgm/qa (64)

<> L1d
Formally, the matrices R and S are infinite dimentional, involving

an infinite number of azm's and CRm'S' In practice the equations are
truncated at some %max’ and solved numerically on a CDC 7600 computer.
It is found that the resulting power absorption converges to a fixed
value as lmax increases and that larger values of lmax are required as
the sphere radius a increases. Results of these numerical calculations
will be presented in Section V.

In the calculations presented here, values of zmax up to 24 have
been used. Beyond this point, the numerical accuracy of the calculations
(single precision was used) becomes insufficient to produce meaningful
results.

The above solutions have all been dipole modes of the sphere -
that is they are excited by spatially uniform electric and magnetic
fields. If the sphere is large enougﬁ, the condition koa <1 is no
longer well satisfied (ko is the wave number outside the sphere -
see Section B). In this case it should be possible to observe higher
multipole resonances of the sphere. The calculations of this section
can be extended to describe these. Ref. 6 has an example of the calcula-
tion of magnetic quadrupole resonances, and Ref. 22 presents a formal
solution to the full Mie theory for an anisotropic sphere — including

all multipole modes.



-31-

IV. THE APPROXIMATE SOLUTION

In Ref. 18, Ford, Furdyna and Werner presented an alternative, but
approximate, solution to the problem of helicon waves in a sphere. This
solution is much easier to handle than the exact solution and can readily
be used to analyze experimental data. While this solution is incomplete
and does not show as rich a spectrum of resonances as fhe exact solutiom,
it has the advantage that it may be generalized for a sphere with an
arbitrary conductivity tensor, as will now be shown. Hence it provides
new information not readily available from the exact solution. As an
illustration, in Section V the angle dependence of the principal Alfvéﬁ
resonances will be derived for EHD in both strained and unstrained Ge.

Thé approximation scheme involves a perturbation expansion of the
internalzfields in powers of the radius of the sphere. Hence the resulting
absorption agrees with the exact calculation in the small sphere limit.
The perturbation expansion is explicitly carried out to second order,
and from this result an empirical expression is formed which agrees with
the perturbation result to second-order, but gives improved agreement with
the exact result (in the cases in which this result is known). Following

.+
Ref. 18, the pseudocurrent J (Eq. 31) is expanded

7= 3O 3O, (65)

> 2 > >
where J(n) « a n; similar expansions are formed for B and E. 1Inside the

sphere, these fields and currents are found by solving Maxwell's equations

(Eq. 4 and 5) sequentially:

F g g (66)
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vxgm o AT (67)
ET AR (68)

<>
These equations may be solved with an arbitrary conductivity tensor O.

For electric dipole modes E(O) = El (Eq. 43), E(O)

20 _ 0, (0

= 0; for magnetic modes
ﬁi. Outside the sphere, the solutions are simplified:

for the electric dipole modes the magnetic field is neglected, while the
electric field is given by Eq. (36); the boundary conditions which are
satisfied are the continuity of the tangential component of E and of the
normal component of 3. Conversely, for magnetic dipole fields, the external
electric field is ignored, while the magnetic field satisfies Eq. (38)
outside the sphere, and is continuous across the surface. Again, the
primary quantity of interest is the power absorbed, which can be written

in terms of the aipole moment of the sphere, as in Eqs. (57) (electric

(1)

dipole). To order E , the electric dipole moment can be written

> 3 1
P = -2 le A (69)
V8T m=-1 m

where

£ = \/'2?[5 -wE]a*-E | (70)

11 mn mn n 1
w2a28
E _ -1 -1 L -1
Jghm - an + an' 2 BnHl (71a)
5¢
wzazeL -1
=~ |B - ) (71b)
mn 2 mn
5¢c

and
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an = 6mn T om pmn (72)

3 = g being the resistivity tensor. Equation (71a) is the direct second
order perturbation result. Equation (71b) is adapted following Ref. 18:
when expanded in powers of a2, it agrees with the earlier result, and is
chosen to give better agreement with the exact result for larger spheres.

In an analogous fashion the magnetic dipole moment can be written (Eq. (58))

3 1
> A
M = --2 f‘;_‘le (73)
V8T m=-1 m
M _\/ZTri 4ﬂw2a2¢@M g*.g » 74)
21 15 2 mn n 1
C
.22
DQM S D—1' 8miw a D—'l (75a)
mn mn mn 2 n'n
21c
L2 2 -1 ,
= <Dn-§1rl”—2"f‘—a ) (75b)
m 21c mn
5 = w(s 5 76
D, = wp o F w( . Tr(p) - onm) (76)

(This form of Dmn was first presented in Ref. 24.)
The above results are applied to electron-hole drops in Ge in the

following section, and the results are compared to the exact results of

Section III.
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V. APPLICATION: DIMENSIONAL RESONANCES IN ELECTRON-HOLE DROPS IN Ge

A. Introduction

Dimensional resonances, of the form discussed in Section II.E, have
been observed in the absorption of microwave power due to large electron-

7,8 In fact, the

hole drops (y-drops) formed in nonuniformly stressed Ge.
existence of theée large drops was first inferred from these resonances,
and their size estimated from the simplified theory of Section II.E.

The results of the previous sections can be used to obtain a more rigorous
description of these resonances.

Due to the multi-valley 'conduction band in Ge, the conductivity
tensor inside an EHD can be written in the form of Eq. (9), only if the
magnetic field is aligned along a high~symmetry axis of the crystal. 1In
unstrained Ge, when all four conduction band valleys are equally populated
(Ge(4:2)), these high symmetry directions are along (100) and (111) axes.
However, the large y-drops have only been produced in the presence of a
large (111)-stress.14 This stress lowers one valley with respect to the
other three, with the result that inside the y-drop only one valley is
populated by carriers, to any significant extent. In this case the
symmetry is reduced, and the exact solution can be found only if the
field lies along the stress axis. The case in which the field lies along
other directions can be treated approximately, as discussed in the
previous section.

The valence band in Ge is doubly degenerate at zero stress ('heavy"
and "light" holes). This degeneracy causes the hole bands to be warped

and greatly complicates the analysis of the hole conductivity, particularly
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in a magnetic field. The stress acts to split these two bands, and at
high stresses all of the holes are in a single ellipsoidal band. The
stress required to depopulate one hole band is considerably larger than
that needed to depopulate the three conduction band valleys, and in the
experimentally observed y-drops the hoies are thought to lie somewhat
closer to the zero-stress limit. The complications of the wvalence band
are for the most part ignored in this paper. In zero stress the holes
are treated as two decoupled spherical bands.25 Two limiting cases will
be ‘analyzed: [1] Ge(1:2), in which only one conduction is occupied,
but the holes are treated in the unstreésed liﬁit; and [2] Ge(1:1), in
which only a single, ellipsoidal héle band is éccupied.

In summary, the exact theory can be solved in four situations:
BI{100?: Ge(4:2) and BII{111?: Ge(4:2), Ge(1l:2), and Ge(l:1l). The
ébnductivity tensors in these four cases are derived in Appendix I.

The resulting spectra are qualitatively similar in all four cases, and
only Ge(1l:2) will be analyzed in detail. This is the case which most

closely corfesponds to the observed y-drops.

B. Size-Dependent Resonances: Magnetic Dipole

Figure 2(a-c) shows typical magnetic dipole absorption spectra,
plotting microwave absorption as a function of magnetic field for a variety
of drop sizes. The three sets of spectra correspond to the three possible
polarizations of the microwave magnetic field, §1’ with respect to the
static field, B. The IM resonances (longitudinal magnetic, with ﬁlﬂﬁ)

. ) g)

+
are shown in Fig. 2a, while the circularly polarized TM:':(transverse-fBl



-36—

are in Figs. 2b and 2c. The signs * are defined through Eq. (44): for
™M+, ﬁlu 8+1. For helicon waves, with only one species of carrier, one
direction of circular polarization is inactive. For example, if there

are only electrons (negatively—chafged carriers), the size-dependent
resonances occur only for the TM+ and LM polarizations. In EHD, because
there is an equal number of electrons and holes} both transverse modes

are resonance-active. H§wever, there is still a sense in which the TM-
resonances are associated with holes and the TM+ resonances with electrons.
This will be discussed further in subsection C, when the Rayleigh limit

is considered, and in Section VI, when, by varying the material parameters,

the transition from Alfvén to helicon waves is studied.

For all of the theoretical curves in this section, the following

material parameters were used: lattice dielectric €, = 15.38, microwave
frequency, wW/2m = 25 GHz, and collision frequency T, =Ty Z T = 100/w.
The last is chosen to give sharp resonances. The pair density inside

the EHL decreases greatly with stress, and the following values are used:

for Ge(4:2), n = 2.3><1017 cm_3 9’26; for Ge(1:2), n = 0.5><1017 cm.-3 15;

3 26

for Ge(l:1), n 0.11><1017 cm .

The theoretical spectra were calculated as in Fig. 2, varying field
for fixed drop radius. Genefally, the field was sampled in 100 G incre-
ments, and radii taken in 10 um intervals (25 um for Ge(l:1)). For small
drops, and to sort out complicated structure, smaller size intervals
were used; while in order to study line shape and peak height, fields
near the resonances were studied in 10 G intervals. The convergence of
the numerical technique was checked throughout the range studied.

However, outside this range (larger drops and higher fields), the



numerical convergence gradually becomes unsatisfactory.

The spectra of Fig. 2 show a great profusion of resonances. 1In
Fig. 3 the peak positions‘of these resonances are plotted as a function
of drop size in the three different modes. Only the more intense, higher
field modes (labeled in the figures) have been studied in detail. At
lower fields some relatively prominent peaks have also been indicated
in the figures, but there are many still weaker resonances which have
been omitted for clarity.

This large number of resonances is in marked contrast to the result
of the empirical Mie theory (EMT) (Section II.E). For each (tranéverse)27

magnetic dipole, the EMT predicts a single series of resonances, occurring

_ M wa
B = vﬂ (77)

Ylm

at fields

where M = m + my, and Ylm = mT, with m an integer > 0. The origin of
the additional resonances in the exact theory can be readily understood.
In the Mie theory for isotropic spheres, the different multipole excitations
of the sphere are orthogonal, much as the normal modes of a rectangular
microwave resonant cavity. The static magnetic field, which introduces

an anisotropy into the conductivity tensor, breaks the spherical symmetry
and acts much as a nonsymmetric perturbation in a cavity. Such a perturb-
ation has two major consequences, First, the original modes are no longer
orthogonal. Consequently, a field which was originally (in the absence

of the perturbation) purely dipole, will now couple weakly to resonances
associated with all multipoles, hence greatly increasing the number of

"dipole" resonances observed. Secondly, resonances associated with
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different multipole orders are no longer orthogonal. TIf, in the unperturbed
system, two resonances of different order would have crossed each other
(as drop size varied), in the perturbed system these resonances are not
orthogonal, and can no longer cross.‘ Instead, complicated anti-crossing
phenomena are observed, where the properties of the two resonances are
gradually interchanged while the two resonances never get closer in field
than a certain minimum distance. |

Such anti-crossing behavior is readily apparent in the curves of
Fig. 3. Indeed, in each figure all of the labeled curves (a-d) correspond
to the single Yll—resonance of EMT, crossing a series of much weaker
resonances. That this is indeed the case should be clear from Fig. 4,
which plots the intensities of the labeled modes as a function of drop
size. Clearly the intensity is successively being transferred from a to
b to ¢ to d as the drop radius increases. Such behavior is absent both
in the EMT and in the approximate analytic theory of Section IV. The
results of the approximate theory are presented as dashed lines in Figs.
3 and 4. It can be seen that this theory gives a good account of the
average behavior of the resonances (intensity and resonant field), but
does not show all the complexity introduced by the multiple resonances
and anti-crossing behavior.

The approximate theory, by its construction, describes only the
lowest order dipole resonance. The higher order dipole resonances of
the EMT (Eq. (77) with m>1) do show up in the exact theory as the weaker
resonances observed at lower fields (the unlabeled lines in Fig. 3).
Only for the IM modes is the anti-crossing behavipr28 weak énough to

test the predicted EMT values for successive Ylm: the dots in Fig. 3a



correspond to straight lines through the origin29 with slopes in the
ratio 1:1/2:1/3, and it is seen that the results of the exact calculation
approximately agree with this.

Note in Fig. 4 that for small drops (a < 50 pm), the absorption
intensity increases as as, in accord with the prediction of the EMT, but
for larger drops the absorption saturates, increasing approximately as a3
in the largest drops.30 In these figures, what is actually plotted is X",
the imaginary part of the magnetic susceptibility, where M= XV%, and V

is the drop volume. The absorbed power P is equal to w/Z\Im(ﬁf°§), or
P = %l}?,l2 vx" (78)

Note that although X" saturates in large drops, the integrated power per
unit volume continues to increase since the linewidth increases with field.

Figure 5 plots the linewidth (full width at half maximum) of the
principal resonances as a function of field, comparing the exact (solid
line) and approximate (dashed line) theories. The approximate theory is
seen to slightly overestimate thé linewidth. As predicted by the EMT,
the linewidth increases approximately linearly with B. Note for the IM
mode that above the c-d line-crossing there is evidence of further,
weaker anti-crossing phenomena. Even though the weaker peak cannot
easily be detected directly (it occurs more as a shoulder than a separate
peak, for wr = 100), these phenomena can still lead to oscillatory
structure in the peak intensity and linewidth.

Figure 6 plots the analogous peak position vs. field for the other
exactly soluble cases: Ge(4:2), BI(100) (Fig. 6a); Ge(4:2), BI(111)

(Fig. 6b); and Ge(1l:1), BI{111l) (Fig. 6c). The principal difference
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(note scale changes) is due to the very different pair densities in these
1
cases: as in Eq. (77), B « n?a. In fact, all the spectra appear quite
. . 12 L 31 ,
similar if plotted™™ as B vs. a(Mn) “a. Here M = m + m s and o is a

"fudge factor,"

which empirically measures the difference between the
exact theory and the EMT (for which o would be equal to one). If

a(Ge(1:2))

1, then a=1.02 (Ge(4:2), BIlI<100)), 1.13 (Ge(4:2), BIlK111)),
1.12 (Ge(1l:1)). The intensities, linewidths, and anti-crossing behavior
are similar in all these cases.

+

C. The Rayleigh Limit

In the EMT it is found that as the drop radius becomes very small
(smaller than the wavelength inside the drop), the resonances all shift
to the cyclotron resonance field, and the field position becomes independent
of a. While the resonances in Fig. 3 do have radius-independent limiting
fields in this Rayleigh limit, the fields are not equal to the cyclotron
fields and in fact are not the same for all resonances.

Indeed, if all the resonances had the same Rayleigh limit, most of
the anti-crossing behavior would be eliminated: if all of the resonances
were straight lines (when plotted as B vs. a) coming from the same origin,
they would simply fan out and never cross.33 What is happening in Fig. 3
is that the curves with smaller slopes (curves b,c,d) start out from a
higher Rayleigh limit field. Consequently, the a-curve, with larger slope,
gradually "catches up" with them and the anti-crossings result.

A simple physical model can explain both the correct Rayleigh limit
of the dipole mode as well as the higher Rayleigh limits associated with

the higher-order multipole resonances. Tigure 1 shows the field distri-
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bution inside a sphere near the lowest transverse dipole resonances.
The figure is schematic in that the fields were calculated in the Mie
theory for an isotropic sphere, but should be approximately correct,
particularly in the Rayleigh limit. The induced current approximately
follows E, and circulates in loops about the microwave magnetic field.
Consequently, for the transverse modes, the current flows half of the

time along the external field, and half perpendicular to it. Since

resistances add in series the effective conductivity is Giff = %(0;1 + 0;1)—1.
. . -1 -1 + 34
For a simple scalar mass carrier of mass m, 03 «m, 0, « m(l* wC/w),
so that
w
eff.-1 c
((7ir ) « m(l + -2—w—> (79
_ eff .
The resonance condition, 0, ~ ®, becomes w, = +2w — that is, the

resonance occurs at twice the cyclotron resonance field. That this is
indeed approximately the case is shown by arrows in Figs. 3b and 3c.
Note that for the TM- mode, the mass associated with the resonance is the
hole mass (eB/wc = th), while for the TM+ mode it is the electron mass.
Similar reasoning applied to the LM mode would suggest Geff = (G—l + 0_1)—1
or a resonance at a field eB/wc = Zmr, where m;l = me + m ~. The arrow
in Fig. 3a shows this to be the case.

The Rayleigh limit of these resonances is analyzed further in Section
V.D, in which the angle dependence of the resonances is studied (Fig. 9a)
and in Section VI, in which the resonances are studied as m,Z is varied.
It is seen there that the considerations of the present section are valid

only near the Alfvén limit — that is, when m, and m have comparable

magnitudes. If1ﬁ1>>me, the TM- resonance occurs near the hole cyclotron
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resonance field, and not at twice that value.

For higher multipole configurations, the fields presumably are
similar to those shown in Fig. 7. These were constructed as in Fig. 1,
using the results of the Mie theory. By an argument similar to that
given above, for a 2i—pole resonance, the carrier moves perpendicular to
ﬁo for only a fraction 1/2i of its orbit. Consequently, the effective

eff -1 _

conductivity is (0__t ) m(1l * wC/Ziw), and the resonance occurs at a

field

w, = 21w (80)

Because of the complicétions of the Ge band structure, the resonant
fields will be slightly modified, but inspection of Fig. 3 shows that the
above resonance conditions are approximately valid. Since the TM+ and
TM~ resonances appear to have the same zero~fieid limit, the arrows

depict the average field found from Eq. (80) for electrons and holes.

D. Angle Dependence of the Resonances

The approximate theory can be used to study the angle dependence of
these resonances. Figure 8 shows the angle dependence in a (110)-plane
of the resonances for a 40 um radius drop for the three cases Ge(l:2)
(Fig. 8a); Ge(4:2) (Fig. 8b), and Ge(l:1) (Fig. 8c). Because there are
four populated electron valleys in Ge(4:2), the spectra have 90° symmetry,
while in the other cases there is only 180° symmetry. In Fig. 8, the
exact resonances are also plotted along those symmetry directions for
which the theory of Section III can be applied. The agreement is quite

good for Ge(l:2) and Ge(1l:1), but less so for Ge(4:2), where, due to the
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higher pair density, mode anti-crossing phenomena are already important.
Away from the symmetry directions, the peaks are no longer purely
longitudinal or transverse: there are generally absorption peaks in all
three modes, only slightly shifted from one another in field, although
differing greatly in intensity. For the most part, the lowest lying
mode is predominantly LM, with the most intense absorption in this
branch (along the symmetry directions it is purely LM). The highesf
field mode is predominantly TM-, and the intermediate mode TM+;

The complex angle dependence can approximately be understood from
the simple considerations of the EMT and Section V.C. The solid lines
in Fig. 9a show the Rayleigh limit resonances for Ge(1l:2) (a=1 um).
Along with them are plotted the results expected from the previous
section: the dashed lines represent cyclotron resonmance fields for
carriers with effective masses 2m.e (curve 1), th (curve 2), and 2m.r
(curve 3). While there is much evidence of interaction between the
different resonances, the three dashed curves give a qualitative picture
of the_real angle dependence. As expected, the TM- mode 1s similar to mh,
the TM+ to m and the LM to m . ‘

‘ At higher fields, the EMT predicts an angle dependence<xVﬁ = Ja;::ﬁ: .
This angle dependence is plotted in Fig. 9b, along with the angle dependénce
found from the approximate theory of Section IV, for a drop with 120 um
radius. While the "LM" resonance has an angle dependence similar to VM,
the "TM-" mode has a much stronger variation with angle - it is quite

similar to the cyclotron resonance of the electrons (curve 1 of Fig. 9a).
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E. Size-Dependent Resonances: Electric Dipole

The electric dipole modes form an interesting comparison. While the
EMT predicts a series of electric dipole size-resonances, increasing in
intensity as a3, a simple physical argument suggests that this is not the
case. The electric dipole fields should look approximately like Fig. 1,
with E and ﬁ interchanged. 1In this case the electric field, and consequently
the current, will have components perpendicular to the drop surface.
These fields will induce surface charge and correspondingly large‘depolar—
ization fields. This in turn will cause any resonances to be shifted to
high frequencies or high fields ¥-the usual plasma resonance and plasma-
shifted cyclotron resonance.Bv However, this argument holds only if the
induced field is spatially uniform, and bégins to break down if there are
several wavelengths inside the sphere.

These arguments are confirmed by the results of the exact calculation.
These results are displaced in Figs. 10-14, which correspond to Figs. 2-6
for the magnetic modes. There are no size-dependent resonances which
increase in intensity as a3 or a5. Even for the largest drops, the
resonances are weak compared to the magnetic dipole resonances and fall
off faster with drop size as a decreases‘(like a7, or even faster).
Indeed, in the approximate theory of Section IV, these resonances do not
appear at-all.

There is, however, a rich spectrum of these weak resonances. The
LE resonances appear similar to the TM resonances, while the TE resonances
are quite complicated, aﬁd occur at generally lower magnetic fields.

These resonances may be observable experimentally, since they are generally
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separated in field from the more intense magnetic resonances.

In addition to these size-dependent resonances, there are several
other electric dipole resonances, which have intensities * a~. While the
resonant field does change weakly with a, this is a small effect, and
the origin of these resonances can be understood from a simple Rayleigh-

- 3,35 . ,
1imit theory of plasma-shifted cyclotron resonance. The net field

inside the sphere is the sum of the external field plus a depolarization

field
> > o >
Eeff = E-L-P (81)
> > >
P = Xo Eeff +nery | (82)

> © e '
where L is a depolarization tensor (L = 4m/3 I for a sphere), and Xo is

-5
the background susceptibility in the drop: € =1 + 4TrXO. If E is

L eff
used in Eq. (8), the resistivity tensor becomes
o b+ if+xnyt.T o -1
= p 1 L] - —
Pers ® = (Opge) (83)
> > © > <> ‘
while the absorbed power is P = XE « Oeff *E. 1If 0 is written in the
form AI.1 (as in Appendix I), this amounts to replacing M1 and M3 by
eff -2, 2 -2 L 2 .
Mi = Mi - wp/u) , wWhere wp = 1+X0L ne” . For a single scalar mass
2 - - ~2
particle M3=m, and the longitudinal resonance condition is w = wﬁ/m = wp.
o 2,2 . ~ W 2,2
For the transverse case Ml ~ n(l - wC/w ), while M2 e m(l - wc/w ).
. L@ . . ¢ 1 -1 - -2
Diagonalizing Cppgo the resonance condition is found to be M©EM,)T = (wp/w) R
or

s - ()
1 iw =\ (84)
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This is the plasma-shifted cyclotron resonance. For Gp + 0, the ordinary
cyclotron resonance W = ¢wc is recovered. If 6p3¥>w, only the plasma-
shifted resonance wc = i@i/w is observed.

If there are several types of carriers, it is possible that not all
the resonance lines will be shifted to the plasma frequency. Thus when
there are two holes, only one resonance is plasma-shifted to high fields
while the other, although shifted from its low-density cyclotron field,
remains at a low field.35 Similarly, in Ge(4:2), the presence of several
ellipsoidal conduction band minima leads to a number of resohances which
are not plasma shifted. For EHD in Ge, these resonances can be found by
using the appropriate 8 in the above theory; they are discussed in Refs.
12,31,36. For Ge(4:2), the angle dependence of these resonances is shown
in Fig. 15 (calculated from the approximate theory of Section IV). All
of the resonances are due to the multiple electron valleys, except the
one at 400 G, which is due to the two hole bands. In Ge(1l:2), this is the

only resonance which appears. For Ge(l:1), there is only one electron valley
and one hole band populated, and consequently none.of these "dielectric
anomaly" resonances are observed. For an arbitrary angle, these
resonances generally occur simultaneously in all three modes, L, T,
and for magnetic as well as electric dipole absorption. Indeed the
magnetic absorption is generally more intense than the electric.

In Figs. 10b and 10c¢, the low-field tail of the plasma-shifted
cyclotron resonance can be observed for small a. These resonances will

be discussed in greater detail in a separate paper.



VI. THE TRANSITION FROM ALFVEN TO HELICON WAVES

Helicon and Alfvén waves are two limiting extremes of the kinds of
waves which can be expected in a material with two types of carriers.

In Alfvén waves, both types of carriers have a comparable mobility, and
the number of carriers of each type are equal. If the conductivity of
one species decreases relative to the other, the propagating electro-
magnetic waves of the system gradually change from Alfvén-like to
helicon~like behavior. The present theory of electromagnetic absorption
by a sphere offers a convenient means of studying this transition.

For simplicity, the material parameters will be chosen similar to
the EHD in Ge, except that the carriers will be assumed to have scalar
masses: the initial, Alfvén-state, is taken to have m, = 0.12 m
m =0.30m,n =n = 5x101% cn™3, wr_ = wr, = 100. The dimensional

o’ e h e h
resonances of the system are analyzed using the approximate theory of
Section IV.

The transition to the helicon-state can occur in any of three
essentially different ways. Either the mass of one particle can become
very large, or its concentration quite small, or its scattering time very
short. All three of these cases lead to the same final state. If the
holes are eliminated, then the final state has dimensional resonances
only in the TM+ case. These resonances are typically helicon-like:
the resonant field increases as az, and the linewidth of the resonance
is independent of magnetic field.

The manner in which the TM- and 1M resonances disappear varies

greatly in the three cases. 1In each case, however, both resonances
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change qualitatively in the same manner, with the TM- resonance
disappearing sooner.

Figure 16 shows how the resonances change as the hole mass is
increased. The resonant field is plotted vs. hole mass in Fig. 17a, for
a drop with a = 1 um (the Rayleigh limit spectrum). For large enough m s
the TM- resonance occurs slightly above the hole cyclotron resonance

field (not at twice this field, as suggested by the discussion of

Section V.(C), and the resonant field shifts linearly with m . The LM

1
resonance shifts approximately like mﬁ — again quite a different result
. from the considerations of Section V.C — so that, for large enough m ,

it is also shifted to unobservably high fields. A typical intermediate
situation is shown in Figs. 17b and 1l7c (mh = 20 me). For low fields,

the TM+ resonance is helicon-like, shifting field as a2 (the dashed line
in Fig. 17b is the helicon limit: m ©), while the linewidth (Fig. 17c)
is independent of field. Once the resonant field approaches the hole
cyclotron-resonance field, however, Alfvén-like behavior is observed:
Bxa; AB«B.

If instead, the hole density n, is reduced, while m is constant,

h
quite different resonances are observed. Again the TM+ resonance gradually
shifts to the helicon limit, but now the TM- and LM resonances decrease
greatly in intensity and gradually become size-~independent resonances
occurring at the cyclotron field. Figure 17 illustrates an intermediate

taten, = %¥n .
sta h 2%

Finally, if Th decreases, the resonances greatly broaden out, and

the TM- and IM resonances are lost as their peak intensity goes to zero.

The resonances also shift to higher fields, but for wt, >> 1, this effect

h
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is small. The TM~ resonance essentially vanishes as soon as wTh <1’ but

a weak, broad LM resonance can still be observed for W, = 0.1. At first,

the TM+ resonance linewidth increases, as illustrated in Fig. 18, but

the linewidth starts to decrease again as soon as WT, <1, and for small

h

enough Ty the linewidth depends only on Ty For wt, < 0.1, the TM+

h

resonant field shifts approximately like a2, but only for wTh < 10_3

is the linewidth approximately field-independent.
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APPENDIX I: EFFECTIVE MASSES AND CONDUCTIVITY TENSOR IN Ge

A. Conduction Band

The conduction band in Ge has four equivalent minima, located at
the L-point of the Brillouin zone (intersection of (111)-direction with

zone boundary).lz’14

In each minimum ("valley"), the carrier mass is
anisotropic, having one value along its respective (111)-axis, my = 1.58 m s
and a much lower value perpendicular to that axis, m_ = 0.082 ms where

m is the free electron mass. For a magnetic field along any crystalline
direction, the conductivity tensor of electrons in any one valley can be
found from Eq. (10). 1In an EHD in unstrained Ge, all four valleys are
equally populated, and the net conductivity tensor is the sum of the

four tensors associated with the individual valleys. This procedure is
carried out in detail, e.g., in Refs. 35 and 37. 1If the magnetic field

is along an arbitrary crystalline direction, all nine components of the
conductivity tensor will, in general, be different from zero, and the
exact results found in Section IIT do not apply. However, if the field

is along an axis of at least 3~-fold symmetry, the conductivity tensor will
have no components linking longitudinal and transverse directions. In
this case 8 can be written in the form of Eq. (ll), and the calculations
of Section IIT follow. For an EHD in Ge, the three- and four-fold crystal
axes lie along (111)- and (100)~directions. The Gi of Eq. (11) cén
explicitly be written as

30 -1

% T Tomr, ™ (AL.1)

where 50 = Nezr , and for HJl (100):
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M11 = ‘—L’"‘E (AL.2a)
mtml + mzu
i -}
le - _Z__A_e__z (AL.2b)
mtmz + mzue
2
_ m.m + U
M3l - —zii——e—z (AT.2¢)
mtm2 + mzue
Here 3m1 = mt-FZml, 3m2 = 2mt-+m2, ue = _’uEJTe/[l-lee]’ and
w = eBfc. For HI(111?
co
- 2m, +m .
-1 MM 2 2 27 ™M
Ml = 5 (Ttml + N <——~§—-—>> (AI.3a)
Um 2m, + m
-1 2 2 2 t 2
M2 = - _5_.<étm2 + My (——~—§——~*>) (AI.3b)
2 2
(m” +u)) 2m, + m >
-1 t e 2 L 2
M3 = \mmemy + ue — 3 (AI.3¢c)
and A
2m. +m
_ 2 2.[ 2 2 t 2
D = ml(mt + ue)<étm2 + ue (————g———*>> (AI.4)

ﬁnder a large uniaxial stress along a (1ll)-direction, the electron
ellipsoids are split in energy, with the ellipsoid associated with the
strain direction being lowered in energy with respect to the other
ellipsoids. It has been possible to produce large masses of EHL in

strained Ge, for which only this one valley is Occupied,12’14’15 a

nd

size-dependent Alfvén resonances have been observed in the microwave

. 7,8 . . . -
absorption spectrum. For this situation the conductivity tensor reduces



to that of a single valley. It can be written in the simpler form of
Eq. (11), only if the field is parallel to the stress axis. In this

case, B I{111), Ge(1:2) or Ge(1l:1),

MIl =t (AI.5a)
m -+ ue
VI - S (AT.5b)
2 n? + u
t e
-1 -1
M3 = m (AI.5¢)

Note that here m and m, are completely decoupled, and M3

of the magnetic field. 1In the previous cases M3 goes to a constant as B

is independent

becomes infinite, but there is a longitudinal magnetoresistance (i.e.
M3 is field-dependent).

The "above analysis has assumed an energy- and magnetic field-
independent relaxation time. The general theory is by no means limited
to such simple cases: the conductivity tensor may be derived from a
detailed kinetic theory. This will in general complicate the form of the
elements, Gij’ but will not usually affect the symmetry of g — that is,
whether or not it can be written in the form, Eq. (11). 1If 3 can be
written in this form the analysis of Section ILI can be carried out.

In the EHL in Ge, the collision processes are dominated by electron-
hole collisions, with T ~ 6><10'_11 sec at B==O.38 In a large magnetic

field, there can be structure in ¢ due to the Shubnikov-deHaas effect.

This has been observed in other materials as an approximately sinusoidal
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39,40 A large

(in 1/B) modulation superimposed on the Alfvén resonances.
magnetic field may directly affect the collision rate: when the cyclotron
radius becomes smaller than the screening length, the effective scattering
cross section may decrease, enhancing the collision lifetime.41 These
effects will not be further considered further in the present paper, and

a constant relaxation rate will be assumed. These modifications should,

however, be included when the theory is compared to experiment.

B. Valence Bands

The valence bands in Ge have a doubly degenerate maximum at ﬁ==0
in the Brillouin zone (ignoring spin). The degeneracy, and the resultant
band coupling, greatly complicate the analysis of the conductivity tensor,
particularly in a magnetic field.17 As with the conduction band, these
complications are ignored in this paper, and the holes are treated in a
semiclassical approximation as two independent particles, one with heavy
mass and one light. The band coupling is included only in that the
relaxation time is taken to be the same for both types of holes.25

In unstressed Ge, the hole masses are treated as scalars, but the
“values of the masses depend on the field direction;l Thus, for heavy

holes the conductivity tensor can always be written in the form, Eq. (11),

with

N el
5 . _m° 'ho )L
HHi (T - dut)) Mimi .
and
-1 Mm
Yaw = 2732 (AI.6a)
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—u
-1 _ M
MZHH = 5 . 5 (AI.6b)
Mg T Wy
-1 -1
MBHH = m (AI.6c)

with by = +|mco|Th/(1-inh). Similar equations hold for the light holes,
with Moy +'mLH. Note that because of the opposite sign of electronic
charge, ue and uh have different signs.

Because of the resonant denominators in Eq. (AI.6), the masses are
taken to be the cyclotron masses for that direction of magnetic field.
The cyclotron masses are in turn found by numerical integration over a
constant energy surface, following an approximate technique due to

Shockley42 (see Eq. (74) of Ref. 1):

2 K d¢
ﬁf, 0 ‘
m = - e (AI.7)
c 27 BE/Skp k=0

where (z,0,%) form a cylindrical coordinate syétem with the field parallel
to z. The mass parameters of Ref. 1 are chosen as A = 13.30, B=8.92,

and C=11.54, to agree with the experimentally observed cyclotron
resonances.43 That Eq. (AI.6) is only approximate can be clearly seen

in the high stress limit. Then the heavy hole mass is ellipsoidal with
m, = 0.04 mo, m_ = 0.13 m_, and the conductivity tensor should have the
same form as (AI.5). 1In the present approximation, Ml and M2 are treated
correctly, but M3 =m, not my as it should. Again, the present form is
adequate for exploring the structure expected for Alfvén resonances in a
sphere, but a more detailed theory is necessary for comparing the theory

to experiment.
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The ratio of heavy to light holes, N NLL’ is found by numerical

HH/
integration over the two bands, assuming both have the same Fermi level.
3/2

In zero stress it is simply equal to (deH/mdLH) = 23.6, where deH =
0.346 m , m = 0.042 m_are the density of states masses of the two

o dLH o
bands.

For a weak {111)-stress, as in Gé(l:Z), the hole masses are
complicated fUnctibns of angle and stress.44 In the present paper, it
will be assumed that, for Ge(1l:2), the splitting of the valence band is
small. In particular, the hole masses and heavy-to-light hole density

ratio will be taken to be the same as in unstressed Ge.



APPENDIX II: VECTOR SPHERICAL HARMONICS

The vector spherical harmonics, Eqs. (28-30), form a complete set

of vector functions over the surface of a sphere. As such, if we perform
., > AN >

some vector operation on one of them (VXY, zz°*Y, etc.), the result can

be expressed in terms of other vector spherical harmonics. This is why

they are valuable: -wvector and differential equations can be transformed

into matrix equations.

This appendix is essentially a catalog of such transformations,
including results found in Refs. 6 and 18. The derivations of these
formulas are tedious but straightforward. A good reference on these

. . ' 45
functions is the book by Edmonds.

These relations are based on the following conventional definition

of ordinary spherical harmonics:

% .
0,4) - (-1)“‘[(22’:;&1%‘!‘“)’]2 P’;(cose)em‘b (ATT.1)

where PE(X) are the associated Legendre polynomials:

2.m/2 L+m
(l‘i; ) de - 1)% (AIT.2)
27! dx

P*;(x)

In most derivations, the following form of the vector spherical harmonics

is more convenient than the original definition:

o>

A
e

20

A - ((2+n0(2+nr+l)>% Ym—l

241,82 2(241)€228+1) 2

" L-m+1)A+m+1) %Ym
1 (L+1)(22+1)

" Q-m)(L-m+1) % Ym+1 ~
200+1) 20+ 1) g €1
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-Y>m - _[([G+m)(A-m+1) ;é Ym-—lg + m ™ 3
2,2 22(2+1) A 1 (2'(2’_'_1));2 270

+ (L-m)(+m+1) ;5 Ym+l A
202+ 1) A |

y

3 = QL-m)(&-m+1) % Ym—l A [ -m)(%+m) % ™ 2
2-1,% 20028+ 1) [ 220+ 1) % o

+ <(5L+m)(,Q,+m+l)>l:'s m+l A

7L+ 1) Y,Q, e_y (AT1.3)

where the basis vectors, gi’ are defined in Eq. (44).

These functions are orthonormal

21 m .
. o Tm >m _
j(; d¢j(; d6 sinb Yl‘+n',2,' YJZ,+n,,Q, = 62,2,' (Smm' 67171' (AII.4)

The relations we will need are the following:

DIFFERENTIAL:
Let R(r) be any function of r = |¥| only. Then
-V>-(R(r)§{)m ) . _[at1 5 d (g A2y g0
g,041) T T\2+1) g2 ar T )
g |
ve(rYg ) = 0

¥
2z (oIm _ 2 \?2 %1d( R m
) = (a) - dr<r£—1> Yy , (AIL-5)
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g (T+u+%(T+u-7%) we (T+U+P)(T+u-7) we vy
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2
A3 A-m+1)R+m+1) % >m m >m
zz* Y = m : Y + Y
2,8 ( LY (2“1)> 41,8 T RRFL) LR
2 2 Y
- m< o ) Yo 1 g (AIT.8b)
L +1)(20+1) ’ ,
| 2.\k
an m Q=) QA+ D) (2 -0y \2 om
2z e Yy 14 = 2 Yo41, 0
* 2(24+1) (22+1) ’
(2—m)(2,+m+l)(2,2—m2) ;é ?m + Q,Z—mz qm
2 2,5 2-1,%
20°(8+1) (2 4+1) ’ 2(28+1) ’
(AII.8c)
2.3 _ ( 3 );5 .
%,8-1 20+1 2
A om
T YQ,,JZ, = 0
L .
A, Jm _ 2+1 Y2 .m
RSV B “(25L+1) e : (AIT.9)
?X?{m = 1(24‘1)% if)m
£,2-1 2041 2,4
X ' ¥
L 2 )2 z+1> 3m
rx¥g g 1[(2“1 ?;2,1,24-1 T \20+ T Y,Q,,IL—l]
L
AL om . 2 Y2 2m
XY 4 T 1(zz+1) Y0 (AII.10)
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Finally, we can find the action of an arbitrary tensor element on

> A A >
Y (eiej *Y). 1If we rewrite Eq. (AIIL.3) as

?;Jrj’k - E g, Yy Cgim,q.1 (ATT.11)
this can be inverted to give
e Yy - ZJ %:;,z “g,mHi,j,1 (ATT.12)
These two equations can then be combined to yield
gigj '?Em,z T %2,m,n,j \Z) “Q,m+i-j,v,1 ﬂﬁi\lﬁ}i (AIT.13)
The above relations can be rewritten in terms of the +I;Z, g?’ E:n; .

The most difficult is perhaps Eq. (AII.8), which results in

A _m_2 & m (L-m+1)(L+m+1) % 3
% L(2+1) 72 L 2+1
[2(2+1)] (22 +1) (22 + 3)

(L-n) (2 +m) % o (L-m+1) L +m+D(L+2) % 3o
22+1)(22~1) 2-1 (L+1)22+1)(22+3) 2+1

>

_ L+m) (L -m)(L-1) % m
(28 +1) (22 -1) -1

1
(@12
=g

) <V3 J ST [ A

X 124! 2 249 9, 324" |> (AII.14a)
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__m 52,(52,—m+1)(52,+m+1))!5 Em _m (2,+l)(2,2-m2) % E:*m
AL N (A+2)(20+1) (224 3) +1 2 ((22)2_1)(21_1) -1

1 <5L(,Q,+m+l)(2-—m+l)(£+m+2)(£—m+2))l§

22+3 QLFDYR+D)(L+2)(22+5)
rm 'gm _ \/m Km ] + 1 (2,*'1)(52/2 —mz)(2,+m—1) (,Q—m-l) 12/
| 242 H2 | 28-1 L(22+1) (L -1) (28 - 3)

SL_ZKIE + VITT 3™ [+t [(JL+m+1)(JL—m+1)

L -2 =21 2241 (L+1)(22+2)
- — 2m 2,2-m2 >m >m
(¢ & +VEEFT) B)) + O (@+1) & - VEZR+D ¥))
1 om 1 =m 1 °m
%:(VIQ,IL' Agr + Vygor Bor + Va0, Cz') (AII.14b)
~m < (2+m+1)(£-—m+l)>;§ "Em 4+ O ( 2,2 - m2 >;é Em
VIFT \2L+1) (L +2) (22 +3) 41 7 g \ Q8T (-1) (22-1) 2-1

5
3 ((Q:+m+l)(§/—m+l)(,Q,—m+2)(ﬂ,+m+2) 5 [\/m m s Kxgﬂ]
(20+3) % (20+1) (2+2) (20+5)

( (J&+m—§)(2—m—1)(£2—m2) )lﬁ [\/m X’,‘L‘ , + V-1 F ]
(22-1)7(22+1) (2-1) (22-3) -

1 (2+m+1) (&-m+1) % -m >m
2z+1[ (+1) (20+3) [(““1))2 Ag + (A+1) Bz]

2 2 N
oy [ - Gar)t 3]

™ oe v gyl *‘“) (ATT.1l4c)

2
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APPENDIX III. DETAILS OF EXACT SOLUTION (SECTION III)

iwe
A) The relation j = (g - 4ﬂL )°E
can be inverted:
> © >
E=p'eJ
pi ipé 0
<-)l 1 \]
p -ip, Py 0
]
0 0 p3
where
v 1 12 2
py = 01/(0" -0y
| B - '2 2
Py = =0,/ (0" = 0y)
iwe -1
pa = [0, - L}
3 3 4T
and
iwe
L
| B
91 7% 7 T&n

By substituting Eq. (AIII.l) into Eq. (7), we find

Vx @ x[F+ye2F +w2 x 31} = qi K]
where
2 _ 4miw
q0 icz
Py

= | P | '
Y (03 pl)/pl

(AIII.1)

(AIII.2)

(AIII. 3a)

(AIII.3b)

(AIII.3c)

(AIIZ.3d)

(AITI.4)

(AIII.5a)

(AIII.5b)
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= 40! v s U
W ipz/pl 102/01 (AIII.5c)

B) The eigenvalue equation.
By substituting Jq (Eq. 32) into Eq. (AIII.4), and utilizing the

relations of Appendix IT, this differential equation can be turned into

-

-
a linear equation relating the various A sz:

2m?
2 +m ->m
%,; q [(agmA’L + ¢, Cg) +

+Y 2

3 m
< {(ast Viger T Cm mz')xm +(ag, 322'+°2mv3m')%'}

. m -m >m
{1‘” LD (ag g +eq O + % My g1 (agnCs 'czmAz'}]

2 ->m '(AIII.6
4 2 (aQ,mAJZ, +epCy) )

Here the V's are defined in Eq. (AII.14),

1/2
) , (AIII.7)

M2 Y. _ <(£+l)(£—l)(2—m)(2+m)
92 (28-1) (204+1)

and M., =0 if L' # 2 % 1. Since the A, 's and G, 's are mutually
29! : fm fLm

orthogonal, the coefficient of each must vanish separately in Eq. (AIII.6).

By rewriting

2
q
q..2 = (13}‘) , (AIII.8)
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Eq. (AIII.6) is transformed into the eigenvalue equations:

1 1 1 3 3
YiagVig, 0t 212,022 1de2,m T Soraiee, et Co-11p1, 0]

—n MR o (AIITI.9)
W [%(Ml) qm ~ Sertm 1,8 T Se-1m 2-1,2] = A
Y m 30,2 © 20+1m 3+l,m T 2o-1m 3&-1,m]
(AIII.10)

My

m
e [%(Hl) “om” 2e+1m Mor1,0 " 2p-1,m M?Ll—l,sb] = -\ ¢

These equations are solved numerically. Once 3& is known, the
electric and magnetic fields can readily be found, using Eqs. (2d) and

(AIII.1). The magnetic field may be expressed

T _ —Ami M -1

By = gc g (¢, Ay - ap Cp) (AIIT.11)
while the electric field may be expressed as

T (1 r 3 ¢ ZM

B, o= (17 o] Ty g;‘ £, B (AII1.12)

where the fém are defined through
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' —
fQ,m + (4+1) pla,Q,m(l A)

£ - (ATTI.13)
/R CAD)
_ [
£onlP] = WIm = 2, = (20 My, ey ]
(ATTI.14)
2 2
3 1 _S-mDy (a4 ]
+ Y[az(vz,z—l,zcz-l,m*'Vz,z-z,z 3 9.m 2D Fim

8, = (2241) J(WD/E (AIIL.15)
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FIGURE CAPTIONS

Magnetic dipole resonant field distributions. The figure shows
the electric and magnetic fields induced in a sphere by the
frequency-dependent field El in the presence of a static field,
ﬁ;, for the transverse case ﬁl 1 ﬁO' The field distribution is
actually calculated for an isotropic sphere, and it .is
hypothesized that (for a small enough sphere) tkis distribution
is not changed greatly by the static field ﬁo' Fields near the
two lowest dipole resonaﬁces are shown. Below each sphere is
shown the intensity and direction of the induced electric field

along a diagonal of the sphere perpendicular to B From this,

1°
the concept of fitting one (or two) wavelengths inside the
sphere should be clear.

Magnetic dipole absorption for a sphere of EHL (Ge(1:2)) inside
bulk Ge: Microwave power absorption as a function of field

for several values of drop radius a, B |l (111). (Top) LM: The
microwave field ﬁi is parallel to the static field; (center)
TM+ and (bottom) TM-: the microwave field is circularly polarized '
perpendicular to B. The actual power absorbed depends on the
magnitude of ﬁl; and can be inferred from Fig. 4. All the

spectra in Fig. 2 are drawn to a common scale (fixed value of

|§i|). The more intense lines of each spectrum are labelled.
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Magnetic dipole absorption for Ge(l:2): resonant field versus
dropAradius, The material parameters

and the labelling of the modes is the same as in Fig. 2. Many
weaker resonances are not shown, for clarity. The solid lines
are the resonant fields calculated for the exact theory of
Section III, while the dashed lines represent the approximate
theory of Section IV. The dots in Fig. (3a) for a=200 um
represent the spacing of resonances predicted by the EMI.

The arrows in all figures at a=0 represent the approximate
Rayleighllimit fields calculated in Section V.C.

Magnetic dipole absorption for Ge(l:2): Absorption intensity
versus drop radius. What is plotted is actually the magnetic
susceptibility, X', defined in Eq. (78). The solid curves
represent the labelled resonances of the exact theory, where
the labelling is the same as in Figs. 2 and 3. The dashed
lines represent the approximate theory, as in Fig. 3. The
evidence of mode crossing is especially strong here: the

sum of the peak intensities of all the labelled resonances
(plotted as a dotted line) is almost equal to the intensity

of the single resonance of the approximate theory. Note that
" increases as a2 (the absorbed power

. . 5
increases like a”).
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Fig. 6.

Fig. 7.

Fig. 8.
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Magnetic dipolé absorption for Ge(l:2): Linewidth (full width
at half maximum intensity) versus resonant fields. Again the
solid lines represent the result of the exact theory, and the
dashed lines represent the approximate theory. While there is
much evidence of mode crossing, the resonance width generally
increases linearly with B, except at the lowest fields.

Magnetic dipole absorption for EHD in Ge: resonant field
versus drop radius: (top) Ge(4:2), B I (100 ; (center)
Ge(4:2), B | (111 ) ; (bottom) Ge(l:1), B Il (111 ). The LM
resonances are indicated by solid lines, the TM+ by dashed,

and the TM- by dotted lines. Only the most intense resonances,
corresponding to the labelled resonances of Fig. (2), are shown.
Induced field distribution for multipole absorption. These
fields were calculated as in Fig. (1), and represent the
approximate field distributions near the lowest magnetic dipole,
quadrupole, and octupole resonances. The upper figures show
the magnetic field distribution in a central plane section of
the sphere. The lower figures show the electric field
distribution on a spherical shell.

Angle dependence of the dimensional resonances in EHD.

(Top) Ge(l:2); (center) Ge(4:2); (bottom) Ge(l:1l). These
resonances were calculated using the approximate theory, for

a drop with a = 40um. Thevfield is assumed to lie in a (011)-
plane, with 0 being the angle between the field direction and
the (100 > ~axis. The results of the exact theory are also shown

along the high symmetry of directions where this theory is
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applicable: The LM resonance is indicated by a 0, the TM+

by a + sign, and the TM- by a -. (For Ge(4:2), there are
already two TM+(TM-) resonances of comparable intensity,

and the fields of both are shown).

Angle dependence of the dimensional resonances in Ge(l:2).
Top: Rayleigh limit (a=lum). In addition to the calculations
of the approximate theory (solid lines), the results of the
elementary considerations of Section V.C are presented as
dashed 1lines. Curve 1 represents cyclotron resonance for a
particle with mass 2me; curve 2 is for mass th; curve 3 for
mass 2mr. Bottom: Large drop case (a=120um). The dashed
curve is proportional to /ﬁ;iﬁ;, as explained in the text.
Electric dipole absorption for Ge(l:2): power absorbed versus
field for several drop sizes. All the spectra are drawn to

a common scale; for easy comparison with Fig. (2), it is

assumed that |E1|2 here has the same value as IBll2 in that

figure.

Electric dipole absorption for Ge(l:2): resonant field versus
drop radius. The labelling of modes is the séme'here as in
Fig. 10. For simplicity, the complicated series of line
crossings associated with the a-mode in Fig. 11(c) will not be

considered in detail.
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Fig. 13.

Fig. 14.

Fig. 15.
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Electric dipole absorption for Ge(l:2): electric susceptibility,

X', versus drop radius. The electric susceptibility is defined

by an equation analogous to Eq. (78), with ﬁi > Ei. For small
drops, thi; susceptibility changes quite rapidly with a; for
example Y'" « a4, a8 for the a~ and b-modes of Fig. 12a. 1In
Fig. 12¢, certain mode-crossings associated with the a- and
b-modes have been neglected, and the corresponding regions of
the curves are shown as dashed.

Electric dipole absorption for Ge(1l:2): linewidth versus
resonant field. The labelling of the modes is the same as

in Figs. 10, 11, and 12. As in the magnetic dipole case

(Fig. 5), the linewidth increases approximately linearly in B.
Electric dipole absorption for EHD in Ge: resonant field
versus drop radius. Top: Ge(4:2), Bl (100 ) ; center: Ge(4:2),
Bl {111 ); bottom: Ge(1l:1), B Il (111 > . Only the most
intense resonances, corresponding to the labelled resonances
of Fig. (10), are shown.

Angular dependence of the low-field, approximately size-
independent resonances, Ge(4:2). The angles are defined as

in Figs. 8 and 9, but, because of the symmetry in Ge(4:2),
only half of the spectrum needs to be presented. These

resonances occur in both the electric and magnetic dipole

absorption, at nearly the same fields.
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Transition from Alfvén to helicon resonances by increasing
the hole mass. (16a). Resonant field versus m for
Rayleigh limit resonances (a=lum).  (16b) Resonant fields
versus drop radius for m = 20 m . Dashed curve shows the
M+ resonance in the helicon limit. :(16c¢) Linewidth versus
magnetic field for the TM+ resonance, m = 20 m, .
Transition from Alfvén to helicon resonances by decreasing
the hole concentration. Plot shows resonant fields versus
drop radius for n, =-% n,-
Transition from Alfvén to helicon resonances by increasing
the hole scattering rate. Plot shows linewidth of TM+

resonance as a function ofvah, for a = 20 um.
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