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Abstract 

We present a macroscopic treatment that clarifies the role of phonons in the wetting of a solid by an ideal liquid, such as 
liquid 4He. We show that in the equation for the wetting temperature the phonon contribution cancels exactly. Therefore, a 
pure phonon mechanism always results in wetting, and other mechanisms determine whether wetting or non-wetting occurs. 
The importance of ripplon excitations for the wetting phenomenon is discussed. @ 1997 Published by Elsevier Science B.V. 

PACTS: 68.45.Gd; 68.lO.Cr; 67.4O.Kh; 65SO.+m 
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In recent years, there has been a great deal of theo- 
retical and experimental attention paid to the wetting 
of alkali metals (Cs and Rb) by liquid helium [ 11. 

Since 1991 liquid helium has no longer been consid- 
ered a universal wetting agent. In the case of liquid 
4He on Cs, wetting does not occur as long as T < T,, 
where the measured value for the wetting temperature 

is Tw N 2 K [ 2,3]. As mentioned in Ref. [ 11, at the 
present time this value “is far from being clearly un- 

derstood”. In this work we approach the wetting phe- 
nomenon within the framework of continuum elastic- 
ity theory, and analyze the role of long wavelength 
vibrational excitations in this phenomenon. 

To determine when wetting occurs, one has to ex- 
amine the energy required for a drop of liquid to spread 

out over a solid surface. As the drop spreads, the ar- 
eas of the solid-liquid and liquid-vapor interfaces in- 
crease, and the area of the solid-vapor interface de- 
creases, resulting in a net change of energy per unit 

area of 

A(T) = ~,I(T) + (TIV(T) -a,,(T), (1) 

where csl(T), q.,(T), and a,“(T) are the solid- 
liquid, liquid-vapor, and solid-vapor interfacial ten- 

sions, respectively. For T > T, this energy change is 

negative (A(T) < 0) , it is energetically favorable for 
the drop to spread out, and wetting occurs. For T < T, 
this energy change is positive (A(T) > 0)) the drop 

contracts, and does not wet the surface. The vanishing 
of A(T) determines the wetting temperature T,, 

A(T,) = 0. (2) 

A comprehensive theoretical calculation of us1 (T), 
(~1” (T), and gsv (T) is a formidable problem. There- 
fore, one of the most difficult questions in the calcula- 
tion of T, is what physical processes give the dominant 

contributions to us1 (T) , (~1” (T) , and u,,(T) . Avail- 
able experimental measurements of q,(T) [ 41 and 
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crsv( T) - cst(T) [ 51 for 4He on Cs should help the- 
ory to answer this question. In the current theoretical 
literature on the subject most of the effort is devoted to 

studying the spectrum of collective excitations associ- 
ated with all three interfaces in order to calculate their 

contribution to a,](T), al,(T), and U,“(T). Several 
microscopic approaches to determining these spectra 

have been developed, especially in dealing with ex- 

citations in liquid 4He in contact with Vs and vapor. 
Nevertheless, satisfactory agreement with experimen- 

tal data has not been achieved until now. We refer the 
reader to the work by Treiner [ l] for an overview of 

the current situation in this field. 

It is suggested by experimental data [4,5] that 

the low-temperature behavior of us1 (T) , cnv (i”) , and 

gsv (r) is governed by the low energy vibrational ex- 
citations associated with the corresponding interface: 
(i) phonons: excitations, for which the relation be- 

tween their frequency w and wavenumber k is OJ = ck, 
and (ii) ripplons: excitations, whose dispersion re- 
lation is o = pk3j2. Phonons contribute to all three 

interfacial energies and their leading temperature- 
dependent contribution is proportional to T3. Ripplons 
were believed to exist only on the liquid-vapor in- 

terface and to give a contribution to (+I”( T), whose 

leading temperature-dependent term is proportional 
to T7/3. However, recent experiments by Klier et. al. 
[5] found a T7/3 contribution to (T,,(T) - crsl (T) , 
suggesting existence of ripplon-like excitations at the 

4He-Cs interface as well. 
In view of the primary importance of low frequency, 

long wavelength excitations in wetting phenomena, we 

will try to describe these phenomena within the frame- 
work of continuum elasticity theory. Application of 

macroscopic theory is quite justified for low temper- 
atures - for example, the classic T7i3 contribution to 

(~1” (T) due to ripplons derived by Atkins [ 61, is en- 

tirely explained by the macroscopic theory. Liquid su- 
perfluid helium is excellent for modeling by an ideal, 

inviscid liquid, and its bulk properties will be charac- 
terized by its mass density pa and the speed of longi- 
tudinal sound CO. The solid (Cs) will be modeled by 
an isotropic elastic medium with the mass density p 
and the speeds of longitudinal and transverse sound cl 
and ct, respectively. The solid-vapor and liquid-vapor 
interfaces will be considered as stress-free surfaces. In 
this work we will concentrate on the phonon contri- 
bution to A(T) in Eq. ( 1) . An attempt to include the 

temperature-independent contribution to usv (T) from 
zero-point surface phonons was made by Cole et al. 
[ 71. However, the contribution to the interface free 
energy due to the distortion of the spectrum of bulk 

excitations by the presence of the interface is of the 
same order as the contribution due to surface phonons, 
and one should not be separated from the other [ 81. 
A consistent calculation of the phonon contributions 

u$(T), c$( T), and &t(T) to the interfacial ten- 

sions ost (T) , ulv (T) , and gsv (T) , takes into account 
the contributions from both interface phonons and bulk 

phonons. The calculation of c$‘( T) was essentially 
done by Shchegrov [ 81, whose result for the stress- 

free surface of an isotropic solid is 

gPh(T) = - 
3 n 

SY @l(3). (3) 
s 

Here ti is Planck’s constant, kg is Boltzmann’s con- 

stant, ws = ( 18n2n,)‘/3[ (2/$)+( l/~:)]-i/~, where 

n, in the number of atoms per unit volume of the solid, 

cf = c~c~(c~ - cF)/(3cf - 3cfcF + 2cf), and 4’(z) 
is the Riemann zeta function. The first, temperature- 

independent, term in Eq. (3) is due to the zero-point 
phonons. It is important to point out here that the ab- 

sence of the speed ca of a Rayleigh surface wave in 
Eq. (3) does not mean that its contribution is not taken 
into account. 

The low-temperature behavior of a$ (T) was cal- 

culated by the present authors [ 91, Surprisingly, it was 
found to contain additive contributions from the solid 

and the liquid, with its explicit form given by 

u;;(T) = d”(T) - S” 

(4) 

where &(T) is defined by Eq. (3), and we = 

( 187r2nc)1/3ca, where no in the number of atoms 
per unit volume of the liquid. The contribution from 

the liquid to u$‘(T) is given by the last two terms 
in Eq. (4) and is equal to the interface free energy 
per unit area for an ideal liquid bounded by a hard 
wall which, in turn, is equal to the negative of the 
“phonon” interface tension ar (T) of the stress-free 
liquid-vapor interface [ 91, 

(5) 
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The additivity of the contributions from the solid and 

the liquid in Eq. (4) is ascribed to the fact that the 
solid supports both longitudinal and transverse vibra- 

tions, whereas the liquid supports only longitudinal 
vibrations [ 91. This decoupling does not occur in the 

case of two solids in contact [ 81. The temperature de- 
pendences of &(T) and u$’ (T) due to the phonons, 
and explicitly presented in Eqs. (3) and (4)) indicate 

that the widely used assumption that gsV and usi are 
fairly insensitive to temperature is not valid. The va- 

lidity of this assumption was also cast into doubt by 

recent experimental results [ 51. 

h,,(T) =6a,,(O> -; (-J&J’!’ (?)?I3 
3 li 

x r(7/3)f(7/3) - 7 903) 
( 1 

(7) 
0 

Combining Eqs. (31, (4), and (5) in Eq. (1) we 

obtain a remarkable property of the phonons - their 
contribution Aph(T) to the energy change A(T) can- 

cels exactly, 

APh(T) E 0, (6) 

if the solid-vapor and liquid-vapor interfaces are 

stress-free. Moreover, careful analysis of the results 

of Refs. [ 8,9] leads to the conclusion that Eq. (6) 
holds not only for the low-temperature phonon con- 

tributions given in Eqs. (3) and (4)) but for any T. 

Thus, in the model system of a drop of an ideal 
liquid in contact with vapor across a stress-free inter- 

face, lying on a solid whose interface with vapor is 
stress-free, wetting always occurs, because the only 
contribution to the thermodynamic functions of this 
system is due to the phonons. But since APh(T) E 0, 
this wetting mechanism is marginal. This means that 
in a real system the phonon excitations do not deter- 

mine whether wetting (d(T) < 0) or non-wetting 
(A(T) > 0) occurs, but other excitations do. Among 

the most important of these are surface capillary waves 

(ripplons) at the liquid-vapor interface. These exci- 

tations appear after we take into account the surface 
tension boundary condition on the liquid-vapor inter- 
face for the scalar velocity potential in the liquid in- 
stead of the free surface boundary condition. 

Djafari-Rouhani and Dobrzynski [lo] in their cal- 

culations of the surface specific heat of a liquid found 
the term which adds to the contribution due to the 

stress-free surface after the surface tension bound- 
ary condition was taken into account. Their result 
for the surface specific heat immediately yields the 

temperature-dependent term &iv (T), which must be 
added to ap,h (T) , 

but not the zero-point contribution 6~1, (0). We note 

that the T7’” term contains the surface tension of the 
liquid at absolute zero giV( 0). This quantity is an im- 

portant characteristics of the liquid, and is known for 
liquid 4He [4]. The function f (z ) in Eq. (7) is the 

gamma-function. The temperature-dependent terms in 

Eq. (7) can be interpreted as follows. The T7j3 term is 

due to ripplon excitations, while the T2 term appears 

due to the distortion of the phonon spectrum of the 
system with a stress-free liquid surface by the surface 
tension boundary condition. 

In understanding the phonon role in A(T), we have 
achieved the major goal of this study. We next see 

what wetting temperature we would obtain if the only 
excitations determining the thermodynamic properties 
of the system are phonons in all three media and rip- 

plons on the liquid-vapor interface. This idealistic cal- 

culation is presented for illustrative reasons only. For 

a real system we have to take into account other terms 

in A(T), one of the most important of which takes 
into account the adsorption properties of the substrate. 
Nevertheless, for weakly adsorbing substrates, like ce- 
sium, the contribution to A(T) from ripplons at the 

liquid-vapor interface may become the most signifi- 
cant one. Since the phonon contribution vanishes, we 
have 

A(T) =&q,(T). (8) 

We obtain the zero-point term &iv (0) in Eq. (7) by 

subtracting the phonon contribution &‘( 0) given by 

Eq. (5) from the actual surface tension (~1” (0). The 

value of (71” (0) is tabulated for liquid4He [ 41 together 
with its mass density pa and speed of longitudinal 
sound cc [ lo]. The result for A(T) then takes the form 

A(T) = ~(0) - $$ 
0 

_ 5 (&)2’3 (!$)7’3r(7,3)1(7,3) 

kBT 3 zi -H h 
7-&--$(3). (9) 

0 
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We next substitute the values po = 0.145 g/cm3, CO = 
2.38 x IO4 cm/set, at”(O) = 0.2567 dV2 (we mea- 
sure the energy in the temperature units), and 00 = 
3.74 x 1012 set-’ for liquid 4He to obtain 

A(T) = 2.308 x 1O-2 - 0.4913 x 10-2T7’3 

- 0.0193 x 10-2T3, (10) 

expressed in units of am2 for the temperature T mea- 
sured in kelvins. Eq. (2) for the wetting temperature 
then yields 

T,z 1.9K. (11) 

We observe that this result, following only from in- 
troducing the surface tension boundary condition for 
the liquid helium-vapor interface, is very close to the 
wetting temperature of Cs, T, N 2 K [2,3]. This 
may seem surprising since the contribution from the 
solid in A(T) given in Eq. (10) is absent because of 
the cancellation we discussed above. We are inclined 
to believe, however, that this remarkable coincidence 
could be explained by the fact that due to the ultra- 
weak adsorption of 4He by Cs the real system (liquid 
4He on Cs) is quite close to the model assumed in 
this work. Namely, the results of [9] were obtained 
under the assumption that the properties of the liquid 
and solid are the same throughout these media, up to 
their interface. This assumption does not hold in the 
case of significant adsorption. 

In the present study we have looked at the wet- 
ting problem from the standpoint of the macroscopic 
theory. This theory provides us with a deeper under- 
standing of the role of long wavelength vibrational 
excitations in the wetting phenomenon deeper than 
would be provided by a more complete, but also more 
obscure, microscopic theory. If the solid-vapor and 
liquid-vapor interfaces are stress-free, the liquid is 
ideal and inviscid, and the solid can be modeled by an 
elastically isotropic medium, then only phonon exci- 
tations exist in the system. We demonstrated that the 
contribution from these excitations cancels exactly 
in the equation for the wetting temperature T,. This 
remarkable property of phonons means that it is other 
excitations, appearing after taking into account any 

deviations of the system from this ideal model, that 
determine whether wetting or non-wetting occurs. We 
showed that taking into account only the contribution 
from the ripplons to q”(T) predicts wetting for T > 
T,, and non-wetting for T < T,, with the wetting tem- 
perature T, N 1.9 K. This result is very close to the 
temperature of wetting Cs by liquid 4He - most likely, 
due to the resemblance between the real system and 
our model. The contribution from ripplons associated 
with the liquid-vapor interface, certainly, is not suffi- 
cient for the calculation of the wetting temperature for 
different solids. This calculation requires the knowl- 
edge of the contributions from the adsorption potential 
of the solid and of the excitations at the solid-liquid 
interface, which may include ripplon-like ones [ 5 1. 
The theoretical study of these contributions will be a 
subject of future research. 

We thank Professor P. Taborek and Professor J. Rut- 
ledge for stimulating discussions. This work was sup- 
ported in part by NSF Grant No. DMR 93-19404. 
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