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ELECTRONIC AND NUCLEAR PROPERTIES OF SOME RADIOACTIVE
RARE-EARTH ELEMENTS

" .Amado Y. Cabezas
P : Lawrence Radiation Laboratory
. University of California
v Berkeley, California
August 9, 1960
ABSTRACT
Ground-state nuclear spins of thirteen radioactive rare earths
(lanthanides) have been measured by the atomic-beam magnetic-reson-
-ance method. Ground levels (J) and corresponding g values of four
rare earths have been determined. Ground-state electronic configura-
tions have been inferred for the following elements:
Atomic Element ' Observed Ground-state
number ground levels - . electronic
configuration
: 6., 5, .2
61 h ‘ ‘ ' 4
| promethium H(5/2),7/2, 9/2 f7 6s |
66 dysprosium Ig 4£10 652
. : 4 11, 2
67 holmium 115/2) (47" 687)
68 . “ erbium ' 3H6 4f]‘2 652
The configuration assigned to holmium is tentative in-view of
&y the measurement 1 = 0 for Holéé, which does not allow an unambiguous
)
C determination of the J levels. The basis of the assumption is the close
;,i agreement between the measured g; and the pure Russell-Saunders

) % - 4
value for 115/2 N



In addition, these electronic properties have Vals,o_-been-' verified

for the 'fb_llowing rare earths:

W

Atomic - Element : Observed ground Ground-state &
number . : “ levels - eleckronic..: G
' ; ' configuration ¥
| | _ 4 | 3,2
59 : s praseodymium 19/2 : 4f” 6s
60 neodymium 514 ' : 4f4 6s%
; 7 : 6 2
62 samarium F',(O), 1,2 4f 6.s |
64 adolinium D - af’ 5d 6s°
& | 2,3,4,5
o . 6 . 9 ,.2
65 ‘ - terbium . H15/2 and : 4f” 65~ and
7 2 .
([Fe' D3/z]15/2,13/2
11/2) (48 5d 659
L 2 ' o 13, 2
69 thullum F7/2 | . 4f"7 6s
The following isotopes were used in these investiig_atio'ns., The
half lives, nuclear ground-state spins, and J and gy . values are also
stated: -
- 142 |
Pr (Ty,, =19 hr) I[=2
% .
with J = 9/2, gy =-0.7311(3) _
[al = 67.5(1.0) Mc, [pll = 0,30(2) nm :
: [b] = 7(2) Me, [Ql = 0,035(15) barns .
147 _ :
Nd ( Tl/z_zlll.é d) I=5/2

R ook _. .
i =4 = . 0,6032 ’ i
with J g5 0,6032(1) | | »



147

Sm153

159

Tbl()O

with (J

( Tl/Z = 2.6 yr)
with J = 5/2,

J =7/2,

I =9/2,

(T, =47 hr)

1}
(=)
e

(T, =18hr)

with J= 2"
7=3"
7=4"
3=5"

(T, =724

with J = 15/2"
7=15/2"
7=13/2"
7=11/2"

(T}, = 2.3 hr)

82 hr)

(Ty/2 =
with J = 8
Ty, =27 hr)

with (J = 15/2)

1=17/2
gy = - 0.286 (not observed)
g; = - 0.831(5)
g; = - 1.068 (4)

I= 3/2

(nof observed)
g = - 1.495(15)
gy = - 1.497(15)

1=3/2

2.6514(3)"
g = - 2°0708(2)i
gy= - 1.8392(2)
gy = - 1.725(7)

aQ
[
H
i

I=3
sk
g5 = =vl°3225\l‘
gy = - 1.4563';
g5= - l(,4:633>=<
g5= - 1.5165
1=17/2
I=0

gy = - 1.2415(3)

I=0 or Iz 0 with very
small hfs (a<100 kc)
g5= - 1.1956(12)



169 - _ _
Er (11/2—9,4d)_ I-l/Z
171 _ o :
Er (Tl/2 = 7.5 hr) I1=5/2 <
with J = 6 g5 = - 1.164(5) =
: : : . (;-’.-,
o 170 - _ 1=
T'm ( 11/2 = 12_9-(:1) I=1 ‘
with J = 7/2 gy = - 1.1412(2)
| a| = 200(3) Me, jplée; 0.26(2) nm
| bl = l,Ol‘O(lS)Mc," Q{: 0.61(5) barns
7] |
I'm (Tl/2 - 1.9 yr) I1=1/2.
The quantities measured elsewhere, but verifie_d and directly involved
in the experimental observations are marked by an asterisk., Our
original results are unmarked. The numbers enclosed in the parenthesis
denote the uncertainty in the last places of the figures quoted.
The magnetic dipole and electric quadrupole moments of the
two odd-odd nﬁ,clei PrM[Z. and ’]'.‘ral7o are calculated from measure-
ments of the hyperfine-structure séparétiohs. :
&



v I. INTRODUCTION

The purpose of this research is to investigate those electronic
and nuclear properties of the radicactive rare earths which may be
d.etermined by atomic-beam magnetic-resonance spectroscopy. The
rare earths are the elements between lanthanum (Z = 57) and - ‘
lutetium (Z = 71). The maiﬁ characteristic of this transition series,
also known as the lanthanides., is that thg unfilled 4f subshell resides
well within closed electronic shells. The striking similarity betweenv
these elements and the actinides with respect to electronic structure
and its general behavior throughout the series is discussed. The .~
similarities are exposed in view of recent results obtained using the
atomic-beam method with isotopes of both series,

The nuclear properties specifically studiéd are the nuclear
ground-state spin angular momenta and the nuclear eléctric- and
magnetic-multipole moments.

The shape of the nucleus in this region of the isoctope chart

~(atomic mass number between 150 and 175) is expected to depart con-

siderably from spherical symmetry, This is found to be true for most

of the thirteen nux léi'inwvestijgated here as part of the research
1

program, 1-10 The applicability of the collective-model theory is tested

in its interpretation of the measured spins.

It is also of interest to test the other major existing theory of
nuclear models, the single-particle shell-model theory. In order to
analyze the vé.lidity of this model in the early part of the. lanthanides
(atomic mass number less than'150)‘,‘theoretica1 estimates based on
this model are made for the nuclear magnetic-dipole and electric-

quadrupole moments of the odd-odd nucleus, praseodymium-142. These

‘estimates are.then compared with calculations of the nuclear moments

based on the measurements obtained in the experiment,
Magnitudes of the electronic magnetic moments are measured.
This is directly proportional to the electronic g wvalue., The accuracies

cf these measurements range from 5 parts in.100 up to 2 parts' in 10,000.
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For the g values measured with high accuracy, the deviations of the
experimental values from the theoretical Landé value.are explained on
the basis of present theories.

For some of the elements studied, the electronic ground levels
with their corresponding g values are determined for the first time.

From this information, an attempt is made to infer the ground-state

electronic c'o'n_figura.tion‘s of the elements. ’
The part of atomic spectral theory that is directly connected
with the experimental method is reviewed in the nextb-chapter. A
description of the experimental technique is included, together with the
experimental results and obsefvations., | A
v

B

Ry
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II. THEORY

A, Electron-Electron and FElectron-Nuclear Interactions-

One of the main features of the atomic system is the high dege-
neracy of its energy levels, To understand the rhagnitude:s of the energy
separations between the levels actually observed in nature, we must
analyze the causal electron-electron and electron-nuclear forces, The
removal of these degeneracies is discussed below, ‘

One may start this investigation by immediately looking at the
best available Hamiltonian that describes the quantum-mechanical

system. This approximate Hamiltonian isl

2 2 2
P. Ze e : - .

9=z L .z +Z +ZE() L. s + $l(nfs).
i 2m i P>y o i ! !

| (1)
The first term is the kinetic energy of the biegjcrons, which are assumed
to move around a fixed heavy nucleus, Relativié\&i\c effects are neglected
above but are treated in a later chapter. The seédpd summation is

carried over a term which is the attraction energy between the nucleusg

~and the ith electron located at a distance TS frorh it. The third

summation represents the repulsive energy between the several electrons
separated by distances rij° The fourth term stands for the magnetic
interactions between the electron spins and orbits, where E(ri) is the
fine-structure energy constant. Finally, and most significant for our

experiments, is the last interaction,; denoted by W(hfs), This represents

~ the interaction of the nuclear multipoles with the electromagnetic fields

set up by the electronic Systefn, 12 Figure 1 is a schematic diagram
of the energy levels and the corresponding degéneracies in each. The
Coulomb interaction removes the degeneracy in the terms denotéd by
L. and S, which are the total electronic-orbital-momentum and spin-
angular-momentum quantum numbers, respectively, The levels J
(the total electronic angular momentum is J h) are separated by

energies that are mostly affected by the spin-orbit interaction, The

\.
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«—(2S+I)2L+1)-fold degenerate

Energy

—«(2J+1)-fold degenerate

~ «(2F+1)- fold
degenerate

MU-21487

Fig. 1. Schematic diagram of the major degeneracies of the

states of the atomic systeme
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(2F+1)—f61d degeneracy of each F state is removed by the external

magnetic field perturbafion. - A nonvanishing nuclear spin I combines

-vectorially with J to form _‘—F’, the total atomic angular-momentum

guantum number,

It should be noted that other interactions present are the spin-

-spin, orbit-orbit, and spin-other-orbit effects. Interactions between

configurations through some of the perturbations enumerated above are
certainly possible. The energies of these interactions are usually.
neglected because they are much smaller compared to the other energies.

For many-electron spectra, the Hamiltonian of Eq. (1) as it
stands is not practical for the evaluation of the energy eigenvalues,

The term in _r.1j prevents a separation of variables, A simplification

is attained by assuming a screened potential U(ri), so that the remain-

ing terms in the operator may be treated as perturbations, It seems

that many spectral features may be obtained with this assumption.
Another factor that simplifies the energy operator arises when

the electrostatic interaction is greater than the spin-orbit interaction.

Then the latter is just neglected in the calculations, i, e,

2

e —3>
S.

= >>ZE(r.) L - s, . (2)
e e . 1 1 . :
1>] rij ’ 1

This is called the Rus'se11=Saunders limit, where the individual electron

1

orbitals add up to L, while the electron spins add up to S.
- The case of extreme j-j coupling applies when spin-orbit effects
are much larger than electrostatic effects. Here, each electron-spin

angular momentum 1/2+% - and orbital angular momentum £+ couple

to form jh . The total J is then the vector sum of the separate j's,

The choice of a representation in the evaluation of the matrix
elements of the perturbations depends on the discovery of those angular-
rhomentum operators that commute with the perturbation in question,
This has the effect of diagonalizing the energy matrix with respect to the
eigenvalues common to the operators, In cases where exact diagonali-
zation is not possible, a perturbation theory in some convenient repre- '

sentation is carried out.
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A set of four quantum numbers is found to be sufficient to com-
pletely specify the quantum state of an electron. The choice of the
antisymmetric eigenfunction in the calculation of various atomic prop-
erties is equivalent to the application of the Pauli principle. Very
simply, this means that no two electrons in the same atom may‘have
the same set of quantum numbers. The fourth quanturﬁ number was a
puzzling aspect before the discovéry of electron spin by the Stern-
Gerlach experiment. 13 -This .experirhent which directly proved the
idea of space quantization of angular momentum is c.onsid.ered to be
one of the forerunners of the atomic-beam radiofrequency method..

The assigrime.nts of these quantum sets to the electrons lead
to the periodicity of closed shells in the electronic system. A state-
ment of these closed shells, together with the last unfilled shells, if -

any, is called the electronic configuration of the element,

B. Hyperfine-Structure Interactions

The electromagnetic fields at the nuclear site due to the electron-
'ic,system interact with the electric and magnetic multipole moments,
This interaction removes the (2I+1) (2J+1)-fold degeneracy of each |
substate denoted by I and J. The energy of this interaction is measured
by several experimental methods which include paramagnetic resonance,
microwave spectroscopy, optical spectroscopy, and atomic beams. In
all of these methods, two assumptions are made aboutthe nucleus.

First, the nucleus has a spin angular momentum represented quantum-
mechanically by I, where I is by definition the maximum projection
of T in any.direction. Secondly, the nuclear charge Ze is concentrat-

12 _ | .

ed in a small region about 10° " cm in diameter.

One way of expressing the,electrostatic_:interaction between the

nucleus and its electrons is to take the product of two infinitesimal

nuclear and electronic charge densities located at a distance r - apart,

g

!
"and integrating over both electronic and nuclear volumes. 11 Let ;’n
and T, ‘be radial vectors originating from the nuclear center, which

locate the nuclear and electronic volumes respectively. Then the -



assumption above is' used, so that rjr'l/re is less than one. Now 1l/r
may be written in terms of the well-known power-series expansion in
L ré and the’_»Legendr_e» polynomials Pk(cos' Gen), with Gen as the
angle between r, and T The kth term in the expansion is referred
to as the interaction energy between the electric field and the electric
multipole of order 27,

A similar treatment for the magnetic multipole energies is per-
formed by considering the magnetic interaction bétween a circulating
current density and a magnetic vector potential arising from the elec-

t rons, ' |

The following treatment uses the more elegant methods of

Racahl4 and Schwartz, 15 The hyperfine structufe {(his) . ..

flamiltonian is expressed as the scalar tensor product

=z ™e) - ™’ =z ™NEe) T (). o (3)

Kk kq ¢ 1
The tensor T(e) is a function of electron coordinates alone. Similarly
T(n) is a function of nuclear coordinates alone. The tensor T has rank
k, and its 2 q+l1 components obey the following commutation relations

with the angular momentum operators J_, J_+iJ , and J_ - iJ
. z' x| Ty X y

k k ’ .
3, %)= g1k, 4
[ 2 Tq. e Ty (4)
K7 - q1/2 ok
[7. T ] - [k@et1) - qlgz1)] Tou -

In the absence of external magnetic fields, the I J Fm represen-

tation is appropriate for finding the matrix elements of Eq. (3). These

are

W0F=(IJFm z %) . TF
| g

. The superscript zero on WF is written in order to emphasize that no

(n) | IJ F m).{5)

external magnetic field'perturbations are present, According to a



-16-

t_h"eorem due to Racah, the diagonal matrix elements. in Eq. .(5) may be

~ separated into components of irreducible tensors. Thus we have

VWO =3 .(_l)I‘PJ-‘_F
k

F W(ITFR) (1[50 | 1 alt@fn.  w .

where W is the Racah coefficient which is a function of six parameters. . v
If one substitutes ,a=c=I,,b=d=17, e = F and f =k in formulae

(36) and (36') on page 444 of Racah, 14 the coefficient is evaluated as

W(ILFK) = (14 J - )L+ F-J0)4 (J 4 F-1)L(k\)2/(T+T 4+ F+ 1)t

(21 - k)t (2T - K)* | __1/_2
(21 + k + 1)t (2J+k+1)‘

X

2(1)(21+2J+1-z)' _
sl [ (147 -F- a2 (F+k—I-J+z):](21—k~z)'(2J— - 2)i

Substituting this into Eq. (6) and extracting, one obtains

A - L3N @ Il @l 1)
| [(23-10)% (234k+1)t (21-K)* (214ke1)t] /2

The remaining factors in the summation are

M(IJ; F;k) = (2I-k)! (2J-k)% /(2I)% (2T)%

x I+I-F)t (J-I+F)", (I-J+F)* (k'.,.)z
(I+J+F+1)

(7) .

W

<3 - STLALACAENTI TV SRR

2 2l (21-k-2)! (2T-k-2)! [(1+J F-z)\ (k+F-1-J+z) ] 2
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for k =1 (dipole)

117~

. Therefore the energy of each hfs level I:Eq. .(6)] is' conveniently

written in this representation as

!

0 . .“ ) ) B
WF = Ek Ak M(1J; F;k) . (8)

The Racah coefficient W vanishes unless the following triads satisfy
the triangular conditions,

(,J, F), (L L,k) and (J,J,k) .
The first triad just repeats the statement fhat_ the only allowed values

of F are between |—Ib-3>|.and|—i+.f>l. The second and third triads

govern the termination of the series [Eq. (8]. In other words, the

series ends at the value of k given by k(maximum) = 21 or 2J, which-

ever is smaller, From Eq. (7), the multipole coefficients up to and

including octupole are:

K

M(IJ;F;I): 217

where K = F(F+l) - I(I+1) - J(J+1);

for k = 2 (quadrupole)

6 EK(K+1) - (4/3)1(1+1)J(J+1D ‘
21(21 - 1)23(2J-1)

M(LJ; F;2) =

f

for k = 3 (octupole)

K> +4K%4(4/5)K [w3I(I+l)J(J+1)+I(I+l)+J(J+l)+3:| |

2121 --1) (21 - 2)2J(2J - 1) (27 - 2)

M(1J;F;3) = 20

~4I(141)J(J+1)
1

If the constants Ak ‘are related to the more commonly used his

interaction constants a,b, and c by

A, = La, A, = i/4b and A =g,
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then the multipole interaction energy up to quadrupole is

— - 7 - =
.WoF A W O i (3/2) (I 3] - 1{I41)I(I+1) )
213(21 - 1) (23 - 1)
with 2 (I' T) = F(F+1) - I(I+1) - J(J+1) .

The matrix elements of the operator in Eq. (3) may also be
obtained in the IJmIrn;r representation. This is useful when transitions
of the type AmI =0, Am,J :t l-are observed . between hyperfine ...
states, This is the case When I and J are completely ""decoupled!
by a strong external magnetic fieldy--Transitions of this type have been
observed in hfs measurements of americium-241 in the ground level,
By subtracting the part contributed to the transition energy by the effect

of the external magnetic field, it was possible to make a direct estimate

of the hfs constant a.

1. Generalized Nuclear Moments

A generalized concept of the electric and magnetic multipole
moments may be stated by defining the following operators. 7 Let
aL(i) be the orbital gyromagnetic rvatio of the ith .nucleon; g1, is unity
for protons and zero for neutrons. Similarly let gs(i) be the spin
gyromagnetic ratio such that gg is 5.587 for protons and -3.826 for

neutrons, Also write L{(i) and s(i) as the orbital angular momentum

and ‘Pauli spin operators for the ith nucleon. Then if Pk(Gi) is the
Legendre polynomial of order k, the magnetic mulfipole operator of

rank k is

K Al 2 Ko
M= py 2 2 — gy (L) + (1/2)gs(1)s(1 v T E)PL(8.)] (10)
+

where MN is the nuclear magneton. The electric multipole operator of

rankKkis ;il'saoliiefined in terms of these parameters by

\¢*

¥

s
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Qe & g )0 0 | (11)
. B i g.L 1. R '
” Note that MY has parity (-1)7!, while QX has parity (-1)%. If it is
e assumed that the nuclear ground-state wave function has a definite
'V » parity, then only eveﬁaparity multipoles will have nonzero eigenvalues.

It is for this reason that only nuclear magnetic multipole moments of
odd order exist (2k with odd k). By the same argument, only nuclear -
electric multipoles of even order exist (Zk with even k),

Therefore the magnetic dipole moment is defined from Eq. (10) -

with k=1 as v
b= (] M| m
. :
= k(1T I): [gL(i) L (i) + (1/2)'g§(i)j(iﬂ v rﬁ)Pl“’iﬂlH )

=un@t | E (g 6) LG+ (/285 @) s@] - R [m,

since .
v r(i)Pl(Gi)]= /1\(,‘. where R is the unit vector in the z direction.
The electric quadrupole morﬁent, obtained from Eq. (11) with .
k=2, is | | |

n

Q=2 @]e*| m
e

]

| A ) o
2 (| g )6 Pye) |,

where the matrix element is evaluated for mI I.

The next significant multipole is the magnetic multipole moment

&

’ 3
Q2 Here again, the matrix element of the operator M~ is evaluated

for m; = I:

ikl
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Q= - (II |M3] 11)

SR ]z;, [3 gy (L) + ;— 8s(i)i(i)] . N

3
3. | s
: VE (1)P3(0.1)] |11) . -

Note that this has the dimension of nuclear magneton-barns.

2. Magnetic and Electric F1e1ds at the Nucleus due to the Electronic
_System -~ .
- The interaction energies between the electromagnetic fields
with the nuclear moments are given by the hfs constants a, b, etc.
For an s electron, the constant a is related to the nuclear dipole -

moment by the Fermi formu.la.l

- g7 “oi q»{'O)]Z

8T
A= e —
3

where Y(0) is the electronic wave function evaluated at the nucleus.

19

For a single non-s electron, one of several derivations gives
: 2p p, L(L41) o . '
AU L ¥ | (12)
I i(j+1) r . v
b= el Q-1 < >R (13)
2j + 2

Here me and ﬁ are relativistic correction factors which are close
20

and

to unity. These corrections have been tabulated by Kopfermann. The

radial distance of the valence electron from the nucleus is given by r. v
These formulae are used in ourv calculations of the nuclear moments "
of Tm170. Thulium (4fl3) has orie electron missing from the closed

shell 4f14, so that its .electronic structure is effectively that of a p

single-electron atom.
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Information from other iSotdpes is sometimes available from
past experiments so that a simple compar1son of relations (12) and (13)

for two isotopes gives the ratios

(1) = gy2) 1L
() = g2 —
_and
Q) = qz) 241
b(2)

These relations are exact in the absence of hfs anomalies. The number
1 refers to the isotope under investigation, while 2 is the '.'comparison
isotope’’,

For a many-electron system, these formulae are slightly more
complicated. Under the followmg assumptions, the 1nteract10n constants
are related to the nuclear moments My and Q: {a) The electrons in the
valence shell are equivalent; (b) Russell-Saunders coupling among the
n electrons is a good approximation (the Coulomb interaction is much
greater than the spin-orbit interaction). This leads to the Hund'!s-rule
ground 1:erm2‘1 with the ground level J =] L - Sl for a shell that is less
than half filled, . L+ S for a shell fhat is more than half filled, é.nd S
for a half-filled shell, . Thus if the magnetic field is calculated for the

ground level 2s+lL ) We. have%
HIMO
a(J) = J(J+1) + L(L+1) - S(S+1)
§I(J+1)
2(2L - nZ)

+

2 [L(L-l—l) [J(J+1)+<;S(s+1)-L(L+1)]
n2(2L - 1)(2£-1)(2£+3) |

- (3/2) [J(J+1) -L{L+1)- s<s+1] EI(J+1)+LKL+1) - S(S+l):\:| (14)

The quadrupole interaction constant b is ‘related to the nuclear

quadrupole moment Q and the expectation value of the electric field
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gradient by23
b=-e’Q <IT>(SLJJ ]z: 3cosZ'0i -1 |sLin),
r 1 T

where it is assumed that the angular part may.be separated from the
radial part. A derivation of the diagonal matrix element of the angular
part for the ground level has been given by Nierenberg. 24 This result

combined with the relation for b above gives

G2 Q<%>' 3K(K+1) - 4L(L+1)J(I+1) xias) ZLEL - n?y s
r 2L(L-1)(J+1)(2743) n(24 - 1)(2043)

with K= S(S+1) - L(L+1) - J(J+1) . In Eqs. {14) and (15), the plus sign
applies to a less-than-half-filled shell, while the minus sign refers to
a more-than-half-filled shell. In the 1atter case, n is the number of
electron holes.

An alternative method for the evaluation of the matrix elements
of £3 c:os'2 Gi - 1 is carried oﬁt in Appendix A, This treatment uses
the i:lensor—operator form Z,CZ for the evaluation of the matrix ele-
ments for the state lﬂna SLJ%F) v -

When the ground-state electronic wave function |y SLJJZ) des-
cribes a single pure ground state, formula (14) for the diagonal matrix

elements is sufficient for the calculation of the magnetic field due to the

electrons. In some cases however, it is necessary to estimate the effect

on the magnetic-field calculation when the electronic wave function in-
cludes admixtures from excited terms in the c.onfiguratvion° The amount
of admixture is dependent upon the magnitude of the spin-orbit energy
connecting the excited levels with the ground level. Thus it is evident
that in this case it is necessary to calculate off-diagonal elements of
the magnetic-field operator.

This type of a calculation is performed for Prl42(4f3) in a later

section. The levels that perturb the ground level 419/2 are (210)(21)2H9/

2

v

"o
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and (210)(IL1)2H9/2,_ where the numbers in the parenthesis are additional
quantum numbers necessary for the complete specification of the states.

The interaction.constant a(J) is related to the magnetic field by .

2pp
a(q) = —2 <13>(yJJ [N[vin,  we
1J r

where . - 3r (r. - s.)
N=Z|2 -5 + %-:—1—-} (17)

r.

1

and ' Yy JJ) is the electronic wave function with admixtures for the

level J with Jz = J, That is, we have

Iy 330 = o) | w30 + e, ] v, 330 + ey |y 30 4o eee ,

where cl, Cys and . cy are the amplitudes of the wave functions for
each state. The remaining quantum numbers necessary to specify the
state are denoted by Y.

The technique here is to convert N tc tensor-operator form.
Then the matrix elements of this tensor operator are evaluated directly
in the SLJJZ representation, The more conventional and lengthier
method is to evaluate the single-particle operator of Eq. (17) in terms
of determinantal product s'tafcesnb This means that each ket l SLJJZ) has 4
to be expanded in terms of kets lSLSZLZ)., Each of these.are then further.
expanded in terms of single-particle wave functions 'slsﬂl )

z 2 25,26
It may be shown that, in tensor-operator form we have ~’

N= Z."[f.i"’ (lo)l/z(f EZ)Ei]’ | -, (18)
; :

2 -
where (s C )1 is a first-ranked tensor which results from the product
of a tensor of rank 1 with a tensor of rank 2. This represents the inter-

action of with the magnetic field due to the electronic spins alone,

i

- The orbital contribution seems to constitute the larger part of the magnetic

field.

N
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For an n-electron system with n greater than two, the set of
quantum numbers SLJJZ are not always sufficient to describe a state.
' Additional quantum numbers are needed to completely specify the states
that occur more than once :1n the configuratidna For example, all the -

terms for 'f3 are listed asll

2 PDFGHIKL 4SD FGI

12222
The number below a term denotes the number of times that term occurs
in the configuration. » _

In the two-electron system, the complications noted above do not
arise because the terms in this system occur only once in the con-
figuration. This case does not require.the following cAoncepts and is
treated in Appendix D,

' A method developed by Racah expresées the wave function of an
n-—electrdn system as the sum over a préduct'of eigenfunctions for the

(n-1)-system with the eigenfunction of the nth electron. 14 That is,

— -1

| ™ gy = = w{|7) ] e )
Sy

where (Y {lJJ ) are the so-called coefficients of fractional parentage.

The following matrix element of a genéral.tensor ' Uk -of rank ’k_ will

; L2
be very useful for our purposes:

- - ) i
(En,o. SLJ l]Ukllﬁna'S'L'J’) =n §(S,S') (_l)S+J+L+L +4

X[(ZJ”)(ZJ'H) .(2_L+1)(2Lr+1)Jl/2 L Js|
Jt L' k
- (nt [t E i w{lm')w'{[m)u]l-uk ey . 19

L' {

¥
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Where UK depends on orbit alone. An analogous expression could be

written if the tensor Uk operated on spin alone.

Kk The 1gnat'rix elements of a tensor product between two tensors
* ‘ U D ana v 2 will alsg be extensively used in the Egllowing discussions.
M In this case, letting U 1 act on spin alone while V 2 acts on. orbit
v alone, we have
: K K _ :
(% sl = {u ta) v Z(i)} wleParsLiay
1
- : ! 1 i 1/2
=n | (2K+1)(2T+1) (2J'+1)(2QL+1)(2L*+1)(25+41)(2S +l)] :
s 5k,
k1+k2+s+f+S+L _ _
X (-1) | L oLk, =T w{7)
T
J J! K
=, = s SS | 2 L L k k
+L , | 1 ' 2
X(-1) llotllsy el v 2.
St's k1 L' ¢ k,
' (20)
The tensor resulting from the tensor pr“oduct has rank K. The index i
refers to electron i and the summation is taken over all the valence
electrons. The curly brackets denote n-j symbols which are related
to Racah's W-function. These symbols are defined in Appendix B.
Numerical evaluations of these symbols are carried out in a recent
s publication by Rotenberg et al. 21 7
The matrix elements of N are expressed as
¢ a SLJJ|Z,[ ‘ - (10172 (s Cz)li]Iﬁna'S‘L’J'J')
i -7 ' - ' :
' A
3 (21)
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~n

The Jz dependence of the matrix element of £ i is removed by means

of the Wigner-Eckart theorem:

J 1 J!
“ uSLJJ]Z L, |1 Q!STLITII) = (-1)7° “
\KJ 0o J ) T
' ’ P
n n ’ B
X (2 aSLJ"E Jzinz a'S'LIJY), (22)
i =
The figure in the large pai'enthesis is called a 3-j symbol which is
related to the vector coupling coefficient (J1 1_]2 ZJ Jlj243—m3), This
symbol is also defined in Appendix B. By using Eq. (22) and making
the proper substitutions,. we have
. _ o
(0Pa Ly | 2, [|eParsiLiar) = nases, sty (o)STLATHL
L J S
A[(2J+1)(2J'+1)(2L+1)(2L +1):]]‘/2 , o (23)
- (2 L T J' Lt 1
L . .
X Z (-1) W (B @ [® =2, |0
-LF ol .
L' £ 1 ' '
, ' 1/2 ' .
where (£[Z¢ |0) = [z(z+1)(zz+1)] /% | The selection rules for
the matrix elements of the orbit operator are seen from the 6-j
: symbol _
'L J_S
JroLt 1
namely, AJ =0, #1 and AL =0, 1. Therefore the diagonal matrix
element of interest is ' '
(@ SLJ || = ¢ |losLn =n (-1)SHIHELH 5y 2 L) (24) .
L J S £ L L _ - _
-, IJ ) N - 2 ‘ N
X z 0¥ w{] %1% =2, 0.

[JLl-‘F L £ 1
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~ Note that Eq. (23) is non zero only for S=S'. Thus bnly the diagonal

elements (24) are nonvanishing.

The spin part of the magnetié field operator N has off-diagonal

matrix components

103 (1 sLas |2 (s €A [ParsiLin) (25)
, pomm

. 5 J 1 7J . ‘ .

—-uo)/2 (o3I T (4% LT [Z(s ¢¥)[eParstiiai)

, : '--J_"'_O“J i

from the Wigner—Eckart theorem. Using Eq. (20) for the matrix

elements of a tensor product, we have

(£%a SLJ HZ(S cz);. ”zna's'L'J)

=n (23+1) [3(25+1)(25'+1) (2L+1)(2Lf+1)]1/2 (26)
s s 1)
(>SS L 2 2 (] w (] )
BN SR I

__ (s s s £ 1. L
- |
(-1)°t

S'-‘-sv 1 L! (s“i"s)ungznl),

where the reduced matrix elements are

(8“3"5) = [s'(s+1)(zs+1‘)]1/2

and | | .
2 ' I 2 2

(£ ”S& "f)= (-1)"(22+1)] Y

. o 00 0
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By referring to the equation in Appendix B for the 9-j symbol as the .
sum of products of three 6-j symbols, the triangular conditions on the
9-j symbol are obtained by cons_idering.the tfiangular conditions on the
6-j symbols appearing in the summation., It is seen that the three
elements in each row and each column form the sides of a triangle.
Therefore the selection rules for the spin part of the magnetic field

operator are
AS = 0, #1, AL = 0, £1, %2, and AJ = 0, £1,
The diagonal matrix elements (2™ @ SLIJ l Z?,&i—(IO)L/Z(ggZ)liI

1% a SLJJ) give exactly the same result obtained by using formula (14) -
derived by Bmink et al. 22 This was checked for the state

[f3 4 9/2 9/2) .

C. Effect of an External Magnetic Field on the Atom

The effect of an external magnetic field on the electronic and

nuclear moments is expressed by the Hamiltonia_.n'l_

- T = 2 .o 28
%(mag) by H-pe H, (28)

where H is the external magnetic field, and we have

Hy =85 Ko J
Bp= 8kl

Let us first consider the weak-field case (Zeeman effect of hfs).
This is the case where 1 and J are tightly coupled to form F, the total
atomic angular momentum, i.e., _I)+3>— F. Then the components of F
along the direction of quant1zat1on are glven by m. This takes on
quantized values betweenl I1-17J I and II +J , The matrix element of

the operator (28) in this IJFm representation is
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W o= (IJFm'|%(mag) | 13 Fm)

I

='Eg CF(F+1) 4+ J(J+1) - I(I+1) e F(F+1)'+1(1+1)QJ(J+17JpL Hrn.
J 2F(F+1) 2F(F+1)

v (29)
When the atom is in the presence of a strong external magnetic

field, the set of quantum numbers IJFm are no longer adequate for

‘the description of the effect on the atomic energy levels. Now, 1

and J are completely decoupled and each angular momentum vector
precesses about the quantization axis with projections my and mq.
This is known as the Paschent\aéh effect of hyperfine structure. Thus

the appropriate quantum numbers are 1I,J, my and mjy. Then the

‘additional energy due to this perturbation.is

5
[

= (IJmImJ l?o’e/ (mag‘).' IJmImJ)
=-gpHpHmy - g g Hmp. - 30
The selection rules for allowed transitions are

AmJV:'d:lg and.AmI= O,“-’h]]. B R » (31)

In the case of magnetic fields intermediate with respect to the
two extreme cases just considered, the procedure is to apply an
ordinary perturbation calculation in a suitable representation. In the
IJFm representation, the energy of a level.l.ip to third-order is

w_ =w’

Fm F;i-(IJFm IV[ IJFm)

Y (IJFm IVlIJF'm)
F' AWO(F, F') ?
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+ = (IJF"m! v] IJF'm)(1JFm IVJ IJF' m)°

F [awlw F)] *
- (LJFm |V |LIFm) = (”FmiVIUF'm)Z', | (32) ;
Foo [awlr En] ¢ - .

with V Z%mag .- The prime over Z indicates that the summation

is not carried over F = F!, WO is the zero-field energy of an hfs '
level, and AWO(F, F') is the hfs energy separation between the hfs

states F and F'. The only nonvanishing matrix elements are those

with AF = Ov, *] and Am = 0. Off-diagonal matrix elerﬁénts in J '

give a negligible contribution in view of the large separation AW{J,J') -

" compared to a typical AW(F, F!)." |

The of"f.diagonal terms cohnecting states of the same m but

with F differing by %! are, from Condon and Shortley, b _
| | 1/2
. 2 2 2. 2 2 2
(IJFm |- p; < H|IJF-1,m) = -1 ][(12””2) +72] (F2-m?) o H.
’ . 4F°(4F°-1)
{33)

By replacing F with F+l in Eq. (33), .one obtains
(UFm |- py H| 1JF+l,m)

- 1/2
o {&F+]l)2u(J~I)Z_]'(I+J+2+F) (1+J- F) [(F+l)2~srn2_]}
| 4(F+1)%(2F+1) (2F43)

HOH .
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III, EXPERIMENTAL METHOD

‘A, Source Production

The radioactive source is produced by irradiating the pure
metal with low-energy neutrons. With these thermal neutrons, the

predominant reaction proceeds. as -

| " element-A (n, y) element-(A+1), =
where A 1is the atomic mass number of the target isotope. The nuclear
piles employed for the irradiations were the Livermore Pool-Type
Reactor in L1vermore, Calif., the Vallecitos General Electric Test
Reactor in Pleasanton, Calif., and the Materials Testing Reactor in
Arco, Idaho. Table I is a summary of the irradiation times, resulting
radioactivity, amount of target material, etc. for each of the isotopes
investigated. The target material was vacuum-sealed in a quartz
capsule Wthh was then 1nserted into an aluminum capsule of high
purity. The 99.99 (4 &= 9) % purlty of the aluminum is convenient for
avoiding unnecessary rad1oact1v1ty from any possible contaminants.

- The target was then delivered to Berkeley by the Health
Chendistry Division of the Radiation Laboratoi'y. The capsule was
then tranvsferred to a "cave' which is lined with lead in ordef to protect
the researcher from the beta and‘gamma rays emitted by the source

(see Fig., 2). Some of the capsules were opened in an inert gas, usually

~argon, in order to prevent the oxidation of the metallic source. The

material was then transferred to another cave which is attached to the
apparatus. The oven-loading procedure can be done by remote control
through the use of tongs and manipulators if the high level of radio-

activity demands it.
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ZN-2590

Fig. 2. The oven end of the atorn.ic-beam apparatus, which is
enclosed by the lead shield. Note the ''cave'' on the right
where the source is loaded into the ''oven loader' before

insertion into the apparatus.

-



V--Vallec1tos G E. Test Reactor (8><10
L-=-L1vermore Pool Type Reactor (2X 10

M--Materials Testing Reactor, Arco, Idaho (2)(10

2
neutrons per sec-cm-)

2
neutrons per sec-cm )

o
‘neutrons per sec-cm ')

Table I. Data for radioactive~-source production |
Target Isotopic Neufron Amount of Typical Reactor® Isotope - Approximate TI/Z
isotope abundance capture target irradiation used produced Radioactivity
o (barns) (mg) time ' (curies)

cel*? 111 1 100 72 hr v cel®? 0.2 33,0 hr
141 142
Pr 100.0 11 50 10 hr V' Pr 2.6 19.1 hr

146 _ : : 147
Nd 17.2 2 100 7d M Nd 0.5 11.6 d
sm'°% 26.8 140 100 1l6hr L sm!°3 2.5 47.0 hr
cal®® 249 4 100 16 hr L Gal>? 0.2 18.0 hr
%% 1000 45 50 24 v 160 0.6 7204
Ho'%® 100.0 64 100 16 hr L Ho10° 8.0 27.2 hr .
Erl®8 271 2 100 44d v Er1®9 0.2 9.4 d
Erl’® 149 9 100 8 hr v Ert?l 1.3 7.5 hr
Tm'®? 100.0 125 200 2d L Tm! 0. 0.8  129.0d
Ert 0 14.9 9 100 45 d L Tm!7} 0.1 1.9 yr

13
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B. Apparatus and Experimental Technique

The apparatus used in the experiments is a conventional atomic-
beam magnetic-resbnance machine. The A and B inhomogenous
magnetic fields are set in the same direction so that the resonance atoms
"flop-in' at the detector. 28 Thus at resonance, the effect is registered
as an increase in inten_s_ifyj, of the atomic beam, A detailed description

22, 29

of this apparatus has ap_p_ear'ed in previous papefs; therefore,
only the parts of the machine necessary for the discussion of the
resonance process will be mentioned.’

The beam of neutral étoms emerges from a cylindrical
tantalum oven with a press-fit tantalum cap. Téntalum plates are
spot-welded on the oven in order to previde a rectangular aperture
for the atomic beam, An inner-liner container, also made of tantalum
is machined with a sharp lip in order to prevent the phenomenon known
as '"'creep!'. It has been observed that this effect, where the liquid
material creeps up'the containing walls and spills out of the aperture,
is present in some of the lant_hénides’. The so.u\rce oven is heated by
ezlectron bombardment By setting the ovén at a high positive voltage

(0.5 to 4.0 kv) near a current-carrying filament, Temperatures

" ranging up to about 3,0000K are easily attained.

_ The atomic beam is collimated as it enters the A-magnet region,
Figure 3 is a 'schematicdiagrafn of typical atomic trajectories, The
first inhomogenous magnetic field serves to deflect somelof the atoms
with nonzero moments, which emerge at different angies with respect
to the symmetry axis of the machine. These atoms now enter the C-
magnet region, where they may undergo transitions, In the resonance
process, approximately only one in 105 atoms eventually reach the
detector. The rest are lost in the machine and contribute to "rﬁachine
background!, If the interaction potential W is equal to - TL « H, where

i is a constant with respect to H, then the fqrce on the neutral atom is

-

F:_v—)‘ v:_'.%) _...Tr)rv:_ —’f"
W (-1 H) Heffv .



TO VACUUM SEAL

H H
C FIELD C FIELD
BEAM ¥
LOOP ORIENTED’ LOOP ORIENTED
FOR SIGMA TRANSITIONS FOR P! TRANSITIONS -
(Ame=0) : (AmF='-‘:I)
MU-18042

: Fige Le Radlo-frequency loop with two orientations with re=
- spect to the direction of the atomic beam. - ¢
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It is seen from this equation'that the force on the moving atom is
directly proportional to the gradient of the magnetic field which it finds
along its path. Referring back to Fig. 3, the trajecto::'y-nbumbered 1
shows an atom deflected by both magnets A and B when it meets no
additional forces in the C-magnet region. Now suppose that a per-
turbation is applied to the atom so that the direction of its effective
magnetic moment is completely reversed as it passes through the C-
field region. 12 In this case, the B magnet can refocus the atom
around a stop wire (S) and towards the detector (D), (tfajeétory No. 2).
The torque that produces the sign reversal in the magnetic moment is
caused by a small oscillatory magnetic field.

The stop wire intercepts the fast atoms which are not deflected
by the magnetic fields., It is lifted out of the beam path whenever the
total beam is checked for normalization purposes.

This oscillatory field located between the A and B magnets
is due to an rf current passing through an rf loop (Fig. 4). One of the
factors which govern the line width (full width at half-maximum intensity)
of the resonace curve is the length of this loop in the direction of the beam.
It is necessary that the rf loop be located in the most homogenous part
of the static magnetic field. Most of-the line broadening observed in
our experiments is due to the inhomogeneity of this field. The other
contributing factors to line broadening are the velocity distribution in
the atomic beam', the Millman effect, 12 instability of the applied radio-
frequency, doppler shifts, and the uncertainty principle. Figure 4
illustrates that, depending on which way the rf loop is oriented, the
atoms are confronted by (a) an oscillating rf field directed perpendi-
cular to the static C-field, and (b) an oscillating rf field directed
parallel to the static C-field. Orientation (a) is used to observe trans-

itions of the type

AF = 0, 1, Am = #1 (pi transitions), -

while (b) induces transitions of the type

N

AF = %1, Am = 0 (sigma transitions).
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C. Calibration of the Static Magnetic Field

The static C-field is calibrated by observing a particular K39_

pi transition. Different settings of the static C-field correspond to

different potassium resonance frequencies. The hyperfine separation

of K39 =3/2; 2 1/2) is known to high accuracy, and the resonance )
frequency in megacycles versus magnetic field in gauss, or p.OH/h

in Mc, has been tabulated. The other transitions in this hfs sys._,em

with their r.espective transition probabilities are discussed in a previous

thesis. _

Metallic potassium is loaded in a metal cylinder witk a circular
aperture dn the side. This screws into a rod which contains an-electric
heating element inside, The potassium oven is thus heated by conduction.
This oven is lowered in front of the radiocactive-source oven whenever
a field calibration is desired. At the detector ehd of the machine, a
hot tungsten strip ionizes the incident K beam. . The intensity of the
beam as a function of applied radio frequency is displayed by an eleéftrou
meter which measures the ion current. The tungsten.strip is inserted
in the beam path by means of a micrometer arrangement.

The values of the electronic and nuclear constants used in the

calibration tables are:

"

for K>, g = - 2.00228
Av = 461.71971 Mc (for I = 3/2, Zsl/z)

|.L0/h= 1.399677 Mc/gauss-sec.
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D. The Radioactive-beam Detection System

- The detector end plate is mounted with a rotating arrangement
(Fig. 5) which alternately positions three small detector holders. A
platinum foil (1-mil thick and 0.495 in. in diameter) is slipped into the

detector holder and held in place by a circular spring. While one foil

-isiin position for exposure to the beam, the second detector holder may

be removed and its platinum foil replaced. Then the holder, which is
provided with an "O-ring'", is screwed back into the machine, and the
small air space is evacuated before the new detector is rotated into the
machine vacuum and the path'of the beam, There is also an observation
port which is rotated into place so that the oven slit may be aligned with
respect to the collimators. The light from the filament in the oven
loader is sometimes sufficient to allow alignment of the oven aperture.
When this is not possible, the oven is heated up until a clear image of
the slit is seen through a telescope.

After exposuré to the atomic beam, the platinum foils are placed
in suitable beta counters. At a particular setting of the static C—fiéld,

the number of counts per minute of radioactivity deposited on the collec-

‘ting foils is plotted as a function of the applied radio frequency. A

frequency range is spanned by discrete frequency points until the entire
resonance curve is traced out. For the frequencies where the C field

is found to have drifted away from resonance, the exposure is repeated.
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ZN-2591

Fig. 5. The atomic-beam apparatus. On the right is the de-
tector end of the apparatus. Note the rotating mechanism
with the port hole for beam alignment. Also note the three
detector holders. On the left is the back end of the 'cave!,

e



b

-41-

- IV, HYPERFINE-STRUCTURE MEASUREMENTS ON
PRASEODYMIUM-142

The nuclear ground-state spin has been reported previously

(I=2) and is in agreement with the result from beta-decay studies. 31

Grace et al. have deter_inined the magnetic dipole moment by the method

of nuclear alignment, and their result is lower than the value obtained
here. 32 An attempt to reconcile these two calculations is made in a
later section, |

For the early members of the rare earth series, the nuclear
shape is assumed to be spherical, in contrast to the main part 6f this

region, where the equilibrium nuclear shape is strongly deformed.

- Therefore the nuclear spin and moments are discussed on the basis of

the single- partlcle shell model. 33,34

A, Experimental Observations

Transitions of the type AF=0, Am = %] yield information on the
hfs separations as soon as the resonance frequencies include energy
contributions that are nonlinear in H, F1gures 6,7, and 8 are a set of
representatwe resonances of the type observed The hfs .separatibns

are calculated from Eq. (9) to be:

Av (13/2,11/2) = 13/2 a + 13/24 b
Av (11/2, 9/2) = 11/2 a

Av (9/2, 7/2) =9/2a -5/16D
Av (7/2, 5/2) =7/2a-17/16b

(34)

Initial values of a and b are calculated from the .fesonance fre-

'quenbcies. The b/a ratio indicates that the ordering of the F states

is normal (i, e. the lowest value of F lies lowest in energy, assuming

a positive |.LI). The experimental data is fed to an IBM-704 program

- which diagonalizes the energy matrix and calculates the energy eigen-
5 .
‘values. The observed resonance frequencies are compared with the

theoretical frequencies, and the differences are summed to give a

‘'goodness of fit! parameter. The final iterated values of a and b,

.together with gy are then printed out. The results for this isotope are:
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| [ 67.5(5) Mc
|b|= 7(2) de
= - 0.7311(3) compared with gJ(RS) = - 0.7273,

(35)

g1

‘A graph of observed frequencies d1v1ded by H versus H is -shown
in Fig. 9 to illustrate the agreeinént of experiment with i:heorya Figure

10 is a schematic diagram of the hfs levels in a magnetic field. A

summary of the experimental observations is given in Table II

- B. Nuclear Magnetic-Dipole Moment

The close agreement of the measured g value with the RS value

implies that Russell-Saunders coupling is a good approximation. There-

" fore, for the evaluation of the nuclear moments, we make thé initial

>assi1mption that the ground level is pure 4 9/2 In.a later section, we

analyze the effect of the admixture of excited levels with the ground
level. The hfs constant a is related to the nuclear dipole moment by

(14). This is evaluated for to be

4
Ig/2

AV
4 01 1\ 476 _
a(’l 9/2) = == . (36)
/2 7T T <: 3/ 363 |

The average value —13— has been calculated using a modified hydro-

2, 36

. . T,
genic wave function with two parameters. One of these is determ1ned

from comparison with self-consistent- fleld calculated wave functxons

‘and the other from an interpolated value of the spin-orbit coupling (_:on-

stant., The result is37

&y -2 oo
r a, o o
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Table II. Summary of observations in Pr

142

Data H Observed Obs. freq. Transition®
No. (gauss) frequency -calc. freq.
‘ (Mc) (Mc)
1 8.248(66) 5.837(25) . -0.018 a
2 8.248(66) 6,450(25) +0.005 B
3 15.920(62) 11,320(30) -0.002 a
4 15,920(62) 12.450(50) -0.012 B
5 29,836 (54) 21.300(50) +0,006 a
6 29.836(54) 23.460(30) +0.025 B
7 53.423(44) 38.375(50) - +0.016 a
8 53,423 (44) 42,260(25) +0.020 B
9 53.423(44) 48.412(30) -0.052 v
10 90.364(34) 65.475(50) -0.063 a
11 90.364(34) 72.360(50) +0.035 B
12 149.713(50) 110.525(50)° +0.040 a
13 149.713(50) 142,630(50) ~0.003 y
14 279.798(29) 214,360(20) -0.001 a
15 90.364(34) 83,240(60) +0.004 Y
%a: (F=13/2,m = - 3/2) <= (F=13/2,m = - 5/2)
B: (F=11/2,m= - 1/2) <> (F = 11/2,m = - 3/2)
y: (F=9/2,m=1/2) <«— (F=9/2,m= - 1/2)

(33
3

.
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where 'ao is the first Bohr radius. The uncertainty is estimated to be

less than 5%.
Using Eqgs. (36) and (37) and the experimental value of a, we get

I 1421 _ 4.297(15) nm . | (38)

P

The assigned uncertainty is due mainly to the uncertainty in the value
of <—é—> . The magnitude of the moment is too small to allow a
r :

determination of the sign.

C. Nuclear Electric-Quadrupole Moment

The quadrupole moment is related to b by

4 2 /1 3 4 P
by /5 9/2)=-e" Q <;T> (£ 19/29/2 IZZ 3 cosGi-lliZf‘}Ig/z‘?/Z),

(39)
where the electronic matrix element of the angular part has been ‘
evaluated by using Eq. (15). The result is --28/121 = - 0.2314, This
agrees with the value given by Hin Lew. 38 Relativistic effects are
discarded here., Using Eqs. (39) and (15) with the experimental value
" of b, we obtain

142,

IQ = 0.035(15) barns. _ - (40)

The uncertainty does not iricltidé polarization.effects arising from tl'ie
distortion of the electron core by the quadrupole moment and the sub-
sequent change in the electric-field gradient. 39 Here again, the sign
of the moment is undetermined:, | '

The atomic beam work of Hin Lew on Pr]"z;:l yielded nuclear
moments which were calculated by using hydrogenic wave functions,
With a screening constant ( ¢ = 35.5) and the fine-structure constant
from Nd I, one gets_<a[)3/r3> = 4,83, This value is 29 larger than that
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obtained with the modified-hydrogenic wave function mentioned above.

With the latter value, we obtain

141

By = 5.1(3) nm
and
Q'*! - . 0.070(4) barns . -

compared with.3,8(4) nm and -0.054(5) barns given by Hin Lew.

D. Theoretical Estimates of the Nuclear Moments

_ The nuclear spin of the odd-o0dd nucleus of Pr142 is consistent
 with the single-particle shell model. On the basis of this model, the
fifty-ninth proton and eighty-third neutron are assigned to the orbitals . v
4d5/2and 5£7/2 respectively.. 'The measured spin value is then
consistent with Nordheim?'s weak rule. '
If gp and g, are the g values of the odd proton and odd

neutron with spins jp and jn’ then the nuclear magnetic moment is40

Sl -3, + 1) }

21 +1

b = 1/2 ‘{(gp te) 1+ (g, - g) (“n

Values of gp and g are obtained from the experimental dipole moments

n .
3L4AL poom prll = 5/2), b =+ 5.1(3) nm

141(I = 1/2), My = * 0.89 nm gives

of two odd~A isotopes.
gives g5 = + 2.04; from Ce

g = *0.25., We find that the negative sign of the neutron moment results

n
in a.theoretical moment of - 0.88 for Prl42, which is three times

larger than our estimated value. With a positive sign we get the

‘theor

theoretical value L = +v0.20(14) nm, compared with the expei‘i'-

. exip! v .
mental result pIeXP toa 0.30(2) nm. It follows from this that a

positive sign of the magnetic moment is most probablén

[
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For the quadrupole moment of an odd-odd nucleus, the following

formula has been derived from the siﬁgle-‘pa,rticle' shell model:40

, v oo 1/2
(ZJp~2). (ZJp +3)L

1 .
- {Htht _ W( 1] Lj_2)
2% | (21- 2L (@143 PP
ji=j -1
-nt P, (42)
P
where Q.

Jp is the quadrupole moment of the odd proton. In this case

the value of the Racah coefficient is
W(/225/22;7/22)= W(5/25/222;27/2)=- 17/35_(24)1/2..

(43)
With the experimental value of Q. from Pr14ﬂ, we obtain
QtheoT _ (.034(2) barns,

compared with the experimental value

U
| Q®*P't| = 0.035(15) barns,
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E. Ground-State Electronic Wave Functlon with Admlxtures
via the Spin-Orbit Effect

2 3

The term H occurs twice in the configuration »f3. In order
to differentiate between the two, the irreducible representations of
R7 and GZ are used in the state assignments. For convenience, let
us sometimes refer to the groups (210)(21) as A and (210){il) as B. "
It has been found that these are the two lowest energy levels that can
perturb 4 9/2 via the spin-orbit interaction. From Judd and Lindgren, 37
the term that actually occurs in nature is a linear combination of the
two, so that the eigenfunction is

0.9217 |£ A %m) - 0.3878]| B m) (44)

with the energy eigenvalue 32.9X FZ’ ‘where F, is a radial integral .
‘defined by Condon and Shortley. The ground term 41 is taken as the
zero of energy. Now the ground level wave function is |
l 3 4

{GJ =9/27 ) = Iy /29,) + B[o 9217|f A Hg/ZJ\Z)‘

- 0.3878 | B H )] (45)

where the remaining quantum numbers in the first ket are denoted by
G. -

The admixture is calculated from first-order perturbation théory :

to be
0.9217 (*1.,.|a| A®H, ,.) - 0.3878 { |a| B 2H_ )
o o/2 8] A7Hy/o 9/2 9/2 . \
B = ,  (46)
AE(*1, %n) -
where the spin-orbit operator is >
A=t ? si.ﬂi’

. : -1
with the fine-structure energy constant { = 619 cm ~
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The energy separation AE _is'-3-2.v.'9,F2 with F,'= 298 'c.m—l., These
. numbers are results obtained by Judd and Lindgren.? '
The complete spin-orbit matrix for J = 9/2 in the configuration

vf3 has been published. 4;2 The part of this matrix which is of interest

here is : _ _ o
B H | A g 4
B2 0o 0 -ay/af
A %H 0 » qs1/25/2  @o/iyt/? e
4 _(13/22)}/2 _(7 <)/11)1/‘2 | (25/9)1/2

By using Eqs. (45) and (46), the coefficients are evaluated as
B=-0.165and a=(l -5 2= 0.986.

Therefore the electronic wave furict_ion for the ground level is

3 4 13 2
|G 9/2 9/2) = 0.986 | £ (111) (20) 1/, 9/2) - 0.152] £ (210)(21) Hy/,9/2)

|  +0.064] f3(210)(11)2H9/29/2). (47)
The states have been specified for Jz = J = 9/2"since this particular
ket will be used in subsequent calculations. .
A paramagnetic-resonance experiment on Prl4ﬁ2fby Grace_g_tiil_,
was performed in order to inQestigate the polarization of beta emitters
by the low-temperature method. This work was stimulated by the
theoretical predictions of Lee and Yang that parity may not be conserved

in beta decay. 43 This was subsequently confirmed by Wu ia_l_.44

A crysta_l of cerium magnesium nitrate together with some Pf142
was grown from solution. The crystal was then cooled byvadiabatic
demagnetization and the gamma-ray anisotropy was measured as a
function of tendperature.at zero field. The nuciear magnetic moment V

is determined from the gamma-ray anisotropy in the magnetic field,
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They obtain two values of M from the two possible changes in angular

momentum (iB) accompanying the beta transition:

i‘3 ‘ M (nm)
0 : 0.11(1)
1 0.17(2) .

F. Effect of Admixtures on the Magnetic Field due to Electrons

In the following calculations we attempt to reconéile our value
of My with the lower value estimated by Gracefe_t.a_l., The modiﬁed_
electronic wave function of Eq. (47) is used, and off-diagonal matrix
elements connecting the ground level with excited levels ‘.are calculated,
using the methods outlined in Chapter II-B.2. o

The matrix elements of the érbiﬁal part of the magnetic field

operator are
(f3(111)(21)419/2 X ”f3(111)'(_20) 419’/2)
1

260/3(21)!/2 6(8,‘s'){3?2922 31/2}[2 {Z 3 f} ”{Z ; f}j]

21 (10/11)1/2

i

i

3 4 3 2 |
(F(111)(20)°1g /5 ”z L Hf (210)(21) H9‘/2) =0

and -

3 4 3 2. o
(aineo’ty , (24 [[Fri0an Ho/p) <0

The following coefficients of fractional parentage for f3 are -

extracted from the complete table given by Judd:45

I

K]
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| 7
v _
S 34
(210)(11) H ~(1/2)}/? | 0
(210)(21) H 0 ) ‘ -(1/2)1/2 (48)
(111)(20) 1 -(2/9)/? - /9%

Where § and ¢ are the parent and daughter states respectively.

These coefficients occur in all the evaluations of the matrix elements

in the three states considered,

The contribution from the orbit, when combined with the spin

part, gives the following

_ .3 4 3 4
1) = (£ (111)(20) 1y, ”1:{ |£° (111)(20) Iy /)

o 3 23\ (1/2 3/2 1/2)
- 21 (10/11)/2 n 3640_(5)1/2( ){ /e }

0 0o0/l3/2 1/2 1
3/2 3/2 1 3 6 3 3 6 5
6 6 2 2 + 7
9/2 9/2 1 6 3.2 6 3 2
= 238/11 (10./}11)1/2. - . (49)

The off-diagonal contributions from the higher'terms are

3 2 3, 4
(1) = (£(210)(21) “Hy ), “g “ £(111) (20) “1, /)

H

000 53 2

| - 1/2 (3 23){1/2 3/2 1}{3 6 5}3/21/2 1y
- 420 (5005)"/ “ | / c

1/2 1/2 1 9/2 9/2.°1

- . 34/55 (71)}/2 - (50)
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and ‘

—_ 30 2 (3 4 -
m = (@00 1y, In [ oo g,
3 2 3){1/2 3/2, 1}{3 6 3(|3/2 /21

00 o0/l1/2 172 1f|5 3 2J|® ° 2

= 420 (1430)1 2 <
9/2 9/2 1

- 7/11 (13/5)1/2 . (51)

The total electronic matrix elei‘r‘ierit is related to the above re-
duced ndatrix eiements by '

| | [ LT |

(G JT|N| G 3D =(-1) G JJ” "G ). (52)
- ‘ ' -J 0 J

The interaction constant a(J) measured in the ground level J,

is given in terms of Eq. (52) and the 'nuclear‘dipole-moment by

o
a(9/2) = —2 < > (G 9/2 9/2 [ I*G 9/2 9/2).  (53)

and

9/2 1 9/2

Z . 7 . ‘ =
S ‘(G9/2-9/2 llbllé"/z %/2) -9/2 0 9/2

X {Czl (M+2c c, v(11)_+ 2 ¢, g (IID)
+2c,c, (IV) + 2 (V) + 2 (VI)} ' . (54)
2 €3 2 3 | | -

= .l..3143 . A _
The coefficients c, are the amp‘iitU.des of the ground-level eigenfunction
(47). The last three terms in Eq. (54) are neglected in view of the smallness
of the factors multiplying;the matrix elements ,(IV),. (V), and (VI). The
matrix elements (I), (II),F and (III) have been defined previously. These

other elements are
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(IV)

(A 239/2 9/2 "§ ”'BZ_HC)/2 9/2) ,

(V)

(A 2H9/2 9/2||n | A2H9-/2 9/2) ,
and ' | ‘ '

2 2, -
(VI) = (B "Hg /5 9/2"31" B Hy /, 9/2) -
Combining the result of Eq. (54) with Eq. (53), we get

| '*% )= 0.296(15) n m . ' ” . (55

It is seen that the considered admixtures only lower the value of the
dipole moment by about 0.3%. Excited levels higher in the configuration
would certainly give even more negligible effects. Thus it does not

: 2
seem possible to reconcile our value with that obtained by Grace et al. 3
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V. EXPERIMENTAL OBSERVATIONS AND RESULTS ON NUCLEAR
GROUND-STATE SPINS AND ELECTRONIC GROUND LEVELS;
THEORETICAL SPECULATIONS ON ELECTRONIC STRUCTURE

The transition energy between hyperfine states" W]; and w, is
=W, /h - W,/h. T (56)

For pi transitions (AF = 0, Am = *1), the resonance frequency is
independent of the energy difference, which depends on the i'pte’i“_action_ |
constants a, b, and so on This is easily seen to be so from Eq. {9), since
F is unchanged for these transitions. If the external magnetic-field
perturbation is weak enough so that second- and higher-order Lerms in H
may be neglected in the energy levels, the transition frequency is given '

by the single term

F(Ft+1) + J(J+1) - I{I+1) p H _
J {57)
2F(F+1) h L

V-:g

where Ko is the Bohr magneton and H 1is the value of the exter nal
.rnagn_etm field, _ '
If the ground levels and corresponding g values are known,

then Eq. (57) is used to determine the nuclear spin. This is called a
"'spin search'’, where a single frequency exposure is obtained for each
spin possible, If the atomic beam is reasonably, steady, then the nu’clear
spin may essentially be measured within ten frequency exposures,

_ Until recently, the ground levels and g values of some of the
ianthanides studied were not known. Also the nuclear spins were unknown
for the isotopes investigatéd. In these cases, the procedure is as follows. ~

The frequency spectrum of resonances is covered at a low magnetic field

¥

(about 0.5 gauss). In many instahces, the resonances observed at this
low field are superpositions of several resonances., Later on, fesqlution
is obtained by repeating the frequency sweep at a higher value of the

magnetic field, Then the resonances are fitted to transitions between
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(F, m)' states belonging to hfs >s.ystems denoted by I, I L J5, etc., ‘
where Jl’ JZ’ *++ are the levels assumed to be present in the atomic
beam. For those elements with measured fine-structure separations,

it is possible to estimate which J levelsv are sufficiently populated at
beam temperaturve. A measured g value is assigned to each level,

and comparison is made with theoretical values based on a c.ouplihg
scheme for the electrons. In most cases, the Russell-Saunders
approximatioﬁ is found to be valid, and the small deviations are attributed

to spin-orbit and relativistic effects.

A, Sarnérium— 153

As early as 1935, optical spectroscopic measurements on
samarium had established the ground-state electronic co‘nﬁgurati'on to
be ,4f66sz, resulting in the ground term 7F 46 The fine-structure
separationé were used to estimate the relative population per J level
at 1,000 0K (Fig. 11). This is approximately the effusion temperature
of the samarium atomic beam. Tantalum ovens with inner liners were
used for most of the lanthanides investigated (Fig. 12). The first four

low-lying levels are J =0,1,2, and 3. No resonances were observed

.in J = 0 because the electronic moment is .zero for this level.

With a nuclear spin of 3/2, three resonances were observed in

J = land 2. The resonances are multiple-quantum transitions between

the following hfs states. For I = 3/2, and J = 1, (Fj,my) = (F,,m,),

we have . _
(F=5/2,m =5/2) <= (F=5/2,m = - 5/2)
(F=5/2,m=3/2) < (F=5/2,m= - 5/2)
(F=5/2,m=1/2)~ (F=5/2,m=-5/2)
(F=5/2,m=-1/2)«>(F=5/2,m=-5/2),

1
I
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Fige 1le Schematic dia%ram of the fine structure of samarium
in the ground term 'F,
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rare-earth investigations.
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For 1=3/2, and J = 2, the mﬁ-ltiple quantum:tran'sitions are

. - (F=7/2,m=7/2) < (F=7/2,m = - 7/2)
(F=7/2,m=5/2) < (F=1/2,m=-1/2)
| (F=7/2,m=3/2) <> (F=17/2, m=-17/2)
- (F=7/2,m=1/2) <> (F=7/2, m=-17/2)
(F=17/2,m = - l/Z)«—»(F- 7/2,m = - 5/2).

With I =3/2, and J = 2 the transitions in F = 5/2 are

(F = 5/2,m =5/2) — (F=5/2,m= - 3/2)
(F=5/2,m=3/2) <= (F=5/2,m= - 3/2)
(F=5/2,m=1/2)>(F=5/2,m= - 3/2)

In the Zeeman regioﬁ, all the trahsitions in each F state occcur at the .
same frequency and contribute to the resonance frequency. ‘

FEach of the three transitions weré observed at three settings
of the magnetic _fieldv.v One set of resonance curves are shown in
Fig. 13, Table III compares the predicted Er with the mean g ob-

tained, 'Thes.e results indicate that the g wvalues are

3 gjlexp't) g5(RS)
T ¢ T 1.495(15) “-1.5000
2 ¥ - 1.497(15) - 1.5000 .

Note that since L. =S for 7F -the theoretmal g values for all the
levels are equal to 3/2 in RS coupling.
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..Table III. All observed g values in samarium-153

koH
~——— (Mc) - J=1,F=5/2 J=2,F=7/2 . J=2,F=5/2
) )

1.000 . 0.61(5) 0.95(5) 1.01(5)
1.985 0.60(3) 0.86(2) 0.94(2)
3,945 0.598(10) . 0.855(11) 0.941(13)
Mean g 0.598(10) " 0.856(11) 0.941(10)
Predicted gr 0.6000 0.857 - .0.943

B. Neodymium-147 and Promethium-147

The purpose of our investigations on these isobars was two-fold.,
The first was to add understanding to the decay picture of Nd147. which

decays. by beta emission to Pml47(Fig,. 14). The second objective was

.to infer the ground electronic configuration of promethium. It is noted

that this element is the only rare earth that does not have a stable

isotope. Several investigations of the beta decay of Nd147 have failed

‘to reveal a direct beta transition to the ground state. 47 The most in-

tense beta line decays to the first excited state which then decays.to

the ground state with an MIl gamma-ray transition. The spin of Nd'147

has been measured to be 5/2 by paramagnetic resonance‘,uand,the
probable ground-state spin of Pm'*7 is 5/2 or 7/2, based on the
single-particle she:ll model.

_ Neodymium-147 was produced by neutron irradiation of Nd
metal at the reactor in-Arco, Idaho. The decay rate of a detector ex-
posed to the beam at resonance determines the identity of the isotope.

{Fig. 15). -Promethium-147 may be obtained in curie amounts from the
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4f .6and 4f6, .respectively.v
~be "H, with the levels J = 5/2, 7/2, and - 9/2 sufficiently populated at
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Oak Ridge National Laboratory. It comes in a weak HCI1 solution.

"This is converted t6 the nitrate by adding an excess of nitric acid to -

the solution. The nitrate salt is then mixed with an excess of lanthanum
metal in the source oven. This is then transferred to the oven loader
and inserted into the machine. The oveh is then heated b.p slowly by
electron bombardment. It is believed that the nitrate is first converted

to the oxide which then reacts with the lanthanum to' set free the -

' promethium atoms.

49

Sta‘blé atomic beams of n'eodymium have been investigated,

and the ground level is characterized by 514 with 8y = - 0.603. We
147

. have confirmed the spin of Nd to be 5/2, and this couples with

J = 4 in Zeeman region. The resonance frequencies of the pi trans-

itions are given by

koH F(F+l) + 55/4 koH
Vp = 8p —— = 0.603 — ' . (58)
h 2F(F+l) h |

Transitions in the th-reé highest F states 13/2, 11/2, and 9/2 have
been observed at two values of the magnetic field (Fig. 16). .The observed
gy values are compared with the predic.ted values using Eq. (58). The

a,mall discrepancies in some of the gy values are due to quadratic and

‘higher-order shifts arising from a small hyperfine structure.

A‘:‘systematic search for resonances was conducted at a low

magnetic field to cover the reasonable range of possible g values..
This gax}e the first information on the electronic ground levels .of
promethium. Three resonances were o‘bserved, each of which were
followed up in field to a maximum of 38.2 gauss. The. Ep values
corresponding to the observed resonances are given in Table IV. ' Figure
17 shows the single Pm147- resonance in the Zeéman region for J = 7/2,

' - The most probable configuration for Pm, which has 61 protons
seems to be 4f5. The configurations ofgy Nd aad; Sm are known to be

4 : _ : :
46,50 The Hund's rule term is expected to "
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beam temperature in order to be observed in the experiment The fine-
structure separations have ‘been estimated, and these three low-lylng
levels are assumed to be present, The resonances observed indicate

that the nuclear spin of Pm *7 s 7/2, coupling to the following levels:

H?/Z . gJ(expt) = - 0.831(5) compared w.ith gJ(RS) = - 0.8.254 -

6H 9/2’ gJ(expt:) = - 1.068(4) compared with gJ(RS) = - 1.0707.

The J =5/2 level was not observed and we believe that this is be-
cause its g value, 0. 2.86, is’ too low to be refom.sed by the magnetic
fields of the apparatus. The theoretical and experimental gr values

for the observed transitions in .Pml‘47 are given in Table V.

The only other possible configuration is 4‘£4 Sdl, in analogy to .
the transuranic homologue, neptunium, with 5f4 fE)d]‘° A calculation
of the electrostatic energies for f4d has been performed by Judd for
this configuration, °1 and it is shown that the Hund!s-rule term should
lie lowest in energy. The levels arising from this term would also be
half-integral . Possible J values are between 11/2 and 21/2.

| The observed transitions were fitted in a nglndependent way;
that is, the ratios of three observed frequencies were taken and com-
pared with ratios of the cosine factors given by .
[ F(F+1) + 3(3+1) - (141) | / 2F(F+1) . These were computed with all
possible combinations of I and J. All I between 3/2 and 13/2 with
all J between 3/2 and 21/2 were tried. No consistent set of I and
J was obtained which would explain the observed frequencies, except
for the set assigned above, Therefore we conclude that the ground |

nuclear spin of Pm]'47 is 7/2 and that the ground term of promethium

is H arising from the ground electronic conﬁguration 4f5 652.
' The shell-model energy-level assignment for the sixty-first
proton in promethium is 4d 5/2. Since this does not agree with the

measured spin, the nearest protonlevel is 5g 7/2, which then has to -
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Table IV. Observed resonances in neodymium-147, The calculated
gF' 8 are based on the previously measured gJ' s."

‘Pi transitions

b H/h 1=5/2,7 = 4 i=5/2,J =4  1=5/2,i=4
(Mc) F=13/2 F=11/2 F=29/2
5.880 0.371(18) 0.394(20) 0.438(21)
9.679 0.3755(21) 0.4008(26) 0.4452(25)
Mean experi- : |
~ mental g 0.3755(21) 0.4008(26) 0.4452(25)
Calculated g 0.3710 0.3943 0.4385

Table V. Observed resonances in promethium-147. The calculated
gF' s are based on the assumption of pure RS coupling among the

electrons of the configuration £5 to the Hund's-rule term °H.

MOH/h : ‘Pi transitions :
(Mc) o 1=7/2,3=7/2 1=7/2,3=9/2 1=7/2,J=9/2
All ¥ . F=8 F=7

15,208 L 0.416(2) 0.600(3) ©0.620(3)
29,050 0.602(2) 0.623(2)
53.528 0.4164(10) 0.6044(15) 0.6230(15)
Mean experi- '

mental g - 0.4164(10) 0.6037(15) 0.6230(15)

Calculated gp  0.4127 °  0.6023 0.6214
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be placed above 4d 5/2 in order to give an interpretation of this spin

on the basis of this model, Héw‘ev.er-, the measured spins of '59Pr14‘1

151,153
and 63Eu

are all 5/2 so that for these nuclei, the converse
52,53 ) ' S T

is true.

147

-'In view of the measured spins o'f d 147

v and Pm together .
with the observed beta-decay picture, the failure to dbserve the beta

ray between the ground states of these isobars lead us to two possible
conclusions: (a) the décay scheme is so unusual that the ordinary

sele‘_ction rules are inadequate for the explanation of the beta decay, or
(b)ﬁgﬁr‘eéblﬁtioﬁ'ia'iﬁ sufficienttoallow one todeterimine wheétherthebeta — — -

rayin question'decays to the first excited level or to the ground level.

C. Gadolinium-159

The second half of this transition series starts with gadolinium,
which has atomic number Z = 64, The ground-state electronic con-

" 54 from optical-'spectroscopic

figuration has been inferred to be 4f
results. >4 It is intereéfing to note that in this first element of the
-second half, the d electron is “undoubtedlyv present, This is in complete
analogy with the first element of the first half, lanthanum,

‘The ground term of Gd is believed to be 9D, with J = 2 lying

lowest in energy. The fine-structure separations between the levels

are
Level Separation % atomic beam
{cm”™ ™)

9 - '

D 1719.06 8 |
9 < .

D5 999.11 . 15 .
"D, 532,13 21
"D, 215.13 26
’D 0.00 30
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The numbers on the right are estimates of the percent of atomic beam
arations.

at 2000°K in a given level. These are calculated from the fs sep-

In an atomic-beam experiment on stable even-even Gd
g values have been measured. ™

58, five
These are now to be compared with
two sets of theoretical values using two types of coupling for the seven
f elecfrons and the single d electron.
may be written as

The ground electronic .state
3tetitot

Sttty oY,

with all the intrinsic electronic spins "up" (+1/2) as indicated.

D

In the first type of coupling, all the electrons including the d
.electron are RS-coupled. This gives rise to 2,3,4,5,6°

‘theoretical g values are computed from

S

The
J(J+1) + S(S+1) -L(L+1)

2 J(J+1)

+gL

J(J+1) + L(\LH.) -S(S+1)
2 J(J+1)

(59)
with gg = 2.0000 and g = 1,0000. Table VI shows that these values
agree very well with the experimental results. :

An alternative coupling scheme may be considered. Russell-

Saunders couplin‘g‘among the seven f electrons results in 857/2. The
single d electron gives the Hund's rule ground level
(288 2

D

8

two levels are coupled to give rise to the levels denoted by

D3 /2 Now the
7/2° D3/2)2’ 3, 4,5 This is often called j-j coupling. Note that
2

TRl

| J(J+1) + (3 41) - T,(T,+1)
BTy T ‘

2 J(J+1)

this scheme allows only four possible J's for the ground term. It. may

argued that the fifth level observed arises from the coupling.
( 87/2, D‘5/2)' The - g wvalues are calculated from

JF41) + T,(T,41) = T (I +1)
‘+_ng :

2 J(J+1)

s

(60)
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where J| = 7/2 with g; (RS)= - 2.0000 and J, = 3/2 'with
g5 (RS) = - 0.8000. Thése theoretical values from Eq. (60) are
cafculated for all. four levels and are compared with the experimental
results in Table VI. The agreement is seen to be poor. '

The 4f8 configuration with no d electron gives rise to F6 Bowiei®
All the theoretical g wvalues are --1. 5000 since L = -S. Thus this
possibility is completely excluded.

It is seen from the tablefthat straight RS coupling among all
‘the electrons seems to give g values Wthh agree very well with the

measured g's.

We measure the nuclear spin

I1=23/2

159 and together with J = 2, 3,4 and 5, a satisfactory analysis

for Gd
of the observed resonance spectrum is made, Note that only J =6
is not observed in the Zeeman resonances (Fig. 18). Gadolinium-159

is identified by observing its radioactive decay (Fig. 19).

D. Terbium-160

The second element of the second half of the rare earths is

terbium, This also has a d electron in the ground state. Note the
similarity with cerium, the second element of the first half of the series,
The atomic-beam group at Heidelberg has investigated stable
'Tbvlsg. They measure I = 3/2 and determine four J levels with the
corresponding g values. |
Our theoretical speculations o'n the electronic configuration are
as follows, We feél certain that 6H15/Z from af? 652 belongs to the
measured g value, -1.3225, The next lower level, 13/2 has
»gJ(RS) = - 1,2827 and this finds no agreement with any of the rema1n1ng
g values measured. Therefore we are forced to hypothesize that

_together with - 4f9, terblum has 4f8 5d1 dmang risetotheobserved: low-lying

"_'_,':.-f;e&xe'ctremctleuelszvNote t,ha: the‘ e-fare J:wo J ;¢15/Z levels..observed,
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Table VI, Gadoliniam, 4f 5d1 682: Comparison of experimental with
theoretical g values using two types of coupling schemes

3 -gglexpt) -g;(RS) -g5(i-3)
2 2,6514(3) . . 2,6667" 2,6000
3 2.0708(2) 12,1083 20000
4 1.8392(2) 1.8500 1.7600
5 1.725(7) 1,7333 1.6400
6 L67(1) 146667

2From Smith and Spalding, reference 49,
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(refer to Table VII) From the latter conf1gurat10n, we assume j-j
_coupling between F(,’ 4f8 and 2D3/2, 5d1. This g1ves rise to three
levels whose values and gJ' s may account for the other three measured
J's and g;r s. The theoretical g8 values are computed using Eq. (60).

_ Straight RS-coupling in 4f 5d is not posmb}]ﬁ.e, since this
gives rise to the term 8H with a ground level..of 17/2, This level

‘ was not observed in the Heidelberg éxperiment-.

After taking frequenc.y exposures for each possible spin coupling

to each J in the Zeeman region, we conclude that

I1=3 for T‘t.'),léo .

- We have observed a total of tWelx},e resonances at each 's'étting of the-
magnetic field, Using the measured g values, we observed three pi
transitions in each of the four levels, The F states are labeled in
Fig. 20 and 21._ Each resonance was taken at two values of the static
magnetic field corresponding to p.OH.h equal to .13.386 Mc and
18 786 Mc.

_ This 72-day terbium 1sotope was produced by neutron bom-
bardment of 100% abundant Tbl59. The large number of energetic beta
and gamma rays resulting from the éxcited nuclear levels presented a
severe radioactive hazard, 56 This necessitated the construction of
some heavier lead shielding around the apparatus. After éompletion

of the experiment, the oven loader was discarded in order to reduce

the background activity.



Table VII. Terbium: Comparison between measured g values and theoretical g values
calculated from possible electronic ground-statemconflguratlons

j-j coupling f8 d in RS couphng

J Heidelberg resul’cs55 f9 in RS coupling, f8
3/2)15/2,13/2 H

di
(experimental) 6 : (7F ,nZ

Hyy/2,213/2,11/2 17/2,15/2,13/2

17/2 not observed ' none : none. . ‘ 1.4117
T8/2% - 13225 1,3341 1.3600° 1.3882
15/2 1.4563 13341 1.3600° 1,3882
13/2 . 1.4633 | ©1.2827  1.4245° 1.3538
11/2  1.5165 | 1.2028 ,_ 1.5245° | 1.3007

-18-

%The bar over 15/2 is used to differentiate between the two levels which have the same

value. This distinction is also made in Figs. 20 and 21.

PCalculated using Eq. 60 with g (RS) = - 1.5000 for "F,, and g;(RS) = - 0.8000

for ZD3/2. The underlined g values are ncoted as the assignments favered here.

L
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E. Dysprosium-aléé and 140-min Dysprosium-165

These isotopes are produced by 1rrad1a+1ng stable. dysprosmm :
165

~metal with thermal neutrons. The decay scheme of 140-min. Dy
includes an isomeric transition from 1,25 min. Dylb (see Fig, 22 from
reference 57), Part of the 1.25 mlanyMJS yield from the irradiation
decays to 140-min Dylés by means of the isomeric transition (IT). These
isomers eventually go by beta decay tc the ground state, H0165.
 Dysprosium-166 is produced by a double neutron-capture process. ' The
series of reactions proceeds as

165 -IT. . 165

164 ¥ 140-min Dy

Dy " *(n, y) 1.25-min Dy

togethef* with y
64t(na, y) 140-min Dy‘165 »
then, '

140-min; - Dy16‘5(n, Y) Dy166 o

These isotopes were identified by noting their half lives (Fig. 23 and 24).
’ 166 '

Since Dy has an even-even nucleus, its ground-state nuclear
" spinis I =0. Then by referring to Eq. (32) for the resonance frequency
of a pi- tran51t10n at low external fields, one obtalns
F(F+1) +-J§J+1) po '
V.= gy v ' _ v (61)
ZF(F-1) “h. '

= gyt H/b,
-since we have  F = J, T'his‘means that the experiment on Dy166. could -
only yield information on the g values (Fig: 25). This was fortunate,

because it allowed a clear-cut measurement of this important atomic %

property.
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'140-min Dy’
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To identify the ground 1eveis, we had to perform the_,experiment“.
on a dysprosium isotbpe with a n-oﬁzero nuclear spin. Beta-spectroscopy
s't'udies57 on the-DyM)S.isomers indicated nuclear spins of (7/24) for
65 and (1/2 -) for 1.25-min Dy165. The signs on the spin.b o
predictions are parity assignments. '

Dysprosium-166 was investigated first, and the measurements
indicate that only one J-level is sufficiently populated at beam tempé_rature _
to permit observation. The other levels are then believed to be several |
thousand wave numbers above the ground level. The g wvalue obtained

is

grlexpt) = - 1.2414(3) .

N

The number in parentheses is the uncei'tainty in the last figure, "This
average value is taken over resonances observed at five settings of the
magnetic field, with the last measurement taken at 402,771 gauss

(see Table VIII). All five resonances were carefuliy traced out so that
estimates on the uncertainty of each measurement were possible. The
énergy levels of this atom in an external magnetic field are schematically
plotted in Fig. 26.

A nuclear spin of 7/2 for 140-min Dy165, together with J = 8,
is favored in the assignments of the ,stateé in the three observed pi
transitions (Fig. 27). The multiple-quantum transitions (seeTable 1X).
are believed to belong to the states, F = 23/2, 21/2, and 19/2. The R
resonances in the remaining F states were too weak to be observed

because of the large number of m states. This number is

(21+1)(2J+1) = 136

for this hfs system, compared to, say only 8 m states for potassium-39,

This means that the Dy165 resonance intensities are lower than the K39

resonance intensities by about a factor of 8/136.
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‘Table VIII. Observed resonance frequencies in dysprosium-166 and
’ 140-min dysprosium-165

1/2 8 - 19/2 8.248

11.400(100)

11.205

I J F H Y obs (Mc) Vcalc(MC)
(gauss)

Dysprosium=166
o 8 8 0.709 1.250(50) 1.241
0 8 8 4,201 7.325(75) 7,299
0 8 8 55.192 95.900(150) 95.899
0 8 8 222,019 385.900(150) 385.774
0 8 8 402,771 699.830(80) 699.843
140-min dysprosium-165 »

1/2 8 23/2  8.248 110.120(60) 19.968
7/2 '8 21/2 8.248 10.630(40) 10.502

-

*



Table IX. Multiple-quantum pi transitions between (F,ml) ~ (F, rriz) .
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in 140-min dysprosium-165, with I = 7/2, J=28

F=23/2 F‘;zl/z F=19/2
m, -ﬁi ‘ml m, ’nj, ma
-5/2 -9/2 -3/2 -7/2 =1/2 | -5/2
-3/2 -11/2 -1/2 -9/2 1/2 -1/2
-1/2 ~13/2: /2 -11/2 3/2 -9/2
1/2 -15/2 3/2 -13/2 5/2 =11/2°
3/2 -17/2 5/2 -15/2 - 7/2 -13/2
5/2 -19/2 7/2  -11/2 9/2)
7/2 -21/2 9/2 11/2
9/2 ) | 11/2 13/2 L 15,
11/2 13/2 _ 15/2
13/2 15/2 § -19/2 17/2
15/2 L _23/2 17/2 19/2 )
17/2 19/2 |
19/2 21/2
21/2 R

23/2
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Dysprosium has 10 electrons in the valence shell and" the most

hkely ground electronic configuration is either 4f10 or 4f9 5d If

we assume that these electrons are RS coupled the conf1gurat10n 4f 10
gives rise to the ground-state term 5I. The theoretical g values of
the first two levels are b _ \ _ -

J(RS) = -.1.250
for J=28 and
gJ(RS) - - 1.1786

for J = 7. If we also assume RS couphng among the 10 electrons for
the other possible configuration, 4f94._‘5d1., the ground term is 7K, In

this limit, th'e‘ g values for the first two low-lying levels are
g;(RS) = - 1.3000

for J =10 and
g (RS) = - 1.2555

for J = 9. . .
In conclusion, the followin'g atomic properties were determined:
Dyl®®: 120, 5=8, gy = - 1.2414(3)
165

140-min Dy : 1=7/2,7 =8,

These results lead us to believe that the ground'elec_:‘tr»o’nic configuration
of dysprosium is. -4fl,o, resulting in the ground level 51_8;,. The close
agreement of the theoretical value of g;I ‘with the experimental result
implies that the RS approximation is adequate for the description of

the electronic .coupling.
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F. Twenty-~four-Hour Holmium-166

Neutron irradiation of holmium metal for about a day is sufficient
tc produce a workable source of 24-hr Holbéo The other Holéé isotope
i.s not produéed in detectable amounts because of the long half life
(TI/Z > 30 y"r).° The 24»hr component is easily identified from the
relatively short decay rate of the radioactivity (Fig. 28).

Only one resonance has been observed in our exper'iments on
this isotope with an odd-odd nuclveuso The observed resonance frequencies

are linear in magnetic field. The nuclear spin is assumed to be zero,

and the resonances are assigned to transitions of the type

('J’ mJ) Rl (J’ "’mJ) e

Figure 29 shows the careful search undertaken at H = 0.709 gauss in
crder to ascertain that there is only one resonance in the frequency
spectrum. The possibility of a superposition of resonances at this
field is eliminated by a partial repetition of thé search at a sufficiently
high magnetic field, H = 5.567 gauss (Fig. 30). The single resonance
has been traced out at two higher values of H in order to get more
accurate measurements of the g value (Fig. 31). The observed res-

cnance frequencies are given in Table X. Our average value is

gJ(expt) = - 1,196(1),

Experiments on this isotope were performed independently by

our group and by Goodman and Childs at the Argonne National Laboratory

using the same method. 1o They also assume a nuclear spin of zero for

166

Ho and obtain

| »gJ(expt) = - l,vl9516(10) .

This agrees with our measured value.
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indicates that none of the other levels in the holmium
beam are appreciably populated at beam temperature.



Intensity

| l o166 |

P

141 i i -
I-O,qﬁF-S) - H=5.567 gauss

12 ‘ ' , - ' -

10

8

6l

41 N

>

o} ] i L . | ]

8.500 9.000 9500 10.000 10.500
Radio frequency ( Mc)
:  MU-21501
Figs 30s Resonance curve for H0166. The single resonance

was carefully traced out again at this higher value of
the magnetic field in order to exclude the possibility of a
superposition of resonances at the lower value.



-

-96-.

T I I — T

H=55192 gauss
gp-11963 (1)
15 -
H= 93.043 gauss
9)= - 1.1956 ( 12)
To] =
>
s
=4
@
<
5 -
oLl | 1 | !
92000 92500 93000 155,500 156.000

Radio frequency (Mc)

MU-21483

Figs 3le Resonance curves for Hol66 The resonance was
observed at two higher magnetic flelds in order to improve

on the measurement of g Je



..97_

The aSS1gnment I=0is subject to the assumption that the reso-
nances- observed ‘were in the. Zeeman region, The other possibility,
although qu1te remote, is that the trans1t10ns ‘were actually observed
in the Paschen- Bach region because of a very small hyperfme st'ructure. | .
It is clear th_ai: the transition energies in this region are also linear in- |
magnetic field. This is easily seen from Eq. (30).

I:Iolfniﬁr'n (Z = 67) has eleven electrons outside of closed shells,
Barium (.Z‘ = 56.)' marks the last closed-electronic-shell structure before
the beginning of the lanthanide series. A probable ground electronic
configuration for holmlum is 4f11. If Russell-Saunders cdupling is a
valid approx1mat10n. then the ground state in the representation
;(zlsl 2,°2 ... 111 11y is

@atafitot _ 1t 2t L3t 3t 21700y,
This leads to the Hund’ rule ground term 4I“ The levels and correspond-

ing g wvalues. are:

4 . -

113/2 3 gJ(RS) - 101077
I1/2» g5(RS)=-0.9651
Ig/z+ 8(RS) = - 0.7273

‘We.favor the assignment J = 15/2 for the single level obeerved,' since
its theoretical g value comes closest to the measured g‘:r The dif-
ference is 1ess than 1%, and th1s is easily attributed to relat1v1st1c and
d;amagnetm effects. Note that there is no other J = 15/2 in.this con-
figuration so that this eliminates.any possible spin-orbit perttir'bations
from other terms with the same _J’ value, The deviations of all 'the
measured g J"_s "in this eyrepp'rt are quantitatively explained by, Judd and

. Lindgren, 37
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Table X. Summa'ry.of observations in.24-hr holmium—l66, with I = 0.

Data H ) Calculated ‘ Observed

no. "~ (gauss) frequency - frequency : -gJ(e’xpt)
' (Mc) (Mc) "
1 0.709 1.196 1.175(60) 1.175(60)
2 5.567 9.315 9.35.0(100) 1.199(20)
3 55,192 92,361 92.420(100) 1.1963(10)
4 93,043 - 155,704 - 155.700(150) 1.1956(10)
Mean | - 1.196(1)

2With the proviso that if I =% 0, then the hfs is estimated to be
unusually small (a < 100 kc)

The other competing c‘onfiguration‘_is 4f10 5d1° The .electronic
ground state is then ’ '
atetitot satietosts2-17) 2%y .

Russell-Saunders coupling among the 10 £ eleétrons together
with the d electron results in the ground term 6L The possible low-

1y1ng J and g values are

. o |
Loy/z gJ(RS).f - 1.2381
6 O
CLygyp s 85 (RS) = - 1.1829
6 : oy .
L7/ g;(RS) = - 1.1083.

The next possible set of excited levels are:

19/2 , g5(RS) = - 1.2631

Ki7/2  85(RS) = - 1.2074.
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In order to exﬁlaﬁn the measured g value of -1.196(1l) using this con-
figuration, therbe are two principal speculations: (a) The ground level
is J = 21/2, although the 4% difference in the g values is rather
large to be coympletely caused by relativistic and diamagnetic effects
alone. Note that there is also ohly one level with this value in this
configuration. This prevents the possibility of a spin-orbit effect for
the reduction of the theoretical g value. {(b) The observed level is
61—‘19/2' which is perturbed by ‘6K19/2 by means of the spin-orbit
effect, which may in turn explain the g value. .The problem here is ‘
that it is hard to understand.why 6ng/z and not 61"21/2 would be the
ground level. _

The. .ci'uest.ion may be raised as to why we should insist on
Russell-Saunders coupling among the electrons in both possible con-
figurations. A j-j coupling between shells with RS couéling within
shells is certainly a possibility, This type' of coupling has been con-
sidered and the results are not much more promising. It is tempting
to work with the precedent that, since gadolinium exhibits a coupling

that is close to RS among all the { and d electrons, this type of a

coupling scheme _/would also apply for the other rare earths that may
have a d electron. Otherwise, if all the valence electrons are assigned

to the f shell, the Russell-Saunders coupling scheme seems to be

the rule for the electrons in this series. A d electron is known to be
present in both gadolinium and terbium, which were treated earlier,
It is.clear that a measurement of a nonzero nucledr spin for

some other holmium isotope would allow an unambiguous determination

of J. Experiments on neutron-deficient H61'61 are in progress at the

laboratory. This isotope is produced by cyclotron bombardment of

erbium metal and the only problem so far is insufficient source activity.
. Therefore, subject to the above cbnsidera’cions, our tentative

assignment for the electronic ground configuration of holmium is 4f11

leading to the ground level '4115/2 with gJ(expt)': - 1.196(1).
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G. Erbium-169, Erbium-171 and Thulium-171

These isotopes are produced.by bombarding ordinary erbium
metal with thermal neutrons. Depending on the duration of the ir-
radiation perlod we are able to select dominant activities of 7.5- hr
Er 171, 9.4-day Er]'69 or 1.9-yr Tm171

Observations .were made at sufficiently low values of the magnetic
field so as to limit the induced transitions in the Zeeman region.(see
Table XI). .The hfs levels in a magnetic field are shown in Figs. 32
and 33, We obtain the following sets of atomic properties for these

three isotopes:

Er 09 I=1/2 } = -
_ - J =6, g. =~ 1.164(5)
Ert?t 1=5/2.) I
171 '
Tm™ ~1=1/2 J = 7/2 g;= - L. 1412(2) .
The two possible pi . transitions in both . Er169 and Tm”l were traced

out at several values of the magnetic field (Figs. 34 and 35). The
resonances in the thr.efe highest F states of Erl71 were also traced out
at two values of H (Fig. 36). _Ide'ntiﬁca'tion of each isotope was achieved
by observing their decay rates (Figs. 37 and 38), I;‘Zgure 39 is an inter-
9

esting multiple-quantum resonance cbserved in Er at an intermediate

value of the magnetic field.
The g value for. 2 7/2 in thullum has been measured very

accurately in the hfs 1nvest1gat10ns of Tm 170,, These results are

" discussed in a later section.

We find that only one level is sufficiently populated in the erbium
atomic beam at operating temperature and conclude that the observed
level has the value J = 6. Together with the measured gJ, the evidence
indicates that the ground electronic configuration is 4f 6s leading to

the ground term 3H, The ground level 3H6 has gJ(RS) = - 1.1667

-which is in excellent agreement with the measured value.
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Table XI. Summary of observations

Predicted

Isotope, Observed

nuclear spin F H(gauss)  frequency frequency

and ground level : _ (Mc) _(Mc)

~ Erbium-169 13/2 0.709 - 1.070(50) 1.074

I1=1/2 1.418 2,150(50) 2.133

>Hy 4.201 . 6.375(75) 6.317

8.248 12.450(50) 12.403

15.920 ©23.,960(50) 23,940

25.387 38.150(150) 38.177

11/2 0.709 1.250(50) 1.253

1.418 2.475(50) 2.488

4,201 7.400(50) 7.370

8.248 14.600(50) 14.470

15.920 27.900(100) 27.931

Erbium-171 17/2  4.201 '4,875(50) 4.830

I1=5/2 17/2 8.248 19.560(40) 9.483

3H6 15/2  4.201 5.280(30) 5.206

15/2 . 8.248 10.325(40) 10.221

13/2  4.201 5.800(20) 5.756

Thulium-171 4 4.201 5.950(50) 5.872

I=1/2 4 1.418 2.000(100) 1.982

2F7/2 3 ' 8.248 14.700(50) 14.823

3 1.418 2.550(50) 2.549
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H. Cerium
Cerium (Z = 58) ha.s two electrons outS1de of closed electromc

shells‘. The most probable ground-state conf1gurat1ons are 4f 4f 5d,

and 5d. . Note that the configurations of the ne1ghbor1ng elements lL.a

‘and Pr are 5d and 4f3, respectively.

The configurétioh 5d2 can be ruled out immediately for.cerium
because the resulting levels cannot possibly account for three g values

measured recently in an atomic-beam experiment on stable even-even

. . 4
~cerium isotopes. ? These results are:

g = - 0.7651(1)
g, = - 0.9454(1)
gy = - 1.0772(2) .

S_inte the nuclear spins of these isotopes are zero, the corresponding

levels J JZ’ and J are not determined. The'. g values in RS

coupling for all three pOSSlble conf1gurat1ons are glven in Table XII
If the true configuration were f ~ one would not expect too

large a breakdown of RS coupling, since most of the lanthanides with

- 4f" exhibit electronic coupling that is very close to the RS limit. The

3

" Hund's-rule ground term for fz is "H, with J =4 lying lowé_st in

: _energy Judd and Lindgren have performed a cal.cula'tion.foxj the

corrections to. the g values of this triplet. 37 They _con.sider the

‘Schwinger, spin-orbit, relativistic, and diamagnetic corrections and

cbtain:
Level o Theoretical g1
H, | -0.8054
4 | :
u. .1.0325
5 -
3u -1.1659 ,



Table XII. Possible configurations for cerium, and g (RS)
for the given levels
.Conﬁguration J=4 J=3 J=2 | J=1
4% 5% 1167 1.033  0.800 ) |
- 250 1.083 0.667
1.500 1.500
g .000
1p 1.000
'4f1".5d'16s2 | 3H - 1167 1033 . 0.800
| 3a .050 0.750
3p 250 1.083 0.667
b 1.333 1.167 0.500
’p 1500 1.500
1 '
la .000
R 1.000 |
Ip 1.000 )
lp | L0000
5a% 652 3 250 1.083 0.667
3p 1.500 1.500  *
g 1.000 |
Ip 1.000
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These gJ“ s are far from the measured values. Therefore we have

“ruled out 4f for the ground configuration of cerium.

The most likely assignment is now 4f 5d. The clearest way
of testihg this possibility is to diagonalize the appropriate total energy
matrix, '/;/5 Then the diagonai matrix, W, contains the energy of each
level. (For fd the dimension of this symmetric matrix is 20 by 20.)
The transformation matrix T (’I‘QZTHl = W) gives the amplitudes of each
ket SLJJT ) This energy matrix is the combined electrostatic plus
spin- ~orbit energy matrix. The electrostatic energies (SL- IE S| SL)
of the atomic terms in fd have been evaluated in terms of the radial
integrals FO’ FZ; F4y Glp G and G5‘ by Condon and Shortley. 58
The spin-orbit matrix for fd has been calculated by Racah in his

59

analysis of the optical spectrum of ThIIl. The spin-orbit matrix
elements depend on the fine- structure constants C‘Sd and Z;4f

To perform some numerical evaluations of the matrices, we
have approximated the radial integr.als Fk‘ and Gk by using the values
obtained by H. N. Russell in an analysis of the optical spectrum of
Lall. Accurate 4f and 5d radial wave functions are not available. It
is easy to get L, = 420 cm™! from the fs splitting of ’D in Lal ©0
We calculate (’4f 482.cm -1 ‘using a four- param;;er formula which fits
the known fs constants of NdI, SmlI, and Tml. An IBM-704 computer
program which diagonalizes matrices and also calculates the g values

in intermediate c:oupling61 [g(int) = T g (RS) TaILJ has been used in the

calculations, and the results are not satisfactory. . The three lowest-

lying levels are noted, and the calculated g's .are compared with the
measured vélues. Although the agreement is not convincing enough to
allow us to quote the results, it is felt that a better set of estimates for
the radial integrals Fk and Gk would give the correct gJ‘s in

intermediate coupling and the corresponding ground levels of cerium.



-113-

All attempts to p'rodﬁCe a stable atomic beém of Ce1'4l.and
Ce]'143 have been ﬁnsuccessfu‘l so far. The source ovens afe heated | .
up toc about 2500°K before a beam of cerium is obtained. Then the _ |
beé.m goes down monotonically after half an hour or less. It appears
that cerium interacts chemically with all the metals that we have used
for ovens. We have tried tantalum, tungsten, titanium diboride,
molybdenum, and carbon. ' » |

. It is clear that a steady atomic beam of a cerium isotope with
a nonzero ground-state nuclear spin would allow us to determine the
ground levels correspanding to the measured g values. Experiments

.on cerium are still in progress.

g
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VI. HYPERFINE S‘TRUCTURE OF THULIUM—170

The electromc ground state of this element as determined by
optical spectroscopy is 4f 13 6s2, ZF7/262Th1s agrees w1th our exper-
mental observations. Our measurement of the g value in this level
differs cons_iderably from the classical RS value. Since this is essen-
tially a one—electron problem, the admixture from other levels is small.
Thus relat1v1stlc and diamagnetic effects are the major contr1but10ns
in this case. . It is shown later that together with the: anomalous electron
moment; .th'e_se effects account very well for the observed. deviation of
the measured g value from the RS value. :

The nuclear spin, the interaction constants a and b, and the
g value have been measured in the ground level J 7/2. The Inuclear
moments F“I and Q have been calculated from the interaction constants
with a modified hydrogenic radial wave function. A pulse he1ght anal-

ysis was performed with this isotope (Tl/Z = 2.9 yr) for identification

.purposes (Fig. 40).

" A. Experimental Observations and Results

The hfs energy levels in a magnetic field are shown schemati-
.cally in Fig. 41 for Trn170 (I =1). In this figure, the possible
AF = 0, (a, B, y) and AF =+ 1, (6,¢) transitions are indicated.

These are:

1/2) <> (F = 9/2, = -1/2)

a:{(F=9/2, m-=

B:(F=7/2,m=-1/2)«(F =7/2, m = -3/2)
y #(F = 5/2, m = 3/2) < (F = 5/2, m = 1/2)

6 (F=17/2,m=-1/2)«>(F =9/2,m =-1/2)

e : (F = J/Z}rn = -1/2)«=>(F =5/2, m = 1/2).

From Eq (9) the hfs separations are given by:
9/2 7/2) = 9/2a *27/28 b.

(7/2,5/2)=7/24 - 5/4b. (62)
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The energy of each F; state at zero _fi_éld is plotted as a function
of b/a in Fig. 42. In the region -4.667< b/a‘§'2.800, the or‘deri_ng of
the F states is normal. It is observed that the F states 9/2 and 7/2
are inverted, _and the mea'sured b/a ratio is -5.05. Note that this value
is very close to the critical ratio, so that the two.,hfs separations
(Avl, sz) are very different in magnitude (73 and 1960, respectively).
Because of this, the three pi transitions have different behaviors in a
magnetic field. A graph of v/poH/h vs poH/l‘i is shown in Fig. 43.

‘This illustrates the agreement between the experimental observations
and the theoretical curves. In this diagram the curve starts at the g
values and the slope corresponds to the second-order energy dependence
in H. The alpha transition has no quadratic energy and starts with a
zero slope. However, the higher-order terms become important at a
relatively low field because of the small hfs separation A vy The higher:
order terms in the beta transition become predominant early and the
total shift from linearity in H soon turnsﬂn';egative. The gamma trans-
ition is independent of Avy and thus has a much smaller shift from the
Zeeman frequency. The curves in Fig.43 have been calculated with

our best values of a,b, and g3~

The three AF = 0 transitions have been followed up to about 300
gauss, and one of the AF = 1 transitions, 6, has been observed at two
low fields. The other AF =1 transition, €, has an inconveniently high
frequency (approximately 1960 Mc) and has not been looked for. The
" resonance curves for each of the AF = 0 transitions at the highest field
‘are shown in Fig. 44, together with one curve for the AF = 1 transition.
The latter transition is of the type sigma (Am = 0), and the resonance
curve is therefore double-peaked. In general, the uncertainty in the
resonance frequency has been taken to be about one-fourth of the half-
width of the resonance curve. The observed resonance fi'eq_uencies
are given in Table XIII. '

An IBM-704 program was used to analyze the experiment‘al data.

This program has been described elsewhere. 35 A least-square fit was

_('/l
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MU-19763

Fige L2e. Energy levels of each F state in zero magnetic
field as a function of b/a.
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Data H Vobs. Yobs, Ycale. Transition
No. (gauss) (Mc) (Mc)
1 0.711(71) 0.950(50) ' 0.066 a
2 1.418(70) 1.760(50)  -0.002 a
3 10.865(39) 13.600(70) - 0.039 a
4 20.754(59) - 26.100(40) -0.055 a
5 38.243(50) 49.070(30)  -0.007 a
6 93.043(33) ©  123.000(50) -0.021 " a
7 0.711(71) 1.100(50)  0.035 B
8 ' 1.418(70) 2.125(50)  0.000 B
9 . 10.865(39) 16.400(50)  0.020 B
10 20.754(59) 31.350(50) 0.061 B
11 55.192(43) 81.830(40)  0.048 B
12 93.,043({33) 136.150{60) -0.012 B
13 . 0.711(71)  1.470(50)  0.008 vy
14 10.865(39) ©22.310(50)  -0.019 Y
15 20.754(59) 42.700(30)  0.024 vy
16 '55.192(43) ~  113.745(40) '0.054 v
17 159.545(24) 213.460(60) -0.045 - e
18 159.545(24) 231.715(75)  -0.034 B
19 278.798(20) 577.740(75)  0.030 v
20 278.798(20)  -404.970(100)  0.017 B
21 298.380(19) 403.505(80) -0.011 a
22 ©0.740(41) 72.855(25)  0.002 5
23 2.818(42) 72.815(25)  -0.003 5
24 ' 93.043(33) 192, 0.016 y

010(60)
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made of the three parameters (a, b, and gJ), and a correction for the

small contribution of g to the energy levels was included. The sign of

the nuclear moment was determined by comparing the two fits arising

from each choice of sign. It was found, however; that for this case,

the moment is too sfnall to allow a definite determination of the sign.
~The final results are .

| I=1, |a| =200(3) Mc, |b| =1010(15) Mc

‘with b/a < 0, and

| =7/2

W..ith gy = -1.14122(15). The_figures in the parentﬁeses denote the un-

~certainty in the last places of the numbers. We have stated larger .- -

errors than those obtained from the computer in order to include possi-

ble systematic errors.’

B. Calculations of the Nuclear Moments

"Since the electronic configuration of thulium consists of com-
pletely filled shells minus. one electron, the relations between the hfs
1nteract1on constants and the nuclear moments are given by Eqgs. (12)
and (13). The relativistic correction factors g" andR are for f elec-
trons very close to unity and are discarded here.

"In order to estimate {r~ , one needs some approximate radial
wave function. In most apphcatzons hydrogenic wave functions have
been used, but these cannot be expected to be good approx1mat1ons
except for electrons moving very close to the nucleus. This is clearly.
‘demonstrated by self-consistent-field (SCF) calculations.

With the wave function discussed in Appendix E, which is a

- modification of the hydrogenic wave function to better agreement with

. SCF calculations, we get (in atomic units)

¢)

0. 40 and

xS Y . s

This shows, as one would expect, that the shape of the

10.6

)

for «

for «
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wave function (parametrized by k ) is not critical when < > is deter-

63

mined from the experimental spin-orbit couphng constant. R1d1ey

gives 11.5 a.u. for Tm+3, which should be slightly higher for the r}eutral

atom, since the removal of the outer electrons pushes the che'r eiectrvons o

a little closer to the nucleus. The crude hydrogenic formula for the

spin-orbit coupling constant,
: 4 | -
- 2 - : 2 - ff :
{ =hcR_a Zeff _<r 3> =hc R a c L (63)
4 Y n> £e+1/2) (1+1)

nges < > 13.1 a.u. which is certamly too h1gh
-3

With (r ~ ) = 10.5 a.u. we get, for the nuclear moments
(uncorrected) '

] pl‘ =.0.26(2) nm
and _ 1T :

| Q | = 0.61(5) barns.

The error in the magnetic moment is large enough to include diamagnetic
corrections. For the quadrupole moment, on the other hand, corrections

39

of the Sternheimer type,” " which have not been considered here, might .

make the corrected value fall outside the given limits.
The hfs of the stable isotope Tmlé9 has been investigated opti-

cally by Lindenberger, 6gnd<he;glves for the mégnetic moment

pllég -0.20, % 0.02 nm.

Although he uses hydrogenic wave functions, he gets; ‘eufprisingly
enough, consistent: results from the hfs constants for the 4f and 6s
electrons. With our value of < 3 or the 4f electron, which we believe

'is more accurate, we obtain from his data

H1169 = -0.25 nm,

which is outside the given limits of error.
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C. Corrections to the g Value

Since the ground state of thulium is essentially a single-electron
state, the admixture of other states is very small. Furthermore, the

electrostatic interaction can only mix states with the same S, L, and

- J and hence has no effect on the g value. An estimate of the configura-

tion interaction caused by the spin-brbit coupling shows that its effect

is quite negligible compared with the experimental uncertainty. There-

~fore, all the measurable deviation from the classical Lande value must

be due to (a) the anomalous magnetic moment of the electron, and (b)
relativistic and diamagnetic effects. By relativistic effects we mean
here the change in the interaction between the atomic moment and the
external field, due to the velocity of the electron, and the change in the
spin¥orbit coupling, due to the external field. These corrections follow
directly from the Dirac equation fof a single electron, and are propor-_
tional to the kinetic energy T in the first approximation.. The diamag—
netic correétion is caused by changes in the spin-other-orbit and orbit-
orbit interactions, due to the external field. This correction depends
essentially on the electron density in the core.

The relativistic correction to the magnetic moment of a single
electron has been calculated by Breit65 and Marg.enau66 and can be

written as

sg, = o’ (j+1/2)% (T) / jti+1). (64)

All radial integrals are expressed in atomic units here. This correc-
tion is usually referred to as the Breit-Margenau correction.

In their discussion of the Zeeman effect in atomic oxygen, Abragam
and Van Vlecké.?.ha:\(e calculated the diamagnetic correction, assuming
a spherically-symmetric electron density. From their expressions
we get for the diamagnetic correction to the Zeeman energy for a single

electron in the state (n¢ m mz),
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62 = -p.OHu.z [(mé 4 zn;s) (¥) -m, <sin26> <U>J , (65)

where
- r
U= ’I.—1—3 ';.i/ rt? p(r') dr?,
I J'O . -
. S . .
Y=(/3) |us+ [ BEL dr|
| Je e )
and

c h . . 2
(sinz; _, 2e+1) -1+m%y
\ - (22-1) (22 +3).
Here p{r') is the radial density of all electrons except the one elec-
tron over which the average is taken.

From Egs. (64) and (65) we get the total correction for an f
elecrtl‘:von in the state F7/2 - 3 , o

With the wave function described in Appendix E and the electron

density from the Thomas-Fermi model, (Fig. 45) we obtain the following

values of the radial integrals:

K

24.7, (U)

0.40 : <T\
23.3, \»>\U>

0.44 : <T§

It is seen that the agreement between the experimental and

16.5,  (¥Y=13.3a.u.
15.6, <Y>= 12.5 a.u.

K

"
It
1

calculated g .values is extrémely‘goo_d with k. around 0.4, the value

obtained-by comparison with SCF wave functions. (See Table XIV).
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Table XIV. Summary of all corrections. For comparison we have

also given the corresponding values obtained with a hydrogenic wave

- function. _ _ .
Hydrogenic Modified hydrogenic wave
wave functions s
Z-funttion
{x = 0) k = 040 ok =0.44
Landé value ‘ : 1.14286 1.14286 '1.14286
Schwinger correction ' 0.00033 0.00033 0.00033
Breit-Margenau correction -0.00166 -0.00134 -0.00126
Diamagnetic correction -0.00084 -0.00070 -0.00066
Theoretical value ' - 1.14069 1.14115 1.14127
Experimental value ' ‘ : 1.14122(15)

Since all wave functions used here are fitted to At‘h_e experimental
spin-orbit coupling constant with the same potential, the difference inb
result is entirely due to the difference in shape. The experimental
deviation from the Land{ value together with the spin-orbit coupling
constant therefore constitutes a measure of the shape of the wave func ' .
tion. Although the accuracy here is not very high, it definitely shows
that the hydrogenic wave function is too sharp. " The hydrogenic wave
function used above has been fitted to the experimental spin-orbit
coupling constant by means of thé Thomas-~Fermi potential. If Z s

is determined from Eq. (63), the agreement is even poorer.
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VII. CONCLUDING REMARKS ON THE
ELECTRONIC CONFIGURATIONS OF THE LANTHANIDES -

The atomic-beam spectroscopy method has been e‘Sp'ecially '
~powerful in treating this problem. The theory of the method allows a .
unique determination of the glround levels in most cases. From these
electronic levels, speculations on the ground electronic configuration
and resulting ground term are possible. In cases where it is not pos-
sible.to positively identify the ground term,. there is, hoWever, no
doubt that the complexity is brought about by a competing 5d electron
in the rare earth. _ |

It is now clear that this transition series is concerned with the |
filling of the 4f and not the 5d subshell. Only the first two elements
of each half of the series has a 5d electron which is more tightly
bound to the atomic core than the 4f electron (La and Ce in the first
half, and Gd and Tb in the second half.) Al.lythe‘ fe_maining rare earths
have exclusively 4f electrons in the unfilled subshell.

Figﬁre 46 is a very qualitative picture of the behavior of the
binding energy of the last valéhce electron from one lanthanide to
another. This is based on the observations on the ground levels and
inferred configurations. The curves are not expected to be smooth,
but the relative binding energy between the 4f and 5d electron in each
element are berlieved to be as indicated. Note that there are three
crossover points between the two curves. The first crossover point
is understandable in view of the presence of the d electron in cerium
but its absence in praseodymium. The second cross over is gfeatly
influenced by the stability of half-filled closed shells so that the seventh

-f electron is favored over the d electron at this point. The third and
last crossover point in this series is also clear in view of the inferred
terbium cdnfiguration (4f9 and 4£8 5d).

Therefore we now have a somewhat compréhensive treatment of

electronic structure which specifically points out those lanthanides
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that include a 5d electron in the ground state. A summary of the
ground-state electronic configﬁr-ations and ground’levels is given in
Table XV. The measured g -valﬁes for the leveis observed here are
given in Table XVI. | ,
" There is definitely an analogy between the actinides (this series
starts with actinium, Z = 89) and the lanthanides. Here algain, it is
clear that it is the 5f and not the 6d subshell that is being filled up in
the series. Atomic-beam experiments by the Berkeley group on Pa,
Np, Pu, Am, and Cm have contributed much towards the understanding

16,22,30,35 , summary of the

of electronic structure in this region.
ground-state electronic configurations and ground levels of the actinides
is made in Table XVII.

_ Figure 46 shows an analogous picture for the behavior of the
binding energy of the last electron (5f or 6d) competing in the gi'ound

stét_e in each of the elements. It is most interesting to note that the
general features of the picture are the same in both transition series.

In this latter c'ase, there are also three critical points. The main
difference is that the 6d electron is more tightly bound than the 5d
electron S0 that it appears in the first five actinides. However, the

sixth actinide, plutonium, definitely has no d electron soc that the

first «crossower: point occurs just before this element. Then the

stability of half-filled closed shells is again manifested so that americium
is 4f? The second «wrossover  point comes after this element so that

¢urium,, like gadolinium is f7d. Since it would be expected that to

complete the analogy between the two series, the late members. of the » % 'y

actinides should have no d electron, there must be a third cross-
over point in the diagram. It is likely that this occurs after berkelium

or californium.. In view of the terbium results, its actinide homologue,

~berkelium, may very well contain a d electron in the ground state.

‘In addition, since the ,6d electron seems to be more tightly‘bound

than the 5d electron, californium may quite conceivably contain a
d electron in the ground state. It is clear that future atomic-beam
work on these transuranics should yield some very interesting answers

to the problem. .
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Table XV The ground-state electronic conf1gurat1ons and
ground levels of the rare earths

71

Z ‘Elementb Ground configuration Gféund; level
57  lanthanum 5d 68 ’D, e
58 . cerium (4f 54 68.2) " ’ '
. . L 3, 2 4 :
59 praseqdymmrg 4~ 6s I9./-2_ ._
60 neodymium 4f4 6s° 514 v
_ s 5, 2 6
61 promethiiim . . 4f~ 68 -HS/Z‘
62 samarium ' 4f6 65 7F0 '
o 7,2 8
63 .- europium 4f" 6s S7/2
64  gadolinium 45" 54 6s° p,
65 terbium bs o H15/2.
and : -
8 1,7 2
(4£° 5d 65%) D For “D3/5) 152
66 dysprosium 4510 652 | 518 .b |
e 11, 2 4 .
67. " holmium “(4f 6s”) ( 11-5/2)
68 erbium 4f12 632 3H'6
s 13, 2. 2.,
69 | thulium | 6s F7/2
70 ytterbium 45! 6g? 's,
lutetium -4f14 5d 682 2D

>
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Table XVI. Summary of measured g values

Observed - ;
| Z Element term J - gJ(RS) - gJ(egp t) |
4 .
59 Pr I 9/2 . 0.7273 0.7311(2)
61 Pm 6y 7/2 0.8254 0.831(5)
9/2 1.0707 1.068(4)
62  Sms. F i 1.5000 - 1.495{15)
2 1.5000 1.497(15)
' 5 . ' b
66 Dy 1 8 1.2500 1.2414(3)
67  Ho 1@ (15/2)%  1.2000 1.196(1)°
68  Er 3y 6 1.1667 1.164(5)°
69 Tm ’F 7/2 1.1428 1.1412(2)

aSpeculative assignment

These values agree with those independently obtained from spin-zero

isotopes for Dy and Er by Spaldingflg and for Ho by Goodman and
. 10 ‘
Childs.
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The ground- state electronic conf1gurat10ns
and ground levels of the actnndesa

Z Element GI‘OL}nd . Ground level
configuration
N 2 o2 o -
89 act1n1ur§ 6d 7s . D3/2 v : .
90 thorium 6d” 78° . 3F2 R
91 protactinium 5f2 6d 782 L H4, 2D3/2] ll/Zb :
- . 3 2 —4 2 1 c
92 uranium 5f" 6d 7s i 9/2, D3/2 6
2
93 neptunium 5f4 6d 732' 5I4, D3/2 11/2
94 plutonium 5f6 752 v ' VFO d
. 7 -2 o
95 americium 5f 7s 7/2
| ez
96 curium 5f° 6d 7s : 7/2, 3/]
97 berkelium (58> 6d 75°%) ([ 6 3/]
98 californium (Sflo 7s2
. 11 _ 2 , 4
99 einsteinium (6f£" " 7s7) | ( 115/2)_
100 fermium ((‘Sfl2 732) ( H6)
. 13 2
101 mendelevium (5{7 7s) ( F?/Z
102 (5614 754y lso
a4 2 2
103 (5£"7 6d 7s‘ ) A D3/2)
a

The assignments enclosed in the parentheses are speculations. v :
b : : :
Reference 16, _ : o

“Reference 51 ,

L

dReference 30.
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VIII. INTERPRETATIONS OF THE MEASURED NUCLEAR SPINS
A. Nuclear Shell Model

The single-particle shell model theory has been successful in

accounting for the behavior of nuclei with nucleon numbers near the
magic numbers. These nurf;bers, 2,8, 20,28,50,82, and . 126 in-
dicate a type of periodicity in nuclear structure which is somewhat
analogous to that which exists in electronic structure. Inthe latter
case, the ‘'electronic magic numbers' are the atomic nufnbers of the
noble gases, 2,10,18,36,54 and 86. Also, the theoretical Schfnid.t
lines derived from this theory, are fairly adequate for setting limits
to the magnitudes of the nuclear moments.

This model assumes that the nucleons move in a central potential
which has a form somewhere between a Squar'e-well and a harmonic
oscillator potential. 33 Together with this, tHe introduction of a spin-
orbit interattion, usually written as f(r) S - T allows the determination
of sequences of nucleon energy levels which have the correct character-
istics in the vicinity of the nuclear closed-shell regions.

A nucleon level is designated by (nf) j, where n,f, and j are
the principal, orbital, and total-angular-momentum quantum numbers, |
respectively(Fig, 47) The intrinsic spin of a nucleon (proton, neutron)
is 1/2 sothat j=4£ =1/2. The degeneracy of each level is 2j + 1.

The following nucleon couéling pro_pertlies are observed: (a)

An even number of protons and an even number of neutrons couple
separately to give a resultant nuclear ground-state spin of zero. All
even-even nuclei are observed to have zero spih, (b) For nuclei with odd
n and even p or odd p and even n, the ground-state properties are
determined by the odd nucleons alone. In addition, the odd number of
nucleons couple in such a way that the angular momentum of the nucleus

" is that of the last odd nucleon. In the early part of the rare earth |
series, this model seems to be successful. This is supported by the
investigations here on58Ce18‘13]‘,59Pr1g§, andboNdlséfi?, These are tabulated

in Table XVIII, ' '
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Table XVIII. Summary of measured nuclear spins

Nilsson state of Prediction of

e

ERef.

70

z E K A Mesa'saured shell-model state beta-decay on
pin ’ spin and parity
Odd proton 0Odd neutron :
59 Pr 142 2 4d 5/2 5 7/2 2 P
RPES- 4 . -3 '
60 Nd 147 5/2 [5f 7/;] 5/2
61 Pm 147 7/2 [404] 7/2
62 Sm 153 3/2 [651] 3/2 or 3/2°
[521]13/2
64 . Gd 159 3/2 1521} 3/2 3/2 -4
65 Tb 160 3 [411]13/2  [521] 3/2 3¢
66 Dy 165 17/2 (633] 7/2 7/2 o
166 0
67  Ho 166 0 15231 7/2  [633) 7/2 0o- 8
68 Er 169 1/2 15211 1/2 1/2 - B
171 5/2 1521] 5/2 5/2 -
69 Tm 170 1 4111 1/2  [52171/2 1 -7
171 1/2 411t 1/2 1/2 + &
aA.lso measured with the paramagnetic-resonahce method(Ref. 41).
PRef. 31 BRet. 71
“Ref. 57 Ref. 72
dRes. 68 JRef. 73
"Ref. 69 'kRef. 74
fRef. 56 |
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A large number of the observed spias in nature are successfully treated
by this model. Also, we have found good agreement between our cal-

a , 4 , . 5
culations of the nuclear moments of Pr1 2 from the hfs and the estimates

based on this model.

B. Collective Model

In the region A ~25, 150< A < 190, and A >222, the nuclear shape
is observed to deviate conﬁderably from spherical symmetry. The
collective-model theory has been introdﬁced in order to attempt to g
-explain'many facets of these deformed nuclei. = This model assumes
that the nuclear core has an ellipsoidal shape which undergoes surface
vibrations and rotations about a nuclear symmetry axis usually-labeled
z'. The reflection-symmetry plane of the nucleus is perpendicular to
this axis and passes through the center of the core. The enérgies due
to surface vibrations are known to be high enough so that the gr.bund
state and first few excited states are not affected."

The rotation of the nuclear core is -represented by the angular
momentum ﬁ in Fig. 48-. The resulting rotation energi‘es are the so-
called rotational bands. In fhe zero_—ordér -appréxirnatio.n‘, the nuclear
Hamiltonian in this model contains a spherically-symmetric potential
V{r) together with the kinetic energy. In order to include the departure
of the nuclear shape from spherical 8ymmetry, a term proportional to
er Yg 6 is included, where & is a deformatior‘llparameter and Yg is the
second-order spherical harmonic. Also, the spin-orbit interaction
?‘ 7 is included together with an orbit-orbit interaction ?7 for nuc._leons
with high £. ‘

The last odd nucleon is then assumed to move about this deformed
core. The nucleon has angular momentum __]>, eri_ere_—_]'> =7 +5s. The
projections of the orbital and intrinsic spin angular momenta on the
symmetry axis z' are denoted by M\ and Z , respectively; and Q is the

andr
projection of j on this axis.
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In the I"str*ong-c:ou"pli_ng" 'appr'oxir‘natior_r, -where the spin_—ofbit cou-

- pling energy is treated as a perturbatioh, the good quantum numbers

- for the s‘pecification of a ni;clear state are [N nz"- Al ©, where N and
n_ ' are the total oscillator quantum_number and its component along -
z', respectively. @ie only degeneracy in each level is that due to = Q.
It is seen from Fig. 48 that the resultant nuclear spin is T =—j>+~f{.
Ho.\#ever, R is perpendicular to z' for the ground state so that the

,:::‘;grounvd—_state spin is I0 = . v’For two odd nucleons couplipg to a ground-
state spin, Gallagher and Moszkowski have proposed the following cou-
pling rules:76 (a) The Q's are added if the i'ntrihsic spins ére either

both parallel or both antipafallel to their respective orbitals. That is,

we have
IO = Qp + Qn
for
Qp = A,_p +1/2 andgnzAni 1/2.

{b) The resultant spin is the difference between the Q's if spin and orbit

are parallel for one nucleon and antiparallel for the other nﬁcleon{ Then

we have
I, = ] 2, - Qn‘
for |
Q, =A_lD *1/2 with Q@ =A% 1./2. '

‘In the Weak:—c‘oupling limit, the spin-orbit energy pred:ominates and
the nuclear energy levels, as expected, approach the 1evels_ in shell- -

model theory.

It is evident from Table XVIII that the mi:citear spins.of rare earthnuclei

with AY150 aresuccessfully treated by this model. The méasured spins
indfcate that the range of the deformation parameter in this region is
0.2 <6< 0.4 (see Figs. 49 and 50). . '

e
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APPENDICES

A. Matrix Elements of 2(3coszei-’1) in Tensor Form o o

The tensor C1:1 of rank k is defined by

ck = (-1)%(c-q)! /acra)]V/ P PP (cose) 9%, (67)

where the associated Legendre polynomials are
q
Py

These tensors obey the following commutation relations:
J Ck = qC
z q q.

[Ji, cla}z [k(k+l)-q(q:tl)} /2 ok

{cosg) = sian dq/d_.‘ (@osqﬁ P, {cose).

qxl.

In the definition of cl_;[Eq»,.(é'/)] , setk =2 and q = 0. This gives

CZO = PZ(COS B) = 1/2-(3 COSZG -1).

Therefore, in tensor operator form, we have

2

o) (68)

(3cos’e, -1) —> 2(C

_ 2
Let us make the definition Q%E z 2(C O)i
' i
The matrix element of this tensor operator connecting the states in-
dicated is '
J 2 J

(4" aSLIT | Q| ParsrLigg) = | (2™ asLI||Q™ || ParstLr .
: : | -3 0 I |
7 o2 I _ ' _
= n5(S,S')(-1)>H LTI [(z;r+1)(2J{+‘1)(2L+1)(2L'+1j1/2
R W R o » - |
L JS { L L 3 - " R )
) WU DWH[I e || . 169)
J L' 2 L' # , At ,
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The selection rules observed by noting the triangular conditions on the

first 6-j symbol in Eq. (69) are -
AL=0, 1, %2 and A J=0, %1, 2.

’ " ) )
The Kronecker delta 6(S,S') in Eq. (69) immediately imposes the
condition AS = 0 for the expression to remain non-zero. Thus there
are no off-diagonal matrix elements in S for this operator.

Because of the small adm1xture from the two H levels

9/2
(-0.152 and 0.064), the selection rules above indicate that the only

matrix element of interest is that which is diagonal in the ground level
419 2" The contribution t¢ the expectation value of Eq. (39‘) from
(210)(21) 9/2 enters as the square of the admixture coefficient

( 0.152) multiplied by the diagonal matr1x element of the state 2H

9/2’
The diagonal matrix element of Q is
(znaSLJJIQ' ,EnaSLJJ) = n(-1)°TIT2 L G5y 2L (70)
J 2 J\ (L 3 s - (¢ L T
. 1. k
' Z (-1) | o
-3 0 3/ UL o2) o L ¢ 2
R *
x (¢ {1 B° ]|l o,
where ‘ '
- 3.2 3
* R .
(2 “ Q |0 = -1 2e+1)
0 0 0
: Evaluating this for the ground level with Jz =J, we have
3 4, 3 4, ' ‘ ' '"
(f 9/2 9/2‘2(3cos 9-1) /2.9/2) | (71)
9/2 2 9/2 l6 9/2 3/2 3 6 3
= -(260/3) 2 ~
-9/2 0 9/2] [9/2 6 2 6 .3 2
, s s
+ 7
{5 3 2

]

-28/121 = -0.2314,
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This result is in agreement with Hin Lew's calculation Ab'ased.on the
single-particlé wave functions, ‘and that obtained using Nierenberg's
derivation [Eq.(15)]. The evaluated n-j symbols are listed in the
following Appendix.

B. Definitions of the n-j Symbols - .

The kets I ySLJJ ) may be expanded in terms of kets YSLSZLZ):
| ySLIT,) = %)(SLJJZI ss_LL_), | SLS L),

The Wigner 3-j symbol is defined in terms of this vector 'coupling
coefficient, (SLJJZ l SSZL»LZ)’ also known as the Clebsch-Gordan co-
efficient, by

S L J _ .
= (—l)S'L'Jz (2J+1)'1/Z (SL.J-J | SS LL ).
S L J . Z VA Z
Z Z zZ :

An even permutation of the columns leaves the value of the symbol in-
o : S
variant. An odd permutation corresponds to multiplication by (-1) -+-L+J.

Another notation used by Condon and Shortley is
_ _' S L J
' oy -S+L-7J
(SSZLLZ SLJJZ) = (-1) z S L -J
: z "z "z
The six-j symbol
a b e\
d < ff'
is the same as IR"acah'sz—func_gion except for a phase factor: |
a b e

a+b+c+d

= (-1) W{abcd; ef) o "

d c f
The numerical evaluation of these symbols by Rotenberg et al, uses
Racah's formula for W. The many symmetry properties of this symbol

are also discussed in the book by Rotenberg et al.27 o
. o
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This symbol is invariant under interchange of columns. Moreover,
it is also unchanged if any two numbers in a row are interchanged with

those directly above or below it.

The %riang&laf conditions on the 6-j symbol are denoted by T

N\ L { / ,{/\ : (72)
X—X X LXXX

.
(-x——x—x x
§
4
]x X x Clx x—x]

"The 6-j symbol usually occurs in the coupling of three angular
momenta. For example, one coupling scheme for the angulaf momenta

0;];1, ;j.Z’ ancbi";];3 is
J1 742531 thenjio tis =]

This is represented by the state (JIJZ) 31233 i

Another coupling scheme results in a state | (j1j3)j13 j2 i)
namely,

,:];l +’;]; 2';];13 ~ then ‘113_+;];2 =’i

The vector coupling coefficient between the two states is
CUydoliy,e dzd [ Uydghiyse J,0)
s g i, dy 3
it .
= (112NN (25 +1)(25,5+1)] ez Lo
I3 1 13

The 9-j symbol may be defined in terms of a sum over products: of

6-j symbols.
abc}, 2xeﬂ11x h d x f b x
d e ) = 4:‘_,{ (2x+1)(-1)

._g,hi' . h d g fbe‘/alc

(73)

Fano's }_(—functidn7.8 is exéctly‘the 9-j symbol, so that Eq. (73)
equals X (abc;def;ghi). .

g
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- The symmetry properties of this symbol are such that an even

permutation of rows or columns leaves the value unchanged. An odd

permutation introduces the phase (~-1')A,-5where A is the sum of all the

entries in the symbol.

the value unchanged.

A reflection about either diagonal also leaves

L

C. Evaluationsof the n-j symbols Used in the Calcula’cions27

{3/2 6 9/2

3/2 1/2 1
6 3
3 2
3 6 5
3 6 3

I
.

N

: 3 6 5 - ’ .
-1/2(7/130) 1/2 o ‘}h .:-Lﬁm2/13)§/2'
3/2 1/2 1
- =-1/3
1/2(21/715) \i/z 172 1 ./
3/10(3/22)1/ { } =-17/7(1/2145)1/2
1/2(11/273) t/2 i } :—1/2(‘1/66)1/2
1/ 6 1/2
‘ 2 - 6
1/6(5/2) %/2 9/2 . 1/11(21/26)

- N
5/2(1/858)}/2 < | > =2(1/105)}/2
- ' 0 0

0

} - _1/7(2/429)1/2 <'/2 Lo =3(1/1lo)1/2
_ -9/2 0 9/2
A 2 2 9/2 '.
? “1/2(1/26)'/? <‘/ / - =(3/55)1/?
_ . c9/2 0 9/2
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(3/2: 372 1]

{ 6 6 2} = 3/110'(’?/'26)1/3'
9/2 9/ 1| - B
3/2,.1/2: .

fe 5 2f = 3/2,20(7/5)1/‘2

losz 9/2 1

D The Electromagnetic Fields at the Nucleus due to TWO»Equivalentv_

- Electrons

1. Magnetic Field

RTudd79 has given tll('ie matrizf( element of‘a.‘general tensor product
K. T 1 U 2 , where T ! and U ".are tensor operators that act on

X
We use his formula to calculate the

parts 1 and 2 alone, respectively.

spin part of the magnetic field first,
- | J 13

(%sLIs | 2 (sc? | 2251 i35y = (21)7-7 3 2zae
b -3 0 T '
| S. 8! 1 | .
x{L L o2p e%s]|s Jlelsty el c? Jleten (74)
1l 7 1 I o |

For two equivalent electrons, it is seen from Egs. (35) and (36) in

reference 25 that

' | 3 s 1 s -
. @?s|s o5y = (-1)3.[(2.51»1) .(Zs-'wﬂ 1/ 2 i/:l/z (1/415"1/2)
| (75)
and | . ' ' ' ‘ O 2 1 o
j.(lleIEZ_"sz') = (-nt" [(ZL“WL'HJUZ»LJ{ " wllc e

T ,
: (76)
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with | o -

| L2 a

"""'?"(zl'\gzjlz'} = (-1 Bzzﬂ)(zz'fl)]'l/z (0 o o ) ‘

and | | ' v =
(sels |2 -2V | o

The matrix elements of the orbit part of N are

. ;71 g\ ?
’ . ool
i -3 03 -
5 51 g, . | |
X (2J+1) (£°L Z‘TI!E L'). (77

The last reduced matrix element is -

2

- L 1 L
L

(£

= 4.
. omi
i

1 - :
‘ 2Ly = -t [(2L+1)(2L.'+1)]1/2 |
. : ‘ L 1 1
-%(4 "”{ "l)
Therefore the total electronic matrix element of the magnetic field.
operator Nis obtained by combining. Eqs. (74) and (77) to give
2 12 . .
(1 SLJJ'N - 24 -(10)/2 (s¢?), | £%sLia). (78)
ore i,w‘ ..,_M. , .»

If the dipole constant a is measured in the level J, My is given by

a1y &3 |
24 (2 aJJ‘EIlE alJ),

'J‘I:

where the matrix element in Eq. (79) may include off-diagonal as well
as diagonal terms calculated from Eq.(78). The other quantum numbers -

necessary to specify the state aredenoted by a.
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1

Appendix A shows how 3 CQSZ Gi—l is converted to the tensor-
. . .2 '
operator form Z(C(Z))i' For the configuration, ¢ , the matrix element

of this operator is

(1%sLI13 j 2z (93)1 2281037y = 26(S, 8- 1) (2741)
N i
(1 23 | \, |
. . 14 Z .
d e Eehyfie, | (80)
L' S Lj 1 | | |

where the last reduced matrix element is given by Eq. (76).

Therefore the quadrupole. moment for this system is

o B) .
S - ; ~(81)
(% alI| 2 2(C) ‘1 aJJ) .
i

i

where the matrix element in Eq. (8]) is calculated from Eq. (80) for
the electronic eigenfu.nction, which may include higher levels perttirbing

the ground level.

E. Analytic Radial Wave Functions.

For numerical calculations it is very convenient to have an approx-
imate analytic expression for the wave functions obtained by the SCF

method. This also makes it possible to interpolate between such functions.

" A suitable form is the Slater-Lowdin approximat_:ion,so which for functions

of the 4f type (single maximum) is

-a)r -apr —a3r‘

e + c,€ + C

R(f) = r (c >

1

With three terms in this expansion, the agreement with the original wave

function is extremely good. For our purpose, however, we prefer to -

. use a two-parameter function and choose the symmetric form
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R(r) = N rn e—ar cosh « (4ar-n) = __}__ Nrn {e-xne-a(l—K)r+-ene—a(1+K)r
. S 2 (82)

For this function, the p081t1on of the maximum depends only on a, and " -

the other parameter, ¢ essentially determmes the shape. A funct10n of

this type fitted to the SCF wave functlon for Tm +3 ‘is shown in F1g‘ 51.

Similarly, Fig. 52 shows the function for Pr 3., One could easily deter-:"°

mine both parameters in Eq. (82) by interpolation or extrapolation
from existing SCF calculations, but we believe that more reliable
wave functions are obtainec} if one of the parameters is determined from
the experimental spin-orbit coupling constant. Since the shape of the
wave function changes vevry\little‘ from element to_element, we have
determined x by comparison with SCF wave functions and a from the
spin-orbit coupling constant. In the latter case we have used the-
Thomas-Fermi potential, which is accurate ‘enough for this purpose.
This potential is part1cular1y close to SCF potentials near the nucleus,
where the main contr1but10n to the spin- orb1t couphng or1g1nates -
(see Fig. 53). _ h - V
No SCI' calculations are available for any rare earth atoms but
. some have recently been‘ carried out for Pr+3 and Tm+3 ions. The
difference in shape between the 4f wave functions for these ions is very
small, and both correspond to a k value slightly greater than 0.4.
' Since one would not expect' the shape to differ much between the ions
and the atoms, th1s should be a reasonable value also for the atoms
This is in agreement with the value obta1ned by extrapolatxon from
heavier atoms like W and Hg. F1gure 54 shows the radial wave functions
for these .isotopes,

For the wave function (82) the following formula‘e are easily verified

- (subscript hy indicates hydrogenic value):

4 ‘i

©
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o - Pr3+(Z=59)
Ridley
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r (atomic units)

g Fige 52+ Radial wave functions for Pr*3.
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2n+l

.N2:(2a) . ! ’=_Nhy ’

, n) 1 Cont1 Cannl

< m> (2a)™(2n-m)l Gy g
(Zn . C2n+1

() = 1./2 [ r"‘“'?”‘ <> <I:_

where

=\r h T ,

2n+1

-2n & -s on -
C,=—|e (1-x)"° + 24+e (14 k)

“and
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