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Abstract

Towards a Turnkey Model Predictive Controller: Identification, Application, and Theory
by

Steven J. Kuntz

An out-of-the-box model predictive control (MPC) algorithm, or a “turnkey” model predictive
controller has long been a dream of both academics and practitioners. MPC practice currently
includes time-consuming and ad hoc tuning steps to achieve adequate performance in the face
of persistent disturbances and plant-model mismatch. In this dissertation, we present progress
towards developing a turnkey model predictive controller by developing identification meth-
ods suitable for out-of-the-box MPC implementations, applying those identification methods
to the offset-free control of real-world systems, and developing the theory of the stability of
MPC under plant-model mismatch.

In the first part of this dissertation, we propose algorithms for identifying plant and dis-
turbance models. Maximum likelihood (ML) estimation methods are applied directly and in
a nested fashion to identify complete plant and disturbance models. For the direct meth-
ods, high-level design constraints are imposed on the resulting offset-free controller through
eigenvalue constraints on the modeled system matrices. For the nested methods, we present
simple algorithms with closed-form solutions that can easily be implemented by practitioners.

In the second part of this dissertation, we apply identification methods to the offset-
free control of two real-world systems: a benchmark temperature controller (TCLab), and
an industrial-scale chemical reactor. Both case studies showcase the ability of the identifica-
tion algorithms to produce models adequate for out-of-the-box MPC designs with guaranteed
offset-free performance. The industrial application also demonstrates an outsize real-world

benefit for adopting a turnkey approach, where we report a 38% improvement in setpoint

X



tracking performance compared to an existing hand-tuned controller.

In the third and final part of this dissertation, we investigate the theoretical properties of
offset-free MPC subject to plant-model mismatch. We first investigate the offset-free perfor-
mance of linear offset-free MPC for control of nonlinear plants. We then investigate stabil-
ity of standard MPC under mismatch when the plant and model steady states are fixed and
aligned. Finally, we investigate the offset-free performance of nonlinear offset-free MPC, with

and without plant-model mismatch.
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Chapter 1

Introduction

Process control is the engineering discipline tasked with active regulation of industrial sys-
tems, such as chemical plants, power systems, and building energy systems. The broad goal
is to profitably maintain operating conditions while satisfying safety, environmental, and
quality constraints. With increasing market competition, growing environmental and safety
concerns, and intensifying customer demands, the requirements on process control systems
have become stricter over time. To meet these requirements, it is necessary to design process
operations in a way that is rigorous and data-driven.

In Figure 1.1, the main aspects of process control are categorized based on the space and
time scales on which they operate. The lowest levels are occupied by local, continuously oper-
ating control systems. The highest levels consist of large-scale (plant-wide or even enterprise-
wide) problems that are infrequently solved. In chemical plants, all of these activities are
represented in some form, although some industries may neglect large-scale operations.

The dashed box in Figure 1.1 surrounds operations that are most often solved in a model-
based framework. Advanced process control (APC) is a catch-all term for multivariable, dy-
namic, model-based control. APC tracks setpoints given by the steady-state optimization
layer, which optimizes the plant steady state based on a rigorous (physics-based) steady-state
model. These two problems form the backbone of day-to-day operations in most chemical

plants. Finally, the plant schedules (manufacturing, maintenance, distribution, etc.) are de-
1
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Timescale Layer Space

Planning and scheduling

)

Steady-state optimization

1

Advanced process control

days to years plant- to enterprise-wide

hours to days plant-wide

seconds to minutes per-unit to plant-wide

- e = = = -

< 1 second Regulatory control per-valve to per-unit
i
< 1 second Measurement and actuation per-valve
instantaneous Process continuous

Figure 1.1: Process control heirarchy. The dashed box surrounds the control problem types
most often solved in a model-based fashion. Adapted from Seborg et al. (2017).

termined on an infrequent basis.

1.1 System identification

As many high-level process control operations are model-based, acquiring accurate pro-
cess models is the paramount concern in designing these systems. Process models derived
from conservation laws (mass, energy, components) and physical properties (thermodynam-

ics, kinetics) can be represented as an ordinary differential algebraic equations (DAEs),

dx
— (1) = F(a(®), u(t), w(t)) (1.1a)
y(t) = h(xz(t), u(t), w(t)) (1.1b)
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where ¢ € R is time, z € R" is the state, u € R" is the input (or actuator), y € R™ is the
output (or measurement), and w € R"™ is the disturbance or noise vector. However, pro-
cess control is a largely digital field. Except for measurement, actuation, and a small slice of
regulatory control (Figure 1.1), measurements are taken and actuators are updated at fixed
discrete intervals. Therefore it is work considering the discretized version of the DAE repre-

sentation (1.1),

where k € I is the (discrete) sampled time. For ease of notation, the time index may be

suppressed,

" = f(z,u,w) (1.2a)

y = h(x,u,w) (1.2b)

where (-)* denotes a forward time shift operator, i.e., z* = z(k + 1).

The control subfield concerned with producing system models from process data is called
system identification. This encompasses not only statistical methods, but also system theoretic
methods by which process models are extracted from signals (e.g., with linear algebra, Fourier
transforms, or curve fitting methods). System identification methods require data to produce
a process model. Sometimes an identification experiment is required, where the plant (1.2) is
perturbed so as to generate a dataset sufficient for identification. Other times, happenstance
or historical data can be used to identify the model. In either case, it is a huge advantage to be
able to do closed-loop identification, that is, identification without ceasing any of the process

control operations depicted in Figure 1.1, even the operating layer for which the model is
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being identified.

For most control implementations, linear Gaussian state-space (LGSS) models suffice,

1" = Az + Bu+w (1.3a)

y=Cx+ Du—+v (1.3b)

where w € R" is the process noise and v € R™ is the measurement noise. Typically the

noise vectors (w, v) are modeled as independent and identically distributed (through time)

[ﬂ N (0, L%U %":D : (1.3¢)

The matrices (A, B, C, D, Q.,, Suwv, R,) are typically black-box coefficients, although they can

Gaussian random vectors,

also be treated as given functions of an unknown vector of model parameters . The LGSS
model (1.3) is used in a wide variety of control contexts to represent dynamics with process
and measurement uncertainty. System identification of LGSS models has a longstanding his-
tory of applied use and a large body of literature on its theory (Ljung, 1999; Hannan and
Deistler, 2012; Shumway and Stoffer, 2017). Other model types (transfer function, autore-
gressive) are common in system identification, but do not fit the state-space formalism that
has been increasingly adopted by practitioners.

The phenomenon in which the plant and model are not aligned, especially in the context
of a control implementation, is referred to as plant-model mismatch or simply mismatch. As
the identified model is never a perfect representation of the plant, control algorithms have
to be designed to handle an appropriate degree of mismatch. As some degree of mismatch is

guaranteed, handling mismatch is as necessary a goal as minimizing the mismatch itself.
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Ts, Us
Target Regulator u Plant Y
problem

usp7 ysp —

Estimator

z

Figure 1.2: Setpoint tracking MPC. Adapted from Rawlings et al. (2020).
1.2 Model predictive control

For over three decades, model predictive control (MPC) has been the go-to APC method
in the chemical process industries (Qin and Badgwell, 2003; Darby and Nikolaou, 2012). MPC
is an advanced feedback control method in which an optimal control problem is solved on-
line, based on a current state estimate (Rawlings et al., 2020). Since MPC is formulated with
optimization problems, it can handle physical and safety constraints and optimize economic
objectives, which are key requirements for operating a safe and profitable chemical plant.

For setpoint tracking and output feedback, three basic control blocks are combined, each
solving a key problem in the state space:

« State estimator: where are we? Determine the current state estimate (k) based on

past data (u(0),y(0),...,u(k —1),y(k —1)).
+ Steady-state target problem: where should we go? Determine the steady-state targets
(x5, us) that achieve (or get closest to) the setpoints (usp, Ysp)-
« Regulator: how do we get there? Find a feedback law u = k(Z, x5, us) that drives the
plant to the steady-state targets (z, u,) given the current state estimate Z(k).
This framework, illustrated in Figure 1.2, enables the translation of process data, constraints,
and operating specifications to a feedback law. In the absence of exogenous disturbances
and plant-model mismatch, and assuming the setpoints are reachable, the input and output

convergence to the supplied setpoints.
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1.2.1 Offset-free model predictive control

Noise, mismatch, and process upsets are ever-present realities of plant operations. To en-
able the MPC to track setpoints in the presence of persistent disturbances and plant-model
mismatch, it is common practice, as in classic regulatory control, to remove offset by aug-
menting the controller with integrators. In offset-free MPC, the integrators take the form of
uncontrollable integrating modes, called integrating disturbances." Offset-free MPC can track
setpoints even under significant plant-model mismatch and persistent disturbances, which is
crucial for profitability in the modern chemical industry. For the linear case (1.3), the model

is augmented as follows:

2t =Ax + Bgd+ Bu +w (1.4a)
A" = d+w, (1.4b)
y=Cx+Cyd+ Du+v (1.4¢)

where d,w; € R" are the integrating disturbances and disturbance driving noise, respec-

tl\/ely Again, the noise iS assumed to be Gaussial’l,
d Y d)- .

The offset-free MPC is illustrated in Figure 1.3. The offset-free linear MPC is defined in Chap-
ter 2, but we briefly outline the key modifications to the MPC below.

« State and disturbance estimator: Determine the current state and disturbance esti-

~

mates (2(k), d(k)) based on past data (u(0), y(0),...,u(k —1),y(k — 1)).

- Steady-state target problem: Determine the steady-state targets (z, u;) that achieve

!Generally speaking, uncontrollable modes are system eigenvalues that cannot be transferred to the origin
by any input sequence. In discrete time, an integrating mode is an eigenvalue on the unit circle. Typically, the
integrating disturbances are uncontrollable and have repeated, simple eigenvalues of 1.

6
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d
u
Regulator Plant Yy
ji Estimator
x4 d
Us
Target problem d
Usp, Ysp

Figure 1.3: Offset-free MPC. Adapted from Rawlings et al. (2020).

(or get closest to) the setpoints (usp, Ysp ), Subject to the current disturbance estimate d(k).
+ Regulator: Find a feedback law u = k(z, d, z,, u) that drives the plant to the steady-

state targets (z,, 1) given the current state and disturbance estimates (& (k), d(k)).

1.2.2 Tuning and identification

In any MPC implementation, including the linear offset-free MPC introduced in Chap-
ter 2, a number of design parameters are introduced that must be tuned. For the regulator,
there are a number of well-known tuning rules that can be used to design the cost function
weights to achieve specific closed-loop dynamics for linear systems in the absence of esti-
mator errors (Bryson and Ho, 1975, Chapter 5). Moreover, the model can be modified to
formulate rate-of-change penalties on the inputs (Rawlings et al., 2020, Exercise 1.25). For the
steady-state target problem, the steady-state costs should reflect the relative importance of
the setpoints (usp, Ysp), can be chosen to approximate a steady-state economic optimization
problem, or can simply be borrowed from the regulator problem. For the state estimator, the
problem of tuning becomes more ambiguous.

While tuning is widely practiced in industry, the Kalman filter is an optimal estimator
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and is fully specified by (1.4). Therefore, it is preferable to identify the noise model rather
than tune the state estimator. Nonetheless, both industrial practitioners and academic control
researchers hand-tune noise models or state estimators to achieve desirable performance.
This can be accomplished with pole placement (Wallace et al., 2012, 2015), covariance matrix
selection (Caveness and Downs, 2005; Huang et al., 2010; Petersen et al., 2017), or estimator
gain selection (Deenen et al., 2018).

In addition to the tuned parameters, the quality of the LADM (1.4) as a whole deter-
mines performance of the offset-free MPC. The plant is necessarily not a member of this class
of models, limiting the system identification methods and theory applicable to offset-free
MPC implementation. System identification methods for the LADM (1.4) or its disturbance
model include autocovariance least squares (ALS) estimation (Odelson et al., 2003), indirect or
nested maximum likelihood (ML) estimation of the disturbance model (Kuntz and Rawlings,
2022; Kuntz et al., 2023), and direct ML identification of the complete model (Zagrobelny and
Rawlings, 2015; Simpson et al., 2023; Kuntz and Rawlings, 2024a). All but the direct ML meth-
ods require identification of a disturbance-free model to which the integrating disturbance
states are augmented. To the best of our knowledge, only Kuntz and Rawlings (2022); Kuntz
et al. (2023); Kuntz and Rawlings (2024a) integrate plant and disturbance identification on
real-world (not simulated) process data, although Simpson et al. (2023) includes a simulated

example of LADM identification on a temperature control application.

1.3 Towards a turnkey model predictive controller

We define turnkey MPC as a MPC algorithm that can be deployed out-of-the-box, with no
additional tuning required. This extends to the design of the regulator, state and disturbance
estimator, target problem, and even on model upkeep, as illustrated in Figure 1.4. Such a

MPC implementation has been considered the “holy grail” of industrial MPC design. While

8
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Steady-state Plant and disturbance Re-ID Performance
optimization identification monitoring

Data
Target calculation Statistical tests
Model
MPC design Wﬁ
Optimal control Optimal estimation

Figure 1.4: Conceptual diagram of a turnkey model predictive controller. Solid black parts

of the diagram are discussed in this thesis, whereas gray parts are left for future work.
a few MPC technologies (e.g., adaptive MPC, reinforcement learning MPC) have promised
to achieve a turnkey design, none have seen widespread industry adoption, if any adoption
at all. While it is difficult, if not impossible, to achieve a turnkey controller with a blind
implementation (i.e., no process knowledge or data), we can at least hope to implement such
controllers when an initial seed of process data is available.

To automatically implement industrially relevant MPCs of the type discussed thus far,

it is necessary to develop high-quality system identification methods for the LADM (1.4).
We approach this problem in three parts. First, system identification algorithms for (1.4)
are proposed. Second, the algorithms are applied to real-world data on industrially relevant
control problems. Third, the control-theoretic significance of implementing MPCs with iden-
tified models is explored. The remainder of this section is devoted to outlining the thesis and
describing how each chapter contributes to the overall goal of developing a turnkey MPC

implementation.

Chapter 2: Offset-free MPC. Relevant background information on the offset-free MPC
problem is presented: basic linear systems theory, problem formulation, design considera-

tions, and closed-loop properties.
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Part I: Identification

Chapter 3: Constrained maximum likelihood identification. A constrained ML iden-
tification approach to the identification of the LADM (1.4) is presented. The algorithm en-

forces constraints that are relevant to control performance and safe operation.

Chapter 4: Maximum likelihood estimator of disturbance models. A method is pre-
sented for augmenting standard identification methods with disturbance model identification.
This method has closed-form solutions and is thus easily implemented. It also serves as tem-

plate for generating initial guesses for the algorithm in Chapter 3.

Part II: Application

Chapter 5: Case studies in combined identification and offset-free MPC. This chap-
ter presents a number of case studies on implementing turnkey MPCs with the identification

techniques proposed in Chapters 3 and 4.

Part III: Theory

Chapter 6: Linear control of nonlinear systems. The implications of using linear iden-
tified models for control of nonlinear systems is investigated. Linear offset-free MPC of non-
linear systems is considered as a special case. These results differ from the standard offset-free
theorems of Muske and Badgwell (2002); Pannocchia and Rawlings (2003); Morari and Maeder

(2012) in that they directly address closed-loop stability, rather than assume it is achieved.

Chapter 7: Stability of MPC despite plant-model mismatch. The stability (or lack
thereof) of MPC with plant-model mismatch is investigated. Only the special case of plant-
model mismatch that does not affect the steady state is considered, with the general case con-

sidered in Chapter 8. These results differ from standard inherent robustness results De Nicolao
10
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et al. (1996); Scokaert et al. (1997); Grimm et al. (2004); Pannocchia et al. (2011); Allan et al.
(2017) in that they consider strict convergence of the state to the origin, rather than conver-
gence to a ball around the origin, despite perturbations to the system. While the MPC is not
generally stable despite arbitrarily small mismatch, quadratic costs and a mild differentiability

requirement are enough to guarantee stability.

Chapter 8: Offset-free performance of MPC. The results of Chapter 7 are extended to
offset-free MPC, showing that under similar quadratic cost designs, the same differentiabil-
ity requirement, and a constraint backoff in the steady-state target problem, offset-free MPC
tracks setpoints and rejects disturbances robustly in the changes to the setpoints and distur-
bances. In the absence of changes to the setpoints, and asymptotically constant disturbances

and noises, offset-free performance is achieved.

Chapter 9: Conclusion. Finally, the progress towards developing a turnkey MPC is sum-
marized. Future research goals for establishing more “hands-off” MPC implementations are

discussed.

1.4 Notation and basic definitions

Sets Denote the integers, nonnegative integers, positive integers, and intervals of integers
by I, Is¢, I~o, and I, = {a,a + 1,...,b — 1,b}, respectively. Denote the set of reals, non-
negative reals, positive reals, and n x m real matrices by R, R>, R, and R"*"™, respectively.
Real intervals are denoted by square and round brackets, e.g., (a, b], where a round bracket
denotes the limit is not included, and a square bracket denotes the limit is included. Denote

the complex numbers, vectors, and matrices by C, C", and C"*"™, respectively. For any z € C,

11
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let Z denote its complex conjugate, and define the conjugate of a vector or matrix element-
wise. Let R := RU { 00 } and R>( := R U { oo } denote the extended reals and extended
nonnegative reals. The complement, interior, closure, and boundary of a set S are denoted
Se, int(S), cl(S), and 0, respectively. For any function V : X — R and p > 0, we define
lev,V := {z € X |V(z) < p}. Wesay V : R® — Ry is lower semicontinuous (Ls.c.) if

lev,V is closed for each p > 0.

Matrices and norms We denote by /,, and 0,,, the n x n identity matrix and m x n
zero matrix, respectively. Subscripts are omitted when the dimensions are clear from context.
Denote the vector and matrix transpose and Hermitian by (-)" and (-)! := UT. Denote
the matrix inverse (for a square matrix) and pseudoinverse (for any matrix) by (-)~! and (-)*,
respectively. The trace and determinant of A € R™*" are denoted tr(A) and | A|, respectively.
For any matrix B € R"*™, we denote by ¢(B) and 5(B) the smallest and largest singular
values of B, respectively.

Denote the set of n x n symmetric, positive definite, and positive semidefinite matrices
by S", S ,, and S7}. We denote the positive semidefinite square root of ) = 0 as Ql/ 2 >0,
where Q = (Q'/?)2. We define the vector 2-norm and Q-weighted norm (seminorm) as
|z| := V2Tz and |z]o = /2T Qz, respectively, for all z € R™ and any Q > 0 (Q > 0).
We define the induced matrix 2-norm by ||A| := max),— |Az| and note ||A| = T(A)
for all A € R™™. We define the closed (open) unit n-ball by B* := {z e R" | |z| <1}
(int(B™) := {2 € R™ | |z| < 1}). Denote the set of lower triangular matrices and lower tri-
angular matrices with positive diagonal entries by I.” and L , . Recall M € R™*" is positive
definite if and only if there exists a unique L € L%}, called the Cholesky factor, such that
M = LL'. Letchol : S?, — L, denote the invertible function that maps a positive

definite matrix to its Cholesky factor.

12
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Define the matrix direct sum & and the Kronecker product ® by

AHB . AlmB

AR B =

, AP B .= {A 0}

Aa.B ... A,.B

Define the vectorization operator vec : R™*™ — R™™ and symmetric vectorization operator

vecs : S — R by

VeC(A) = |:A11 Anl A12 Ang Alm Anm:|T7

VeCS(M> = [MH Mnl MQQ Mng Mnn}T

for each A € R"™ agnd M € S™.

Define the set of eigenvalues of a matrix A € R"*" by
MA) ={AeC|w#A0:Av= v} ={AeC|det(A—X)=0}.

The spectral radius and spectral abscissa are defined as p(A) = maxyec(a) [A| and a(A) =
maxyex(4) Re(A), respectively. We say a matrix A is Schur (Hurwitz) stable if p(4) < 1
(a(A) <0).

Signals and comparison functions For any signal a(k), we denote, with slight abuse of
notation, both infinite and finite sequences in bold font as a := (a(0),...,a(k)) or a :=
(a(0),a(1),...), respectively, where length is specified or implied from context. We define
the infinite and length-£ signal norm as ||a|| := sup; |a(k)| and ||al[o. := maxo<i< |a(i)|.

Let PD be the class of functions « : Ry — R such that a(0) = 0 and «a(s) > 0 for
all s > 0. Let IC be the class of PD-functions that are continuous and strictly increasing.

Let o, be the class of IC-functions that are unbounded. Let KL be the set of functions 3 :

13
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R>g % Isg — Rsq such that 3(-, k) € K, B(r, -) is nonincreasing, and lim;_,, B(r,i) = 0 for

all (r, k) € R>g x [>¢. Denote the identity map by 1p(-) := () € K.

Probability and random variables We use ~ as a shorthand for “distributed as” and " as
a shorthand for “independent and identically distributed as” We denote that a random vector
x has a Gaussian distribution with mean ;. and covariance ¥ by 2 ~ N(pu, ). We denote the

expectation by E and the probability measure by Pr[-].

14
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Offset-free model predictive control

This chapter reviews problem formulations and properties of linear and nonlinear offset-free
MPC. This chapter contains no new results (except for a few trivial generalizations of standard
offset-free MPC theorems) and can safely be skipped by readers already familiar with offset-

free MPC.

2.1 Linear systems

Before defining the linear MPC schemes, it is worth reviewing basic facts of linear systems.

For simplicity, consider the noise-free system,

x" = Az + Bu (2.1a)

y = Cx + Du. (2.1b)

Recall the system (2.1) (or the pair (A, B)) is controllable (stabilizable) if any state can be
brought to the origin with a finite (infinite) sequence of inputs. Similarly, the system (2.1) (or
the pair (A, (")) is observable (detectable) if any unknown initial state can be determined by a

finite (infinite) sequence of inputs and outputs, starting from the initial time. The pair (A, B)

15
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is controllable if and only if the following controllability matrix is full row rank,
C,:=[B AB ... A"'B], (2.2)

and the pair (A, C) is observable if the following observability matrix is full column rank,

C
CA
0, = . . (2.3)

CAn—l

The system (2.1) (or the triple (A, B, C)) is minimal if both (A, B) is controllable and (A, C)

is observable, or equivalently, the matrix H,, := O,C,, has rank n. For the system (2.1), there

always exists a similarity transformation [ ;. | := T.x such that
zr| [Ac Al | B. B To
Lﬂfw] N [0 Auj [%c] + [0] u, y=[Cc Cu] Lcuj + Du (2.4)

where (A,, B,) is controllable (or empty). We say the system (2.4) is in controllability canon-

ical form. We say (A, B) is stabilizable if A, is Schur stable. Similarly, there always exists

(different) a similarity transformation [, ] := Tz such that
zf| |4, 0 T B, B T
I P R 4 S L B,

where (A,, C,) is observable (or empty). We say the system (2.5) is in observability canon-
ical form. We say (A, C') is detectable if A, is Schur stable. Next, we have the following

generalization of the classic Popov-Belevitch-Hautus test.

Lemma 2.1 ((Hespanha, 2018, Thms. 12.3, 14.3)). The pair (A, B) is controllable (stabilizable)

if and only if
rank ([A — A B}) =n (2.6)
16
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forallx € C(|A| > 1).

Finally, we note these properties are, in some sense, duals of each other, in that (A, B) is
controllable (stabilizable) if and only if (AT, B") is observable (detectable). Thus Lemma 2.1
can be slightly modified to characterize observable and detectable pairs.

When referring to controllability or observability properties of the LGSS model (1.3) and
LADM (1.4), assume we are referring to the noise-free versions unless otherwise stated. Notice
that the LADM (1.4) is in controllability canonical form if (A, B) is controllable. In any case,
the integrating disturbances are uncontrollable and have eigenvalues on the unit circle, so

they are uncontrollable integrating modes.

2.2 Linear model predictive control

The setpoint tracking MPC outlined in Chapter 1 combines three distinct problems that
are solved at each time step: estimation, target calculation, and regulation. The goal is firstly
to remove offset from a setpoint rs, € R"" in the controlled variablesr = H,y + H,u € R""
and secondly to minimize the distance from a pair of input-output setpoints (usp, Ysp) €
R™*"_While only offset-free MPC will be used in the case studies of Chapter 5, we sum-
marize the standard MPC described in (Rawlings et al., 2020, Chapter 1) to highlight the key

differences between standard and offset-free MPC.

State estimator The goal of the estimator is to determine a state estimate (k) from past

data (u(0),y(0),...,u(k —1),y(k — 1)). Typically a linear filter suffices,

it = At + Bu+ K(y — C& — Du) (2.7)

17
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where X' € R"*" is the filter gain. To determine the filter gain from the LGSS model (1.3),

one can solve the discrete algebraic Riccati equation (DARE),
P=APAT +Q, — (APCT + 8,,)(CPCT + R,) (APCT + 5,,)" (2.8)

and implement the famous Kalman filter gain K := (APC'" +S,,)(CPC" + R,)~!. We refer
the reader to (Kwakernaak and Sivan, 1972; Hespanha, 2018) for a classical treatment of the
linear optimal estimation problem and to (Rawlings et al., 2020, pp. 27-46) for a derivation of
the optimal filter gain K from least squares theory. Stability of the filter (2.7) is equivalent
to stability of the matrix A — K C, and is discussed further in Chapter 3. Since the Kalman
filter gain K is fully specified by the parameters in the LGSS model (1.3), identification of (1.3)

automatically gives the state estimator.
Remark 2.2. In most literature, the direct feedthrough term is not included (i.e., D = 0), and
the state estimator can be split into two steps: prediction,
()" = A2 + Bu + K,(y — C%) (2.9)
and filtering,
i=3"+ K(y — Cz¥) (2.10)

where & and 2" are the filtered and predicted estimates, and for the Kalman filter, K, :=
(APAT + S,,)(CPCT + R,)™' and K; := PCT(CPC" + R,)'. This has the advan-
tage of providing feedback from the current output to the current input, which could not be

accomplished when the output was an explicit function of the input.

18
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Steady-state target problem The goal of the steady-state target problem is find targets

(Ts,Us) that track a setpoint 75, € R"" in the controlled variables,
rop = Hyy, + Hjus = H,CTs + (H,D + H,)u, (2.11)

while maintaining steady state,

7, = AT, + B, (2.12)

and satisfying the linear constraints,
Ey,+ Fu, = ECT,+ (ED + F)u, < f. (2.13)
This can be accomplished in the following optimization problem

1 1
min = |CT, + DUy — Yopl, + =[Us — usp|h,  subjectto  (2.11)-(2.13) (2.14)

Ts,Us 2

where (usp, ysp) are auxilliary setpoints and (Qs, R;) are positive definite weighting matrices.
We denote the solutions to (2.14) by (zs, us).

In practice, the setpoint (2.11) may not be reachable, meaning the target problem (2.14)
may not have solutions. In these cases, it may suffice to implement (2.11) as a soft constraint,

allowing (2.14) to choose the closest reachable setpoint.

Regulator The goal of the regulator is to produce a control law u = k(Z, x5, u,) that drives

the system to the steady-state targets (z;, u;) given a state estimate #. This can be accom-
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plished in the following finite horizon optimal control problem

RS 2 |~ 2, 1. 2
min 5 2 | T — 5] + ]ui—us\R—l—ElxN—xs P, (2.15a)
subject to Ty = #(k), (2.15b)
Ti1 = AZ; + B, Vi € To.n-1, (2.15¢)
ECi;+ (ED+ F)u; < f  Vielwy_ (2.15d)
where y;, := Cxy, + Dus and X = (Zg,...,Zy) and 0 = (uy,...,Uy_1) are state and

input sequences, and (@, R, P;) are positive definite weighting matrices. Let 2(Z, x, us)
and uY (%, z,, us) denote solutions to (2.15) as a function of the current state estimate & and
steady-state targets (s, u;). The control law is defined as the first input of the optimal input

sequence u = K (T, Ty, Us) = ud(Z, Ts, Us).

Remark 2.3. If the filter-predictor equations (2.9) and (2.10) of Remark 2.2 are used, and there
is cross-covariance (i.e., Sy, # 0), then the regulation problem should account for a nonzero
filtered process noise (Jorgensen et al., 2011). Specifically, the first step of (2.20c) should be
modified to &, = AT + Biiy + w(k) where @ = S,,,(CPCT + R,)"(y — C2*). Note this

correction only applies at the current time step, and future predictions of the noise are zero.

Constraints For the SSTP and regulator we have used general linear constraints on the

inputs and outputs Fy + Fu < f, but in practice box constraints are easiest to implement,

(2.16)

S
IA
<
IA
<
IS
IA

<
IA
2l
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where (u, ) are the input bounds, (y,7) are the output bounds. Box constraints can be put

in the form Ey + Fu < f by defining

I 0 Yy

_ |1 |0 _|17Y
E = 0l F = 7| f= - (2.17)

0 -1 —Uu

For all problems discussed herein, constraints on outputs should be implemented as soft con-

straints in the optimizer so as to preserve feasibility of the control problem at all times.

2.3 Linear offset-free model predictive control

For the LADM (1.4), the linear MPC formulation from Section 2.2 is generalized as follows.

State and disturbance estimator The filter (2.7) is trivially generalized by lumping the
plant states x and integrating disturbances d into a single state vector z,,, = [Q;T dT} ,

producing the filter

t] [A Byl [2 B K, z

o] = o Ll o) e (] -t cali] o)
As for the general LGSS model (1.3), the the Kalman filter is the optimal state estimator for
LADM (1.4), and can be found by solving a DARE in the system matrices corresponding to the

augmented state. Moreover, (2.18) can be split into prediction and filtering steps as outlined

in Remark 2.2.

Steady-state target problem Since the integrating disturbances are uncontrollable, one
cannot expect to choose a disturbance target. Indeed, since they are integrating, one cannot

hope to forecast their evolution without taking into account future data. Instead, the distur-
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bances are assumed to be constant, and the steady-state targets (x5, us) are computed as a

function of the current disturbance estimate d(k),

min ;Ws — Ul %+ %|C’TS + Cyd, + D, — (2.19a)
subject to T, = AT, + Byd(k) + Bu, (2.19b)
re = H,0T, + H,Cyd(k) + (H,D + H, )1, (2.19¢)

ECT, + EC4d(k) + (ED + F)u, < f. (2.19d)

A A

Denote the solutions to this problem by (z4(k), us(k)) = (xs(d(k)), us(d(k))).

Regulator As in the steady-state target problem, the regulator is solved under the assump-

tion the disturbances are constant,

N—
min % ; |75 — ws(B)[G + [ — us (B) |7 + %MN — (k)3 (2.20a)
subject to Zg = #(k), (2.20b)
Fiy1 = ATy + Bad(k) + B, Vi € Ipy_1, (2.20¢)
ECE; + ECyd(k) + (ED + F)i; < f Vi€ lpn_1. (2.20d)

where (Q, R, Py) are positive definite weighting matrices. In the case studies (Chapter 5), an

infinite-horizon, rate-of-change-penalized, and box-constrained variant of (2.20) is sometimes
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solved:

1 & .
min - > " |Ciy + Cad(k) + Dity — yu(k)[3), + |t — us(k)[3, + | — @[}, (2.212)

Z0,Z1 5.

do,i1,.. =0
s.t. o = 2(k), (2.21b)
Zisy = A%+ Byd(k) + Bi; Vi € Is, (2.21c)
y < CF+ Cad(k) + Dit; <7 Vi € Iz, (2.21d)
u<i; <u  Viels (2.21€)

where y,(k) := Cx,(k) + Cad(k) + Du,(k), and the weighting matrices @, and M must
be positive definite and positive semidefinite. In practice, the infinite horizon problem (2.21)
is solved as a finite horizon problem, where the horizon length is taken sufficiently large to
approximate the infinite horizon controller.

For either problem, let 2(%, d, z,, u,) and u%(Z, d, z,, u,) denote the solutions as a func-
tion of the current state estimate Z, disturbance estimate CZ and steady-state targets (s, us).
The control law is defined as u = x(Z, d, z,, u,) == ul(&, d, x,, u,). In the absence of output
constraints, either regulation problem, (2.20) or (2.21), is agnostic to the current disturbance
estimate, and the control law is only a function of (Z(k) — zs(k), us(k)). In fact, if neither the
inputs nor outputs are constrained, the unconstrained controller has a control law of the form
u = k(#,d, x5, us) = k(2 — ) +u,. For the unconstrained case, the effect of the disturbance
enters the controller through the steady-state targets. Finally, we note if the filter-predictor
equations as used (c.f. Remark 2.2), the first constraint of (2.20c) and (2.21c) should be modi-

fied to 7, = AZo+ Bad(k) + Biig + (k) where ) = S, (CPCT + R,) Yy — Ci* — Cyd?).

2.3.1 Offset-free sufficient conditions

Muske and Badgwell (2002) first established sufficient conditions under which a linear
23
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offset-free MPC (e.g., (2.18)—(2.20)) with a separable disturbance model, i.e.,

By=[Bq 0], Cy=[0 C4

applied to a linear plant converges to the controlled variable setpoints rg,. This was gener-
alized to LADMs form (1.4) by Pannocchia and Rawlings (2003). Finally, Morari and Maeder
(2012) generalized the conditions to nonlinear plants and models. We restate the offset-free

conditions for linear models in the following theorem.

Theorem 2.4 (Pannocchia and Rawlings (2003)). Consider a system controlled by the offset-free
MPC (2.18)—(2.20) with a constant setpoint rs,. Assume that
(i) the SSTP and regulator are feasible at all times,
(ii) the disturbance state is of the same dimension as the measurement (ng = p), and
(iii) the LADM (1.4) is detectable.
If the closed-loop system is stable and the constraints are not active at steady state, then there is

zero offset in the controlled variables at steady state, i.e., limy_,o. r(k) = 7p.

Remark 2.5. The contrapositive of Theorem 2.4 is significant as well. If we assume hypothe-
ses (i)—(iii) of Theorem 2.4 hold, then if there is offset in the controlled variables, we have

either hit a constraint or the system is unstable.

Remark 2.6. Despite the fact that Theorem 2.4 does not explicitly mention control of nonlin-
ear plants, the results are widely applicable to both linear and nonlinear plants with asymp-
totically constant disturbances. This is because Theorem 2.4 does not establish sufficient
conditions for controller stability, but simply states sufficient conditions for which a stable
controller also has zero offset. In fact, Pannocchia and Rawlings (2003) demonstrate the va-

lidity of Theorem 2.4 in the control of a highly nonlinear, non-isothermal reactor model.
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2.3.2 Disturbance model equivalence and design

One can infer from Theorem 2.4 that, to achieve offset-free control with offset-free MPC,

it is important to have a detectable model. To this end, we have the following result.
Lemma 2.7 (Pannocchia and Rawlings (2003)). The LADM (1.4) is detectable if and only if the
standard LGSS model (1.3) is detectable and

A—-1, By

rank [ C ,

] =n-+ng (2.22)

The so-called offset-free rank condition (2.22) is important in formulating disturbance mod-
els for the offset-free MPC algorithm. One can replace the third condition of Theorem 2.4 with
the rank condition (2.22). It turns out that, in the same way that a state-space realization is
only unique up to a similarity transformation, any detectable disturbance model is only unique
up to a similarity transformation. In fact, the Kalman filter behavior is equivalent under this
similarity transformation, so if disturbances are “misassigned” in the model there is no effect

on the closed-loop system.

Lemma 2.8 (Rajamani et al. (2009)). Consider the alternate LADM

2t = Az + Bu+ Byd + w (2.23a)
dt =d+ gy (2.23b)
y=Crx+Cyd+v (2.23¢)
w i3 ~
da| SN0, Sy). (2.23d)
v

If the LGSS model (1.3) is detectable, then the LADMs (1.4) and (2.23) are detectable if and only
if both satisfy the offset-free rank condition (2.22). Moreover, there exists a choice of Sy such

that (1.4) and (2.23) have equivalent Kalman filter innovations.
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The consequence of Lemma 2.8 is that, given a standard LGSS model (1.3), one can “design”
the disturbance model to be maximally interpretable, so long as it satisfies the rank condition
(2.22). To this end, we propose the follow general guidelines for choosing the disturbance
model:

« If A does not contain integrators, use an output disturbance model.

« If A contains integrators and n,, = n,, use an input disturbance model, (B4, Cy) =

(B,0).

« Otherwise, use some combination of input and output disturbances, ie. (Bg, Cyq) =
(BI,, I,) where I, and I, are diagonal matrices with zeros and ones on the diagonal
and collectively p nonzero elements.

Models in these forms retain interpretability while ensuring that the offset-free rank condition

(2.22) is satisfied.

2.4 Nonlinear offset-free model predictive control

Morari and Maeder (2012) first extended the offset-free MPC results of Section 2.3 to de-

signs with nonlinear models of the following form:

xt = f(a:,u,d) (2.24a)
dt=d (2.24b)
y = h(z,u,d). (2.24¢)

Pannocchia et al. (2015) later summarized and extended these results to consider the SSTP
explicitly and consider special cases guaranteeing estimator convergence. These authors con-

sider nonlinear versions of the linear offset-free MPC (2.7), (2.19), and (2.20). Specifically, they
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consider nonlinear observers of the form,

A A ~ A

2T = f(&,u,d) + k. (y — h(Z,u,d))

~ A

dt = d+ kaly — h(z,u,d))

nonlinear SSTPs of the form,

~ ~

min (, (s — Usp, M(Ts, U, d(k)) — Ysp)

Ts,Us

A~

subject to T, = f(Ts, Us, d(k))

~ ~

rop(k) = g(Ts, h(Ts, Us, d(k)))

~

(s, M(Ts, s, d(K))) € Z

and nonlinear regulators of the form,

1
%0 2 4

subject to 7o = z(k),

A

Tiv1 = (T4, Uy, d(k)) Vi € To.n-1,

~

(i, h(E;, 15, d(k))) € Z Vi € Toy_y.

(2.25a)

(2.25b)

(2.26a)

(2.26b)
(2.26¢)

(2.26d)

(2.27a)

(2.27b)
(2.27¢)

(2.27d)

where k,, k4 are the observer feedback laws, ¢ is the (continuous) controlled variable function,

Z is a constraint set, and /;, £, V; are positive definite' steady-state, stage, and terminal cost

functions. As before, solutions to (2.26) are denoted (s, u;), solutions to (2.27) are denoted

22(2,d, s, us) and ul(%,d, T, us), and the control law is defined as u = k(Z,d, x5, us) =

ud(z, cz, Ts, Us). For the nonlinear offset-free MPC (2.25)—(2.27), we have the following offset-

'A function V' : R™ — R is positive definite if V() =0 < 2 = 0.
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free sufficiency theorem, which is a trivial modification of (Pannocchia et al., 2015, Thm. 14).

Theorem 2.9. Consider the plant (1.2) controlled by the nonlinear offset-free MPC (2.25)—(2.27).
Assume that
(i) the plant disturbance and reference are asymptotically constant, ie, w(k) — ws and
Tsp(k) = Toos
(ii) the observer feedback laws satisfy k4(e) = 0 < e =0,
(iii) the SSTP (2.26) and regulator (2.27) are feasible at all times.
If the closed-loop system is stable and the constraints are not active at steady state, then there is

zero offset in the controlled variables at steady state, i.e., limy_,o (k) = rs.

Proof. If the closed-loop system reaches a steady state, the state and disturbance estimates
must reach a steady state. Denote the steady-state estimates by (T, cioo) and let g, =
ﬁ(ioo, Uoo, czoo) By (2.25), we have do = d + Kd(Yoo — Uso) and therefore rg(yoo — o) = 0.
But by hypothesis (ii), this is equivalent to Yo, = .. Denote the solution to the SSTP (2.26)

A~ ~ ~

with (rsp(k),d(/ﬁ)) = (Tsp,0os Aoo) DY (Zs,00, Usoo) and let ys o 1= h(Zs 00, Us 0o, doo). Since
the closed-loop system is at steady state, we have u,, = ug(i‘oo, CZOO, Ts 00y Us. o). Moreover,
Too = 29 (T oo, OZOO, Ts 005 Us 00 ) due to the constraint (2.27b). Since ¢ is positive definite, we have
(Toos Uoo) = (Ts,00, Us,0o) and therefore Yo, = Yoo = ﬁ(ioo,uoo,cioo) = H(xs,oo,us,oo,cioo) =:
Ys.0o- Finally, by the constraint (2.26b) and continuity of g, we have

lim 7(k) = lim g(u(k),y(k)) = g(tis, Yoo) = 9(ts,005 Ys,00) = Too- O

k—o0 k—o0

Remark 2.10. Pannocchia et al. (2015) propose a slightly different observer than (2.25). They

do not consider direct feedthrough in the nonlinear plant and model, i.e., h(z, v, w) = h(z, w)
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and h(z,u,d) = h(z,d). As in Remark 2.2, the observer is split into a prediction step

() = f(&*,u,d") (2.28)
(d)* = d* (2.29)
and a filtering step
&= & 4 Koy — h(&*,d")) (2.30)
d=d* + rkq(y — h(z*,d")) (2.31)

which, as in Remark 2.2, has the advantage of providing feedback from the current output. As
the nonlinear observer has no statistical relevance, there are no cross-correlation adjustments
to be made. Theorem 2.9 holds for either observer design with trivial modifications to the

proof.

For the special case of state feedback, Pannocchia et al. (2015) give a disturbance model
and estimator design are given for which the offset-free MPC is provably asymptotically sta-
ble and offset-free. Pannocchia et al. (2015) also generalize this observer design to economic
cost functions? and demonstrate convergence to the optimal steady state. A general, output-
feedback offset-free economic MPC was first proposed by Vaccari and Pannocchia (2017), who
use a gradient correction strategy called modifier adaptation to ensure the economic MPC, if
it converges, achieves the optimal steady-state performance. For further developments of
modifier-adaptation for offset-free economic MPC, we refer the reader to Pannocchia (2018);
Faulwasser and Pannocchia (2019); Vaccari et al. (2021).

To the best of our knowledge, there are no stability results for linear, let alone nonlinear,

offset-free MPC for the intended setting: persistent disturbances and plant-model mismatch.

2By economic cost functions, we simply mean costs that are not necessarily positive semidefinite, although
they are usually a quantification of the net operating cost (or negative profit).
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Some authors have proposed tracking MPC designs with offset-free behavior (Limon et al.,
2008; Betti et al., 2013; Falugi and Mayne, 2013; Falugi, 2015; Limon et al., 2018; Kohler et al.,
2020; Berberich et al., 2022a; Galuppini et al., 2023; Soloperto et al., 2023), but they all assume
access to plant dynamic equations (1.2). Part III of this thesis will cover offset-free perfor-
mance and asymptotic stability of nonlinear offset-free designs, similar to (2.25)-(2.27), with

positive definite quadratic costs.
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Identification
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Chapter 3

Constrained maximum likelihood
identification for off set-free control

As mentioned in Chapter 1, model quality is the main contributor to the performance of
industrial MPC implementations (Canney, 2003; Darby and Nikolaou, 2012). For offset-free
MPC, integral action is provided through the disturbance estimates, so the control perfor-
mance depends on the estimator dynamics. Tuning of integrating disturbance models can be a
time-consuming and ad-hoc procedure, requiring simplified parameterizations (e.g., diagonal
covariance matrices). In prior work, we have suggested identification as the preferred strat-
egy for acquiring LADMs (Kuntz and Rawlings, 2022; Kuntz et al., 2023). In this chapter, we
further develop ML identification because of its desirable statistical properties (consistency,
asymptotic efficiency) and ability to handle general model structures and constraints (Astrém,
1979; Ljung, 1999). We remark that other identification methods (subspace identification, au-
toregressive modeling, etc.) are not suitable for LADM identification as they cannot impose
the model structure we require.

Design constraints can be included in tuning procedures to avoid undesirable filter be-
haviors (slow response time, fictitious high frequencies) that are passed to the control per-
formance through the integrating disturbance estimates. Control-relevant design constraints

and prior knowledge have sometimes been incorporated into identification problems (Piga

32



Constrained maximum likelihood identification Chapter 3

et al.,, 2019; Formentin and Chiuso, 2021; Berberich et al., 2023). However, there are no gen-
eral approaches to shaping the closed-loop filter behavior in ML identification. To address
this gap, we consider ML identification with eigenvalue constraints implemented via the LMI
regions commonly used in robust control (Chilali and Gahinet, 1996; Chilali et al., 1999).

LMI region constraints have been used in subspace identification (Miller and De Calla-
fon, 2013). However, subspace identification cannot be used for LADM identification as it is
not possible to impose the required disturbance model structure. Open-loop stability con-
straints have been included in the expectation maximization (EM) algorithm (Umenberger
et al., 2018), but this formulation is not obviously generalized to filter stability or general LMI
region constraints.

While EM is an algorithm for ML, it does not have strong convergence guarantees. While
it can be shown that the EM iterates produce, almost surely, an increasing sequence of like-
lihood values (Shumway and Stoffer, 1982; Gibson and Ninness, 2005), slow convergence at
low noise levels has been reported on a range of problems (Umenberger et al., 2018; Redner
and Walker, 1984; Bermond and Cardoso, 1999; Petersen et al., 2005; Petersen and Winther,
2005; Olsson et al., 2007). Interior point, and even gradient methods (Olsson et al., 2007), are
therefore preferable to the EM approach.

As originally posed by Chilali and Gahinet (1996); Chilali et al. (1999), LMI regions are
strict semidefinite matrix inequalities. While Miller and De Callafon (2013) used relaxed LMI
regions with nonstrict inequalities, as we show in Section 3.4, the constraint sets are not
closed, and thus problematic as optimization constraints. To address this issue, we formu-
late tightened LMI region constraints that define a closed constraint set. This formulation
introduces nonlinear matrix inequalities and semidefinite matrix arguments, making the ML
problem a nonlinear semidefinite program (NSDP).

To efficiently convert the NSDP to a nonlinear program (NLP), we generalize the Burer-

Monteiro-Zhang (BMZ) method (Burer et al., 2002a,b), which was originally used to convert
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sparse semidefinite matrix arguments into vector arguments with minimal dimension. An
additional advantage of the BMZ method over standard Cholesky factor substitution is that
structural knowledge of the plant design (e.g., flowsheet or network structure) can be imposed
in the model parameterization in an efficient manner. Finally, while this work is primarily
motivated by identification of LADMs and offset-free MPC implementations, we remark that
any linear Gaussian state-space model can be identified, with eigenvalue constraints, using

this approach.

3.1 Maximum likelihood estimation

Maximum likelihood (ML) estimation is a popular statistical method for parametric model-
ing. In general, the ML estimation problem is to find parameters that maximize the conditional

density of the following model:

yn-1lun_1 ~ pn(yn_1lun_1,6) (3.1)

where yy_1 = (y(0),...,y(N — 1)) € RPV is the output (or measured) data, uy_; =
(u(0),...,u(N—1)) € R™ is the input (or actuator) data, # € R™ are the model parameters,
and py : RPN x R™Y x R™ — R is the conditional density function for N observations.
Maximizing the conditional density is equivalent to minimizing its negative logarithm, so the

ML estimate 6y is typically defined as a solution to

max Ly(0) =Inp(yy_1|un_1,0) (3.2)
0cO

where O is a problem-specific constraint set and L : R" — Ris the (log-)likelihood function.
The likelihood function Ly suppresses notation of the data (uy_1, yx_1). In statistical theory,

Ly can be viewed as a random variable (i.e., a function of the data as a random variable). For
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algorithms, however, it is more convenient to simply view L as the objective function.

In system identification, models are typically causal, meaning the current output y(k)
is only a function of past inputs and outputs (uy_1,yx_1) (and optionally the current input
u(k)). In this case, it is convenient to successively condition on past data to give the equivalent

problem,

i

max Ln(0) = In p(yr|ak—1,yr-1,6). (3.3)
0

e
Il

If the parameters themselves are random variables with a known distribution, or we have

some prior belief about what they should be, the model can include the prior distribution

0 ~ po(0) (3.4)

and we can define the following maximum a posteriori (MAP) problem, a close sibling of the
ML problem (3.2):

max Ln(8) +1npo(8). (3.5)

3.2 Problem statement

We consider stochastic LTI models in innovation form:

Tpr1 = A(0) T + B(0)ur + K(6)ex (3.6a)
yr = C(0)2r + D(0)uy, + ey, (3.6b)
e ™ N(0, R (0)) (3.60)

where € R" are the model states, v € R are the inputs, y € R™ are the outputs, e € R™
are the innovation errors, and € © are the model parameters. The model functions M(-) :=
(A(-), B(+),C(+), D(+),Zo(+), K(-), Re(+)) are assumed to be known. While the model M is
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kept fairly general throughout, it is advantageous to assume the model is identifiable in ©.
Last, for brevity, we often drop the dependence on the parameters § € © and write the model
functions as M = (A, B, C, D, &y, K, R,.).

While the subsequent developments apply to any model of the form (3.6), our main moti-

vation is to identify the LADM,

Ski1 = Ag(0)3, + Ba(0)dy + Bs(0)ur + K (0)ey, (3.7a)
i1 = dy, + Kq(0)ey, (3.7b)
Ui = Cs(0)55 4+ Ca(0)dy + D(0)uy + e (3.7¢)
ex S N(0, R.(6)) (3.7d)

where s € R" denote plant states and d € R™ denote integrating disturbances. The LADM

(3.7) is clearly a special case of (3.6) and can be put back into the standard form (3.6) by

.
consolidating the plant and disturbance states zj, == [ sy d;r} and defining

o As Bd o Bs
A._[O I}, B._M,
K
C = [Cs Cd}, K = |:Kd‘|.

Typically the LADM (3.7) is parameterized with (A, C;) in observability canonical form (Den-
ham, 1974), (By, Cy) fixed,! (B, K, Kq4, R.) fully parameterized, and (D, $o, do) = (0,0,0).
Alternatively, we could choose a physics-based or gray-box plant model for the plant dynam-

ics (As, Bs, Cs, D).

'With (As, B, Cs, D) fixed, all (Bg, Cy) such that (3.7) is observable are equivalent up to a similarity
transform (Rajamani et al., 2009). Thus, (Bg, Cy) are chosen by the practitioner to maximize interpretability of
the disturbance estimates.
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3.2.1 Constrained maximum likelihood identification

The ML identification problem is defined as follows:

i

N
max Ly (6) = 5 Indet R.(0) —

nax e (0) 25 (91 (3.8)

0

N | —
o
Il

where the ¢;,(6) are given by the recursion (3.6) (Astrém, 1979, p. 557), (Ljung, 1999, p. 219).
Often, we may wish to regularize with respect to a previous parameter estimate @, or incor-
porate an available prior distribution of the parameters py(f). In either case, we consider the

maximum a posteriori (MAP) estimation problem,

max Ly (0) — Ro(6) (3.9)

where Ry(0) o« —Inpy(f) is the regularization term, typically chosen as a distance from
[ (Sjoberg et al., 1993; Johansen, 1997). For example, a Gaussian prior or generalized /5 penalty
can be implemented as

Ro(6) = %|Vec(9) —vee(@)2 (3.10)

where § € © is the prior estimate, vec is a vectorization operator,? and V > 0 is the prior
estimate variance. Such penalties are useful for model updating and re-identification. We
typically use the penalty (3.10) with V' = p~!I. Later on, we transform the parameters 6
into a more convenient space for optimization and find it more convenient to define the prior
directly in the transformed space.

For plants of the form (3.6), the ML estimates are consistent and asymptotically effi-
cient (Astrém, 1979). In a standard setting, the plant is of the form (3.6) with A — K C stable,

and its coeflicients are asymptotically recovered by (3.8). With sufficient data, the identified

The vectorization operator may depend on the parameterization, as § may contain both a vector portion
and a sparse (semidefinite) matrix portion. The vectorization should only preserve the uniquely defined nonzero
elements of the sparse matrix.
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filter is stable. However, the LADM (3.7) is an intentional misspecification of the plant. Un-
der certain regularity assumptions, we are consistent with respect to the estimates nearest in

relative entropy rate, taken between the plant and model measurement distributions

. -1
0" = %1688(]\[ E[Ln(6)]

where the expectation is taken over the true distribution of measurements (y; ), (White,
1984; Douc and Moulines, 2012). Identified LADM filters do not necessarily inherit stability

from the plant, so we must design © to guarantee offset-free control.

3.2.2 Constraints

The constraint set © should capture both estimator design specifications and system

knowledge. At a bare minimum, we require nondegeneracy of the innovation errors,

Re(0) = 0 (3.11)

and stability of the estimator,

p(A(0) — K(0)C(0)) < 1. (3.12)

Other useful constraints include spectral abscissa bounds,

a(—A(0)) <0, (3.13)

and bounds on the argument of the eigenvalues,

!

0 < [Im(p)|/Re(p) < tan(w), Vi e M(A(9)) (3.14)
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for either the open-loop stability A = A or estimator stability A = A — K C matrices, to
eliminate artificial high-frequency dynamics that may affect the control performance.
Chemical processes exhibit sparse interactions between units (mass and energy flows),
especially for large-scale plants (Daoutidis et al., 2019; Tang et al., 2023). Sparse parameter-
izations of (A, B,C, D, K) are easily encoded, but the sparse parameterization of R, is less
obviously accomplished. While the covariance R, for a centralized Kalman filter is dense even
for sparse plants, correlations between distant units are small (Motee and Jadbabaie, 2009).

Thus, it suffices to consider only nearest-neighbor correlations, e.g.,

Rip Rip

)

T
R1,2 R272

R, = (3.15)

Ry,-1n,
Ry, 1N, R,
where R; ; € RP«*Pu is the covariance between the innovations of the i-th and j-th process
unit innovations. In (3.15), the sparse formulation introduces just O(N,p?) variables com-
pared to O(N?2p?) variables for the dense formulation. Another algorithm goal is to simulta-
neously and efficiently enforce both (3.11) and (3.15). Finally, we remark that such constraints

can be applied to the ML identification of any networked system with a time-invariant topol-

ogy, as in Zamani et al. (2015).

3.2.3 Other parameterizations

The remainder of this section presents some other formulations of the ML identification
problem. While we do not consider these formulations explicitly in our algorithm formula-
tion (Section 3.3) or case studies (Chapter 5), the methods are readily generalized to these

formulations.
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Time-varying Kalman filter formulations

More generally, we could consider models of the following form:

Tpr1 = A(0)zy + B(0)uy + wy, (3.16a)
yr = C(0)x, + D(O)uy, + vy, (3.16b)
zo ~ N(io(0), Py(0)) (3.16¢)

Bﬂ N(0, S(0)) (3.16d)

where w € R" and v € R™ are the process and measurement noises and
M = (A, B, C, D, IAJQ, Po, S)

are the model functions. The noise covariance matrix S(#) may be partitioned as

Qu(®)  Sun()
S(0) = (3.17)
D= lisw@l Ru0)
where Q,,(§) € S is the process noise covariance, S,,(0) is the cross-covariance, and
R,(f) € S} is the measurement noise covariance. Throughout, we impose the stronger
requirement R, () > 0 on the measurement noise covariance.

For the model (3.16), the ML problem is defined as

max Ly(0) = —= Z Indet Ry (0) — |ex (6 )| R (0)]- (3.18)

40



Constrained maximum likelihood identification Chapter 3

where the ¢;, and R, are defined by the Kalman filtering equations

fk+1 = Ai’k + Buk + leek (3.19&)
yr = Cip + Duy, + ey, (3.19b)
e ~ N(0,Rx) (indep.) (3.19¢)
where
Py = AP AT 4+ Q, — KiRiK, (3.19d)
Ki = (AP,CT 4 Sy )RE} (3.19%)
Ry = CP.C" + R,. (3.19f)

We remark that R, > 0 suffices to guarantee the innovations are uniformly nondegenerate,
i.e, Ry > 0. However, stability of the filter is more difficult to guarantee as the early iterates
A — K;C may not be stable, even though the overall filter is stable, or vice versa. Instead,
it is necessary to check that a stabilizing solution to the Riccati equation exists, which we

elaborate on in the next formulation.

Time-invariant Kalman filter formulations

In most situations, the state error covariance matrix converges exponentially fast to a
steady-state solution P, — P, so it suffices to consider the original steady-state filter model
(3.6). In terms of the model (3.16), the steady-state filter takes the form K = (AlﬁC'T +
Swo)R;1 and R, == CPCT + R,, where P is the unique, stabilizing solution to the discrete

algebraic Riccati equation (DARE),

P =APA"T +Q, — (APC" + S,,) x (CPCT + R,)"(APC" + S,,)". (3.20)
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Recall a solution to the DARE (3.20) is stabilizing if the resulting Ax := A — K C'is stable.
Convergence of P, to Pis equivalent to the solution to the DARE (3.20) being unique and

stabilizing. We generally assume such a solution exists, but for completeness, we state the

following proposition, adapted from (Silverman, 1976, Thm. 18(iii)) (see Appendix 3.A.1 for

proof).

Proposition 3.1. Assume R, > 0 and consider the full rank factorization

Qw Swv B ® -
Then the following statements are equivalent:

1. The DARE (3.20) has a unique, stabilizing solution P > 0.

2. The error covariance converges exponentially fast P, — P for any Py = 0.

3. (A, C) is detectable and (A — FC, B — FD) is stabilizable for all F € R™",

Remark 3.2. The hypothesis of Proposition 3.1 holds if we constrain A to be stable or (A, C)

to be observable.

Remark 3.3. The cross-covariance 5, complicates the filter stability analysis. With S, =
0, it would suffice to assume (A, C') detectable and (A, @),,) stabilizable. With nonzero S,
however, a more elaborate stabilizability condition is needed. (Silverman, 1976, Thm. 18)
considers the regulation problem with a cross-weighting term and semidefinite input weights.

Proposition 3.1 specializes this result to the filter problem with positive definite R,.

Remark 3.4. While R.(f) and K (6) could be defined via P(6), taken as the function that
returns solutions to the DARE (3.20) and therefore enforcing filters stability, it is more con-

venient to directly parameterize these matrices as in (3.6).
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Minimum determinant formulation

Suppose in the model (3.6), that R, is parameterized fully, and separately from the other

terms, i.e.,

Moreover, assume R, is constrained separately as well, i.e.,
_C Ty
©=0xS8.

Then we can always solve (3.8) stagewise, first in R., and then in the remaining variables 0.

Solving the inner problem gives the solution
=,
N
where we use the fact that e, is only dependent on 6, and we assume }A%e(é) > 0 forall§ € ©.

The outer problem can be written

min det R,(6). (3.21)
66

The problem (3.21) is of relevance because it avoids posing (3.8) as a NSDP. It has been
used both in the early ML identification literature (Astréom and Eykhoft, 1971; Ljung, 1978;
Astrém, 1980) and in recent works (McKelvey et al., 2004; Ribarits et al., 2005; Li et al., 2007).
None of these works consider filter stability constraints. To the best of our knowledge, only
Umenberger et al. (2018) consider the ML problem (3.18) with stability constraints, but they

consider open-loop stability (i.e., p(A) < 1) and use the EM algorithm.

Remark 3.5. For real-world data, det ]:Ee(ﬁ ,%) = 0 is not attainable because that would
imply some direction of 1, were perfectly modeled. Therefore, R.(f) > 0 foralld € O is a

reasonable assumption.
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3.3 Algorithm outline

3.3.1 Constraint set formulation

More generally, we seek to (i) impose eigenvalue constraints on any model function A(f)
and (ii) impose a sparsity structure on any semidefinite model function Q(#).
Eigenvalue constraints

First, we define a LMI region.

Definition 3.6. We call D C C an LMI region if
D={z€C| fp(z) =My+Mz+Mz~0}
for some generating matrices (Mo, M) € S™ x R™*™ We call fp : C — S™ the characteristic

function of D.

The following lemma defines the four basic LMI regions: shifted half-planes, circles cen-
tered on the real axis, conic sections, and horizontal bands. For a general discussion of LMI

regions properties, see Chilali and Gahinet (1996); Kushel (2019).
Lemma 3.7. For each s, zy € R, the subsets
Di(s) ={ze€C|Re(z) >s}
Dy(s,x0) ={2z€C||z—xo| <s}

Dy(s,z9) ={z € C||Im(z)|] < s(Re(z) — z0) }

Dy(s) ={z€C||Im(z)] <s}
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are LMI regions with characteristic functions

Ioi(20)(2) = —2m0 + 2 +Z
Foutoan(2) =[5 2] +[83)2 + 182
st(s,zo)(Z) = —2sxgly + [jl }g]Z + H _51}5

Ious)(2) = =2sL+ [ % §lz+ [V 'z

Proof. The first identity follows from the formula 2Re(z) = z + Z. For the second identity, we

have fp, (s, (2) = [, 72| = 0ifand only if s > 0 and s* > |z — z|?, or equivalently,

ZzZ—x0 s

|z — x| < s. For the third identity, we have fp,(s4,)(2) = [2592;&2(_50) 25(?:("; gz_)mo)} = 0 if

and only if 2s(Re(z) — z¢) > 0 and 45*(Re(z) — z¢)? > 4|Im(z)|?

, or equivalently, |Im(z)| <

2s 2Im(z)

s(Re(z) — wp). For the fourth identity, we have fp,(s)(2) = [—ZLIm(z) os

] > 0 if and only

if 25 > 0 and 4s* > 4|Im(z2)

2, or equivalently, |Im(z)| < s. O

Remark 3.8. For continuous-time systems, —D;(«) corresponds to a minimum decay rate
of a > 0, D3(—tan(w), 0) corresponds to a minimum damping ratio cos(w), and Dy(r,0) N
D;(— tan(w), 0) implies to a maximum undamped natural frequency r sin(w), where o, 7 > 0
and w € [0, 7/2] (Chilali and Gahinet, 1996). For discrete-time systems, Ds(r, 0) corresponds
to a minimum decay rate of — Inr, and Dy (7, 0) N Ds(tan(w), 0) implies a minimum damping
ratio — cos(tan~!(w/Inr)) and maximum natural frequency (In(r)? + w?)/A, where r > 0,

w € [0,7/2], and A is the sample time.

Remark 3.9. For any LMIregion D (including those in Lemma 3.7), the set D is convex, open,
and symmetric about the real axis. The intersection of two LMI regions D := D; N D; is an
LMI region with the characteristic function fp(z) = fp,(2) @ fp,(2). By this property, we
can construct any convex polyhedron that is symmetric about the real axis by intersecting
left and right half-planes, horizontal strips, and conic sections. Moreover, since any convex
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region can be approximated, to any desired accuracy, by a convex polyhedron, the set of LMI
regions is dense in the space of convex subsets of C that are symmetric about the real axis.
An LMI region D with characteristic function fp also has characteristic function M fp(-)M "

for any nonsingular M/ € R™*™. For an in-depth discussion of LMI region geometry and

other properties, see Kushel (2019).

In Chilali and Gahinet (1996), it is shown a matrix A € R™ " has eigenvalues in a LMI

region D if and only if the following system of matrix inequalities is feasible:

Mp(A, P) =0, P>0 (3.22)
where the matrix characteristic function Mp : R™™ x S® — S of D is defined by
Mp(A,P) = My® P+ M, ® (AP) + M| ® (AP)". (3.23)

From this equivalence, we can build tractable eigenvalue constraints. For the constraint
(3.12), Lemma 3.7 gives the generating matrices (Mo, M1) = ([§ 9],[5§]) and we have the
matrix inequalities

{ P (A— KC)P

P(A—KC)T p }>Q P>=0

which is a well-known LMI for checking stability (Boyd et al., 1994). Similarly, to implement

(3.13), we can use the generating matrices (M, M;) := (0,1), and to implement (3.14), we
can use (Mg, M) = ([‘Qtan(w) 0 ]7 [tan(w) 1 D

0 —2tan(w) -1 tan(w)

The system of matrix inequalities (3.22) contains only strict inequalities, so we “tighten”
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them as follows:
Mp(A, P) = M, P =0, tr(VP) <e! (3.24)

wheree > 0,V € Sf‘ﬁL, and M € Sfiﬁj The set of A € R™*" for which (3.24) is feasible defines

a closed set for which A\(A) C D. In Section 3.4, we show this fact and other properties of the
constraint (3.24).
Sparsity structure

To encode sparsity information, we adapt the notation of Burer et al. (2002a). Define
the index sets £ := { (i,j) €12, | i > j} and D" = {(4,7) € [2, } corresponding to the
sparsity patterns of n X n lower triangular and diagonal matrices. With a slight abuse of

notation, we define the direct sum of index sets Z C L™ and J C L™ by
IoJ =TU{(i+nj+n)|(j)eT} L
For each Z C L", define the sets

S'Z] == {S eS| Sy =0V (i,j) e L'\ T}
L"Z) = {L€L" | Ly =0V (i,j) ¢ T}

L1 (7= {LeLl, | Ly =0V (i,j) £T}.

Finally, let vecsy : S® — Rl denote the operator that vectorizes the |Z| entries of the argu-

ment corresponding to the index set Z.
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Constraint definition

To combine the LMI region and sparsity constraints, we partition the parameter into vec-

tor and sparse symmetric matrix parts, i.e., § = (3, %), and define the constraint set © by

©={(5,%) e R xS™[Zx] | g(8,%X) =0, h(5,%) <0, ¥ = H(B), A(5,X) =0}
(3.25)
where D" C Iy, C L™ D"A C T4 C LM, g: R"™ x 8™ — R, h: R" x " — R",
H :R" — S™ and A : R"2 x S"® — S"4[Z4]. The purpose of the partition § = (3, X) is to
clearly delineate the sparse semidefinite matrix argument Y. from the remaining parameters
B. The index set Zy, defines the sparsity pattern of ¥ and H, and the index set Z 4 defines the

sparsity pattern of A.

Remark 3.10. Assumption 3.13 rules out direct use strict inequalities, e.g., R.(¢) > 0 or
R,(8) > 0. To satisfty nondegeneracy requirements, we use the closed constraint R.(6) > ¢1,,

with a small backoff § > 0.

Remark 3.11. Typically, the index set 7y, encodes block diagonal structures, e.g., for the
model (3.16), ¥ = Py ® Q,, ® R, € S [Zs] where Ty, := L™ & L™ & LP. However, more
general structures (e.g., (3.15)) can be stated. For the time-varying formulation (3.18), we may

further restrict Q,, and R, to take block tridiagonal and diagonal structures, e.g.,

Q11 Q1
T .
Qu = Q12 sz - ’ R,=R, &...0R,

fr—m Qﬁﬁ

that arise in sequentially interconnected processes such as chemical plants. Adding a ); 5
block can account for an overall recycle loop. Note that if we parameterize the block tridiag-

onal (), via a sparse shaping matrix (i.e., Q,, = G,,G), then there are more parameters than
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if the sparsity of (), is known.

Remark 3.12. As alluded to in Section 3.2, the Riccati equation solution has a dense solution,
but the entries far from the core sparsity pattern decay rapidly. Thus, we can approximate
an eigenvalue constraint, e.g., P — APAT > 0, as a function that maps to the same sparsity
pattern as A Motee and Jadbabaie (2009); Haber and Verhaegen (2016); Motee and Sun (2017);

Massei and Saluzzi (2024).

3.3.2 Cholesky factorization and elimination

At this juncture, the ML and MAP problems (3.8) and (3.9) with the constraints (3.25) are
in standard NSDP form and can be solved with any dedicated NSDP solver, e.g., Fiala et al.
(2013); Kocvara and Stingl (2015). However, such solvers are neither as widely available nor
as well-understood as NLP solvers such as IPOPT (Wéachter and Biegler, 2006).

The Burer-Monteiro-Zhang (BMZ) method is a Cholesky factorization-based substitution
and elimination algorithm that can convert certain NSDPs to NLPs (Burer et al., 2002a,b).
In Section 3.5, we consider a generalization of this algorithm to (approximately) transform
a given NSDP into a NLP while only introducing |Z4| new variables. This generalization

requires the following assumption:

Assumption 3.13. The model functions M are twice differentiable and the constraint func-

tions C are differentiable. Moreover, cl(O, ;) = © where

O ={(8,%) e R x§™[Ig] | g(8,%) =0, h(p,%) <0, X = H(B), A(B,%) - 0}.

(3.26)
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In Section 3.5, we construct functions

T R™ x L% [Ty] x L [T4] — R™ x ™ |[Ty]

Az R" x L% [Tg] x LM [Z4] — ST (2]

and define transformed constraint functions

and a transformed constraint set

P :={¢ e R x L% [Zs] x LA [Z4] | g7(8) =0, hr(s) <0}

(3.27a)

(3.27b)

(3.28)

such that, under Assumption 3.13, 7 is an invertible map from ® to © . Finally, to eliminate

the strict inequalities on the diagonal entries of (Ly,, L 4) € L% [Zx| X L4 [Z 4], we introduce

a fixed lower bound £ > 0 on the diagonal entries,

P, ={¢ e R" x L*[Is| x LA[Z4] | g7(¢) =0, h7(¢) <0}

where we have defined, for any ¢ > 0 and Z C L",

LPZ) = {L e L"I] | Ly > e Vi€ Iy }.

We define the approximate transformed problem as

max Ly (T (¢)) + Ro(T (¢)).

PePe
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Algorithm 1 Identification of an innovation form model (3.6) with eigenvalue constraints

and the Cholesky factor-based substitution and elimination scheme.

Require: Model functions M = (A, B,C, D, %, K, R,.), regularization term Ry, initial
parameters 6y = (/3,%() constraint functions (g, hg, Hy, Ag) and sparsity patterns
(Zs,,, T 4,), a series of LMI region constraints (D;, 4;(-))™,, and small €, &; > 0.

1: For each v € L., let Mp, : R™>*™ x S"™ — S™™ denote the matrix characteristic
function for D,;.

2: Extend the parameters ¥ := X, @ (D)<, P;) and 0 := (3, X) with P, € S™.

3: Extend the constraint functions

ho(6o) B
h(0) = tr(Vlfil‘).— &1
tr(Vi, Pn.) — €5

H(B) = Ho(B) ® (B, Onens)
A() = Ag(80) ® (D72, M, (Ail0), P) — i1 ).

4: Extend the index sets

Iy, =I5, ® (P;c, L™)
Ta=Tu, ® (P, L™).

Form the functions 7, 7!, and A as in Section 3.5.
Form the transformed constraint functions (3.27).
Solve (3.29) and (3.30), and let gg denote the solution.
Let 0 == T ().

If ¢ solves the problem (3.30), then 0 = 7’((23) approximately solves the MAP problem (3.9).

We recover the ML problem (3.8) and its approximate solutions with iy = 0.

3.3.3 Algorithm summary

Algorithm 1 provides an example of our approach towards solving the identification prob-
lem (3.9) with eigenvalue constraints and the Cholesky factor-based substitution and elimi-

nation scheme.
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3.4 Eigenvalue constraints

In this section, we elaborate on the LMI region constraints previewed in Section 3.3.
Throughout, assume the LMI region D is nonempty, not equal to C, and its characteristic
function fp and generating matrices (My, M;) are fixed. Our goal in this section is to define,
using only matrix inequalities, a closed set of matrices A € R"*" such that A\(A) C D. For
this section, the matrix A € R™*" need not have any relation to the model function in (3.6),
and can in fact be any square matrix of any dimension (e.g., the filter stability matrix A — KC,
the plant stability matrix A, from (3.7), or any submatrix thereof). Throughout this section,

we assume the matrix characteristic function Mp is fixed.

3.4.1 LMl region constraints

Originally, Chilali and Gahinet (1996) proved the following theorem relating the eigen-

values of A € R™ " to feasibility of a system of matrix inequalities.

Theorem 3.14 ((Chilali and Gahinet, 1996, Thm. 2.2)). Forany A € R™*", we have \(A) C D

if and only if
Mp(A, P) » 0, P> 0. (3.31)

holds for some P € S™.

Ultimately, we seek matrix inequalities that define a closed set of constraints. Due to the
strictness of the inequalities (3.31), it is unlikely that (Chilali and Gahinet, 1996, Thm. 2.2)

achieves this goal.
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3.4.2 Relaxed constraints

In Miller and De Callafon (2013), the following relaxation of (3.31) was considered,
Mp(A, P) = 0, P> 0. (3.32)
Since Mp(A, P) is linear in P, feasibility of (3.33) is equivalent to feasibility of
Mp(A, P) = 0, P> P (3.33)

for some fixed Py € S7, .2

An attempt was made in (Miller and De Callafon, 2013, Thm. 1) to characterize the eigen-
values of matrices A € R™*" for which (3.32) is feasible, but this theorem does not correctly
treat eigenvalues on the LMI region’s boundary 0D. We restate (Miller and De Callafon, 2013,

Thm. 1) below as a conjecture and disprove it with a simple counterexample.

Conjecture 3.15 ((Miller and De Callafon, 2013, Thm. 1)). The matrix A € R"*" satisfies

A(A) C cl(D) if and only if (3.32) holds for some P € S".
Counterexample. Let D be the left half-plane, consider the Jordan block A = [§}], and sup-

pose P = [b1} P12] € S§? such that (3.32) holds. Then A\(A) C cl(D) and

0% Mp(a, P) = - [ P

which implies p;2 = pyy = 0, a contradiction of (3.32). P

The correction to Conjecture 3.15 requires a more careful treatment of eigenvalues lying

on the the LMI region’s boundary 9D. Specifically, we show in the following proposition that

3For any Py > 0 and P satisfying (3.32), define the scaling factor v := || Py||2||P~!||2 and a rescaled solution
P* :=~P. Then P* > Py and Mp(A, P*) = vMp(A, P) = 0.
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feasibility of (3.32) for a given A € R™*" is equivalent to the eigenvalues of A being in cl(D),

with all non-simple eigenvalues lying in D (see Appendix 3.A.2 for proof).

Proposition 3.16. The matrix A € R™*" satisfies \(A) C cl(D) and A € D for all non-simple

eigenvalues A\ € A\(A) if and only if (3.32) holds for some P € S".

3.4.3 Tightened constraints

Instead of the “relaxed” constraints (3.32), we consider “tightened” constraints of the form
Mp(A, P) = M, P >0, tr(VP) <e! (3.34)
where M € S and V' € S | are fixed and chosen in a way that (3.34) implies (3.31). While

we allow M to be semidefinite,* in the following proposition, we show M = 0 always suffices.

Proposition 3.17. Suppose M € S} and V € ST _. Then (3.34) implies (3.31) for all A €

R™™ ™ and e > 0.

Proof. With M > 0 and (3.34), we automatically have Mp(A, P) > 0. It remains to show
(3.34) implies P > 0. For contradiction suppose (3.34) and M > 0, but P ¥ 0. Then there

exists a nonzero v € R™ such that Pv = 0, and

(I, @ v) " Mp(A, P)(I, @ v) = My ® (v Pv) + M; @ (v APv) + M, @ (v PATv) =0

a contradiction of the assumption Mp(A, P) = M > 0. O

Remark 3.18. The tightened constraint (3.34) was inspired by a similar set of constraints

was introduced by Diehl et al. (2009) to “smooth” the spectral radius. Specifically, feasibility

*For some LMI regions, M > 0 is advantageous. For example, we can always take M = [} §] ® Q with
@ > 0 for circular LMI regions. Then we can reduce the constraint dimension by taking the Schur complement.
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of the nonlinear system

P — APAT =W, P >0, tr(VP) <e! (3.35)

implies p(A) < s where W,V € S}, and s, > 0 are fixed (Diehl et al., 2009, Thms. 5.4, 5.6).
Similarly, the spectral abscissa was “smoothed” in (Vanbiervliet et al., 2009, Thms. 2.5, 2.6),

and it is straightforward to generalize (Diehl et al., 2009, Thms. 5.4, 5.6) to show feasibility of

(A—sI)P+ P(A—sI)T =W, P =0, tr(VP) <e! (3.36)

implies a(A) < s where W,V € S" ., s € R, and ¢ > 0 are fixed. The authors do not discuss

LMI regions and the results are not obviously generalizable to them.

3.4.4 Constraint topology

Consider the constraint sets,

AL ={AecR"|JPeS":(331) holds }
A = {AeR™ | 3P cS":(332) holds }

An(e) = {AeR™ | 3P €S": (3.34) holds } .

The following proposition characterizes the topology of A%, and A% (see Appendix 3.A.3 for
proof).
Proposition 3.19. (a) A%, is open.

(b) A% is not open if (i)n > 2 or (ii) 9D N R is nonempty.

(c) A% is not closed if (i) n > 4 or (ii)) 0D N R is nonempty and n > 2.
(d) cl(A%) ={AecR™™ | XA Ccl(D)}.
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Proposition 3.19 reveals a weakness of the relaxed constraints (3.32) and (3.33). Since A%
is not closed, any feasible path towards a matrix A € cl(A%) \ A% has no feasible limiting P.
In fact, P will grow unbounded along the path of iterates.

To analyze the topology of A’ (e), we take a barrier function approach. Consider the
parameterized linear SDP,

¢p(A) = inf tr(V P) subject to Mp(A, P) = M. (3.37)

Pesn

The optimal value function ¢p : R™" — Rs¢ U {00} is a barrier function for the con-
straint A € A’,. Theorem 3.20 establishes properties of ¢p and its e '-sublevel sets (see

Appendix 3.A.4 for proof).

Theorem 3.20. LetV € S}, and M € S’} such that Mp(A, P) = M implies Mp(A, P) > 0.
Then
(a) ¢p is continuous on Ap;

(b) foreache > 0, A% () is equivalent to the e ' -sublevel set of ¢p, i.e.,

AB(e) ={AeR™™ | ¢p(A) <e '} (3.38)

and both are closed; and

(c) Ah(e) /A ase N\ 0.

Remark 3.21. To reconstruct (3.35) via Theorem 3.20, we set M = sW & 0,«, for any
W,V > 0and s > 0 and apply the Schur complement lemma to Mp, (A, P)/s — M /s, where
D, is the circle defined in Lemma 3.7 with zy = 0, and Mp, is defined by the generating
matrices used in Lemma 3.7. Then the £~ '-sublevel set of ¢p, equals the set of A € R"*" for
which (3.35) is feasible.

Similarly, we can reconstruct the set of A € R"*" for which (3.36) is feasible as £~ !-
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sublevel sets of ¢p,, where D; is the shifted half-plane defined in Lemma 3.7, and M = W

for any W,V >~ 0.

3.5 Cholesky substitution and elimination

In this section, we seek to approximate certain NSDPs by NLPs. Specifically, we consider

the NSDP
min (5, %) (3.39)

(8,X2)€6
where O is defined as in (3.25). This covers both ML (3.8) and MAP (3.9) problems with con-
straints (3.25). We combine Cholesky factor-based substitution with an elimination scheme
to convert the NSDP to a NLP while adding just |Z 4| variables to the optimization problem.
For this section, we define the following notation. For each Z C L, let W% R —
L"Z] and 77 : R™*" — S"[Z] denote the orthogonal projections (in the Frobenius norm)
from R™*™ onto the subspaces L"[Z] and S"[Z], respectively. Let chol : S}, — L', denote

the invertible function that maps a positive definite matrix to its Cholesky factor.

3.5.1 Burer-Monteiro-Zhang method

We first consider the simplified constraint set
P = {(2,Q) €R" x S"(T] | Q = H(x)} (3.40)

where D" C 7 C L" and H : R™ — S". As in Burer et al. (2002a), we parameterize the
matrix argument () in a way that automatically enforces the constraint () > H(z) while

introducing just n scalar inequality constraints.

Recall Q = H ifand onlyif Q = H+LL" for the unique matrix L = chol(Q—H) € L% .
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Algorithm 2 Cholesky factorization algorithm for solving systems of the form (3.42) based
on (Burer et al.,, 2002a, Lem. 1).
Require: D" CZ C L™, Lt ¢ L%, [Z],and H € S"
(T, L7) «+ (L"\Z,0,xn)
2: for each (i, j ) € j in ascending lexicographic order do
1
s L =g (Hyg + Zisy (U + L) (L + L)
4: end for
5: return L7

—_

With J := L™ \ Z, we can split L into a sum of L* € L7, [Z] and LY € L"[J], giving
Q=H+ (L*+ L) (L*+L7)". (3.41)

But () € S™[Z], so we can apply the vectorization operator vecs s on both sides to give
vecsy(H + (L + LYY (I*F + L7)") = 0. (3.42)

Equation (3.42) defines |7 | equations to solve for the | 7| variables of L7, where each L;.? is
fully specified by H,; and the L, ; with (7, j') < (¢, 7).” In Algorithm 2, we compute the L;?
in ascending lexicographic order via Cholesky factorization.

Notice that each L is fully defined by H and L” via Algorithm 2, so we have proven the

following lemma.

Lemma 3.22 ((Burer et al., 2002a, Lem. 1)). For each (H, L) € S™ x LL"[Z] such that L%, # 0

for eachi € 1., there is a unique LY € 1L."[J| satisfying (3.42).

With a slight abuse of notation, we let LY = L7 (H, L) denote the function defined by

Algorithm 2, which maps each (H, L) € S" x L" , [Z] to the matrix LY € L"[J] uniquely

5The lexicographic order < on I? is defined by (i, j) < (i, j') if i <4’ or (i =4") A (j < j').
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satisfying (3.42). Moreover, we let
Q(H,L%) = H + (I* + LY(H, L*))(L* + L7 (H, L"))"

as in (3.41). Clearly Q(H, L*) = H is satisfied by definition. Finally, we define the transfor-
mation

T(x, [*) = (w, Q(H(x), LI)) (3.43)

which has the inverse

T7'(z,Q) = (z,77[chol(Q — H(z))]) (3.44)

and we have the following lemma.

Lemma 3.23 ((Burer et al., 2002a, Lem. 2)). The function I' defined by (3.43) is a bijection

between R™ x L'} | [Z] and int(P).

Differentiability of 7" and 7"~ follow from differentiability of H and Algorithm 2. In fact,
these functions are as smooth as H. More importantly, the bijection 7" allows us to transform
the minimum of a continuous function over P to an infimum over R x L, [Z], given by

the following theorem.

Theorem 3.24 ((Burer et al,, 2002a, Thm. 1)). If f : P — R is continuous and attains a

minimum in P, then
min _f(z, Q) inf f(T(x, L*)). (3.45)

(©.Q)eP (@, LT)eRmxLY, 1]

We reiterate the proof of Theorem 3.24 for illustrative purposes.
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Proof. Continuity of f implies its minimum over P equals its infimum over int(P), i.e.,

min f(z,Q)= inf f(z,Q)

(z,Q)EP (z,Q)Eint(P)

Since 7' is a bijection, we can transform the optimization variables as follows:

inf x, Q) = inf T(z, L1)).
(z,Q)€Eint(P) f( Q) (z,LT)eT~1(int(P)) f( ( )>

Finally, since R x L | [Z] = T !(int(P)), we have (3.45). O

3.5.2 Generalized Burer-Monteiro-Zhang method

We return to constraints of the form (3.25). Recall Assumption 3.13 requires the matrix in-
equalities are strictly feasible in the constraint set. We use a similar procedure to Section 3.5.1,
but Algorithm 2 must be applied to each strict inequality > = H and A(S, %) > 0.

For the sparse symmetric matrix > and matrix inequality ¥ > H (), the procedure is the
same as in Section 3.5.1. Let L/> = L7=(H, L*®) denote the function defined by Algorithm 2

with L2 = L*®, T = Ty, and n = ny. Then
S(8, L) = H + (L + L7 (H, L") (L* + L7 (H, L))"

guarantees X.(H, L*) = H and X(H,L*®) € S™[Zy] for all (H, L**) € S"™= x L= [Zg].
In other words, X is fully defined and the constraint > > H automatically satisfied by
(H, L) € S™ x L% [Zx)].

For the general matrix inequality A(S,%) > 0, the procedure is slightly different. Let

LI4 = [JA(L*4) denote function defined by Algorithm 2 with L7 = L7A, T = T4, n = ny,
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and H = 0. Define the functions
A(LE) = (L2 LIA(L5)) (13 4 LPA(14))T

which guarantees A(L%4) € S}4[Z4] for all L¥4 € L4 [Z,4]. However, the constraint is not

fully eliminated; we are left with |Z 4| equality constraints in the transform space,
vecsz, (A(B, Z(H(B), L)) — A(L™)) =0

with the other |£™ \ Z 4| constraints automatically guaranteed by Algorithm 2.

To define the new constraints, we require the variable transformations

T(B, L™, L*) = (B, S(H(B), L™)) (3.46a)

Ar(B, L=, [*4) = A(L*) (3.46b)

which are well-defined for all (3, 7=, L74) € R" x L"=[Zyx] x L"4[Z4]. With the func-
tions (3.46), we define the transformed constraint functions (g7, h7) and the transformed
constraint set ® C R" x L"=[Zg] x L™A[Z4] according to (3.27) and (3.28). The inverse

transform is

TH(8,%) = (B, 7z, [chol(Z — H(B))], 77, [chol (A(8, 2))]) (3.47)

for all (8,%) € O, and we have the following lemma.
Lemma 3.25. The function T defined by (3.46) is a bijection between ® and © ;.

Proof. First, we have T (®) C O, since the transformed constraints guarantee the con-
straints g(3,%) = 0, h(5,%) <0, X > H(S), and A(S3,X) > 0 for any (3,%) := T (¢) and

¢ € ®. Next, it is clear by construction that 7! o 7 is the identity map on ®. Therefore 7
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is injective. Similarly, we have 7 1(©, ) C ® by construction, and 7 o 7 ! is the identity

map on O, so 7T : ® is surjective. ]

Under Assumption 3.13, the functions 7, 7 !, and A7 are as smooth as H, and moreover,

the bijection 7 transforms a minimum over © into an infimum over ®.

Proposition 3.26. If Assumption 3.13 holds and f : © — R is continuous and attains a

minimum in ©, then

min f(0) = inf f(7(¢)).

) PpED

Proof. The proof follows that of Theorem 3.24, noting that Assumption 3.13 gives cl(©, ) =

O and therefore the minimum of f over © equals the infimum of f over © . ]

3.5.3 Approximate solutions

As mentioned in Section 3.3, we consider a lower bound £ > 0 on the diagonal elements
of (L*=, L*4). We define the tightened constraint set ®. by (3.29). In the following theorem
we show, under Assumption 3.13 and continuity of f, the infimum of f o7 over ®. converges

to the minimum of f over O (see Appendix 3.A.5 for proof).

Theorem 3.27. Suppose f is continuous and attains a minimum in ©. Define

o = tnin £(6)
pe = inf f(T(9)). (3.48)

If Assumption 3.13 holds, then pi. ™\, p ase 0.

In fact, with a few additional requirements on the objective f, convergence of approxi-
mate problem solutions to the solution of the original problem is guaranteed by the following

theorem (see Appendix 3.A.5 for proof).
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Theorem 3.28. Suppose [ is continuous and Assumption 3.13 holds. Consider the set-valued
function 6 : R>q — P(O), defined as 0. = argminger g,y f(0) for alle > 0, and by =

argming o f(6). If there exists « € R and compact C C © such that
Orca={0€0 | f(8) <a}

is contained in C' and © <, N O, is nonempty, then there exists € > 0 such that, for all
g0 € [0,2),

(a) f achieves a minimum in © and 0, is nonempty;

(b) ifeq > 0, then f achieves a minimum in T (©.,) and 0., is nonempty;

(c) . is continuous and 0. is outer semicontinuous at e = €o; and

~

(d) if 0o is a singleton, then lim sup_ o 0. = bo.

Remark 3.29. Originally, Burer et al. (2002a) used a log-barrier approach to handle the strict
inequalities implied by L € L}, [7] and achieve global convergence for a class of linear SDPs.
For problems of the form (3.45), the log-barrier term eliminates all remaining constraints.
However, for problems of the form (3.39) many constraints remain in addition to the strict

inequalities on the diagonal elements of (L*=, [*4) € L= [Zx] x L1 [Z4).

3.6 Summary and discussion

We stated a ML identification problem with model structure and constraints suitable for
implementing offset-free controllers (Section 3.2). An algorithm for solving the ML identi-
fication problem with standard software was outlined (Section 3.3). Tightened LMI region
constraints were introduced and shown to define closed sets of system matrices (Section 3.4,
Theorem 3.20). A substitution and elimination scheme for approximating NSDPs as NLPs was
presented (Section 3.5, Theorems 3.27 and 3.28). See Chapter 5 for real-world case studies of
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these methods. We conclude with a discussion of computational issues, possible future appli-
cations and research directions, and an appendix of proofs that were deferred from the main

chapter text.

Computational concerns The main limitation of eigenvalued-constrained ML is compu-
tational cost. While constrained ML retains linear scaling in sample size NV, each LMI region
constraint on an arbitrary system matrix A € R"*" requires an additional O(n2(m? + 1))
variables and O(7?m?) equality constraints. These requirements can be significantly re-
duced for spectral abscissa bounds D;(s) and stability constraints Ds(s,0). As mentioned
in Remark 3.18, these constraints are quite similar to the “smooth” spectral radii and abscissa
constraints of Diehl et al. (2009); Vanbiervliet et al. (2009), which only add O(7?) variables
and O(n?) equality constraints. For eigenvalues constrained to the LMI regions D;(s) or
Ds(s,x0), implementing these constraints as a special case can reduce the computational
cost significantly.

For a standard, black-box LADM (3.7) with n4y = n,, a canonical form for (A, By, C5),
and (D, 3y, dy) = (0,0,0), there are O(ny(n, + n,) + p*) variables before constraints are
added, and O(n?) variables after. Thus, fitting black-box models of large-scale systems is
computationally prohibitive. However, as discussed in Section 3.2, large-scale chemical plants
and networked systems may be represented by significantly fewer variables: O(N,n,(p, +
my) + N,p?) without constraints, or O(N,n?) with constraints, where N, is the number of

units or nodes, and n,,, m,, p,, are the number of states, inputs, and outputs per unit or node.

Data-driven control The approach discussed so far is an indirect data-driven control de-
sign of offset-free MPC. A potential alternative is the direct data-driven control approach,
where the control law is designed according to data (Berberich et al., 2021; Dorfler et al., 2022;

Berberich et al., 2022a; Yuan and Cortés, 2022; Bianchin et al., 2023). The drawback of this ap-
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proach is its reliance on Willem’s Fundamental Lemma (Willems et al., 2005), which assumes
the data is generated from a plant of the model class and does not allow structured models.
We also remark the models considered in this chapter have far more general noise models
than those considered in direct data-driven control works.

Recent work on direct data-driven control has incorporated likelihood functions with
measurement noise models into the control design (Yin et al., 2023). To the best of our knowl-
edge, no current work has considered process noise, Kalman filter forms, or structuring the
model with uncontrollable integrators for offset-free MPC. There is a future possibility of
direct data-driven offset-free MPC design with both optimal control and estimation perfor-

mance.

Linear identification of nonlinear systems The main difficulty of linear identification
of nonlinear systems is plant-model mismatch. With ML identification, properties of the esti-
mates are dependent on the plant’s stochastic behavior (Jr., 1982; White, 1984). For stationary,
input-free models, the solution to the mismatched problem can be interpreted as (asymptot-
ically) minimizing the Kullback-Leibler divergence between the power spectral densities of
the model and plant (Anderson et al., 1978). However, there are still gaps in the treatment of
inputs, state-space models, and arbitrary nonlinear plants. Moreover, there are no guaran-
tees placed on this “closest” model, as it no longer aligns with the plant and therefore does
not inherit any physically relevant properties from it. The constraints considered herein ad-
dress concerns that the “closest” model may be unphysical. However, exactly what the closest

model may entail is highly speculative and an area of future research.

Closed-loop performance monitoring Since ML identified models are more distribution-
ally accurate, they are more suitable to the performance monitoring technique of Zagrobelny

et al. (2013). Integrated identification and offset-free controller validation may be possible by
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combining this method with ours. Another promising application is model re-identification,
as mentioned in Chapter 1. From the asymptotic distribution, decision functions can be con-
structed to map the on-line MPC performance to a re-identification signal. These decision
functions can be constructed so as to not alarm unless sufficiently exciting data is avail-
able. Decision-theoretic re-identification therefore has lower cost and risk compared to classic
adaptive control or online reinforcement learning methods that require a persistently excit-
ing identification signal. This approach could bring statistical data efficiency to the fields of

adaptive control and online reinforcement learning.
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Appendices

3.A Additional proofs

3.A.1 Proof of Proposition 3.1

Silverman (1976) presents complete characterization of the DARE solutions for regulation
problems with cross terms. However, this admits additional nullspace terms into the gain
matrix which the Kalman filtering problem does not allow. We avoid nullspace terms through
the assumption R, > 0 and therefore streamline the proof of Proposition 3.1.

For the following definitions and lemmas, we denote by W = (A, B, C, D) the system

matrices corresponding to the noise-free system (2.1).

Definition 3.30. The system WV is left invertible on I, if

D
CB D to

0= _ _
CA2B ... ¢cB D| L%-1

implies up = 0. The system W is left invertible if there is some j € I.( such that W is left

invertible on lly.;,_; for all £ > j.

Definition 3.31. The system W is strongly detectable if y;, — 0 implies x, — 0.
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The following lemmas are taken directly from (Silverman, 1976, Thms. 8, 18(iii)), but the

proofs are omitted for the sake of brevity.

Lemma 3.32 ((Silverman, 1976, Thm. 8)). IfWV is left invertible, then VV is strongly detectable

ifand only if (A — BF,C — DF) is detectable for all F' of appropriate dimension.

Lemma 3.33 ((Silverman, 1976, Thm. 18(iii))). If W is left invertible, then the DARE
P=A"PA—(A"PB+C'D)(B"PB+D'D)*(B"PA+D'C)

has a unique, stabilizing solution® if and only if W is stabilizable and semistrongly detectable.

For the remainder of this section, we consider the full rank factorization

& w]=[Fe oo

and the dual system W = (AT, CT, BT, f)T) to analyze the properties of the original system

(3.16). The following lemma relates the properties R, > 0 and left invertability of W.
Lemma 3.34. If R, > 0 then W is left invertible.

Proof. Left invertability on [.;_; is equivalent to

[)T
BTeT DT to
0= | o (3.49)
BT(ATY20T . BTeT D) LM

implying 1o = 0. But R, = DDT > 0, so D7 has a zero nullspace. For each k € I, the

coefficient matrix of (3.49) has a zero nullspace. Thus, uy = 0 and W is left invertible. [

®Contrary to in Section 3.2, here we mean the solution P is stabilizing when A — BK (P) is stable, where

K(P)=(B"PB+D"D)"'BTP.
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Finally, we can prove Proposition 3.1.

Proof of Proposition 3.1. By Lemma 3.34, we have that W is left invertible. Therefore, by
Lemma 3.33, the DARE (3.20) has a unique, stabilizing solution if and only if W is stabi-

lizable and strongly detectable. But by Lemma 3.32 and duality, the latter statement is true if
and only if (A, C) is detectable and (A — FC, B — FD) is stabilizable for all F € R, [

3.A.2 Proof of Proposition 3.16

Throughout this appendix, we define the set of n X n Hermitian, Hermitian positive defi-
nite, and Hermitian positive semidefinite matrices as H", H’} | , and H}. Notice that fp maps
to Hermitian matrices so we can write it as f : C — H™. We define the extension of Mp to

complex arguments Mp : C**" x H"} — H"" as
Mp(A, P) == My ® P+ M, ® (AP) + M| @ (AP)".
To show Proposition 3.16, we need a preliminary result about Hermitian positive semidefinite
matrices, generalized from Lemma A.1 of Chilali and Gahinet (1996).
Lemma 3.35. Forany M € H", if M »= 0 (M > 0) thenRe(M) = 0 (Re(M) > 0).

Proof. With M = Re(M) + Im(M), it is clear M Hermitian implies Re(M ) is symmetric
and Im(M) is skew-symmetric. Thus v'Mv = v'Re(M)v for all v € R", and positive

(semi)definiteness of M implies positive (semi)definiteness of Re(M). O

In proving Proposition 3.16, we take the approach of Chilali and Gahinet (1996) but are

careful to distinguish eigenvalues on the interior D from those on the boundary 0D.

Proof of Proposition 3.16. (<) Suppose that Mp(A, P) = 0 for some P > 0 and let A € A(A).
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Then there exists a nonzero v € C" for which v 4 = \v!. Consider the identity

(I, ® v)TMp(A, P)(I,, ® v) = My @ v"Pv 4+ M, @ (W APv) + M| @ (W PATv)
= My @ v Pv + M, @ O Po) + M @ (MW Pv)
= o Pu(My 4+ M\ + M'N)

= v Pufp(N).

The assumption P > 0 implies v Pv > 0, and Mp(A, P) = 0 further implies fp(\) = 0.
Therefore \ € cl(D).

Next suppose A € A(A) is non-simple and A € 9D. Then there exists nonzero vy, v € C"
(linearly independent) such that v® fp(\)v = 0, v A = \oll, and vi' A = Mll + v, Because
Disopen, A € D = cl(D) \ D must satisfy both fp(\) = 0and fp(A) # 0. Therefore fp(\)
is singular, and there exists a nonzero vector v € C™ such that v¥ fp(A\)v = 0. With the 2 x 2

matrices

pefr mel [ o ol

P12 D22 Vg

Tan gl

H H
we have |:U1 Uz} A=J {'01 02} and therefore

<]m® [Ul Uz])HM'D(A7P)<Im® [Ul UQ]) :M0®P+M1®jP+M1T®(7p)T
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Next, we have

M = Ky ,,Mp(J, P)K;,,
= P®My+JP& M + (JP)" @ M/

My + M) p22M11 <0

5 Pra(
=P A) +
®fD( ) |: pgngT 0

Finally,

Hpy _|P
(@) ML ®v) = { Pt M v 0

120" (M + My )v P22UHM1U} < 0.
But P > 0 implies py; > 0, so the above matrix inequality implies v"M;v = 0. Moreover,
with v fp(A\)v = 0, we also have v"'Myv = 0 and therefore f(2) = 0 and D is empty, a
contradiction. Therefore each A € A(A) non-simple implies A € D.

(=) Suppose A(A) C cl(D) and A € A(A) non-simple implies A € D.

If A = \is a (possibly complex) scalar, then it lies in cl(D) by assumption, and therefore
Mp(\,p) = pfp(A) = 0forall p > 0.

If A= \I,, + N is a (possibly complex) Jordan block, where N € R"*" is a shift matrix
andn > 1,then A € Dand fp()\) = 0. Let T}, := diag(k"~',... k, 1) for each k € I.. Then

Tk’lATk =\, + k7'N — )\, as k — oo. Moreover, because Mp is continuous, we have

Therefore there exists some kg € I such that Mp(7, AT, I,) = 0 for all k£ > ky. With
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P = TkT,;r, we have

Mp(A, P) = My ® T, T, + M, ® (AT, T,)) + M, @ (AT, T,) )"
= (Ln @ Th)(My® I, + My @ T P ATy + M @ (TP AT ) (L, @ Th) T

= (I, ® Ty )Mp(T ' AT, 1) (I, @ Ty) T > 0.

Finally, for any A € R™*", let A = V("_, J;)V ! denote the Jordan decomposition of
A, where J; = NI,, + N;, A; € A(A), N; are shift matrices, and n = ) _%_, n;,. We have

already shown that for each i € I, there exists P; > 0 such that Mp(J;, P;) > 0. Then with

P =V(@!_, P)V ! wehave

(I, ® V") Mp(A, P)(I,, @ V)1
p p p T
=My ® (EBR) + M ® (EBL-B) + M ® (EBM%)
=1 =1 =1

p
= Kpm <@ Ko, M (Ji, PZ-)KWT%W> Ky, =0

i=1

and therefore Mp (A, P) > 0. Last, Lemma 3.35 gives Mp(A, P) = 0 with P := Re(P) since

Mp(A, P) = Mp(A,Re(P)) = Re(Mp(A, P)). O

3.A.3 Proof of Proposition 3.19

To show Proposition 3.19(a), we first require the following eigenvalue sensitivity result

due to (Golub and Van Loan, 2013, Thm. 7.2.3).

Theorem 3.36 ((Golub and Van Loan, 2013, Thm. 7.2.3)). For any A € C"*", denote its Schur

decomposition by A = Q(D + N)QH, where Q € C™" is unitary, D € C"™" is diagonal, and
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N € C™ ™ is strictly upper triangular.” Let p be the smallest positive integer for which MP? = 0

where M;; ‘= |N;;|. Then, forany E € R"*" and n € A\(A+ E),

. —\ < E E 1/p
i = Al < max { || B, (][ E[l)7* )

where ¢ .= > 21| N||%.

Proof of Proposition 3.19. Throughout this proof, we show a set .S is not open (or not closed)
by demonstrating that S¢ (or S) does not contain all its limit points.

(a)—For any A € A%, continuity of fp gives the existence of a function §(\) > 0 such
that fp(z) > Oforall |z —A| < §(A) and A € A(A). Let § := minyex(a) 6(A). By Theorem 3.36

and norm equivalence, there exist ¢ > 0 and p € [;.,, such that

ma; min |\ — p| < max{c|El, (c]|E 1/p
uez\(Ai(E)Ae,\(A)’ “‘ - X{ H HF ( H ”F) }

for all £ € R"*", Therefore there exists a € > 0 such that

max  min [\ —pl <4
LENATE) AEA(A)

foral E € B:={E" € R"" | |E'||r < € }. Finally, A + B is a neighborhood of A contained
in A%, and, since A € A%, was chosen arbitrarily, A%, is open.

(b)(i)—Because D is open, nonempty, and not equal to D, ID is nonempty. Let A € 9D
and )\, € D° be a sequence for which A, — ). By symmetry, we also have A\ € D and
A € D°.

For n = 2, we have A = [Re(’\) _Imo‘)} € R?*? has eigenvalues A\, \ € D, and A, =

m(\) Re(\)
[RE(M) —Im(Ag)

Im(r) Re(p) } € R?*? has eigenvalues \;, A\, € D for each k € I.,. The corresponding

"A matrix U is strictly upper triangular if U;; = 0 for alli > j.
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eigenvectors are [%*] € C2. Therefore A € AZ but Aj, € (A%)° for each k € I, and the
limit A;, — A gives us that (A2)¢ does not contain all its limit points.

Forn > 2,let 4y € A%_Q, and we can extend the prior argument with the sequence
By = Ay @ Ay € (AD)S, k € I that converges to B i= A ® Ay € A%,

(b)(ii)—By part (b)(i), it suffices to consider the case n = 1. By closure and convexity of
D, D N R is either a closed line segment, a closed ray, or R itself. In other words, D N R is
open if and only if it has no endpoints. Moreover, since 9D N R is the set of the endpoints of
DNR,DNRis open if and only if 9D N R is empty. Finally, since AL, = DN R, A%) is open
if and only if 0D N R is empty.

(c)(i)—Let A € OD. Suppose n = 4. Then A € 9D by symmetry. Because D is open, there
exists a sequence )\, € D such that \;, — ), and by symmetry, we also have \;, € D and
A — . Consider again the 2 x 2 matrices A and A;, from part (b)(i), which have eigenvalues
A A € Dand A\, A\, € D¢ respectively. Then the block matrices B == [# 2] € R™!
and By = [AO’“ ffk} € R*** have the same eigenvalues, but this time the eigenvectors are
[EL] ) [igbl € C* and the eigenvalues are non-simple. Since ) is a non-simple eigenvalue on
ch bounldary of D, we have B ¢ A%. However, ) are all in the interior of D, so By, € A%,
Since B), — B, the set A% does not contain all its limit points.

On the other hand, let A € 0D and suppose n > 4. Similarly to part (b)(i), with any
flo € A%‘{ we can extend the argument for the n = 4 case with the sequence flk = B, P
Ay € A%,k € I, that converges to A == B @ Ay € (A3)".

(c)ii)—Let A € IDNR and n > 2. Because D is convex, open, and nonempty, there exists
e > 0 such that exactly one of the real intervals (\, A\ + ¢) or (A — &, \) is contained in D,
whereas the other is contained in int(D¢). Without loss of generality, assume (A—e, \) C D.?
Then Ay, = (A —¢/k)I, + N,, € A% for each k € I, but A, — A, + N,, € (A%)C and

therefore A7 does not contain all its limit points.

80therwise, take the reflection about the imaginary axis —D and —A%.
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(d)—Since A}, = { A € R*”*™ | \(A) C cl(D) } contains A%, it suffices to show any A €
A7 is a limit point of A%. Denote the Jordan form by A = V (@, piln, + N,,) V1,
where V' € R™ " is invertible, y; € A(A), n = Y »  n;, and N; € R"*™ is a shift ma-
trix. Because p; € cl(D), there exists a sequence p;x € D such that y;, — ;. Then

Ay = V(N i, + Ni) V71 € A and Ax — A -

3.A.4 Proof of Theorem 3.20

To prove Theorem 3.20(a,b), we use sensitivity results on the value functions of parame-
terized nonlinear SDPs,

V(y) = inf F(z,y) (3.50)
z€X(y)

where the set-valued function X : R — P(R") is defined by

X(y) ={xzeR"| G(z,y) = 0}.

Consider also the graph of the set-valued function X,

Z={(x,y) e R"™ | G(x,y) = 0}.

Notice that Z is closed if G is continuous. We say Slater’s condition holds at y € R™ if
there exists x € R" such that x € int(X(y)), or equivalently, G(x,y) > 0. In the following

proposition, we specialize (Bonnans and Shapiro, 2000, Prop. 4.4) to nonlinear SDPs.

Proposition 3.37. Let y, € R™ and suppose
(i) F and G are continuous on R"*t™;

(ii) there exist @ € R and compact C' C R"™ such that, for each y in a neighborhood of v, the
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level set

leveo F(-y) = {z € X(y) | F(z,y) <o}

is nonempty and contained in C'; and
(iii) Slater’s condition holds at .

Then F(-,y) attains a minimum on X(y) for ally € N,, and V (y) is continuous at y = Y.

Proof. See Proposition 4.4 and the discussions in pp. 264, 483-484, 491-492 of Bonnans and

Shapiro (2000). [
Finally, we prove Theorem 3.20 with Proposition 3.37.

Proof of Theorem 3.20. Let vec : R™" — R™ and vecs : R™" — RI/2(+1n denote the
vectorization and symmetric vectorization operators, respectively.

(a)—Let z := vecs(P), y == vec(A), F(x,y) = tr(VP),and G(z,y) = P& (Mp(A, P)—
M). We aim to use Proposition 3.37 to show the continuity of ¢p on A,. Let Ay € Al.
Condition (i) of Proposition 3.37 holds by assumption. Slater’s condition (iii) holds because
for any P > 0 such that Mp(Ag, P) > 0, we can define P, := yP > 0 for some v > 7 =
1M < [[[Mp (Ao, P)]7H| to give

Mp(Ag, Py) = yMp(Ao, P) = v0Mp(Ao, P) = M.

Moreover, by continuity of Mp, there exists a neighborhood N4 of Aj such that Mp(A, Py) >

M for all A € Ny4. Letting o := tr(V Py) > 0, we have that the set

{PeS} |tr(VP) <a}
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is compact and contains the nonempty level set

{PePA) |tr(VP)<a}

for all A € Ny4. Taking the image of each of the above sets under the vecs operation gives
condition (ii) of Proposition 3.37. All the conditions of Proposition 3.37 are thus satisfied for
each Ay € A%, and we have ¢p is continuous on A%,.

(b)—Continuity of ¢p on A%, implies closure of the sublevel sets of ¢p, and (3.38) follows
by definition of A’ (¢e).

(c)—First, Mp(A, P) = 0 implies P > 0 by Proposition 3.17. Moreover, for any P > 0
such that Mp(A, P) > 0, we have Mp(A, P) = ~vMp(A,P) = M with P := P and
5= M| x |[Mp(4, P)] !

, so feasibility of (3.22) is equivalent to feasibility of

Mp(A, P) = M, P>0

and therefore |J_.,A%(e) = A%. But A%(e) is monotonically decreasing,” so A(e)

U.o0 AD(e) = A as e N\ 0. O

3.A.5 Proof of Theorems 3.27 and 3.28
Starting with Theorem 3.27:

Proof of Theorem 3.27. Since . is nondecreasing and bounded from below by (i, it suffices to
show that for each § > 0, there exists a € > 0 such that uz — u < 9.
Let 0* € O denote a point for which p = f(6%). If 0* € O, we could simply choose

Z > 0 large enough to put 6* in 7 (®z) and achieve piz — p =0 < 0.

By “monotonically decreasing” we mean ¢ < &’ = A%, () D AL (&).
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Instead, we assume 6* ¢ O, .. By Assumption 3.13, there exists a sequence 0, € O, . k €
I.¢ such that 0§, — 0 as k — oo. Defining vy := f(0x), we have v, — p by continuity of f.
Therefore, there exists some ky € 1. such that v, — pu < o forall k£ > kg. Foreach 6, € O,
there exists a unique ¢y, = (B, L*, L;*) € ® such that 6, = T (¢) (by Lemma 3.25). Let
be the minimum over all the diagonal elements of Lf{? and Lfg‘. Then (fy,, Lff, ng‘) € o2

by construction, vy, > iz by optimality, and p1z — p < v, — p < 9. U

As in Appendix 3.A.4, we use sensitivity results of Bonnans and Shapiro (2000) on opti-
mization problems to prove Theorem 3.28. This time, however, we consider the continuity
of the value function for parameterized NLPs on Banach spaces. Let X', ), and KC be Banach

spaces and consider the parameterized NLP,

V(y) = inf F(z,y) (3.51)

z€X(y)

where the set-valued function X : ) — P(X) is defined by
X(y) == {z € X | Glz.y) € K}

for some G : X x ¥ — K and K C K is closed. Let X°(y) denote the (possibly empty) set of

solutions to (3.51). Define the graph of the set-valued function X(-) by
Z={(r,y) e X xY|Gz,y) € K}.

Notice that Z is closed if GG is continuous and K is closed.

Proposition 3.38 ((Bonnans and Shapiro, 2000, Prop. 4.4)). Let yo € Y and assume:
(i) F and G are continuous on X x Y and K is closed;

(ii) there exist &« € R and a compact set C C X such that, for every y in a neighborhood of
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Yo, the level set

{zeX(y) | flz,y) <a}

is nonempty and contained in C'; and
(iii) for any neighborhood N, of the solution set X°(yq), there exists a neighborhood N, of yo
such that N, N X(y) is nonempty for ally € N,;

then V (y) is continuous and X°(y) is outer semicontinuous aty = 1.

Proof of Theorem 3.28. First, we must specify €. For each 6§ € ©, , let

e(f) =max{e>0|0ecT(d.)}

where the maximum is achieved since there is a finite number of diagonal elements of the
Cholesky factors that must be lower bounded. Now we specify € as the supremum of ()

overalld € O, NO, 4,

g:=sup{e(d)|0€Or<,NOL;}

so that, for any € € (0,2), O <, N T (P.) is nonempty and is contained in the compact set C'.
(a)—Following the proof of (Bonnans and Shapiro, 2000, Prop. 4.4), we have (i) F' is con-
tinuous and (ii) the level set © ;< is nonempty and contained in the compact set C, which
implies O y<,, is a compact level set and therefore the minimum of f over © <, is achieved
and equals the minimum over ©. Moreover, 0o must be nonempty.
(b)—Similarly to part (a), we have, for each ¢ € (0, ), that the level set O <, N T (D) is
nonempty and contained in the compact set C, so f achieves its minimum over 7 (®.) and 0.

is nonempty.
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(c)—Consider the graph of the constraint function,
Z={(0,e) €O xR |0€T(P)ifec>0}.

Consider a sequence (0, cx) € Z, k € 1., that is convergent (0y,c,) — (6,¢). Thene > 0,

otherwise the sequence would not converge. Moreover, § € © since 0, € T(®.,) C O for

all £ € I,y and O contains all its limit points. If ¢ = 0, then (#,¢) € Z trivially. On the

other hand, if ¢ > 0, then £(6) converges to £(6) because 7T is continuous and the max can

be taken over a finite number of elements of 7! (6;). Moreover, £(6;) and upper bounds £,

because 0, € T (P., ), so €(f) > e. Finally, we have § € T(®.), (6,¢) € Z, and Z is closed.
Let g > 0 and Ny be a neighborhood of 6750. With

=sup{e(@) |0 € Ny} >0

we have Ny N © and Ny N T (P.) are nonempty for all € € (0,¢¢ + 9).

Finally, the requirements of Proposition 3.38 are satisfied for all ¢y € [0, %), so p. is con-
tinuous and 635 is outer semicontinuous at € = &y.

(d)—The last statement follows by the definition of outer semicontinuity and the fact that

the lim sup is nonempty. [
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Chapter 4

Maximum likelihood estimation of
disturbance models

Despite the strong foundations and attractive statistical properties of maximum likelihood
(ML) identification, there are many reasons it may not be suitable to some applications. The
first and most obvious shortcoming is the availability of an initial guess. The methods of
Chapter 3 are optimization-based and therefore require a sensible initial guess to feed to the
optimizer. Second, computation may be difficult. While we do not find ML identification
computationally prohibitive in the case studies of Chapter 5, as discussed in Section 3.6, the
optimization may scale poorly to large-scale systems. Third, for some applications, it is neces-
sary to have a computationally lightweight framework with strong convergence guarantees,
minimal library requirements (e.g., only linear algebra packages), and/or closed-form solu-
tions.

To avoid nonlinear optimization, practitioners and theorists have long used regression-
based identification methods such as ARX models or subspace identification. While these
techniques are unsuitable for directly identifying the linear augmented disturbance model
(LADM) (1.4), they may be augmented or modified to allow LADM identification. For practi-
tioners, an attractive path from tuning to identification of disturbance models may be through

such an augmented method.
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In this chapter, we present methods for augmenting standard identification methods with
disturbance modeling capabilities. The key prerequisite for such an augmentation is the avail-
ability of a state sequence estimate produced during the standard identification algorithm.
From there, successive ML estimation problems can be solved to estimate a disturbance se-
quence and the noise covariance matrix. Throughout, we pose the subproblems with ML
estimation, sometimes even as approximations of the ML identification problem (3.8), and

focus on formulations that lead to closed-form solutions of the subproblems.

Additional notation The following additional notation is used throughout this chapter.

For any signal (a(k))ker.,, we denote the length-n past and future horizons as

a(k —1) a(k)

4.1 Literature review

Traditionally, MPC implementations have relied on linear finite impulse response (FIR)
plant models (Qin and Badgwell, 2003; Darby and Nikolaou, 2012) with which an algorithm
such as dynamic matrix control (DMC) (Cutler and Ramaker, 1980) or Identification and Com-
mand (IDCOM) (Richalet et al., 1978) is implemented. A few products, such as the Shell Mul-
tivariable Optimizing Controller (SMOC) (Marquis and Broustail, 1988; Yousfi and Tournier,
1991) and Adersa’s predictive functional control (PFC) algorithm, rely solely on a linear state-
space plant model. Darby and Nikolaou (2012) note that recent MPC products have shifted
away from FIR models and towards linear state-space models. This shift is motivated by a
number of shortcomings of the FIR approach, most notably: (1) the inability to handle unsta-
ble and integrating systems without modification, (2) the overparameterization of the under-

lying linear system (especially for slow processes), (3) the difficulty of formulating estimators,
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and (4) the fact that FIR models are a special case of the linear state-space model (Lee et al.,
1994; Lundstrom et al., 1995).

Other plant model formulations include autoregressive models (e.g., ARMA and CARIMA
models) (Clarke et al., 1987a,b; Clarke, 1991; Sun et al., 2011) and transfer function mod-
els (Ljung, 1999). Both model types require complicated estimator formulations and their
identification algorithms are typically formulated for single-input single-output (SISO) sys-
tems. As such, multi-input multi-output (MIMO) models are typically constructed from in-
dividually fit SISO models. Transfer function models must be realized as state-space models
in order to formulate controller constraints. As with FIR models, every autoregressive and
transfer function model can be realized as a state-space model (Ho and Kalman, 1966; Akaike,
1974).

To identify the plant model, practitioners typically fit a linear model to step response data,
although it is also possible to linearize a physics-based plant model (Caveness and Downs,
2005; Rawlings et al., 2020). Neither approach provides the noise covariance estimates re-
quired to design an estimator for MPC implementation. Subspace methods—such as canon-
ical variate analysis (CVA) (Larimore, 1983), N4SID (Van Overschee and De Moor, 1994), or
MOESP (Verhaegen, 1994)—can be used to identify estimate the process and measurement
noise covariances, but they are unsuitable for structuring disturbance model with uncontrol-
lable integrating modes (Muske and Badgwell, 2002; Pannocchia and Rawlings, 2003). Dis-
turbance models may be tuned under strong assumptions on the process and measurement
noises (Lee et al., 1994; Lee and Yu, 1994), but the required assumptions are not general, pro-
ducing suboptimal estimator performance. Autocovariance least squares (ALS) can identify
the complete disturbance model, but it does not identify the plant model (Odelson et al., 2006).
Additionally, there is a trade-off between the computational complexity of ALS and the vari-
ance of the ALS estimates because the optimal least squares weighting matrix is a function

of the covariances to be estimated (Rajamani and Rawlings, 2009; Zagrobelny and Rawlings,
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2015; Arnold and Rawlings, 2022). Kuntz and Rawlings (2022) presented the first identifi-
cation algorithm that provides estimates of both the state-space model coefficients and the
disturbance noise covariance required to implement an offset-free MPC.

Most of the MPC deployment cost is incurred during plant identification due to the com-
monality of open-loop identification experiments, where product quality is difficult if not
impossible to maintain, and the process must be perturbed from the optimal operating point
in order to acquire quality data (Canney, 2003; Zhu, 2006). As a result, closed-loop identifi-
cation experiments are an opportunity for significant safety and profitability improvements
in chemical process control. Closed-loop identification experiments can then be conducted
online, at and around the optimal operating point, negating the cost of opening the loop to
perform the experiment. New MPCs can be implemented on processes controlled with other
methods (PID, DMC, etc.) and existing MPCs be significantly improved with re-identified
models. Closed-loop experiments can be conducted via setpoint perturbations that are more
predictable and reliable than open-loop input perturbations. Moreover, the control loop is
never broken, so the MPC is always enforcing constraints throughout the experiment.

Canney (2003) points out that MPC performance decays over time after deployment, and
proposes MPC upkeep be a continuous process of algorithm improvement, where the model,
MPC tuning, and organizational details are adjusted as necessary. A closed-loop disturbance
model identification method can be applied to continuous offset-free MPC monitoring and
upkeep. Previous attempts at continuous MPC monitoring and upkeep simply attempt to
detect (and sometimes diagnose the source of) plant-model mismatch (Harrison and Qin, 2009;
Pannocchia and De Luca, 2012; Kheradmandi and Mhaskar, 2018). However these algorithms
rely on heuristic cutoffs for the alarm thresholds because they are based on LTI system order
estimation. With the full set of parameter estimates, there is a future possibility of advanced
offset-free MPC monitoring schemes with rigorous performance guarantees.

Closed-loop experimentation requires an existing controller, meaning open-loop experi-
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ments for MPC design or PID tuning are still necessary. To this end, we suggest suboptimal
but safe experiments be done using traditional step-response designs, or loops be initially
closed with PID methods. While the algorithm proposed herein and in Kuntz and Rawlings
(2022) will still handle open-loop step responses. At a later date, a closed-loop identification
experiment may be run to refine and re-identify the model. The only advantage of open-loop
methods (Section 4.2) are their relative simplicity compared to closed-loop methods (Sec-

tion 4.3).

4.2 Simple methods for disturbance model identification

We modify the models (1.3) and (1.4) slightly to provide a better match with industrial
practice. First, we consider linear Gaussian state-space (LGSS) models without feedthrough

terms or cross—covariances,

1" =Ar+ Bu+w (4.1a)

Yy = Cm + v (4.1b)

HRIOC)

rather than the general model (1.3). Similarly, we neglect the feedthrough term in the linear

augmented disturbance model (LADM),

2t =Ax 4+ Bu+ Byd +w (4.2a)
dt =d+wy (4.2b)
y=Cz+Cyd+v (4.2c)
w ..
wa| P N(0, S,). (4.2d)
v
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(Un(0),Yn(0))

|

Subspace identification
(4.8) or (4.11) or (4.13) and (4.16) or (4.28)

model dimensions, (n, f,p) ——

T = (pr,p

State-space model
(4.5) or (4.7) or (4.30)

é = (A7 Ba 07 Qun Rv)

Disturbance sequence estimation
(4.19) or (4.20)

d(k) = y(k) — (k)

Covariance estimation
(4.21)

!

Sa

Figure 4.1: Outline of the disturbance model identification method.

The goal of the identification algorithm is to estimate the parameters of the LADM (4.2)
from only input-output data (u, ). An outline of the algorithm is given in Figure 4.1. We split
the algorithm outline into two main parts: (i) standard state-space identification methods and
(ii) disturbance model augmentation. In this section, we focus on simple algorithms with
closed-form solutions. More a more general algorithm that works with closed-loop data and

provides a degree of statistical efficiency is given in Section 4.3.

4.2.1 Standard identification

First, we consider estimation of the parameters 6 = (A, B, C, Q.,, R,) of the model (4.1).
Throughout this process, a focus is given to the estimation of a state sequence X N-p+1(D)
(where pis to be defined). If one were available, we could pose the ML problem corresponding

to the joint density in (Xn,(p + 1), Yn.(p)),

max Ly (Xx.41(p), 0) := Inp(Xn, (p + 1), Yo, () |2(p), Un. (p), 0) (4.3)
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using the estimated state sequence in place of Xy, .1(p), where N, := N — p.

For the general LGSS model (1.3), we have the log-likelihood function

N-1
~ N, 1
I8 (Roa(p),0) ox 52 et — o 3 [s(k) — OF(kfE . (44)
k=p
Tt T A B Qu  Swo
where s := ,t = , 0 = ,and X = . Unique solutions to
Y u ¢ D Sl R,

(4.3) are given by

& 2] = (3 s ) (Zeoomeor) 59

k=p k=p
N N N-1
2 ] =309 - Ot s(8) — B (45b)
wv v S k=p

so long as the inverse exists (Anderson, 2003, Thm. 8.2.1). For the special case of (4.1), we

have the modified log-likelihood function,

L?VS(X'NSH(p), 0) —%(ln det Q,, + Indet R,)
1 N-1
= [\i(k +1) = Az (k) — Bu(k)21 + [y(k) — CE(k)Pps | . (4.6)
k=p

For the log-likelihood (4.4), the problem (4.3) can be separated into (A, B, Q) and (C, R,)

subproblems, with unique solutions given by

[A B] = ( - j(k:+1)[t(k:)]T> <Z t(k)[t(k:)]T> (4.7a)
é=<y@m%w>(fWﬁmF> (4.7b)
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Qu = = i(f(k’ +1) — Az(k) — Bu(k))(#(k + 1) — AZ(k) — Bu(k))"  (4.7¢)
Ry = (k) — CaR))(w(k) - Cak)T (479

so long as the inverses exist (Anderson, 2003, Thm. 8.2.1).
The ML problem (4.3) and estimates (4.5) and (4.7) accomplish the second stage in Fig-
ure 4.1. The remainder of this subsection is aimed at accomplishing the first stage through

simple methods.

States as past inputs and outputs

The most straightforward option is to package past histories of input-output data into the

state, i.e.,

- Y_,,
= |:U—p“:| (4.8)

where p,,p, € 150 and p := min {p,, p, }. While this is a straightforward option, it may
drastically inflate the state dimension. Moreover, this approach is equivalent to posing the

following autoregressive model:

Pu

y(k) = Z Hyy(k —1i) + Z Gou(k — i) + v(k), o(k) S N(0,R,).  (4.9)

We can rewrite (4.9) in the form of (1.3) with

rHy .. pr—l pr G1 ... Gpu—l GPu N B Dny XNy
Iny Onyxnu
A — I"y Onany B — Onanu
* 0 ) * Inu )
Inu Onux’ﬂu
L In, 0 [ 01y 5,
C:= [Hl o Hpy—1 Hpy Gi ... Gpy—1 Gpy ], D = 0,
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R, _ R
Qw::|: 0:|7 Swv—|:0:|

The past-history state (4.8) creates rank-deficient covariance matrices,

o - [E

0
&
S S

o O O

0
R,
and therefore the inverses in (4.5) will never exist. The state-space ML problem can still be
solved by directly posing the ML estimation of (4.9), or by using the arguments in Kuntz and

Rawlings (2023b). However, it is worth reducing the state dimension to avoid unnecessary

computation time and ill-conditioning in the controller and estimator.

State reduction with singular value decomposition

In lieu of the states, we can use the Kalman filter state estimates, which are represented
by past input-output data. There exists a steady-state Kalman gain /& and innovation error

covariance R, such that Ax := A — K is stable and

2t = Agd + Brz (4.10a)
e:=y—Ci SN0, R.) (4.10b)

-
where By = {B K} , & € R™ are the state estimates, and z := {UT yT] is the combined
input-output data (Kwakernaak and Sivan, 1972; Hespanha, 2018). Given any n < p < N
chosen large enough so that A} & 0, we can recursively solve the Kalman predictor (4.10) to

write the state as follows,
#(k) = ALk — p) + CoZ_y (k) = Cy 2 (k)
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where C, := |By AxBi ... Alf’gl By |- Therefore, estimating C, also provides state
estimates 7 := C,Z_,, for estimation of the parameters 6 in the model (4.1).
It is fairly straightforward to construct a matrix C, from the data using the singular value

decomposition (SVD). Take an economic SVD of the data matrix,
H=[Z_,(p) ... Z_,(N)] =Ui5V . (4.11a)

where U; € R™P*" and V; € RY*" have orthogonal columns and S; € R™*" is diagonal

with positive diagonal elements. We can define our states as
i(k) :=U'Z_,(k) (4.11b)

and therefore Z_,(k) = U,Z(k). But this means (k) ~ TZ(k) where T := C,U; € R™"
is invertible because it is the product of full row and column rank matrices. Thus, our state

Z(k) is approximately equal to the state estimates, up to a similarity transformation.

Ho-Kalman algorithm

An alternative to the direct ARX formulation (4.9) is to use the so-called Ho-Kalman al-
gorithm to find an estimate of ép. Choose n < f,p < N and suppose we have access to the

first p := f 4+ p — 1 Markov parameters GG; := C’A};lBK,i € I;.5. Then we can write

C
G ... G, i
Hepi= | : = 04C,, Oy = : (4.12)
Gf . e Gf+p_1 CAi(,l
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Notice that, if the model (4.1) is minimal, the block Hankel matrix s, has rank n. Taking an

(exact) economic SVD of Hy ),

Hpp = UiS1 V)" (4.13a)

where U; € R™P*" and V; € R(™+m)f*" have orthogonal columns and S; € R™ ™ is

diagonal with positive diagonal elements, we can realize C, and Oy as
O ==1,5,", c, =58V, (4.13b)

To estimate the Markov parameters G;, ¢ € I;.5, we use the Kalman predictor form (4.10)

to write the following ARX model:
y(k) = CAD.&(k — P) + CCoZ (k) + e(k) ~ CCoZ_5(k) + e(k) (4.14)
where the coefficient matrix contains the first p Markov parameters,
CCr=[Gr ... Gy.
The ML estimation problem for the ARX model parameters is

Jnax LY*(CCy, R,) (4.15)

where the log-likelihood function is given by

LN*(CCp, Re) := Inp(Yy, (B)|Un. (B), CCy, Re)
N, 1
o = Indet R, — 5 > ly(k) = CCZ_p (k)| o

k=p
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The unique solution to (4.15) is given by

cc, = <2y<k>[2_p<k>]T> ( 3 Zp<k>[z_p<k>r> , (4.162)

k=p k=p
N—-1
Re =Y "(y(k) — CCpZ_p(k))(y(k) — CCpZ_p(k))" (4.16b)
k=p

so long as the inverse exists (Anderson, 2003, Thm. 8.2.1). Then we can substitute
CCg — [él e GAf+p_1}

into (4.12) and compute ép via the SVD (4.13). This time, due to noise in the estimates, the
SVD (4.13) will not be exact. However, the estimates are still, in some sense, “robust” to noise,
as shown by Oymak and Ozay (2022).

Selection of the model dimensions (n, f, p) can either be tuned by hand or with informa-
tion criteria methods. While dimension selection is outside of the scope of this chapter, Bauer
(2001); Chiuso (2010); Larimore (2005) each describe selection of the parameters n, f, and p,
respectively. In the case studies, we tuned (n, f,p) by hand and validated the chosen state

order n with the singular value criterion described by Bauer (2001).

4.2.2 Disturbance model identification

We now augment the standard LGSS model (4.1) with a disturbance model, given esti-
mates of the state sequence Xy_,1(p) and parameters 6 = (fl, B,C,Q,, Rv) of the LGSS
model (4.1). This is done by first estimating a disturbance sequence that captures the most
long-term modeling error, and then re-estimating the noise covariances based on that distur-
bance sequence. The shaping matrices (By, Cy) of the noise model are inconsequential to the

algorithm, except that they must obey the offset-free rank condition (2.22), and that output

92



Disturbance model identification Chapter 4

disturbance models turn out to be computationally advantageous.

Estimating the disturbance sequence

Given a model of the form (4.1), a disturbance model (B, Cy), and a state sequence (Z(k)),
we treat the disturbance sequence (d(k)) as accounting for the long-range model errors. We

can write the long-range output at time £ as

k—1
y(k) = CA*Pi(p) + > CA¥71 Bu(j)

Jj=p

B

+ 3 GRS (Bad() + w(i)) + Cad(k) + (k)

P

<.
I

and the predicted long-range output at time £ is

g(k) = CAPi(p) + Y CA*71Bu(y). (4.17)

P

N
—_

.
I

Next, we define the long-range prediction error as z(k) := y(k) — y(k), which gives
=1l
2(k) =Y CAM 7Y (Byd(j) + w(j)) + Cad(k) + v(k).
Jj=p
Rewriting this as a linear model,

Zn.(p) = ADn,(p) + BWn,(p) + V. (p) (4.18a)

BWy,(p) + Vi, (p) ~ N(0,V) (4.18b)
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where

ACd 0
= €54 .Cd . : B:= Pt ;
CAN-2p, . By C By ... By 0
B :=CA™ vj>1, Vi=BI®Q,B +I1®R,.

The model (4.18) has the ML estimate (Rao, 1971; Magnus and Neudecker, 2019, p. 313),
Dy, (p) = (ATVEA ATV Z, (p) (4.19)

where Vy := V + AA'. This is an O(N?®) computation with O(N?) memory requirements.
Notice that when B; = 0 and C; = I, we have A = I, V, = V + I invertible, and

(ATVIATATVE = vyt =1
Thus the disturbance estimates (4.19) are equivalently written
d(k) = z(k) (4.20)

which is an O(N) computation without additional memory requirements. It is clear that
whenever the system is free of integrators, the simplified solution (4.20) is computationally
advantageous. A similarity transformation can be used to find the desired disturbance model

after the output disturbance model is found (Rajamani et al., 2009).
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Estimating the noise covariances

Given the estimated states and disturbances, one can stack the equations of the model

(4.2) to write a simple covariance estimation problem,

F(k+1) A By B] [#(k)]
ék) = [dk+1)| =0 T o |dk)| = N(,S,) (4.21)
y(k) C Cy 0] |uk)

The ML estimate of S is therefore S; = Zg:_pl é(k)[é(k)]" (Anderson, 2003, Thm. 8.2.1),

which completes the algorithm.

4.3 Closed-loop subspace identification

In this section, we describe a regularized version of the CVA algorithm of Larimore (1983,
1997, 2005). As in Section 4.2.1, the algorithm’s goal is to estimate the parameters § =
(A, B,C, Qu, R,) of the model (4.1) from input-output data (Ux(0), Yy (0)). The algorithm,
outlined in Figure 4.2, can be viewed as a nested modeling procedure using maximum like-
lihood (ML) at each step to compute parameter estimates. We refer the reader to Gong and
Samaniego (1981) for a theoretical justification of nested ML estimation. As in Section 4.2.1,
the algorithm takes two basic steps. First, we determine a state sequence X N.+1(p) via ap-

proximations of the ML problem corresponding to the marginal density in Yy (0),
max Ly(0) = Inp(¥y (0)[Ux (0).0) (422

where 0 = (A, B, C, Q,,, R,) are the system parameters and p > n is an integer to be defined.
Then, we solve the ML problem (4.3) corresponding to the joint density in (X, (p+1), Yn.(p)).

To begin, we choose n < f,p < N. These denote the past and future horizons of the
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(Un(0),Yn(0))

l
p:=max{f —1,p} High-order ARX
(4.14) and (4.25)

k———— Reg. weight, p

Ccy

Extended state-space model

i <
Model dims., n < f,p K N —— (4.23) and (4.28)

i=CZ,

State-space model
(4.1) and (4.30)

l

0=(A,B.C,Qu k)

«——— Reg. weights, p1, po

Figure 4.2: Outline of the closed-loop regularized subspace method, based on the work of La-
rimore (1983, 1997, 2005).

following extended state-space model:

Yi(k) = OpARi(k —p) + HyppZ p(k) + G Zp (k) + Ef(k)

~HppZ_p(k)+GrZs(k) + Ef(k). (4.23)

where Oy, H,, C, are defined as before, and

As in Section 4.2.1, our goal is to estimate the matrix C,. Again, if the model (4.1) is minimal,
the coefficient matrix H ¢, has rank n. Assuming we have access to some Markov parameter
estimates (3;, the extended state-space model (4.23) takes the form of a classic rank-reduced
regression problem for which closed-form solutions are well-known (Larimore, 1983; Ander-

son, 1999).!

!Since the regressors Z are correlated with the errors E'¢, joint estimation the parameters (¢ ,, G ) pro-
duces inconsistent estimates. As a result, we have to eliminate the G;Z; term of the model (4.23) via a “pre-
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Before deriving the estimates to the above problems, it is worth discussing other closed-
loop subspace algorithms. Other classic subspace algorithms—such as N4SID (Van Overschee
and De Moor, 1994) and MOESP (Verhaegen, 1994)—can be used to supply parameters to
the disturbance model identification method of Section 4.2.2, so long as a Markov parameter
“pre-estimation” step is included. Van Overschee and De Moor (1995) showed that the clas-
sic subspace algorithms (CVA, N4SID, and MOESP) are equivalent up to formulation of the
estimation objective for estimation of the model (4.23).> Only the method of Larimore (1983,
1997, 2005) uses ML estimation at each step of the algorithm, making it the logical choice
for integration with the ML-based disturbance model identification. To use the method of
Section 4.2.2, one should take care to use methods that construct state sequences, rather than
those than construct the parameters (A, B, C) directly from the matrices (Oy, C,). In fact, any
closed-loop state-space identification method that estimates state sequences can be directly

integrated with the method of Section 4.2.2.

4.3.1 Estimating the Markov parameters

We must first obtain Markov parameter estimates G;. Jansson (2003) first proposed “pre-
estimation” of the Markov parameters GG; from the ARX model (4.14). The likelihood function

corresponding to the ARX model (4.14) is an approximation of the likelihood function L (#),

P

Ln(0) = LYX(CCy, R.) :== > Inp(y(k)|Z_5(k),CCy, Re)

B
I
3

oKX —

N-—7p 1=
_ 2
5 Indet R, — 5 g ly(k) — CCﬁZ—ﬁ(k) R

=p

estimation” step. In open-loop subspace methods, a slightly different extended state-space model is used, allow-
ing for consistent estimation of both of the parameters (%, G), but only under under open-loop conditions.

2N4SID and MOESP methods are weighted least squares problems, whereas CVA is an approximate ML
problem.
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as in (4.15). Closed-form solutions are given by (4.16). The ARX model is an overparame-
terization of the model (4.1), so it is beneficial to regularize the coefficients, trading a biased

estimate for reduced variance,?

ARX 3 . g -1 - N\ T
ccr;?zigo Ly (CCy, R.) 2131“(]%6 CCyx(CCy) ") (4.24)
which results in the regularized estimates,
o N-1 N—1 -1
CCy = (Z y(k)[Z-p(k)]T> (Z Z5(k)[Z5(K)]" + pl) : (4.25)
k=p k=p

The estimates (4.25) are unbiased when p = 0 and consistent for all p > 0.* Moreover, the
estimate errors Earx = C/’E]; — CCy = [Gy — Gy, ..., Gy — Gy are independent of the

innovation sequence e(k) and regression vectors Z_5(k).

4.3.2 Estimating the state sequence

It turns out that the likelihood of the extended state-space model (4.23), even though the
errors E;(k) are serially correlated, is an approximation of the likelihood in the ML problem
(4.22) (Larimore, 1997). Assume that N > f,p. Then, for each s € I, 1, we can use

successive conditioning to write the likelihood as

Ly(0) = Inp(Yiar,—1)5+s(5)[Y-s(5), Unt,—1)5+s(5), 0)

’The regularizer here is close to using the prior (CCp), £ N(0, p~'R.) where (CCy), denotes the i-th

column of CCp, but to be equivalent, we would also need to add (—p(n, + n,)p/2) Indet R, to the likelihood.
*This neglects numerical errors introduced by the approximation A%}, ~ 0.
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where M, := [(N — s)/f| and

Crp(k) :=Inp(Yy(k)|Z_p(k), Us(k), Hsp, G, Ry).

Terms at times k € Ip.y_1 \ L.z, f+5—1 can be dropped because of the assumption that NV >

f, p. Taking the average over s gives

p+f—1 Ms—1

L)~ 5 > > balmf +5)
ST
B ? k=p Crp(k) =: ?LIJEVSS<Hf,pv Gr:Ry)

For closed-loop data, the signals Zy and £ are correlated, which may introduce bias into
the estimates if all the parameters (H;,, Gr, Rs) are estimated simultaneously (Qin, 2006).
Noting that the future data coefficients G is simply a linear function of the ARX coefficients,

ie. Gy = L(CCp), the future data term in the model (4.23) can be eliminated as follows,

Yi(k) = Yy(k) = GrZs(k) m HypZ (k) + Eess(k) (4.26)

where Qf = £(C/’(2), and Egss = L(Earx)Zs + Ey is zero-mean since Earx and Z; are inde-
pendent. Importantly, the signals Z_,, and &gss are uncorrelated, so the parameters (Hy,,, R )
can be estimated without bias. The corresponding likelihood function is

N—-f-p+
2

N—f
~ 1 1 -
LY (Hyp, Gr Ry) o Indet Ry — 5 ) [Vy(k) - HﬂpZ*P(k)ﬁngl
k=p

and we have the following ML problem:

: L3 i1 Ry)- 4.27
rank’]—[fﬁgzﬁﬂzf>0 N (Hf,p7gf7 f) ( )
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The ML problem (4.27) corresponds to a rank-reduced regression.” To solve it, consider

the following definitions,

1 N—f+1
> = Y, Z_ T
SYf,Z_p N—f—-p+1 kZ:p f(kﬂ p(k)]
1 N—f+1

Sz,p,Z,p = N_f_ptl kzp Z—p(k)[Z—p(k)]T

] N—f+1
L ¥ ¥ T
Sv.% = W — ; Yy (k)Y (R)] -

According to Larimore (1983); Anderson (1999), the ML problem (4.27) has a closed-form
solution,

Hip=Ss, 7 0 Jn
where J,, denotes the first n rows of
J=UTS;"?,
and U are the left singular vectors of the following full SVD,
o S8, S5 = USVT.
Given these estimates, we have the rank factorization H fp = ) fép where

2 T
Or = 5¢, 2,7n

and ép = J,,. Moreover, the estimate ép is a consistent and asymptotically normal estimator

°The rank constraint is a consequence of (Of,C,) showing up in the regression model as the product
Hyp = OfCp, where we assume (Oy,C,) are both rank-n so the states come from a minimal realization.
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of C, (up to similarity transformation) Anderson (1999). Therefore, we have consistent and

asymptotically normal estimates of the states,

ii=Ju 7, (4.28)

4.3.3 Estimating the state-space parameters

In practice, we have found that the state estimates (4.28) may contain spurious, unwanted

dynamics, so we may regularize this objective in a similar manner to the ARX problem (4.24),

max L (Xn.41(p), 0) - %tr(Q;I(AAT +BB")) - %tr(RglccT) (4.29)

where i1, p19 > 0. According to (Anderson, 2003, Thm. 8.2.1), the regularized estimates are

[A B] = ( - :E(k;+1)[t(k)]T> ( - t(k)[t(k)]TJrulI) (4.30a)

k=p k=p
¢ - ( ] y(k)[f:(mr) (2 Hh)[ (b)) +u21> (4:30)
O, — Ni S ik D+ )] — (S a4 1)[t(l<:)]T>
S —p s .
X - t(R)[t(k)] " + ull) (Z t(k)[z(k + 1)]T> (4.30¢)
. 1 N-—1 . 1 N—-1 . .
R, = N 2 y(k)[y(k)] — N kz:; y(k)[Z(k)]
(S EmEET+ u21> (Z f(k)[y(k)]T> S s

Since T are consistent estimates and independent of the errors (w, v), the estimates (4.30) are
consistent. This completes the closed-loop subspace identification of the model (4.1) from an
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input-output sequence.
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Part 11

Application
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Chapter 5

Case studies in combined identification
and offset-free control

In this chapter, we apply the methods of Part I to the identification and offset-free control
of two application systems: a benchmark temperature control laboratory, and an industrial-
scale chemical reactor at Eastman Chemical Company’s plant in Kingsport, TN. We remark
that these studies primarily use real-world data and experiments rather than simulated ex-
periments. This is important to validate the performance of our turnkey model predictive
control (MPC) design, as it ensures we have offset-free performance with regard to physically
relevant plant disturbances. Of course, we could simulate the plant and disturbance as a lin-
ear augmented disturbance model (LADM) Equation (1.4), but this is a fictitious disturbance

model, and the performance may have no relevance to real-world applications.

5.1 Systems of interest

5.1.1 TCLab: a benchmark temperature controller

The TCLab (Figure 5.1), an Arduino-based temperature control laboratory, serves as a

low-cost' benchmark for linear MIMO control Park et al. (2020). It is a prototypical system

'The TCLab is available for under $40 from https://apmonitor.com/heat.htm and https://www.amazon.com
/gp/product/BO7TGMFWMRY.
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Figure 5.1: Benchmark temperature Control Laboratory (TCLab) Park et al. (2020).

-

of the form (1.4) with internal temperatures as plant states z = [Tl TQ] , heater voltages
T T

as inputs u = [Vl VQ} , measured temperatures y = [Tml T, 2} as outputs, and en-

vironmental temperatures d = {Ta . T, 2] as disturbances. The control objective is to
track setpoints in the measured temperatures, subject to environmental disturbances, such as

ambient temperature fluctuations, changes in air circulation, and curious pets.

5.1.2 Eastman industrial-scale chemical reactor

Experiments were also conducted on a reactor at Eastman Chemical’s plant in Kingsport,
Tennessee. The chosen process is similar to that used in Caveness and Downs (2005). The
process produces dimethyl terephthalate (DMT) by reacting terephthalic acid (TPA) with
methanol (MeOH). Water is a byproduct of the reaction. The primary equilibrium reaction

can be represented as

TPA + 2MeOH = DMT + 2H,0

TPA is a solid and enters the reactor in a slurry with methanol, and additional methanol
enters as a vapor. The reactor has two phases. The reaction takes place in a liquid phase,

and the DMT product, water, excess methanol, and side products leave the reactor as a vapor
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Figure 5.2: Schematic of the DMT reactor and MPC control strategy.

and move forward to a DMT purification section. Xylene is added as reflux to minimize the
carryover of an impurity that results from the half reaction of TPA and methanol. Xylene
does not participate in the reaction. A schematic of the reactor is shown in Figure 5.2.

The reactor operates under pressure, which is controlled by manipulating a valve in the
vapor line. Heat is supplied to the reboiler by circulating hot oil through the shell side of the
exchanger. A temperature controller manipulates the flow of hot fluid supplying the circu-
lation loop to control the temperature of the heating fluid entering the reboiler. Liquid level
is controlled by manipulating the xylene reflux. Any change in the material balance that af-
fects the composition of methanol in the reactor has a large influence on reactor temperature.
Infinite-horizon MPC (2.18), (2.19), and (2.21) is used to control the reactor temperature, 7,
and the production rate (ultimately set by the slurry feed, F3) and to maintain the methanol
feed, F}, at a desired rate. The MPC also handles constraints on two quality-control vari-
ables, r; and ry, and on the hot oil controller valve position (used to infer a temperature

pinch/constraint on hot oil temperature, 7). The manipulated variables are the PID loop
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setpoints for the inlet flowrate and utility temperature controllers, denoted (Fl, F, TH).
The control objectives are to achieve offset-free setpoint tracking and disturbance rejec-
tion and to avoid violating box constraints on the measured and manipulated variables. For
several decades the reactor has run on an MPC designed with a step response model (to be
referred to as the “previous MPC model”) and hand-tuned estimator, as described in Caveness
and Downs (2005). The inlet flowrate “measurements” are actually “wrap-around” variables,
that is, each flowrate “measurement” is generated by passing the corresponding PID setpoint
(the MPC’s actuator) through a first-order filter.? We refer to these fictitious flowrate “mea-
surements” as the “wrap-around” variables, and the actual flowrate data, collected from the
PID layer, as the raw sensor data. We refer to the complete dataset (3 inputs, 6 outputs)
formed with the “wrap-around” variables as the “MPC variables” and the complete dataset
formed with the sensor data as the “raw sensor data” The MPC runs at a sample time of 5

seconds.

5.2 Maximum likelihood identification

In this section, we present two real-world case studies in which Algorithm 1 is used to
identify the LADM (3.7) and implement offset-free MPC. In the first case study, we consider
the TCLab (Figure 5.1). We identify the TCLab from open-loop data and use the resulting
model to design an offset-free MPC. We compare closed-loop control and estimation perfor-
mance of these models to that of offset-free MPCs designed with the identification methods
in Chapter 4. In the second case study, data from an industrial-scale chemical reactor is used

to design Kalman filters for the linear augmented disturbance model, and the closed-loop esti-

?Given the clarity of hindsight, we would not design the MPC with these fictitious variables. However,
our objective in this paper is not to scrutinize the MPC organizational design (that is, the variable choices) but
to identify and validate a flexible replacement model via closed-loop experiments. It is worth pointing out that
practitioners and academics alike agree that a significant opportunity in MPC performance gains is in improving
the organizational structure of implementations (Darby and Nikolaou, 2012).
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mation performance is compared to that of models identified using the methods in Chapter 4.

Throughout these experiments, we use an ¢, regularization term in the transformed space,

_lnp()(ﬁvLIZ) X R0(57LIE) = g <‘B _3’2 + HLE(ﬁszz) - LE(B’ZZE)H%) ’ (51)

where p > 0 is the regularization weight and (3, ZIE,ZZA) denote the initial guess for the
optimizer.’**The variable L 4 is not regularized. With p = 0, the MAP problem (3.9) with the
regularizer (5.1) simplifies to the standard ML identification problem (3.8).

The initial guess for the ML and MAP problems is based on a nested ML estimation ap-
proach described in Chapter 4. The initial guess methods effectively augment standard iden-
tification methods (e.g., principal component analysis (PCA), Ho-Kalman (HK), canonical cor-
relation analysis (CCA) algorithms), so we refer to the initial guess models as “augmented”
versions of the standard method being used (e.g., augmented PCA, augmented HK, augmented
CCA). Each optimization problem is formulated in CasADi via Algorithm 1 and solved with
IPOPT. Information about each model fit and configuration is presented in Table 5.1. Wall

times for a single-thread of an Intel Core 19-10850K processor are reported.

5.2.1 Benchmark temperature controller

Unless otherwise specified, the TCLab is modeled as a two-state, two-disturbance system

-
of the form (3.7), with internal temperatures as plant states s = {TI TQ] , heater volt-

T T
ages as inputs u = [Vl 1/2] , and measured temperatures y = {Tm 1 Tmz] as outputs.
Throughout, we choose ny = p to satisfy the offset-free necessary conditions in Muske and

Badgwell (2002); Pannocchia and Rawlings (2003), and we consider output disturbance models

SWith Ly (8, ZIE) = 0, the last term of (5.1) becomes proportional to tr(Ly L) = tr(X) where Ly, =
Ls(B8,L*®) and & = %(B, LT=).

‘With L7= (B3, L7*) = 0 (e.g., ¥ is block diagonal and H(3) = 0) the last term of (5.1) is proportional to
127 ~ |2 = veer, (L7 ~ T7) 2.
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Figure 5.3: TCLab identification data and noise-free responses §j;, = Z?Zl C AT~ Buy,_ j of
a few selected models.

Table 5.1: TCLab model fitting results. * The augmented PCA/ARX identification methods
are not iterative. ** The maximum number of iterations was set at 500.

Results Configuration
Model - -
Time (s) ‘ Iterations ‘ Ly(0) | Method ‘ P ‘ D ‘ € ‘ &
Augmented PCA 0.02 N/A* 3823.4 | Sec.4.2 | N/A N/A N/A | N/A
Augmented ARX 0.03 N/A* 3807.3 | seetext | N/A N/A N/A | N/A
Unregularized ML || 121.25 500** -9430.9 | Algo.1 0 C 1075 | N/A
Regularized ML 1 123.39 500" -9431.7 | Algo.1 | 0.002 C 1075 | N/A
Regularized ML 2 9.17 21 -9416.6 | Algo.1 | 0.005 C 107% | N/A
Constrained ML 1 72.21 97 -9347.2 | Algo. 1 0 | D1(0.3) N D4(0.998,0) | 1076 | 0.03
Constrained ML 2 49.70 62 -9358.2 | Algo. 1 0 | D1(0.3) N D4(0.999,0) | 1076 | 0.03
Reg. & Cons. ML 36.67 40 -9338.4 | Algo.1 | 0.001 | D;(0.3) N D5(0.998,0) | 1075 | 0.03

(B4, Cq) = (09x2, I5). We use (As, By) fully parameterized and C' = I to guarantee model
identifiability and make the states interpretable as internal temperatures. For the remaining
model terms, we have (K, K , R.) fully parameterized and (D, 3, dy) = (0,0, 0).

Eight TCLab models are presented.

1. Augmented PCA: the 6-state TCLab model used in Kuntz and Rawlings (2022), where
principle component analysis on a 400 x 5100 data Hankel matrix is used to determine
the states in the disturbance-free model.

2. Augmented ARX: a VARX(1, 1) model, equivalent to a stochastic LTI model with pro-
cess noise but zero measurement noise.

3-5) Unregularized ML, Regularized ML 1 and 2: classic ML and MAP models.
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Figure 5.4: TCLab models open-loop and closed-loop (filter) eigenvalues.

6-8) Constrained ML 1 and 2, Reg. & Cons. ML: eigenvalue-constrained ML and MAP
models. LMI region constraints enforce filter stability and impose a lower bound on
the real part of the filter eigenvalues.

Each ML model uses Augmented ARX as the initial guess as it has the smallest number of

states. The augmented PCA model is, in effect, an unsupervised learner of the state estimates,

and therefore does not produce a parsimonious state description.
In Figure 5.3, the identification data is presented along with the noise-free responses

Uk = Z§:1 CAI _1Buk_j of a few selected models. Computation times, numbers of IPOPT

iterations, and unregularized log-likelihood L N(é) values are reported in Table 5.1. The open-

loop A and closed-loop Ax = A — K eigenvalues of each model are plotted in Figure 5.4.

Except for the augmented PCA model, all of the open-loop eigenvalues cluster around
the same region of the complex plane (Figure 5.4). The closed-loop filter eigenvalues are also
placed similarly, although the classic ML models (Unregularized ML, Regularized ML 1 and

2) suffer from slow or even unstable filter eigenvalues, despite achieving lower L N(é) values

than their eigenvalue-constrained counterparts. The models with unstable eigenvalues fail

to converge (Table 5.1) as the unstable filter modes make the problem extremely sensitive to

changes in the parameter values. While sufficiently high p is sufficient to achieve filter stabil-
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Figure 5.5: TCLab setpoint tracking tests.
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Figure 5.6: TCLab disturbance rejection tests.

ity, there are no clear minimum value of p to achieve this. On the other hand, the constrained
ML models have stable filter eigenvalues without regularization, and have well-defined esti-
mator performance guarantees based on the applied constraints.

To test offset-free control performance, we performed two sets of closed-loop experiments
on offset-free MPCs designed with the models. In Figure 5.5, identical setpoint changes were
applied to a TCLab running at a steady-state power output of 50%. The setpoint changes were
tracked with the finite-horizon offset-free MPC design described in Chapter 2. In Figure 5.6,
step disturbances in the output p; and the input m; are injected into a plant trying to maintain

a given steady-state temperature.
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Figure 5.7: TCLab test performance for the (top) setpoint tracking and (bottom) disturbance
rejection tests.

Control performance is quantified by the squared distance from the setpoint ¢; = |y —
Ysp.k|?. Estimation performance is quantified by the squared filter errors ¢, €. For any signal
ay, we define a T-sample moving average by (a)r == T~} Z]T:_OI ay—;. Performance on the
setpoint tracking and disturbance rejection tests is reported in Figure 5.7. The worst perform-
ing models are those with unstable filters (Unregularized ML and Regularized ML 1). These
models shut off over the course of the experiment as the integrating disturbance estimates
grow unbounded. The remaining classic ML model (Regularized ML 2) has slow filter eigen-
values that contribute to poor control performance on the disturbance rejection test. The
augmented models (Augmented PCA/ARX) perform poorly in either control or estimation
aspect on both test. The best performance is achieved by the remaining ML models, which

all perform approximately the same across the tests.

To investigate the distributional accuracy of the models, we quantify performance with
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Figure 5.8: TCLab identification index data for (left) setpoint tracking and (right) disturbance
rejection tests.
the identification index ¢ := eTRe_le. Recall the signal ¢, € R? is an i.i.d., zero-mean Gaus-
sian process, i.e., e nd N(0, R.), and therefore the index g is i.i.d. with a x3 distribution.
Moreover, the moving average (q;)r is distributed as y%, /7, although it is no longer inde-
pendent in time. In Figure 5.8, histograms of (q)7, T € { 1,10, 100 } are plotted against their
expected distribution for a few selected models (Augmented PCA/ARX, Unregularized ML,
and Reg. & Cons. ML). The extreme discrepancies between the augmented models’ perfor-
mance index (g)7 and the reference distribution x3;/7T are primarily due to the augmented

models significantly overestimating . compared to the ML models,

0.5084 0.2198

— [0.5871 0.3365
- [0.2198 0.2980 ]7

= [0:3363 03828 |, R?ug' AR

A>Aug. PCA
R

— [0.0107 0.0007

— [0.0106 0.0007
- [0.0007 0.008 ]

HUnreg. ML
Re - [0.0007 0.008 ]7

PReg. Cons. ML
Re g. Cons
The reference distribution and the ML models’ (¢) distribution diverge at large T since, due

to plant-model mismatch, the filter’s innovation errors are slightly autocorrelated. Frequent

right-tail errors from the unregularized ML model are due to filter instability.
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Figure 5.9: Training data and noise-free responses for the Eastman reactor models (Aug-
mented HK and ML models using Augmented HK as the initial guess).

5.2.2 Eastman reactor

As stated in Section 5.1.2, the control objective of the chemical reactor is to track three

T

setpoints (the output, a specified reactor temperature y = 7', and the flowrates [Ul u3} =
T

l F FQ} ), without offset, by controlling the three inputs (the reactant flow rates and utility

temperatures u = [ F Ty FQ} T).5 See Section 5.1.2 for more details about the reactor
operation. As in Section 5.2.1, we choose n; = p and consider output disturbance models
(B4, Cq) = (021, 1). This time, we use an observability canonical form Denham (1974) with
Ay =2 Lland C5 = [1 0]. For the remaining model terms, we have (B;, K, K4, R,)
fully parameterized and (D, 89, dy) = (0,0,0).

Eight reactor models were fit to closed-loop data (from Section 5.3):

1. Augmented CCA: a CCA model Larimore (1990) augmented with a disturbance model,

as detailed in Section 4.3.6

3-5) Unregularized ML, Regularized ML 1 to 3: classic ML and MAP models.

6-8) Constrained ML 1 to 3: eigenvalue-constrained ML and MAP models. LMI region

SThe flowrates are both manipulated variables and controlled variables. At steady state, we should reach

T T
the setpoints in y = T" and [ul U3] = [Fl Fg] , but uy = Ty will not reach a predefined setpoint.
®This is not the same model used in Section 5.1.2, as a different input-output model is considered, although
the same data is used.
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Table 5.2: Eastman reactor model fitting results. * The augmented identification methods
are not iterative. ** The maximum number of iterations was set at 500.

Results Configuration
Model - -
Time (s) ‘ Iterations ‘ Ly(0) Method ‘ p ‘ D ‘ € ‘ &;
Augmented CCA 0.09 N/A* -11399.3 | Sec.4.2.2,43 | N/A | N/A N/A | N/A
Unregularized ML 5.59 19 -14383.1 Algo. 1 0 C 107% | N/A
Regularized ML 1 5.46 17 -14362.5 Algo. 1 0.0 C 1075 | N/A
Regularized ML 2 5.75 20 -14346.7 Algo. 1 0.1 C 1075 | N/A
Regularized ML 3 4.89 13 -14108.0 | Algo. 1 1.0 C 10| N/A
Constrained ML 1 19.89 92 -13944.9 Algo. 1 0 | D1(0.3) | 1075 | 0.01
Constrained ML 2 16.58 73 -13941.1 Algo. 1 0 | Dyi(0.3) | 107 | 0.02
Constrained ML 3 14.01 58 -13928.5 Algo. 1 0 | Dy(0.3) | 107% | 0.04
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Figure 5.10: Eastman reactor models open-loop and closed-loop (filter) eigenvalues.
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Figure 5.11: Test performance for the Eastman reactor models on the test data sets from Section 5.3.

constraints impose a lower bound on the real part of the filter eigenvalues.
Each ML model uses the augmented CCA model as the initial guess. In Figure 5.9, the closed-
loop identification data and noise-free responses are presented. Computational details, the
unregularized log-likelihood value, and model configuration details are reported in Table 5.2.
The open-loop A, and closed-loop Ak eigenvalues are plotted in Figure 5.10.

The main difference between eigenvalues of the unconstrained ML models (Unregular-
ized ML and Regularized ML 1-3) and the constrained ML modelS (Constrained ML 1-3) are
faster open-loop eigenvalues and closed-loop eigenvalues with possibly negative real part
(Figure 5.10). For the constrained ML models, the real part of this fast filter eigenvalue is
bounded from below using the LMI region constraint D;(0.3). As in the TCLab case study,
sufficiently high p is sufficient to avoid the negative eigenvalue, but there is no clear cutoff to
achieve this.

The estimation performance for these filters are compared on two test data sets (from Sec-
tion 5.3) in Figure 5.11. While the unconstrained models appear to have the best test perfor-
mance, it is at a cost of undesirable estimate dynamics. In Figure 5.12, we plot the filter
response to an initial guess equal to the eigenvector corresponding to the smallest eigenvalue
of Ak. Those filters with eigenvalues having negative real parts exhibit overshoot in the

estimate. The best performing filters without this behavior are the constrained ML models.
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Figure 5.12: Eastman reactor models’ closed-loop (filter) response to the eigenvector corre-
sponding to the fastest eigenvalue.
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Figure 5.13: Eastman reactor models simulated closed-loop test performance.
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Control performance could not be compared on the real plant due to cost and safety
considerations. However, the closed-loop responses can be compared in simulation. In Fig-
ure 5.13, we plot simulated responses to a setpoint change. Each simulation considers the
nominal closed-loop response (i.e., plant as the model, no noise) using the infinite offset-free
MPC design in Chapter 2 with (), = Qs = 1 and R = R, = diag(0.01, 1,0.01). The regular-
ized ML models exhibit significant overshoot in the response, whereas the unregularized ML

model and constrained ML models do not.

5.3 An industrial case study on the combined identifica-
tion and offset-free control of a chemical process

In this section, we present a closed-loop re-identification of the Eastman reactor (Fig-
ure 5.2). In this case study, a closed-loop identification experiment was conducted, a model
was identified using the algorithm of Section 4.3 and Section 4.2.2, and closed-loop tests were
conducted with MPCs designed with the newly identified model and the previously existing
model. Compared to the previous MPC design, a 38% reduction in setpoint tracking error is

achieved.

5.3.1 Identification

To identify the process, we used a closed-loop experimental design based on pulses to
the normal MPC setpoints. Eight setpoint pulses were applied, each lasting about 30 min-
utes, with 30 minute “rests” between the pulses to allow the process to settle back to the
normal operating point. The setpoint pulses correspond to a full factorial design of the three
controlled variables. The pulses were designed to keep the manipulated and measured vari-

ables within constraints, and they were checked against historical data to ensure production
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MPC variables Raw sensor data
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Figure 5.14: Disturbance estimates (4.20) and driving noise estimates Wy = dt — d for
the unregularized models fit to (left) the MPC variables and (right) raw sensor data. To aid
readability, the disturbance estimates were rescaled to have a maximum absolute deviation
of 1.

would not be negatively affected. Throughout, models are fit with the algorithm of Section 4.3

and Section 4.2.2.

“Wrap-around” variables and sensor data Models were fit to two sets of process data.
The first dataset was constructed from the “wrap-around” variables used on the existing MPC,
and the corresponding model uses parameters n = 20, f = 5, and p = 50.” The second dataset
was constructed from the raw sensor data, and the corresponding model uses parameters
n =15, f =5, and p = 50.

In Figure 5.15, for each dataset, we plot process data, setpoint changes, and long-range
predictions (4.17) of the previous and new models. The disturbance estimates (4.20) and driv-

ing noise Wy = dt — d for each model is plotted in Figure 5.14. From Figure 5.14 (left), it

"Here we violate the assumption, used in Section 4.3, that f > n. This condition is only sufficient for
producing a rank-n Hankel matrix H¢ . In practice, it is not necessary, so we used the smallest values of
(f, p,n) to accurately predict system behavior.
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MPC variables Raw sensor data
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Figure 5.15: Controlled variables (top three), other measured variables (middle three), and
manipulated variables (bottom three) for the closed-loop identification experiment using
(left) the MPC variables (n = 15, f = 5, p = 50) and (right) the raw sensor data (n = 15,
f =5, p = 50). The dotted lines are MPC setpoints, the dot-dashed lines are the predictions
of the previous MPC model, and the dashed lines are the predictions of the new model.
Predictions are long-range projections based on a zero initial state (4.17).
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Unregularized model Regularized model
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Figure 5.16: Disturbance estimates (4.20) and driving noise estimates Wy = d* — d for the
(left) unregularized model and (right) regularized model. To aid readability, the disturbance
estimates were rescaled to have a maximum absolute deviation of 1.

is clear that the model fit to the MPC variables is not driven by white noise. This is to be
expected; the MPC variables contain outputs that are not constructed from sensor data and
therefore do not include upstream disturbances affecting, for example, the PID layer dynam-
ics and offset. As the assumptions of the augmented disturbance model (1.4) are violated, we
chose to continue with the model based on raw sensor data, which is clearly driven by white
noise (Figure 5.14, right). It is worth pointing out that, in the experiment, the temperature
failed to reach the second and fourth setpoints. This is due to plant-model mismatch in the
previous MPC model, as that model incorrectly predicts that the temperature will reach the
setpoint. The newly identified models do not make such predictions. Additionally, the first
flowrate F} never reaches any of the setpoints because it has a low regulator weight relative
to that of the temperature. Despite the significant noise present in the raw sensor data, the
model fit to this data is no worse at predicting the outputs than the model fit to the MPC

variables.
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Figure 5.17: Controlled variables (top three), other measured variables (middle three), and
manipulated variables (bottom three) for the closed-loop identification experiment using the
(left) unregularized model and (right) regularized model. The dotted lines are MPC setpoints,
the dot-dashed lines are the predictions of the previous MPC model, and the dashed lines
are the predictions of the new model. Predictions are long-range projections based on a zero
initial state (4.17).
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Figure 5.18: Step responses of the (left) unregularized and (right) regularized models com-
pared to the step responses of the previous MPC model.
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Model regularization Regularization is a classic technique in statistics and linear algebra
used to avoid model over-fitting and ill-conditioning (Tikhonov, 1963; Hoerl and Kennard,
1970a,b). While it is less common in system identification, there is a history of its use for at
least three decades (Sjoberg et al., 1993; Johansen, 1997; Chen and Ljung, 2013; Chen et al.,
2014). To investigate the possibility of model over-fitting, we also used regularized estimates
to produce a model. See Section 4.3 for a derivation of the regularized estimates and the mean-
ing of the regularization parameters. A regularized model was fit to the raw measurement

data using parameters n = 15, f = 5, p = 50,

=107 |3 2L, ()12, ()T
i = 1077|372y (B) 2oy (BT
ho = 1074 | 3" (k) ()]

Process data, setpoint changes, and long-range predictions (4.17), for both previous and new
models, are plotted in Figure 5.17. The disturbance estimates (4.20) and driving noise w; =
d* — d for each model is plotted in Figure 5.16.

As a sanity check of the model fits (and to tune the regularization parameters) we plotted
the step responses of the unregularized and regularized models (Figure 5.18). At a first glance,
the long-range predictions in Figure 5.15 (right) appear to be representative of the true process
dynamics. However, when looking at the step responses of the model (Figure 5.18, left) it
is clear that there are artifacts and spurious dynamics in the model fit that we speculate is
due to over-fitting of the plant model to the disturbance signal in the high frequency range.
Regularization takes care of these problems, creating a smoother step response (Figure 5.18,

right). As such, we chose to update the MPC on the process in Figure 5.2 with the regularized
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Figure 5.19: Kalman filtered disturbances from the closed-loop tests of the (left) previous
and (right) new models using the MPC variables as measurements.

model.

5.3.2 Closed-loop performance

To evaluate the performance of the new MPC model, we used a closed-loop experimental

design similar to the one carried out during identification. Again, eight setpoint pulses were

applied, each lasting about 30 minutes, with 30 minute “rests” between the pulses to allow

the process to settle back to the normal operating point. This time, however, the experiment

was carried out over two separate days, switching the MPC model between the two days.

Both experiments used the same infinite horizon MPC (2.18), (2.19), and (2.21) with the only

difference being the model and estimator gain. It is worth pointing out that, while the new

model was fit to the raw sensor data, the MPC uses the “wrap-around” variables in both

experiments. As a result, there is a risk the MPC does not respond to disturbances affecting

these measurements.

The MPC variables and raw sensor data from these experiments are plotted in Figure 5.21
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Figure 5.20: Closed-loop performance model of the previous and new models using the MPC
variables as measurements. (Top left) Output tracking error ¢(k), (bottom left) running av-
erage of the tracking error (¢(k)), (top right) histogram of the output tracking error ¢(k),
(bottom right) histogram of the output tracking error moving average (¢(k))1000-
and Figure 5.22, respectively. From these plots, it appears that the [} valve needed servicing.
However, because feedback was done with the “wrap-around” variables, there was no effect
on the closed-loop performance. It is also clear that the previous MPC model continues to
have difficulties reaching certain temperature setpoints, whereas the new model is confirmed
to alleviate these problems. In the new model, deviations from setpoints are zero mean, so
they are likely attributable to process noise and upstream disturbances. Again, both MPC
implementations fail to reach F} setpoints as this variable has a low regulator weight relative
to that of the temperature. The Kalman filtered disturbance estimates (2.18) for the previous
and new models (using the MPC variables as feedback) are plotted in Figure 5.19. The new
model has a much quicker filter gain. This is particularly prevalent in the d; Kalman filter
estimate (which corresponds to the 7 measurement), which is slow for the previous model
but virtually instantaneous for the new model.

To quantify the performance of each MPC, we computed the controlled variable tracking

cost,

(k) = [ Hy(k) — rop (B3,
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Figure 5.21: Closed-loop comparison of the (left) previous and (right) new models using the
MPC variables.
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Figure 5.22: Closed-loop comparison of the (left) previous and (right) new models using the

raw process variables as measurements.
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where H = [ I 0] and Q, = diag(107*,1,107?), which is approximately the squared
error between 7' and its setpoint. Tighter control will exhibit a smaller tracking cost ¢(k),
on average. It is known that for linear plants and linear controllers without constraints, the
tracking cost /(k) has a generalized-x? distribution,® but if it is time-averaged, it will approach

a normal distribution (Zagrobelny et al., 2013). We define the 7T-lagged average at time k as

T

() = 7 3 Uk ).

~|

We compare tracking costs /(k) and time-averaged tracking costs (¢(k))1000 and (¢(k))
for the previous and new models in Figure 5.20. It is immediately clear that the new model
performed better than the previous model; the total average tracking cost (Figure 5.20, bottom
left) is 38% lower in the new model experiment compared to that of the previous model experi-
ment. The cost ¢(k) (Figure 5.20, top right) fits the linear control assumptions on generalized-
x? distribution. Moreover, the time-averaged cost (£(k))1000 (Figure 5.20, bottom right) is
approaching a normal distribution, although there is some residual density near ¢ = 0 for
both experiments. These results suggest the applicability of a statistical performance moni-

toring scheme such as the one in Zagrobelny et al. (2013).

8A generalized-x? random variable is generated by taking the quadratic form of a multivariate normal
random variable.
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Chapter 6

Indirect methods for linear control of
nonlinear systems

In a wide variety of control applications, including chemical processes (Westerlund, 1981;
Caveness and Downs, 2005; Raghavan et al., 2006), aerospace vehicles (Li et al., 2007; Taylor,
1985), combustion engines (Melgaard et al., 1990), nautical vehicles (Kéllstrom and Astrom,
1979; Astrém and Kallstrom, 1976), and speech recognition (Digalakis et al., 1993), linear ap-
proximations of the nonlinear plant are beneficial for the convenience of linear identification
relative to that of nonlinear identification and the ability to meet strict computational con-
straints, e.g., for on-line optimal control. Linear black-box models are particularly useful
when first-principles knowledge of the plant dynamics is not available.

To show a linear controller stabilizes a nonlinear plant, the most straightforward option is
to demonstrate stability of a linearization of the plant. In this chapter, we present an indirect
method to show linear MPC is suitable for tracking constant setpoints for nonlinear systems.
Some authors have proposed provably stable and output-tracking linear MPC designs (Limon
et al.,, 2008; Betti et al., 2013; Falugi and Mayne, 2013), but they typically consider linear plants.
In Berberich et al. (2022a), a linear MPC for nonlinear tracking was considered, although they
assume access to the plant dynamic equations from which linearizations are built. This work

differs in that only a bound on the linearization error is required to establish closed-loop
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stability of the nonlinear system.

We use the following elementary fact about quadratics throughout, and without reference.

Lemma 6.1. For each b,c > 0, we have 2% + 2bx — ¢ > 0 forallz € [0,¢/(b + V12 + ¢)).

Moreover, ¢/ (b + /b? + ¢) is decreasing in b > 0 and increasing in ¢ > 0.

Proof. The roots of f(z) := 2> + 2bx — care at v = —b 4+ /b + c. Let

v(b,c):==b+ Vb +c= (6.1)

c
— > 0.
b+ Vb2 +ec

Since f is strictly convex, this means f(z) < 0 forall z € (—b — Vb? 4 ¢, —b + Vb% +¢).
But —b — vb? + ¢ < 0 and y(b,c) > 0, so f(z) < 0 for all x € [0,7(b,c)). Finally, v(b, ¢) is

clearly decreasing in b > 0 and increasing in ¢ > 0 by the representations (6.1). ]

6.1 Lyapunov’s indirect method

Before we consider any control problems, let us consider a simpler problem: how can we
infer stability of a plant from a model of it and a bound on the residual error? To this end, we

consider the nonlinear system

" = f(x) (6.2)

and the linear system

xt = Ax (6.3)

where f : R" — R" and A € R"*".

6.1.1 Linear stability

A fundamental result in linear systems theory is the equivalence of Schur stability of the

matrix A and exponential (equivalently, asymptotic) stability of the linear system (6.3). Schur
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stability of the matrix A is closely tied to the existence and uniqueness of solutions to the

discrete-time Lyapunov equation
Lu(P):=P—-A"PA=Q (6.4)

where Ly : S, — S, is the Lyapunov operator. With A Schur stable and @, P > 0
satisfying (6.4), the Lyapunov function V(z) := 2" Px can be used to demonstrate global

exponential stability of the linear system (6.3):
o(P)lzl* < V(z) <5(P)lzf’

V(Az) = V(z) =2 " (A"PA— P)x = —2"Qz < —a(Q)|x|?

for all z € R". The following propositions summarize well-known results on stability of
(6.3) and the discrete Lyapunov equation (6.4) (Anderson and Moore, 1979) and properties of

invertible Lyapunov operators (Gahinet et al., 1990, Prop. 2.1, Thm. 4.1, Ex. 2).

Proposition 6.2. For any A € R™*", the following statements are equivalent.
(a) The linear system x* = Ax is globally exponentially stable.
(b) A is Schur stable.
(c) The Lyapunov operator Ly : S", | — S} | defined in (6.4) is invertible.
Moreover, if A is Schur stable, then L' (Q) = > oo (AT QA* for all Q > 0.

Proposition 6.3. For each Schur stable A € R"*", we have

1y ILA@I - o
L3 = rgggﬁTH = L3 (D] = min Q)
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6.1.2 Lyapunov’s indirect method

Assuming f is differentiable at the origin we can define A as the Jacobian of f evaluated

at the origin,

A

== (0). (6.5)

In Lyapunov’s indirect method, stability of the nonlinear system (6.2) is inferred from that
of the linearization (6.3) and (6.5). This can be preferable to direct stability analysis of (6.2)
because, assuming A is Schur stable, (6.3) has an easily defined Lyapunov function: V (z) :=
2" Pz where Q, P € R™™ are any positive definite matrices satisfying (6.4). The candidate

Lyapunov function V still has quadratic upper and lower bounds,
o(P)la]* < V(x) <7(P)lzf? (6.6)
for all x € R", but rewriting V (f(z)) — V(z) as

V(f(2)) = V(z) = [f(2)] Pf(z) —a' Pz
= [Az + r(2)]" P[Az 4 r(z)] — 2 Px
=2 (APAT — P)x + 22" A" Pr(z) + [r(z)]" Pr(z)

= —2'Qu+ 22" AT Pr(z) + [r(x)]" Pr(x)
where r(z) := f(x) — Az, it is clear the cost decrease has ambiguous sign:

V(f(2)) = V(z) < —a(@)lal* + 2/ A1 P[[||lr ()] + 1P| (x)[* (6.7)

for all z € R™.

In Lyapunov’s indirect method, we construct a positive invariant level set of I for which
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the cost decrease (6.7) is bounded above by a negative definite quadratic, under the addi-
tional assumptions that the linearized system (6.3) and (6.5) is stable and f is also continu-
ously differentiable at the origin. The proof is based on the continuous-time versions found
in (Khalil, 2002, Thm. 4.7), however, we avoid the -0 formalism for the limit in the definition
of the derivative and instead employ the following proposition to use K function arguments

throughout.

Proposition 6.4. Suppose the function f : R™ — R™ is continuously differentiable at the origin

and f(0) = 0. Then there existsb > 0 and vy € K such that

< (|=) (6.8)

forall0 < |z| < b, where J := S—J;(O).

See Appendix 6.A for a proof of Proposition 6.4. With Proposition 6.4, Lyapunov’s indirect

method of stability through the linearization is readily proven.

Theorem 6.5 (Lyapunov’s indirect method). Suppose f(0) = 0 and [ is continuously differen-
tiable at the origin. Let A := (df /dx)(0). If ™ = Ax is stable, then x* = f(x) is exponentially

stable in a neighborhood of the origin.

Proof. Denote r(z) := f(z) — Az, let Q, P € R™™" be positive definite matrices satisfying
(6.4), and take V(x) := x' Pz as the candidate Lyapunov function. Again, we have the
global bounds (6.6) and (6.7). By Proposition 6.4, there exists b > 0 and 7 € K such that
|r(2)|/|z| < ~v(|x|) for all 0 < |z| < b. Without loss of generality, assume 7 € K. For each

|z| < b, the bound (6.7) gives
V(f(x) = V(z) < —c(|z])|zf (6.9)
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where c(-) := a(Q) — (2v(-)[|A]| + [v(-)]*)|| P]|. From Lemma 6.1,

e a(@)/IP|
1(s) <7 1A+ VA2 + (@) /] P

implies ¢(s) > 0. Let § := b if b < v~ '(¥), but choose 6 € (0,7 (7)) otherwise. In either

case, we have ¢(J) > 0, and since c(+) is monotonically decreasing, (6.9) implies
V(f(z)) = V(z) < —c(9)|=] (6.10)

for all [z| < 4. Next, let p := g(P)é% > 0, and X := lev,V. By (6.6), we have that |z| <

p/a(P) implies V (z) < p, which in turn implies |z| < §. Therefore X is a neighborhood
of the origin on which (6.10) holds. Moreover, V(f(z)) < V(z) — c¢(d)|z|* < pforallz € X
(by (6.10)), so X is positive invariant. Finally, ' is an exponential Lyapunov function on X,

so zT = f(x) is exponentially stable on X. O

Remark 6.6. To achieve the largest domain of stability, it is useful to state the (Q, P) pair

satisfying (6.4) that maximizes the upper bound

. d@NPI
[+ AR+ @)/1P]

Y(Q, P) :

By Proposition 6.3, we have || P||/a(Q) = ||[L;*(Q)|l/a(Q) > ||L;'|| with equality when
Q = I,and 13" = L3'(1)]|. Then

Lt
JAI+ /Al + L3

7(Q7P) < Y1 =

with equality when () = 1.
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6.2 General indirect methods

More generally, we can consider the follow arbitrary nonlinear model:

wt = f(x) (6.11)

where f : R — R". We seek sufficient conditions for which stability of the model (6.11)
implies stability of the plant (6.2) in some neighborhood of the origin. A similar approach
to Lyapunov’s indirect method is taken: we start with a Lyapunov function V for the model
(6.11) and show the perturbations let us construct a sublevel set of V that is positive invariant

and on which V is a Lyapunov function for the plant (6.2).

6.2.1 Exponential stability

Suppose the model (6.11) is exponentially stable in some positive invariant neighborhood

of the origin X with an exponential Lyapunov function VX > R>( such that

a|z* < V(x) < agla)’ (6.12a)

~

V(f(z) - V(z) < —as|z|? (6.12b)

for all z € X and some constants a;, az, ag > 0. Exponential Lyapunov bounds of the form
(6.12) are found in both linear systems analysis and analysis of of MPC with quadratic costs.

The cost decrease inequality (6.12b) implies

~

V(f(x)) = V(2) < —agla* + V(f(2)) = V(f(2)) (6.13)
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forall z € X. Often V is a quadratic, in which case the following bound can be derived:
V(@) = V(@)| < adlillz — 2] + asle — 3 (614

for all z, # € X and some ay, as > 0. The inequalities (6.12)—(6.14) will form the basis of the
indirect stability analysis.
Next, we provide upper bounds on | f(z) — f(z)| and | f () . For | f ()], it follows straight-

forwardly from (6.12) that, for all z € X ,
[/ (x)| < Llx| (6.15)

where L := +/(ay — as)/a; > 0.! Suppose f and f are continuously differentiable at the

origin. By triangle inequality,

f(z) = f(@)] < |f(2) = Ax| + | f(2) — Az| + ola]
for all z € R™, where

A A _df - df
Yo i= ||A— A, A= —-(0), A= —(0).

Moreover, by Proposition 6.4, there exist by, b ¢ > 0and v¢,9f € K for which

|f(x) — Ax|

o < . < 41l

From (6.12), we have |f(2)| < \/V(f(@))/ar < \/(V(2) — aglal?)/ar < /(1 - as/a2)V () /ey <
L|x|.
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forall 0 < |z| < by and 0 < || < by. Therefore, with v := 4 + 4, we have

|f(z) = f(@)] < [y(J2]) + || (6.16)

for all |z| < b := min { by, b; }. Finally, combining (6.13)~(6.16), we have

A

V(f(2) = V(2) < —as(|z])]2]* (6.17)

for all € X such that || < b, where ag(-) := a3 — asL[y(-) + Y0] — as[7(-) + 7]2. This
time we cannot make the coefficient v(0) 4+ 7o > 0 arbitrarily small for some 6 > 0 due to
the error between the linearizations |Ax — Am\ Without loss of generality, assume v € K.

Then, so long as
—CL4L + GEL2 + 4@3@5

< =
Yo <N 2as

we can take & € (0,7 (71 —70)) such that & < b to achieve ag(d) > 0, and (6.18) implies the

desired cost decrease

A

V(f(z)) = V(z) < —ag(d)|z| (6.18)

for all z € X such that |z| < 0.
In the following proposition, we complete the analysis by showing, if 75 < 71, then (6.17)

shows exponential stability of x* = f(x) in a positive invariant neighborhood of the origin.

Theorem 6.7. Suppose f and f are continuously differentiable at the origin and Xisa neigh-
borhood of the origin such that (6.12), (6.14), and f(x) e X hold for all x € X, Ifv90 < 71 (as

defined above), then ™ = f(x) is exponentially stable in a neighborhood of the origin.

Proof. By assumption, we already have (6.12a) for all 2 € X. From the discussion above we
also have, for some b > 0 and v € K, the cost difference (6.17) for all x € X such that lz| <0,

where ag(+) := az — a4 L[(-) + Y0] — as[7(-) + 70]? as before.
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Since X is a neighborhood of the origin, there exists ¢ > 0 such that |z| < c¢ implies
€ X.Letd :=min{b,c}ifmin{b c} <~y (71 — ), but choose § € (0,7 (11 — 70))
otherwise. Then |z| < & implies € X, as(8) > 0, and we have that (6.18) achieves the
desired cost decrease for all |x| < 6.

Let p := a;6? and X := levpV. Due to (6.12a), X is a neighborhood of the origin since it
is a sublevel set of V. If z € X, then V(2) < p = a,62, which implies || < § by (6.12a), and
therefore z € X by construction of §. Therefore, we have (6.12a) and (6.17) for all x € X.
Moreover, by the cost decrease, V(f(x)) < V(z) — ag(0)]x]|? < V(z) < pforall z € X, so
f(z) € X and X is positive invariant. Finally, V is an exponential Lyapunov function on X,

so T = f(x) is exponentially stable on X. O

Alternatively, suppose the exponential Lyapunov function takes the form

a|z] < V(z) < asfz| (6.192)

V(f(z) = V(z) < —aslz| (6.19b)

for allz € X and some constants aq, as, as > 0. Moreover, assume V' is Lipschitz continuous,
ie.,

V(z) = V(2)| < aglx — & (6.20)

for all z € X and some constant a; > 0. The bounds (6.19) and (6.20) can be found in the
analysis of MPC with ¢;-norm costs.
The bound (6.16) can still be constructed, and (6.15) holds with the alternate constant

L := (a3 — a3)/a; > 0.2 Combining (6.15), (6.16), (6.19b), and (6.20), we have

V(f(z)) = V(z) < —as(|z|)|] (6.21)

2From (6.19), we have | f ()] < V(f(x))/a1 < (V(z) — as|z|) /a1 < (1 — as/a2)V (z)/ay < Llz.
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for all z € X such that |z| < b, where ag(-) := a3 — asL(7(-) + 7). So long as vy < 1 :=
as/(asL), we can construct a neighborhood of the origin for which (6.21) implies the desired
cost decrease. This is done identically to the proof of Theorem 6.7. The result is stated in the

following proposition.

Proposition 6.8. Suppose f and f are continuously differentiable at the origin, Xisa positive
invariant neighborhood of the origin for (6.11), and (6.19) and (6.20) hold for all x € X. If
Yo < 71 (as defined above), then ™ = f(x) is exponentially stable in a neighborhood of the

origin.

Proof. The proof is identical to that of Theorem 6.7, but with the alternate definitions L :=

(ag — a3) /a1, 1 := ag/(asL), ag() := a3 — as Ly(+), and p := a,9. O

6.2.2 Asymptotic stability

Suppose the model is asymptotically stable in some positive invariant neighborhood of

the origin X. Then there exists a Lyapunov function VX — R such that

ar(la]) < V(2) < a(le]) (6.222)

V(f(z)) = V(z) < —as(|z|) (6.22b)

for all z € X and some aq, an € Ky and continuous a3z € PD.* Then (6.22b) implies

~

V(f(@) = V() < —as(|z]) + V(f(2) = V(f(2)) (6.23)

for all 2 € X. Achieving the cost decrease bound requires a;(|z|) grow sufficiently faster

than |V (f(z)) — V(f(z))| near the origin. To this end, we consider the following assumption

3Due to (Jiang and Wang, 2002, Lem. 2.8), the function a3 can be made class-K, without loss of generality.
It is more convenient, however to construct a positive definite a3, so we use this approach throughout.
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on the continuity of f and V:

f (@) = f(@)] < aulla]) (6.24a)

~

V() = V(2)] < as(|z — ) (6.24b)

forallz,7 € X. Substituting (6.24) into (6.23), we have

~

V(f(@)) = V(z) < —as(|z]) + as(aa(lz]) = —as(|z|) (6.25)

forall z € X. Again, the sign of the cost decrease is ambiguous. This time, there are no
exponents to inform us of the grow rate of the functions a3 and a; o a4 near the origin.
Instead, we simply require that a3 — a5 0 ay is positive definite in a neighborhood of the
origin and construct a positive invariant sublevel set of V within this neighborhood. We

prove this in the following proposition.

Proposition 6.9. Suppose X isa neighborhood of the origin such that (6.22), (6.24), andf(x) €
X hold for all x € X. If ag := a3 — auy © (uy is positive definite in a neighborhood of the origin,

then x* = f(x) is asymptotically stable in a neighborhood of the origin.

Proof. Since X contains a neighborhood of the origin, there exists e; > 0 such thate;B" C X.
Then we can use the lower bound (6.22a) to show V() < 8, := ay(|e1]) implies |z| < &
and therefore 2 € X. Next, since ag is positive definite in a neighborhood of the origin, there
exists €5 > 0 such that ag(s) > 0 for all s € (0, 5. Again, the lower bound (6.22a) shows
V(z) < 0y := ay(ey) implies || < &5, and therefore ag(|z|) > 0 with equality only at the
origin.

Let § := min { d;,d, } and X := levsV. The upper bound (6.23) gives that |z| < oy (8)

implies V(:E) < dand x € X, so X is a neighborhood of the origin. Next, we have, for each
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z e X,

~

V(f(2)) = V(z) < —ay(|z]) + as(aa(lz])) = —ag(|]).

But the above inequality means, for each z € X, that V(f(z)) < 4 since ag(|z|) > 0 and
V(z) < 6,s0 f(z) € X and X is positive invariant. Finally, V is a Lyapunov function on X,

so zT = f(x) is asymptotically stable on X. O

6.3 Unconstrained linear control of nonlinear systems

Theorems 6.5 and 6.7 can readily by applied to control of nonlinear systems via linear
approximations. In this section, we consider using LOR, LQG, and (constraint-free) offset-

free MPC to control nonlinear systems.

6.3.1 Linear quadratic regulator

Consider the nonlinear control system
= f(x,u) (6.26)

and the linear system

rt = Az + Bu (6.27)

where f : R — R" is continuous, A € R"*", B € R™™, and (A, B) stabilizable. Then
there exists K € R"*" such that Ax := A+ BK is Schur stable, and the closed-loop system
xt = Agux is stable. Moreover, for each positive definite (), there exists a positive definite P

that uniquely solves

P — ALPAk = Q. (6.28)
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With V(z) := x " Pz, we have (6.6) and (6.7) for all x € R", so V is an exponential Lyapunov
function for x* = Axx.
The following propositions apply Theorems 6.5 and 6.7 to analyze linear control of the

nonlinear system (6.26).

Proposition 6.10. Suppose f(0,0) = 0, f is continuously differentiable at the origin, and (6.27)
is stabilizable with A := (0f /0x)(0,0) and B := (0f/0u)(0,0). For any K € R™*" such that
Ak := A+ BK is Schur stable, the closed-loop system x* = f(x, Kx) is exponentially stable

in a neighborhood of the origin.

Proof. Let fy(z) := f(x, Kx). Then f,(0) = 0 and, by the chain rule,

df cl
dx

0 0
0) = 20,00+ 50,0 = ax

which is Schur stable by assumption. Then z* = Agx is a stable linearization of z* =

fa(x) = f(z, Kz), and the result follows by Theorem 6.5. O

Proposition 6.11. Suppose f(0,0) = 0, f is continuously differentiable at the origin, and
(6.27) is stabilizable with A € R™™ and B € R™™. Let A := (0f/0x)(0,0) and B :=
(0f /0u)(0,0), K € R™ " such that Ax := A + BK is Schur stable, and Ax := A + BK.

Ify = Ak — Akl < m = —|Axll + \/||AKH2+ Lo = then ot = f(a, Kx) is

exponentially stable in a neighborhood of the origin.

Proof. Let fq(z) := f(x, Kz). Then f4(0) = 0 and (dfy/dz)(0) = Ag as in the proof of
Proposition 6.10. Let () be positive definite and denote the unique positive definite solution

to (6.28) by P. Then we have (6.6) and (6.7), |Axx| < ||Ax|||*|, and

V(fa(x)) = V(Aga)| = 2[fa(z) — Axa] PAxa + | fa(z) — Axzl?]
< 2||P|[|Agzl fa(z) — Axa| + | Pl|fa(z) — Agal*
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for all x € R™. By Theorem 6.7, if

_ a(@)/11P]
Akl + VA2 + 2(Q)/11 P

Y < ﬁl(va) :

thenz™ = f(z, Kx) is exponentially stable in a neighborhood of the origin. But, as discussed

in Remark 6.6,

Pl = [|IL;N Q)| > a(Q)|IL|| with equality when @ = I (Gahinet et al,,

1990). Therefore 4, (Q, P) < 71, with equality when () = I, so we have stability at the origin

whenever 7y < 1. 0

Remark 6.12. While we could have started the proof of Proposition 6.11 with () = , it would
not have been clear that this choice maximizes the allowed error margin ~;. It is also worth
pointing out that X' € R"™*" can be designed to maximize ;. If Ak is diagonalizable, then
Lkl < &2(V)/(1—p*(Ak)), where Ax = VAV ! is the eigenvalue decomposition of A
(Gahinet et al., 1990, Thm. 5.4). Since the function ¥(a,b) := —a + v/a® + b1 is decreasing

in both a and b, for all a,b > 0, it is clear that maximization of 7, requires simultaneous

minimization of the spectral norm || Ag ||, spectral radius p( Ak ), and condition number (V).

6.3.2 Linear quadratic Gaussian regulator

In the absence of full-state observation, state estimation becomes necessary. Consider the

partially-observed nonlinear system

xt = f(z,u), y = h(z) (6.29)

and its linear approximation

xt = Az + Bu, y = Cu. (6.30)
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The state is estimated with a linear filter
2T = A2+ Bu+ L(y — C%) (6.31)

where the observer gain L is chosen such that A;, := A — LC'is Schur stable. To stabilize the
system, we use the feedback law © = K1 where K is chosen such that Ay := A 4+ BK is

Schur stable. With the error e := x — 7, the joint linear estimate-error system is
1+ .
z|  |[Ax LCY| |z
eI 622
which is exponentially stable because

_ [4g LC
A._{O AJ

is Schur stable.* Moreover, for each positive definite Q, there is a unique positive definite

solution P to the discrete Lyapunov equation
P-A"PA=Q. (6.33)

-
and V(Z,e) = {jT J] P {QT QT} is an exponential Lyapunov function for the linear
estimate-error system (6.32).

It is likely the plant and model states are poor approximations of each other, even when the
input-output behavior is similar. To align the plant and model states, we consider invertible

linear transformations of the plant state, i.e.,  := T'x where T' € R™*" is nonsingular, which

*A block triangular matrix with Schur stable diagonal blocks is itself Schur stable.
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gives
it = fr(3,u) = Tf(T'%,u), y = hp(Z) = h(T'2). (6.34)

Combining (6.31) and (6.34) gives the joint estimate-error system

_ Agt + L(hp(z +€) — C)

zt .
|:€+:| =fr(2,e) := [fT(i +e,K2) — At — L(hp(2 +¢e) — Ci)} (6.35)

where ¢ := & — . Then f;(0,0) = (0, 0), and, by the chain rule, (dfy/d(#,¢))(0,0) = A(T)

where

(6.36)

1 —req
A(T) = { Ag + LCT LC LCT }

TAT™' +TBK — Agx — LCT™' + LC TAT™' — LCT™*
and A := (0f/0x)(0,0), B := (0f/0u)(0,0), and C := (dh/dx)(0).
The following two corollaries specialize Theorems 6.5 and 6.7 to consider stability of the

estimate-error system (6.35) under certain similarity transformations 7" € R™*".

Proposition 6.13. Suppose the following conditions hold.
(a) £(0,0) =0, h(0) =0, f and h are continuously differentiable at the origin.
(b) The system (6.30) is stabilizable and detectable.
(c) There exists T € R™ ™ nonsingular such that A = TAT Y, B=TB,and C = CT!
(with (A, B, C) as defined above).
Then there exist K € R™*"™ and L € R™"*P such that Ay .= A+ BK and A, := A — LC are
Schur stable, and the closed-loop system (6.35) is exponentially stable in a neighborhood of the

origin.

Proof. First, there exist a pair of gains (K, L) for which Ax and A are Schur stable due
to stabilizability and detectability of the linearization. From (6.35) and (6.36) and condition
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(c), we have f(0,0) = (0,0) and (dfr/d(z,e))(0,0) = A (as defined above) which is Schur

stable. Then (6.32) is a stable linearization of (6.35), and the result follows by Theorem 6.5. [

Proposition 6.14. Suppose the following conditions hold.
(a) £(0,0) =0,h(0) =0, f and h are continuously differentiable at the origin.
(b) (A, B) and (A, C) are stabilizable and detectable, respectively.
Then there exist K € R™*"™ and L € R™*P such that Ay .= A+ BK and A;, := A — LC are

Schur stable, and if

Yo = inf A = A(T)|| <7 == —| Al + \/||A||2 + LA

TER " det(T)7£0

(with (A, A(T)) as defined above) then there exists T € R™ " nonsingular such that (6.35) is

exponentially stable in a neighborhood of the origin.

Proof. First, Schur stability of Ay and Ay, for some pair (K, L) follow from stabilizability and
detectability of the linear approximation. Let v* € (7y0,71) and T' € R™*" be a nonsingular
transformation such that v* > |A — A(T)].

Let x := (%, e) throughout. As in the proof of Proposition 6.13, we have, from (6.35) and
(6.36), that £7(0) = (0) and (df;/dx)(0) = A(T). Let (Q,P) be positive definite matrices
satisfying (6.33). Then, with the candidate Lyapunov function V (x) := x " Px for each x €

R?", we have |Ax| < ||A|||x| and
o(P)x|* < V(x) <7 (P)[x[*,

V(fr(x)) — V(Ax)| < 2||P|[|Ax]|fr(x) — Ax| + [|P|[[fr(x) — Ax/*

as in the proof of Proposition 6.10. By Theorem 6.7, if

1A = A(D)] <71(Q) == —[|All + VIIA[? + 2(Q)/|IP]|
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then x* = f1(x) is exponentially stable in a neighborhood of the origin. But

Pl = LA Q) = 2(Q)IILA|

with equality when Q = [ (Gahinet et al., 1990). Therefore 7, (Q) < 7, with equality when

Q = I, and we have stability at the origin since 7o < |A — A(T)|| < v* < 7. N

Remark 6.15. Both Propositions 6.13 and 6.14 imply that |Z(k)| — 0 and |Z(k)| — 0 as
k — oo. But this means |z(k)] — 0 because x = T~'Z, so the plant is also stabilized to
the origin. In fact, we have convergence for any nonsingular transformation, not just the
one chosen in Propositions 6.13 and 6.14. In either proposition, the chosen transformation
simply minimizes the different between the plant linearization and approximate linear model

linearizations, making it easy to invoke Theorems 6.5 and 6.7.

Remark 6.16. It is unrealistic to expect the plant (6.29) states are adequately linearized as

written. Therefore, we should realistically consider all plant realizations

vt = folw,u) = o(f(e™ (), u), y = hy = h(p™'(2))

where ¢ : R” — R" is any sufficiently smooth’ function such that ¢(0) = 0. But with
T := (dp/dz)(0), we still have the derivative (dfy/d(%,€))(0,0) = A(T) where (6.36). So to
show stabilization in some neighborhood of the origin, it suffices to consider only linear trans-
formations ¢(x) := Tx where T is nonsingular. While it is outside of the scope of this work,

a nonlinear ¢ satisfying (dy/dx)(0) = T could be fine-tuned to maximize the guaranteed

size of the basin of attraction by shrinking the K-function bound implied by Proposition 6.4.

*We conjecture that continuous differentiability at the origin is a sufficient smoothness condition for ¢.
Then every pair ( f,,, hy) is continuously differentiable at the origin so long as the original pair (f, h) is.
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6.3.3 Linear offset-free MPC

In most control applications, we select a few input/output signals to track at steady state.
We do not necessarily know the steady state at which (6.29) achieves these reference sig-
nals, so the controller must correct for disturbances and plant-model mismatch to completely

eliminate offset from the reference signals. Consider the steady-state reference

S

ro=[H, H, {h%)} (6.37a)
where 1y € R™ is the reference and (x5, us) € R™ x R™ are steady-state targets satisfying
zs = f(xs, us). (6.37b)

Typically the columns of [ H, Hu} are chosen as elementary vectors so that r, represents
a few of the system inputs and outputs. To ensure the setpoint r; is reachable, we make the

following assumption.

Assumption 6.17. The setpoint 7, and input v have the same dimension, i.e., n,, = m. Given

the setpoint ; € R™, there exists a unique steady state (z;, us) € R™ x R™ satisfying (6.37).

The nonlinear plant (6.29) is approximated by the augmented linear system

r" = Az + Byd + Bu (6.38a)
dt =d (6.38b)
y=Cx+ Cyd (6.38¢)

where d € R™ is a disturbance state intended to correct of the effect of plant-model mismatch.
The following assumption guarantees, for the augmented system (6.38), detectability of the

states and disturbances, and reachability of the setpoints.
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Assumption 6.18. The unaugmented system (6.30) is detectable, n,, = m, ny = p, and the

following rank conditions hold:

A—-1 Byl

rank [ C Cd:| =n+p, (6.39)
A-1 B

rank {HyC HJ =n+m. (6.40)

In (Pannocchia and Rawlings, 2003, Lem. 1) it is shown that detectability of (6.38) requires
detectability of the unaugmented system (6.30) and a rank condition. We restate this lemma

below, and note that it shows Assumption 6.18 implies detectability of (6.38).

Lemma 6.19 ((Pannocchia and Rawlings, 2003, Lem. 1)). The augmented system (6.38) is de-

tectable if and only if the unaugmented system (6.30) is detectable and (6.39) holds.

Under Assumption 6.18, we have the existence of a unique steady state (75, us) € R" x R™

that solve

A—1 B |zs| —Byd

{HyC’ Hu] [u] - [—Hycddws] (641)
for any disturbance d € R" and setpoint 7, € R"". Moreover, by Assumption 6.18 and

Lemma 6.19, there exist gains (K, L,, L) such that Ax := A+ BK and

_|A-L,C B;—L,Cy
o s
are Schur stable. We estimate the state and disturbance (i, d) with the following filter:
it = A 4 Byd + Bu+ Ly(y — Ci& — cqd) (6.43a)
dt = d+ Ly(y — C& — cqd). (6.43b)

To steer (6.38) to the setpoint r, linear feedback will not do; instead we require an affine feed-
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back that stabilizes the steady state (z, u,) such that (6.41) is satisfied. With the disturbance

estimate d, we define the steady-state targets as

—1 A~
Tt A-I1 B —Byd T, 5 |R,
ol T ; = d s 6.44
lut} { HyC HJ {_Hycdd + 7y Ty * R, " ( )
where existence of the inverse follows from Assumption 6.17. With these targets, we use the

control law

Combining (6.38) and (6.43)—(6.45) gives the joint system

AzlT Ad

A L,|C C
e | = { ()K [ i dw €x (6.46)
€d L €d

where A := % — 3y, e, .= 2 — #and ey := d — d. Similarly to the LQG, we have that (6.46)

is stable because

[Ax | Lo [C Cdl]
A

is Schur stable.

As in Section 6.3.2, the plant and model states are likely unaligned even when the input-
output behavior is similar. This time, even the steady states that reach the setpoint 75 can be
different. We define (x5, us) € R™ x R™ as the unique steady state such that (6.37) holds, and

A

define (Z, ds) € R™ x R™ as a steady state satisfying

A—1 Byl |Zs —Bu,
[ C Cﬂ LZJ - [—h(xs) —l—rj (6:47)

~

which exist and are unique under Assumption 6.18. Since (Zs, d) depend on (z, us), there is

~

no way to know the state and disturbance (model) setpoints (%, d;) beforehand. Instead, the
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disturbance estimate d is intended to “integrate” the model error and converge to d,.
Consider affine transformations of the form z := T'(x — z) + Z5. Under such a trans-

formation, the steady state for the new system is always (Z, u,). Define the family of (6.29)

realizations
it = fr(@,u) = T[(f(THE — 2) + 24, u) — 4] + Ty (6.48a)
y = hp(Z) = h(T T — 2,) + x). (6.48Db)
Let AT == & — 2y, e, := T — Z,and ¢g = CZS — d denote the state estimate in deviation

variables, the state estimate error, and the disturbance estimate error, respectively. Then we

have the closed-loop system

Az]T AgAi + Lye
(o = fT(Ai’, €, ed) = fT(.’i, u) — i‘t — AKA.f — LI(:“ (6.4921)
€q €q — Ld€
with
Ty = 2, — They (6.49b)
T=1a,—Theq+ AT + e, (6.49¢)
uw=us+ KAT — T,eq (6.49d)
e =hr(z) — h(zs) — CAZT + (CT, + Cy)eq (6.49¢)

and we have used the facts h(zs) = Oz, + C,d, and

3?5 - JAjt o T:p 7 N Tz
5 [ - ] o0
Then f(0,0,0) = (0,0,0) by Assumption 6.17, and by liberal application of the chain rule,
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it can be shown that

dfr

where
L. AC(T) L. AC(T) —L,AC(T)T,
A(T) := A+ |AAg(T) — L, AC(T)  AAL(T) AA(T)T, (6.52a)
AC(T) —LJAC(T)  AC(T)T,
and
AA(T) = TAT ' — A, AAg(T) .= AA(T) + AB(TK, (6.52b)
AB(T) :=TB - B, AAL(T) := AA(T) — LAC(T), (6.52c)
AC(T) =CT ' -C (6.52d)

are the transform-dependent model parameters, and

A= a—f(:cs,m;), B:= g(ﬂvs,us),

— dh
ox ou ¢

= () (6.52e)

are the derivatives at the setpoint. While the expression (6.52) appears cumbersome, notice
that, for any nonsingular 7" for which A = T AT~', B = TB, and C = CT~, the second
term drops out entirely and we have A(T) = A, which is Schur stable. Thus, if this similarity

transformation holds or is sufficiently approximated, then the origin is stable.

Proposition 6.20. If the origin of (6.49) is stable, then, for sufficiently small (Az,e,,e;), we

have

~

(@(k), u(k)) = (2, us) (&(k),d(k)) — (&,,ds)

(@4(F), t(F)) = (25, us) r(k) = s
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as k — oo, wherer(k) := Hyh(x(k)) + Hyu(k).

Proof. Stability of the origin and (Az,e,, e4) in its basin of attraction implies Az (k) — 0,
ex(k) = 0, and ey(k) — 0. The last limit implies d(k) — d, so (&(k), @(k)) = (&, us)
by (6.50). Moreover, &(k) = Az(k) + Z4(k) — &5 and (k) = &(k) + e.(k) — I by the
definitions of (A#,e,), and z(k) = T~ (z(k) — &5) + x5 — x; by the affine transformation.

Finally, by continuity of % at x,, we have r(k) — Hyh(z,) + Hyus = 7. O

The following two propositions apply Theorems 6.5 and 6.7 to stability of the setpoint

tracking system (6.49).

Proposition 6.21. Let v, € R™", suppose Assumptions 6.17 and 6.18 hold, and let T' € R™*"
be a nonsingular matrix for which A = TAT™', B = TB, and C = CT~! (where (A, B, C)
are defined as above). Then there exist gains (K, L., Ly) € R™*™ x R"*P x R"*P sych that
Ak = A+ BK and (6.42) are Schur stable, and (6.49) is exponentially stable in a neighborhood

of the origin.

Proof. By Assumption 6.18 and Lemma 6.19, the gains (K, L,, Ly) such that Ay and A}, are
Schur stable exist. Moreover, by the assumptions and the discussion above, we have the
closed-loop system (6.49), for which f(0,0,0) = (0,0,0) and by the chain rule (6.51). But,
by assumption K(T) = A, 50 (6.46) is a linearization of (6.49), and moreover, (6.46) is stable,

s0 (6.49) must be exponentially stable in a neighborhood of the origin by Theorem 6.5. [

Proposition 6.22. Let r;, € R"", suppose Assumptions 6.17 and 6.18 hold. Then there exist
gains (K, L., Lg) € R™*" x R™P x R"*P sych that Ax := A+ BK and (6.42) are Schur
stable, and if

Yo = inf 1A = A(T)]| <71 = —[A] + \/IIAII2 + LA

TeR™ > det(T)#0
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(with (A, A(T)) as defined above) then there exists a nonsingular matrix T € R™ " such that

(6.49) is exponentially stable in a neighborhood of the origin.

Proof. Schur stability of Ax and (6.42) for some (K, L,, L) follow from Assumptions 6.17
and 6.18. Let v* € (70,71) and T'" € R™" be a nonsingular transformation such that v* >
|A — A(T)|. The remainder of the proof follows identically to that of Proposition 6.14 with

the slight modification that x := (AzZ, e,, e4) throughout. O

6.4 Other considerations

Throughout we have assumed the plant and model have the same state dimension. How-
ever, it is important to note the prior results do not require this to be true. Consider the

plant
rg = f(wp,u) y = h(xp) (6.53)
where zp € R™ is the plant state.

Under-modeled state Suppose n < np. Then we can take
z = [g] eER™, A= {A B

np Xnp D .
} eR™™ B .= [0

. ] eR™™, C:=[C 0] eRP™

and consider the extended linear model
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Over-modeled state Suppose n > np. Then we can take
i = ﬁﬂ eR", F(@,u) = {f(mop’ U)} eR", (i) = h(zp)
and consider the extended plant
it = f(z,u), y = h(Z).
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Appendices

6.A Derivatives and C-functions

In this appendix, we prove Proposition 6.4. It is a direct extension of (Rawlings and Ris-
beck, 2015, Props. 5, 13), who show the equivalence of ¢-9 and K-function definitions of con-
tinuity. The results of Rawlings and Risbeck (2015) assume existence of the function value at
the limit point, which does not hold for the following definition of the Jacobian:

lim |f(zo + h) — f(x0) — Jh _

0
|h|—0 |h|

where J = %(mo) (Rudin, 1976, Defn. 9.11). Therefore it is necessary to modify the results
of Rawlings and Risbeck (2015) to accommodate Proposition 6.4. First, however, we borrow

the following K-function lower bounding result from (Rawlings and Risbeck, 2015, Prop. 4).

Proposition 6.23 ((Rawlings and Risbeck, 2015, Prop. 4)). Let § : R.g — R-( be a nonde-

creasing function. Then there exists o € K such that a(g) < () foralle > 0.

Then we can show the equivalence of £-0 definition of the limit and a K-function over-

bound on an excluded neighborhood of the limit point.

Proposition 6.24. The function V : R" — R™ has the limit Vjy at x if and only if there exists
b > 0 and~ € K such that

V() = Vol < (| — o) (6.54)
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forall0 < |z — xo| <.

Proof. Without loss of generality, assume 2y = 0 and V{, = 0.

(=) Suppose the limit exists. Then for each e > 0, there exists () > 0 such that |V (x)| <
eforall 0 < |z| < d(g). Clearly §(¢) can be made a nondecreasing function (Rawlings
and Risbeck, 2015, Prop. 11), so by Proposition 6.23 there exists a € K that lower bounds
d, ie, a(e) < 46(e) foralle > 0. Let v := ! denote the inverse of o on [0, 5] where
b := sup,.(0(¢). For each ¢ > 0, choose z € R" such that |z| < a(e). Then |z| < d(¢) by
construction of a, and |V (z)| < e = a~*(|z]).

(<) Suppose b > 0 and v € K exist such that (6.54) hold for all |z| < b. Let § := !
denote the inverse of v on [0,b]. Then, for each ¢ > 0, we have that |z] < §(e) = 77 !(¢)

implies |V (z)| < y(Jz]) <7v(v7'(e)) = & 0

Proposition 6.24 differs from (Rawlings and Risbeck, 2015, Props. 5, 13) in that we do not
require V() to equal V{, and in fact, we do not require a finite value for V" at x at all. Finally,

we can prove Proposition 6.4 using Proposition 6.24.

Proof of Proposition 6.4. By the definition of the derivative,

f(z) = Jz|/|x| — 0 as |z] — 0.

By Proposition 6.24, there exist b > 0 and v € K satisfying (6.8) for all 0 < |z| < b. O
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Chapter 7

Stability of model predictive control
despite plant-model mismatch

Plant-model mismatch is an ever-present challenge in model predictive control (MPC) prac-
tice. In industrial implementations, the main driver of MPC performance is model quality (Qin
and Badgwell, 2003; Darby and Nikolaou, 2012). There has been recent progress on improv-
ing model quality and MPC performance through disturbance modeling and estimator tun-
ing (Kuntz and Rawlings, 2022, 2024b; Simpson et al., 2024), simultaneous state and parameter
estimation (Baumgértner et al., 2022; Muntwiler et al., 2023; Schiller and Miiller, 2023), and
even direct data-driven MPC design (Berberich et al., 2021, 2022a,b), to name a few meth-
ods. However, there is not yet a sharp theoretical understanding of the robustness of MPC to
plant-model mismatch.

Before discussing MPC robustness, let us first define robustness. In the stability literature,
robust asymptotic stability has been used to refer to both (i) input-to-state stability (ISS) and
(ii) asymptotic stability despite disturbances. To avoid confusion, we reserve the term robust
asymptotic stability for (i) and use strong asymptotic stability to refer to (ii). The latter term
is borrowed from the differential inclusion literature (Clarke et al., 1998) (see Jiang and Wang
(2001); Kellett and Teel (2005) for discrete-time definitions). Note that some authors use the

term uniform asymptotic stability to refer to (ii) (Jiang and Wang, 2001), but we do not use
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this term to avoid confusion with the time-varying case. When such properties are given by a
nominal MPC,'we call it inherently robust or inherently strongly stabilizing. Robust and strong
exponential stability are defined similarly.

It is well-known that MPC is stabilizing under certain assumptions on the terminal in-
gredients (Rawlings et al., 2020, Ch. 2). To achieve robust stability in the presence of distur-
bances (parameter errors, estimation errors, exogenous perturbations), a disturbance model
can be included. The simplest manner of handling disturbances is with feedback. For MPC
this would require future knowledge of the disturbance trajectory, or at least a forecast of
it, to implement the controller. While this is a strong requirement, it would confer strong
stability rather than robust stability. Alternatively, a disturbance model may be included.
Several MPC variants include disturbance models in their design, such as offset-free (Pannoc-
chia et al., 2015), stochastic (McAllister, 2022), tube-based (Rawlings et al., 2020, Ch. 3), and
min-max MPC (Limon et al., 2006). For a survey of these methods, see (Rawlings et al., 2020,
Ch. 1, 3).

Even in the absence of a disturbance model, a wide range of nominal MPC designs are
inherently robust to disturbances. Continuity of the control law was first proven to be a
sufficient condition for inherent robustness (De Nicolao et al., 1996; Scokaert et al., 1997).
Later, Grimm et al. (2004) proved continuity of the optimal value function is sufficient for
inherent robustness, and stated MPC examples with discontinuous optimal value functions
that are nominally stable but otherwise not robust to disturbances. A special class of time-
varying terminal constraints were proven to confer robust stability to nominal MPC by Grimm
et al. (2007), and to suboptimal MPC by Lazar and Heemels (2009). In Pannocchia et al. (2011);
Allan et al. (2017), the inherent robustness of optimal and suboptimal MPC, using a class

of time-invariant terminal constraints, was proven. With the same terminal constraints, the

!By nominal MPC, we mean any MPC designed without a disturbance model, possibly admitting parameter
errors. This includes not only standard nonlinear MPC, but also suboptimal, offset-free, and (some) data-driven
MPC.
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inherent stochastic robustness (in probability, expectation, and distribution) of nominal MPC
was shown by McAllister and Rawlings (2022b,a, 2024). Lastly, direct data-driven MPC was
shown to be inherently robust to noisy data by Berberich et al. (2022a).

If the origin remains a steady state under mismatch (e.g., for some kinematic and inven-
tory problems), we might expect strong asymptotic stability. In unconstrained linear optimal
control problems (LQR/LQG), the margin of stability (maximum perturbation to the open-
loop gain that still gives a closed-loop system) is always nonzero. However, it is important
to note that there is no guaranteed relative value of this margin below which the closed loop
is stable, save a few exceptional cases such as a single input, or with diagonally-weighted
stage costs (Doyle, 1978; Lehtomaki et al., 1981; Zhang and Fu, 1996). Examples are shown
by Doyle (1978); Zhang and Fu (1996) in which arbitrarily small perturbations to the gain
matrix destabilize the system. These examples use multiplicative disturbances that, while per-
sistent in the aforementioned papers, do not need to be time-invariant for the results to hold.
The disturbances treated in the MPC literature are typically additive disturbances entering the
states and measurements (Rawlings et al., 2020, Ch. 3). In the multiplicative case, borrowing
from knowledge of linear systems, we should expect strong exponential stability. However,
in the additive case, we should expect only robust exponential stability.

To the best of our knowledge, the inherent strong stability of nominal MPC to plant-model
mismatch has been discussed by only Santos and Biegler (1999); Santos et al. (2008). In these
papers, the magnitude of plant-model mismatch is assumed to be upper bounded by a power
law in the magnitude of the state, and for unconstrained systems exhibiting sufficiently small
error bounds, the nominal MPC is shown to stabilize the plant to the origin. While the papers
consider exact penalty functions for constraint handling, there is no guarantee of recursive
feasibility.

In this chapter, we extend the work of Santos et al. (2008) to include input constraints and

stabilizing terminal constraints. In Section 7.1, we define the system, state the MPC problem
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and assumptions, review nominal MPC stability, and present a motivating example exhibit-
ing both robust and strong stability under plant-model mismatch. In Section 7.2, we formally
define robust and strong stability and review the relevant Lyapunov theory. In Section 7.3,
we review inherent robustness of MPC. In Section 7.4, we present the main results. For MPC
with quadratic costs, it is shown that the closed loop is strongly exponentially stable under
(i) a fixed steady state, (ii) a mild differentiability condition, and (iii) the standard MPC as-
sumptions used by Pannocchia et al. (2011); Allan et al. (2017). For MPC with general, positive
definite cost functions, we show a joint K-function bound holds on the increase in the optimal
value function, but strong stability is only implied if this bound decays sufficiently quickly
near the origin. To illustrate the main results, we present three examples in Section 7.5. The
first example is a continuous yet nondifferentiable system with a general cost MPC that is
not strongly stable, demonstrating inherent strong stability is not a guaranteed property of
nonlinear MPC. The second example is a nondifferentiable system for which the quadratic
cost MPC is strongly stabilizing. In the third and final example, we use the upright pendulum
problem to showcase several types of plant-model mismatch that are covered by the main re-
sults, namely, discretization errors, unmodeled dynamics, and errors in estimated parameters.

We conclude the chapter and discuss future work in Section 7.6.

7.1 Problem statement

7.1.1 System of interest

Consider the following discrete-time plant:

" = f(x,u,0) (7.1)

163



Stability despite mismatch Chapter 7

where x € R" is the plant state, u € R™ is the plant input, and ¢ € R"™ is an unknown

parameter vector. We denote the parameter estimate by 0 € R™ and the modeled system by

rt = f(z,u,0). (7.2)

We assume the parameter estimate is time-invariant, while the parameter vector itself may

be time-varying. For simplicity, let 6 = 0 and denote the model as

~

xt = f(z,u) := f(z,u,0). (7.3)

Let ¢E(k, x,u) denote the solution to (7.3) at time &, given an initial state x and a sufficiently
long input sequence u.

In this chapter, we study the behavior of an MPC designed with the model (7.2), but applied
to the plant (7.1). We adopt a user-oriented perspective in this analysis: while the model is
fixed (e.g., via system identification or prior knowledge), the plant behavior is unknown and
possibly changing over time as equipment or the environment changes. Under the assumption
0 = 0, 0 takes the role of an estimate residual. In the language of inherent robustness, the

model (7.3) is the nominal system, and the plant (7.1) is the uncertain system.

7.1.2 Nominal MPC and basic assumptions

We consider an MPC problem with control constraints ©w € U C R™, a horizon length of
N € 1., a stage cost £ : R" x R™ — Ry, a terminal constraint X; C R", and a terminal

cost Vy : R — Rx. For an initial state x € R", we define the set of admissible (x, u) pairs
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(7.4), admissible input sequences (7.5), and admissible initial states (7.6) by

Zy ={(z,u) e R" x U | ¢(N;z,u) € X;} (7.4)
Uy(z) = {ucU" | (z,u) € Zy} (7.5)
Xy :={z € R" | Uy(z) is nonempty } . (7.6)

For each (z,u) € R"™¥™ we define the MPC objective by

r

VN(.’L',U_) = f(é(k,l‘, u)?”(k)) + Vf(¢E<N;x>u)) (7-7)

e
Il

and for each z € Xy, we define the MPC problem by

V() = uerzr/{ljivr%x) Vn(z,u). (7.8)

According to the convention of Rockafellar and Wets (1998) for infeasible problems, we take
Vo (z) := oo forall z & Xy.
Throughout, we use the standard assumptions for inherent robustness of MPC from Allan

et al. (2017).

Assumption 7.1 (Continuity). The functions f : R" x R™ xR™ — R", £ : R" x R™ — R>,,

and V; : R" — R are continuous and £(0,0) = 0, £(0,0) = 0, and V}(0) = 0.

Assumption 7.2 (Constraint properties). The set U is compact and contains the origin. The

set X is defined by X := lev,, V} for some c¢; > 0.

Assumption 7.3 (Terminal control law). There exists a terminal control law s : Xy — U

such that

>

Vi(f (@, kp(2))) < Vi(r) = Uz, kp(2)), VaeXy
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Assumption 7.4 (Stage cost bound). There exists a function oy € K, such that
Uz,u) > aq(|(x,u)]), V (z,u) e R" x U. (7.9)
Quadratic stage and terminal costs are of particular interest in this work. Throughout, we

call an MPC satisfying the following assumption a quadratic cost MPC.

Assumption 7.5 (Quadratic cost). We have
Uz, u) o= [xfg + |ulF, Vi(x) = [afp, (7.10)

for all (z,u) € R™ x R™ and positive definite (), R, and P.

Under Assumptions 7.1 and 7.2, the existence of solutions to (7.8) follows from (Rawlings
et al., 2020, Prop. 2.4). We denote any such solution by u’(z) = (u°(0; z),...,u’(N — 1;2)),
denote the optimal state sequence by %(k; x) := ¢(k; z, u®(z)) for each k € Iy.y, and define
the MPC control law ky : Xy — U by xy(z) := u®(0;x). It is also useful to define the

following suboptimal input sequence:
u(r) = (u’(1;2), ..., u’(N — 1;2), 5 (2°(N; 2))).
Consider the modeled closed-loop system

v = fe(@) == f(x, i (@)). (7.11)

From Assumptions 7.1 to 7.4, it can be shown 2+ = f,(z) is asymptotically stable in Xy with
the Lyapunov function Vﬁ, (Rawlings et al., 2020, Thm. 2.19). For completeness, we include a

sketch of the proof in Appendix 7.A.1.
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Theorem 7.6 (Thm. 2.19 of Rawlings et al. (2020)). Suppose Assumptions 7.1 to 7.4 hold. Then
(a) Xy is positive invariant for 1+ = f.(x);

(b) there exists s € K such that, for each x € Xy,

au(jz]) < V(@) < az(|z)) (7.12a)

Vi (fe(@)) < V() = ar(2]); (7.12b)

(¢) and x* = f.(x) is asymptotically stable on Xy.

Similarly, it is shown in (Rawlings et al., 2020, Sec. 2.5.5) that, under Assumptions 7.1 to
7.3 and 7.5, the quadratic cost MPC exponentially stabilizes the closed-loop system (7.11) on
any sublevel set of the optimal value function S := lev,Vy. Note that, because V) is only
defined on X, we have S C Xy by the definition of the sublevel set. For completeness, we
restate the conclusion of (Rawlings et al., 2020, Sec. 2.5.5) in the theorem below and include

a sketch of the proof in Appendix 7.A.1.

Theorem 7.7 (Sec. 2.5.5 of Rawlings et al. (2020)). Suppose Assumptions7.1to 7.3 and 7.5 hold.
Letp >0 and S :=lev,Vy. Then
(a) S is positive invariant for &+ = f,(z);

(b) there exists a constant co > 0 such that

alz? < Vy(z) < eolzf? (7.13a)

Vi (fe(@)) < V() = edfaf? (7.13b)

foreach x € S, where ¢; := 0(Q); and
(¢) x+ = f.(x) is exponentially stable on S.
To show strong stability of the MPC with mismatch, we eventually require one or both of

the following assumptions.
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Assumption 7.8 (Steady state). The origin is a steady state, uniformly in § € R™, ie,

£(0,0,0) =0 forall € R"™.

Assumption 7.9 (Differentiability). The function f(-,-,6) is continuously differentiable for

each 6 € R,

Remark 7.10. Assumption 7.8 limits our results to problems where the steady state is known
and fixed (e.g., path-planning and inventory problems). If the steady state depends on 0,
e, z5(0) = f(xs(0),us(0),0), we can still work with deviation variables (dz, du) := (z —
x5(0),u — us(0)), but (i) we have to estimate the steady-state pair (z4(6), us(6)) (e.g., via an
integrating disturbance model (Rawlings et al., 2020, Ch. 1)), and (ii) we only achieve strong
stability in the case where the steady-state map is continuous, the parameters are asymptot-

ically constant, and the estimation errors converge.

7.1.3 Motivating example

We close this section with a motivating example exhibiting many types of stability under
persistent mismatch. Recall from the introduction we define robust stability as an ISS prop-
erty for parameter errors, and strong stability as convergence to the origin despite mismatch.
While precise definitions are given in Section 7.2, these informal definitions suffice for the
example.

Consider the scalar system

" = f(z,u,0) =2+ (1 +0)u. (7.14)

The plant (7.14) is a prototypical integrating system, such as a storage tank or vehicle on a

track, with an uncertain input gain. As usual the system is modeled with 0 =0,

~

" = f(x,u) = f(z,u,0) = z + u. (7.15)
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We define a nominal MPC with U := [—1, 1], {(z,u) := (1/2)(2*+u?), Vi (z) := (1/2)2?,
Xy = [—1,1],and N := 2. Notice that the terminal set can be reached in N = 2 moves if and
only if |z| < 3, so we have the steerable set X, = [—3, 3. Without the terminal constraint

(i.e.,, Xy = R), the optimal control sequence is

(—3z/5, —x/5), [ < 5/3
u’(z) =
(—sgn(x), —z/2 + sgn()/2), 5/3 <lz| <3
and the control law is ro(z) := —sat(3z/5) (Rawlings et al., 2020, p. 104). However, the

optimal input sequence gives

x/5, lz| <5/3
%(2i7) =
x/2 —sgn(x)/2, 5/3<|z] <3
so the terminal constraint X; = [—1, 1] is automatically satisfied for all |x| < 3. Therefore
ka(x) = —sat(3z/5) is also the control law of the problem with the terminal constraint.

In Figure 7.1 we plot contours of the cost difference AV (x,0) := V@ (f(x, kao(x),0)) —
V) (x), and in Figure 7.2, we plot closed-loop trajectories and the cost difference AVY(-, ) for
several values of . The system is strongly stable for all —1 < 6 < 7/3 as the cost difference
is negative definite. When 6 < —1, the entire cost difference curve is positive definite, so the
trajectories become unbounded. This is because the disturbance cancels out the effect of the
controller and drives the system in the opposite direction. On the other hand, when 6§ > 7/3,
the cost difference curve is only positive definite near the origin, but negative elsewhere, so
the trajectories remain bounded for all time, although they do not converge to the origin.
In this case, high parameter values push the system in the same direction as the input, and

input saturation moderates the effect of overshoot at high parameter values. We point out the
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ries with initial state x = 3, and (bottom) cost differences as a function of x, along with the
nominal values.
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existing literature on inherent robustness is not sufficient to predict strong stability whenever

-1<60<7/3.

7.2 Robust and strong stability

Consider the closed-loop system
ot = fo(z,0) = f(z,kn(z),0), 0o (7.16)

where © C R™. Let ¢.(k;z,0) denote solutions to (7.16) at time k, given an initial state
x € Xy and a sufficiently long parameter sequence § € ©.If © := {0 € R™ | |§| < },itis
convenient to write (7.16) as 27 = f.(z,0), 0| <.

In this section, we review stability definitions and results for (7.16). For brevity, asymptotic
and exponential definitions and results are consolidated into the same statement. We define

robustly positive invariant (RPI) sets as follows.

Definition 7.11 (Robust positive invariance). A set X C R" is robustly positive invariant for

the system 2t = f.(z,0),0 € O if f.(z,0) € X forallz € X and 0 € ©.

7.2.1 Robust stability

We define robust asymptotic stability (RAS) similarly to input-to-state stability (ISS) from
Jiang and Wang (2001). Likewise, we define robust exponential stability (RES) similarly to

input-to-state exponential stability (ISES) from Griine et al. (1999).

Definition 7.12 (Robust stability). A system 2™ = f.(x,0),6 € O is robustly asymptotically

stable (in a RPI set X C R") if there exists § € KL and v € K such that

|Ge(k; z,0)] < B(|2, k) +~([|0]]0-1) (7.17)
171



Stability despite mismatch Chapter 7

forall k € I.g, x € X, and 0 € OF. If, additionally, 3(s, k) = csA* for some ¢ > 0 and

A€ (0,1), wesay 27 = f.(,0),0 € O is robustly exponentially stable (in X).

Definition 7.13 (ISS/ISES Lyapunov function). A function V' : X — R is an ISS Lyapunov
function (in an RPI set X C R™, for the system 2™ = f.(x,0),0 € ©) if there exists functions

a1, o, a3 € Ky and o € K such that

() < V(a) < a2 (7.182)

V(fe(x,0)) < V(z) — as(|z]) + o(|0]). (7.18b)

forall z € X and 6§ € ©. If, additionally, o;(-) := a;(-)" for some a;,b > 0 and each

i€{1,2,3}, wesay V is an ISES Lyapunov function (in X, for 2™ = f.(z,0),0 € ©).

The result below is a generalization of (Allan et al., 2017, Prop. 19) to include general
disturbance sets and the exponential case. For completeness, we provide the proof of the

exponential case in Appendix 7.A.2.

Theorem 7.14 (ISS/ISES Lyapunov theorem). The system x+ = f.(x,6),0 € O is RAS (RES)

in an RPI set X C R"™ if it admits an ISS (ISES) Lyapunov function in X.

Remark 7.15. Whereas (Allan et al., 2017, Prop. 19) only considers disturbance sets of the
form © := {# € R™ | |§] <} for some 6 > 0, it is trivial to modify the proof to use a

general constraint set.

7.2.2 Strong stability

We take strong asymptotic stability (SAS) as a time-invariant version of the conclusion

of (Jiang and Wang, 2002, Prop. 2.2). Strong exponential stability (SES) is defined similarly.
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Definition 7.16 (Strong stability). A system 2t = f.(z,0),0 € © is strongly asymptotically

stable (in a RPI set X C RR") if there exists 5 € KL such that

|0e(k; 2, 0) < (|, )

forallk € Isp,z € X,and 0 € OF. If, additionally, 3(s, k) := csA\fforalls > 0and k € I>o,
and some ¢ > 0 and A € (0, 1), we say x* = f.(z,60),0 € O is strongly exponentially stable
(in X).

Definition 7.17 (Lyapunov function). A function V' : X — Ry is a Lyapunov function (in
a RPIset X C R", for the system 2™ = f(z,0),0 € O), if there exist functions a1, ay € Ky

and a continuous function o € PD such that

a(fz]) < V(z) < as(|z]) (7.19a)

V(fe(z,0)) < V(z) —o(|z|) (7.19b)
forall 2 € X and 0 € ©. If, additionally, a;(-) := a;(-)” for some a;,b > 0 and each i € I3,
we say V' is an exponential Lyapunov function (in X, for x* = f.(x,0),60 € ©).

The following Lyapunov theorem combines from (Allan et al., 2017, Prop. 13) and (Pan-

nocchia et al., 2011, Lem. 15).

Theorem 7.18. The system x* = f.(z,0),0 € © is SAS (SES) in a RPI set X C R™ if it admits

a Lyapunov function (an exponential Lyapunov function) in X.

Remark 7.19. In (Allan et al., 2017, Prop. 13), the Lyapunov function requires a class-K
bound rather than a continuous class-PD bound. However, it is shown in (Jiang and Wang,

2002, Lem. 2.8) that a continuous function ¢ € PD suffices.
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7.3 Inherent robustness of MPC

Assumptions 7.1 to 7.4 are in fact sufficient to show inherent robustness of the nominal
MPC. The theorem below can be viewed as a minor generalization of the results in (Rawlings

et al., 2020, Sec. 3.2.4), or as a special case of (Allan et al., 2017, Thm. 21).

Theorem 7.20 (Sec. 3.2.4 of Rawlings et al. (2020)). Suppose Assumptions 7.1 to 7.4 hold. Let

p>0andS = leVpV]8. Then there exist 0 > 0, as € Ko, and o € IC such that

an(|zl) < V() < aa(l]) (7.20a)

V(fe(@,0)) < Vy(z) — aa(|z]) + o(|0]) (7.20b)

forallx € S and |0| < 0, and the system x+ = f.(x,0),|0| < 0 is RAS in the RPI set S.

For completeness, we include a proof of Theorem 7.20 in Appendix 7.A.3. Before moving
on, we note that a key step of the proof of Theorem 7.20 and the main results is to establish

the following robust descent property:

VR (felw,0) < VR(x) = £z, iy (@) + Viv(fol@, 0), (2) = Vi (folw), a(z).  (7.21)

In (Rawlings et al., 2020, Sec. 3.2.4), it is shown that (7.21) can be achieved on any sublevel
set of V and a sufficiently small neighborhood |§| < . We restate this in the following

proposition.

Proposition 7.21 (Sec. 3.2.4 of Rawlings et al. (2020)). Suppose Assumptions 7.1 to 7.4 hold.
Let p > 0 and S := lev,Vy. Then there exists 6 > 0 such that (7.21) holds for all x € S and
0] < 6 and S is RPI for x+ = f.(x,0),]0] <.

With quadratic costs (Assumption 7.5), Assumptions 7.1 to 7.3 also imply inherent expo-

nential robustness of MPC. This can also be ascertained from (Rawlings et al., 2020, Sec. 3.2.4),
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or considered as a special case of (Pannocchia et al., 2011, Thm. 18). A proof of Theorem 7.22,

which follows similarly to that of Theorem 7.20, is included in Appendix 7.A.3.

Theorem 7.22 (Sec. 3.2.4 of Rawlings et al. (2020)). Suppose Assumptions 7.1 to 7.3 and 7.5

hold. Let p > 0 and S :=lev, V. There exist §,cs > 0 and o € K such that

alr]? < Va(z) < colz)? (7.22a)

V(fe(@,0)) < Vy(z) — ala]” + o (16]) (7.22b)

forallz € S and |0| < 0, where ¢; := 0(Q), and the system 2™ = f.(x,0),|0| < 0 is RES in

the RPI set S.

7.4 Stability of MPC despite mismatch

In this section, we investigate two approaches to guarantee strong stability of the closed-
loop system (7.16). First, we take a direct approach and assume the existence of an ISS Lya-
punov function that achieves a certain maximum increase due to mismatch. In general, an
additional scaling condition is equired for the mismatch term, although it is automatically
satisfied for quadratic cost MPC. Second, we construct error bounds that imply the maximum
Lyapunov increase for Vy via the standard MPC assumptions (Assumptions 7.1 to 7.5) and

one or both of Assumptions 7.8 and 7.9.

7.4.1 Maximum Lyapunov increase

We begin with the direct approach. The goal here is not (necessarily) to provide the means
to check if a given MPC is strongly stabilizing, but to (i) identify a set of conditions for which
an ISS Lyapunov function also guarantees strong stability and (ii) provide a path towards

proving certain classes of nominal MPCs are strongly stabilizing.
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Asymptotic case

For inherent robustness, a maximum increase of the form (7.20b) is proven for the optimal
value function V3. However, since the perturbation term o (|f|) is uniform in |z|, strong
stability is not demonstrated for nonzero f. Under Assumption 7.8, we might assume the
perturbation vanishes in either of the limits |z| — 0 or |#| — 0. In this sense, the perturbation
should be class-K in |z| whenever |0 is fixed, and vice versa. We call these functions joint

K-functions or K?-functions and define them as follows.

Definition 7.23 (Class K?). The class of joint K-functions, denoted K? is the class of contin-

uous functions v : RZj — Rxg such that (s, -),7(-,s) € K forall s > 0.

To achieve strong stability, we assume the existence of an ISS Lyapunov function with a
K2-function perturbation term, rather than the standard X-function perturbation term. More-
over, we require the perturbation to decay faster than the nominal cost decrease in the limit

|z| — 0 so that the descent property of Definition 7.17 is achieved for sufficiently small 6.

Assumption 7.24 (Maximum Lyapunov increase). There exists a Ls.c. function V' : R" —
@20 such that, for each p > 0, there exist 6y > 0, aq, g, a3 € Koo, and vy, € K2 such that
(@) S:=lev,V C Xy;

(b) for each z € S and |6| < g, we have

ay(fz]) < V(z) < as(|z]) (7.23a)

V(£ 0)) < V(&) — asfe]) + 1w (2], 0]); (7.23b)
(c) and there exists 7 > 0 such that

lim sup —VV(S’ 7)

< 1. (7.24)
s—0t 043(8)
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With Assumption 7.24, we have our first main result.

Theorem 7.25. Suppose Assumption 7.24 holds with V : R" — Rs. For each p > 0, there

exists 6 > 0 for which ™ = f.(x,0),|0]| < 6 is SAS in the RPI set S := lev,V .

To prove Theorem 7.25, we require a preliminary result related to the ability of a given

K2-function to lower bound another given K-function (see Appendix 7.A.4 for proof).

Proposition 7.26. Let o € K, andy € K?. If there exists T > 0 such that

lim sup 1(5,7) <1
s—0+ Oé(S)

then, for each o > 0, there exists § > 0 such that y(s,t) < a(s) forall s € (0,0] andt € [0, J].

Finally, we prove Theorem 7.25.

Proof of Theorem 7.25. By Assumption 7.24(a,b) there exists o9 > 0, oy, g, a3 € K, and
v € K? such that S C Xy and (7.23) holds for each # € S and |0 < . Let g¢ :=
Sup,cs || > 0.2 By Assumption 7.24(c) and Proposition 7.26, there exists 6; > 0 such that

as(s) >y (s,t) forall s € (0,e0] and t € [0, 61]. With ¢ := min { &y, 01 }, the function

is both class-PD and continuous. By (7.23b), we have

V(fe(z,0)) = V() < —as(|z]) + v (|z],0) = —o(|z])

’If S = { 0 }, the conclusion would hold trivially, so we can assume S # { 0 } without loss of generality.
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forall x € S and |A| < 6. Moreover, V (z) < p implies
V(felx,0)) <V(x) —o(lz]) < p

so S = lev,V must be RPL Finally, 2% = f.(z,0), 6] < 0 is SAS in S by Theorem 7.18.  [J

Remark 7.27. One might naively assume that the closed-loop system (7.16) is SAS under
only Assumption 7.24(a,b). However, if the scaling condition Assumption 7.24(c) does not
hold, then it may be the case that we cannot shrink ¢ small enough to make a3(-) — Yy (-, t)
positive definite in a sufficiently large neighborhood of the origin, let alone any neighborhood
at all. Thus Assumption 7.24(a,b) alone are insufficient to show V' is a Lyapunov function for
the closed-loop system (7.16). This is illustrated in the example of Section 7.5.1 and in the

following examples.

Example 7.28. Let az(s) := s% y/(s,t) := st,and L := limsup,_,+ %&? Then a3 € K

and v, € K2, but L = lim,_,o+t/s = oo for each ¢t > 0. In fact, since 0;(s) := as(s) —

(s, t) = s* — st, 0, is negative definite near the origin for each ¢ > 0.

Example 7.29. Let as(s) := s, yv (s, t) := 2%, and L := limsup, ¢+ 7()‘;5&?. Then a3 € Ky

and vy € K2, but L = lim,_o+ 25 = 2 for each ¢ > 0. Moreover, since 0y(s) := a(s) —

Wwist)=s5— 2L = Sz;ft, o0y is negative definite near the origin for each ¢ > 0.

Remark 7.30. While Assumption 7.4 implies (7.23) can be satisfied with a3 := a4, it may
be the case that (7.24) is not satisfied. For example, suppose in some neighborhood of the

origin, that {(z,u) = |z|*> + |u

, kn(z) = —=x, and (f,¢,V}) are Lipschitz on compact
sets. Then Yy (s,t) = Lst, ai(s) := s% and as(s) := s* + s satisfy (7.9), (7.23b), and
(7.32) for some L > 0. While limsup,_ o+ yv(s,t)/a1(s) = oo for each ¢t > 0, we have

limsup,_,o+ Vv (s,t)/as(s) = Lt and therefore (7.24) holds for any 7 € [0,1/L).
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Remark 7.31. To achieve Assumption 7.24(a), it is necessary to have V(z) = oo for all
x ¢ Xn. Under Assumptions 7.1 to 7.4, this is automatically achieved by the optimal value
function V), since, according to the convention of Rockafellar and Wets (1998), we have

V¥ (x) = oo for infeasible problems.

Remark 7.32. A restricted version of Assumption 7.8 is automatically satisfied under As-
sumption 7.24(b). To see this, we set x = 0 in (7.23) to give f.(0,0) = f(0,kx(0),0) = 0 for
all |#] < 0 and some § > 0. If, additionally, Assumptions 7.1, 7.2, and 7.4 are satisfied, we

have

an(|(z, mix(2))]) < G|z, mv(@))]) < V(@) < do|z])

for some @&y, & € K, which implies kx(0) = 0, so f(0,0,60) = 0 for all |#] <.

Exponential case

To achieve strong exponential stability, Assumption 7.24 is strengthened to require power
law versions of the bounds in (7.23). Since identical exponents are required, the scaling con-

dition Assumption 7.24(c) is automatically satisfied.

Assumption 7.33 (Max. Lyapunov incr. (exp.)). There exists a Ls.c. function V : R* — R
such that, for each p > 0, there exist 0y, a1, as,az,b > 0 and oy € K, satisfying
(@) S :=lev,V C Xy;and

(b) for each z € S and |6| < g, we have

alz|” < V(x) < aslal’ (7.25a)

V(f(z,0)) < V(x) — as|z® + oy (|0])|z|". (7.25b)

With Assumption 7.33, we have our second main result.
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Theorem 7.34. Suppose Assumption 7.33 holds with V : R — Rs. For each p > 0, there

exists 6 > 0 for which x* = f.(x,0), 0| < 6 is SES in the RPI set S :=lev,V .

Proof. Assumption 7.33 gives g, a1, as, as, b > 0 such that S C Xy and (7.25) holds for each

x € Sand |0 < 8. Let &, € (0,0 (a3)) and & := min { &y, §; } > 0. Then, by (7.25b),

V(fe(x,0)) = V(w) < ~las — ov(6)]|z]" = —aa|a]

forall x € S and |0| < 0, where a4 := a3 — oy(6) > a3 — oy (61) > 0. But this means that
V(z) < p implies
V(fe(,0)) < V(x) — ala]” < p

so S = lev,V must be RPL Finally, 2" = f.(z,0), |0| < 0 is SESin S by Theorem 7.18.  [J

Remark 7.35. Remark 7.31 also applies to Assumption 7.33(a): we require V' (x) = oo for all

$¢XN

Remark 7.36. A restricted version of Assumption 7.8 is automatically satisfied under As-
sumption 7.33(b). Setting = = 0 in (7.25) gives f.(0,0) = f(0,xn(0),0) = 0 for all |#] < §

and some 0 > 0. If, additionally, Assumptions 7.1, 7.2, and 7.5 are satisfied, we have

arl(z, kv (2))]* < al(e, kv (@) < V(@) < eolf?

for some ¢y, co > 0, which implies kx5 (0) = 0, so f(0,0,6) = 0 for all |#] < 4.

7.4.2 Error bounds

While the maximum Lyapunov increases (7.23b) and (7.25b) are difficult to verify directly,
they are in fact satisfied for the optimal value function (i.e., V := VJ)) under fairly general

conditions. To show this, however, we require bounds on the error due to mismatch.
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Model error bounds

Stability of MPC under mismatch was first investigated by Santos and Biegler (1999); San-
tos et al. (2008), who considered, for a fixed parameter § € R"™, the following power law

bound:

f(z,u,0) — f(x,u)| < || (7.26)

for some ¢ > 0 and all (z,u) € R™ x R™. However, the bound (7.26) does not account for
changing or unknown # € R™ and is uniform in v € R™, thus ruling out the motivating

example from Section 7.1.3. To handle the former issue, we can take ¢ = o¢(|f]) for some

0s € K. For the latter issue, it suffices to either replace |z| with |(z, u)|, i.e.,
|f (2,1, 8) = f(a,u)] < op(18])](z, )| (7.27)
or consider a bound on the closed-loop error, i.e.,
[fol,0) = folw)] < G4(16])]a] (7.28)

forallz € S, u € U, and § € R™, where 04,0y € Ko and § C R" is an appropriately
chosen compact set.
For illustrative purposes, consider the following examples of the bounds (7.27). Note that,

for a robustly exponentially stabilizing MPC with quadratic costs (satisfying (7.22)), the con-

trol law satisfies |k (2)| < /ca/a(R)|x|, so (7.27) implies (7.28).

Example 7.37. The linear system ©* = Az + Bu achieves (7.27) with 6 defined as the
vectorization of { A B} and o4(-) = (-) € K. More generally, we could consider arbitrary

parameterizations of (A, B) that are continuous at # = 0, i.e., 7 = A(f)x + B(6)u where

a( [A(@) B(@)] — [A(()) B(O)}) < 04(|0]) and 0 € K is guaranteed by Proposition 7.49
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in Appendix 7.A.1.

Example 7.38. Consider the discretized pendulum system

1 + Axy

+ _ PR—
v = f(x,u,0) = xo + A(by sinxy — Oyzo + O3u)

where 6 € R?, is a vector of lumped parameters and A > 0 is the sample time. For a real
pendulum system, the discretization will introduce numerical errors, but since the errors are
O(A?), we may assume A > 0 is sufficiently small so that they can be safely ignored. For

this system we have

where 0 € R? .. Shifting 6 by —0 gives the bound (7.27).

In the following propositions, we derive the bounds (7.27) and (7.28) using Taylor’s theo-

rem and Assumptions 7.1 to 7.3, 7.5, 7.8, and 7.9 (see Appendix 7.A.4 for proofs).

Proposition 7.39. Suppose Assumptions 7.1, 7.2, 7.8, and 7.9 hold. For each compact set S C

R™, there exists 0y € K such that (7.27) holds forallz € S,u € U, and 0 € R™.

Proposition 7.40. Suppose Assumptions 7.1 to 7.3, 7.5, 7.8, and 7.9 hold. For each compact set

S C Xy, there exists 0y € K such that (7.28) holds for allz € S and 0 € R™.

More generally, we could consider KC2-function bounds,

[f (@, u,0) = fla,w)| < (|, u)], 10]) (7.29)

[fe(@,0) = fe(@)| < Fg(l], 1)) (7.30)

forallz € S and § € O, where 77,7, € K% and S C R™ and © C R™ are appropriately
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chosen compact sets. In the following propositions, we derive the bounds (7.29) and (7.30)

using Assumptions 7.1 to 7.3, 7.5, and 7.8 (see Appendix 7.A.4 for proofs).

Proposition 7.41. Suppose Assumptions 7.1, 7.2, and 7.8 hold. For any compact sets S C R"

and © C R", there exists vy € K? satisfying (7.29) forallx € S,u € U, and 0 € ©.
Proposition 7.42. Suppose Assumptions 7.1 to 7.4 and 7.8 hold. For any compact sets S C Xy
and © C R™, there exists 7; € K? satisfying (7.30) forallz € S and 0 € ©.

Suboptimal cost error bounds

Ultimately, we require a maximum Lyapunov increase of the form (7.23b) or (7.25b). The
robust descent property (7.21) suggests a path through imposing an error bound on the sub-

optimal cost function Vy (f.(z,8), a(z)), ie.,

Vi (fel,0), 0(x)) = Vi (fe(2), 0(x))| < ov(6])]2]” (7.31)
where 0y € K. In Proposition 7.43, we establish (7.31) under Assumptions 7.1 to 7.3, 7.5,
7.8, and 7.9 (see Appendix 7.A.4 for proof).

Proposition 7.43. Suppose Assumptions 7.1 to 7.3, 7.5, 7.8, and 7.9 hold and let S C Xy be

compact. Then there exists oy € Ko such that (7.31) holds for allx € S and 6 € R™.

Similarly, we can derive a K?>-function version of (7.31) under Assumptions 7.1 to 7.4 and

7.8 (see Appendix 7.A.4 for proof).
Proposition 7.44. Suppose Assumptions 7.1 to 7.4 and 7.8 hold. Let S C Xy and © C R™ be

compact. Then there exists vy € K? such that, for eachz € S and 0 € O,

Vv (fol,0), 0(x)) = Vir(fel@), 0(@))| < (|, ]0]). (7.32)
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7.4.3 Stability despite mismatch
General costs

Finally, we are in a position to construct a maximum Lyapunov increase (7.23b) or (7.25b).

For general costs, this is accomplished in the following proposition.

Proposition 7.45. Suppose Assumptions 7.1 to 7.4 and 7.8 hold. Then Assumption 7.24(a,b)
hold with V := V.

Proof. Let p > 0, S :=lev,Vy,and V := V). Then S C X trivially. Since V) is Ls.c. (Bert-
sekas and Shreve, 1978, Lem. 7.18), § is closed. By Theorem 7.20, there exists as € K
satisfying (7.23a) for all z € S. Then |z| < a7 (V(2)) < a;'(p) forall z € S, s0 S is
compact.

By Proposition 7.21, there exists 0y > 0 such that S is RPI for z* = f.(z,6),|0| < d and
(7.21) holds for all x € S and |0| < dy. Moreover, for each x € S and |0| < o, (7.32) holds
for some vy, € K? by Proposition 7.44. Finally, combining (7.9), (7.21), and (7.32) gives (7.23b)

with ag := a;. O

Assumption 7.24(a,b) alone do not guarantee strong stability. However, we can strengthen

the hypothesis of Proposition 7.45 with a scaling requirement to guarantee strong stability.

Corollary 7.46. Suppose Assumptions 7.1 to 7.4 and 7.8 hold. Let p > 0 and S := lev,V}.
Then (7.23) holds for allx € S and |0| < &y with V := Vy and some &y > 0, ay, g, a3 € Koo,
and vy € K2 If, additionally, there exists T > 0 satisfying (7.24), then there exists § > 0 such

that ™ = f.(x,0),|0| < 0 is SES in the RPI set S.

Proof. The first part follows from Proposition 7.45, and the second part follows from Theo-

rem 7.25. u
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Quadratic costs

For quadratic costs, we construct (7.25b) in the following proposition.

Proposition 7.47. Suppose Assumptions7.1to 7.3,7.5,7.8, and 7.9 hold. Then Assumption 7.33
holds with b :== 2 and V := V.

Proof. Let p > 0,V := V), and S := lev,V. Since Assumption 7.5 implies Assumption 7.4,
we have from the first paragraph of the proof of Proposition 7.45 that S is compact.
Theorem 7.22 also implies (7.25a) holds for all x € S, with a;,a5 > 0 and b := 2. By
Proposition 7.21, there exists 0y > 0 such that S is RPI for 7 = f.(z,0), 0| < do and (7.21)
holds for all z € S and |0 < dy. Moreover, for each z € S and |0| < dy, (7.31) holds for some

oy € Ko by Proposition 7.44, and combining (7.21) and (7.32) gives (7.25b). O

Our third and final main result is an immediate corollary to Theorem 7.25 and Proposi-

tion 7.47.

Corollary 7.48. Suppose Assumptions7.1to 7.4,7.8, and 7.9 holds. For each p > 0, there exists

§ > 0 for which ™t = f.(x,0),|0] < 0 is SES in the RPI set S := lev, V.

Proof. By Proposition 7.47, Assumption 7.33 holds with V' := V2, and by Theorem 7.34, there

exists § > 0 for which S is RPl and z* = f.(z,6),]0] < is SESin S. O

7.5 Examples

In this section, we illustrate the nuances of Assumptions 7.24 and 7.33 through several ex-
amples. First, we consider a non-differentiable system that satisfies Assumption 7.24(a,b) but
not Assumption 7.24(c), and is not SAS. Second, we consider a non-differentiable example that
nonetheless satisfies Assumption 7.33 and is therefore SES. Finally, we consider the inverted

pendulum system to showcase how the nominal MPC handles different types of mismatch.
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Figure 7.3: Contours of the cost difference for the MPC of (7.33).
Notably, we consider (i) discretization errors, (ii) unmodeled dynamics, and (iii) incorrectly

estimated input gains.

7.5.1 Strong asymptotic stability counterexample

Consider the scalar system

" = f(z,u,0) = oz + (1+0)u) (7.33)

where o is the signed square root defined as o(y) := sgn(y)+/|y| for each y € R. We define a
nominal MPC with U := [—1, 1], {(z,u) := 2* +u? Vj(z) := 42, X := [-1,1],and N := 1.
In Appendix 7.B, it is shown the closed-loop system 2™ = f(z, k1(x),0), 0| < 3 is RES

on X} = [—2,2] with the nominal control law k;(z) := —sat(z). Additionally, it is shown
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— 0 =0.00 - 6 = —0.50
6 =—-0.25—- 6 =-0.75

AV (x,0)

Figure 7.4: For (left) nonnegative and (right) nonpositive values of 6, the (top) closed-loop
trajectories for the MPC of (7.33) with initial state x = 2, and (bottom) cost differences of
the same MPC as a function of x.

Assumption 7.24(a,b) is satisfied with V' := V", and (7.23b) holds for all z € S := lev,V}? =
[~1,1] and |0 < &y := 3 with as(s) := 2s?, and yy/(s,t) := st + 44/st. But this implies
lim, o+ Yy (s,t)/as(s) = oo for each t > 0, so Assumption 7.24(c) is not satisfied.

However, Assumption 7.24 is only sufficient, not necessary, for establishing strong stabil-

ity. But we have V(z) = 22?% and

AVP(x,0) = VY(f(z, ki (2), 0)) = Vi (x)

= 2[o(02)]? — 222 = 2(|0] — |z|)|z| > 0.

for each 0 < |z| < |A| < 1, so the state always gets pushed out of (—|6|, |#|) unless it starts at
the origin or § = 0. In other words, the MPC only provides inherent robustness, not strong
stability, even though Assumption 7.24(a,b) is satisfied.

In Figure 7.3, we plot contours of the cost difference AV(z, #), and in Figure 7.4 we plot
closed-loop trajectories and the cost difference curve AV’(-, #) for several values of 6. Only

with § = 0 does the trajectory converge to the origin and the cost difference curve remain
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Figure 7.5: Contours of the cost difference for the MPC of (7.34).

negative definite. For each 6 # 0, the cost difference is positive definite near the origin, and

the trajectory does not converge to the origin.

7.5.2 Non-differentiable yet strongly exponential stable

Consider the scalar system

= f(z,u,0) =z + (1/2)v(z) + (1 + O)u (7.34)

where 7 : R — R is defined as

|z| sin(2m/x), x # 0.
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— 0 =0.00 - 6 = 1.00 — 6 =0.00 - 6 = —1.00
6 = 0.50 —-= 6 =1.50 6 = —0.50—- 6 = —1.50

AV (z,0)

Figure 7.6: For (left) nonnegative and (right) nonpositive values of 6, the (top) closed-loop
trajectories for the MPC of (7.34) with initial state x = 2, and (bottom) cost differences of
the same MPC as a function of x.

While the function v is continuous, it is not differentiable at the origin. We define a nominal
MPC with U := [—1,1], {(z,u) := 2 + u?, Vi(z) == 42*, X; ;= [-1,1],and N := 1.

In Appendix 7.B.2, we show the closed-loop system 21 = f(z, k1(z),0),|0| < 1is RES on
X; = [—2, 2] with the nominal control law x4 (x) := —sat((4/5)x+(2/5)v(x)). Moreover, it is
shown that Assumption 7.33 is satisfied, and by Theorem 7.34 (and its proof), the closed-loop
system 2t = f(x, k1(2),0),]0] < :=0.5is SESon X} = [-2,2].

To establish a clearer picture of robust and strong stability for the closed-loop, we plot in
Figure 7.5 contours of the cost difference AV (z,0) := V?(f(x, k1 (x),0)) — V(z), and in
Figure 7.6 closed-loop trajectories and the cost difference curve AV(-, ) for several values
of f. For 0 between 6, ~ 0.57 and 6; ~ 1.08, the closed-loop system is strongly stable, with
trajectories converging to the origin, and a negative definite cost difference curve. Outside
of this range but with § € [—1,1.5], the closed-loop system is still robustly stable, with a
cost difference curve of ambiguous sign but trajectories converging to a neighborhood of the

origin. Finally, for § < —1, trajectories are unbounded because A& is not RPL
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7.5.3 Upright pendulum

Consider the nondimensionalized pendulum system

X2

sina, — 0229 + (k4 65)u (7.35)

where 1, 5 € R are the angle and angular velocity, u € [—1, 1] is the (signed and normalized)
motor voltage, #; € R is an air resistance factor, k > 0 is the estimated gain of the motor,
and 6, € R is the error in the motor gain estimate. Let ¢(¢; x, u, §) denote the solution to the
differential equation (7.35) at time ¢ > 0 given an initial condition z(0) = z, constant input

signal u(t) = u, and parameters §. We model the continuous-time system (7.35) as
" = f(z,u,0) =2+ AF(z,u,0) + 03r(x,u,0) (7.36)
where 7 is a residual function given by

A
r(x,u,0) ::/0 [F(y(t; z,u,0),u,0) — F(x,u,0)]dt.

Assuming a zero-order hold on the input u, the system (7.35) is discretized (exactly) as (7.36)

with f5 = 1. Since we model the system with § = 0 as

xt = f(a:,u) = f(z,u,0) =x+ A [ 2 } (7.37)

sinxy + ku

we do not need access to 7 to design the nominal MPC.

For the following simulations, let the model gain be k=05 rad/s?, the sample time be

A = 0.1s, and define a nominal MPC with N := 20, U := [-1,1], {(z,u) := |z|* + u?
Vi(z) = |z[p,, Xy = lev, Vy, and ¢; := o(Py)/8, where Py = [:153: {§:413] is shown,
in Appendix 7.B.3, to satisfy Assumption 7.3 with the terminal law x¢(z) = —2z; — 2x,.
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(c) Underestimated gain
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(d) Breakdown cases

Figure 7.7: Simulated closed-loop trajectories for the MPC of (7.35) from the resting position
x(0) = (,0) to the upright position 25 = (0, 0) for various values of (61, 63) € R2.
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Assumptions 7.1, 7.2, 7.5, and 7.8 are satisfied trivially, and Assumption 7.9 is satisfied since
continuous differentiability of /" implies continuous differentiability of ¢ (and therefore also
r and f) (Hale, 1980, Thm. 3.3). Thus, the conclusion of Corollary 7.48 holds for some § > 0,
and if we can take 0 > 1, the nominal MPC is inherently strongly stabilizing with [91 92}
sufficiently small.

In Figurf; 7.7, we simulate the closed-loop system z* = f(z, koo(x),0) for some fixed
[91 0, 1} € R3. Note that all of these simulations include discretization errors. Fig-
ure 7.7a showcases the ability of MPC to handle unmodeled dynamics (i.e., a missing air re-
sistance term). In Figure 7.7b, the gain of the motor is increased until the nominal controller
is severely underdamped. In Figure 7.7c, the gain of the motor is decreased until the motor
cannot overcome the force of gravity and strong stability is not achieved. In Figure 7.7d, we

plot cases where the errors as made so extreme as to prevent stability.

7.6 Conclusion

We establish conditions under which MPC is strongly stabilizing despite plant-model mis-
match in the form of parameter errors. Namely, it suffices to assume the existence of a Lya-
punov function with a maximum increase, suitably bounded level sets, and a scaling condition
(Assumptions 7.24 and 7.33). While we are not able to show the assumptions hold in general,
when the MPC has quadratic costs it is possible to show that continuous differentiability of
the dynamics implies strong stability (Theorem 7.34). When the K?-function bound is not
properly scaled, the MPC may not be stabilizing, as illustrated in the examples. In this sense,
while MPC is not inherently stabilizing under mismatch in general, there is a common class
of cost functions (quadratic costs) for which nominal MPC is inherently stabilizing under
mismatch.

Several questions about the strong stability of MPC remain unanswered. While quadratic
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costs are used in many control problems, it may be possible to generalize Corollary 7.48 to
other useful classes of stage costs, such as g-norm costs, or costs with exact penalty func-
tions for soft state constraints. We propose the direct approach to strong exponential sta-
bility (Assumption 7.33 and Theorem 7.34) provides a path to generalizing Corollary 7.48 to
other classes of stage costs, output feedback, or semidefinite costs. We note that the Assump-
tions 7.24 and 7.33 are dependent on the horizon length. This leaves the possibility that some
MPC problems are strongly stabilizing at smaller horizon lengths but only inherently robust
at longer horizon lengths, or vice versa. However, this remains to be seen. Nonlinear MPC
is computationally difficult to implement online. Therefore it would be worth extending this
work to include the suboptimal MPC algorithm from Allan et al. (2017) using the approach
therein.

While systems with fixed and known setpoints are a useful and interesting class of prob-
lems, many systems have setpoints that must be tracked that may change based on the value
of the parameters. Offset-free MPC may be used to accommodate the effect of mismatch on
the setpoints. As we discussed in Chapter 2, theory on nonlinear offset-free MPC is fairly
limited, typically relying on stability of the closed-loop system to guarantee offset-free per-
formance (Pannocchia et al., 2015). In the subsequent chapter, we use the tools developed in
this chapter to extend the offset-free MPC theory by establishing closed-loop stability and
guaranteed offset-free performance for tracking random, asymptotically constant setpoints

subject to plant-model mismatch.
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Appendices

7.A Additional proofs

7.A.1 Nominal MPC stability

In this appendix, we provide sketches of the MPC stability results Theorems 7.6 and 7.7.
First, the lower bound VY (z) > «;(]z|) follows immediately from Assumption 7.4. Next,

consider the following proposition from Allan et al. (2017).

Proposition 7.49 (Prop. 20 of Allan et al. (2017)). Let C C D C R", with C' compact, D closed,
and f : D — R™ continuous. Then there exists o € K, such that |f(x) — f(y)| < a(|lz —y|)

forallz € C'andy € D.

Under Assumptions 7.1 to 7.4, we can establish the following bounds via Proposition 7.49,?

Vf(l‘) < Oéf(|:13|), Vo € Xy (7.38)

Vi (z) < ao(|zl), Vo € Xy (7.39)

for some oy, ay € K. To establish the cost difference bound, first note that, under Assump-

3Equation (7.38) follows immediately from Proposition 7.49 and Assumptions 7.1 and 7.2. For (7.39), see
(Rawlings et al., 2020, Prop. 2.16).
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tions 7.2 and 7.3, we have

Vi(f (2, 55(2))) < V(@) = o, w4 (x)) < ¢

A

for all x € Xy. Therefore X is positive invariant for x* = f(z, x¢(x)). But this means Xy
is positively invariant because, for each z € X}, G(x) steers the system into X; in N — 1

moves and keeps it there, meaning fc(x) € X. Finally, Assumption 7.3 implies

Vy(fe(@)) < Vi (fel), 0()) < Vi(e) = £z, my () (7.40)

for all 2 € Xy (Rawlings et al., 2020, pp. 116-117). Therefore V(f.(z)) < V(x) — ay(|x|)
by Assumption 7.4.

Letp>0and S := leVpV]S. As noted in the main text, we have S C X'y by definition of
the sublevel set. Assumptions 7.2 and 7.5 implies o(Pf)|z|* < Vy(z) < ¢ forall z € Xy, so
we have |z| < e := \/c;/a(Py) for all € X;. Then with ¢, := max {7(P}), p/* }, we can

write

Vi(x) <o(Pp)la]? < eol2?, o] <,
Vy(@) <
p < coe? < colxf?, lz| > €.

for each x € S. Finally, V is an exponential Lyapunov function in S for 2+ = f,(x).

7.A.2 Lyapunov proofs
In this appendix, we prove some of the Lyapunov results of Section 7.2.

Proof of Theorem 7.14 (exponential case). The case where an ISS Lyapunov function implies
RAS for a system is covered by (Allan et al., 2017, Prop. 19), so we only consider the ISES/RES

case.

195



Stability despite mismatch Chapter 7

Let X C R" be RPI and suppose V' : X — R is an ISES Lyapunov function, both for
the system z* = f.(x,0),0 € ©O. Then there exist a1, as, a3, b > 0 satisfying (7.18) for all
x € X, where a;(+) := a;()® for each i € {1,2,3}. Suppose, without loss of generality, that

a3 < ay. Then (7.18) can be rewritten

V(fe(,0)) < V(x) — aslz|” + o(|0])

< V() = 22V (@) + o (6]

— MoV () + (1))

forallz € X and 0 € ©, where Ao :=1— % € (0, 1). Since X is RPI, this implies

V(@e(k; x,00.1-1)) < MV (z +ZA3 Lo(|0(k — 1))

< MV () + (2 Ag—l) max_o(16()])

— 1€lg:p—1
MaXiely.,_4 U<|9<2)|)
1—X

Oo.r—
= MV (2) + %’;;H)
7(l18ox-11)
1—X

< ANVi(z) +

= ap|z|AE +

forallk € 59,2 € X,and 0 € ©F If b > 1, then, by the triangle inequality for the b-norm,
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we have

wwwwﬁM1»”b

(3]

|%%wﬁmqﬂé(

o(||80x-1])\ "
1—X

1
< (a2|x|”A’5 +
ay

IN

< c|z| N+ 7(]|00:-1]))

1/b
forall k € Isg, z € X, and 8 € OF, where \ := /\(l)/b € (0,1), ¢ :== (“—2> > 0, and

ay

1/b
() = (%) € K. On the other hand, if b € (0, 1), then 1/b > 1, so by convexity of

(-)*/*, we have

2\ /1 1o(]|@¢.x— 1/b
| (ks 2, 0p.-1)] < (a_) (—az!a:\”A’ng _M)

) 2 21—\
< L2\ ey L (20000 )
T2\ m T2 a(1 - o)

< clzX* + (1801 ]l)

k 1/b 2 L/b
forall k € 5, x € X, and 6 € OF, where A := )\, € (0,1), ¢ := <ﬂ> > 0, and

1
2 ai

1 200 \Y° , o : I
v() =5 a0 € K. In either case, (7.17) is satisfied with 3(s, k) := csA\" and vy € K

for some ¢ > 0 and A € (0,1). O

7.A.3 Proofs of inherent robustness results

This appendix contains proofs of the inherent robustness results from Section 7.3. From

Proposition 7.49, we have the following proposition.

Proposition 7.50. Suppose Assumptions 7.1 and 7.2 holds and let Vy(-,-) := Vi(¢(N;-,-)).

Then, for any compact set S C Xy, there exist oy, p, g € Koo such that, for eachx € S and
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0 e R,
V(™ () — V;(@T, 0(2)| < aqg(lzt — 7)) (7.41)
Vn (2™ a(z)) — Viv(@*,a(z))] < ap(lz™ —27) (7.42)
| fo(,0) — folz)| < ag(]6]) (7.43)

where 2 = f.(x,0) and it = f.().

Proof. Assumptions 7.1 and 7.2 guarantee 0 (z) is well-defined for all z € Xy (Rawlings et al.,
2020, Prop. 2.4). Define Cp := S x U x {0 } and C; := & x UY. Then C; and C} are compact,
f is continuous, and Vf and V)y are continuous as they are finite compositions of continuous

functions. By Proposition 7.49, there exist o, oy, g € K such that

Vi(zt,u) — Vp(2T,0)| < au(|(zt — 27, u —a)])
[V (zt, ) — V(2T,0)] < ap(|(zT — 2%, u — 1))

[f (@, u,0) = f(&,4)] < ao|(z — &,u — @, 6)))

for all (2,4,0) € Cy, (27,1) € O, (7,u,0) € R+ and (z+,u) € R*"*™, Specializing

the above inequalities to = &, &+ = f.(z), 27 = f.(x,0), u = @ = ry(z),and u = & =

[

u(x) gives (7.41)—(7.43) for all x € S and 6 € R™.
Next, we can prove Proposition 7.21.

Proof of Proposition 7.21. First, we have oy, a2,y € K satisfying the bounds (7.9), (7.12),
and (7.38)—(7.40) from the assumptions and Theorem 7.6 (and its proof). Next, we let x €
S and § € R™, and define V;(-,-) = Vj(¢(N;-,-)), zt = fo(x,0), and &+ = f.(z),
throughout. By Proposition 7.50, there exist oy, ap, p € Ko satisfying the bounds (7.41)-

(7.43).
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(a)—Robust feasibility: By nominal feasibility, we have 2°(N;2") € X; and therefore

Vi(2%(N;x)) < ¢p. But o(N; 7t a(z)) = f(2°(N; x), kp(2°(N;z))) and therefore

Vi@t a(z)) = Vi(o(N; 2T, a(z)))
= Vi(f(2°(N; 2), ks (2°(N; 2))))

< Vp(2%(N;2)) — aq (|J2° (N5 2))

where the inequality follows from Assumptions 7.3 and 7.4. If V;(2°(N;z)) > c¢;/2, then
|29(N;z)| > a;l(cf/Z) and V(2%,0(r)) < ¢; — al(ajil(cf/Q)). On the other hand, if

Vi(2°(N;x)) < ¢p/2, then V;(2F, 1i(z)) < ¢;/2. In summary,

Vi(@t a(2)) <e;—m
where vy, = min { ¢f/2, 041(0[;1(Cf/2) } > 0. Combining the above inequality with (7.41)
and (7.43) gives

V(2™ 0(2)) < ¢f — 71 + a0 (16]))-

Therefore, so long as |0 < &, := o, ' (a;!(71)), we have
Vi((Nsa™ (x)) = Vi(a™ (e) < ¢

which implies ¢(N; z*, 0(z)) € Xy, and therefore (z*, u(z)) € Zx.

(b)—Descent property: Suppose |§| < d;. Then (x*,a(z)) € Zy by part (a), so the in-
equality V(z) < Vy(z", u(z)) follows by optimality. Combining this inequality with the
nominal descent property (7.40) gives the robust descent property (7.21).

(c)—Positive invariance of S: Suppose again that || < §;. Then the inequality (7.43) holds
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from part (b), and combining it with (7.21) and (7.42) gives

V(a®) < V(@) — an(lz]) + an(as(]0])). (7.44)

V() > p/2, then Ja] > a3 (p/2) and V() < p— aa(03" (5/2)) + ap(ax(18])). On the
other hand, if Vj(z) < p/2, then V(2 %) < p/2 + ap((|6])). Then

Vi (@™) < p— 72 + ap(ae(10]))

where v, := min { p/2, a1 (a3 (p/2) } > 0. Therefore VJ(z*) < pand 27 € S so long as
0] < 0 :=min {;, 0, } where 65 := a; " (o, ' (72)). O

Finally, Theorem 7.20 follows from Propositions 7.21 and 7.50 by combining the inequal-

ities (7.21), (7.42), and (7.43).

Proof of Theorem 7.20. From Theorem 7.6, there exists as € K, such that (7.12a) holds for
allz € § C X, where a; € K, is from Assumption 7.4. By Proposition 7.50, there exist
ap, g € K such that (7.42) and (7.43) hold for all x € S and § € R™. By Proposition 7.21,
there exists 0 > 0 such that (7.21) holds for all z € S and |#| < §, and S is RPI for 2+ =
fe(x,0),]6| < 6. As in the proof of Proposition 7.21, we can combine (7.21), (7.42), and (7.43)
to give (7.44) for all z € S and |#] < 4, which is the desired cost decrease bound with

0 := oy o ay € K. Thus, part (a) is established, and part (b) follows by Theorem 7.14. O]

Proof of Theorem 7.22. All the conditions of Theorems 7.7 and 7.20 are satisfied. Thus, there
exists co > 0 such that (7.13) holds for all z € S with ¢; := (@) > 0. Moreover, we can
substitute oy () := ¢1| - |* and as(+) := cy| - |? into the proof of Theorem 7.20 to construct
d > 0and o € K such that (7.22) holds for all x € S and |0| < §. Therefore, by Theorem 7.14,

xt = fo(x,0),]0] < 6isISESin S. O
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7.A.4 Proofs of strong stability results

In this appendix we prove strong stability results from Section 7.3.

Quadratic cost MPC

We first consider results pertaining to strong stability of the quadratic cost MPC (Propo-

sitions 7.39, 7.40 and 7.43). Note that several preliminary results are required.

Proposition 7.51. Suppose Assumptions 7.1 to 7.3 and 7.5 hold. Let p > 0 and S := lev,Vy.

There exist c,., ¢, > 0 such that

120(k; )| < ezl Vees, keln. (7.45)

W0 (k; )| < ezl VeesS, kelpn_. (7.46)

Proof. By Theorem 7.22, we have the upper bound (7.22a) for all x € S and some ¢, > 0.

Moreover, since (), R, Py are positive definite, we can write, for each z € S and k£ € Ip.n_1,

a(Q)|2°(k; 2)|* < [2°(ky 2)[g < Viy(z) < cola]”
a(P)|2°(N; )" < 2°(N; 2)[p, < Vy(z) < cala]®

o(R)[u’(k;2)* < [u’(k;2)[; < Vi(z) < cala]”.

Thus, with ¢, := max {+/c2/0(Q),\/c2/a(Ps) } and ¢, := +/c2/c(R), we have (7.45) and
(7.46). O

Proof of Proposition 7.39. Let z := (x,u). By Proposition 7.49, for each i € 1., there exists

0; € K« such that
0fi
0z

(.0~ 2 <z>| < o(|(z — 2.6)) (.47)
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forall z,Z € § x U and # € R™. Next, let Z denote the convex hull of S x U. Then tz € Z
forallt € [0,1] and z € Z. By Taylor’s theorem (Apostol, 1974, Thm. 12.14), for each i € [;,,
and (z,0) € Z x O, there exists t;(z,0) € (0, 1) such that

fi(z79) T fz(’z) = (aa-];l (ti('Zve)Z?e) - aaj;l (ti(’zu 9)2)> . (7-48)

Combining (7.47) and (7.48) gives, for each (z,0) € S x U x R™,

f(2,60) = f(2)] < Z [fi(z:8) = fi(2)] < ZUi(|‘9|)|Z|

and therefore (7.27) holds with oy := > | ;. [

Proof of Proposition 7.40. By Proposition 7.51, there exists ¢, > 0 such that
iy ()| = [u’(0;2)] < eyl
for all z € S. Moreover, by Proposition 7.39, there exists oy € K, such that

[fel2,60) = fol@)| < o (10D|(2, wn(2))] < o7(8]) (2] + kn(2)])
< (10D (|2| + culz]) = a(10])]2|
forallz € S and § € R™, where 6 := 04(1 + ¢,) € K. O

Proposition 7.52. Suppose Assumptions 7.1 to 7.3, 7.5, and 7.8 hold and assume [ is Lipschitz
continuous on bounded sets. Let p > 0, S := leVpVJQ,, and © C R™ be compact. There exist

b1, Cp2 > 0 such that, foreachz € S and 0 € O,

Vn(zt, a(z)) — V(@' a(x))| < 2epq|z|jz™ — 27| + cpolat — 27| (7.49)
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where it = f.(z) and 2z = f.(z, ).

Proof. First, we seek to prove following bound on the incurred terminal penalty f/f(-, ) =

Vf(qg(N; -,+)): foreachz € Sand § € O,
|‘~/f<l’+, ﬁ(x» - Vf(:%+7 ﬁ<x>>| < Ca,1|IH33+ - .%+| + Ca,2|ZL’+ — i’_‘_ 2 (750)

where 2 = f.(z,0) and 21 := f.(z).
Using the identity |y|2, — |93, = |y — 9|3, + 2(y — §) " My for any positive definite M

and y, y of appropriate dimensions, we have, for each z € S and 6 € O,

Vi(at,a(e) = Vi(@* a(e)) = [6(N;2h, (@) — o(N; 31, (@) |7,

~

+2((N; 2t a(z) — $(N; &7, () Py x o(N; 2+, a(x)). (7.51)

where 2 := f.(z,0) and i+ := f.(z). By Proposition 7.51, there exists ¢, > 0 such that

|2°(k; z)| < ¢,|z| and therefore
[6(k; folw), B(2)] = |2°(k + L;2)] < ol (7.52)
for each k € lj.xy—1 and € S. By Assumptions 7.3 and 7.5, we have, for each x € Xy,
a(P)|f (@, mp(2))]* < Vi(f(@, rp(2)) < Vi(e) = a(Q)laf* < [7(Pf) — (@)

and therefore

A

f (@, kg ()] < vpl]

where v; := \/[0(P;) — a(Q)]/a(Ps). Then, since 2°(N;z) € X; and X; is positively
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A

invariant for z* = f(x, ks(x)), we have
[B(N; fol), a()| = |f(E°(N: ), u"(N52))| < 95[2°(Ns2)| < ypealal (7.53)

for each x € S. Since (S, U, O) are each bounded and f is continuous, Sy := f(S,U, ©) is
bounded. But this means Si.1 = f (Sk, U) is bounded for each k € I (by induction), so
S = U/vazo Sy, is also bounded. Since f is Lipschitz continuous on bounded sets, there exists
Ly > Osuch that | f(z,u) — f(Z,@)| < Ly|(x — &,u—a)| forall 2,7 € S and u, & € U. Then,

for each 6 € O, we have

6(k + Lot (x)) — ok + 127, ()|

A A

= |f(d(k; ™, a(2)), u’(k; 2)) — flo(k; & ¥, (), u(k; x))]
< Lylg(k; ot a(z)) — ok &*, a(x))|

for each k € Iy.y_1, and therefore
|O(k; 2%, 0(x)) — $(k; 27, 0(2))| < Lflat — 7], (7.54)

for each k € Iy, where #* := f.(z) and 2+ := f.(z,6). Finally, combining (7.51), (7.53),
and (7.54), we have (7.50) for all x € S and 6 € ©, where ¢, = QL}V'yfch(Pf) and ¢, 1=

LG (Py).
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Moving on to the proof of (7.49), we have, for each x € S and 6 € O,

V(o™ a(x) = Ve (N; 25, () = Y [o(k; 2%, i(w) — o(k; &, a(2)) |3
k=0

+ Vi(zt,a(z)) — Vi@, a(z)) (7.55)

where &t := f,(z)and 2t := f.(z,6), and combining (7.50), (7.52), (7.54), and (7.55), we have

(7.49) with ¢ := co1 + 25(Q) iv:_ol L’j‘écx and ¢, 2 1= 42 +7(Q) fj:_ol Lfc’“. O

Proof of Proposition 7.43. By Proposition 7.39, there exists 6y € K. such that (7.28) for all
x € S. Moreover, by Proposition 7.52, there exist ¢, 1, ¢ 2 > 0 such that (7.49) forallz € S
and § € R™, where 2t := f.(z,0) and fc(:p) Finally, (7.28) and (7.49) imply (7.31) for all

z € Sand f € R™, where oy(+) := c,157(") + &2[07(")]* € Keo. O

General nonlinear MPC

Next, we move on to the general nonlinear MPC results (Propositions 7.26, 7.41, 7.42

and 7.44). Again, several preliminary results are required.

Proposition 7.53. For each « € K and v € K2, let v1(s,t) := a(y(s,t)), (s, t) =

y(a(s),t), and y3(s,t) := v(s, a(t)) for each s,t > 0. Then v1,72,73 € K2

Proof. This fact follows directly from the closure of K under composition (Kellett, 2014). For
example, for each s > 0, we have (-, s) = y(a(-),s) € K by closure under composition,
Y2(s,+) = v(a(s),-) € K trivially, and -, is continuous as it is a composition of continuous

functions. O]

Proof of Proposition 7.41. Without loss of generality, assume S and O contain the origin. By

assumption, C' := S x U x © is compact, and by Proposition 7.49, there exists oy € K, such
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that

’f('r?uve) - f(ivﬂ’a é)’ < Uf(|<x7u>9) - (j,ﬂ,,é)‘) (7-56)

for all (z,u,6), (&,1,0) € C. Specializing (7.56) to (Z, @i, §) = (z,u,0) € C gives
£, u,0) = f(z,w)| < og(16]) (7.57)
for all (z,u,#) € C. On the other hand, specializing (7.56) to (%, @, 0) = (0,0,6) € C gives
f(z,u,0)] = |f (2, u,0) — £(0,0,0)| < os(|(z,u)])
and therefore
[f (@, u,0) = flz,u)] < [ f(a,u,0)] + | f (e, u)] < 204(|(2,u)]) (7.58)
for all (x,u, ) € C. Combining (7.57) and (7.58) gives
|f(x,u,0) = f(a,u)| < min{20(|(z, u)]), 0(|0])}

forall (z,u,0) € C, whichisan upper bound that is clearly continuous, nondecreasing in each

|z| and |6

, and zero if either |z| or |#] is zero. To make the upper bound strictly increasing,
pick any 0,05 € K and let v4(s,t) := min{20(s),04(t) } + 01(s)oa(t) for each s,t > 0.
Then v € K?, and (7.29) holds for all (z,u,§) € C. O

Proof of Proposition 7.42. First, we have v; € K? satisfying (7.29) forall 2z € S, u € U, and
0 € O by Proposition 7.41. Using the bounds (7.9) and (7.20a) with u = ry(x), we have, for
each z € X,

ar(lrn(@)]) < U, k() < V(o) < as(lz])
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), where o, := o' 0 ay € K. Then, for each x € Sand § € O,

and thus |kx(2)| < a.(|z

[fel,60) = fol@)] < 74(1 (2, in (@)1, 16])
< (2l + | (@)1, 16])

< pla] + awll]), 10]) = ¢ ([, 6])-

where J;(s,t) := v;(s + a.(s),t) for each s,t > 0. Then () + a,(-) € K, and 7; € K% by

Proposition 7.53. Finally, (7.30) holds for all z € S and 6 € ©. O

Proof of Proposition 7.44. By Proposition 7.49, there exists ay, € Ko such that
VN(ZEh 111) — VN(ZEQ, 112) S Oéb(|<l’1 — T2, U9 — 112)|) (759)

for all (z,u),(z,0) € f(S,U,0) x UY. Specializing (7.59) to x1 = x7 = f.(x,0), x5 =

@t = fo(x), and uy = uy = u(z) gives
V(™ a(x)) = Vv (@",a(2)] < oyl = 27)) (7.60)

for each x € S and # € O. By Proposition 7.42 there exists 7; € K? satisfying (7.30) for all
x € Sandf € O. Finally, combining (7.30) and (7.60) gives (7.32) with vy (s, 1) := ap(7¢(s, 1))

for all s,¢ > 0, where v, € K? by Proposition 7.53. [

Proof of Proposition 7.26. Let

for each s,t > 0, so that

o W) s
L:= lliigp o) 81_1>I£1+v(s,7').
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Suppose L < 1. Then there exists ¢y > 0 such that |y(s,7) — L| < 1 — L for all s € (0, d].
But 4(s,t) > 0and L > 0 for all s, > 0, so ¥(s,7) < 1forall s € (0,dp] by the reverse

triangle inequality. Therefore

(s, 7)
a(s)

<A(s, 7)< 1

and y(s,t) < a(s) forall s € (0,d¢] and ¢ € [0, 7.
If 69 > p, the proof is complete with ¢ := 7. Otherwise, we must enlarge the interval in s

by shrinking the interval in ¢. For each ¢ € (0, 7], let
20(t) =it {5 > 0] 4(s,8) > als) }.

Since ¥(s,t) < v(s,7) < a(s) for each s € (0, ] and ¢t € [0, 7], we have yo(¢) > 0. Then,
by continuity of a and 7, 7(¢) must be equal to the first nonzero point of intersection if it
exists. Otherwise v(¢) is infinite. Note that v, is a strictly decreasing function since, for
any t € (0, 7], we have y(y0(t),t") < v(y0(t),t) = a((t)) for all ' € (0,t). Moreover,
limy o+ 70(t) = oo since, if 7y was upper bounded by some 7 > 0, we could take v(7,t) >
a(¥) > 0forall t € (0, 7], a contradiction of the fact that v(s,-) € K for all s > 0. Then
there must exist 6 > 0 such that 7,(d) > p and therefore y(s,t) < «(s) for all s € (0, p] and
t €1[0,0]. O

7.B Additional examples details

7.B.1 Strong asymptotic stability counterexample

Consider the plant (7.33) and MPC defined in Section 7.5.1. We aim to show the closed-

loop system x* = f(x,ki(x),0),]0] < 0 is RES with § = 3, but not inherently strongly
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stabilizing for any § > 0. By Lipschitz continuity of x? on bounded sets and 1/2-Hélder

continuity of /|z|,

‘xz - y2’ S 4‘:6 - y‘7 v T,y € [_272]7 (761)

o(z) —o(y)| <2V ]z —yl, Va,yeR. (7.62)
To show (7.61), note that, for each § > 0, we have
2% — 2| = |z + yllz — y| < 20]x —y]

forall z,y € [—0, 0], and take § = 2 to give (7.61). For (7.62), we first show /(+) is 1/2-Holder

continuous on R>:

[z —yl VAL
Ve = s < s g <V

for all x,y > 0, where the last inequality follows by the triangle inequality. Then we auto-
matically get |o(z) — o(y)| < \/|z — y| if ,y > 0. On the other hand, if x > 0 and y < 0,

we have

o(x) o) = Vo + VYl < Vo +V-y <2z —y.

Finally, flipping the signs of the prior arguments gives (7.62).
First, we derive the control law. The terminal set can be reached in a single move if and
only if |z| < 2, so we have the steerable set X} = [—2, 2]. Consider the problem without the

terminal constraint. The objective is

Vi(z,u) = 2® +u* + 4|z + u
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— f(=,0) K1 (x) — V(@) x? e 3a?

— AVy(z) —t(z, w5 (x)) — AV (z,0) —z?

Figure 7.8: For the MPC of (7.33), plots of (top left) the open-loop dynamics and control law,
(bottom left) the terminal cost difference, (top right) the optimal value function, and (bottom
right) the cost difference, each with the relevant (nominal) bounds from Assumption 7.3
and (7.22).

which is increasing in v if x > 1 and |u| < 1, and decreasing in v if + < —1 and |u| < 1.

Thus Vi (z, ) is minimized (over |u| < 1) by u’(z) = —sgn(z) for all z & [—1,1]. On the

other hand, if |z| < 1, then V/(z, -) is decreasing on [—1, —z) and increasing on (—z, 1]. Thus

Vi(x,-) is minimized (over |u| < 1) by u’(z) = —x so long as |z| < 1. In summary, we have
the control law x4 (x) := —sat(x). But
' 0, ol <1
|f (2, ki (2))] =

v —sgn(@)| = lo| =1, 0< o] <2

so u = ry(z) drives each state in &} = [—2,2] to the terminal constraint X; = [—1,1].
Therefore x; is also the control law of the problem with the terminal constraint. The control
law k; is plotted, along with the unforced dynamics f (+,0), against x € X} in Figure 7.8 (top

left).

Assumptions 7.1 and 7.4 are satisfied by definition, Assumption 7.2 is satisfied with c; :=
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8, and Assumption 7.3 is satisfied with r¢(x) := —z since flx, kf(z)) = 0and
AVy(x) = Vi(f (2, r())) = Vi(e) = —da® < =227 = U, 5 (2))

for all z € Xy. See Figure 7.8 (bottom left) for plots of AV, and —¢(-, k¢(-)). Therefore, by
Theorem 7.20, the closed-loop system x* = f(x,k1(2),6),]0] < §is RAS on X} = [—2,2]
with ISS Lyapunov function V} for some § > 0. Our next goal is to find such a § > 0.

First, however, let us establish that V)" is a Lyapunov function for the modeled closed-loop
ot = f(x, k1 (2)) in X, = [~2, 2]. We already have V;?(z) > 22 for all |z| < 2. For the upper

bound, we have

202, o <1,
VP (2) = Vi(z, ki (2)) =

p?+ 4z -3, 1< |z <2

for each |z| < 2. But the polynomials —2z? + 42 — 3 have no real roots, so 4|z| — 3 < 222,
and the above inequality gives V?(z) < 3z? for all |x| < 2. Moreover, by (7.40), we have
AVO(x,0) < —2% so xt = f(x, k1(x)) is in fact exponentially stable on X, = [—2,2]. We
plot V2 and AVY(-,0) := VO(f(-,k1(+))) — V(-), along with their exponential Lyapunov
bounds, in Figure 7.8 (right).

For robust positive invariance, let |z| < 2,0 € R, 2t := f(z, k1(2),0), &+ := f(x, k1 (z))

and note that

2 and therefore

where 07! (z) = sgn(x)|x

o] < VIt + [6]]sat()] < /1 +16)].
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Then |z%| < 2 s0 long as |0] < 3,s0 X} = [—2,2] is RPI for T = f(z, k1(x),0), 0] < 3.

By continuity of f, VO, and k; and Proposition 7.49, there exists 0 € K, such that
V(@) =V (27)] < o(]0]) and therefore Vi’ (x) < V(&%) + |V () VP (@7)] < V() —
22 + o(|0]) for all |z| < 2 and || < 3, where 2+ = f(z, k1(2),0) and 2% = f(x, k1 (2)).
Therefore 7 = f(x,k1(x),0),|0] < 3 is not only RAS, but RES on X; by Theorem 7.14.

We now aim to show strong stability is not achieved. For simplicity, we consider S :=

levoV? = [-1,1] = X as the candidate basin of attraction. Let |z| < 1,

6] < 3, xt :=
flx,k1(2),0), and & := f(x, k1(x)). Moreover, {(x, ki(z)) > 2|z|? =: as(|z|). Next, we

have k,(z) = —z, 2" = o(20), and 27 = 0. Therefore

Vi(z*, a(2) = Vi(@" a(@)] = [(27)" + 4™ || < 277 + 4]

< [a]|0] + 4v/[ ][] =: v (|2], 6])

where vy, € K2. For each t > 0, we have 220 — (gt + 41/5) /(252) = t/(25) + 2V/1/s%2,

as(s)

so limg_,o+ 70‘1’3((85) = oo for all £ > 0, and (7.24) is not satisfied.

As mentioned in the main text, (7.24) is sufficient but not necessary. But the cost difference

curve is positive definite, as

AV (x,6) = 2[o(0)]? — 2 = 2(6] — |a)[| > 0

forany 0 < |z| < |#| < 1. In other words, 6 can be arbitrarily small but nonzero, and the cost

difference curve will remain positive definite near the origin.

7.B.2 Nonlinearizable yet inherently strongly stabilizing

Consider the plant (7.34) and MPC defined in Section 7.5.2. We aim to show the closed-

loop system at = f(x, k1(2),0),]0] < Jis RES in A} with ¢ = 1, and SES with § = 1/2.
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To derive the control law, we first consider the problem without the terminal constraint

(ie, Xy = R). We have the objective

Vi(z,u) = 2% +u® + 4 (x + (1/2)y(z) + u)®.

Taking the partial derivative in u,

%(x, u) = 8z + 4vy(x) + 10u

and setting that to zero gives the optimal input

u’(z) = —g(x) == —(4/5)z — (2/5)(x)

whenever |g(z)| < 1. Otherwise the solution saturates at u’(x) = —sgn(g(z)), so we have
u’(z) = ki(z) := —sat(g(x)) for all |z| < 2.
To see where the control law k() saturates, first note
d*g
(@)

dx?

_ 2d%y

872 sin(27 /)
~ 5da?

Slzf?

(z) =

for all x # 0, so g(x) is strictly concave on x € [1/(n — 1/2),1/n] and strictly convex
onz € [1/n,1/(n + 1/2)] for each n € 1. Therefore g(z) achieves a local maximum on
each x € [1/(n — 1/2),1/n], and the maximum is strictly decreasing with n. The last, and
greatest, of these local maxima on |z| < 2 is achieved on 2/3 < x < 1. Through numerical
optimization, we find maxo<,<1 g(r) = maxs/s<z<1 g(x) = 0.9849. By strict convexity of
glx)onz € [1,2], g(1) = 4/5, and g(2) = 8/5, we have max;<,<2 g(x) = g(2) = 8/5.
Therefore g(z) intersects the horizontal line at u = 1 exactly once over z € [—2,2], and it

does so at some z* € [1,2], which we can numerically verify is * ~ 1.6989. By symmetry,
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g(x) intersects u = —1 at —x*. Finally, because g(x) is strictly convex (concave) on [1, 2]

([—2, —1]), it saturates on (z*, 2] (and [—2, —z*)) and we have

—(4/5)x = (2/5)(x), || < a7,

Ki(z) =

—sgn(x), o < z| < 2.
For the problem with the terminal constraint, we have

~

|, 51 (2))] = [(1/5)2 + (3/5)y(2)] < (1/5)x + (3/5)[v(w)| < 4/5

for each x € [0, 1],

~

[ (2, (@) = [(1/5)2 + (3/5)y ()] < |(1/5)x — (3/5) |y ()] < (2/5)|x] < 4/5

for each x € [1, 2], and

~

[f (2, ma ()] = |o + (/20 (2) =1 < fo| =1 = (1/2)y(z)] <[z -1 <1

for each = € [z*, 2], where we have used the fact that v(z) < 0 for all z € [1, 2]. Therefore
|f(z,r1(2))] < 1forall z € [0,2], and the same holds for all z € [—2,0] by symmetry.
Therefore the terminal constraint X = [—1, 1] is automatically satisfied by the unconstrained
control law, so k1(z) is also the control law for the MPC with the terminal constraint. In
Figure 7.9 (top left), we plot x; and f(-,0) on X.

Assumptions 7.1 and 7.5 are satisfied by definition, and Assumption 7.2 is satisfied with

cp:=4. Let ky(z) :== —(1/2)(z + v(x)) for all |z| < 1. Then

[kp ()] < (1/2)(J2] + [y (@)]) < fa] <1
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— f(=,0) K1 (x) — V(@) x? e 42

— AVy(z) —t(z, w5 (x)) — AV (z,0) —z?

Figure 7.9: For the MPC of (7.34), we plot as a function of z (top left) the open-loop dynam-
ics and control law, (bottom left) the terminal cost difference, (top right) the optimal value
function, and (bottom right) the cost difference, each with the relevant (nominal) bounds
from Assumption 7.3 and (7.22).

for all |z| < 1, so u = ky(x) is feasible in the terminal constraint. Moreover, f(z, #7(z)) =

(1/2)x, so
AVi(x) = Vi(f(w, rp(2))) = Vi) + Uz, m(2)) = =22% + rp(2) ] < =2 <0

and Assumption 7.3 is satisfied. See Figure 7.9 (bottom left) for plots of AV and —¢(-, k¢(-)).
By Theorem 7.22, the closed-loop system =™ = f(z, k1(x),0), |0| < ¢ is RES on X; with the
ISS Lyapunov function V;? for some § > 0. Our next aim is to find such a § > 0.

Let 2] < 2,0 € Rzt := f(x,k1(x),0), and & := f(z,r(2)). Then 2+ = & + 0k, (2),
and we have

|27 < |27 4 18]k ()] < 1+ 6]

forall @ € R. Butthismeans [z 1| < 2forall || < 1,s0 X} isRPIforz™ = f(x, k1(x),0), 0] <
1. Continuity of f, ¢, V, and r; implies continuity of V’(f.(-,-)), at least for all |z| < 2

and |#| < 1 on which the function is well-defined. Then, by Proposition 7.49, there exists
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0 € K« such that, if || < 1, we have |[V(z") — V?(27)| < o(|6]), and therefore V(z 1) <

VP(@™) + VP (") = V()] < VP (x) — 2® + o(|0]). Finally, 27 = f (=, k1 (), 0), [6] < 1is
RES in &} = [—2, 2| by Theorem 7.14.

Next, we aim to show the MPC is inherently strongly stabilizing via Assumption 7.33
and Theorem 7.34. Consider the candidate Lyapunov function V(x) := 22 for all |z| < 2
and V() := oo otherwise, and let p > 4, S := lev,V = [-2,2] = A}, and &y := 1. If
we can show Assumption 7.33(a,b) hold with these ingredients, then Assumption 7.33 will
hold for all p > 0. Assumption 7.33(a) and (7.25a) are already satisfied with |#] < §p = 1,
and S is RPI, but it remains to construct the bound (7.25b). Throughout this derivation, let
ot = f(x, ki(x),0) and 21 = f(z, k51 ().

First, suppose |z| < x* and |f| < 1. Then the controller does not saturate, i.e., k1 (z) =

—0.8x — 0.4v(x), and we have in the nominal case 7 = 0.2z + 0.17(z), |7| < 0.3]z|, and
V(@) - Vi(x) = |2t - |2)* < —0.91|z). (7.63)

Next, consider the identity
y'— 22 =22y — 2) + (y — 2)° (7.64)

for all y,z € R. We have 27 = (0.2 — 0.80)x + (0.1 — 0.40)~(z), so |+ — 27| = |0.80z +
0.40~(x)| < 1.2|0||z

, and (7.64) implies

V(z®) = V(2")] <0.72/0]|x|* + 1.44|0)*|z|*. (7.65)

Next, suppose z* < z < 2 and |f| < 1. Then the controller always saturates, i.e., k1 (x) =
—1. Since y(Z) < Oforalll < & < 2, we have 0 < 0.5z + 0.5y(z) < 0.5z < 1 and

Tt =2z +0.57(x) — 1 < 0.52. Moreover,z — 1 > z* — 1 > 0,s0 2" =z + 0.5y(z) — 1 >
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0.5y(x) > —0.5z. Then we have |27| < 0.5|z| and

V(@) = V(z) = |27]* — |z]* < —0.75|z|% (7.66)
Moreover, |zt — 21| = |0| and (7.64) implies
V(") = V(@) < (/20| + (1/27)*|6)? |2 (7.67)

where we have used the fact that |z|/2* > 1. By symmetry, (7.66) and (7.67) also hold for
—2<x<—x"

Combining (7.63), (7.66), (7.67), and (7.68), we have

V(zt) < V(x) — as|z|® + ov(10])]z)? (7.68)

for all z € Xy, where a3 := 0.75 and oy (t) := max { 0.72t + 1.44¢% (2/x*)t + (1/x*)*t? }
and Assumption 7.33 is satisfied. Finally, by Theorem 7.34 (and its proof), the closed-loop
system 2 = f(x,k1(x),0),|0| < §is SES in Xy = [—2,2] for any 6 € (0,0}, '(a3)). Thus, it

suffices to take |0| < 6 = 0.5 since

ov(0.5) = max { 0.72,0.3809. ..} = 0.72 < 0.75 = as.

7.B.3 Upright pendulum

Consider the plant (7.36) and MPC defined in Section 7.5.3. It is noted in the main text

that Assumptions 7.1, 7.2, 7.5, 7.8, and 7.9 are automatically satisfied. To design P and show
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Assumption 7.3 holds, consider the linearization

vt =[oh 4z + [8] u (7.69)
—A —B

and the feedback gain K := [2 2], which stabilizes (7.69) because Ay := A — BK =

[ _4.0 %] has eigenvalues of 0.9 and 0.1. Numerically solving the Lyapunov equation
AR PiAg — Pp = —2Qk

where Q = Q + K'RK = [}}], we have a unique positive definite solution P :=

(34133 10-196--1 Using the inequality | sin x; — 21| < (1/6)|z|® for all z; € R, we have

Vi(f(x, —Kx)) = Vi(Ak)]
= 22" Ag Pr[ Asingr—ar) | T [Prl2eA%(sinzy — 1)

< blz|* + a|z|°

T 0
for all z € R?, where a := [Pf];gAQ =2.8643...x 102 and b := AMKTIM = 0.045675. . ..

Moreover, 0(Q) = 1, so

Vi(f(x, —Kz)) = Vi(z) + l(z, - Kz)
= —|2[3, + Vi(f(z, —Kz)) — V;(Agx)

< —[1—blz|* — ala|)|=|*

for all # € R?. The polynomial inside the brackets has roots at z, = —1.0231 ... and z*

0.9774 ... and is positive in between. Recall ¢; := o(Pf)/8. Then o(Pj)|z|* < Vi(z) <

cy = a(Py)/8 implies |z| < ﬁﬁ < z* and |[u| = |Kz| = 2(Jv1] + |22|) < 2v2|2| < 1,

7]

(6}
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Assumption 7.3 is satisfied with k¢(2) := —Kx = —21 — 225, and Py and X as defined.

219



Chapter 8

Stability of offset-free MPC despite
plant-model mismatch

Despite over twenty years of applied use and active research, there are no general results
on the stability of offset-free MPC with respect to tracking errors. Sufficient conditions for
which linear offset-free MPC stability implies offset-free performance were first established
by Muske and Badgwell (2002); Pannocchia and Rawlings (2003). While Muske and Badgwell
(2002); Pannocchia and Rawlings (2003) do not explicitly mention control of nonlinear plants,
the results are widely applicable to both linear and nonlinear plants with asymptotically con-
stant disturbances, as controller stability is assumed rather than explicitly demonstrated. In
fact, Pannocchia and Rawlings (2003) demonstrate offset-free control on a highly nonlinear,
non-isothermal reactor model.

Offset-free MPC designs with nonlinear models and tracking costs were first considered
by Morari and Maeder (2012). For the special case of state feedback, Pannocchia et al. (2015)
give a disturbance model and estimator design for which the offset-free MPC is provably
asymptotically stable and offset-free. In Pannocchia et al. (2015), the state-feedback observer
design is generalized to economic cost functions, and convergence to the optimal steady state
is demonstrated. A general, output-feedback offset-free economic MPC was first proposed

by Vaccari and Pannocchia (2017), who use gradient correction strategies to ensure the eco-
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nomic MPC, if it converges, achieves the optimal steady-state performance. For further devel-
opments of offset-free economic MPC, we refer the reader to Pannocchia (2018); Faulwasser
and Pannocchia (2019); Vaccari et al. (2021).

The results discussed thus far have assumed closed-loop stability rather than proven
it. Some authors have proposed provably stable and output-tracking nonlinear MPC de-
signs (Falugi, 2015; Limon et al., 2018; Kohler et al., 2020; Berberich et al., 2022b; Galuppini
et al., 2023; Soloperto et al., 2023), but they all assume access to the plant dynamic equations,
and none consider process and measurement disturbances.

In this chapter, we propose a nonlinear offset-free MPC design that has offset-free per-
formance and asymptotic stability subject to plant-model mismatch, persistent disturbances,
and changing references. Based on the results in Chapter 7, we use positive definite quadratic
costs and assume differentiability of the plant and model equations to ensure the plant-model
mismatch does not prevent stability with respect to the steady-state targets. To ensure the
controller is robustly feasible, we soften any output constraints in the regulator using an exact
penalty method, and to guarantee nominal regulator stability, we apply constraint backoffs
to the steady-state target problem. Lipschitz continuity of the steady-state target problem
solutions is required to guarantee robustness to estimate errors and setpoint and disturbance
changes.

We outline the chapter as follows. In Section 8.1, the offset-free MPC design is presented.
In Section 8.3, we establish asymptotic stability of the nominal system. In Section 8.4, we
establish robust performance with respect to estimate errors, setpoint changes, and distur-
bance changes. In Section 8.5, we extend these results to the mismatched system using the
approach from Chapter 7. Finally, in Section 8.7, we conclude the chapter with a discussion

of limitations and future work.
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8.1 Problem statement

8.1.1 System of interest

Consider the following discrete-time plant:

xy = fo(wp, u, wp) (8.1a)

y = hp(xp, u, wp) (8.1b)

where zp € X C R" is the plant state, u € U C R is the input, y € Y C R™ is the output,
and wp € W C R™ is the plant disturbance. The functions fp and hp are not known. Instead,

we assume access to a model of the plant,

" = f(x,u,d) (8.2a)

y = h(z,u,d) (8.2b)

where + € X C R" is the model state and d € D C R™ is the model disturbance. Without

loss of generality, we assume the nominal plant and model functions are consistent, i.e.,

f(z,u,0) = fp(x,u,0), h(z,u,0) = hp(z,u,0) (8.3)

for all (z,u) € X x U. The plant disturbance wp may include process and measurement
noise, exogenous disturbances, parameter errors, discretization errors, and even unmodeled
dynamics. The purpose of the model disturbance d is to align the plant and model outputs
at steady state. The model disturbance d may include any of the plant disturbances and/or

fictitious signals accounting for the effect of the plant disturbances on the steady-state output.
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Example 8.1. Consider a single-state linear plant with parameter errors,

~

fe(wp, u,wp) = (G + (we)1)zp + (b + (wp)2)u

hp(xp, u, wp) = xp + (wp)3

and a single-state linear model with an input disturbance:

flx,u,d) = ax + b(u+ d), h(z,u,d) = .

For this example, the plant disturbance wp includes both parameter errors and measurement
noise, whereas the model disturbance only provides the means to shift the model steady states

in response to plant disturbances.

The control objective is to drive the reference signal,

r=g(u,y) (8.4)

to the setpoint 7, using only knowledge of the model (8.2), past (u,y) data, and auxiliary
setpoints (usp, Ysp) (to be defined). The setpoints sg, = (7'sp, Usp, Ysp) are possibly time-
varying, but only the current value is available at a given time. The controller should be

offset-free when the setpoint and plant disturbances are asymptotically constant, i.e.,

(Assp(k), Awp(k)) — 0 = r(k) —rep(k) — 0

where Asg, (k) 1= sqp(k) — ssp(k — 1) and Awp(k) = wp(k) — wp(k — 1). Otherwise, the
amount of offset should be robust to setpoint and disturbance increments (Asgp, Awp).

Remark 8.2. To achieve nominal consistency (8.3) and track the reference (8.4), we typically

need the dimensional constraints n, < ny and n, < n,, respectively. Otherwise their are
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insufficient degrees of freedom to manipulate the output and reference at steady state with

the disturbance and input, respectively.

Remark 8.3. We do not strictly require an asymptotically constant disturbance. For exam-
ple, if ¢, (k) = sin(1/k) and wp = 0, then the setpoint increments go to zero Arg,(k) =
sin(1/k) — sin(1/(k — 1)) = O(1/k?). But the setpoint signal becomes approximately con-

stant as k — o0, so we should expect the offset-free MPC to be approximately offset-free.

Throughout, we make the following assumptions on plant, model, and reference func-

tions.

Assumption 8.4 (Continuity). The functions g : UXY — R, (fp, hp) : XxUXxW — XxY,
and (f,h) : XxUxD — X x Y are continuous, and f(0,0,0) = 0, ~(0,0,0) = 0, g(0,0) = 0,
and (8.3) holds for all (z,u) € X x U.

8.1.2 Constraints

The sets (X, Y, D, W) are physical constraints (e.g., nonnegativity of chemical concentra-
tions, temperatures, pressures, etc.) that the systems (8.1), (8.2), and (8.3) automatically satisfy.
These are hard constraints enforced only during state estimation. On the other hand, we en-
force the hard constraint « € U during both regulation and target selection. Additionally, we

enforce soft joint input-output constraints of the form

Zy:={(u,y) € UxY|¢(u,y) <0Viel.,,, }

where ¢ : U X Y — R" is the soft constraint function. Having active constraints at steady

state is problematic, so the constraints are sometimes tightened as follows:

Zy = { (u,y) | ci(u,y) +b; <0Vee Hl:nc}
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where b € RYj is the vector of back-off constants. No such constraint tightening is required
for the input constraints. We assume the constraints and the back-off constant satisfy the

following properties throughout.

Assumption 8.5 (Constraints). The sets (X, Y) are closed, (U, W, D) are compact, and all

contain the origin. The soft constraint function ¢ : U x Y — R"¢ is continuous and

0<b < —Ci(O, 0), Vie Hl:nc'

8.1.3 Offset-free model predictive control

Offset-free MPC consists of three parts or subroutines: target selection, regulation, and

state estimation.

Steady-state target problem

Given a model disturbance d € ID and setpoint 7y, € R"", we define the set of offset-free

steady-state pairs by

Zo(rep,d) == {(z,u) € Xx U |z = f(z,u,d), y = h(z,u,d), (u,y) € Zy, rp = g(u,y) } .

(8.5)
To pick the best steady-state pair among members of Zy (7, d), it is customary to optimize
the steady state with respect to some auxiliary setpoint pair zy, = (Usp, Usp) € Z, (typically
chosen such that ry, = g(usp, ¥sp))- For each (ryy, tsp, Ysp, d) € R™ x Z, x D, we define the

steady-state target problem (SSTP) by

V(B) = min l(u — usp, h(z,u, d) — ysp) (8.6)

(z,u)EZ0(rsp,d)
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where 5 1= (rsp, Usp, Ysp, d) are the SSTP parameters and (s : R™ x R™ — R is a steady-
state cost function, typically a positive definite quadratic. We define the set of feasible SSTP

parameters as

B:={(ry, 2p,d) € R x Z, x D | Zo(r4p, d) is nonmpety } . (8.7)

To guarantee the existence of solutions to the SSTP (8.6), the following assumption is required.

Assumption 8.6. The function ¢/, : R"* x R"™ — R is continuous and, for each f =
(Tsp, Usp, Ysp, d) € B, at least one of the following properties holds:
(i) Zo(rsp,d) is compact;
(i) with Vi(z,u, ) = ls(u — usp, h(x,u,d) — ysp), the function Vi(-, -, B) is coercive in
Z0(rsp, d), ie., for any sequence (zy, ux) € Zo(rsp, d) such that |(zy, u)| — oo, we

have Vy(xy, ug, 5) — oo.

Under Assumptions 8.4 to 8.6, B is nonempty and the SSTP (8.6) has solutions for all 5 € B.
The solution to (8.6) may not be unique. Throughout, we assume some selection rule has been
applied and denote the functions returning solutions to (8.6) by z,() := (xs(-), us(+)) : B —

X x U.

Regulator

Given the SSTP parameters 8 € B, the regulator is defined as a finite horizon opti-
mal control problem (FHOCP) with the steady-state targets (x(53), us(3)). We consider a
FHOCP with a horizon length N € 1., stage cost ¢/ : X x U x B — Ry, terminal
cost Vy : X x B — Ry, and terminal constraint X;(#) C X (to be defined). For each
B = (rsp, Usps Ysp, d) € B, we define the terminal constraint (8.8), feasible initial state and in-

put sequence pairs (8.9), feasible input sequences at x € X (8.10), feasible initial states (8.11),
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and feasible state-parameter pairs (8.12) by the sets

Xy(B) :=leve, Vy(-, B) (8.8)
Zn(8) = {(z,u) e Xx U | 9(N;z,u,d) € X4(5) } (8.9)
Un(z, B) = {ueU" | (z,u) € Zn(6) } (8.10)
Xy(B) = {z € X | Uy(z, B) is nonmpety } (8.11)
Sy = {(z,B) € X x B | Uy(, B) is nonmpety } (8.12)

where ¢; > 0 and ¢(k; z,u, d) denotes the solution to (8.2a) at time k given an initial state
x, constant disturbance d, and sufficiently long input sequence u. For each (z,u, §) € X x

UY x B, we define the FHOCP objective by

N-1
V(e w,B) = V(6N d), ) + 3 ok o w d),u(k),B). (313
k=0
For each (z, 8) € Sy, we define the FHOCP by
V)= in Valew ) (8.14)

As in Chapter 7, we take Vo (z, ) := oo for all infeasible pairs (z, 3) ¢ Sy, according to the
convention of Rockafellar and Wets (1998).

To guarantee closed-loop stability and robustness, we consider the following assumptions.

Assumption 8.7 (Terminal control law). There exists a function k¢ : X x B — U such that

Vf(f<x7’€f(x>5)’d)aﬁ) - Vf(l’,ﬂ) < —ﬁ(x’ K“f(xaﬁ%ﬁ)

forall z € X;() and 5 := (rgp, Usp, Ysp, d) € B.
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Assumption 8.8 (Quadratic costs). The stage and terminal costs take the form

E(x’uaﬁ) = |‘T - :ES(B)FQ + |u - Us(ﬁ)ﬁg + Zwi maX{OvCi<u7h(I’urd))}

=1

Vi(w, ) = o — 2:(B)| by s

for each (z,u) € X x Uand 5 := (7sp, Usp, Ysp, d) € B, where ), R, and Py(3) are positive

definite matrices for each 3 € B, the function Py is continuous, and w; > 0 for each i € I.,,.

Remark 8.9. With 5 = (sy,,d) € B, Assumption 8.7 and the terminal set definition (8.8)
imply Vy(f(z,r¢(x, B),d), 5) < Vi(z,5) < ¢y for all x € X;(5) and therefore X;(3) is

positive invariant for v = f(z, k¢ (z, 5), d).

Assumptions 8.4 to 8.6 and 8.8 guarantee the existence of solutions to (8.14) for all (z, ) €
Sy (Rawlings et al., 2020, Prop. 2.4). We denote any such solution by u’(z, 8) = (u°(0; z, 8),
...,u’(N — 1;2, 3)), and define the corresponding optimal state sequence by x°(x, ) :=
(2°(0; 2, B),...,2°(N;z, 3)) where 2°(k; z, B) := ¢(k; z,u’(z, B), d). We define the FHOCP

control law by sy (z, 3) := u®(0; x, B).

Remark 8.10. Given Assumptions 8.4 to 8.6 and 8.8, it may be impossible to satisfy Assump-
tion 8.7 without constraint back-offs, i.e., b = 0. This is because the terminal cost difference
Vi(f(z,ks(x, B),d)) — Vi(x) is, at best, negative definite with quadratic scaling (regardless
of the target value), whereas the stage cost {(z, k¢(x, 3), 5) has quadratic scaling when the
soft constraint is satisfied but linear scaling when the soft constraint is violated. Thus, if the
constraints are active at the targets, the stage cost will always exceed the decrease in terminal

cost if the state violates the constraints and is sufficiently small.

Example 8.11. Consider the scalar linear system ™ =  + u + d, y = x, and r = y with
stage costs of the form Assumption 8.8 and the soft constraint function c¢(u,y) = y — 1. Let
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b =0and f = (1,0,1,0). Clearly the target is reachable, and we can take the SSTP (8.6)
solution (z4(5),us(8)) = (1,0). Then we have stage costs of the form ¢(z,u, ) = q(z —
1)? +ru* +wmax {0,z — 1} and Vy(x, 8) = pya?, where ¢, 7, w,p; > 0. Assumption 8.7 is

not satisfied if there exists x € R such that
F(r,u) :=prlz+u—1)2—pr(r —1)* +q(xr — 1)* + rv* + wmax {0,z — 1} > 0
for all u € R. Completing the squares gives

F(z,u) = (au+b(z —1))? + &z — 1) + wmax {0,z — 1}

>z — 1) +wmax {0,z — 1}

forall x € R and u € R, where a := /7 + py, b= g—g, and ¢ ;== q — b2, Ideally, we would

have chosen (g, 7, ps) so that ¢ < 0. But this means we can still take 0 < z — 1 < \/Eé to give
Flr,u) > é(x—1)* +w(x—1) >0

for all © € R, no matter the chosen w > 0.
On the other hand, let b = 1 and 5 = (0,0, 0,0). Again, the target is reachable and we can
take the SSTP solution (z4(0), us(0)) = (0,0). Notice that for both problems the backed-off

constraint ¢(u, y) + b is active at the solution. This time, however, we have

F(z,u) = pp(z +u)?® — ppa® + qz* + ru* + wmax {0,z — 1}

= (au + bx)? + é2® + wmax {0,z — 1}
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and with (7, 0) := — 22, we have

F(z,kp(7,0)) = éz® + wmax {0,z — 1}

for all z € R. Let ¢; = p; and suppose ¢ < 0. Then, for each x € X((0), we have |z| < 1 and
therefore

F(z,kp(7,0)) = éz® < 0.

State estimation

In practice, the SSTP and FHOCP are implemented with state and disturbance estimates
rather than the true values. To this end, we consider any estimator that estimates both plant

and disturbance states.

Definition 8.12. A joint state and disturbance estimator is a sequence of functions @, : X x
D x U* x Y* — X x D defined for each k € I>. For each k € >, we define the state and

disturbance estimates by

(@ (k), cZ(k;)) = Op(T, d, Up—1, Yor—1) (8.15)

where (7, c_l) € X x D is the initial guess at time £ = 0, u € U™ is the input data, andy € Y*

is the output data.

Remark 8.13. Since the regulator requires a state estimate to compute, and the input directly
affects the output, the current state and disturbance estimates (&(k), d(k)) must be functions
of past data, not including the current measurement y(k). Therefore, at time k = 0, there is
no data available to update the prior guess, and most estimator designs will take @, as the
identity map, i.e.,

(£(0),d(0)) := & (T, d) = (T, d).
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However, we can also consider models without direct feedthrough effects (i.e., y = h(z,d))
in which case Definition 8.12 can be modified so the estimator functions also take y(k) as an

argument.

The estimator (8.15) is designed according to the model (8.2) and thus has no knowledge of
the plant state zp or plant disturbance wp. To analyze its performance and state the assump-

tions needed to establish offset-free performance, we consider the following noise model:

" = f(z,u,d) +w (8.16a)

dt =d+wy (8.16b)

y = h(z,u,d) +v (8.16¢)

where 0 == (w, wq,v) € W(z,u,d) C R™ are the process, disturbance, and measurement

noises, ng = n + ng + ny, and

W(z,u,d) = {(w,wg,v) | (z",d",y) e Xx D x Y, (8.16) }

is a constraint set that ensures all quantities remain physical. We define the set of feasible

trajectories by

Ze = { (x,u,d,y, W) € X® x U x D x Y® x (R"#)> |

(8.16) and w = (w, wq,v) € W(z,u,d) }.
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Finally, denoting the state, disturbance, and errors by

er(k) = x(k) — z(k), ea(k) ==

d(k) — d(k), (8.17a)
- [4] SlF =

we define robust stability of the estimator (8.15) as follows.

Definition 8.14. The estimator (8.15) is robustly globally exponentially stable (RGES) for the

system (8.16) if there exist constants ¢, 1, c.2 > 0 and A\, € (0, 1) such that

k
le(k)| < ceaMEfe] + cen > N Mi(k — j))

Jj=1

for each k € I, prior guess (7,d) € X x D, and trajectories (x,u,d,y, W) € Z., given

definitions (8.15) and (8.17).

For the case with plant-model mismatch, the estimator (8.15) is not only assumed to be

RGES for the system (8.16), but is also assumed to admit a robust global Lyapunov function.

Assumption 8.15. The initial estimator @ is the identity map. There exists a function V :

X' x D x X x D — R and constants ¢y, ¢a, c3, ¢4, 0, > 0 such that

crle(k)|* < Ve(k) < cale(k)|” (8.18a)

Volk +1) < Vo(k) — csle(k)|? + calw(k)? (8.18b)

for all (z,d) € X x D, (x,u,d,y, W) € Z, and k € I, where (8.15), (8.17), and V, (k) :=
Vo(w(k), d(k), &(k), d(k)).

The following theorem establishes that Assumption 8.15 implies RGES of the estima-

tor (8.15) for the system (8.16) (see Appendix 8.A.1 for proof).
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Theorem 8.16. Suppose the estimator (8.15) for the system (8.16) satisfies Assumption 8.15.

Then the estimator is RGES under Definition 8.14.

Remark 8.17. In Assumption 8.15, we assume P, is the identity map, and therefore e(0) = €.
However, as mentioned in Remark 8.13, if we consider models without direct input-output
effects (i.e, y = ﬁ(m, d)), then the estimator functions ®; may become a function of the
current output y(k) and it is no longer reasonable to assume @ is the identity map. Then
e(0) # € in general. However, we can modify Definition 8.12 to include robustness to the
current noise 7(k), and we can modify Assumption 8.15 to include a linear bound of the form

|e(0)] < ae] + az|w(0)

, for some @y, as > 0, to again imply RGES of the estimator.

While Assumption 8.15 is satisfied for stable full-order observers of (8.16)," we know of
no nonlinear results that guarantee a Lyapunov function characterization of stability (i.e., As-
sumption 8.15) for the full information estimation (FIE) or moving horizon estimation (MHE)
algorithms. FIE and MHE were shown to be RGES for exponentially detectable and stabiliz-
able systems by Allan and Rawlings (2021), but they use a ()-function to demonstrate stabil-
ity. To the best of our knowledge, the closest construction is the /N-step Lyapunov function
of Schiller et al. (2023). If we treat the disturbance as a parameter, rather than an uncon-
trollable integrator, there are FIE and MHE algorithms for combined state and parameter
estimation that could also be used to estimate the states and disturbances (Muntwiler et al.,

2023; Schiller and Miiller, 2023).2

A full-order state observer of (8.16) is a dynamical system, evolving in the same state space as (8.16),
stabilized with respect to « by output feedback.

®The estimation algorithms of Muntwiler et al. (2023) produce RGES state estimates, but it is not shown the
parameter estimates are RGES. The estimation algorithm of Schiller and Miiller (2023) produces RGES state and
parameter estimates, but only under a persistence of excitation condition.
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8.2 Robust stability for tracking and estimation

In this section, we consider stabilization of the system,?
£ =F(§u,w), w e Q& u). (8.19)

The system (8.19) represents the evolution of an extended plant state £ € = C R™¢ subject to
the input u € U and extended disturbance w € Q(&,u) C R™ (to be defined). Greek letters
are used for the extended state and disturbance (£, w) to avoid confusion with the states and
disturbances of (8.1), (8.2), and (8.16). Throughout, we assume = is closed and 0 € (&, u)

and F(§,u,w) € Zforall ({,u) € Zx Uandw € Q(&, u).

8.2.1 Robust stability with respect to two outputs

We first consider stabilization of (8.19) under state feedback,
£F = F.(§w), w € Q(€) (8.20)

where r : = — U is the control law, F.(¢§,w) := F(§, k(£),w), and Q.(€) := Q(&, k(£)). We

define robust positive invariance for the system (8.20) as follows.

Definition 8.18 (Robust positive invariance). A closed set X C =is robustly positive invariant

(RPI) for the system (8.20) if ¢ € X and w € Q.(¢) imply F.(§,w) € X.

Robust target- and setpoint-tracking stability are defined under the umbrella of input-to-
state stability (ISS) with respect to two measurement functions (Tran et al., 2015). We slightly

modify their definition by considering measurement functions of (£,w) (rather than just &)

*To ensure unphysical states are not produced by additive disturbances, we let the disturbance set be a func-
tion of the state and input. However, we can convert (8.19) to a standard form by taking § T =F(u,w),we
where F'(&, u,w) = F(&, projo ¢ ) (w)), 0 := U ¢ uyezxv (& u), and projo ¢ ) (w) = argmin,, g e ) |w —

w'|.
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and structuring the measurement functions as norms of the outputs (; € R"< and (5 € R"<2,

where

Cl = Gl(é,W), CQ = GQ(&,W). (821)

The definition of Tran et al. (2015) can be reconstructed by taking (G; and G, as scalar-valued,

positive semidefinite functions of £.

Definition 8.19 (Robust stability w.r.t. two outputs). We say the system (8.20) (with out-
puts (8.21)) is robustly asymptotically stable (RAS) (on a RPI set X C =) with respect to ({1, (2)

if there exist 8. € KL and . € K such that

|GL(R)] < Be(IG(0)], k) + e llwllo:r) (8.22)

for each k € 1> and trajectories (&, w, ¢y, () satisfying (8.20), (8.21), and £(0) € X. We
say (8.20) is robustly exponentially stable (RES) w.r.t. ({1, () if it is RAS w.rt. ({3, (2) with

Bc(s, k) := ccAgs for some ¢ > 0 and A¢ € (0,1).

For the nominal case (i.e., (¢, u) = {0 }), we drop the word robust from Definitions 8.18
and 8.19 and simply write positive invariant, asymptotically stable (AS), and exponentially sta-
ble (ES). Moreover, if (8.20) is RAS (RES) w.r.t. ((, (), where ( = G(§,w), we simply say it is
RAS (RES) w.r.t. (.

In Sections 8.3 and 8.4, we use Definition 8.19 demonstrate nominal stability and robust-
ness to estimate error, noise, and SSTP parameter changes. The following cases of the sys-
tem (8.19), control law u = (), and outputs (8.21) are considered.

1. Nominal stability: Let := z,u = k(§) := kn(x, 8),w =0, (1 := g(u, h(z, u, d)) —1sp,

and (y := = — z4(f). Then, for each fixed f = (rsp, Usp, Ysp,d) € B, the closed-loop
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system has dynamics (8.20) and outputs (8.21) with

F(&w) = f(IL“,IiN(I',ﬁ),ﬂ)
G1(&) == g(x, h(z, kn(x, B),d)) — Tsp

Go(€) =2 — 24(0)

for each & € X§ := lev,Vy and w = 0. AS (ES) w.r.t. {» corresponds to (exponen-
tial) target-tracking stability, and AS (ES) w.r.t. ((1,(2) corresponds to (exponential)
setpoint-tracking stability.

2. Robust stability (w.r.t. estimate error, noise, SSTP parameter changes): Let £ = (i:,B),
K(E) = kn(E), w = (e,eT, Asgy, @), (1 i= 1 — gy, G = & — x,(3), where r :=
g(u, h(& + ez, u,d + eq) + v) and B := (ssp,d). Then the closed-loop system has
dynamics (8.20) and outputs (8.21) with

f(i 4 eq, kn (2, B),d + eq) +w — e
F(¢w) = S+ Asg
d+eq+wg—er

~

Gl(g) = g(l’, h(‘% + €z, /{N(jaﬁ)ad_’_ ed) + U) — Tsp,

Ga(&) =& — ()

for each ¢ = (z, B) in a to-be-defined RPI set S]’i, and w € Q.(§) (to be defined). RAS
(RES) of (8.20) w.r.t. (5 alone corresponds to robust (exponential) target-tracking stabil-
ity, and RAS (RES) w.r.t. ({1, (2) corresponds to robust (exponential) setpoint-tracking

stability.

Remark 8.20. If (8.20) is RAS on X C = w.r.t. (¢1,(2), then w(k) — 0 implies (; (k) — 0 so

long as £(0) € X.

Remark 8.21. Definition 8.19 generalizes many ISS and input-to-output stability (I0OS) defi-
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nitions originally posed for continuous-time systems by Sontag and Wang (1995, 1999, 2000).
However, only Definition 8.19 is suitable for analyzing both target- and setpoint-tracking per-
formance of the offset-free MPC. ISS is not appropriate as the SSTP parameters (3 are often
part of the extended state £. IOS and robust output stability allow the tracking performance
to degrade with the magnitude of the SSTP parameters. While state-independent IOS (SIIOS)
coincides with the special case of ( = G1(§) = G2(&) (e.g., for target-tracking), we find the

setpoint-tracking error is more tightly bounded by the initial target-tracking error.

Next, we define an (exponential) ISS Lyapunov function with respect to the noise-free

outputs

G = G1(9), G = G2(§) (8.23)

and show its existence implies RAS (RES) of (8.20) with respect to ({1, (3) (see Appendix 8.A.2

for proof).

Definition 8.22. Consider the system (8.20) with outputs (8.23). Wecall V' : = — R>( an ISS
Lyapunov function (on a RPI set X C =) with respect to ({1, (2) if there exist o; € Koo, ? € 1.3

and o € K such that, for each £ € X and w € Q.(&),

a1 (|G1(8)]) S V(E) < aa(|Ga(E))) (8.24a)

V(E(&,w)) < V(§) — as(V(§)) + o(|w]). (8.24b)

We say V is an exponential ISS Lyapunov function with respect to ({3, (2) if it is an ISS Lya-

punov function with respect to ({1, (2) with a;(+) = a;(+)° for some a;, b > 0,7 € I}.3.

Theorem 8.23. If the system (8.20) with outputs (8.23) admits an (exponential) ISS Lyapunov
function V' : = — Rs( on an RPI set X C = with respect to (C1, (2), then it is RAS (RES) on X

with respect to ({1, ().
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Similarly to Definitions 8.18 and 8.19, we call V' a Lyapunov function or exponential Lya-
punov function w.rt. ((1, (2) if it satisfies Definition 8.22 in the nominal case (i.e., (£, u) =
{0}). Moreover, we note that the proof of Theorem 8.23 trivially extends to the nominal case

by setting w = 0 throughout.

Remark 8.24. If ( = G1(&) = G3(§), then it suffices to replace (8.24b) with V (F.(§,w)) <
V(&) — as(|G1(§)]) + o(|w]|) to establish ISS with respect to (, where &3 € K. Then (8.24b)

holds with a3 := a3 o a;l.

8.2.2 Combined controller-estimator robust stability

In applications without plant-model mismatch, it suffices to consider RES of each of the
controller and estimator subsystems to establish RES of the combined system. This is because
the controller and estimator error systems are connected sequentially, with the target- and
setpoint-tracking errors having no influence on the estimation errors. However, as we show
in Section 8.5, plant-model mismatch makes this a feedback interconnection, with the tracking
errors influencing the state estimate errors and vice versa. Therefore it is necessary to analyze
stability of the combined system.

We define the extended sensor output v € T C R™ by
v=H( u,w). (8.25)

Assume 7Y is closed and H (&, u,w) € Y forall ({,u) € = x Uand w € Q(§, u). We consider

the extended state estimator

(k) = @i (€, Uok—1, Vour—1) (8.26)

where £ € = C R™ is the prior guess and (IDi Ex U x T 5 Sk € I>o. The set = is
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closed but is not necessarily the same, let alone of the same dimension, as =. We consider

stabilization via state estimate feedback,
u = i(€) (8.27)

where £ : = — U. Finally, we define a RPI set as follows.

Definition 8.25. A closed set S C = x = is RPI for the system (8.19) and (8.25)—(8.27) if

(&(k),&(k)) € Sforall k € I5( and (&, u,w, v) satisfying (8.19), (8.25), (8.26), and (8.27), and
(€(0),6) € S.

With plant-model mismatch, the extended plant and model states to evolve on different
spaces. Thus, we define the estimator error ¢ € R"¢ as the deviation of the estimate é from

an arbitrary function G, : = — = of the state &,

e(k) = Ge(&(k)) — £(k), 2= Ge(E(0) - € (8.28)
Finally, we define robust stability with respect to the outputs

Cl = Gl(éuéuaw)a CZ = G2<£7é7u7w> (8-29)

similarly to Definition 8.19.

Definition 8.26. The system (8.19) and (8.25)-(8.27) (with outputs (8.29)) is RAS in a RPI set

S C X x X with respect to ((1, (2) if there exist functions f;, v, € KL such that

k

(k) (k)] < Be(1(G2(0),8)] k) + D vc(lw(k — D)l 0) (8.30)

1=0

for all £ € I> and all trajectories (&, u,w,v,¢€,(;,(,) satistfying (8.19), (8.25)-(8.28) and
239



Offset-free tracking despite plant-model mismatch Chapter 8

(8.29), and (£(0),&) € S. We say (8.19) and (8.25)—(8.27) is RES w.rt. ((i, () if it is RAS
w.rt. (C1, G2) with Bc(s, k) := ccAfs and ¢ (s, k) == Ao (s) for some ¢; > 0, A € (0, 1), and

O'CGIC.

As in Section 8.2.1, we say (8.19) and (8.25)—(8.27) is RAS (RES) w.r.t. ( = G(&,w) if it is
RAS (RES) w.r.t. (¢, ().

In Section 8.5, we establish robustness of offset-free MPC with plant-model mismatch in
terms of Definition 8.26, using the following definition of the system (8.19) and (8.25)—(8.27),
estimate errors (8.28), and outputs (8.29):

3. With mismatch: Let £ := (xp, @), £ = (z, B) u = KN(é), w = (Asgp, Awp), v =

(y, Asgp), € := (zp + Azs(), Ssp, ds(v)) —ECG =T —Taps G2 1= T — z5(5), where r :=
g(u, hp(z, u, wp)), @ := (s, wp), B := (5ep, ), and (Az,(av), ds(c)) are to be defined.
Then the closed-loop system has dynamics (8.19) and (8.25)—(8.27), errors (8.28), and

outputs (8.29) with

fo(p, u, wp)
F(& u,w) = zspiAsSE , H(¢ u,w) = [hp(iuawp)] ’
Ss
wp + Awp p
@i(g, uO:k—lavO:k—l) = (i(k>’ SSp(k)7d<k))v Ge(g) = |:xP —zs?osf;(a)}
G1 (&, u,w) == g(u, hp(xp, u, wp)) — rop, Go(€) =& — x4(B)

for each (£,€) = (x,5,%,5) in a to-be-defined RPI set ST and w € Q.() (to be
defined), where (z(k), 02(/{:)) = ®(T, d, Ug.j—1, Yok—1) as in Definition 8.12.
As in Section 8.2.1, RAS (RES) w.r.t. (» corresponds to robust (exponential) target-tracking
stability, and RAS (ES) w.r.t. ({1, (2) corresponds to robust (exponential) setpoint-tracking

stability.

Remark 8.27. If (8.19) and (8.25)-(8.27) is RAS on a RPI set S C Z x = w.rt. (C1,(3), then
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w(k) — 0 implies (¢;(k),e(k)) — 0 so long as (£(0),&) € S (cf. (Allan and Rawlings, 2021,

Prop. 3.11)).

To analyze stability of the system (8.19), (8.25), (8.26), and (8.27), we use the following

theorem (see Appendix 8.A.3 for proof).

Theorem 8.28. Consider the system (8.19) and (8.25)—(8.27) with errors (8.28) and output ( =
G(é) Suppose @8 is the identity map and there exist constants a;,b; > 0,1 € l;.4, a RPI set

S CXxX, and functions V' : = R>o, Vo 2% = R, ando,0. € K such l‘hat‘éi—i‘ll <1,

wes — —— " agnd, for all trajectories (é’,é,u,w,v,s, ¢) satisfying (8.19) and (8.25)—(8.28),

ascs c1+cz’

¢ = G(€), and (£(0),€) € S, we also satisfy

a1¢]* <V (§) < asf¢P? (8:31a)
V(EY) V(€)= asl¢)” + aal(e, )P + o(|w]) (8.31b)
crlel* < VL(€,€) < eolel? (8.31c)
Va(65,6%) S VL(6,6) — eslel + cal¢ + oc(|wl). (8.31d)

Then the system (8.19) and (8.25)—(8.27) is RES in S w.r.t. C.

8.3 Nominal offset-free performance

In this section, we consider the application of offset-free MPC to the model (8.2) in the

nominal case (i.e., without estimate errors or setpoint and disturbance changes). Consider the

241



Offset-free tracking despite plant-model mismatch Chapter 8

following modeled closed-loop system:

v = [0, 8) = (@, kn (2, B),d) (8.322)
y = he(z,B) := h(x, kn(z, B),d) (8.32b)
r=ge(z,B) = g(kn(z, B), he(z, B)) (8.32¢)

where (z, ) := (x, rsp, Usp, Ysp, d) € Sy. For each p > 0 and 5 € B, we define the candidate

domain of stability

X5(B) = lev,Vy(-, B). (8.33)

In the following theorem, we establish nominal stability and offset-free performance of the
modeled closed-loop system (8.32), under Assumptions 8.4 to 8.8 and with constant, known

setpoints s, = (7'sp, Usp, Ysp) and disturbance d.

Theorem 8.29. Suppose Assumptions 8.4 to 8.8 hold. Let p > 0.

(a) For each compact B. C B, there exist constants ay, as, az > 0 such that

arlz — z5(B)]> < Vy(z, B) < aglz — z,(B)]? (8.34a)

V(e B), B) < Vi(x, B) — azlz — 24(B)? (8.34b)

forallx € X5(3) and B € B..

(b) Foreach 3 € B, the system (8.32a) is ES on XX.(/3) with respect to the target-tracking error
dx =z — xs(f).

(c) For each B = (rsp, Usp, Ysp, d) € B, the system (8.32a) is AS on X5(3) with respect to
(07, 6x), where o1 := g.(z, ) — rsp is the setpoint-tracking error.

(d) If g and h are Lipschitz continuous on bounded sets, then part (c) can be upgraded to ES.

We include a proof of Theorem 8.29 in Appendix 8.B.1. Two details of the proof are re-
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quired for the subsequent results. First, from (Rawlings et al., 2020, Prop. 2.4), we have

VN(fc(lL‘,ﬂ),fl<(E,ﬁ),B) < ng(l‘,ﬂ) - E(ZE,I{N(I',ﬂ),B) (8-35)

for all (z, B) € Sn, where

u(z,f) = (W’ (L;z,8),...,u"(N — Lz, 8), i (a®(N; 2, 8), 8)) (8.36)

is a suboptimal sequence for 7 := f.(x, 3). Second, for each (x, 3) € Sy, the suboptimal
sequence U(z, () steers the system from f.(z, ) to the terminal constraint X;(3) in N — 1

moves and keeps it there (by Assumption 8.7). Therefore u(x,3) € Un(f.(z,),5) and
fe(z, B) € Xn(B).

Remark 8.30. Theorem 8.29(a) provides Lyapunov bounds that are uniform in the SSTP pa-
rameters 3 on compact subsets B. C B. This implies a guaranteed decay rate A € (0, 1) for
the deviation of the state from its target x — x4(/3), although this guaranteed rate may become

arbitrarily close to 1 as we expand the size of the compact set ..

8.4 Offset-free performance without mismatch

In this section, we show offset-free MPC (without plant-model mismatch) is robust to
estimate errors and setpoint and disturbance changes. We assume the actual plant evolves

according to the noisy model equations (8.16). We assume the setpoints evolve according to
St = Sep + Asgp (8.37)
where sq, 1= (Tsp, Usp, Ysp) and Asg, = (Argpy, Augy, Aysp). At each time, we define § :=

(Ssp,d) and AS = (Asgp, wg) and sometimes write 5t = [ + Af. Taking the approach
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of (Rawlings et al., 2020, Sec. 4.6), the estimate error system evolves as

it = f@ e udteq) fw—el (8.38a)
d =d+es+wg—ef (8.38b)
y = h(Z+ e, u, d+ eq) + v. (8.38¢)

We lump the perturbation terms from (8.37) and (8.38) into a single disturbance variable,
defined as d := (e,et, Asg,, w). To ensure the noise does not result in unphysical states,

disturbances, or measurements, we define the set of admissible perturbations as

A,

D(i,u,d) :=={ d= (ex, €q, €, ed, Asg,, W) | (8.38),

(@F,d") e X x D, w € W(& + ey, u,d + eq) }

for each (2, u, CZ) € X x U x D. The closed-loop estimate error system, defined by (8.6), (8.14),

(8.15), (8.37), and (8.38), evolves as

T = fu(&,B,d) = f(&+ eq, kn(E, B),d + eq) +w — e (8.39a)

A A 5 Ssp + ASgp

= 8.39b
d+ed+wd—e ( )
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8.4.1 Steady-state target problem assumptions

Even with bounds on the estimate errors and setpoint and disturbance changes, there are
no guarantees the SSTP (8.6) is feasible at all times. Moreover, there is no guarantee the SSTP
solutions themselves are robust to disturbance estimate errors. To guarantee robust feasibility

of the SSTP (8.6) and robustness of the targets themselves, we make the following assumption.

Assumption 8.31. There exists a compact set B. C B and constant J; > 0 such that
() B.:={ (s,d) | (s,d) € Be, |eq| <8y, d:=d—es €D} C B;and

(ii) z, is continuous on B...

Assumption 8.31(i) guarantees robust feasibility of the SSTP so long as 3 € B° and

|leql] < do. Whenever Assumption 8.31(i) is satisfied, it is convenient to define

Dc(ivﬁ) = {CZG ]ﬁ)(ijvﬁN(f7 A>>B) | f@C(Bvd) S BC}

for each (&, 3) € Sy. As long as the disturbance always lies in D(z, (), the SSTP is feasible
at all times.
In the following lemma, we show Assumption 8.31 holds for some B. = 0B"# when a

rank condition is satisfied by the system linearized at the origin (see Appendix 8.C for proof).

Lemma 8.32. Suppose Assumptions 8.4 and 8.5 hold, each of the sets X, U, D contain neighbor-
hoods of the origin, the functions f, g, h, (s are twice continuously differentiable, (5(0,0) = 0,
Otu,y)ls(0,0) =0, 8(2 05(0,0) is positive definite,

u,y) S

e A1 B

=\wm,Cc HD+H, (8.40)
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is full row rank, and (A, C') is detectable, where

A:=0,£(0,0,0), B :=0,/(0,0,0), (8.40b)
C = 0,h(0,0,0), D :=0,h(0,0,0), (8.40c¢)
H, :=9,9(0,0), H, = 0,9(0,0). (8.40d)

Then there exists a compact set B. C B and a function zs : B — X x U satisfying all parts

of Assumption 8.31. Moreover, z,(3) uniquely solves (8.6) for all 5 € B,.

8.4.2 Robust stability

In Proposition 8.33, we establish recursive feasibility of the FHOCP given feasibility of
the SSTP at each time for sufficiently small d € D,(, (). For brevity, we defer the proof to
Appendix 8.B.2. However, we sketch the proof as follows. First, we show the suboptimal input

A

sequence U(z, [3) is recursively feasible. Second, we establish a cost decrease of the form

~

Vn(@*, (2, B), 1) < VR(&, B) — as|62]” + o (|d]) (8.41)

~

where a3 > 0, 0, € K, and 0% := & — x4() is the target-tracking error. Third, we use this

cost decrease to show the FHOCP is recursively feasible.

Proposition 8.33. Suppose Assumptions 8.4 to 8.8 and 8.31 hold and let p > 0. There exists
o, € Ko and as, 6 > 0 such that

(@) 0(7, B) € Un (3", 5%),

(b) (8.41) holds, and

(© & € XL(5Y),
forall 3 € B,, i € Xﬁ,(ﬁ) and d € D.(i, B) N 6B", where (i, 31) are defined as in (8.39).
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Finally, we present the main result of this section.

Theorem 8.34. Suppose Assumptions 8.4 to 8.8 and 8.31 hold and let p > 0. There exists d > 0
such that
(a) the following set is RPI for the closed-loop system (8.39) with disturbance d € D, (%, B) N
oB™a:

~

St={(#,8) € Sy |2 € X5(B), B € B }; (8.42)

(b) there exista; > 0,1 € 1;.3 and 0, € K, such that

a|02|* < V(#, B) < ag|dd? (8.43a)

Vy(@t, BT) < VN(&, B) — as|0d|* + o,(|d]) (8.43b)

forall (&, B) € 8% and d € D.(z, §) N 0B"4, given (8.39) and 67 := & — x,(f3);

(c) the closed-loop system (8.39) with disturbance d € D, (&, B) N 0B"d is RES on S”]pv with
respect to the target-tracking error 63 1= i — x4(j3);

(d) the closed-loop system (8.39) with disturbance d e ]Dc(@, B) N 0B™d is RAS on S’ﬁ, with

respect to (01, dz), where or := §.(Z, A, ) — sp IS the setpoint-tracking error and 3 =
(Tspa Uspy Ysp, CZ)’ and

(e) if g and h are Lipschitz continuous on bounded sets, then part (d) can be upgraded to RES.

To prove Theorem 8.34(d,e), we require the following proposition (see Appendix 8.B.3 for

proof).

Proposition 8.35. Let Assumptions 8.4 to 8.8 hold, p,d > 0, and B, C B be compact. There

exist 0., 04 € Koo such that

~

196(2, B) — rp| < 0,8 — 25(B)]) (8.44a)
10e(&, B, d) — rep| < |ge(@, B) — rop| + a4(|d]) (8.44b)
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foralli € X5(8), B = (rep, 2sp, d) € B, and d € D(z, 3) N 6B If g and h are Lipschitz on

bounded sets, then we can take 0,.(-) := ¢,(-) and 04(-) := c4(-) for some c,, ¢, > 0.

Proof of Theorem 8.34. (a)—If (&, 3) € Sy and d € D.(&,3), then T := f3.(0,d) € B.
by construction of ]ﬁ)c(:f:, B) and by Proposition 8.33(c), there exists 0 > 0 such that 27 :=
fol@, 3,d) € X5(B) solong as |d| < 4.

(b)—Theorem 8.29 gives (8.43a), and Proposition 8.33(a,b) and the principle of optimality
give (8.43b).

(c)—This follows from part (b) due to Theorem 8.23.

~ ~

(d)—Let (%, 3,d,r) satisfy (8.39), (£(0),5(0)) € 8%, d € D.(z,5) N 0B, and r =

ge(Z, B, d). Define 0r 1= r — ryp and 07 = g.(Z, B) — rgp Where B = (Tspy Zsps OZ) Then
ar(|67]) == arfo, 1 (|67))]* < an|d2* < Vy(, B)

by Proposition 8.35 and part (b). Moreover, Vy is an ISS Lyapunov function on Sjp\, with
respect to (07, 02), and RAS on 8% with respect to (07, 0) follows by Theorem 8.23. Then

RAS w.rt. (07, 02) and (Rawlings and Ji, 2012, Eq. (1)) gives

|or (k)| < o, (|07(k)|) + og(|d(k)])
< 0,(cA\*|62(0)] + ’Y(H&HO:kfl)) + Ug(u(km
< 0, (2eX*162(0)]) + o (29(]|d[0—1)) + Ug(|6z(k>|)

< 0,(2eA¥162(0)]) + (07 0 2y + ) (||d [l

=: B,(162(0)], k) + 7 (I|dlox) (8.45)

forall k € I and some ¢ > 0, A € (0,1), and vy € K.
(e)—If g and h are Lipschitz continuous on bounded sets, then by Proposition 8.35, we can

repeat part (d) with o,.(+) := ¢,.(-) and some ¢, > 0. O
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8.5 Offset-free MPC under mismatch

In this section, we show offset-free MPC, despite (sufficiently small) plant-model mismatch,
is robust to setpoint and disturbance changes. We consider the plant (8.1), setpoint dynam-

ics (8.37), and plant disturbance dynamics

wy = wp + Awp. (8.46)

With « := (g, wp) and A := (Asg,, Awp), we have the relationship a™ = o + Aa. The
SSTP and regulator are designed with the model (8.2), and the estimator is designed with the

noisy model (8.16).

8.5.1 Target selection under mismatch

With plant-model mismatch, the connection between the steady-state targets and plant
steady states becomes more complicated. To guarantee there is a plant steady state providing
offset-free performance and that we can align the plant and model steady states using the

disturbance estimate, we make the following assumptions about the SSTP.

Assumption 8.36. There exist compact sets A, C R" x Z, x W and B. C B containing the
origin, continuous functions (zps, d;) : A. — X x D, and a constant §, > 0 for which

(a) B, (as defined in Assumption 8.31) is contained in B;

(b) zs is Lipschitz continuous on B,;

(c) for each a = (s4p, wp) € A,, the pair (zpys, ds) = (zps(), ds()) is the unique solution

to

2;‘I:‘,S - fP (:EP,S7 US(SSp, d8>7 'LUP) (847&)

yS(SSpa dS) = hP<xP,s; us(ssp7 ds)u wP) (847b)
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where y,(sqp, ds) = h(zs(5sp, ds), Us(Ssp, ds), ds);
(d) (Ssps ds(Ssp, wp)) € B for all (sgp, wp) € A, and
() (ssp,0) € A, for all (sgp, wp) € A..

For each o = (sgp, wp) € A., Assumption 8.36 guarantees there is a unique model dis-
turbance ds(«) to estimate and the SSTP (8.6) is robustly feasible at § = (s4p, ds()). Of
course, the system cannot be stabilized for unbounded plant-model mismatch. Given As-

sumption 8.36, we define

Ac(gw) = { (SspawP) € AC | |wP| S 611}}

Aa,0p) ={Aa eR™ | a+ Aa € A.(dy) } -

Then A.(d,,) is RPI for the system ot = o + Aa, Aa € A(w,d,), and if ||eg]] < dp, then
B= (Ssps ds(@) — €4) € B, and the SSTP is feasible at all times.

Assumption 8.36 can be verified through a linearization analysis that is similar to the
standard linear offset-free conditions (Muske and Badgwell, 2002; Pannocchia and Rawlings,

2003) (see Appendix 8.C for proof).

Lemma 8.37. Suppose the conditions of Lemma 8.32 hold, fp, hp are twice continuously differ-
entiable, and

A-1 B d} (8.48)

My = [ c G
is invertible, given the definitions (8.40), By := 0,f(0,0,0), and Cy := 93h(0,0,0). Then
there exist compact sets A, C R™ x Z, x W and B, C B containing neighborhoods of the
origin and functions z; : B — X x U and (xps,ds) : A. — X x D satisfying all parts

of Assumption 8.36. Moreover, z;(f) and (zps(«), ds(cv)) are the unique solutions to (8.6) and

(8.47) for all « = (sgp, wp) € A, and = (ssp, ds(v)).
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8.5.2 State estimation and regulation under mismatch

Given Assumption 8.36, we can define a “true” model state as = := zp — Axy(a) where
Axg = xps(a) — x5(Ssp, ds(v)) and o = (Sgp, wp). Then the plant (8.1) can be rewritten in

terms of the model state x as

17 = fo(r + Axg(a), u, wp) — Axg(a™) (8.49a)

y = hp(x + Azg(a), u, wp). (8.49Db)

Alternatively, the plant can be written as (8.16), where

w:= fp(x + Axs(a),u, wp) — f(z,u,ds(a)) — Axs(at) (8.50a)
wq = ds(a™) — ds(a) (8.50D)
v = hp(z + Axs(a), u, wp) — h(z, u, ds(a)). (8.50c)

Clearly w := (w, wq,v) € W(x, u,d) by construction. Under Assumption 8.15, the state and
disturbance estimator (8.15) is RGES for the constructed model state x and noise vector w.
The noise vector w is still a function of the model state x, input u, and steady-state parame-
ters cv. Therefore, we bound it by more manageable variables, i.e., the tracking error z — z,(3),
estimate errors e, plant disturbance wp, and changes to the plant steady-state parameters Aa.

To this end, the following differentiability assumption is required.

Assumption 8.38. The derivatives 0, ) fp and 0, ., hp exist and are continuous on X x U x

W. The functions f, h and g are continuously differentiable on X x U x D and U x Y.

Remark 8.39. Assumption 8.38 implies f, h are Lipschitz continuous on bounded sets.
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Consider the closed-loop system

N

= fo(x + Azy(a), iy (2, B), wp) — Azs(a™) (8.51a)
t=a+ Aa (8.51b)
y = hp(x + Azg(a), Ky (Z, B), wp). (8.51c)

In the following propositions, we establish cost decreases for estimator and regulator Lya-

punov functions for (8.51) (see Appendices 8.B.4 and 8.B.5 for proofs).

Proposition 8.40. Suppose Assumptions 8.4 to 8.8, 8.15, 8.36, and 8.38 hold. Let p > 0. There

exist ¢3,0,, > 0 and 6,0, € K4 such that
VE <V, —éslel* + 6u(|wp]) |02 + 64(]|Aa|) (8.52)

solong as (i, 5) € 8%,z € X, @ = (sep, wp) € Ac(8y), A = (Asgp, Awp) € Ag(a, d,,), and
lel, |et| < 6o, where V.(k) := V.(x(k), ds(a(k)), &(k), d(k)), (8.17), (8.50), and (8.51).

Proposition 8.41. Let Assumptions 8.4 to 8.8, 8.36, and 8.38 hold and p > 0. There exist

as, a4,0,0, > 0 and 6, € K, such that
V&, ) < V&, B) — as|6z)? + aal(e, €M) + ou(|Ac|) (8.53)

so long as (2, ) € S,z € X, v = (sgp, wp) € Ac(0y), A = (Asgy, Awp) € Ag(a, 0y,), and

3)
|d| <6, whered := (e, e™, Asyy, W), (8.17), (8.50), and (8.51).

8.5.3 Main result

Finally, we state the main result of this section.
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Theorem 8.42. Suppose Assumptions 8.4 to 8.8, 8.15, 8.36, and 8.38 hold and let p > (. There

exists T, 0y, 0o, > 0 such that, with

A, A

S]p\f’T = {(JJ, Oé,i‘,B) € X x Ac X S]Q/ | Ve(:c,ds(oz),i, ) S T, &= (SSme)’ B: (SSp7d)}

the following statements hold:
(a) the set S&" is RPI for the closed-loop system (8.15) and (8.51) with the disturbance A« €
A, 6y) NG B™;
(b) the closed-loop system (8.15) and (8.51) with the disturbance A« € A (v, 8,,) N 6, B is
RES on 8" with respect to the target-tracking error 0T := & — xs(ﬁ); and
(c) the closed-loop system (8.15) and (8.51) with the disturbance Aa € A (v, 8y,) N 6B is

RES on 8§ with respect to (0r,0%), where 0r := 1 — 1y, is the setpoint-tracking error,

a = (Tep, Usp, Ysp, Wp), 7 = g(KN (T, B), y), and (8.51c).

Proof. (a)—We already have that (z,3) € 8% and d € D.(, 3) N 6B implies (&*, 3*) €
Sﬁ, for some § > 0. To keep the trajectory of (z, , i,B) in 8§ at all times, it suffices
to show there exist 7,9,,d, > 0 such that « € A.(0,), Aa € A.«,dy,) N 0,B™, and
V., :=V.(z,dy(a),&,d) < 7implies V,* := V.(2", %) < 7 and |(e, e, w)| < 4.

By Propositions 8.40 and 8.49 (in Appendix 8.B.5), there exist constants ¢s, ¢, d,, > 0 and

functions 6, 04, 0w, 04 € K satisfying (8.52) and
> < &l(e, e)* + Gu(|wp])|62]* + 5a(|Ac]) (8.54)

so long as o = (sgp, wp) € A(0y) and Aa € A, 0y).

Assume, without loss of generality, that d,, < (%@U + 6w)*1(“1p52), which implies
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202&wgaw)p < (52 _ 5w(5w)p>

o gnd 220wl - §2 Then we can take
aics al 2Ce al

c 2090, (0w)p 52_6w(5w)p c1
aiC3 ’ ay 2C,

which implies 7 TC3 > Twluw)p gng §2 > 26 | Twluwlp
C1 al

From (8.52), we have

T 6w (0w ~ T
V< 7t Ezl % + 6a(|Aal), Ve < 3
T—%—l—%ﬁ“)p%—&a(mw), F<Ve<rT

But ¢3 < ¢y (otherwise we could show V., < 0 with wp = 0, Aa = 0, and e # 0) so

5> ;g;’ > L and we have V* < 7solong as |Aa| < 6,1 := Agl(% - @),which

is positive by construction. Moreover, V¢, V" < 7 implies | (e, e*)|* = |e[* 4 [¢T]* < 2% and

by (3.54),

[d* < 2l(e, e + Gu(lwe])|E — 24(B)* + Gal| Aal)

206 -
+ Uw(5w)p2 + Ga(da)
C1
<4’

solongas|Aa| < 8, = 651 (62— 20T Twlul) which exists and is positive by construction.

2 c1 a1

Finally, we can take 8, := min { 651,842 } to achieve (z, a, Z, ) € S% at all times.
(b)—From part (a), we already have 7, 0,,, 0, > 0 such that S§" is RPL By Assumption 8.15
and Theorem 8.34 we have (8.18a) and (8.43a) at all times for some ay,as,c1,c2 > 0. By
Propositions 8.40 and 8.41, there exist ¢5, as, a4 > 0 and 6., 04, 04 € Ko such that (8.52) and
(8.53) at all times. Assume, without loss of generality, that §,, < 6, (min { 0 2 _c1_ 1)

as 7 a4 ci+c2

By Theorem 8.28, the system is RES on 8§ w.r.t. 0.
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(c)—By Proposition 8.35, there exist c,,c, > 0 such that |0r| < ¢|02| + ¢,|d| where

d = (e, e, Asgy, w). Combining this inequality with (8.18a), (8.52), and (8.54) gives

|07] < ¢.2]02] + crele] + 3 (|Aal)

where ¢, = ¢ + cg(\/éa(5w) + \/Ee6a(5w)), Cre = Cg\/Ce(l + Vo — ¢3), and 7, =
¢g(V T +V/Ce04). Then
(67, e)| < &[(02,e)| + A (|Aal)

where ¢, := ¢, + ¢, + 1. Finally, RES w.r.t. 02 gives

k

|(02(K), e(k))| < aX"(52(0),2) + > MF(|Aalk - j)))

J=0

for some ¢ > 0, A € (0,1), and 4 € K, and therefore

|(0r(k), e(k))| < &[(02(k), e(k))| + A (|Aa(k)])

< eAF|(52(0),8)| + Z Ny(|Aa(k = 7))

where ¢ :=¢,.¢ > 0and v := ¢+ 7, € K. O

8.6 Examples

In this section, we illustrate the main results using the example systems depicted in Fig-

ure 8.1. We compare two MPCs in our experiments.
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Fo,To, co
N
ke, T,
——1
(a) Simple pendulum (b) Continuous stirred-tank reactor

Figure 8.1: Example systems.

Offset-free MPC The offset-free MPC (OFMPC) uses (8.6) and (8.14) and the following

MHE problem:
min VME(x d, u, 8.55
(.)€ XTh H D ThH1 7 ( y) (8.55)
where T, :=min{ k, T}, T € I, and
Tp—1
VTMHE(X7 d7 u, Y) = Z ‘ijrl - f(xja U(]), dj)‘é;1
§=0

+ldjer = dil o+ () — A, uli), dj)lg - (8.56)

For simplicity, a prior term is not used. Let Z(j;u,y) and d(j;u,y) denote solutions to the

above problem, and define the estimates by

~

2(k) = 2(k; Wemp k1, Yh-Tyk-1), d(k) = d(k; Up_1, -1, Vi1, h—1)-
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Tracking MPC The nominal tracking MPC (TMPC) uses (8.6) and (8.14) and the following
MHE problem:
MHE

min  Vp (%, 0, W1k 15 Ye-Thck—1) (8.57)
xeXTkt1

With solutions denoted by Z(j; u,y), we define the estimates by
2(k) = 2(k; We-mh—1, Ye-Tik—1), d(k) :=0.

We also construct, in the proof of the following lemma, terminal ingredients satisfying

Assumption 8.7.

Lemma 8.43. Suppose Assumptions 8.4 to 8.6 and 8.31 hold with B = B, and n, = 0, let
Q € R™" and R € R™*™ be positive definite, and 8(290 wfist € Iy exist and are bounded on

X x U x D. For each f = (rep, Usp, Ysp, d) € B, let

If (A(B), B(B)) is stabilizable for each 5 & B, then there exist functions ky : X x B and

P : B — R" ", and a constant c; > 0 satisfying Assumptions 8.7 and 8.8.

Proof. Throughout this proof, we let 5 = (7, Usp, Ysp, ) € B. Since (A(5), B(f)) is stabiliz-
able, there exists a positive definite P(/3) that uniquely solves the following discrete algebraic

Riccati equation,
P=A"PA+Q—-A"PB(B'"PB+R)"'B'PA

where dependence on [ has been suppressed for brevity. The solution P is continuous at

each (A, B, @), R) such that (A, B) is stabilizable and (Q), R) are positive definite (Sun, 1998).*

“In fact, Sun (1998) only needed (A, Q'/?) detectable to derive perturbation bounds. But Assumption 8.8
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Moreover, since f is twice differentiable and (x5, u5) are continuous on B, then (A, B) must

be continuous on B. Therefore P is continuous on 3 and Assumption 8.8 holds for P () :=

2P(B).
Next, with K := PB(B"PB+ R)™', Ax :== A— BK,and Qg := Q + K" RK, we have

A} Py A — Py = —2Qp, where dependence on /3 has been suppressed for brevity. Then

Vi@t B) — Vi(x, B) < —2[6x[3,. 5 (8.58)

where T := Ak (B)dx +x4(5) and dx := x — x5(0). Since the second derivatives 8(2$’u)fi,i €
I,., are bounded, there exists ¢ > 0 (independent of 3) such that |z — Z1| < ¢|dz|* where
zt = f(z,kp(x,0),d) and ks(x, ) := —K(B)ox + us(B).> Therefore, with a(f) =
205 ([Ax(B)]" Py(8)) and b(B) = ¢ (Py(8)), we have

Vi(a™, B) = Vi@, B)| < a(B) |0z + b(B) |ox|* (8.59)
and combining (8.58) with (8.59), we have

Vi(a™, 8) = Vi(x, B) + Uz, ks (x, B), B)

< _|6x|2QK(B) + Vf(erﬂ 6) o Vf(er?ﬁ)

< —[e(B) — b(B)|dz| — a(B)|dx[*]|x|* (8.60)

where ¢(8) = ¢(Qx(8)). The polynomial ps(s) = c(8) — b(B)s — a(8)s* has roots at
ou(§) = MO0

2a(B)

and is positive in between. Moreover, sy are continuous
over B3 because (a, b, c) are as well, and s () are positive and negative, respectively. Define

¢y = mingep a(Pr(8))[s4(8)]* which exists and is positive due to continuity and positiv-

guarantees positive definiteness of @, so we get this automatically.
5This follows by applying Taylor’s theorem to e(z, 3) := 27 — T at (2,(83), d) and noting the intercept
and first derivative (in x) is zero.
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ity of z; and o(P%(-)) and compactness of B. Finally, we have that V;(z, ) < c¢; implies

a(Py(8))]0z)? < Vi(z,B) < ¢; and therefore |0z| < ,/W < s4(f) and (8.60) implies

Assumption 8.7 with P() and ¢y > 0 as constructed. N

8.6.1 Simple pendulum

Consider the following nondimensionalized pendulum system (Figure 8.1a):

. )

o P(ZE’ % wP) STy — (wp)%xg + (k? + ('wp)g)u + ('ll)p)g ( a)

y = hp(z,u,wp) := x1 + (wp)4 (8.61b)

r = g(u’ y) =y (861C)
where (z1,75) € X := R? are the angle and angular velocity, u € U := [—1,1] is the
(dimensionless) motor voltage, k=5 rad/s? is the estimated motor gain, (wp); is an air

resistance factor, (wp)s is the error in the motor gain estimate, (wp)s is an externally applied
torque, and (wp), is the measurement noise. Let ¢ (¢; x, u, wp) denote the solution to (8.61) at

time ¢ given z(0) = x, u(t) = u, and wp(t) = wp. We model the discretization of (8.61) by
T = fo(z,u,wp) ==z + AFp(x,u, wp) + (wp)sra(, u, wp) (8.62a)
where (wp)s scales the discretization error, 74 is a residual function given by
A
rq(z, u, wp) ::/ [Fp(x(t), u,wp) — Fp(x,u,wp)|dt (8.62b)
0

and x(t) = (t;x,u, wp). Assuming a zero-order hold on the input u and disturbance wp,

the system (8.61) is discretized (exactly) as (8.62) with (wp)5 = 1. We model the system with
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wp = w(d) :=(0,0,d,0,0), ie.,

" = f(x,u,d) ;= fo(z,u,w(d)) =z + A [sin " —Ii—Ql%u N d] (8.63a)

y = h(x,u,d) := hp(x,u,w(d)) =z, (8.63b)

and therefore we do not need access to the residual function r; to design the offset-free MPC.
For the following simulations, assume wp € W := [—3, 3]* x [—0.05,0.05] x {0,1 }, and
let the sample time be A = 0.1 s. Regardless of objective /;, the SSTP (8.6) is uniquely solved

by
z5(B) == {T(s)p] ’ us(B) == —%(Sinrsp +d)
for each 8 = (rgp, Usp, Ysp, d) € B, where
B, :={(r,u,y,d) € R* | |sinr +d|,|siny +d| < k,|ul <1}

and 09 > 0. Likewise, the solution to (8.47) is

~

. |Tsp L k(wP)g — (wp)g sin Tsp
xP,s(@) T |: 0 :| ) ds(a) T /274— (’UJP>2 (8-64)

for each av = (7sp, Usp, Ysp, wp) € A, where

Ac = { (ru,y,w) € RS x W[ [ sinr + (we)s|, | siny + (wp)s| <k + (wp)a, [u] <1}

Notice that A, and B, are compact and satisfy Assumption 8.36. We define a regulator with

N :=20,U := [-1,1], bs(u,y) = |ul* + |y|% l(z,u, Au, B) := |z — xs(B)]* + 1072 (u —
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us(8))* + 102(Au)2® Vi(z,B) == |z — xs(ﬂ)ﬁ;f(ﬂ), and Xy := lev,,V}, where P;(3) and
cy ~ 0.4364 are chosen according to the proof of Lemma 8.43 to satisfy Assumptions 8.7
and 8.8. Assumption 8.5 is satisfied trivially and Assumptions 8.4, 8.36, and 8.38 are satisfied
since smoothness of F' implies that v, r, and f are smooth (Hale, 1980, Thm. 3.3). Finally,
we use MHE designs (8.55) and (8.57) for the offset-free MPC and tracking MPC, respectively,
where T' = 5, Q,, = [10_3 10,6}, and QQ; := R, := 1. While the estimators defined by
(8.55) and (8.57) should be RGES (Allan and Rawlings, 2021), it is not known if they satisfy
Assumption 8.15. If Assumption 8.15 is satisfied, then Theorem 8.42 gives robust stability
with respect to the tracking errors.

We present the results of numerical experiments in Figure 8.2. To ensure numerical accu-
racy, the plant (8.61) is simulated by four 4th-order Runga-Kutta steps per sample time. Unless
otherwise specified, we consider, in each simulation, unmodeled air resistance (wp); = 1, mo-
tor gain error (wp)s = 2, an exogenous torque (wp)3(k) = 3H (k — 240), the discretization
parameter (wp); = 1, no measurement noise (wp); = 0, and a reference signal ry,(k) =
mH(5 — k) + S H(k — 120), where H denotes the unit step function. The setpoint brings
the pendulum from the resting state x; = m, to the upright position x; = 0, to the half-way
position z1 = 7.

In the first experiment, we consider the case without plant-model mismatch, i.e., (wp); =
0 and (wp)y = 0 (Figure 8.2a). Both offset-free and tracking MPC remove offset after the
setpoint changes. However, only offset-free MPC removes offset after the disturbance is in-
jected. Without a disturbance model, the tracking MPC cannot produce useful steady-state
targets, and the pendulum drifts far from the setpoint. Moreover, the tracking MPC produces
pathological state estimates, with nonzero velocity at steady state.

The second experiment considers the case with plant-model mismatch, i.e., (wp); = 1

®The Au(k) := u(k) — u(k — 1) penalty is a standard generalization used by practitioners to “smooth” the
closed-loop response in a tuneable fashion.

261



Offset-free tracking despite plant-model mismatch Chapter 8
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(a) No mismatch: (wp); = 0 and (wp)2 = 0. (b) Mismatch: (wp); = 1 and (wp)s = 2.
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(c) Noise and mismatch: (wp)i = (wp)s + (Awp)s, (d) Oscillating disturbance and mismatch: (wp)3(k) =
(Awp)s ~ N(0,1072), and (wp)s ~ N(0,107%). 1 — cos(ZE) and rgy (k) = .

Figure 8.2: Simulated closed-loop trajectories for the offset-free MPC and tracking MPC of
(8.61). Solid blue and dot-dashed orange lines represent the closed-loop estimates and inputs
(i, d,u) for the offset-free MPC and tracking MPC. Dashed blue and dotted orange lines
represent the closed-loop plant states xp for the offset-free MPC and tracking MPC. Dotted
black lines represent the intended steady-state targets and disturbance values (xpg, ds, us)
found by solving (8.6) and (8.47). We set (wp)1 = 1, (wp)2 = 2, (wp)3(k) = 3H (k — 240),
(wp)a =1, (wp)s = 0,and 75, (k) = mH (5 — k) + 5 H(k — 120), unless otherwise specified.
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and (wp)y = 2 (Figure 8.2b). As in the first experiment, both the tracking MPC and offset-free
MPC bring the pendulum to the upright position z; = 0, without offset. However, only the
offset-free MPC brings the pendulum to the half-way position z; = 7. The tracking MPC, not

accounting for motor gain errors, provides an insufficient force and does not remove offset.

13

= is a smaller value that the actual injected dis-

Note the intended disturbance estimate d, =
turbance (wp); = 3, as underestimation of the motor gain necessitates a smaller disturbance
value to be corrected. Again, the tracking MPC produces pathological state estimates.

The third experiment follows the second, except the exogenous torque is an integrating
disturbance (wp); = (wp)3 + (Awp)s where (wp)s ~ N(0,1072) and we have measurement
noise (wp); ~ N(0,107%) (Figure 8.2c). In this experiment, we see the remarkable ability
of offset-free MPC to track a reference subject to random disturbances. While the tracking
MPC is robust to the disturbance (wp)s, it is not robust to the disturbance changes (Awp);
and wanders far from the setpoint as a result. On the other hand, offset-free MPC is robust
to both and exhibits practically offset-free performance. We remark that, while the example
is mechanical in nature, we are illustrating a behavior that is often desired in chemical pro-
cess control, where process specifications must be met despite constantly, but slowly varying
upstream conditions.

In the fourth and final experiment, the pendulum maintains the resting position s, (k) =
7 subject to an oscillating torque (wp)3(k) = 1 — cos(%x) (Figure 8.2d). Tracking MPC
wanders away from the setpoint, whereas offset-free MPC oscillates around it with small
amplitude. We note the disturbance estimate d does not ever “catch” the intended value d,
as the disturbance model has no ability to match its velocity or acceleration. More general
integrator schemes (e.g., double or triple integrators) could provide more dynamic tracking

performance at the cost of a higher disturbance dimension (c.f.,, Maeder and Morari (2010)

or (Zagrobelny, 2014, Ch. 5)).
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Figure 8.3: Nominal steady states for the CSTR (8.65).

8.6.2 Continuous stirred-tank reactor

Consider the following nonisothermal continuous stirred-tank reactor (CSTR) (Hicks and

Ray, 1971; Kameswaran and Biegler, 2006) (Figure 8.1b):

T = FP(ma u, U)P)

0711 + (wp)y — my) — ke(wr2=M/e2g,

= efl(l'f — ZEQ) + k;e(wP)Z*M/wle _ ’Yu(l'Q - (wp)g) (8658.)
y = hp(x,u, wp) := 2 + (wp)4 (8.65b)
r=g(uy) =y (8.65¢)

where (71, 29) € X := ]RQZO are the dimensionless concentration and temperature, u € U :=
[0, 2] is the dimensionless coolant flowrate, § = 20 s is the residence time, k = 300 s™! is
the rate coefficient, M/ = 5 is the dimensionless activation energy, z; = 0.3947 and z. =
0.3816 are dimensionless feed and coolant temperatures, v = 0.117 s~! is the heat transfer

coefficient, (wp); is a kinetic modeling error, (wp), is a change to the coolant temperature,
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and (wp), is the measurement noise. Again, we discretize the system (8.65) via the equations
(8.62), where the continuous system is recovered with (wp); = 1 and zero-order holds on u
and wp. The system is modeled with wp = w(d) := (0,d, 0,0, 0), i.e.,

-1(1 — _ —M/xz2
at = f(a:,u, d) =x+A| _ 0 (1 ml) ke X1

0 1(,’L‘f — x2) + ke_M/CCQI.l _ ,yu(xz — . — d) (8663.)

y = h(z,u,d) := xs. (8.66b)

The goal in the following simulations is to control the CSTR (8.65) from a nominal steady
state (z(0),u(—1)) ~ (0.9831,0.3918,0.8305) to a temperature setpoint r, € [0.6,0.7]. In
this range the nominal steady states are unstable. Moreover, there is a Hopf bifurcation at
(Hopt, Unopt) ~ (0.1728,0.7009,0.6973). We plot the nominal steady states (i.e., wp = 0)
along with the initial steady state 2(0) and the Hopf bifurcation 2y in Figure 8.3.

For the following simulations, assume disturbance set is wp € W := [—0.05,0.05]* X
{0,1}, and let the sample time be A = 1s. Regardless of objective /;, the SSTP (8.6) is

uniquely solved by

7s(B) 1= {—/} , O i B €2 ()1

Tsp
for each 8 = (rgp, Usp, Ysp, d) € B, where
B, = [0.6,0.7] x U x [0.6,0.7] x [~0.1,0.1]

and 0y > 0. Likewise, the solution to (8.47) is

Tsp
xps(ar) == { 0 ] : ds(a) (8.67)

265



Offset-free tracking despite plant-model mismatch Chapter 8

for each o = (7sp, Usp, Ysp, wp) € A, where
A, = [0.6,0.7] x U x [0.6,0.7] x W.

It is straightforward to verify A. and B, are compact and satisfy Assumption 8.36.

We define a regulator with N := 150, £(z, u, Au, ) := |z —x,(8)[+ 1073 (u —us(3))* +
(Au)?,Q = [107° ], Vi(x,B) = |z — 5(B)[b, (5 and X := lev., Vy, where P;() and ¢; ~
6.7031 x 107'% are chosen according to the proof of Lemma 8.43 to satisfy Assumption 8.7.”
Finally, we use MHE designs (8.55) and (8.57) for the offset-free MPC and tracking MPC,
respectively, where T := N, Q,, := 1071, Q4 := 1072, and R, := 1. As in the simple
pendulum example, if Assumption 8.15 is satisfied, then Theorem 8.42 implies the offset-free
MPC can robustly track setpoints despite plant-model mismatch.

The results of the CSTR experiments are presented in Figure 8.4. Throughout these ex-
periments, the plant (8.65) is simulated by ten 4th-order Runga-Kutta steps per sample time.
Unless otherwise specified, each simulation is carried out with error in the feed concentration
(wp); = —0.05, error in the activation energy (wp)y = —0.05, a step in the coolant temper-
ature (wp)3(k) = —0.05H(k — 300), no measurement noise (wp); = 0, the discretization
parameter (wp); = 1, and a constant reference signal r, = 0.65.

In the first experiment, we consider the case without plant-model mismatch, i.e., (wp); =
0 and (wp)2 = 0 (Figure 8.4a). As in the pendulum experiment, both offset-free and tracking
MPC remove offset after the setpoint changes, but only offset-free MPC removes offset after
the disturbance is injected. We also note that, after the disturbance is injected, the tracking
MPC state estimates are slightly different than the plant states.

We consider plant-model mismatch (wp); = —0.05 and (wp)s = —0.05 in the second

"While ¢ + was chosen near machine precision, the CSTR tends to evolve to the nearest stable steady state,
and the horizon is chosen long enough to easily achieve this steady state to a high degree of precision. Thus,
the system remains robust despite the tight terminal constraint.
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(c) Noise and mismatch: (wp)j = (wp)s + (Awp)s, (d)Oscillating setpoint: rgp (k) = 0.05 sin( 2~ ) +0.65.
(Awp)3 ~ N(0,1079), and (wp)s ~ N(0,107%).

Figure 8.4: Simulated closed-loop trajectories for the offset-free MPC and tracking MPC of
the CSTR (8.65). Solid blue and dot-dashed orange lines represent the closed-loop estimates
and inputs (&, d, u) for the offset-free MPC and tracking MPC. Dashed blue and dotted or-
ange lines represent the closed-loop plant states xp for the offset-free MPC and tracking
MPC. Dotted black lines represent the intended steady-state targets and disturbance values
(xpg, ds, us) found by solving (8.6) and (8.47). We set (wp); = —0.05, (wp)2 = —0.05,
(wp)3(k) = —0.05H (k — 300), (wp)4a = 0, (wp)s = 1, and rgp, = 0.65 unless otherwise

specified.
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experiment (Figure 8.2b). The offset-free MPC is able to track the reference and reject the
disturbance despite mismatch, this time at the cost of a significant temperature spike around
k = 170. On the other hand, the tracking MPC fails to bring the temperature above x5 = 0.5,
far from the setpoint ry, = 0.65.

In the third experiment, the coolant temperature is an integrating disturbance (wp)s =
(wp)3 + (Awp)s, (Awp)z ~ N(0,1075), and we have measurement noise (wp); ~ N(0,107%)
(Figure 8.4c). As in the corresponding pendulum experiment, offset-free MPC tracks the ref-
erence despite the randomly drifting disturbance. Here we are illustrating a behavior that is
often desired in chemical process control, where process specifications must be met despite
constantly, but slowly varying upstream conditions. We remark that, while the pendulum
example is mechanical in nature, it illustrated the same property. The tracking MPC, on the
other hand, still cannot handle the plant-model mismatch and fails to bring the temperature
up to the setpoint.

In the fourth and final experiment, the setpoint follows an oscillating pattern rg,(k) =
0.05 sin(%) + 0.65. Tracking MPC again fails bring the temperature up to the setpoint.
Offset-free MPC closely follows the setpoint, substantially deviating from it only at the start-
up phase and when the coolant temperature disturbance is injected. Again, we note that a
precise tracking of this disturbance and reference signal could be accomplished by more gen-

eral integrator schemes. (c.f., Maeder and Morari (2010) or (Zagrobelny, 2014, Sec. 5.3, 5.4)).

8.7 Conclusions

In this chapter, we presented a nonlinear offset-free MPC design that is robustly stable
with respect to setpoint- and target-tracking errors, despite persistent disturbances and plant-
model mismatch. Our results are significantly stronger than the standard offset-free sufficient

conditions that can be found in the literature. Notably, we do not assume stability of the

268



Offset-free tracking despite plant-model mismatch Chapter 8

closed-loop system to guarantee offset-free performance. The results are illustrated in nu-
merical experiments.

These results form a foundation on which offset-free performance guarantees can be es-
tablished on a wider class of MPC designs and applications. The results without mismatch
(Theorem 8.34) should also extend to the control of plants with parameter drifts. A few lim-
itations of this work, notably the requirement of a Lyapunov function for the estimator (As-
sumption 8.15), and the necessity of quadratic costs (Assumption 8.8), are also possible areas

of future research.
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Appendices

8.A Proofs of robust estimation and tracking stability

8.A.1 Proof of Theorem 8.16

Proof of Theorem 8.16. First, note that c3 < ¢, as otherwise, this would imply V. (k +1) <0
whenever w(k) = 0. We combine the upper bound (8.18a) and bound on the difference (8.18b)
to give

Vo(k +1) < AV(K) + cq|i(k)]?
where A :=1— 2 € (0,1). Recursively applying the above inequality gives
V.(k) < AFV, +Zc4w Yk — §)?

< g2 4 Z e N d(k — 5)2

j=1

noting that e(0) = € because @ is the identity map. Finally,

k+1
Ve(k _ 1~ .
0] < 4 2 < ntlel +eca Yo N i)

=1

where ¢, ; ==, /2—?, Cep 1= 4 /%’ and )\, := V\. O

270



Offset-free tracking despite plant-model mismatch Chapter 8

8.A.2 Proof of Theorem 8.23

Proof of Theorem 8.23. Suppose X C = is RPI for (8.20). Let the functions V : = — R and
a;,0 € Koo, i € 1.3 satisfy (8.24) forall ¢ € X andw € Q.(&). Let (€, w, {;, () satisfy (8.20)
and £(0) € X.

Asymptotic case. The proof of this part follows similarly to (Jiang and Wang, 2001,

Lem. 3.5) and (Tran et al., 2015, Thm. 1). We start by noting (8.24b) can be rewritten

V(Fe(§,w)) < (10— ay)(V(§)) + o(|w]) (8.68)

where oy 1= az 0 ;' € K. Without loss of generality, we can assume 10 — oy € K (Jiang
and Wang, 2001, Lem. B.1). Let p € K, such that ip — p € K.
Let b := a; ' (p~(o(||w|)) and D := {£ € = | V(€) < b}. The following intermediate

result is required.

Lemma 8.44. If there exists ko € 1> such that {(ko) € D, then{(k) € D for all k > k.

Proof. Suppose k > ko and {(k) € D. Then V(£(k)) < b and by (8.68),

V(E(k + 1)) < (10 — ag)(V(E(F))) + o([[w]])
< (0 — ) (0) + o([lw])

= —(0 — p)( (b)) +b —p(aa(b)) + o([|wl]) < b.

<0 =0

The result follows by induction. O

Next, let jo := min{k € Iso | (k) € D }. The above lemma gives V(£(k)) < ~v(||w]|)

for all £ > jy, where v := a;l o p~! o 0. On the other hand, if & < jy, then we have
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plag(V(€(K)))) > o(||w]|) and therefore

V(E(E+1)) = V(E(F) < —aa(V(E(R))) + a(llw])
= —au(V(E(F))) + plaa(V(E(R)))) — plas(V(E(R)))) + o([lwl)
< —au(V(E(R))) + plaa(V(E(F))))-

By (Jiang and Wang, 2002, Lem. 4.3), there exists 5 € KL such that

a([G(k)]) < V(E(R)) < BV(£(0)), k) < Blaz(|C(0)]), k).

Combining the above inequalities gives

|G (k)| < max{Be(|G(0)], k), vc(lwl])} < Be(I6(0)], k) + e ((lwl])

where ¢ (s, k) := a7 (B(aa(s), k)) and ¢ := a;' o 4. Finally, causality lets us drop future
terms of w from the signal norm in the above inequality and simply write (8.22).
Exponential case. Suppose, additionally, that a;(-) := a;(+)*,i € I;.3. Without loss of

generality, we can assume \ := 1 — a3 € (0, 1). Recursively applying (8.24b) gives

V(E(K)) < XN'V(£(0)) + Z Ao (|w(k —)])

o(llwllor-1)

< Mag|Ga(0)[° + Y

Applying (8.24a), we have

0(||w||0:k—1)>1/b'

a] < (o + el
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If b > 1, the triangle inequality gives
G (k)] < ecAél62(0)] + e (llwllon—1) (8.69)

ai

1/b 1/b
with ¢, := (“—2> S A = AP and () = (%) . Otherwise, if b < 1, then convexity

. . 1 (2a5 )" 1/b 1 (200 \"°
gives (8.69) with ¢; := 3 (%) A =AYb and e (+) i= 1 (al(l—/\)> . O

8.A.3 Proof of Theorem 8.28

Proof of Theorem 8.28. Throughout, we fix £ € I, and drop dependence on k when it is
understood from context. Let the trajectories (&, é, u,w, v, g, () satisfy (8.19) and (8.25)-
(8.28), ¢ = G(£), and (£(0),€) € S, where S is RPL Suppose @ is the identity map. Let
a;,b; > 0,1 € T4, V : = Rso, Vo 1 E % = R>p, and 0,0, € leatisfng—g‘ll <1,

wc o Ll and (8.31).

aszcs c1+c2

Joint Lyapunov function Combining the fact |(¢,e7)|> = |¢|*> + |7 |* with the inequali-

ties (8.31), we have

~ ~ (8.31b)
V(ED) = V() < —asl¢® + alel’ + asle*]” + o(jw])
(8.31¢) 9 9 Q4 oAy
< sl + aule? + V€ )+ o)
(8.31d)

S‘ﬁﬂﬁﬂuc—ﬁyw+%%@@+ﬂM)
C1 C1

(831c) 5 o
< —a3|Cl" + aale]” + o (|wl)

where a3 := az — aé—f‘*, gy = ay <1 + %), and 6 := i—;‘ae + o0 € K. Note that a3 =
as (1 — M) > ( by assumption, and a4 > 0 since ¢y > cs.

ascy

Let W(S,é) = V(f) + qu(f,f) where ¢ > 0. With b; := min { a1, gc; }, we have the
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lower bound,
bil(C. ) = bil¢? + bulel* < ar[C]® + gerle]* < V(€) + qVe(&,€) = W(E,E).  (8.70)

With by := max { ag, gy }, we have the upper bound

~

W (E,€) ==V (€) + qV(£€) < aalC]* + qoale]® < bal¢? + bole]? = bo|(C,e)[>. (8.71)

Cc1
c1+ca

For the cost decrease, we first note that £27* < implies

- CL+C  C3 ascy  C3 . a4C3Cy
A4Cqy = Ay c — C_ Cy < Qy ﬁ — C_ C4 = Q3C3 — c = ascCs
1 1 404 1 1

and therefore i—;‘ < ‘z—j With q € (&—4 @>, we have

cs’

W(EEN) S VED) + Va6, 67) S W) — bsl(¢. o) +ow(lw])  (872)
where b3 := min { as — gcy, gc3 — aq } > 0 and oy := 7 + qo. € K by construction.
Robust exponential stability Substituting (8.71) into (8.72) gives

W (T, EY) < AW(E,E) — bs|(C,8) [ + ow (|w]) (8.73)

where A :=1— Z—z and we can assume A € (0, 1) since

by > qca > qez > qes — ay > bs.
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Recursively applying (8.73) gives

W(E(R), E(K)) < NWV(£(0),£(0)) + Z Ao (|w(k — 1))

< b:A"]((0),2(0))* + Z Ao (|lw(k —)])

where the second inequality follows from (8.71). Finally, by (8.70) and the triangle inequality,

we have

k
[(C(R), e(k))| < ecA¢l(€(0),(0))] + Z%(Iw(kﬁ —1)[,7)

where c; 1= Z—f A¢ 1= VA, and Ye(s, k) == A’Z_l %S) -

8.B Proofs of offset-free MPC stability

8.B.1 Proof of Theorem 8.29

We begin by proving Theorem 8.29(a,b).

Proof of Theorem 8.29(a,b). (a)—Suppose x € X5 () and § € B,. From the main text, G(x, ()

is feasible, so

V]?f(fc<x76>7ﬁ> < VN(fc(maﬁ)vﬁ(xvﬁ)vﬁ)

and, applying the inequality (8.35), we have

V]?/(fc('r7ﬁ)’ﬁ) S V]S(I7B) - g(l‘,l{]\[([ﬁ,ﬁ),ﬁ).

But

o(Q)lz — 2. (B)]* < Uz, kn(w, B), B) < Vy(z, B)
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so the lower bound (8.34a) and the cost decrease (8.34b) both hold with a; = a3 = o(Q).
To establish the upper bound of (8.34a), we first note that since P is continuous and

positive definite, and B, is compact, the maximum v := maxgep, o(Pf(f)) > 0 exists. Then

|z —xs(B)] <e:= \/% implies
Vi(z, ) < T(Pr(B)a — 25(B)* < vl — 24(B)]* < ¢

and therefore + € X;(/). By monotonicity of the value function (Rawlings et al., 2020,

Prop. 2.18) we have V(z, 8) < Vy(z, ) whenever x € X;(f3), and therefore

Va(z, B) < Vi(z, B) < vlx — zs(B)

whenever |z — z4(/)| < £. On the other hand, if |z — z5(3)| > ¢, then

V(. B) < p < Gle —x (@)

Finally, we have the upper bound (8.34a) with ay := max {v, % }.

(b)—Let 3 € B. We already have that V(-, 3) is a Lyapunov function (for the system
(8.32), on X% (p)) with respect to x — z4(f3), and f.(x,5) € Xn(B) for all x € X5 () by
recursive feasibility. We can choose any compact set B, C B containing /3 to achieve the

descent property (8.34b). Then, for each x € X% (/3), we have

V]?f(fC(xa ﬂ)?ﬁ) < V]E)[(il?, 5) - al‘x - -Is(ﬁ)‘Q < P
and therefore f.(z,3) € X% (/). In other words, X% (/3) is positive invariant for the sys-
tem (8.32a). Finally, ES in X% (5) w.rt. z — x4(3) follows from Theorem 8.23. O

To prove Theorem 8.29(c,d), we need a few preliminary results.
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Proposition 8.45. Suppose Assumptions 8.4 to 8.8 hold. Let p > 0 and B, C B be compact.

There exist ¢, c,, > 0 such that

12°(j; 2, B) — 25(B)| < exlz — 24(B)] (8.74a)

W (k; 2, B) — us(B)| < culr — z4(B)] (8.74b)

foreachx € X5(0), 5 € B, j € iy, and k € I1.n_1.

Proof. Throughout, we fix z € X% (S) and 5 € B.. Unless otherwise specified, the con-
structed constants and functions are independent of (z, 3). By Theorem 8.29(a), there exists
ay > 0 satisfying the upper bound (8.43a). Since P is continuous and positive definite and
B, is compact, the minimum 7 := mingep, o(Pr(0)) exists and is positive. Moreover, since

@, R are positive definite, we have 0(Q),c(R) > 0. For each k € Ip.n_1,

a(Q)|(k; , B) — wo(B)* < [ (ks 2, B) — wo(B) )
< Vy(z,B) < aslz — z,(B)]
Y2 (N2, 8) = 2 (B)[* < [a°(N; 2, B) — 2a(B) 3y )
< VR(z,B) < aslz — z,(B)]

o(R)[u’ (k; z, B) — us(B) < [u°(k; 2, B) — us(B)|%

< Vy(2,8) < sl — z,(B)[*.

Thus, (8.74) holds for all j € I;.y and k € Ij.y_; with ¢, := max{, /%, %} and

Cy i= /g‘(lf%). O]

Proposition 8.46. Suppose Assumptions 8.4 to 8.8 hold. Let p > 0, B, C B be compact. There
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exists 0, € K, such that

19c(, B) = rsp| < 00(|2 = 25(B)]) (8.75)

foreachx € X5(B) and B = (rep, 2zsp, d) € Be. Moreover, if g and h are Lipschitz continuous

on bounded sets, then (8.75) holds on the same sets with 0,.(-) := ¢,(-) and some ¢, > 0.

Proof. By Proposition 7.49, there exists 7, € K such that

l9(u, h(z, u, d)) — g(a, h(Z, 4,d))| < or(|(x — &, u — 0, 5 = P)])

forall 2,7 € X§, u,u € U, and 8 = (r,2,d),8 = (7,%,d) € B.. Fix x € X%(5) and
B € B.. The following constructions are independent of (x, ) unless otherwise specified.

By Proposition 8.45, there exists ¢, > 0 such that

v (@, B) = us(B)] < culr — a4(B)]

Combining these inequalities gives

|gc(x75) - Tsp’ S &r(’(x - xs(ﬂ)a 5N(£76) - us(ﬁ))D
<, ((1+ cu)lr — 2:(B)])
< op(fe —z:(6)))

where 0,(-) := 7,((1 4+ ¢,)(:)) € K. If we also have that g and h are Lipschitz on bounded
sets, then we can take 0,.(-) := ¢.(:) and ¢, :== L,(1 4+ ¢,) > 0, where L, > 0 is the Lipschitz
constant for g(u, h(z,u,d)) over X% x U x B.. O
Proof of Theorem 8.29(c,d). Fix x € X%(/3) and /5 € B. Let B. C B be compact, containing /3.
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Define 1 := g.(z, f) — ryp and 0z := x — z4(5).

(c)—By Proposition 8.46, there exists 0, € K, such that (8.75) holds. Then
ar(|or]) := arfo (|0r])]* < aldx|* < Vy(w, B)

so VY(-, B) is a Lyapunov function on X%(3) w.r.t. (dr, dx), and AS on X% (3) w.r.t. (or,z)
follows by Theorem 8.23.

(d)—If g and h are Lipschitz continuous on bounded sets, then by Proposition 8.46, we
can repeat part (c) with a;(+) := ayc;(-)? and some ¢, > 0. Then V(-, 3) is an exponen-
tial Lyapunov function on X} () w.r.t. (6r,dz), and ES on X% (/) w.r.t. (0, 0z) follows by

Theorem 8.23. O]

8.B.2 Proof of Proposition 8.33
To establish Proposition 8.33, we require the following result.
Proposition 8.47. Suppose Assumptions 8.4 to 8.8 and 8.31 hold and let p > 0. The set
x5 = U %)
BeB.
is compact, where B, is defined as in Assumption 8.31(i).

Proof. Consider the lifted set
Fi={(,u,8) € Xx UN x B.| V{(¢(N;2,u,8)) < cp, Viw(d,u,8) < p}.

Notice X " is equivalent to the projection of F onto the first coordinate, i.e., X = P(F)
where P(#,u, ) = . Since P is continuous, the image X% = P(F) is compact whenever

F is compact. Thus, it suffices to show F is compact.
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The set F is closed because (X, U, 5’6) are closed, and continuity of (f, z, us, ¢, Vy) im-
plies continuity of V;(¢(N;-,-,-)) and Vi (-, -, ). Next, we show F is bounded. Since z; is
continuous and B, is compact, the maximum p, := maxges, |2,(3)] exists and is finite. For
each (2, u, ) € F, we have V9(z, ) < Viy(&,u,3) < p by construction. But V3(z, §) >
o(Q)|& — x4(3)|2, so this implies |# — z,(3)| < \/% and therefore |z| < \/% + ps. But

u and B always lie in compact sets, so F must be bounded. OJ

Proof of Proposition 8.33. Let 3 € B,, & € X%(f), and |d| < &, such that 3+ := f5.(5,d) €

B.. For brevity, let

Recall d := (e, e, AB,w,v), € = (&g, eq), €T := (e, e}), and AB 1= (A, wy).
From Proposition 8.47, the set X % is compact. Since the functions (f, x, us, Pf) are con-

tinuous, so are (V, Viv). By Proposition 7.49, there exist o, ov;, oy, € K such that

f (@1, w1, dy) — (g, 19, do)| < 0p(|(21 — @9y w1 — uz, dy — d)]) (8.76)
Vi (o(N; 21, a1, dr), Br) — Vi(@(N; 2, ua, da), B2)| < o, ([(21 — 22,01 — uz, By — B2)])
(8.77)

[V (21, a1, B1) — Viv(, ug, B2)| < ovy ([(21 — 22,11 — g, B1 — B)]) (8.78)

forallz; € X, 25 € /'\?fv, ui, us € U, ug,up € UV, and 3 = (31,021),32 = (SQ,JQ) € B..
Substituting 1 = & + €, xo = T, U1 = Uy = IiN(:i‘,B), ch =d+ eq, and dQ = d into

(8.76), we have |7 — Tt < o(le|) + |w| + |ef|. But |3+ — 5] < |AB| + |ea| + |ef

, SO

(2" =7, 67 = B)| < os(d) + 5|d|. (8.79)
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Substituting 1 = T, 29 = fc(f, B), u; = up = u(z, B), B, = B+, and 3, = 3 into (8.77) and

(8.78) gives

< &v,(|d]) (8.80)
|VN(J: ,u(x,ﬁ),ﬁﬂ - VN<x 7ﬁ(§;7 )7B)| < O-VN(l(x—i_ - $+,ﬁ+ - 6)')
< o,(|d]) (8.81)

where oy, (-) := ov,(04(-) + 5(")) € K, 0,(-) := vy (04(-) +5(-)) € Ko, and the second
and fourth inequalities follow from (8.79).

Part (a). By definition (8.9) and (8.10), we have u(#,3) € Ux(&t, 1) if and only if
Vi(2*(N),5t) < ¢;. Thus, it suffices to construct & > 0 (independently of 3 and d)
for which & € Xy(3) implies V(i (N), 37) < ¢s. Since # € Xy(f), we already have

Vi(Z(N), B) < cy, and by Assumptions 8.7 and 8.8,

Vi(TT(N), B) < V3(T(N), B) — L@ (N), k(@ (N), B), B)

< V3(@(N), B) = a(@)[F(N) — zs(B)[.
Since B, is compact and &, P are continuous functions, the maximum

ass = maxa(P;(B))
Geb,

exists and is finite, so

>

I

=

%gwmm,thﬂM—%(
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Then [Z(N) — z,(8)] > /55 and

2G,f’2

Vi@ (N),B) < ¢f — C’;if) (8.82)
On the other hand, if V;(Z(N), 3) < <, then we have
Vi (TH(N), B) < %f (8.83)
Finally, combining (8.80), (8.82), and (8.83), we have
Vi (@ (N), %) < ep — 35 + 6, (|d])
where ¢ := min { %f, %J(fj)} was defined independently of (B , J) Finally, taking §; :=

min { &, &y (v7) }, we have V(¥ (N), %) < ¢y and @(#, B) € Uy (27, B7).
Part (b). By (8.35), we have
V(@ (2, 8), B) < V (&, B) — L(#, kn (2, B), B)

<VR(,8) — a(Q)IF(N) — 2,(B)[*. (8.84)

Combining (8.81) and (8.84) gives (8.41) with a3 := ¢(Q), which is positive since () is positive

definite.

~

Part (c). The proof of this part follows similarly that of part (a). Since & € X% (53), we

have VO(z, 8) < p. IfV(%, B) > £, then, by Theorem 8.29(a), we have

N

< VI, 8) < asld — x4(B)[?
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for some ay > 0. Therefore | — x,(3)| < /52 and

~aA N A (%
a2
On the other hand, if V)(%, B) < £, then
Vy(@", (2, 8),8) < g (8.86)

Combining (8.41), (8.85), and (8.86) gives

A

Vn (@t a(z, B), B) < p— v + vy (|d])

p pa(Q)

S e} Butu(z, $3) is feasible by part (a), so by optimality, we have

where  := min {

Ve(at, BY) < Van(at,a(z, B), B) < p— v + vy (|d)).

Thus, as long as |d| < § := min { dy, Gyv(7) }, we have V(27 B%) < pand & € XL (6T).

8.B.3 Proof of Proposition 8.35

Proof of Proposition 8.35. Proposition 8.46 gives (8.44a). By Proposition 7.49, there exists o, €
Koo such that

‘g<u17 h(xh U, dl) + Ul) - g(u27 h(ﬂfg, Uy, d2> + 7)2)|

< og(|(w1 — 22,1 — ug, dy — dy, 01 — v2)|)  (8.87)
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for all 1,29 € XN (), ur,ug € U, dy,dy € D, v1 € Vo(1,u1,dy), and ve € V. (9, ug, ds),

where

D.:={deD] (sg,d) € B.}

Ve(z,u,d) = {v e dB™ | h(z,u,d)+veY}

Fix # € X0(B), f = (ssp,d) € Be,and d = (e,et, Asgy,w) € Do(&, 5) N 6B, where
e = (e, eq) and W = (w,wy,v). Substituting x1 = & + €,, o = T, U3 = Uy = /@N(:%,B),

d; = d+ eq, do = d, v; = v, and v, = 0 into (8.87) gives, independently of (Z, B, d),

Then (8.44b) follows by the triangle inequality. Finally, if g and h are Lipschitz continuous
on bounded sets, we can take o,(-) := ¢,4(-) where ¢, > 0 is the Lipschitz constant for

g(u, h(z,u,d) +v). O

8.B.4 Proof of Proposition 8.40

To prove Proposition 8.40, we derive a bound on ||

Proposition 8.48. Suppose Assumptions 8.4 to 8.6, 8.36, and 8.38 hold. For any compact X C X
and A. C R™ x Z, x W such that (ss,, wp) € A, implies (s, 0) € A,, there exist functions

Ow, O € Ko for which
0] < oy (we])]z — 25(8)] + oa(|Aal) (8.88)

forallz € X x U and o = (ssp, wp),at € A, where f := (s, ds(0)), 0 := (w,wq,v),
A« := o' — o, and (8.50).
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Proof. For ease of notation, we let z = (z,u) € X XU, o = (s54p, wp) € A, 5 := (55p, ds(¥)),

W := (w,wg,v), and

AW(z, u, o) = fo(x + Azy(a), u, we) — f(z,u, Czs<04))A— Azg(a)
Uy @) he(x + Azg(a), u, wp) — h(z, u, ds())

throughout. We also note that, by definition of the SSTP (8.6) and the nominal model assump-

tion (8.3), we have
Aw(zs(B),a) =0, 0,AW(z, sp,0) = 0. (8.89)

Assume all functions continuously differentiable on X x U have been extended continu-
ously differentiable functions on all of R"*"* using appropriately defined partitions of unity
(cf. (Lee, 2012, Lem. 2.26)).

Let Z. denote the convex hull of X x U. For each i € Iy.,,,, 9.At; is continuous, and

by Proposition 7.49, there exists o; € K, such that
0. AW, (21, a1) — 0. AW (22, a2)| < 03([(21 — 22, 01 — ) )

for all z1, 20 € Z, and oy, s € A,. Substituting 21 = 20 = 2, a1 = @, and ay = (s, 0) into

the above inequality, we have
|0, AW, (z, )| = |0.Aw;(z, &) — 0,AW(z, Ssp, 0)] < 0;(Jwp]) (8.90)

where the equality follows by (8.89). By Taylor’s theorem (Apostol, 1974, Thm. 12.14), for

each i € I}, 1y, there exist z;(z, ) € Z. and t;(z, ) € (0, 1) such that

Awi(za O‘) = azAwi(gi(Z? CY), Oé) (Z - Zs(ﬁ)) (8-91)
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where Z;(z, ) := t;(z,0)25(8) + (1 — t;(z,a))z(z, ) € Z. by convexity of Z,., and the

zero-order term drops by (8.89). Combining (8.90) and (8.91),

n+ny n+ny

Ads(z,0)| < D |ABi(z,0)] < Y aillwel)|z = 2(8)] = ow(lwe])]z — z(8)]  (8.92)
i=1 i=1

where o, = Z?Ilm’ 0;. By Proposition 7.49, since zp s, s, ds are continuous, there exist

0z, 0q € Ko such that

A, () — Ay(a)] < 04(jar — as)) (5.932)

|ds(a1) — ds(0w)] < o4(|an — as|) (8.93b)
for all ay, iy € A.. Finally, using (8.92) and (8.93) with a; = o and as = o™ gives

@] < |AD(z, )] + |[Azi(a’) = Azi(a)| + |di(a™) — d(a)|

< ow(|we])]z = 2:(B)] + oa(|Aa)

with o, := 0, + 04 € K. O

Proof of Proposition 8.40. With 6,, € (0,0, ( 40‘;%)) we can combine (8.18b), (8.74b), and
(8.88) (from Assumption 8.15 and Propositions 8.45 and 8.48, respectively) and the identity

(a+b)? < 2a? 4 2? to give

[ < [ow(Jwe])|z — 2(8)| + 0a(| Aal)]?
< 20ow(Jwe)|z = z(B)* + 2[0a(| Ac)]?

< 2oy (Jwel)P[(1 + €)= 2,(8)] + Lyle])? + 2loa(|Aal)]?

< Aoy ([wel)P(1+ €)*[2 — 2, (B) + 4o (Jwe )P LYlel* + 2[oa(|Ac )2
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and therefore (8.52), where ¢3 := c3 — 4¢4[0,(6,)]2L? > 0, 6,(-) := 4dcafo, ()2 (1 + cu)?,

Gu(+) := 2c4[04(-)]? and Ly > 0 is the Lipschitz constant for 2. O

8.B.5 Proof of Proposition 8.41

To establish Proposition 8.41, we require two preliminary results.
Proposition 8.49. Suppose Assumptions 8.4 to 8.8, 8.36, and 8.38 hold. Let p,d,, > 0. There

exist ¢, > 0 and 6,0, € Ky such that

[d* < &l(e.e)? + G (fwp])|E — 2, (B) + 5a(|Aal) (8.94)

A

so long as a = (sg,wp) € Ac(0y), Aa = (Asyp, Awp) € Ad(a,dy), (&,3) € 84, d =
(e,e, Asyy, ) € Dy(&, ) N 6B, and 3 = (s, d), given (8.17) and (8.50).

Proof. From Propositions 8.45 and 8.48 and (Rawlings and Ji, 2012, Eq. (1)),

[i]* < [ow(lwel)lz = 2(8)| + 0u(| Aal)]?

IN

[0 ([wel)z = 2(B)] + Lyow (Jwel)le] + oa(| Aa)]?

IN

[ (lwel)lar = 24(B)] + 0w (lwel)[u — ws(B)] + Lyow (lwel)le] + oa(|Aa])]?
< (14 caow(we)|E — o (B)] + (Ly + Do (Jwe)e] + oal|Aal)]?

< 91+ cu)*low(|we)*|2 — 2(B)|* + 9(Ls + 1)?[ow (lwp])]le]* + 9[on(| Aa])]?

where Ly > 0 is the Lipschitz constant for z; and ¢, > 0 and 0,,, 0, € K, satisfy (8.74b) and

287



Offset-free tracking despite plant-model mismatch Chapter 8

(8.88). Therefore

[d? = [(e, ") + [Asp|* + 0]
< 91+ ) (gw(luwe]))*|2 — s(B)]*

+ (14+9(Ls + 1)2(04,(6.))?)|(e, €M) + |Aaf* + 9o, (|Aal))?

so (8.94) holds with ¢, := 1 + 9(L, + 1)%[0,(0,)]* > 0 and G, := 9(1 + ¢,)?*02, 04 =

102 4 90, € K. O

Proposition 8.50. Suppose Assumptions 8.4 to 8.8, 8.36, and 8.38 hold and let p > 0. There

existay, 1 € (0,0(Q)) and ay, 2,0 > 0 and oy,, € Ko such that

|VN(£+7ﬁ<£JB>>B+) - VN(EJrvﬁ(‘%?B)aB)‘ < a’VN,l|j - xS(B)|2 + a‘VN72|J‘2 (8'95)

for all (&,53) € S and d e D.(2, B) N 6B, where T+ := f.(&, /), &t = f.(&,/,d), and
B+ = f,@,c(37d)'

Proof. By continuity of P, there exists op, € K, such that

1Pr(B1) = Pr(B)ll < op, (|51 — fBal) (8.96)

for all 51,5, € Bc. Moreover, since Bc is compact and P is continuous and positive def-

A

inite, the maximum v := maxg_z 0(P;(B)) exists and is finite and the minimum 7 :=

~

max;cz o(Pp(8)) exists and is positive. Let L > 0 denote the Lipschitz constant for z;
on B.. Throughout, we let (2, ) € 8%, 02 = & — x,(f), d € Dy(&,3), T+ = f.(2,f),
B = fol@,B8,d), BT = fae(Bd), @ = (&, B), TH(R) == o(k;T, @, 5), and & (k) =
ok; i+, 0, 5%).
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By Assumption 8.38, we have
[Tt — 37| < Lyle| + [w| + || < Lj|d] (8.97)

where L; > 0 is the Lipschitz constant for f and L, := L; + 2, by Assumption 8.36(b), we

have

2(67) = 2(B)] < L|6" = Bl < Lo(1AB] + leal + e |) < 3L,|d] (8.98)

and by Proposition 8.45, we have c,, ¢, > 0 such that

T7(j) — 25(B)| < eu]d] (8.99)

(k) — us(B)] < culod| (8.100)

foreach j € [p.y_1 and k € [j.y_o.

By Assumptions 8.7 and 8.8, we have

~

Yolz" (N) —z,(B)* < Vy(@H(N 1), B)
< V(@ (N =1),8) = a(@Q)[F" (N = 1) — ()
<y —a@IF"(N = 1) —a,(B)

(8.99)

< [v—a(@)]ezloz]*.

Therefore

>

[TH(N) = 25(B)] < yypcald] (8.101a)
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where v; := 4/ %O(Q) Similarly, using the fact that V;(z+(N), 3) > 0, we have

a(R)[a(N = 1) = u(B)]* < Vi@ (N =1),8) = (@) (N = 1) — (B
< (v = a@)F" (N = 1) =2, (B)°

(8.99)

< (v-2(Q))c;loz]*

and therefore

A(N — 1) — us(B)] < cuf]di] (8.101b)

7—a(Q)

with ¢y p := Cay /5

Due to continuous differentiability of f, we have

|27 (k) =2 (k)] = (@7 (k = 1), a(k),d") = f(@"(k = 1), a(k), d)|

< Lylat(k—1) =zt (k —1)| + Lg|d* —d|

where L; > 0 is the Lipschitz constant for f. Applying this inequality recursively, for all

k € Ip.n, we have
2T (k) =z (k)| < LE[aT — 7| + Ly(k)|d" —d| < Ly(k)|d| (8.102)

where L¢(k) := Zle L and Ly (k) := L L, + 3Ly(k), and we have used (8.97) and the fact

that |d* — d| < |wa| + |eq| + |eF| < 3|d|. Moreover,

. (8.99),(8.102)

@t (k) — 2 (B) < elo@| + Ly(k)|d| (8.103)

and
. (8.101),(8.102)

T (N) —z(B)] < cvglod] + Ly(N)|d]. (8.104)
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Using the inequalities,

ERr — 1613 < 1My — M| ||€]2, (8.96), and |3+ — ] < |AB] +

lea| + lej| < 3|d

, we have

~

VAEH(N), 3%) < [ () = 22803, 5, + o, (BldDIET (V) = (B0

Using the identity | + &* < 2]&]? + 2|& %, we have

Vi(@H(N), 57) < 27 (N) = 2s(B9)3, 5, + orpe ()] + oppa(dl)dP. (8.105)

where op, .(-) 1= 2¢2770p,(3(+)) and o p, 4(-) := 2(L(N))*op, (3(-)).
For the remainder of this part, we let A > 0 (to be defined) and use the identity 2ab <

Aa? + A\710?. Expanding quadratics and using the identities (8.98)—(8.100), we have

~

|37 (N) — 2,(57) if(g) — [#7(N) — 24(B) if@l
< 6yL|3T(N) — z,(B)]|d| + 9vL2|d|?
< 67 Lycoyy|02]]d| + (67 Lo Ly (N) + 9vL2)|d|”
< 3YALycayf02 )% 4+ (6L Ly (N) + 9vL2 + 3Ny Lyc,yy)|d)?

< ALy (N)|02[* + Lo(N, \)|d)? (8.106)

where Li(N) := 3yLyc,ys and Ly(N, \) := 6Ly L'y (N) + 97L% + 3X~'yLycyyy. Similarly,
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for each k € Ip.ny_1,

127 (k) = 2s(B1)1G — 127 (k) = 2,(8) 3]

< 60(Q)Ls|&™ (k) — ,(B)||d] + 92(Q) L] d|?

IN

60(Q)Lyc,|02]|d| + (62(Q)Ls L) (k) + 90(Q)L2)|d|?

IN

3Aa(Q)Lsc, |02 + (60(Q) L L (k) + 92(Q)L? + 3A " yLyc,)|d|?

IN

ALy (F)|62]% + Lo(k, N)|d|? (8.107)
where L (k) := 30(Q)Lsc, and La(k, \) := 60(Q)LsL;(k) + 92(Q)L? + 3X~yL,c,, and

(k) = us(57) % — la(k) — us(B)[7
< 60 (R)Ly|a(k) = us(6)]|d] + 9o (R) L7 |d|?

IN

60 (R)Lgc,(k)|02]|d| + 9o (R)L?|d|*
< 3A(R) Lycy ()02 + (9a(R) L2 + 32 "*a(R) Lycy (k))|d|?

< ALy (K)|02|? + La(k, A)|d|? (8.108)

where Ly (k) := 30(R)Lycy(k), Ly(k, \) := 90 (R)L? + 3\ "'a(R) Lyc,(k), and ¢, (k) = ¢, if

k e ]IQ:N,Q and CU<N — 1) = Cu,f-
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For the uniform B bound, we have

< N 25(Q)|+ (k) = (B)| [ (k) — 2, ()] + F(Q)l+ (k) — 7+ (k)
T 29]3" (N) = (V)[[7* (V) - 2,(B)] +4]#* (V) - ZH (V)P

< N 27(Q)es Ly (k) |62|d] + 7(Q) (L (k))*|d
+ 2y, Ly (N)[621d] + (L (V)| dP

< N Xo(Q)e. Ly ()62 + @(Q) (L () + A3 (@), Ly (k))|dl?
X Ly (NG 4+ (L (N))? + Ay Ly (V)P

< ALy (k)|62|* + La(k, \)|d|* + AL1(N)[62]* + Lo(N, \)|d|?

b
Il
o

where Ly(k) := (Q)c, Ls(k) and Ly(k, \) := 7(Q)(L}(k))* + A\™'5(Q)c. L (k) for each
k € lo.v—1,and L1 (N) := v, Ly (V) and Ly(N, A) = W(L}(N))z + )x‘lvcxny}(N).

Finally, we compile the above results,

[ (N) = 2, (B 50y = [T (V) = 2 (B)2 )

(8.105) . N _ N ~ . ~ ~
<zt (V) - %(ﬁ*)ﬁ)f@ — |Z"(N) — %(ﬁ)lif@) + op, o (|d)) 62> + op, a(|d])|d]?
(8.106) | “ _ ~
<[l () = (BHE, )~ 7N = (A2,
+ (op, o (|d]) + AL1(N))|02[* + (op, a(|d]) + La(N, \))|d|? (8.109)
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and therefore

(2", a,5)]

Vi (@*, 1, 37) — Vi

N-1 . ~ . ~ ~
> ML (k) + La(k))[62% + (La(k, A) + La(k, A))|d]”
k=0

(8.107)

(8.109)

IA

+ (@pp0(ld]) + ALU(N))I6E ] + (op,a(ld]) + Lo(N, V) d]?
Finally (8.95) holds so long as |d| < 8, with

vy = 0p, +(8) + A (Ll(N) + Li(N) + 2 Zl(k)>

avy2 = 0p,a(0) + La(N,X) + Lo(N,A) + Y Ly(k, A)

where Ly (k) := Ly(k) + Li(k) + Li(k) and Ly(k, \) := Ly(k, \) + Lo(k,\) + Lao(k, \).

Q-0 2(6)
TR AT S E(k)) and 6 €

(0, 0p,.0(2(Q))). O

To ensure ay, 1 < o(Q), we can simply choose A\ € (O

Proof of Proposition 8.41. For convenience, we define 1 := 1i(#, ). From Propositions 8.49

and 8.50, we have ay, 1 € (0,0(Q)), avy 2, Ce, 6,0, > 0, and 6., 7, € K such that
Vi (@, 1, 8%) = Vv (@, @, B)] < (avya + 6o (Jwe)I0Z] + avy ace| (e, €)* + Fa(| Acl)

solongas d € D.(&, ) N6B", a € A.(6,), and A € A (e, 8,,). Without loss of generality,

assume &, < 7,,'(c(Q) — ay,.1). By Proposition 8.33, we can choose § > 0 such that 1 €
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UN(:%+,B+), )

< VNE 0, 0) + (avy 1 + 5u(00) |02 + avy ace|(e, )P + Ga(|Aal)

< VN, B) = (2(Q) = avien = 60 (62))[02 + avy acel (e, eF)* + Ga(|Aa]).

where the first inequality follows by optimality and the third inequality follows by (8.35).

Thus, (8.53) holds with a3 := g(Q) — avy1 — Guw(0y) > 0 and a4 := ay, 2c. > 0. O

8.C Steady-state target problem assumptions

In this appendix, we prove Lemmas 8.32 and 8.37.
8.C.1 Proof of Lemma 8.32
Proof of Lemma 8.32. First, note that M; full row rank implies n,, < n,. Consider the function

- f(xsausa d) —Ts
fl(Zs,ﬂ) = g(u’ h(l’s,usa d)) — Tsp

and define the objective and Lagrangian

(b(zs; 5) = gs(us — Ugp, ys(Z57 ﬁ) - ysp)
L(zs, 8, ) = ¢(z, B) + A 1 (2., B)

295



Offset-free tracking despite plant-model mismatch Chapter 8

where z, = (25, us), ys(2s, B) = h(zs,us,d), and B 1= (rp, Usp, Ysp, d). The first-order

derivatives of the Lagrangian are

825['(287/87 )\) = azs(b(’zs?ﬁ) + [azsfl(Z&ﬁ)]T)\
a)\L:(Zmﬂ;)\) - fl(ZS,B)-

The goal of the proof is to use the implicit function theorem on 0., x)£(zs, 5, A) to establish
Lipschitz continuity of the SSTP solution map z,(-). We already have 0., ,)£(0,0,0) = 0
by assumption. Next, we aim to show 0., \)L(2s, 3,A) = 0 is a necessary and sufficient
condition for solving (8.6).

First, we have the partial derivatives 0, f;(0,0) = M;, which is full row rank by assump-
tion. By continuity of 0,_f;, there exist constants £, d; > 0 such that 9, _f(z,, 8) is full row
rank for all |z;| < €1 and |B| < ;. Then, so long as (z, ) are kept sufficiently small, the
linear independence constraint qualification holds, and 0., x)L(zs, 5, A) = 0 is a necessary
condition for solving (8.6).

Consider the following second-order derivatives:

92 £(0,0,0) = My afw)ﬁs(o, 0)M;
0,.0,£(0,0,0) = 0,.£,(0,0) = M,

03L£(0,0,0) =0

where Mz :=[2 [].* We have 0, \)L(zs, 5, A) = 0 is a sufficient condition for solving (8.6)
if
dTaiE(Z& Ba )\)d > 0

$The second-order derivatives of y(z,, 3) and fi(z, 8) vanish since J(, )¢s(0,0) and y,(0,0) = 0 (by
assumption) and we have set A = 0.
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forall d € N(0..f1(zs,3)) \ {0 }. We require the following intermediate result.

Lemma 8.51. Foreach A = AT € R™™ and B € R™ ", we have ©' Az > 0 forallx €

N(B)\ {0} ifand only if [ ] is full column rank.

Proof. First, note that N (A + B"B) = N([#]), so [4] is full column rank is equivalent to
A + B’ B being positive definite.

(=) Suppose 2" Az > Oforallz € N(B)\{0}. Thenz" (A + B"B)x > 2" Az > 0 for
allz e N(B)\{0}andz"(A+ B"B)x > 2"B"Bx > 0forallz ¢ N(B),so A+ B Bis
positive definite.

(<) Suppose A + B B is positive definite. Then 2" Az = 2" (A + B"B)z > 0 for all
zeN(B)\ {0} O

Thus, it suffices to show

{a L(z, B, A)] (8.110)

2
azS 1 (Zs7 B)
is full column rank. Since 3(2u7y)€s (0,0) is positive definite, N'(92 £(0,0,0)) = N (Ms). Then

92
with M, := [dgsﬁi?’oog;)] we have

N(M4) = N(ai‘c(()’o?o)) mN(azsfl(OaO))
= N (M;) NN (M)

()10

where the last equality follows from the fact that

is full column rank, as it is the row permutation of a block triangular matrix with full col-
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umn rank diagonal blocks / and [Aaf } .2 Therefore M, is full column rank, and because

(8.110) is continuous, there exist €3, 09,72 > 0 for which (8.110) is full column rank for all
|zs| < €9, |B] < 02, and |A| < 5. Therefore, so long as (zg, 5, \) are kept sufficiently small,
0z, mL(%s, B, A) = 0 is in fact a necessary and sufficient condition for solving (8.6).

Now we are able to solve (8.6). We have the derivatives

(u,y

M 9?2 0,(0,0)Ms M
2 _ 3 s\M 1
9%, 2£(0,0,0) = { }\41 0 ] :

According to (Magnus and Neudecker, 2019, Thm. 3.21), we have the nullspace relationship

N(@2., ,£(0,0,0)) = A ([VO WOD (8.111)

where
T a2
Vo := My 3, ,)0s(0,0) M3 + M, M, = { M, |,
Wo := MVt M

Recall [%ﬂ is full column rank and 8(2u7y)€s(0, 0) is invertible, so Vj is invertible. Likewise,
M; full row rank and Vj invertible implies that W} is invertible. Finally, [VO Wo } is invertible,
and by (8.111), 8(2257 /\),C(O, 0,0) is invertible. By the implicit function theorem (Rudin, 1976,
Thm. 9.24) there exist 43 > 0 and continuously differentiable functions g; : R — Rt
and gy : R™ — R™*" such that g;(0) = 0, g1(0) = 0, and 9(a,»)£(81(5), B,8x(5)) = 0 for
all 8] < 4.

°Full column rank of [ 47 | for all |A| > 1 follows from detectability of (A4, C).
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For convenience, we define the functions

g1(8) =: (25(8), us(B))
(8) == max ci(us(B), h(zs(8), us(5), d)) + b

1<i<n,

(S

for each = (ryp, 2sp,d) € B, which are continuous because g, h, and ¢ are continu-
ous. Moreover, X, U contain neighborhoods of the origin and ¢(0) < 0 by assumption,
so there exists 63 > 0 for which z,(8) € X x U and &) < 0 for all |3] < d5. Let
§ < 04 := min{d;,0y,03}, & = 04 — 9, B. := 0B, and B, := 6,B"¢. Defining B. as
in Assumption 8.31(i), we have |3 < |3] + |eq| < 6 + 8 = 04 for each 3 = (sgp,d) € B,
and therefore B. C B. C B, C B. Moreover, (2,(), us(3)) € Zo(re, d) and (z5(5), us(3))
uniquely solve (8.6) and are continuously differentiable for each B = (Ssps CZ) € B.. Finally,

Assumption 8.31 is satisfied by z,, B. C B, and 9y > 0. ]

8.C.2 Proof of Lemma 8.37

Proof of Lemma 8.37. Recall from the proof of Lemma 8.32 that M full row rank implies n, <
n,. Moreover, M, invertible implies n4 = n,. Consider the functions

fQ(ZSa Xs, Oé) = |: fP(xP’S’ Us, ’U)p) — Tpg :|

hP(CEP,& Us, U)P) - h<IS7 Usg, ds)

fi(25, 8) }

(25, X5, @)

f(zs, X5, ) 1= [f
2

where s = (x&us)’ Xs 1= (xP,57ds): o= (TspausmyspawP)’ 5 = (rsp7uspaysp7ds)’ and fl is

defined in the proof of Lemma 8.32. Defining ¢ and £ as in the proof of Lemma 8.32, we seek
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to use the implicit function theorem on

h(z,, X,, A, @) = |:8(2S,A)£(ZS,XS,ﬁ, )\)}

f5(zs, X5, )
_ [@scb(zs, Xe, ) + [0:.F1 (2, X, ﬁ)m}
a f(a, )

which is the combination of the stationary point condition for the Lagrangian of (8.6) with
the steady-state disturbance problem (8.47). We already have h(0,0,0,0) = 0 by assump-
tion. From the proof of Lemma 8.32, there exists 6; > 0 such that, for all |(xs, )] < dy,
Oz, )L (25, X5, &, A) = 0 is a necessary and sufficient condition for solving (8.6). Thus, if we
keep |(xs, )| < §; sufficiently small, then h(zg, X5, A, ) = 0 is necessarily and sufficient for
simultaneously solving (8.6) and (8.47).

Defining the invertible matrices

I, 0 0 0 Ih 0 0 0
|06, 0 o |0, 0 0
Tyv:= 1|5, 0 -1, o | o= |1 0 -1, 0 |
0 0 0 In 0 0 0 In,
We have
Ml *
1100, 0 £(0,0,0)T5 = { ol

We can write the derivatives

M. O? 2,(0,0)M, M
8(zs,xs,)\)h(0>0a070):|: 3 oy 0s(0,0) M5 01}

012, x£(0,0,0)

where Mj is defined as in the proof of Lemma 8.32, and M; := [8 b0, } . Note that M;5T5 =

My and M5 = [ M, *] . Define the invertible matrices

0 Inin. O

In4n 0 0
o [1In+ — | T2 o *
TS T |: o T ]’ T4 T [ Inyny :|a P = |i 0 0 Ining |.
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Then we can write

M;@?u’y)és(0,0)Mg M
T3a(z5,xs,/\)h(07 07 Oa O)T4P = M, 0 =« (8112)
0 0 M,
T 92 T
But M, is invertible by assumption, and [Mi” 8(%%\);5 (0.0)Ms ]‘{)1 ] was shown to be invertible in
1

the proof of Lemma 8.32, so 0., x,,»)h(0,0,0,0) must be invertible. By the implicit function
theorem (Rudin, 1976, Thm. 9.24) there exist 65 > 0 and continuously differentiable functions
g : Rt — R¥Fmutna and gy : R — R2+ 4 (where A := R™ x Z, x W) such that
g(0) = 0,2x(0) = 0, and 9z, x, . L£(g(), @, gx(a)) = O for all |a| < d,.

As in the proof of Lemma 8.32, we define the functions

g(a) =: (zs(a), us(@), zes(a), ds(@))

é(a) := max ci(us(a), hp(zps(a), us(a), wp)) + b;

for each a = (ryp, 2zsp, wp) € R", which are continuous because g, hp, and c¢ are contin-
uous. From Lemma 8.32, we already have a set B. C B containing a neighborhood of the
origin and continuously differentiable functions (with a slight abuse of notation) (zs, us) :
B — X x U that uniquely solve (8.6) (and satisfies Assumption 8.31). Since X, U, D, B,
contain neighborhoods of the origin, there must exist 3 > 0 such that g(a) € X x U x

X x D, 6 - (TspazsmdS(Oé)) S BC’

(xs(a), )] < 09, and ¢(5) < O for all |a] < Js.
Therefore (z4(a), us(a)) are also the unique solutions to (8.6) with 8 = (ryp, zsp, ds(@)),
ie., (zs(a),us(a)) = (zs(B),us(B)), and all parts of Assumption 8.36 are satisfied with

(s, us) : B — XXU, (zpg, ds) : A = XxD, A, := 0B",and § := min{ dy, 2,03} > 0. O
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Chapter 9

Conclusion

When we purchase a new piece of technology, our expectation and reality is that the product
works perfectly, right out of the box, in a “turnkey” fashion. For plant operators dealing
with control systems, this is less of a reality and more of a distant dream. The deployment
of control systems of all types—from simple PID loops, to high-level production scheduling
with model predictive control—is plagued with time-consuming tuning steps that use ad hoc
methods to produce suboptimal performance. This work has been driven by the philosophy
that data-based design is the most rigorous and optimal way to acquire an estimator, including

for offset-free control.

9.1 Summary

Part I: Identification

In Part I, we presented methods for identifying models with integrating disturbances. In
Chapter 3 we developed maximum likelihood identification for offset-free control applica-
tions. We contributed two key improvements upon the prior methodology. First, we incor-
porated high-level design and modeling constraints by way of LMI region-based eigenvalue

constraints and sparsity structuring. Second, we convert the constraints into a well-posed
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nonlinear program by introducing constraint back-offs to strict inequalities, and substituting
positive semidefinite matrices for their Cholesky factors. These methods rigorously approx-
imate the maximum likelihood problem for the ill-posed constraint set. In Chapter 4, we
extend a broad class of standard linear identification methods to allow for disturbance model
identification. We focus on simple methods with closed-form solutions and provide a straight-

forward method for industrial practitioners to adopt data-driven estimator tuning methods.

Part II: Application

In Part II, we apply the methods presented in the previous two chapters to the offset-free
control of two systems: a benchmark temperature controller, and an operational, industrial-
scale chemical reactor at Eastman Chemical’s plant in Kingsport, TN. All of the case studies
in this part use real-world data collected from these systems. We show that the eigenvalue
constraints of Chapter 3 can improve estimator performance, and prevent the identification
of unstable or otherwise poorly tuned estimators. We establish that superior closed-loop per-
formance can be achieved by data-driven estimator designs, even over well-designed MPCs
(in this case, the MPC was on-line for at least 20 years Caveness and Downs (2005)). Our
data-based tuning achieved a 38% reduction in setpoint tracking error on Eastman’s chemical

reactor.

Part III: Theory

In Part III, we advance the theory on stability of MPC subject to plant-model mismatch.
We start with a simple analysis of unconstrained linear optimal control for nonlinear systems
in Chapter 6. We consider nonlinear standard MPC with multiplicative errors in Chapter 7.
Finally, we extend the theory to the general, nonlinear offset-free MPC in Chapter 8. This

theory is the first of its kind in establishing closed-loop stability and offset-free performance
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of nonlinear MPCs with integrating disturbances, and of MPCs of all kinds subject to plant-

model mismatch.

9.2 Future work

Data-driven control

The approach of Parts I and Il is indirect data-driven control, where model parameters are
first estimated, and a controller designed based on it. A potential alternative is the direct data-
driven control approach, where the controller itself is designed according to data (Berberich
et al., 2021; Dorfler et al., 2022; Berberich et al., 2022a; Yuan and Cortés, 2022; Bianchin
et al., 2023). Data-driven model predictive controllers have been suggested by some au-
thors (Berberich et al., 2021, 2022a), and while the designs are generally robust to distur-
bances, there are no designs that can boast, rigorously, the kind of offset-free performance
we are afforded by offset-free MPC. The main limitation to these approaches is the reliance
on Willem’s Fundamental Lemma (Willems et al., 2005), which assumes the data is generated
from a plant of the model class and does not allow structured models. We also remark the
models considered in this thesis have far more general noise models than those considered in
direct data-driven control works. Despite these limitations, there is still a possibility of im-
proving the theory with designs based on likelihood functions (Yin et al., 2023) or by bridging

direct and indirect methodologies (Dorfler et al., 2022).

Performance monitoring

A promising area of future research is on the monitoring of MPC performance, model
updating, and fault diagnosis. With maximum likelihood estimates of the system parameters,

we are in good shape to continue developing the statistical performance monitoring algorithm
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of Zagrobelny et al. (2013). Model fault diagnosis for offset-free MPC has mostly relied on
heuristic methods to detect and diagnose problems (Harrison and Qin, 2009; Pannocchia and
De Luca, 2012). The first steps towards rigorous re-identification are likely case studies on
real processes with poorly behaving controllers. A simple application for such an algorithm
is the self-tuning PID loop, where the on-line acquisition of a simple process model enables

the real-time tuning of the PID loop to new disturbance information.

Economic model predictive control

We mostly ignored the cross-over between economic and offset-free MPC designs Pannoc-
chia (2018); Faulwasser and Pannocchia (2019); Vaccari et al. (2021). However, this literature
addresses some important concerns about applying “optimal” control algorithms to real-world
systems. We put “optimal” in quotes here due to the futility of the situation for real-world
systems: due to plant-model mismatch, we can never hope to achieve optimal performance,
only to achieve some level of suboptimality. This is exacerbated on complex systems such
as chemical plants, where unknown physics and black-box modeling is routine. Pannocchia
(2018) originally suggested a gradient-updating scheme to allow for asymptotically optimal
performance. However, these approaches are plagued by the same theoretical limitations as
was offset-free MPC (before this work). Another option is to consider linear approximations
of the nonlinear economic MPC (Zanon et al.,, 2016, 2017). While this simplifies the approach
and makes it more attractive to a practical audience, it does not address plant-model mis-

match.

A simpler and more comprehensive theory

Our stability results are similar but different to the standard inherent robustness results of

the control literature (De Nicolao et al., 1996; Scokaert et al., 1997; Grimm et al., 2004; Pannoc-
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chiaetal., 2011; Allan et al., 2017). We have found the theory of Chapters 7 and 8 considerably
narrower in terms of the allowed class of MPC designs. Of course, inherent robustness is a
much weaker requirement than stability despite persistent disturbances. However, our anal-
ysis is limited to the quadratic cost case, whereas inherent robustness holds in general for
coercive cost functions. There may be additional conditions on the cost functions that pro-
vide the kind of dissipation inequality we require to demonstrate stability despite mismatch.

A drawback of the theory of Chapter 8 is the reliance on Lyapunov functions for the es-
timator. We know of no approaches that guarantee the existence of Lyapunov functions for
optimization-based estimators, although some authors have provided close alternatives, such
as the so-called @) function and related incremental input-output-to-state stability (i-IOSS)
notion (Allan and Rawlings, 2019, 2021; Allan et al., 2021), and /V-step-ahead Lyapunov func-
tions (Schiller et al., 2023). Moreover, the nature of uncontrollable integrating disturbances
invalidates most i-IOSS assertions. Disturbances have been handled separately (usually in the

form of parameter drift) by Muntwiler et al. (2023); Schiller and Miiller (2023).
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