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The most merciful thing in the world, I think, is the inability of the human mind to
correlate all its contents.

—H.P. Lovecraft
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ABSTRACT OF THE DISSERTATION

Dynamics and Information Processing in Recurrent Networks

by

Alexander Kuczala

Doctor of Philosophy in Physics

University of California San Diego, 2019

Professor Tatyana O. Sharpee, Chair
Professor Massimo Vergassola, Co-Chair

Random recurrent networks facilitate the tractable analysis of large networks. The
spectrum of the connectivity matrix, determined analytically by random matrix techniques,
determines the network’s linear dynamics as well as the stability of the nonlinear dynamics.
Knowledge of the onset of chaos helps determine the network’s computational capabilities
and memory capacity. However, fully homogeneous random networks lack the non-trivial
structures found in real world networks, such as cell types and plasticity induced correlations
in neural networks. We address this deficiency by investigating the impact of correlations

between forward and reverse connections, which may depend on the neuronal type. Using



random matrix theory, we derive a formula that efficiently computes the eigenvalue spectrum
of large random matrices with block-structured correlations. The inclusion of structured
correlations distorts the eigenvalue distribution in a nontrivial way; the distribution is
neither a circle nor an ellipse. We find that layered networks with strong interlayer
correlations have gapped spectra. For antisymmetric layered networks, oscillatory modes
dominate the linear dynamics.

We analyze the effect of structured correlations on the nonlinear dynamics of rate
networks by developing a set of dynamical mean field equations applicable for large system
sizes. We find that the power spectrum of strongly antisymmetric bipartite networks peaks
at nonzero frequency, miming the gap present in the eigenvalue distribution.

Heterogeneous connection statistics facilitate the presence of strongly feed-forward
connections in addition to recurrent ones, both of which promote signal amplification. We
investigate the role of feed-forward amplification in i.i.d. block-structured networks by
computing the Fisher information of past input perturbations. We apply this result to
find the optimal architecture for information retention in two populations, under energy
constraints. We find that this architecture is both strongly feed-forward and recurrent,
with the respective strengths of these connections depending on the available synaptic gain.

Finally, we assess the ability of rate networks to dynamically approximate the
dominant mode of a random symmetric matrix. Given an initial estimate of the eigenvector
as input, we find that there is an optimal processing time and synaptic gain strength

depending on the dimensionality and quality of the initial estimate.
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Chapter 1

Introduction

Random recurrent networks pragmatically characterize the dynamics and computa-
tional capabilities of large networks, permitting tractable analysis. These networks contain
a plentitude of feedback connections that allow “memories” of input signals to be stored
for long periods of time. Recurrent networks iteratively transform input signals, as well
as generate spontaneous activity in the absence of input, supplying a high-dimensional
reservoir of signals that can be employed in computational tasks [30, 36, 14, 63, 24].
However, the strength of these connections strongly impact the network’s information
processing capabilities. If the feedback connections are too weak, signals in the network
decay too rapidly, whereas if the connections are too strong, echoes of past signals pollute
the network with noise. It has been proposed that large random networks and other
systems with random interactions maximize information processing at the edge of chaos
40, 63, 49, 69, 14, 34, 55, 41|, although the scope of applicability of this principle is disputed
[12, 47, 11, 56]. These systems undergo a sharp transition from non-chaotic to chaotic
behavior as the strength of connections is increased. It is near this transition that large
disordered networks typically have the greatest information capacity.

Another key network property instrumental in information retention is non-normality.



Networks with non-normal connections have hidden feed-forward structure, which amplifies
and propagates signals within the network. Non-normal connectivity can arise, for example,
from balanced excitation and inhibition [50, 1], from explicit feed-forward connectivity [29],
or from more subtle architectures [70, 1]. Introducing heterogeneity into the connections of
random networks allows us to investigate the impact of non-normal structure on information
processing.

Our prototypical network throughout this dissertation is the the firing rate model

of neural networks. In this model, the activities x;(t) of the N neurons obey

Bi(t) = —wilt) + > S0l (1) (1.1)

The function ¢(x) is a saturating nonlinearity that maps neuron activities to a finite
range of firing rates. We will frequently choose ¢(z) = tanh(z), which saturates to +1.
The term —z;(t) acts as a capacitance, causing each node to decay exponentially in the
absence of input from other neurons. Each element J;; of the N x N connectivity matrix
describes the weight from the firing rate of node j to the node 7. These weights can be
positive or negative, and are drawn randomly from some probability distribution P(J).
This assumption lends itself well to analysis. When the number of neurons N is large, the
exact choice of connectivity J does not impact the macroscopic behavior of the network —
a well-known result from random matrix theory that is a non-abelian generalization of the
central limit theorem [66].

To gain some intuition about the network dynamics, we first consider the linear

case ¢(x) = x, where

The solution of this system is x(¢) = e =Yx(0), which, in the eigenbasis {e;} corresponding



to the eigenvalues {A\i} of J, is 25 (t) = e D2, (0). This system is stable only if the
rightmost eigenvalue! of J is less than one, in which case the network activity decays to
zero. When the system is unstable, the network activity blows up exponentially.

In the simplest case, the connections J;; are all drawn independently and identically
(i.i.d.) from a Gaussian distribution with mean zero and variance g°/N. The gain g is
a parameter that controls the strength of the connections. Remarkably, for large N, the
eigenvalues of J lie uniformly in a disk of radius g in the complex plane [33]. See Fig. 1.1.
This means that, for large networks, the rightmost eigenvalue is ¢, so that the system is
stable for ¢ < 1 and unstable for g > 1.

In the nonlinear case where ¢(z) = tanh(z), the saturating nonlinearity prevents
the network activity from blowing up when g > 1. The Jacobian is

0t;
8xj

= =0y + Ji ¢ (x;)- (1.3)

For g < 1, the system is everywhere contracting, and = = 0 is the unique fixed point?. This
is known as the silent or quiescent phase, where all activity decays to zero, as in the linear
case (Fig. 1.1). When g = 1, the x = 0 fixed point becomes unstable, and the number of
fixed points (most of which are saddles) proliferates as ¢ increases [72]. This is a distinctive
feature of chaotic dynamics [21]. Indeed, well-known dynamical mean field methods can
be used to show that for ¢ > 1, the Lyapunov exponent is positive, and consequently the
network dynamics are chaotic [59, 23].

However, the assumption that connections are independent is limiting, and does
not address the affect of correlations. Most notably, correlations between connection
strengths arise as the result of plasticity, where connections are modified depending on

node activity and network input. One of the predominant effects of plasticity is that it

'The eigenvalue with greatest real part, also known as the spectral abscissa
2Banach fixed point theorem



g<l1 g>1

x(t)

Figure 1.1: For a large, homogeneous random network, the eigenvalue spectrum of g lies in a
disk of radius g on the complex plane, so that the rightmost eigenvalue is g. When g < 1, the
network activity decays to zero, and for g > 1, the network activity is chaotic



induces correlations between forward and reverse connections [31, 46]. That is, the degree
to which node ¢ affects node j is correlated with the strength of the reverse connection from
node j to node 7. We also wish to account for macroscopic heterogeneity in our network
models. Heterogeneity can arise, for example, as a result of distinct cell types in the brain,
which may be selective in their connection strengths and correlations to other cell types.

In the first part of this dissertation, we account for both heterogeneity and cor-
relations in network dynamics. In Chapter 2, we use random matrix theory to compute
the eigenvalue distribution of large matrices with structured correlations. We find that
the combined effect of correlations and heterogeneity yields exotic eigenspectra not found
in random matrices with either property alone. Furthermore, the structure of these ei-
genspectra are difficult to characterize succinctly; there are a wide variety of shapes and
behaviors that depend on the relative strengths of the correlations and variances. We
analyze special cases that exemplify these unique features.

In Chapter 3, we study the mean field dynamics of rate networks with block-
structured correlations. Using dynamical mean field theory (DMFT), we derive a set of
self-consistent equations that describe the equilibrium dynamics. For finite-sized networks,
this description is complicated by the presence of nonzero fixed points, whose presence or
absence is difficult to determine analytically.

In the second part of this work, we assess the ability of structured recurrent networks
to store information and perform computations. In Chapter 4, we extend the work of
Toyoizumi and Abbott [69] to compute the information that heterogeneous networks
retain about input perturbations. We find that the integrated Fisher memory curve [29]
is maximized when the structure matrix, describing the mean strength of connections
between populations, is highly non-normal. In the two-population case, networks with
a combination of strong feed-forward and recurrent connections maximize information

retention. Finally, in Chapter 5, we assess the ability of symmetric networks to perform



error correction. In particular, we determine the conditions under which an ensemble of
random symmetric networks can improve the estimate of the eigenvector corresponding to

the rightmost eigenvalue of the connectivity matrix.



Chapter 2

Random matrix theory

Random matrices serve as a useful tool for analyzing the stability and dynamics of
a variety of networks, from neuroscience [59, 52, 5, 4] and genetic circuits [2] to ecology
[44, 6]. The eigenspectra of random matrices also help determine solutions to problems in
nuclear [73] and condensed matter physics [8, 60] as well as in data compression [42, 19]. In
particular, the rightmost eigenvalue (the eigenvalue with largest real component) determines
the stability of the system’s linear dynamics and onset of chaos of the nonlinear dynamics.
Knowledge of the onset of chaos is also useful for determining the network’s computational
capabilities [63, 14] as well as the network’s response to inputs [53].

However, most of these results do not address an important feature of biological
circuits where connection strengths are correlated [31, 61, 46]. While correlated Hermitian
ensembles have received some attention, [71, 57, 39, 18], results about correlated non-

Hermitian ensembles are scarce [58, 54].



2.1 Hermitian random matrix theory

By means of introduction, we first consider the case where J is a complex N x N

hermitian matrix, distributed according to
1 —NtrV (J)

where Z = [dJP(J) is the partition function. Since J is hermitian, it has only N?
independent elements, whereas a general complex matrix has 2N? independent components.
This allows us to write the integral measure as d.J, as opposed to d.Jd.J. A nice way to see
this is to transform the integral to an integral over the real eigenvalues of J.

If we choose a quadratic potential V' (J) = ﬁj 2 then the independent elements of

J obey a Gaussian distribution with zero mean and variance g*/N. Specifically,

(Jij ) = g—]\j5z‘z5jk (2.3)

where (-) denotes the expectation value over P(J). We can study the distribution of

eigenvalues of J with the Green’s function (also called the resolvent) [76]

Ge) = <Z — Ai> (2.4)

where \; are the eigenvalues of J. This function has poles at the eigenvalues of J. Since J
is hermitian, its eigenvalues will lie on the real axis. The density of eigenvalues p(x) can be
determined by taking the imaginary part of G(z). We can see this as follows [76]: on the
real axis z = x,

1 x 1€

— — 2.5
x+ie x2+e a4 e (2.5)




For any € > 0,
1€

The width of this function decreases with €, approaching a delta function as e — 0. Taking

this limit,
: 1 L
lim = — —ind(x) (2.7)

e—~0 x + 1€ T

Thus we can see that
) 1 1
:g%ﬂ <Zlmm—ie—)\,~> (2.8)

as desired. The Green’s function G(z) will have branch cuts or poles precisely on the
support of p(x). Wherever the expected spectrum has an isolated eigenvalue, G(z) has a
pole, and wherever the expected spectrum is continuous, G(z) has a branch cut (which can
be thought of as a continuous set of poles). Everywhere else, G(z) is holomorphic. This
means that we may compute G(z) analytically outside the support of the spectrum, and
take the limit to compute p(x).

We can calculate G(z) by expanding in powers of 1/z [76]. This expansion is valid

for all points outside the eigenvalue distribution, where G(z) is holomorphic. We find

o= e 5) -2 (1Y) o9

We make this calculation tractable by expressing G(z) in terms of diagrams [76, 16]. First




we define the matrix Green’s function

g:<zij> (2.10)

from which we can recover G(z) = +trG(z). Then we have the matrix series
—/1/1\"
G(z) = Z <; <ZJ> > = Go + (G0 G0 Go) + (G0 G0 G0 Go I Go) + ... (2.11)
n=0

Here, (Go)ij = 2 10,5, and the odd terms vanish since (J) = 0. Furthermore, since the
distribution over J is Gaussian, each term in the sum reduces to the Wick contraction of n
factors of J.

We represent G, by a single directed line carrying one index, and the correlator
(Jijdu) = %&-léjk by a double line carrying two sets of indices (Fig. 2.1) [28, 38, 27, 16]. In
analogy to QCD, these are called ‘quark’ and ‘gluon’ propagators, respectively. Each line
indicates the action of the delta function, which is to set its first index equal to its second.
Indices are summed at each connecting vertex. The nth term in the series (2.11) is the sum

of all diagrams with n vertices. As an example, the quartic term in the G(z) expansion is

1 11 1 1 1
- g <_Jij_ij;_Jkl_Jlm_> (2.12)
z z "z "z Tz Tz

jkl

Wick contracting, we get

1
= > Wi Tiw) iadim) + (i i) TiTim) + (g i) (T Tra)]
k.
4
Nggz5 Z 1056055 0kmOu + 0i10,10jmOki + 0im0;1610kk] (2.13)

ki

_ g
 N2z5

[N? + 1+ N?| bim,

10



Go (Jij )

Figure 2.1: Propagators in diagrammatic expansion of (2.11)

LN, D, t

* £

Figure 2.2: Fourth order diagrams in (2.13). The second term, which is nonplanar, is subleading
in 1/N.

Compare this explicit calculation with the diagrammatic representation (Fig. 2.2). For
every vertex, include a factor of g2/N, for every propagator Gy, include a factor of 271,
and for every loop, include a factor of N. This immediately yields the result above. For
large N we can drop all but the O(1) terms. The neglected terms correspond to diagrams
which crossing lines, and only “planar” diagrams remain (see Fig 2.3). Planar diagrams
are precisely those that can be embedded in the plane with no intersections. There is a
very nice topological proof of this due to t'Hooft [64, 27].

Although we have reduced the number of diagrams, there are still infinitely many
planar diagrams to sum over. We can solve this problem by resumming the series, a
technique well-known in quantum field theory [76]. In order to do this explicitly, we exploit
the recursive nature of the diagrams. Looking at a selection of diagrams in the series,

(Fig. 2.3), we see that we can generate every possible diagram D by starting with G,

11



and recursively joining diagrams (D = D;D,) and placing J propagators (rainbows) over

diagrams (D = 27 1(JDJ)z71). It is clear that every diagram D is of the form

D = Go(JD1J)Go(J Dy J)Go - - - (J Di.J)Go
" (2.14)
= Go | [(/D:7)Go

i=1
for some sequence of diagrams Dy, ..., Dy, k > 0. Since G is the sum of all such diagrams,
[e'S) k
g = H Z Go H(JD,J)QO (2.15)
k=0Ds,.Dy  i=1
where the sum is over all sequences of k£ diagrams. Now, by linearity,

i (0) )

k=0 i=1

o (2.16)
=G [TT](767)60
k=0 i=1
since the sum of all diagrams is just G. Finally,
G =Go [J((1G.7)Go)*
k=0
_ 1 (2.17)
z—(JGJ)
_ 1
2= X

Y. = (JGJ) is known as the one-point irreducible self-energy, and has a simple form in this

case:

2
Eil = Z<szgjk<]k:l> = gﬁ@ltrg = 9251]G(2) (218)

jk



So we see that X is proportional to the identity. Tracing both sides of Eq. 2.17, we get an

equation for G(z):

1

Gz)= ——— 2.19
6= = (219)

This gives us the quadratic equation
@G —2G+1=0 (2.20)

with solutions
1

G(z) = 37 [z + 22— 492} (2.21)

We can determine which root to take by noting that G(z) — 1/z for large z. Since we have

G(z) — # [z + (2 — %)}, we must take the minus sign.

ﬁ [)\ — /A2 — 492] for |A| > 2g
G(\) = (2.22)

o [/\ v A?} for |\| < 2¢

Taking the negative imaginary part of G(z) as in Eq. 2.8, we get

0 for |A| > 2¢
p(A) = (2.23)

27rlg2\/(29)2 — A2 for [\ <2g

and recover Wigner’s semicircle law [73]. Remarkably, the semicircle law holds for any
hermitian random matrix ensemble where the 2N components J;;,% > j are independent
[51, 67]. So long as the matrix elements have zero mean and variance g*/N, the eigenvalues
will obey the above distribution as N — oo. The matrix elements can be real, complex,
discrete, or sparse. This property, known as universality, is the matrix analogue of the

central limit theorem [66]. Other properties of the matrix distribution, such as eigenvalue



correlations and the eigenvector distribution, are also universal for large N [67, 68]. Non-
hermitian matrix ensembles have also been shown to be universal [51, 10, 65, 3]. A
well-known non-hermitian matrix ensemble is the so-called Ginibre ensemble, in which the
matrix elements J;; are i.i.d. with mean zero and variance 1/N. In this case, the expected
eigenvalue distribution for large N lies uniformly on the unit circle in the complex plane,
known as the circular law [32, 33].

The advantage of the diagrammatic formalism is its extensibility beyond Gaussian
ensembles with zero mean. A. Zee and coauthors applied this formalism to a myriad of
generalizations, including general polynomial potentials V'(JJ) [16], ensembles with nonzero
mean [15], sums of random matrices [75], and non-hermitian random matrices [27]. The

diagrammatic approach can also be used to compute eigenvalue correlations [16, 15].

2.2 Random matrices with structured correlations

We now analyze the case where J is non-hermitian, with matrix elements that are
correlated and not identically distributed. We allow .J to have correlations between forward
and reverse connections that depend on the identity of the input ;7 and output ¢ node.

Specifically, the matix elements .J;; have moments

(Jij) =0
(J5) = g5/N (2.24)

1
(JigJji) = Tia%i95i

The gain matrix g;; has positive elements. Correlation values 7;; are symmetric in ¢, j,
with |7;;] < 1, and denote the degree of correlation between forward j,i and reverse i, j
connections in the corresponding random network. However, to simplify the analysis of the

eigenvalue distribution, we choose the distribution over J to be complex gaussian. Although

14



this may seem like a restrictive and unrealistic choice, we appeal to the universality principle
of random matrix distributions. Strictly, there is at present no proof that random matrix
distributions with the above moments have universal limiting eigenvalue distributions.
However, we have significant numerical evidence to suggest that universality holds in our
case.

We choose the complex gaussian matrix distribution to have real-valued variances

- 1
(JigJig) = 37955 (2.25)
and real-valued covariances
1
(JijJji) = <5 Tij9ij9ji- (2.26)

N

All other-second order correlations vanish. Explicitly,

- 1
(Jij ) = N(Sikfsjlgijgkl

1 (2.27)
(Jij ) = Néiléjk\/Tij\/Tklgijgkl

where /- denotes the principal square root.

To outline the steps of the derivation, we will first seek the expected density of
eigenvalues of J for large N by writing the density in terms of the Green’s function G.
While G is analytic for Hermitian matrices, GG is generally non-analytic for non-Hermitian
matrices, so we cannot directly apply the diagrammatic method. We therefore relate G
to the analytic Green’s function of a Hermitian random matrix H, which we compute
with standard diagrammatic techniques. We derive a set of self-consistent equations for G
when the gain matrix g;; is a continuous function in the limit N — oo, and when g;; is
block-structured. Finally, we apply our method to examples and compare the results to

empirical eigenvalue distributions obtained by exact diagonalization of realizations of J.

15



We start by writing the expected density of eigenvalues of J in the complex plane

as

p(z,y) = <% Z d(z — ReAg)o(y — Irn/\k)> . (2.28)
k

where () indicates an average over realizations of J. Defining 0 = (9, — i0,)/2 and

0 = (9, +i9,)/2, and using the identity 5xiiy = 76(x)d(y) !, we can write the density

(2.28) in terms of the Green’s function

G(z,2) = <%trz i J> (2.29)

as

o(z,y) = %(’9(?(2, 2). (2.30)

By way of analogy, we can think of the eigenvalues as electric charges on the plane, and the
Green’s function as the electric field of these charges, with the real and imaginary parts of

G(z) as the vector components. From this perspective, Eq. 2.30 is simply Gauss’s law, and

the identity 53;2.?} = m0(z)d(y) is Gauss’s law for a point charge.

Since J is non-Hermitian, the eigenvalues of J will in general lie in some region of
the complex plane. As we have seen, Girko’s circular law states that if the elements of J are
independently and identically distributed with variances g? /N, then the eigenvalues lie in a
disk of radius g [32]. The Green’s function is therefore not in general holomorphic, and we

cannot expand in powers of 1/z as required for the diagrammatic expansion. Following [28],

we can find the Green’s function by solving a related Hermitian random matrix problem,

!This relation follows from the solution 99 log z = 76(2)d(y) of Poisson’s equation in two dimensions.
See also [28].
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to which we can apply the diagrammatic approach. Define the 2N x 2N Hermitian matrix
H = . (2.31)

The matrix Green’s function for H is

G(n, z2) = <77_;H> (2.32)

where we think of the eigenvalues of H as lying on the complex plane 7. Since H is
Hermitian, these eigenvalues will lie on the real axis, and G is holomorphic in 1 except for
cuts on the real axis. Once G is computed, we obtain the original Green’s function G from

G by extracting the lower left matrix block and taking the limit n — i0*:

0 1
Gn=0,22) = < (z=J)1 > : (2.33)

1
z—J 0

yielding Eq. (2.29):
1
G(z,2) = Ntrggl(n =0,2,2). (2.34)

Here, G?! is the lower left block of G. To compute G (2.32), we first rewrite n— H = Gy ' —J
with
) n oz 0o J
G, ' = and J = , (2.35)
zZn J 0
so that the random part J has zero mean. Note that G, is equal to G with J = 0. We

expand G in Gy as follows:

G=> Go((TG)") = Go+ (G0TGoTGo) + - .- (2.36)

n=0
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goijﬁ:i » f ; <jij/8j’2l5>:a m 5

(G =, + (BN + (3N () +
=2\

Figure 2.3: Diagrams used in the expansion of the Green’s function G (2.36). G is the sum of all
planar diagrams in the large N limit. G can be re-summed in terms of the self-energy matrix 3.
In the large N limit, 3 consists of all diagrams nested under a double line (2.38).

Here, the odd terms vanish since ((J) = 0. Since the distribution over 7 is Gaussian, each
term in the sum reduces to the Wick contraction of n factors of 7. We therefore use the
diagrammatic technique [17, 16] to represent each term in the sum. We denote the N node
indices by roman letters ¢ = 1,... N and index the blocks by Greek letters o = 1,2. We
represent Gy by a single directed line carrying one set of indices, and the correlator (J.J)
by a double line carrying two sets of indices (Fig. 2.3) [28, 38, 27]. Indices are summed at

each connecting vertex. The nth term in G is the sum of all diagrams with n vertices. In

the large N limit diagrams which have crossing lines vanish, and only “planar” diagrams
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remain? [64, 1]. This greatly simplifies the sum, since the only allowed diagrams are nested
‘rainbow diagrams’ such as those depicted in Fig. 2.3. This allows us to evaluate (2.36) by

performing a resummation of G in terms of the ‘self-energy’ matrix 3:

G- g Go(SGo)" = <g0_%z) | (2.37)

In the planar limit, the self-energy matrix is

¥ =(JGJ), (2.38)

encoding the nested ‘rainbow’ structure of the diagrams [16]. This is depicted diagramma-
tically in Fig. 2.3.
In block form, Eq. (2.37) is

-1
A B n—xi z-— 2

G = _ . (2.39)
C D z—¥2 p- 322

and Eq. (2.38) is
pi oy JDJT  JCJ
5 = = (2.40)
Y2 oy® JIBJt JTAJ
where we have denoted the blocks of G as A, B, C' and D. Substituting (2.40) into (2.39)
will give us self-consistent equations for the blocks of G.

Equations (2.39) and (2.40) describe the eigenvalue distribution in the general case,

with or without correlations.

2Tt is worth noting that since the correlators (2.25, 2.26) are not proportional to the identity as in the
ii.d. case, loops produce a weighted trace weighted by elements of g;;. However, assuming all elements of
gij are of O(1), the weighted trace is of O(N) as in the i.i.d. case.
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2.2.1 No correlations

Before analyzing the impact of correlations on the eigenvalue distribution, we first
check that this result reproduces previous results obtained in the absence of correlations.
When elements of J are independently distributed, the covariances (2.26) vanish. In this
case we find?

1
Si =Y (JyDily) = o > 919Dy,
J

7k (2.41)

1

S =) (T Apdu) = i > 9igiAji,
Jik J

and X!?2 = 32! = 0. This means that the matrix Y is diagonal. Then, since each block on

the RHS of Eq. (2.39) is diagonal, each block of G is also diagonal. Inverting the RHS and

equating matrix elements yields

n— 2, Aiidh — 5 2 95Dy

Cii = Z/qi(n, |2|), (2.43)
where
1 1
ain|2l) = (0= 5 D Augi) 0 — 5 > i Dig) — |2 (2.44)
j j
Writing out the blocks of G in Eq. (2.32),
A B ey e ey Son 1
_ n2—(J—2)(J—2) n?—(J—2)1(J—2) (2.45)
(J—2)t n ’
¢ D e o ey S o ey o ey

3We furthermore demand that g;; converges to a uniformly bounded continuous function g(i/N, j/N)
on the unit square as N — oo, excepting discontinuities on a set of measure zero (see [4]).
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and rewriting 7 = i€, with € > 0, we see that blocks A and D are positive definite matrices
multiplied by —i. We therefore define a; = iA;; and d; = iD,;, where a; and d; are positive

real numbers. We also define ¢; = C};. This allows us to rewrite (2.42) and (2.43) as
a;=ai/q, di=di/q, ¢ =%/qle]z]) (2.46)

with Qi(ea T) = _Qi(nu |Z|) = &ZCZZ + 72 and
n 1 9 s 1 )
@G =t Zajgji’ di = e+ N Zgijdj, (2.47)
J j

where r = |z|. We now have a set of 2NV self-consistent equations (2.46) for the elements a;
and d; of the Green’s function G. These can be solved numerically with e = 0 (or € set to a
small value if many elements g;; are also small). Once the @; and d; are found, the ¢; can
be computed and used to find the original Green’s function G with Eq. (2.34), since the
trace of G?! = C' is the sum of the coefficients ¢; = Cj;. Note that since ¢; = re™ /q; (e, r)
in polar coordinates, |c;| depends only on r. This allows us to rewrite Eq. (2.30) as a

function of r only:
_ 1 Alej| | el
p(r) = %NZJ:( Erai el B (2.48)

The resulting eigenvalue distribution has support on the disk with radius r = /A (K),
where A (K) is the largest eigenvalue of the matrix K;; = g7;/N (see Appendix A). This
result was previously presented in [3] and [4], and a similar argument was used in [1] for
the case of matrices with non-zero mean. However, previous analyses do not hold when J

has covariant elements.
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2.2.2 Including correlations

We now allow J to have correlated elements across its diagonal (Eq. 2.26). Then

Y12 and X2 #£ 0, yielding a new expression for c:
. _ A | _
i =¢Cifqie,2,2), ¢ =Z— N ZTijgijgjicj, (2.49)
J

where now ¢; = &Z-a?i + |é]?, b; = ¢;. The 7;; denote the degree of correlation between ¢ and

j as in Eq. (2.26). In this case, the eigenvalue density has the more general form

1- -
pla,y) = —0G(2,2) = 1— 22: (2.50)

The density p depends on x and y in a nontrivial way, and the support of the distribution
is neither circular nor elliptical. The boundary of the eigenvalue distribution now satisfies

(see Appendix A for a derivation):
MK(2) =1, Ky(z) = —!Cz( ) g5 (2.51)
where the complex-valued ¢;(z) are now given by the self-consistent equations
=(z— Z 713913 95i¢5(2)) (2.52)
J

Now, to obtain the boundary, it is necessary to simultaneously solve (2.51) and (2.52) for
each boundary point. For example, we can set z = re’ and solve the above for r for each

6. Note that these expressions reduce to the circularly symmetric case when 7;; = 0.
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2.2.3 Block-structured correlations

We now consider the special case for which the gain matrix g;; is block structured.
Block structured matrices describe networks with nodes partitioned into subgroups, for
example neural networks with cell-type-specific connectivity [5], or networks of ecological
communities [54]. Suppose the nodes of the network are grouped into M populations of
size fmN, for m = 1... M and that J is block structured so that the gain g7, = g5,
and correlations 7,,,,; = Tmn depend only on the population indices m and n of the output
and input nodes i and j, respectively. This allows us to sum (2.46) and (2.49) over each
population. Let N, = N Y™ | f,,. Then define*

Nm

1
an=—— Y a, (2.53)
N fm i=Nm+1

and define ¢,, and d,, similarly. Then ¢,, = ¢; depends only on the population index, and

now we have

Ay = dm/Qma dm = Am/Qm; Cm = ém/%m (254>

and ¢, = Ao + |6 |?, with

M M
&m =€ + Z fnang?mma CZm =€ + Z gfnnfndn7 (255)
n=1 n=1
M
n=1

“These sums converge, since the Green’s function for H, 3trG = Y, (A;; + D;;) and Eq. (2.50) must
converge
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Now the dependence on N is removed, and we need only solve 3M self-consistent equations.

The eigenvalue density is now

plx,y) = %8mecm(z,z). (2.57)

The boundary of the distribution satisfies the M equations

MK (2) =1, Kna(2) = len(2)*gnntn (2.58)

and
Cm(z) = (Z - ZTmngmngnmfncn(Z))_l (259)
similar to (2.51), (2.52). When 7,,,, = 0, the distribution has boundary |z| = /A1 (K),

where A\ (K) is the largest eigenvalue of the matrix K, = g2, fn [5].

2.2.4 Simple examples

We start by deriving Girko’s circular law in the case where J is homogeneous and

i.i.d. In this case self-consistent equations are simply

a =

1 1
5(6 + gQa), d= 5(6 + de) (2.60)

q = (e + g*a)(e + g*d) + r* (2.61)
By symmetry, a = d. Furthermore, setting ¢ = 0 yields the cubic equation

a(a® +1*) = g%a (2.62)
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which has solutions @ = 0 and g*a? + r? = g2. We also have

—2 =
> gz a>0
CE— (2.63)

z a=0

c=—F—F—
gla2 + r2

p(z, 2) # 0 precisely where dc # 0, so we see that the a > 0 solution holds on the support
of the eigenvalue distribution, and the a = 0 solution holds outside the support of the
distribution. Further, the Green’s function G = ¢ = 1/z for large z. These two solutions
match when r = g (both a and ¢ are continuous). This means that the boundary of the

eigenvalue distribution must be circular with radius g. Finally, from (2.48), we have

(2.64)

which is Girko’s circular law.
Next, we compute the density and boundary of the eigenvalue distribution for a
homogeneous matrix with correlation 7 # 0. Again, a = d by symmetry, but a now has

solutions a = 0 and g*a® + |¢|> = g®. The corresponding solutions for ¢ are

_ o SETE a>0
c= 2T9C a0 (2.65)
g4CL2 + |C|2 24 (22 —4g27)1/?
— g a=0

The boundary of the eigenvalue distribution satisfies (2.51). We can verify that the spectrum
is elliptical by setting z = z, = (1 4+ 7)cosf + (1 — 7)sinf. Since the solutions for ¢
match at the boundary, we can substitute this value into the a > 0 solution® to yield

c(Zets Zet)

® To evaluate ¢(z;) for a = 0, we must choose the square root so that the boundary condition c(z) — 1/z
is satisfied for z — co. This is necessary in the more complex examples explored in 2.3.
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distribution is uniform inside the ellipse.

Another simple example is the case where g,,, and 7, are block diagonal. In this
case the eigenvalue distribution is simply a weighted sum over the eigenvalue distributions
of each block. This is the simplest example of a matrix that need not have a circular
or ellipsoidal eigenvalue distribution. For example, if we have two diagonal blocks with
correlations of opposite signs, the positively correlated block has a spectrum supported on
an ellipse stretched across the real axis, whereas the negatively correlated block will has
a spectrum supported on an ellipse stretched across the imaginary axis. The combined

distibution has support on the union of these two ellipses.

2.2.5 Numerical tests

To verify our results numerically, we consider a network with M = 3 populations,

with relative population sizes f = (1/6,1/3,1/2), and

54 .83 .65 5 -2 9
G =195 46 01|, Twn=|-2 3 1. (2.66)
72 59 .55 9 1 -6

We iteratively solved the self-consistent Eqgs. (2.54) for a grid of points on the complex plane
and approximated the eigenvalue distribution using finite differences, shown in Fig. 2.4(a).
We compare this distribution with eigenvalue histograms generated by exact diagonalization
of 1000 realizations of J. We find that realizations of J with complex elements agree with
our result (Fig. 2.4(c,e,f)). Removing the correlations (2.26) from realizations of J yields
a circular distribution (Fig. 2.4(b)). Notably, we find that including these correlations
distorts the eigenvalue distribution in a nontrivial way: the distribution is in general neither
a circle nor an ellipse. Furthermore, we find using Egs. (A.4),(A.2) that the rightmost

eigenvalue of the distribution has moved from ~ 0.713 to ~ 0.890, so that the corresponding
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linear system (1.2) becomes more unstable.

For any finite N, J has non-universal features that disappear as N — oo (Fig. 2.7).
In particular, the matrix J with real elements will have a higher density of eigenvalues on
the real axis (Fig. 2.4(d)). However, we find that the proportion of eigenvalues on the real
axis drops off as 1/v/N (Fig. 2.6), as anticipated for large N [26].

To demonstrate that our technique applies to situations where the variance and
covariance depend continuously on the node indices i, j, we consider a neural network
inspired by connectivity around pinwheels in the visual cortex [50, 74]. The neurons are
arranged on a square grid on the unit square and assigned orientations based on their

position, shown in Fig. 2.5(a). For neurons ¢ and j with positions r; and r;, the gain is

9ij = go exp [—|r; — 1" /w} — AO*(rs,x;) fwj] (2.67)

where Af(r;, r;) denotes the difference in orientation of neurons at r; and r;. We choose the
covariance to be proportional to the gain: 7;; = 79¢g;;. In this example, w, = 0.2, wy = 20°,
go = 1, and 79 = 0.8. The gain matrix for a grid of 16 x 16 neuron populations is shown
in Fig. 2.5(b). This grid size requires us to solve N = 256 self-consistent equations to
determine the eigenvalue density. For comparison, we generated 1000 realizations of J with
N = 2048; to mitigate finite-N effects [4], we used block structured matrices with 16 x 16
populations, with 8 nodes in each population. We find that our result closely matches the
empirical distribution (Fig. 2.5(c-e)). Increasing the grid size to 32 x 32 and 64 x 64 did
not appreciably change the resulting eigenvalue distribution, indicating that the current
resolution is sufficient. Finally, using Eqs. (2.51-2.52), we find that including correlations
moves the rightmost eigenvalue from 0.24 to 0.41, decreasing the stability of the system.

In conclusion, we have adapted the diagrammatic technique to study correlated

connectivity matrices that are not independently or identically distributed, and relevant to
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Figure 2.4: Eigenvalue density for block structured J with gain and covariance given by (2.66).
(a) Eigenvalue density calculated from self-consistent equations (2.54). (b) Empirical histogram
of eigenvalues from exact diagonalization of realizations of J with independent elements. The
empirical histogram for J with covariance is shown with complex (c) and real (d) entries. (e,f)
Cross sections of the density along the real (e) and imaginary (f) axes, showing the theoretical
result (solid red line), the complex-valued empirical result (blue dots), and the distribution with
no covariance (dashed curve).

28



0.4 0.0 0.4 -0.15 -0.05 0.05 0.15
ReA ImA

Figure 2.5: Analysis of eigenvalue distribution with continuously varying gain (2.67). (a)
Orientation map of neurons. (b) Gain matrix g;;. (c) Eigenvalue density calculated from self-
consistent equations (top) and from realizations of J (bottom). Density cross sections along the
real (d) and imaginary (e) axes, plotted as in Fig. 2.4(e).
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Figure 2.6: For real-valued matrices, the percentage of real eigenvalues drops as O(1/v/N). We
plot these percentages (black) as a function of N for different realizations of the block structured
matrix (2.66). Averages for a given size N are shown in red. We have plotted 1/v/N in blue for

comparison.
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Figure 2.7: Distribution of rightmost eigenvalues for realizations of the block stuctured matrix
(2.66), with complex, real, and binary matrix elements. Fluctuations of the rightmost eigenvalue
decrease as N increases, and approach the same value for large N, evidence of universality.
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-1.0 -0.5 0.0 0.5 1.0

Figure 2.8: Left: Sketch of two-layer network (2.68). Right: Eigenvalue distribution for
N =2000,g = 10,8 =0.1,7 = —0.8, f; = 1/3

biological circuits. The results indicate that the presence of correlations can dramatically
influence the network stability and dynamics. The correlation structure is determined by
plasticity rules, which act locally on connections between nodes [31, 46]. The presented
analytical framework therefore makes it possible to evaluate the impact of local plasticity

rules on global network activity.

2.3 Examples

We can gain further insight into the variety and unique features that block-structured
correlations permit by considering simple examples. Of particular interest are layered
networks, with strong correlations between layers. We will first analyze a two layer network

in detail.
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2.3.1 Two layer network

Consider a network of two populations, with population sizes fi N and fo N, where

the gain matrix g,,, and correlation coefficient matrix 7,,,, are

61 0 7
Gmn =9 s Tmn = (2.68)

1 B T 0
We assume 7 # 0. When = 0 the network is bipartite. Small values of g introduce weak,
uncorrelated intra-layer connections (Fig. 2.8, left). Under certain choices of § and 7, (in
particular when £ is small and 7 is close to 1), the eigenvalue distribution of J has three
disconnected components (Fig. 2.8, right). This behavior is especially significant for 7 < 0:
it is possible for the rightmost eigenvalue of the distribution to have a large imaginary
component, leading to strongly oscillatory behavior in the network (see Fig. 3.3). This is
in stark contrast to block random matrices without covariance, which are always circularly

symmetric, and therefore have rightmost eigenvalues with small imaginary part.

This class of networks also has tractable implicit analytic expressions for the
boundary of the eigenvalue distribution, given by the matrix K and complex coefficients
¢m defined in Eqs. 2.58 and 2.59, respectively. Substituting Eq. 2.68 into Eq. 2.59, we get

the quadratic system of equations

(z — Tfag’ca(2))cr(2) = 1

(z — 7f19%c1(2))ca(2) = 1

(2.69)

Since ¢ and 7 amount to overall scalings and rotations of the Green’s function (which
will become clear below), we work with the rescaled variables ¢ = 77/2¢g7 !z and x,,(¢) =

72gem(2), 0 that ¢, (2) = 7727 Xm(77 2971 2). Then our system of equations reduces
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to

(€= fax2(O)xa(€) =1

(2.70)
(€= fixa(Q)xa(C) =1
with two solutions
a(6) = 572 (= )+ £ VAQ)
(2.71)
1 2
%(Q) = 577 (o= 1)+ ¢ £ VAQ))
where the discriminant
AQ) = (C =1+ (fi = f2)* — 1, (2.72)

plotted in the top panel of Fig. 2.9. The principal square root in Eq. 2.71 has four branch
cuts, shown in the middle panel of Fig. 2.9. Two of these cuts lie along the real axis, from

the ‘inside’ branch points 47, to the ‘outside’ branch points +r,,;, where

1/2 _ g1/2
=1h / / | (2.73)
- |f1/2 n f1/2|-

The two remaining cuts lie along the hyperbola (Re¢)? — (Im¢)? = 1. We must choose a
branch of 1/A(C) that satisfies the boundary condition G(z) = fic1(2) + faca(2) — 1/z as
z — 00. Furthermore, recall that in using Eq. 2.59, our expression for the Green’s function
is only accurate for z outside the eigenvalue distribution. Since p(z, z) oc dG(z,2) = 0 (Eq.

2.30), G must be analytic outside the eigenvalue distribution. We therefore must choose
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Figure 2.9: Plots of the discriminant A(z) (top), the principal root y/A(z) (middle), and root
with compact branch cuts (bottom) over the complex plane. Branch cuts are indicated by dashed
lines. Constant lines of complex modulus and argument are indicated by black contour lines. The
complex argument is indicated by hue.
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our branch cuts to be compact. First, we factor A({) into its root pairs 7, and ryy:

A(¢) = (€% = 13)(¢% = o) (2.74)

By pulling factors out of the square root, we can eliminate the hyperbolic branch

VA = (¢ =iy G (2.75)

where again the square root indicates the principal square root. Finally, in order to satisfy

cuts:

the z — oo boundary condition on G, we choose the negative root in (2.71).
Let us now turn our attention to the eigenvalue equation (2.58). The matrix K has
the form

(2 = lcaPfiB8 el fe :i X1 (OPAB% xa(Q)Pf (2.76)

el e8] T hers el R

The Perron-Frobenius eigenvalue of K is then given by

1 1
M(K) = 552(71 +72) + 5\/54(71 — 72)% + 471y (2.77)
where v, = |77 fin|xm (O 2. Requiring that A\ (K) = 1 yields the boundary condition®
Fn+r)+ 1= =1 (2.78)

Note that this depends only on the sum and product of v; and 7,. When § = 0, this

reduces to 172 = 1, and when 8 = 1, to 71 + 72 = 1. Finally, from (2.71), we get somewhat

6 For an arbitary 2 X 2 gy, the boundary satisfies g2,71 + 92572 + det[g2,,]7172 = 1
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Figure 2.10: Functions determining eigenvalue support of two-layer network. Left: Plots of 1
(top) and x2 (bottom) in the complex plane. Right: Contour plots of the real-valued functions
Y1 + Y2 (top), and 12 (bottom). The white regions indicate large values near the pole at z = 0.

compact expressions for the sum and product of v; and s:

1 2(1 _ 9Re 2
Y1+ e = W [(fl — f2)°(1 = 2Re[q(Q)]) + |q(¢)] }

= [ 222 = PO F
47/ f1foC?

(2.79)

where we have defined ¢(¢) = (2 — \/A((), with the choice of square root as above. These
functions are shown in Fig 2.10. Depending on the values of 3%, 7 and fi, these yield
different boundaries for the eigenvalue distribution” (Fig. 2.11). Eq. (2.78) either defines
three contours, one around each branch cut and one around the pole at the origin, or one
contour encompassing all three non-holomorphic features. When f; = f,, the distribution
is an ellipse.

We can exactly compute the Green’s function G = fic; + faoco outside the eigenvalue

"The parameter ¢ trivially scales the distribution.
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Figure 2.11: Support of eigenvalue distribution for the two-layer network, as a function of 8
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figures have 7 = 0.75
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distribution, yielding

129G 9¢) = fixa () + fax2(0)

1 &~ 1A (250
=

Changing the sign of 7 swaps the real and imaginary axes (and allowing 7 to have an
arbitrary phase rotates the distribution) .
In the case where the eigenvalue distribution has disconnected components, we can

determine the fraction of eigenvalues in each piece. This is given by

/dxdyp(x,y) = Lf dzG(z) (2.81)
R OR

271

where the region R contains the component of interest, and the boundary R is outside
the support of the eigenvalue distribution, where G is holomorphic. It is easiest to find
the fraction of eigenvalues in the center component. Computing the residue around the
simple pole at z = 0 yields the fraction |f; — fa| for the central component. The other two
components therefore each contain a fraction %min( f1, f2) of the eigenvalues.

For the special case f = 0, when the network is bipartite, we can make more
definitive statements. In this case, the matrix J is not full rank. With probability one, the
first fiN columns of J have rank fy N, and the remaining fo /N columns of J also have rank
foN. Thus J has only rank 25N, so it must have N —2fs N = (f; — fo) N zero eigenvalues.
The eigenvalue distribution therefore has a delta function at z = 0 containing a fraction
| f1 — fa| of the eigenvalues, consistent with our result above.

We can also write down a condition for whether or not the distribution has discon-

nected components. First, as noted before, the boundary in this case is simply vy, = 1.
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For ¢ # 0, this simplifies to
11— q(O] =27/ fif (2.82)

Expanding the holomorphic function on the LHS around ¢ = 0:

1— )~ (1= |fi — fa) <1+ﬁ> +O(¢h (2.83)

We see that this function is a saddle point near ¢ = 0. If the boundary condition (2.82) is
satisfied at ¢ = 0, then the boundary will form an ‘X’ near ( = 0; the eigenvalue distribution
will be at the cusp of splitting into disconnected pieces (see Fig. 2.11). Setting z = 0 in

(2.82) yields the condition
|7[* = min (é é) (2.84)
2

2.3.2 Three layer network

Now consider a three layer network with

gd gfb O 0 T 0
9o = |grr ga gp| A T = |7 0 T (2.85)
0 grr  9d 0 70

and populations N fi, N fo, N f3. Transforming ( = (Tgfbgff)*l/zz,

Xm(C) = (Tgfbgff)l/Qcm(z), and solving for x,,(¢), we get

x1(¢) = m <(f1 +fi=f)+CEy A(C))
Q) = gz (~Uh+ hi= £+ ¢ £ VAR)) (2.56)

X3(C) = xl(C)
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where

A =(C =172+ (fi+fs—f)’— L (2.87)

x1 and y» have the same forms as 2.71, with f; — f; + f3. This means that the boundary
of the eigenvalue distribution for a symmetric 3-layer can be reduced to that of a 2-layer
network. More complex distributions (such distributions with 5 disconnected pieces) can

be obtained by introducing asymmetry between the connections 1 <+ 2 and 2 < 3.

2.3.3 Four layer network

Next, we consider a symmetric four layer network, with g¢,,, and 7, defined
analogously to above, and f,, = (f1, f2, f2, f1). The ¢,, now satisfy cubic polynomials.

When z # 0, x1 = x4 and X2 = x3. The discriminant A(() is®

AQ) =AML = f2)P = B +20f1fo — f2°)C + 411" (2.88)

The roots of this polynomial tell us the endpoints of the branch cuts in the expression for
Xm- These roots are shown in Fig. 2.12a as a function of f;. A(z) has a four roots at z =0
for all f; and four other roots on the real or imaginary axes. Disconnected components in
the eigenvalue distribution appear only for f; > 1/4, which then shrink as f; increases. By
computing the residue of G(z) around z = 0, we find® that the proportion of eigenvalues
in the center component is 2(f; — f2). The eigenvalue equation for K yields a tractable

constraint on the boundary:

Y2 (grrger + 92) — 12 (93971965 — 93590 + 91) + 1195 =1 (2.89)

Consider the same four layer network, but now with alternating fractions f,, =

8This is the discriminant for y; and x4. The discriminant for yo, x3 is identical, times a factor of fz.
9This is left as an exercise to the reader.
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(f1, f2, f1, f2). A(z) is now a complicated 10th order polynomial of the form A(z) =
2%(ag + a12% + asz? + a32® + a42®), whose solutions, while analytic, are very long and
complicated. For small values of f; or fs, the eigenvalue distribution has five disconnected
components (Figs 2.12b,c). We can painstakingly calculate the residue of G around z = 0
to yield the proportion of eigenvalues in the center component: 2|f; — fa.

This chapter, in part, is based on material contained in Kuczala and Sharpee.
Figenvalue spectra of large correlated random matrices. Physical Review E, 94(5), 05010,
2016. Part of this chapter is currently being prepared for submission for publication of the
material. Kuczala and Sharpee. The dissertation author was the primary investigator and

author of these papers.
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(b) Roots of the discriminant for al-

(a) Roots of the discriminant as a ternating layers. Each pair of discon-
function of f; for symmetric layers. nected components merges into one at
Imaginary roots are shown as dashed f1 ~ 0.035. This behavior is symmetric
lines. in f1 and fo.
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(c) Eigenvalues of a four-layer alternating network with f; = 0.01, and N = 8000. Note that only
320 of these eigenvalues are outside the central disk.

Figure 2.12: Four layer network
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Chapter 3

Mean field dynamics

The dynamics of the rate equations
Ei(t) = —ai(t) + Y il (1)] (3.1)
J

can only be coarsely characterized by the eigenvalues of the connectivity matrix J. Strictly,
the eigenvalues only tell us the stability of the zero fixed point. Dynamical mean field
theory offers us a more quantitative characterization of the dynamics. In equilibrium, as
the number of nodes N — oo, the activities z;(t) become statistically independent, and
obey simple stochastic differential equations. For example, when the connections J;; are

i.i.d., the activities obey independent and identical equations
ii(t) = —zi(t) + mi(t) (3.2)

where 7);(t) is Gaussian noise with zero mean. The 7;(¢) have nontrivial temporal correlations
59, 23]
(mi(t)mi(t) = g*(Si(t) Si(t")) (3:3)
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determined by the gain g and nonlinearity ¢. Here the expectation value is over realizations
of n;(t), and S;(t) = ¢[z;(t)] The correlation function can be determined self-consistently, as
we will see below. In equilibrium, the correlation function depends only on 7 =t — s. For
g < 1, equilibrium is achieved only when all z;(¢) = 0, so the correlation function is zero.
More interestingly, for ¢ > 1 in the chaotic phase, the correlation decreases monotonically
with |7|. Intuitively, trajectories become more scrambled as time goes on due to the chaotic
nature of the dynamics. As g increases, the width of the correlation function decreases, but
its amplitude increases. Again, this is an intuitive consequence of the network dynamics
becoming more chaotic for larger g. As ¢ — 17, the width of the correlation function
becomes infinite. We will later see in Chapter 4 that this is where the network can best
preserve information about its inputs [69]. Our goal in this chapter will be to extend

dynamical mean field theory to networks where J has block-structured correlations.

3.1 Single population

We first extend the mean field theory above to a homogeneous network with nonzero

correlations

(Ji) =9g*IN

(Ji3J5i) = pg® /N

(3.4)

In this chapter, we denote the correlation coefficient as p, where 0 < p < 1 as usual. As
mentioned before, random matrix theory yields a coarse prediction of the dynamics. Since
the eigenvalues of J lie on an ellipse with major radius g(1 + p), positive correlations
destabilize the zero fixed point, whereas negative correlations will stabilize it. We expect
that the network transitions to chaos at g = 1/(1 + p).

Using dynamical mean field theory (see Appendix B.1 and [43]), we can show that
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each z;(t) independently obeys the mean field equation

i) = —2(t) + g% / AR E)S(H) + ()

where R(t,t') is the response function and 7(t) is Gaussian with

(3.6)

(3.7)

as in the uncorrelated case. The effect of the correlations, then, is to introduce a convolution

term with the response function, which has a ‘memory’ of past firing rates. Assuming

R(t,t") > 0, and noting that S(¢) has the same sign as z(t), the convolution term competes

with the decay term—z(t) for p > 0, and enhances it for p < 0. This tends to slow the

dynamics for p > 0, and speed up the dynamics (and decay rate) for p < 0.

Note that the response function has R(t,t") = 0 for ¢ < ' due to causality, and as

we shall see, decays exponentially. To determine R(t,t') we use the relation (see B.22)

(SOn(t) = g [ drc R

Convolving (3.8) with the convolutional inverse! C~*(¢,¢') of C(t,t'), we get

/dt’Cl(s,t’)<S(z€)n(t')> = g2/dt’dt”c1(s,t’)C(t’,t”)R(t,t”)

=g’ / dt"s(s — t")R(t,t")

= g°R(t, s)

LC=1(t, 1) is defined by [dt'C~ (s, t)C(t', ") = (s —t").
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so that

R(t,s) = % / 4= (s, 1) (S(n(t) (3.10)

At equilibrium, the correlation function and response function are functions only of 7 =t —s.

Defining?
R(r) = / dtdsR(t, $)6(t — 5 — 1), (3.11)
Eq. 3.10 becomes
R(r) = % / dtdt (S () O~ Lt — — 7) (3.12)

which has Fourier components

R(w) = —(S(w)n(-w))C™ (-w) (3.13)

3.2 Multiple populations

Now we consider the case where the network has M populations with sizes f,, N

and J has block-structured correlations

1
2\ __ 2

<Jij> = Ngm(i)n(j)
N

(JijJji) =

(3.14)

7 PmndmnGnm

In the mean field limit, the activities x;(t) of each neuron are all independent and obey
statistics determined by the neuron’s population identity m. In Appendix B.2, we derive

the M mean field equations

P p— +ZTmn / 0 R () S () + 1 (1) (3.15)

2With this definition of R(7), 7 > 0 denotes a time 7 in the past. We expect R(7) to decrease with 7 as
the network loses memory of its past.
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where the 7,,(t) are independently Gaussian with correlation functions

Cr(t,8) = (0 (E)0m(5)) = D Grn (Su()Sa(s)) (3.16)

For simplicity we have introduced the shorthand

The response functions R,,(t, s) are determined analogously to Eq. 3.10:

Rt s) = / 4 (O] (s, ) (Son (1)) (3.18)

where [C"]71(¢,t') denotes the convolutional inverse of C?(¢,t'). When 7,,, = 0, the mean

field equations reduce to @y, (t) = =2 (t) + N (f) as in [5].

3.3 Simulations

We now assess the accuracy of dynamical mean field theory (DMFT) by comparing
numerical simulations of the exact dynamics (3.1) to simulations of the DMFT equations.
For the simulations of the exact dynamics, we compute trajectories x(t) with random
initial conditions and realizations of J. We first run the dynamics for sufficient time for
the networks to approximately reach equilibrium, and then simulate the dynamics for an
additonal time 7. Then we Fourier transform to average over time and different trajectories
to compute C(7) using Eq. 3.7. For the simulations of the DMFT dynamics, we use an
iterative approach to compute C(7) and R(7). We first select an ansatz for C(7) and R(7).
We find that a Gaussian function is a reasonable ansatz for C(7), and that a decaying

exponential convolved with a step function is a reasonable ansatz for R(7). We then
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Figure 3.1: Comparison of DMFT dynamics and exact numerical simulations. Note the difference
in time scales for p < 0, p = 0, and p > 0. Top: Traces of 7(t), =(t), and S(t) (gray, purple,
and green, respectively) from an exemplar sample. Middle: Correlation functions C'(7). DMFT
estimate shown in red, and + standard deviation of C(7) for exact simulations shown in black.

generate samples 7(t) with time correlations given by the ansatz for ¢?C(7) (Eq. 3.7).
Next, we compute z(¢) and S(t) using the mean field equation (Eq. 3.5). This can be
accomplished either with fourier transforms or integration methods, though we find the
latter to be more accurate in practice. Once we have samples x(t) and S(t), we use S(t)
to compute C(7), and then Eq. 3.13 to compute R(7). The results of simulations are
shown in Fig. 3.1. We see here that compared to p = 0, p > 0 increases the width of the
correlation function, whereas p < 0 decreases it, in corroboration with the results of [43].

We employ an analogous algorithm for block-structured networks by simulating the

mean field equations 3.15 and iterating Eqs. 3.16 and 3.18. In Fig. 3.2, we plot results for

the two-layer network explored in 2.3.1. When p is sufficiently negative, the correlation
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function exhibits oscillations, as suggested by the eigenvalue distribution analyzed in
2.3.1. In Fig. 3.3, we compare the eigenvalue distribution, correlation function, and power
spectrum of two such networks. The behavior of the power spectrum qualitatively matches
the eigenvalue distribution, indicating that the gap in the eigenvalue distribution has a
significant impact on the modes of the network dynamics.

The proposed algorithm is often much slower than simulating the exact dynamics,
even for large values of N. A likely better approach is to derive a set of differential equations
for the correlation functions and response functions (see [43, 20]), and avoid simulating the
differential DMFT equations altogether, if possible.

p=-0.75 p=-0.3 p=0.3 p=0.75
0.7 3
0.6 A “(\‘ 0.81

0.4 0.5 0.4 0.6

03
C(T) 42 0.4
0.0 - 024

-0.21 0.0+ - 00 e —

0.0 p=—rvr —

-4 -2 0 2 4 -10.0-7.5 -5.0 =25 0.0 25 50 75 10.0 -40 =20 0 20 40 -1500-1000 =500 O 500 1000 1500

0.7 0.5

0.41

020 04 03

0.24

0.11

~014 i i T - 1 oo+

-1 0 1 2 3 4 5 0 2 4 6 8 10 0 2 4 6 8 10 0 5 10 15 20

Figure 3.2: Comparison of DMFT solutions to numerical simulations for the two-layer network
(Eq. 2.68, with p = 7). Blue and orange denote the first and second populations, respectively.
The shaded regions indicate +/- one standard deviation of exact simulations. From left to right,
we have set g = 16,8,2,2. In all cases, § = 0.2 and f; = 1/4.
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Figure 3.3: Examples of two-layer networks with a spectral gap (left). These networks have
strong oscillations in the correlation function C(7) (center). The power spectrum (right) peaks
at a nonzero frequency. The top network has g = 0.1, and the bottom network has g = 0.2. In
the first case, the rightmost eigenvalues lie in the high frequency components of the distribution,
whereas in the second case, the rightmost eigenvalues lie in the central low frequency component.
Consequently, the 8 = 0.1 power spectrum peaks at nonzero frequency, whereas the 8 = 0.2 power
spectrum peaks more strongly at zero frequency.

3.4 Nonzero stable fixed points

The DMFT description of the network dynamics is valid only at equilibrium for
N — oo. However, for finite N, the network dynamics may reach a fixed point. For
simplicity, we discuss fixed points in single population networks. We have already seen that
large networks decay to zero when g(1 + p) < 1. However, there is a finite probability that
even large networks will reach a nonzero fixed point. The probability of reaching a fixed

point increases with the correlation p, reaching certainty at p = 1, when J is symmetric. It
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Figure 3.4: Fraction of 1000 networks reaching a nonzero stable fixed point for N = 2000 with a
time limit of 7' = 2000 and € = 10~®

is difficult to analytically compute the probability of a network converging to a nonzero
fixed point, even for finite N. We therefore numerically approximate this probability by
brute force simulation. For a given N, we choose a maximum network run time 7" and
fixed point threshold e. If a given network satisfies g%N|5c(t*)|2 < € for t* < T, we say
that the network has reached a fixed point. We repeat this process for a number of initial
conditions and realizations of J then count the fraction of networks that meet this criterion
to estimate the probability. Fig. 3.4 shows the dependence of this probability on g and 7
for N = 2000. We have chosen T" = 2000 because the majority of fixed points are reached
well before this time (Fig. 3.5).

Chapter 3, in part, is currently being prepared for submission for publication of the
material. Kuczala and Sharpee. The dissertation author was the primary investigator and

author of this paper.
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Figure 3.5: Histogram of fixed point times for N = 2000, 7" = 2000, ¢ = 1078, g = 1.56 and
7 =0.55
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Chapter 4

Memory capacity of block-structured

networks

There is significant evidence that the information processing capabilities of homoge-
neous random networks is maximized at the edge of chaos [69, 14, 34, 63]. However, in
structured networks, non-normal and feed-forward structure plays an important role in
retention and amplification of inputs [29, 50, 1, 70]. Due to their self-averaging properties,
the effective structure of homogeneous random networks is highly constrained and cannot
fully take advantage of feed-forward connections. In this chapter we analyze the ability of
a block-structured network to retain information about its inputs. We compute the Fisher
information about an input perturbation given a noisy readout of the network activity,
and find a general expression dependent on the block structure. Finally, we maximize the
Fisher information for two-population networks with constraints on the population size

mean synaptic gain.
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We consider discrete dynamics of N neurons, given by

N

xi(t) = Z JijS;(t) + &(1),
pu (4.1)

Si(t) = ¢ lw; I(t = 1) + 2;(t = 1)].

As before,the z;(t) and S;(t) denote the activity and firing rate of the ith neuron, respectively.
The function ¢ is a saturating nonlinearity with ¢/(0) = 1. I(¢) is a scalar external input
to the network, and the w; are input weights to each neuron. The network has internal
white Gaussian noise 7;(t) with (&(¢)&;(s)) = 020;;0s.

In previous work [69], the connectivity matrix J was taken to be a homogeneous
i.i.d. Gaussian random matrix. In order to introduce heterogeneity into the network, we
consider M cell types with population sizes fiN --- f,, N, where > f,, = 1. We allow the
variance of connections to depend on the input and output cell type m and n. Then the

connectivity matrix J has block-structured variances

1

2\ _ 2
<Jij>J = Ngm(i)n(j)' (4.2)

where g, > 0 is the population-dependent gain, and (-); denotes the expectation value
over realizations of J. For simplicity, we take (J;;); = 0, and neglect correlations between
matrix elements.

For large N, the dynamics of (4.1) are well approximated by dynamical mean
field theory [5, 69, 48]. We can straightforwardly adapt the results of Chapter 3 to the
discrete case. In the limit N — oo, the neuron activities x;(t) = n;(t) are independent

and Gaussian with zero mean. The statistics are completely described by the correlation
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function ¢y, (t, s) = (z,,(t)z,(s)), given by

Gt 8) = 0701+ > G fn(Sn(t)Sn())m
n (4.3)
= 0%+ Y GrnCalt, s)

where we have defined

Cu(t, s) = (Sn(t)Sn(8))n (4.4)

Gomn = ggmfn

and (-),, denotes expectation over the Gaussian variables z,(t). Compare Eq. 3.16.
When the input is constant, the system reaches equilibrium, and the correlation

function g, (t, s) X gmots. ¢m is the variance of x,(t), satisfying the self consistent equations

Gm = 0> + Z G {S%), (4.5)

and can be solved numerically by iteration. When the internal noise ¢ is small, the
spectral radius of G, p(G), determines the macroscopic behavior of the network. As in
the continuous case, the network transitions from silent to chaotic activity at p(G) — 1 as
o — 0 [4, 5, 3, 48]. For finite o, the noise suppresses the onset of chaos, and the transition

is pushed to larger values of g [48, 53].

4.1 M populations

We now investigate how much information about an input perturbation at time
to can be read out of the network at time ¢. The input I(¢) = 6d;4, is an infinitesimal

pulse with amplitude 6 at time ¢y, where we will take the limit # — 0. We consider noisy

%)



readouts of the network activity

vi(t) = Wiy L () + 2:(t) + xi () (4.6)

from K ~ O(v/N) nodes of the network, preserving the relative fractions f,, from each
population. The last term is i.i.d. Gaussian white noise with variance o2_. The input
weights w,, depend only on the population identity m, and we normalize > w2 =1. The

Fisher information that the readout contains about € at time ¢ is
0 0
T(60.1) = <%% 1ogp<v<t>|e>> | (147)
p(v(1)16)

known as the Fisher memory curve (FMC) [29]. For a fixed realization of J, p(v|6) is
Gaussian. Assuming the covariance of the distribution is independent of 8, the FMC has

the well-known form [69, 29]

70.0) = Y ( Lo 2al ) (49

where

pi(t) = (vi(t)]J) (4.9)

54 (t) = Covlui(t), v(t)]J] (4.10)

are the sufficient statistics of the v;(t) averaged over different trajectories (replicas) for a
fixed network realization J. From Appendix B of [69], the replica-averaged covariance 3

deviates from the network averaged covariance only by O(N~1/2):

Si(t) = (1) + O(N?) (4.11)
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The O(N~1/%) term introduces corrections of order \/K/N to the fisher information. So
long as K ~ O(v/N) or less, these corrections are negligible.
Assuming ¥ is approximately # independent as before, the mean field equilibrium

statistics (4.5) yield

(Si()); = 0ij(hs + an) (4.12)

which is diagonal, meaning that the FMC is the weighted sum of squared signal-to-noise

ratios from each population

K; e <(a“ge(t))2>J (4.13)

In the limit of vanishingly small input perturbations § = 0, we obtain a tractable expression

for ((Opm/00)%) using replicas (see Appendix C). In this case, the FMC is

Z(t > ty) = KZ +q (M), w? (4.14)
obs m

mn

The matrix M, = G, (¢')2 describes the decay or amplification of information in each
population. When M is highly non-normal, the sequence |[M'%| exhibits transient
amplification [70], even though p(M) < 1. For non-normal M, the spectral radius only
asymptotically describes the decay rate of the sequence (Fig. 4.2).

Since v(t) is uncorrelated in time for § = 0, the probability distribution over the
entire readout p({v(ty),...,v(00)}|0) factorizes across time, and we sum to compute the

total signal-to-noise ratio (SNR):

=to (4.15)
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This depends on the input weights w, but we can easily determine the best case using the
l; norm, yielding

I

max”Z = K 5
w Uobs + m

(4.16)

mn

1

where || A, ||1 denotes the [ operator norm of a matrix A. From (C.8), the spectral radius
p(M) < 1, and the SNR is maximized when the spectral radius p(IM) ~ 1. When o < s
is small, this occurs close to the transition to chaos.

The behavior of Z away from the critical regions depends on features of M other
than the eigenvalues. In particular, the SNR is generally larger the less normal the matrix
M is. The resolvent ||(z — M) diverges faster near eigenvalues for strongly non-normal
matrices, and is closely related to the phenomenon of transient amplification [70].

For M = 1, this expression reduces to the single-population case [69]:

1 1
Isin e — K
’ Tops 41— g*(#)? (4.17)
q=g°(5%

For 0,45 > 0, Zsingie is maximized for some g* > 1 (see Fig. 4.1). When either the internal

noise 0 — 0 or 0 K o4s , the optimal gain g* — 1.

4.2 Two populations

We now consider the problem of determining the optimal network architecture
(choices of g, and f,,) for a network with two populations, under particular constraints.
First, we put an upper bound ‘budget’ on the mean synaptic gain g = (3> fing2, fn)l/ ? <
Jmaz- Secondly, we place a lower limit f,,,;, N on the number of neurons in a given population,

such that the mean field limit is valid to a desired accuracy for a given N. For example, if

N = 1000, one may choose f,.;» = 0.1 so that each population has at least 100 neurons and
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Figure 4.1: Optimal gain g* and Lyapunov exponent for a single-population network, as a
function of internal noise o and observation noise os. When o < oy, g* > 1. For small values
of o, the total SNR is maximized when the Lyapunov exponent = 0, close to the edge of chaos.
the largest fluctuations are of order 1/+/fnin /N = 1/10. For simplicity, we restrict o < o,ps
and o < 1.

To determine the form of the optimal network, we first numerically maximize
(4.16) with respect to the G, and f,, with the above constraints. We find that optimal
matrices G have at least one vanishing off-diagonal element, corresponding to a feedforward

architecture. We can parameterize these networks in terms of f;, g and the eigenvalues

A1, Ay of G as follows:

A0
Grr =

Go1 o (4.18)

G = [5G — fidi — fodo)

where G, > 0 requires that fi\; + fade < 2. In this case, the equilibrium variances g,
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satisfy

Q= o + )\1<52>1

(4.19)
a2 = 0'2 + )\2<S2>2 + G21<S2>1
The best case SNR is
maxZ = max(Z;,Z,)
fi fo(d)3Gxn
T, = + 4.2
AN, ta) | A0, + a2) (420)
Lo

Ao (02, + q2)

where A, =1 — My = 1 — ()2 . Z; and Z, denote the SNR (4.15) for w = (1,0)
and w = (0, 1), respectively. In the first case, the input is fed into the first population,
which has feed-forward connections to the second. In the second case, the input is fed into
the second population, which cannot propagate into the first. We therefore expect that
max,, Z = 7, in situations where the feed-forward connections can be leveraged to maximize
information. In all cases, the SNR is maximized when the mean gain is saturated, § = Gmaz
and increases monotonically with g (Fig. 4.3). Notably, the SNR of the feed-forward
network equals the SNR of the single-population network at some § = g, slightly less' than
the single-population maximum at ¢g*. The optimal choices of the network parameters
A1, A2 and f; vary with g. Notably, Ay = 0 for g < ¢., and Ay > 0 for g > g., meaning that
the second population has no recurrent connections for g < g.. Further, for most values
of g, f1 = fmin , meaning that the network has divergent feed-forward connections. We
discuss these varying behaviors below.

For sufficiently small mean gain g < g,, the feed-forward connections do not provide

any benefit, and Z, > Z;. In fact, the single-population network with gain g outperforms

LAso—0,9.—g* — 1.
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all two-population networks with g < gs;. For gs < g < g., the second population has no
recurrent connections (Ay = 0), and is simply a noisy readout of the first population. At
J = g., the memory capacity of the feed-forward network approximately equals the memory
capacity of the single population network at its maximum, and Z; — Znge as fimin — 0.
The feed-forward network becomes convergent as f; — 1 — f,.;, as g approaches g, from
either side. As a consequence, Z; becomes insensitive to Ay (Fig. 4.4). For g > g., both A\
and Ay are nonzero, meaning that there are recurrent dynamics in both populations. The
strength of the recurrent connections controls the eigenvalues of M, the largest of which
sets the spectral radius p(M), which in turn determines the asymptotic rate of decay of the
FMC. Secondly, the feed-forward connections increase monotonically for large g, causing
the transient amplification to rapidly increase with g (Fig. 4.2). This can be understood
in the context of non-normality. Ggp is in Schur form, and one measure of its departure
from normality is the relative size of the off-diagonal element [70]. Alternatively, we note

that the angle 1) between the eigenvectors of Ggp is given by

G21
VG3 4+ (M — Ao)?

cosp = (4.21)

The eigenvectors are perpendicular for G5, = 0, when G is diagonal, and the eigenvectors
become increasingly parallel as (Go; increases.

Chapter 4, in part, is currently being prepared for submission for publication of the
material. Kuczala and Sharpee. The dissertation author was the primary investigator and

author of this paper.
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Figure 4.2: Amplification profiles of the matrix M. The dashed lines indicate the amplification
profiles of single population networks with ¢ = g. For g > ¢., M has significant transient
amplification. Note that the rate of transient amplification is faster for larger g, and that the rate
of asymptotic decay is largely independent of g.
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Figure 4.3: Best case fisher information and optimal parameters as a function of g, with

fmin = 0.1 and o = 1.
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Figure 4.4: Total SNR of the feed-forward network (Fig. 4.3, 0 = 0.1), as a function of \; and
Ao for select values of g. For each plot we have chosen the value of f; shown in (4.3). Parts of the
plot region are excluded according to the condition fiA1 + foAe < 1. For all values of g, the SNR
is sensitive to the value of A\;. While the SNR is sharply peaked at Ay = 0 for g < g, the SNR
becomes less sensitive to Ag as g — g.. For g > g., the SNR is initially peaked around a nonzero
value of Ao, but becomes less strongly peaked as g increases.
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Chapter 5

Error correction in symmetric

networks

Here we study the optimal properties of symmetric RNNs for input reconstruction.
In the quadratic decoding model of cortical circuits [13], the sufficient statistics of stimuli
are encoded in the connection weights of a recurrent network. The matrix of weights
are capable of encoding multiple ambiguous stimuli, with the most prescient stimulus
encoded in the dominant eigenvector. Given an initial estimate of this stimulus from
a linear decoder, we expect that the dynamics of the recurrent network will converge
to the dominant eigenvector. By analogy, the power iteration method for finding the
dominant eigenvector works by iteratively multiplying some initial vector by the matrix,
and normalizing the resulting vector. The rate dynamics performs similar operations: the
network connections perform matrix multiplication, and the nonlinearity normalizes the
vector. We would like to optimize an ensemble of symmetric rate networks for this purpose.

We consider an ensemble of networks with normally distributed symmetric N x N
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connectivity matrices J, with

(Jij) =0 (5.1)

(J5) = (1+0;5)/N (5.2)

Here (-) denotes an expectation value over the Gaussian orthogonal ensemble. Requiring J
to be symmetric implies that its eigenvalues are real and its eigenvectors are orthogonal.
Since J is real, the eigenvectors can also be chosen to be real-valued. Another consequence,
as we will see below, is that in appropriate limits, the network dynamics can be described
by a Lyapunov function, which guarantees that the network activity will asymptotically
approach a fixed point. In this setting, it is meaningful to ask under what conditions the
network activity approaches the eigenvector ey, corresponding to the rightmost eigenvalue
L'\ of J. More specifically, we want the network activity to be an approximate scalar
multiple of e, with a choice of sign.

The network dynamics is given by

dx_

= = —x(t) + Jolgx(t)] + I(t) + 06 (1) (5.3)

where x(t) is the N-dimensional activity vector, and ¢(z) is a saturating nonlinearity
applied element-wise. We choose ¢(z) = tanh(z) throughout, but our results can be easily
generalized to any saturating nonlinearity with 0 < ¢/(z) < ¢/(0) = 1. For example, our
results also qualitatively hold for a piecewise linear function. &(¢) is Gaussian white noise
with (&(t))e = 0 and 07(& ()&, (t))e = 070;;0(t — ). We take o, to be small compared to
the input I(t); in particular we will choose oy = 0.01 unless otherwise specified. This noise

prevents the network activity from accurately approximating e; for arbitrarily small |x|.

'In contrast to the power iteration algorithm, which converges to the eigenvector corresponding to
eigenvalue with largest absolute value (the spectral radius), the recurrent networks considered here do not
converge to eigenvectors with negative eigenvalue, even for those with maximum absolute value.
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The rate dynamics described in Eq. 5.3 has a few crucial differences from the rate
networks considered in previous chapters. Firstly, the variance of J is fixed, and ¢ instead
controls the steepness of the nonlinearity. This amounts to rescaling the activity vector x
in previous chapters by g. One consequence of this choice is that the norm of the fixed

points of the dynamics saturates instead of diverging for large g. We include a pulsed input

I(t) of length At, the form

I(t) = a6O(At — 1) (5.4)

for t > 0 and At < T, where
& = (e1 +om)/(1+?) (5.5)

is an estimate of the eigenvector e;. 1 is a static i.i.d. Gaussian vector with (o?|n|?) = o2,
which serves to corrupt the input. The constant ¢ > 0 controls the size of the corruption
noise. Averaged over 7, the pulse has amplitude a > 0. Although both 4+e; and —e;
correspond to the same eigenvector, the input introduces a bias towards +e;. We set the
initial condition x(0) = I(0).

For a given readout time 7', we there is an optimal choice of gain g and input size
a for which the network activity z(7") most closely converges to e; on average. In other

words, x(T') & ce; for some constant ¢ > 0. We measure the deviation of x from e; with

o =2 (-%) -

= %(1 — cos(#))

the [, norm

where 6 is the angle between e; and x. We quantify the performance of the network in
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terms of its ability to improve the estimate €;. To that end we define the performance
metric
(&)

m(z,e1) = logy, W (5.7)

This measures the number of order of magnitudes by which the network improves the
estimate: m > 0 and m < 0 indicate improvement and diminishment of the estimate,

respectively.

5.1 Linear fixed points

Let us first consider the time-independent case with o, = 0, and an infinite pulse

width At — co. A fixed point x; satisfies
x; = Jo(xs) + T (5.5)
which in the orthonormal eigenbasis {e;} of J is
T = A\pSk + bo1y + omy (5.9)

where v, denotes ey - v for any vector v and S = ¢(x). For linear networks, with ¢(x) = x,

we can solve for xy:

bo1x + o
— ¢« T Ve 5.10
TN (5.10)
This fixed point is stable only when all A\, < 1. We see that the network amplifies modes
with eigenvalues close to 1. When the network has any Ay > 1, the corresponding x

diverge exponentially, with the fastest growing modes corresponding to the largest A\;. In

either case, the network evolves towards an approximation of the dominant eigenvector.
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5.2 Lyapunov function

In the nonlinear case, the presence of the saturating function ¢ prevents the network
activity from diverging. Since J is symmetric, for a constant input I the network evolution
is described by a Lyapunov function. For simplicity, we first set I = 0, in which case the

Lyapunov function is
g &
— -1
E(S)——§ EJ JijSiS; + E /0 ¢~1(S)dS (5.11)

where here S; = ¢(gx;). The minima of E correspond to stable fixed points of the network
dynamics. Further, we have @(t) = —g%%. Note that since S; € (—1,1), E has an infinite
barrier near the edges of the unit hypercube (—1,1)". This holds for any ¢(x) that saturates

to £1. Near S = 0, the dynamics is approximately linear, with

1
FElinear = 5 Z<_g<]ij + 045)5:S; (5.12)
]
When gA\; > 1, the origin is a saddle point with unstable axes along all eigenvectors e of
J with g\, > 1. The Hessian of E(S) is
0’E 0

95,5, = 9T 5

- aQEinear
¢ 1(Sj) > —gJij +0ij = ﬁ, (5.13)
GV}

noting that? % ~1(S) > 1. In the linear case the Hessian is positive definite for g\; < 1.
The inequality (5.13) implies that the Hessian for the nonlinear case is also positive
semidefinite, so that the Lyapunov function is convex. Therefore there is only one global
minimum for g\; < 1.

When g\; > 1, the saddle point potential and nonlinear potential compete, yielding

2For ¢(z) = tanh(z), Lo~ 1(S) = (1—5%)~!
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-4t -4 4L,

Figure 5.1: Top: Contours of the lyapunov function as a function of § for examples of N = 2
networks. Bottom: Associated dynamics as a function of x. Red line indicates e
2™ minima, where m is the number of unstable eigenvalues. As ¢ increases, these minima
are pushed closer to the boundary of the hypercube [35]. As an example, for N =2, E
has either one, two, or four minima depending on the eigenvalues of J (Figure 5.1). When
A1 & 1, there is a line of approximate fixed points along e; near the origin, where the
dynamics is slow.

For a fixed g, the network ensemble over realizations of J will generally contain
a mixture of stable and unstable networks. As N — oo, the distribution of eigenvalues
approaches the the semicircular distribution [73], with support on [—2,2]. In this limit, the
linear network is stable for g < 1/2 and unstable for g > 1/2. For finite N, the rightmost
eigenvalue fluctuates depending on the particular realization of J. The transition from

unstable to stable dynamics becomes sharper for larger N. As N decreases, the transition

70



P(gA1>1)

104y
—_— 2

084 — 4
— 16

0.6 - 64

0.4 -

0.2 -

Olo | /
0.0 0.2 0.4 0.6 0.8 1.0

g

Figure 5.2: Fraction of networks with gA; > 1 as a function of g for different network dimensions
N
becomes more gradual and shifted to larger values of ¢ (Fig. 5.2).

A nonzero constant input biases the potential towards direction of the input. When
the origin is unstable, a sufficiently strong input eliminates minima opposite the input
direction. In the case of a pulsed input as in 5.4, the network dynamics follows the gradient
of E(S,ae;) for a time At before switching to the dynamics given by F(S,0). This means
that the dynamics approaches two different fixed points during its dynamics. If At is
sufficiently long, the network will asymptotically reach a minimum of E(S,ae;) before

approaching a minimum of E(S,0).

5.3 Role of the nonlinearity in fixed point deviation

The stabilization of the dynamics incurred by the nonlinearity introduces a cost:
the nonlinear component of E distorts the quadratic form away from the origin. While the

system will low towards unstable eigenvalues near the origin, this flow is distorted when
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Figure 5.3: Left: Angular deviation dependence on e; orientation 6 for different realizations of
J for N = 2. The scatter is due to fluctuations in the eigenvalues. Right: Deflection angles for
N =4,16,64 and g = 2 as a function of 64. In both plots, there are a small number of outliers
not shown.
the nonlinear term becomes significant. This distortion effected by the nonlinearity can
be best understood by considering the N = 2 case. In two dimensions, the eigenvector e;
lies on the unit circle, which we parameterize by the angle . The competition between
the quadratic potential and the nonlinear potential causes the stable fixed points of the
network to deviate from 6 by an angle Af. We plot this deviation for I = 0 as a function of
6 in Fig. 5.3, for ¢ = 2 and different realizations of J. The average deviation is minimized
when e; and ¢(e;) are parallel, and the largest average deviation occurs near 6 ~ m/8.
This behavior is a consequence of the component-wise application of the nonlinearity. The
distortion increases with g, which controls the steepness of the nonlinearity.

For general NV, the eigenvector matrix e;; of J is uniformly (Haar) distributed on
O(N), and e, is drawn from the matrix ensemble are uniformly distributed on the N — 1
sphere [45]. In analogy to the N = 2 case, the smallest angular deviations Af occur when

the angle 0, between ¢(e;) and e; is small. See Fig. 5.3. In general, the angular deviation
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depends on the orientation of all the eigenvectors, but the orientation of e; places an upper
and lower bound on Af. The deviation is zero only when e; has k components e;; = 0, and
N — k components e¢;; = £1/ V'k: in other words, when e; is aligned with a vertex, edge,

face, etc of the hypercube.

5.4 Numerical simulations and optimization

We compute the optimal performance, averaged over realizations of J and 7, as
a function of the network parameters g, a, At, and the ‘processing time’ Ty = T — At.
Surprisingly, the optimal performance is approximately independent of the pulse length
At (see Fig. 5.9 for a demonstrative example). In the interest of choosing solutions that
minimize the overall time T', We therefore only consider the case At = 0 in what follows,
where the estimate of e; appears only in the initial condition x(0).

First, we investigate the dependence of the optimal parameters on the processing
time Tp. In Fig. 5.5, we plot the optimal performance (P) as a function of Ty. The optimal
values of g*(Ty) and a*(Tj) are shown in Figs 5.6, 5.7. We now characterize the optimal
strategies for small and large Ty.

For small Tj, the optimal strategy has large gain ¢ and small input magnitude a.
A large value of g means that the nonlinearity is sharp, and as a result, the fixed points
are highly distorted away from e;. However, this distortion is mitigated by using small
input weights a. This means that the network activity starts in the linear regime. Further,
the large value of ¢ has another advantage: it speeds up the dynamics. With such a short
processing time, it is advantageous to run the dynamics for as long as it takes to span the
approximately linear region, and then read out x before the vector field deviates from e;
(Fig. 5.4a).

For large Tp, the optimal gain ¢ is slightly above 1/2; and the input magnitude
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(b) Optimal strategy for large processing time T

Figure 5.4: Optimal strategies for small and large processing times

a is large. For large a, the initial conditions have large components. When g is close to
1/2, the network is close to its transition between having a single fixed point at zero for
g\ < 1, and having multiple nonzero fixed points for gA; > 1. Near the origin, along ey,
the dynamics is slow, and this strategy utilizes the large processing time to evolve along
this line (Fig. 5.4b).

From Fig. 5.5, we see that intermediate values of 7Tj yield maximum performance,
meaning that there is a limit to the performance benefits brought on by additional processing
time. For stable networks, with a single stable fixed point the origin, the performance
decreases if |x| is of order oy, because it becomes corrupted by the stochastic noise &€. This
limit is reached when a is of order o;log Ty. a must therefore increase exponentially with
T}, to avoid stochastic corruption. But for large a this has no benefit: far from the origin,

the nonlinearity is saturated, and the network dynamics is highly distorted.
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Figure 5.5: Left : performance as a function of Ty for N = 16 and various values of o. Right :
Optimal value of Ty for each o, N

Now we discuss the optimal processing time Ty. The optimal processing time
increases with the corruption level o (see Fig. 5.5). For larger o, the initial conditions are
more scattered around eq, so it takes longer on average to evolve those points towards e;.
We also find that T{ increases with N, possibly because it takes longer for the dynamics to
evolve the same distance for larger N. Fig. 5.6 indicates that large N ensembles have an
approximately equal mixture of stable and unstable networks, whereas smaller networks
have a greater proportion of stable networks.

The performance is a non-monotonic function of o, with the best performance at
o ~ O(1). We can understand this by recalling that the performance is defined relative to
the accuracy of the input. For small o, the estimate of e; is already accurate sufficiently
accurate, and it is difficult for the network to improve on this estimate. For large o, the
estimate is poor, and the network has difficulty evolving towards e;. In particular, the
network may start in the basin of attraction of another eigenvector e, with eigenvalue
Ar > 1, or it may start in the basin of attraction for —e;. For intermediate o, the network
maximizes its usefulness towards improving the estimate.

Chapter 5, in part, is currently being prepared for submission for publication of the
material. Kuczala and Sharpee. The dissertation author was the primary investigator and

author of this paper.

1)



12 104 § 2 T ossd T T % 01
I & 05
10 09{ & 16 0.80 T % 10
4 64 1 1 + 4 20
i —+ 075
i 19
B 0.70 —
R os °71 -+
o S i T 1
o }: No6sq |
= 0.6 1
054 = - 4 & |
02 T 055
041 0.50 .
0.0
T T T T T T T 031 T T T T T 0.45 1 7\7 T T T T T
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0 -1.0 -0.5 0.0 0.5 1.0 2 4 8 16 32 64
logTo logo N

Figure 5.6: Left: Optimal gain ¢g* for N = 16 for various values of ¢. Middle, Right: optimal
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Figure 5.7: Left: Optimal input amplitude a* for NV = 16 for various values of ¢. Middle, Right:
optimal a* for each o, N.
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Figure 5.9: Peformance as a function of Ty and At for N = 16,0 = 0.1. For any At, there is a
choice of Ty which yields comparable performance. We may therefore choose At = 0.
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Chapter 6

Conclusions

We conclude by discussing potential extensions of the work covered in this disser-
tation, and then reflecting on the applicability of physics principles to new domains of
nature.

Our results on correlated matrix ensembles (2.2) can be extended to more general
correlation structures, such as correlations between arbitrary blocks, clusters, or motifs,
by summing diagrams with higher-order vertices. Our results can also be extended to the
case of nonzero mean as in [1], however, the number of self-consistent equations scales
with N rather than M, and we have not yet found a way to simplify these equations!.
The diagrammatic technique can be used to study further quantities of interest such as
eigenvalue correlations [38], eigenvector correlations [22, 37|, and linear dynamics not
captured by the eigenvalues [1].

It would be interesting to strengthen the relationship between the presence of
oscillations in the nonlinear dynamics and the gap of the eigenvalue spectrum (Fig. 3.3). It
is likely straightforward to extend the approach of [43] to multiple populations — analyzing

small oscillations in the quiescent phase, where the dynamics is approximately linear.

!There is a nontrivial matrix inversion in Eq. 2.39.
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The appearance of non-zero fixed points has thus far eluded analytic treatment. In
principle, the number of fixed points can be calculated using the Kac-Rice formula [72, 9].
To this end, we attempted a mean-field description of the distribution of fixed points,
inspired by Merav, Sompolinsky and Abbott [62], but this formulation did not accurately
capture the fixed point statistics.

The results of Chapter 4 on the Fisher memory curve for block-structured networks
can likely be straightforwardly applied to the continuous rate dynamics (3.1) and more
general input signals [56]. It would be interesting to determine if oscillations facilitate or
inhibit information retention in strongly bipartite networks. However, the generalization
of this calculation to connectivity matrices with block-structured correlations is likely
nontrivial. In this case, the distribution of activities x;(t) is no longer Gaussian, and
consequently the Fisher information is not necessarily tractable.

There are a number potential extensions of the results of Chapter 5. One such
extension is studying the network’s response to changes in connections and its ability to
adapt to the evolution of the dominant eigenvector. When the elements of the connectivity
matrix undergo Brownian motion, the eigenvalues evolve according to the Brownian motion
of a Coulomb gas [25]. The behavior of the eigenvectors is also known [7].

The qualitative behavior of the optimal network parameters g, a, T, At holds also
for piecewise linear firing rates. A Fokker-Planck treatment of the dynamics of the network
ensemble may be tractable in this case. However a fundamental difficulty arises from the
tension between the component-wise application of the nonlinearity and the spherically
symmetric distribution of the dominant eigenvector. We would also like to generalize the
results of Chapter 5 to asymmetric connectivity matrices J. When J is asymmetric, the
eigenvectors are no longer real; it is no longer generally meaningful for the network activity
to converge to the dominant eigenvector. Instead, we may ask when the network activity

most closely converges to the subspace corresponding to the rightmost eigenvalue pair.
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Taking a broader view, I frequently wonder to what extent the ideals held dear
in physics regarding phase transitions, criticality, and universality hold true in the wider
world, whose complexity greatly exceeds that of the highly symmetric systems commonly
considered by physicists. Dynamical mean field theory and statistical mechanics are chiefly
concerned with equilibrium systems, yet the living and nonliving systems that we would
like to think of as performing “computations” are far from equilibrium. To what degree
can we maximize the entropy of our descriptions of these systems, and appropriately
apply equilibrium assumptions? To what extent can we speak generally of non-equilibrium
systems? What aspects of nature and computation are addressable and intelligible only on

a case-by-case basis?
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Appendix A

Deriving the boundary of the

eigenvalue distribution

Here we derive the self-consistent equations (2.51, 2.52) for the boundary of the

eigenvalue distribution.

A.1 Boundary of eigenvalue distribution without co-
variance

We first show that the eigenvalue density (2.48) for J with independent elements
(;; = 0) has support on the disk with radius R = /A, (K), where \;(K) is the largest
cigenvalue of the matrix K;; = gfj /N. There are two solutions to the self-consistent
equations (2.46) in the limit € — 0: a trivial solution, with all a; = d; = 0, and a non-trivial
solution, with all a;,d; > 0 !. The trivial solution corresponds to the region where p(r) = 0
28, 27]. Indeed, we see that when a; = d; = 0, all ¢; = r%. Then by (2.46) ¢; = 1/z, and
therefore p(r) = 0 by (2.48).

Tt is not hard to show that if just one a; or d; is zero, all are zero
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Now consider the region where p # 0, where all the a; and d; are nonzero. Then,

combining (2.46) and (2.47) for d; in the € — 0 limit yields

1
J

We determine the radius R of the boundary by finding where the two solutions match.
Assuming continuity of the a; and d;, then as d; — 0% as we approach the boundary, all
the ¢; = R?. Then, in the limit, (A.1) indicates that d is an eigenvector of Ky; = g7;/N
with eigenvalue R?. Furthermore, since K and d have only positive entries, R? must be the
largest eigenvalue A\ (K) of K by the Perron-Frobenius theorem. Thus, the boundary of
the eigenvalue distribution has radius R = \/W . A nearly identical argument shows
Ky = g2, fn for the block structured case. This result was previously presented in [3] and
[4], and a similar argument was used in [1] for the case of matrices with non-zero mean.

However, previous analyses do not hold when J has covariant elements.

A.2 Boundary of eigenvalue distribution with covari-

ance

Now we show that when 7;; # 0, the boundary of the eigenvalue distribution satisfies
(2.51) and (2.52). Again, we have a;,d; # 0 on the support of the eigenvalue distribution,

and a; = d; = 0 otherwise. Plugging the trivial solution into (2.49), the ¢; now satisfy

ci=(z— Z Ti39i395iC5) - (A.2)
J
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Now, approaching the boundary from the inside as before, in the limit d; — 0T,

di = |eil’gld;. (A.3)

J
where the ¢; satisfy (A.2) in the limit. Since all the d; > 0, this means that d is the
2

Perron-Frobenius eigenvector of the matrix K;; = |¢; gfj with eigenvalue 1. This means

that the points z on the boundary satisfy
M(K) =1 (A.4)

where A\ (K) is the largest modulus eigenvalue of K. Together, (A.2) and (A.4) determine
the points z that lie on the boundary of the eigenvalue distribution. We have found that
these equations can be solved efficiently as follows: First we write z = re? and fix 6. Then,
to find the r satisfying (A.4), we use a root finding algorithm: at each step of the root

finding algorithm, we iterate (A.2) to find the ¢;(2).
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Appendix B

Dynamical mean field theory

Here, we derive mean field equations for the firing rate network (3.1) using dynamical
mean field theory (DMFT) [20]. See [23, 43] for similar derivations of the single population
case.

B.1 Single population

We start by writing the equations of motion (3.1) as a path integral:

Z = /HDmi(t)d

where the delta function merely picks out the x(t) that satisfy 3.1. Here we have defined

Si(t) = ¢[zi(t)]. Now we plug in the Fourier representation of the ¢ function:

7 = /HD%(t)D:?%(t) exp [— /dta%(t) ((8,5 + 1)z (t) — Z Jiij(t)>] (B.2)

Here, the z; are imaginary-valued. We will follow the convention throughout this

section that hatted variables are imaginary-valued. The integral over ¢ is analogous to
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summing over all variables in a multidimensional Fourier transform (these are ‘indexed’
over t). Throughout, we will drop constant normalization factors.

Now we average over the quenched disorder J;;. In static systems, it would be
necessary to introduce replicas at this point, but they are not necessary in dynamical mean
field theory. One way to think about this is that the time variable acts like a replica [20].

The average Z over J is

7 = /deij exp <—Ltr(JJT - pJ2)) Z(J) (B.3)

29°(1 = p?)
This is just a Gaussian integral over the J;;, yielding

2

X exp [29—N Z ( / dt:@i(t)sj(t)> (0ir0j1 + pdidjk) ( / dt’a}k(t’)sl(t’))

ijkl

= / DxDie % exp [;—N / dtdt’%:(fi(t)sj(t):&i(t)sj(t’) +p:&i(t)sj(t)aej(t’)Si(t’))]

(B.4)
with So = 3, [ dti;(t)(0; + 1)x;(t).

The average over disorder has introduced a four-body interaction. We write these

more compactly by introducing the notation

a-b= Zaj(t)bj(t’) (B.5)

reminiscient of replica theory, so we can write Z as

2

7 = /DfoceSO exp [29_]\7 / dtdt' (2 - 2)(S - S) + p(& - 9)(S - 2)) (B.6)
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Now we introduce the order parameters Q1 (¢,t), Q2(t,t'), Qs(t,t'), Q4(t,t') into the path
integral with ¢ functions:
7 = /D:)jD:i“DQe_Soé(NQl —2-2)0(NQy— S -S)0(NQ3z — & -S)§(NQy — S - 1)
Ng? ,
X exp [Tg / dtdt' (Q1Q2 + PQ3Q4)}
(B.7)

Each ¢ function can be written as a Fourier integral as follows:
/ DQW6(NQy —a-b) / DQrDQy exp [ / dtdt' Qp(NQy — a - b)] (B.8)

This lets us write the partition function in the form
7 = DQDQe NF(QQ) (B.9)

where

F=8(Q)+8(Q.Q) +8(Q)
g2
Si=-% [ at(@iQ:+ 9200

4
S, = / dtdt’y " QuQx (B.10)
k=1

1 .
S = —Nlog/Dq:D:% exp [—SO(SC,J?) - 54(@#’1'755)}

Si=— [ dtdt [Qu(a3) + Qa(S - 5) + Qala+ ) + QulS - 3)]

Now, for large N we can integrate over the (), and Qk by saddle point. Extremizing the
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action F with respect to the Q; and Qy, in (B.10)

~ 92 1

Q1= 5 Q2; Q1= N@ Bz (B.11)

~ 92 1

Q2 = 5 Q1; 2= N<S - S)es (B.12)
2

Y= I P0,. _ Ll

Q3 — 9 4, QB_ N<x S)x,x (Bl?))
2

. 1 R

Qq = % 3, Qu= N<S T i (B.14)

Substituting these values in for the Qp and Qy, and dropping overall factors independent

of x and Z gives us

X exp [— /oltdzf’%2 Z (C(t, )2k (t) 2k (t") + pR(t, t) 2 (t)Sk(t') + pR(t', 1) Sk(t) 2k (t))

k
(B.15)
where we have defined [20]
C(tt) = 3 S (s = 0
Clt,t) = 3 S SO ) (B.16)
R0 = 3 S (081

The last two terms in the sum are symmetric with respect to t and t/, so they can be
combined. Furthermore, the sum factors out of the exponential as a product, allowing us

to factor Z = (Zyr)" and consider the partition function Zy;r over the mean fields z(t)
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and z(t):

Zyvr = / Dz Die SoMF exp {—g2 / dtdt (%C(t,t’):?:(t)i:(t’) + pR(t,t’)i(t’)S(t’))]
(B.17)

Now we couple & to a new variable n via a Hubbard transformation:

Zaip = / DaDiDnexp { / dt [~2(t)(1 + 0;)x(t) + &(t)n(t)] (B18)

1
- [ata | e wont) + or.aosio)| |
g
and finally undo the Fourier transformation over & to get back a delta function:
Zur = [ T[] DaD1d {(@ +1a(t) - #p [ deRE1)SE) - n<t>] PG (B.19)

where

P(n) = exp [—% / dtdt'n(t>g—120—1(t,t’)n(t')} (B.20)

In other words, 7(t) is a gaussian random variable with (n(¢)) = 0 and (n(t)n(t')) = ¢*C(t,t'),

and z(t) satisfies the stochastic differential equation

i) = —a2(t) + g% / dLR(E S () + n(t) (B.21)
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Introducing a generating functional, we have the useful relation [20]

(stom(e) = (50575 exw | [ arwie)])
= (55535700 [ [ aemenen])|

= <S(t)8j?t’) exp [gz(jC’j + Oz + .C%Cj)}>

=g° <S(t) / dt”O(t’,t”):&(t”)>

— gQ/dt”C(t’,t”)R(t,t”)

J=0

(B.22)

J=0

where we have integrated over 7 in the third line, and used the shorthand jCj =

[ dtdt'j(t)C(t, t)j(t)

B.2 Multiple populations

Now we consider the mean field dynamics of a block-structured network with
covariance (2.27). The calculation proceeds similarly to the single-population case. A

notable difference is that instead of defining (a - b) according to (B.5), we define

(a-D)m =Y ai(t)bi(t)) (B.23)

i€Em

Then introducing 4M order parameters Q™ using delta functions of the form §(N f,,, Q) —

(a - b)mk), expressions such as

Qu(t. 1) = MLN S (S0 as (B.24)
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we write the partition function in the form Z = DQDQe NF(@QQ) where

F=8(Q)+8(Q,Q) + S5(Q)
1
8= / dtdt’ mz P (G QT QE + T QQT)

4
S = / adr' S 1,3 Orap (B.25)
m k=1

Si=— [ dtdt S [ QP D)+ QIS S+ QP (o )+ QRS )

m

and

Extremizing F' yields the conditions

A 1
O =32 Gm@s: Q= 7@ D)

Q=5 GmQ: Q8= 7 (S s
Q=3 X T @ QF= (@ s
Q=5 Tm @ Q=7 (5 e
Defining
Cult ) = 55 S {080} L0
Cult )= 55 S(S0)50)hes (B.27)
Rult.t) = DA 00



the partition function now has the form

/ Da D3 exp [ / dtdt’y "y

m ieEm (B28)

(e (B

which can be factored as Z = [],.(Z,)™", where

Ly = / Dzx,,Dz,, exp { / dtdt
( (ZGmnC (t, 1) ) (ZTmnR (t,t) > m(£)Sim (t)>

Using Hubbard and Fourier transformations in analogy to the single population case yields

(B.29)

the mean field equations

() = —am(t +ZTmn / 4t By (£ S () + 7o (1) (B.30)
(n()0(5)) = SamC (8,5 (B.31)

C (t,s) ZGmpc (t,s) (B.32)

Rut;s) = [ (€317 (5, 0)(S(na(t) (B33

where the 7,,(t) are gaussian, and [C"]7!(¢,#') is the convolutional inverse of C (¢,t')

When 7,,, = 0, the mean field equations reduce to &, (t) = —x,(t) + nm(t) as in

[5]-
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Appendix C

Mean field calculation of signal

amplification

Here, we compute the evolution of the mean squared signal amplitude appearing in

Eq. 4.13 of Chapter 4. From (4.6),

<(0u§0(t))2>J

< o012 >

(g o012 e 01

g
(C.1)
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where a and b denote replicas and ¢2°(t, s) = (2, (t)2b(s)) is given from mean field theory

by
gpi(t,5) = 0% 0wbts + D G S (S () S0 (5))n
" (C.2)
= GunCil(t, s)
where
Cii(t,5) = (S7(t)Sn(s))n (C.3)

From [69], for normally distributed random variables 2 with (2%2°), = ¢,

a=((¢"¢"), (6°0")., (870", (¢°¢™)., (¢ ¢").) (C.4)

é = (we(L’wa’ qaa/27 qbb/2’ qab>

where we have denoted 0° = £c and ¢* = ¢(wh* + z*) With 0 = 0, the expectation values

of odd functions vanish, and

¢ qaa o¢ qbb

ac<¢a¢b>z — <¢”a¢b>ZT + <¢a¢//b>z 5 + <¢/a¢/b>zacqab (C5)

This yields a recurrence relation for the derivative of order parameters

POt +1) =Y CoundCL(E) [(6"°0) m + (#°6),n]

OCR(t+1) = Gun [<¢“¢”“>m—accga(t) (C.6)
+<¢b¢//b>macczb(t) + <¢/a¢/b>maccgb(t)

2
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At equilibrium, 9°C*, 9°C%, and 9*C® vanish if the following conditions are satisfied:

p ([(" ") m + (99" )in] Gn) < 1 (C.7)
p(<¢/a¢,b>men) <1 (C'8)

where p(A,.,) denotes the spectral radius of matrix A. Assuming that these conditions are

met, [69] also tell us that

aaab<¢a¢b>z — <¢/a¢/b>z(aaabq?b + w?) (Cg)
so that (C.3)
0"0°C(t 4+ 1) = (¢ ¢ (OLP G2 (t + 1) + w614y (C.10)

Using (C.2), this yields a recurrence relation for the time evolution of 9?9°¢2°(t + 1):
9°0°q% (¢ + 1) Z Gl (0§ (890°¢° (1) + w2 By 4, (C.11)

Note that for ¢t < ty, the pulse has not yet started, so the derivative is zero. Then for t = t;,

we have

999 (ty + 1) ZGmn (¢ yw (C.12)

Each succesive iteration for ¢ > t, amounts to matrix multiplication by M,,,, = G (00",

We obtain
0*qy, S Z(Mt_tﬁl)mnwi@(t — to) (C.13)

n

and finally

<(a“g‘9(t)) >J =3 (M), w020t — t — 1) (C.14)

n
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