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Abstract of the Dissertation

Conformal Geometry and Prescribed Scalar Curvature on S?
By
Raymond Charles Watkin
Doctor of Philosophy in Mathematics
University of California, Irvine, 2021

Professor Jeffrey Streets, Chair

In this dissertation, we seek to understand prescribed scalar curvature through the gradient
flow of conformal metrics. On S2%, we will define a modified Liouville energy and derive a
geometric flow equation related to the energy functional. We will prove longtime existence
for solutions of this equation with arbitrary data through the methods used by Gursky and
Streets [6]. We will then show that Gauss curvature retains its regularity under evolution
through the flow assuming bounds on the Gauss curvature. We will finally show that the
solution is stable when converging to constant curvature if the initial curvature is close to

the geometry of S2.



Chapter 1

Prescribed Scalar Curvature Problem

and Background

1.1 Curvature of a Manifold

Let M be a smooth manifold of dimension n > 2, we will introduce the notion of curvature
on a manifold. For an in-depth development of smooth manifolds c.f. [I0] and for in-depth

development of curvature and related properties c.f. [9].
Definition 1.1.1. (Riemannian Metric) A Riemannian metric on M is a smooth symmetric

covariant 2-tensor field, g, that is positive definite at each point.

We call the pair (M, g) of a smooth manifold M and a Riemannian metric g a Riemannian

manifold.

Let p,q € M, in order to translate a vector from tangent space 1,M to tangent space T, M,

we need an additional structure on (M, g). [9] chapter 4
Definition 1.1.2. (Connection) For vector bundle 7 : E — M, let I'(E) denote the smooth
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sections of £ and let T'M denote the tangent

V :I(TM) x T'(E) — I'(E)

written (X,Y) — VxY such that

(a) vaH-ngY = va1Y + gVXQY

(b) Vx(aY1+0bY3) = aVxY) +bVxYs

and

() Vx(fX)=fVxY +(X[)Y

bundle of M. A connection in £ is map

The quantity VxY is often called the covariant derivative of Y in direction of X.

We need to add two restrictions to our connection. [9] chapter 5

Definition 1.1.3. (Compatible Connection)

For Riemannian manifold (M, g), a connection

V is compatible with g if for any vector fields X,Y, Z on M

VX<Y, Z> = <VXY, Z> + <Y, VXZ)

Definition 1.1.4. (Symmetric Connection)

for vector fields X,Y on M

VXY - VyX = [X, Y]

Here [X,Y] = XY — Y X is the Lie bracket.

A connection is symmetric (or torsion-free) if

Theorem 1.1.5. (Fundamental Lemma of Riemannian Geometry) For Riemannian mani-
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fold (M, g) there exists a unique connection on M that is compatible with g and symmetric.

This connection is called the Riemannian connection or the Levi-Civita connection. It allows

us to define the curvature of a manifold. [9] chapter 7

Definition 1.1.6. (Riemann Curvature Tensor) For Riemannian manifold (M, ¢g) with Rie-
mannian connection V, we define the Riemann curvature R tensor R : I'(T'M) x I'(T'M) x

T(TM) — T(TM) by

R(X, Y)Z - VXVyZ - VYVXZ - V[va}Z (].].].)

We also write

Rm(X,Y,Z,W) = (R(X,Y)Z,W) (1.1.2)

We will use the coordinate notation as well.

Rij = (R(0;, 0;)0k, Or) (1.1.3)

The Riemann curvature tensor contains all information about the curvature of M. Fortu-

nately for us, we can focus on a simpler quantity.

Definition 1.1.7. (Scalar Curvature) For Riemannian manifold (M, g) with Riemannian
connection V, scalar curvature, S, is defined by contracting the Riemann curvature tensor

R with respect to g, specifically

S = gijgkamjm (1.1.4)



On a 2-manifold, we define the Gauss Curvature by

K=:-5 (1.1.5)

Both K and S fully characterize the curvature of surface M. [9] page 144

1.2 Prescribed Scalar Curvature Problem

Let M be a smooth manifold of dimension n > 2. Given a smooth real-valued function f on
M, does there exist a Riemannian metric g on M such that the scalar curvature of (M, g)
is equal to f? This question is called the Prescribed Scalar Curvature problem and will be

hereby referred to as the PSC problem.

The PSC problem is related to the Yamabe problem, which asks if for a given smooth
Riemannian manifold (M, g), does there exist a conformal metric ¢’ such that the scalar cur-
vature of (M, ¢’) is constant. Yamabe sought to prove the Poincaré conjecture and thought
this problem would be an intermediate step. While Yamabe’s proof was incomplete, the

Yamabe problem has been affirmatively solved. [2] chapter 5.

1.2.1 History of Problem

The prescribed scalar curvature problem has been solved for some conditions. Although
these results are not directly related to the work in this dissertation, we will briefly survey

some of them.

The following three theorems are due to Kazdan and Warner. Through these theorems, they

effectively solve the scalar curvature problem for manifolds with dimension 3 or greater. [7]
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c.f. [2] chapter 6

Theorem 1.2.1. Let M be a C* compact manifold of dimension n > 3. If f € C*(M) is

negative somewhere, then there exist a Riemannian metric with scalar curvature f.

Theorem 1.2.2. Let M be a C°° compact manifold of dimension n > 3 which admits a
metric with positive scalar curvature, then for any f € C>®(M), M admits a metric with

scalar curvature f.

Theorem 1.2.3. Let M be a non-compact manifold of dimension n > 3 that is diffeomorphic
to an open submanifold of a compact manifold. Then for every f € C*°(M), there exist a

Riemannian metric on M with scalar curvature f.

When the dimension of M is equal to 2 the problem is more difficult, but nonetheless follows

the same classification regime suggested by the theorems above.

1.2.2 Conformal Metrics

For Riemannian manifold (M, go), a conformal metric is a Riemannian metric ¢’ on M such

that for some positive function h on M

9 = hgo (1.2.1)

We call the set of metrics on M that are conformal to go the conformal class of (M, go). It
is easy to see that a conformal class is an equivalence class.
There are different conventions for representing conformal metrics and classes, but we will

identify a function v : M — R with a conformal metric g, given by

Gu = €2 g (1.2.2)



We will denote the conformal class of go on M by [go]. That is

[90] = {gu = €*g0 | w € C=(M)} (1.2.3)

In this dissertation we will work on a compact Riemannian surface (M, go) of genus 0. We

also assume M is boundary-free manifold. Any such manifold is homeomorphic to S2.
The surface (M, go) has Gauss curvature K, which we will assume is positive.

We are interested in the metrics in [go] which preserve positive Gauss curvature so we intro-

duce

[T ={9.= €90 € [90] | Ku = K, >0} (1.2.4)

to denote the space of these metrics following the notation laid out in [6].

Since length, angles, and curvature are defined through a Riemannian metric, we would like
a means to compare these quantities on M with respect to a conformal metric g, to the
background metric go. It is easy to show that conformal transforms preserve angles between
vectors. The curvature is not invariant, but K, is related to Ky by the following formula.

[6] sec. 3, pg. 7 and c.f. [2] pg. 196

Proposition 1.2.4. (Gauss Curvature Equation) For g, = €*“go, the Gauss curvature of

Riemannian surface (M, g,), K, is related to Gauss curvature of (M, go), Ko, by the formula

Ku = 672U(KU — A()U)

Remark 1.2.5. Throughout this dissertation, A will denote the Laplacian with respect

to metric g,. We will use Ay to denote Laplacian with respect to metric go. Notice that



A= 672’“A0.

Similarly we will use (-,-) to denote the inner product and | - | to denote the norm with
respect to metric g,, while (-,-)g and | - |o are with respect to the background metric go.

Notice (-, ) = €2u<‘7 o and |- | = €2u’ o

Remark 1.2.6. We will be integrating with respect to both the background metric gy and
the metric g, throughout this dissertation. We will denote their respective area measures as

dAy and dA,. For local coordinates (z!, 2%), they are related by

dA, = +/|det g,| dz' A dz? (1.2.5)
= /(e2)2| det go| dx* A da?
= e?\/|det go| dz' A dz®

= 62u dAO

1.3 Prescribed Scalar Curvature for Conformal Metric

on Surfaces

Since scalar curvature completely characterizes the curvature tensor on a two dimensional
manifold, the prescribed scalar curvature problem is a greater interest on a surface. [9] page

144

Given a Riemannian surface (M, go) and a real-valued function f on M, we wish to find
a metric g so that the scalar curvature of M with respect to ¢ is equal to f. Instead of

considering metrics from the entire set of Riemannian metrics on M, we wish to prescribe

7



curvature only considering metrics g conformal to go.

From the Gauss Curvature Equation we see that for n = 2, this problem is equivalent

to solving the PDE

Koy — Agu = fe*" (1.3.1)

We briefly survey some results pertaining to prescribed scalar curvature for conformal metrics
on surfaces. The results fall into distinct categories depending on the sign of the background

scalar curvature.

First we consider manifolds where the scalar curvature of the background metric is negative.
To state the result, we must first introduce the Yamabe functional as in [2] chapter 5, page

150

Definition 1.3.1. (Yamabe’s Functional) On Riemannian manifold (M", g) with scalar cur-
vature S(x).

Forn >3, let N = %, for 2 < ¢ < N, Yamabe’s functional is given by

10) = [15=5 [ [vok v+ [ @ av]ipel;? (1.3:2)

We also define

p1g = inf{Jy(9)|¢ € H'(M),¢ > 0,¢ # 0} (1.3.3)



and

= N (1.3.4)

We have the follow results is due to Aubin. c.f. [2] chapter 6, page 197

Theorem 1.3.2. Let (M",g) be C*-Riemannian manifold with u < 0 and n > 3 and
assume scalar curvature S, is negative. Gien C™ function f < 0, there exists a unique

conformal metric with scalar curvature f.

This result can be strengthened for n = 2. |2] page 203

Theorem 1.3.3. For (M2, go), if [ is negative somewhere and f < C' for some positive C,

then there exist a conformal metric with scalar curvature f.

In the case where we have background scalar curvature of zero. [2] page 204

Theorem 1.3.4. Let (M?,g) be a Riemannian surface with S, = 0, then a smooth function

[ is the scalar curvature of a conformal metric if and only if f changes sign and [ f dA < 0.

We will be dealing with the sphere S?, which has positive scalar curvature under the standard
metric, for the remainder of this dissertation. We will however give one result about another

manifold with positive scalar curvature first.

The following theorem is due to M.S. Berger and J. Moser. [12] c.f. [2] page 209

Theorem 1.3.5. For the real projective space, (RP?, g), any smooth function f on RP? with

sup f > 0 s the scalar curvature of a metric conformal to g.



1.3.1 Nirenberg Problem

From here on we will focus our attention to a special problem related to the general prescribed

scalar curvature problem for conformal metrics.

The Nirenberg problem poses the following: Given a positive smooth function h on (52, go),
is h the Gauss curvature of a metric g conformal to go? Here gg is the standard metric on

the sphere with Gauss curvature 1. We will also assume h is close to 1. [2] page 230

By the Gauss Curvature formula solving the Nirenberg problem is equivalent to solving

the partial differential equation

he* =1 — Agu (1.3.5)

The following theorem is due to Moser. [12], c.f. [2] page 232

Theorem 1.3.6. On (S?, go), let f € C>®(S?) be a function which is invariant under the
antipodal map, i.e. f(x) = f(—x) for all v € S?, then f is the scalar curvature of a metric

conformal to go.

1.4 Our Contributions

In this section, we will briefly summarize the contribution to the Nirenberg problem which

we make in this dissertation.

In chapter 3, section 3.2.2, we introduce a modified version of the Liouville energy in definition

10



where we define the symbol

” . f €2u f dAO
_ fo dA,
fo dAy
for f € C>(M) with f > 0.
We also define
- K, dA,
K, = (ffw)f (1.4.3)
M u
4
LT i,

The term K, is the mean curvature weighted by f. We will see that &, is the value for the

Gauss curvature at which the flow equation is stationary.
From our functional G, we will derive the inverse Gauss curvature flow equation [3.2.1]

ou K, - K,
5= (1.4.4)

This is the main geometric flow which we study. We will simply call it the flow equation.

11



We will show that for Ky > 0, any solution to |3.2.1] exists for all time as stated in Theorem

B.2.17

Theorem 1.4.1. For compact Riemannian manifold (M?, go) with Ky > 0, the solution to

the flow equation |3.2.1| exists for all time.

In chapter 4, we will show that Gauss curvature K, retains regularity in all of its derivatives

if we assume that for some A > 0 for some C7,Cy > 0

1
’vKuP S Ol

’v2Ku|2 S 02

We will prove Theorem and Corollary

Theorem 1.4.2. Let u be a solution to flow equation that satisfies[1.4.5, then for all order

1 there exist some constant C; such that for large t

(1.4.6)

The constant C; depends only on the lower order derivatives, Cy, C1, and \.

Corollary 1.4.3. Let u be a solution to flow equation that satisfies[1.4.5, then for all order

i, there exist some C! depending only on the lower order derivatives, Cy, C, and X such that

IV'K,|* <] (1.4.7)

12



Remark 1.4.4. We notice that each V'K, is pointwise bounded as a consequence of Corol-

lary

In chapter 5, section 5.2, we will show that the solutions of the flow equation are stable when

f = 1. Specifically under the assumptions that for some § > 0

ul <6 (1.4.8)
|K,— 1] <06
|Vu| <o

VK, <o

we can prove that u decays exponentially to 0 in some cases, as given in Theorem

Theorem 1.4.5. For u satisfying the flow equation such that ||u—u||p2 decays exponentially,

there exist some 0 > 0 such that if the assumptions are satisfied then for all integer

1>1
IV ul[72 (0 g0y < Aie™ P (1.4.9)
for some A;, B; > 0.

By Corollary [5.2.6] we have exponential decay for antipodal invariant solutions to the flow

equation.

Corollary 1.4.6. Let u be an antipodal invariant solution to the flow equation then

there exist some 0 > 0 such that if the assumptions are satisfied then for all integer

13



IVoul[Z2001 ) < Aie™ P (1.4.10)

for some A;, B; > 0.
In future work, we would like to prove results similar to Theorem without assuming

f = 1. This will allow our method to be applied to a broader class of prescribed scalar

curvatures rather than only constant scalar curvature.

14



Chapter 2

Analytic Tools

We will outline some tools from geometry and analysis which we will use throughout this
dissertation. This material will be familiar to anyone with significant experience in geometric
analysis and may be skipped or referred back to at the pleasure of the reader. This is called

Green’s Identity, it is the analogous integration by parts on manifolds. [9] page 44

Theorem 2.0.1. (Green’s Indentity) For a compact, connected, oriented Riemannian man-

ifold (M, g), for u,v € C*°(M) we have Green’s Identity

/ uAv dV+/ (Vu, Vv) dV—/ u Nv dV (2.0.1)
M M oM

where Nv =Vuv-N and N s the outward pointing unit normal vector of OM.

For this dissertation, we will be working on closed manifolds, hence OM = () and

/]V ulAv dV = — /M<Vu, Vu) dV (2.0.2)

1
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We define differential operators which we will use later. [5] chapters 6, 7 and [2] ch.3, sec. 6

Definition 2.0.2. We define a (time dependent) differential operator

Fu=— Z a"? (z, ) Ug, 2, + Z V' (z, t)uy, + c(z, t)u

.3

Here each coeffecient a1/, ¢ is a function.

We call E a uniformly elliptic operator if there exist some # > 0 so that

> a (@, tynim; = 0y

1]

for all z and ¢ in the domain of a*’ and all vectors n

An operator of the form

ou
Pu=—+F
U 8t+ U

is called a parabolic operator when FE is a uniformly elliptic.

Remark 2.0.3. It is immediate that the Laplacian £ = —A is a uniformly elliptic operator.
In fact, if a(x, t) is a positive function bounded away from zero, then £ = —aA is a uniformly

elliptic operator.

We will be using elliptic and parabolic operators to justify estimates of functions, the Scalar
Maximum Principle is an important tool for this and we will use it throughout this disser-

tation. [I] page 99 and [2] page 130

Theorem 2.0.4. (Scalar Mazimum Principle) Let L be a parabolic operator such that

Lu = %—? + Fu — F(u,t) where where E is a linear uniformly elliptic operator and F(u,t) is

16



a continuous function in t and locally Lipschitz in u.

Suppose u is C* and satisfies Lu < 0 on M x [0,T), and u(z,0) < ¢ for all x € M. Let ¢(t)

be the solution to the associated ODE:

do

= = F(o,1) (2.0.3)
$(0) =c

then
u(z,t) < o(t) (2.0.4)

for allx € M and allt € [0,T) in the interval of existence of ¢.

We will use this version more often than the alternative version where all inequalities are

reversed.

The Comparison Principle is closely related to the Maximum Principle and will be used

frequently as well. [I] page 98

Theorem 2.0.5. (Comparison Principle)
Suppose u and v are C? and satisfy Lv < Lu on M x [0,T) and v(z,0) < u(z,0) for all

x € M, then

v(z,t) <u(z,t)

holds on M x [0,T).

17



Here L is the same parabolic operator as in Theorem [2.0.4)

We will define Hélder and Sobolev Spaces. Both are common spaces encountered when

studying partial differential equations. [5] ch. 5, [2] ch. 2

Definition 2.0.6. (Holder Norm) For open set U C (M", go), if u : U — R is bounded and

continuous, we write

|ullooy = sup u(z)) (2.0.5)

zelU

For 0 < v <1, we define the y-Holder seminorm of u by

where dj is the distance function given by the metric go.

We define v-Hélder norm by

[ullcon@y = [lulle@) + [Wlcor@) (2.0.6)

Definition 2.0.7. (Hélder Space) The Holder Space C*7(U) is the space of all u € C*(U)

such that the norm

lulleer@y = Y (IVullo@y + > [V ulcon @ (2.0.7)

la|<k |a|l=k
is finite.

Remark 2.0.8. It is straightforward to check that C*7(U) is a Banach space.

Definition 2.0.9. (Sobolev Space) For open subset U of M™ and positive integers k, p, the

18



Sobolev space is the set of functions
WP (U) ={u:U = R|u e L, (U), Vou € LP(U) for |a| <k} (2.0.8)

here « is a multi-index.

WHP(U) is a normed space with Sobolev norm

1
ey = (3 [ (9l de’ (2.09)
laj<k 7V
When p = 2, W*? is frequently denoted by HF.

Remark 2.0.10. It is straightforward to show W#? is a Banach space. H* is a Hilbert

space.

There are several theorems which are sometimes called the Sobolev inequality. Roughly
speaking, a Sobolev inequality bounds the norm of a function in one Sobolev space by its
norm in another. This allows one to embed one Sobolev space into another provided certain

assumptions are met.

We will state one which we will use in this dissertation. When we use the next theorem,

p=2, k=2, and n = 2. [5] page 286-287

Theorem 2.0.11. (Sobolev Inequality) For U a bounded open subset of M™ with C' boundary

and u € WkP(u) with k > o then

< Ollullwr.r (2.0.10)

19



where

[%] +1— % % 18 not an integer

v={
any positive number <1  [%] in an integer

We will be using the case where p =2, k = 2, and n = 2 and have

|l Loy < [|ullgom @) (2.0.11)

< Cllullr2w)

This next theorem is often called the Poincaré¢ inequality. [5] page 292

Here u = f}f“ av

T is the mean value of v on U.
U

Theorem 2.0.12. (Poincaré Inequality) Let U be a bounded, connected, open subset of
(M, g) with a C* boundary, then there exist a constant C, depending only on n, p, and U

such that

lu = ul[roy < Ol V@)

for each function u € WhP(U).

Remark 2.0.13. On a closed manifold (M, g), we have
[lu — a2 < M[Vul|L:

where A can be chosen to be the reciprocal of the smallest nonzero eigenvalue of A. If u is

orthogonal to the first nontrivial eigenspace then A\ can be taken to be the reciprocal of the

20



next eigenvalue. This is sometimes called the sharp Poincaré inequality.

We will use the next inequality ubiquitously. We will call it the Arithmetic-Geometric Mean

Inequality. [5] pg 708

Lemma 2.0.14. (Arithmetic-Geometric Mean Inequality)

1

1
bl < Za? + Zb? 2.0.12
jabl < Sa® + (2.0.12)

In fact, in general for e > 0

1 €
bl < —a? 4+ —b? 2.0.1
jab] < -0 + 5 (2.0.13)

We we also use a generalization of the Arithmetic-Geometric Mean Inequality, called Young’s

Inequality

Lemma 2.0.15. (Young’s Inequality) For e > 0 and % + % =1

P 1
IAB| < S|AP + —|B|" (2.0.14)
p qe?

The next theorem is known as the Moser-Trudinger inequality for S?. [11]

Theorem 2.0.16. (Moser-Trudinger Inequality) For smooth function u on S* satisfying

conditions

/ Vul? dA <1 (2.0.15)
S2

/ udA=0
SZ

21



then there exists a constant C such that

/ e dA< C (2.0.16)
SQ

This next theorem is due to Michael Struwe. [I3] Theorem 3.2
Theorem 2.0.17. (Struwe’s Theorem) Let g, = e**"gy be family of smooth metrics on M

with unit volume and bounded Calabi energy, i.e. for some C' > 0, for alln

Ca(.gn) = |Kun - K0| dAun <C
M

then either
i) sequence {u,} is bounded in H*(M, go)
or

ii) There exist xy,...,x, € M and subsequence {u,, } such that for any R >0 andl=1,...,L

lim inf | K, | dAy, > 2
Br(x)

We will use the Evans-Krylov Theorem, proved independently by Evans and Krylov. [4] and
18], c.f. [3]

Theorem 2.0.18. (Evans-Krylov Theorem) For u, a smooth solution of a uniformly parabolic,

fully non-linear, convex equation
F(D*u) = 0 in the unit ball B; C R" (2.0.17)
then

ullc2a(B, ) < Cllullcris,) (2.0.18)
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with C' depending on ellipticity of F'.

We will make use of Interior Schauder Estimates. [2] chapter 3, page 88

Theorem 2.0.19. (Interior Schauder Estimates) For linear second order, uniformly parabolic

operator L with Holder continuous C“ coefficients then

lulleze) < C[[Lulloa + ||ul|ze) (2.0.19)

We will use the Gauss-Bonnet. [9] page 167

Theorem 2.0.20. (Gauss-Bonnet Theorem) For a Riemannian surface (M, g) with Gauss

curvature K, and Euler characteristic x(M), if M is compact and oriented, then

/ K, dA; =2mx(M) (2.0.20)
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Chapter 3

Energy Functional and Flow Equation

We wish to consider a one-parameter family of functions {u; | t € [0,7)} on M by which we

will perform a conformal change to metric gy given by
Gue = € g0 (3.0.1)

As it is conventional, we will think of the variable ¢t € [0,7") as "time" and the x € M as

"space". We therefore write u(z,t) as a function of both space and time.

We seek a differential equation by which u; will evolve in time. We will then seek to show

that the solution to this equation exists for all time.

Remark 3.0.1. We will frequently use of notation @ = %. The notation u; does not refer

to a derivative with respect to t. We write ug = u(z,0).

The approach in this chapter is based on the approach taken in [6], section 6.
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3.1 The Energy Functional and its Properties

We introduce the Liouville energy

Definition 3.1.1. (Liouville Energy Functional) The Liouville energy functional is given by

Ju) = [ |Vul2 dA0+2/ Kou dA, (3.1.1)
M

M
Remark 3.1.2. The Liouville energy is analogous to Yamabe’s functional for dimension 2.
Remark 3.1.3. We see that J[u] is well-defined for a compact manifold M.

Remark 3.1.4. We use Ky to denote Gauss curvature with respect to go. This is not the

same as K, the value of curvature at time ¢ = 0.

We will modify this functional to fit our problem. Specifically we wish our functional to be

scale invariant. For any constant c, we see that
Jure = € gy = €*€®gy = Cy,

For this reason, we want functions u and u + ¢ to have the same energy value.

We introduce notation for a normalized integral with respect to a smooth function f. We
will see that the function f, once weighted properly, will be the value to which the curvature

of M will flow towards under the flow equation which we will derive shortly.

Definition 3.1.5. For a fixed f € C*°(M) with fo dAy < oo and f > 0. We define the
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normalized integral by
f62u f: fMeQu f dAO
S vt dAg
_ Ju S dA
fM fdAg

Here we introduce our notation

Definition 3.1.6.

Bu:/fdAu and Boz/fdAO

Remark 3.1.7. We have

We consider the normalized functional

Definition 3.1.8. We define the functional G : W1? — R by

Glu] = / |Vul2 dAg+2 | Kou dAg — (/ Ko dA) log(][ e*| f)
M M M

Remark 3.1.9. This functional is normalized in the sense that

G[U+C] :/ |VOU|g dAQ+2/ Kou dAO —I—QC/ K() dAo
M M M

iy /M Ko dAg)(2c + log /M Fe dAg) — log /M F dAy))

= G[u]
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as desired.

Remark 3.1.10. We note the GJu] is well-defined since

/f e dAy < (/ & dAO)%(/ e dAg)? < oo (3.1.5)

where the first inequality is due to Cauchy-Schwarz and the second is due to Moser-Trudinger

inequality, Theorem [2.0.16

We will need the derivative of J[u]

Proposition 3.1.11.

J (v) = 2/MUKU dA, (3.1.6)

Proof.

(J)u(v) = %J[u + sv]
d

" ds

(3.1.7)

s=0

/(|Vu + sVl + 2Kou + 2sKqv dAy)

s=0

= 2/(Vu, VU>0 dAO + 2/ K()?J dAo
M
== —2//UAQU dAO + 2/ KOU dAO
M
=2 /(KO — Aou)v dAO

:2/1)Ku dA,
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The next step is to compute the derivative of G[u]. We introduce the term K, which we
think of as the mean curvature normalized by f. In fact, we will see that K, is the value for

the Gauss curvature at which the flow equation is stationary.
Definition 3.1.12.

-y K dA,
Ko = ﬁ]f dA,
X(M)
Jur [ dA

)f (3.1.8)

=2rf

_Arf
=5

Here x (M) is the Euler characteristic of M. Since we will be working on a topological sphere,

we have y(M) = 2.

Proposition 3.1.13.

G |v] = Z/Mv(Ku — K,) dA, (3.1.9)

Proof. Since

Glu] = Ju] — ( / Ko dA0> (log(][ 2t

we have

n)

f)

! ! d u Sv
GIv] = J.jo] — ( / Ko dAo)E B log(][ ¢2ut?
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We calculate

log(][ €2u+25v
s=0

d

ds

D=
[ 2ve?v e f dAg
- T2 e [ dA,
_2fv e?t f dA,
[ fdA,

s=0

and

fU €2u f dAo fKO dAO /
K dA = dA,
/ 0 0 e fdA, [ fdA, of

:_QM/W@ JA,

J [ dA,

= —2/1}[(“ dA,

where the second equality is the result of the Gauss-Bonnet Theorem [2.0.20

We have the derivative of J[u] from Proposition [3.1.11| and this yields

G [v] = Q/M v(K, — K,) dA,
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3.1.1 Formal Inner Product

Proposition [3.1.13| will motivate the definition of a formal inner product on C*°(M), the

space of real-valued, smooth functions on M.

We define an inner product on C*°(M).

Definition 3.1.14. For v,w € C>(M)

(v,w) = / vw K, dA, (3.1.13)
M

Proposition [3.1.13| can be rewritten as

Go] = Q/Mv(Ku _R,) dA, (3.1.14)

This will motivate our focus on the flow equation in the next section.

3.2 Flow Equation

We see from the variation equation for G/, that we can show the existence of gradient flow

by proving a partial differential equation has a smooth solution.

We will call the following equation the inverse Gauss curvature flow equation or simply the

flow equation. It will be central for the remainder of this dissertation.
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Definition 3.2.1. (Inverse Gauss Curvature Flow Equation)

ou  K,— K,

—_— = 3.2.1
ot K, ( )
Now since curvature with respect to metric g, = e?“g is given by
Ku = 6_2U(K0 — Aou)
and we have
- Am f
K, =
B,
the equation becomes
ou K,
—=—-1 3.2.2
ot K, (3.2.2)
4 ef
S —
Bu KO - A()U

3.2.1 Evolution Equations

This section is devoted to a large handful of computational lemmas. They are not very
interesting on their own but will be important later in proving key theorems in the next

section.
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Lemma 3.2.2. Let u be a solution to flow equation then

ou Ku 2[5—11, _ou KOKU
—=—=Au—1+ K, e K2

- . N
——Au = F[K — e K| (3.2.3)
. Ku _QuKOKu
"k, ¢ K2
so then using flow equation we have
ou K K,- K, K KoK
ST UAy = T T e 3.2.4
ot K:? " K, + K, € K2 ( )
oK, KoK,
and hence
Ou _ Kupny _ 1+ e 3.2.5
ot K2V i, K2 (3:2.5)
as desired. O]
Lemma 3.2.3. Let u be a solution to flow equation then
K,
(3.2.6)

aK —2(K, — K,) —A(?)

at
. in Af 87 (V] VE) [VEJ? . AK,

_ Ry Ky — 22l STVEVE) o
K= K) = g+ B K K3 MR
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a 0 —2u
o= o M = Agu + Ky (3.2.7)

= —212672“[—A0u + Ko] — 672UA0’L'L

= —2uk, — Au

=

= —2(K. — K.) = A(T)

u

=

We now compute A(%) using normal coordinates
u

K, K,
A() =V V() (3.2.8)
K,VK, - K,VK,
= V( 702 )
VK, K,VK,
K,AK, — (VK, VK,) KV(K,VK,)—2K,K,(VK,,VK,)
- K3 - K}

AK, (VK, VK, 1 . . s |[VK,?
= St - e — (VK VK,) + K,AK,) + 2K, i3
_AK, _(VK, VK, KAK, - VK,
= X —2 /2 e + 2K, e
_dmAf 8t (VIVE) o VK o AK,

- B,K, B, K?2 YOK3 Y K2
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We rewrite the the equation as

0

9 81 (VI,VK,) . VK[ dr Af
ot

K 5
Ky — Supnge, - STV VR o _ 9R, - Z2) ok,
K2 B. K2 i3 B. K, |

We denote the left-hand of Equation side by operator H acting on K, i.e.

0 K, 8w (Vf,VK,) . |[VEK,|?

(3.2.9)

(3.2.10)

We see H is a parabolic operator and removing the negative term from the right-hand side

attain
~ At Af
H(K,) = —2K, —L 12K,
(Ku) B K.
A Af

T2 4ok,

STBE,

< — 42K,

We will write ¢(z) = ¢ + 2, so we have

H(K,) < ¢(Ky)

(3.2.11)

(3.2.12)

Proposition 3.2.4. Let u be a solution to flow equation then K, has sub-exponential

growth. Specifically there exist numbers Py, Py so that

KUSP1+P2€2t
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Proof. Let function v(t) be the solution to ODE

—v(t) = o(v) (3.2.14)

where ¢(z) = ¢ + 2.

T

Let Hy = H — ¢. We see that Hj is a parabolic operator and from inequality [3.2.11] we have

for u be a solution to flow equation [3.2.1]
By the Maximum Principle (Theorem [2.0.4]), we conclude

sup K, < v(t) (3.2.15)

To show the growth of K, is sub-exponential, we assume v(¢) > 1, then

V() <a+2v (3.2.16)

We can solve the ODE

w'(t) = a+ 2w (3.2.17)

w(0) =P
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to find

w(t) = P1 +P2€2t

for some P, and Ps.

We know v'(t) < w'(t) and assuming that P > sup, oy v(,0) , we have v(t) < w(t) and

K, < P, + Pye*

as desired. m

Lemma 3.2.5. Let u be a solution to flow equation then

0,1 K, 2 1 /K,
U S SR 3219
Proof.
0,1 1 0K,
()= —— 2.1
AV K2 ot (3.2.19)
— —75(—2@}( — e 2 Agtt)
1 o
= _E(Q(Ku Ku) - A(_))
K, 2 1 K,
“*r Tk Tt g
[

Lemma 3.2.6. Let u be a solution to flow equation and G be as in definition
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then

dG (47)? f?
— =81 —2—F [ == dA,
a B /M K,
Proof. Using Proposition [3.1.13| and Equation [3.2.1] we compute

4G _ i) = / WKy — K) dA,
i y

2
:47r 47T/fdA

Lemma 3.2.7. Let u be a solution to flow equation then

B{t) = B(O) expf{ ;- (Glu(0)] — Clut)])}
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Proof.

dB() 2/ ue* f dAg (3.2.22)
dt M
K,
=2 [ (1427 dA,
=B(t)(—2+ 2 “f dA,)
B 8T 1,
=B(t)(—2+ B0 /M Kuf dA,)
dG
T
We used Lemma |3.2.6|in the last step. O]

Lemma 3.2.8. Let u be a solution to flow equation then for u at all t
M M

Proof. We know

Glu] = /M (IVul2 + 2Kou) dAg — ( /M Ko dAy) log(][ e f) (3.2.24)

= / (|Vuls + 2Kou) dAg — 4n(log B, — log By)
M
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By Lemma [3.2.7]

/ (|Vuls + 2Kou) dAg = Glu] + 47 (log B, — log By) (3.2.25)
— Glu] + 4x(log By + ﬁ((}’[uo] ~ Glu]) — log By)

= G[Uo] = / (|VUO|3 + 2KOU0) dA()
M

]
Lemma 3.2.9. For solution u to the flow equation|5.2.1
inf w>infuy—t (3.2.26)
Mx{t} M
Proof.
ou K, — K,
T T 3.2.27
ot K, ( )
_ K 1>-1
B K’lt -
The result follows from the Comparison Principle (Theorem [2.0.5)). O

3.2.2 First Results

We are now ready for our first bounds concerning u of real significance.

Proposition 3.2.10. Let u be a solution to the equation then there exists constant C,
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depending only on ug and M, such that for all t for which u exists, we have
IVullZ2(arg,) < C(1+1) (3.2.28)
Proof. By Lemma and Lemma [3.2.9

IV(0) aar gy = /M(|vu|g 2K — 2Kou) dA, (3.2.29)

:/ (IVul2 + 2Kou) dVO—QKO/ w dA,
M

M

M M
<(C-—-Cinfu
M

<C(l1+1)

[]

Proposition 3.2.11. Let u be a solution to the flow equation on [0, T), then there
exist constant C, depending only on uw at t = 0, T, and M, such that for all t for which u

exists, we have

sup |u| < C (3.2.30)
Mx[0,T)
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Proof. Since K, is positive,

/ |K,| dA, = / K,e* dAg (3.2.31)
Br(zo) Br(zo)

< C €2u dAO

Br(zo)

< 0[/ et dAO]%[/ 1 dAo]
Br(zo) Br(=o)

< CR| / e dAg)2
Br(zo)

(SIS

We used Hélder’s inequality for the last line.

We denote

_ Ju v dAo
[y d4o

Ug

that is the mean value of u with respect to the background metric go.

After some manipulation, we use the Moser-Trudinger inequality [2.0.16[ to see

/ e dAy < et / eMumm) g A, (3.2.32)
Br(z0)

Br(zo)

< 64ﬁ0/ o3 (=)’ +5¢ dAy
Br(zo
= €4u0€§/ e3(u=m0* g A,
Br(zo)

<C

We choose € > 0 to be small enough so that may use the inequality.
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Now for small R, we have

/ K| dA, < CiR < 27 (3.2.33)
Br(zo)

We now use the Theorem of Struwe [2.0.17| to conclude that u is bounded in H*(M, go), we
then use the Sobolev inquality, Theorem [2.0.11] to conclude w is uniformly bounded. O

Proposition 3.2.12. Let u be solution to flow equation on [0,T), then there exists

constant C' = C(T,ug) such that

1

— < 2.
& =C (3.2.34)

Proof. We let the parabolic operator H;, = % — %A act on ¢ = % + Au for some A > 0

we will choose later.
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We use Lemma 3.2.3 to evaluate

K.. 0 K. K, K,
HZ(E) = &(E) - ?SA(E) (3.2.35)
= E(a uw) = @(aff’u) - EA(E)
1.0 .. K, 0 K,
= E(a uw) — E(EK“ + A(E))
1,0 .. K, .
- E(a U> - @(_Q(Ku - Ku))
1,0 Koo, . K,
= E(aKu) + 2<E) - 2<E)
K., B, . K,
= E[—(B—u) + QE -2
For the last line, we computed
0 -~ 0. 1 . Bl
5 e = CfE(B_u) == u(B_u>
where
0 ou
B ==B,=2] —fdA
vooot /M atf da

We observe that B, =2 [}, %f dA, < Cy [, f dA, = B, for some Cy and thus % < Cy.

By Lemma [3.2.2]

K, KoK,
HZ(U) =—-1+4+ 2? — €—2u IO(Z
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Putting the parts together and estimating, we get

K,
K B K, K KoK
U (U 9 9l Al 9t p2ul0
Ku[ (Bu)+ K, J+A=1+ K, © K2 ]

_— / ~ ~ ~ ~
= KK Ku(*) + 2K, - 2K,'K, — AK? 4 24K K, — Ae " K,K|

u

< K?[CK, +2C + ACK, — §A]

We choose C' so that Ku, KuQ, Cy < C and ¢ so that —e 2*K,K, < —0 and assumed A > 1
We want CK, + 2C + ACK, — 6A < 0, we assume K ! attains a large maximum so that

K;' > % then 264K < A and
CK+2C+ACKu—5A§CKu+QC—Ag<0

for large enough A.
By the Comparison Principle (Theorem , @ is bounded and therefore K ! is bounded
as desired. O

These next two lemmas will be used to prove Proposition |3.2.16] which gives a uniform

bound for the Hessian of w.

Lemma 3.2.13. Let u be a solution to flow equation then

2K,

0 K,
a|Vu|g < ﬁA‘VU% ~ gz |Vouls + Ci(|Vuls + 1) (3.2.37)
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Proof. We calculate

Now

VKU = V[€_2u<KO - Aou)]
= G_QUV(KO - Aou) + (K() — Aou)(—Qe_Z“)VU

= —e MV (Agu) — 2K, Vu + e “VK,

which gives

K, Ky o, 1 _
EVUJ — Fge VKO + EVKU

0 Ky o,
aVu = ?,36 V(Aou) + 2
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We then calculate

0

0
§|Vu|(2) (,%(Vu Vu)g (3.2.41)
0
= 2<VU, 8—~Vu>0 ) )
K Cow Ku o2 VKu
K’u —2u
= 2(Vu, ﬁe V(Agu) + X7 % Vu + Xs)o
= 2(Vu, ﬁe Y (Agu))o + (Vu, X1+ Vu) + (Vu, Xa)o
K 2K,
=% 2 No| Vg — e e 2V 2ul3 + (Vu, X, * Vu)o + (Vu, Xa)o
K, 2Ku o
< EA\VUIS Kz ° “VAul§ + Ci(|Vulg + 1)
In the second to last line we used the identity
AlVul? = 2|V2ul* + 2(Vu, V(Au))
O

Lemma 3.2.14. Let u be a solution to flow equation and Z be a vector field, then

0

Proof. We calculate
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Ky

)
avgvgu = V%VOZ[? —1] (3.2.43)
1 . K,
= V%[FV%KL — —QV%KA
= K“VOVOK 2~VOK VK 2 VR © VK, — —VIVOR
T TR2V2VZ +K3 ® EZ(X)ZU_EZZU
K,
=Tk (V5 V5e ™) K, +2V5e ™ @ Vo (e K,) + e 'V V(= Agu + Ko)]
2K 2 . 1 .
K3 ~ VYK, ® VYK, ﬁngu ® VYK, — ?VOZV%KU
K,
< 755° e VYLV Agu + X1 * VyVYu + Xo * (Vu)* + X3
Now
VoyVLAu = V4VLV,Viu (3.2.44)
= V5 (VIVIVIu + K x Viu)

=V (VIVIVU + K + Viu+ K % u)
= VIVYVIVYu+ K * Viu+ K * VIVYu + VY (K * Viu) + V(K * u)
= No(VIVYU(Z,2)) + Vo Z * Viu+ ViZ x Viu

+ Vou* VoZ + K * Vou + VoK * Vou + VoK xu + K * Vyu
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which leaves us with

0 K,
aV%VOZu < ﬁe_QUAOV%V%u +VoZ * Viu + X, * VOVu + Xo % (Vu)™ + X
(3.2.45)
as desired. O

Remark 3.2.15. We will write VZu(Z, Z) in the place of V% V%u in the next proof.

We will now show that for a solution to the flow equation, the Hessian is uniformly bounded

on its interval of existence, [0,7).

Proposition 3.2.16. For a solution to flow equation on [0,T), there exist a C' so that

sup |Viu| < C (3.2.46)
Mx[0,T)

Proof. We define

Viu(X, X)
= max ————>
XeT,M\{0} | X |2

B(p)

If we find an upper bound for 3, then we have an upper bound for VZu.

For fixed constant A > 0 we consider the function

®(z,t) = tB(z) + A|VulZ for t €[0,1]

We will show that if A is sufficiently large, then we will have an a priori bound for an interior

48



maximum of &.

Let (xo,tp) be the point at which ®(z,t) attains an interior spacetime maximum and let
Zy € T,y M be a unit vector so that 8(z) = Vau(Zy, Zy). We extend Z; by parallel transport

along radial geodesics to a vector field Z on B.(zg) so that

|Z] =1 on Be(zy) (3.2.47)
V% Z (o) = 0 for all vector fields X

V5Z(20) < Colgo)

Now we define
U(z,t) = thu(Z, Z) + A[Vu]g

and see that U also attains a spacetime maximum at (xg,ty) as well.

Let H; = % — %A as before.
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H, is an parabolic operator and we use Lemma |3.2.13| and Lemma |3.2.14

HU = %—\f - %A\If (3.2.48)
_V2u(Z,7) + t(%V%u(Z, 7)) + A%wg _ t%A(V%u(Z, 7)) — A%mwg
= Vou(Z,Z) + t(%V%u(Z, Z) - %A(V%u(& 2))) + A(%\Vu\% — %A\Vu\g)
< Co+ (VoZ % Viu+ X1+ VyV%u + Xy + (Vu)? + X3)

+ A(—geﬂ“IVSUIS + 1 (|Vouls + 1))

K2
< —5|V%u|(2) +C

<C

We achieve the penultimate inequality from the uniform bounds for v and Vu and applying

Cauchy-Schwartz inequality and Arithmetic-Geometric Mean Inequality

| X1 * Vaulo < Co|Viulo (3.2.49)
= (6712Co)(IVgulod"’?)
§
< Z
2

|V3u|(2) +C

We then choose A large enough so that the  — A(%e_%) < —94.
Since H;¥ bounded and ¥(z,0) = A|Vu|2 we can conclude ¥ is bounded and hence |Viu|

is bounded. O

Theorem 3.2.17. For compact Riemannian manifold (M?, go) with Ky > 0, the solution to

the flow equation (3.2.1) exists for all time.
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Proof. The operator

is a convex operator in the leading order term. Furthermore since curvature is uniformly

bounded, the equation is uniformly parabolic.

By Evans-Krylov Theorem we obtain a priori C%* estimate for u, that is

|ullcze < C

since we have a bound for the Hessian of u from Proposition [3.2.16]

We bootstrap Schauder estimates to yield estimates for C*® norm of w. Since all derivatives

exist and are controlled, the solution exists on [0, 00). [
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Chapter 4

Regularity Estimates

Our goal for this section is to show the regularity of the curvature K, as u evolves. To
do this we must start with assumptions for the regularity of K, and extrapolate stronger

regularity from them.

We will assume K, is bounded away from 0 and infinity, that is for some A > 0

1
3 < K, <\ (4.0.1)

We also assume that its first and second derivatives are bounded, i.e. for some C4, C5

VK, |> < (4.0.2)

IV2K,[* < Cy

Remark 4.0.1. Following the convention laid out earlier, the undecorated V denote covari-
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ant derivatives under the metric g,.

We will approach the problem by looking at the quantity
K=— (4.0.3)

instead of K, directly.

We will express equations in terms of k.

The flow equation becomes

ou ~
g -1 4.04
5 K,k (4.0.4)

and our regularity assumptions become

1
3 <E<A (4.0.5)
[V&[? <
V[ < G
since
1
= —-——VK 4.0.
Vi KuV u (4.0.6)

and

2 1
VQ - —_ VK, — _V2 K
TR TR,

u
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Remark 4.0.2. Even though @ = K,x—1, and K, depends on t and =, for the next theorem,

we will assume that

K,=1

so that

u=K-—1

This assumption will greatly simplify our calculations and is justified because K, is close to

1 when f is close to 1 and wu is small.

Theorem 4.0.3. Let u be a solution to flow equation that satisfies assumptions [{.0.1]

and [4.0.3, then for all order i there exist some constant C; such that for large t

Vik|* < Cl
-2

(4.0.7)
The constant C; depends only on the lower order derivatives, Cy, C1, and \.

Remark 4.0.4. We notice that each V'x is pointwise bounded as a consequence of Theorem

4.0.3l

We express the results of the theorem in terms of Gauss curvature K,.

Corollary 4.0.5. Let u be a solution to flow equation[{.0.4 that satisfies assumptions[{.0.1]

and[{.0.9 then for all order i, there exist some C} depending only on the lower order deriva-
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tives, Cy, C, and \ such that

IV'K,[? <C; (4.0.8)

We will outline the proof now, but the final proof will depend on several lemmas which we

prove in the next section.

We will prove Theorem through mathematical induction. We will assume |Vis|?, ...

,|Vk[?* are bounded and use that fact to show |V x|? is bounded as well.

We consider the function

G(z,t) = 2|V k> + A2 Vk[? (4.0.9)

We see that if G(z,t) is bounded, then |V !x|? is bounded as stated in Theorem [4.0.3} we

will show G is bounded by applying the Maximum Principle to H; acting on G.

We compute

HG = (% — KAV R + APV R (4.0.10)

= (i — D2V R+ A — 23| Vik|?

+ ti_l(%W”lnF — RPAIVTR[?) + Ati—Q(%W%P AN
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In order to estimate H;G, we must find an appropriate bound for
, o ,
H(|V's]?) = 5|V%|2 — K2A|V'K[?
and

, o ,
H(|V'r?) = 5 [Vl = AV 5]

This will be given by Lemma [4.0.13, where we see, for any € > 0,
H(IV|*) < (=262 4+ )|V R + |k % .« VK| VIR]2 + [K™ % Vi % .ox VI g
and

H(IVTE]?) < (=262 + €)|VT2k) 4 |k % .. % V||V R 4+ |K™ % Vi * ... % Vik|

4.0.1 Proof of Theorem

We will start by proving a series of lemmas which will lead us to Lemma [4.0.13| and the final

proof of Theorem [4.0.3]
Lemma 4.0.6. Let u be a solution to flow equation and k =

L
Ky’

fo = 26(Kyk — 1) + k2A(K k)
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Proof.

. d, 1
=A%)
d 62u
-
dt "1 Aou
_20e*(1 — Agu) + e**Agi
= (1= Agu)?

(4.0.11)

= 2KU + K2e 2 Ayt

= 26(Kuk — 1) + K2A(K k)

Remark 4.0.7. In accordance with Remark [4.0.2] we will write

k= 2K — 2k + K2 AR (4.0.12)

in order to make computations more tractable.

Remark 4.0.8. We introduce notation A; ... *x A, to denote a linear combination of tensor
products involving some of the terms Ay, ..., A;. These may include contractions with respect

to g, so that each expression of the form A; * ... x A is a tensor of appropriate rank.

Lemma 4.0.9. Let u be a solution to flow equation then

%|V%\2 = 2(V'k, Vi) 4+ 2i(k — 1)|V'E]* + kx Vi % ... % V'K
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Proof.

0 7
§|V li|

= %(V%, Vk) (4.0.13)
_9
Ot

= 2e¥(V'k, a(v K)o + 2ue*™|V'k|3

= 2(V'k, %(v%» + 20| V'k|?

(62w<vi/£, Vi/€>0)

Because we are taking covariant derivatives with respect to the time-dependent metric g,,

we must apply the Leibniz rule to V. c.f. [I], Lemma 3.4, page 55.

0 0
=Vi+Vuxk
=Vik+ Vkx*xk
and hence
o ,_. - .
a(vwﬁ) =V'i+k*xVEx*..xV'k (4.0.15)
We now have
(4.0.16)

%]V%P = 2(V'k, V'k) + k x Vi x ... % V'k + 2u|V'k[?

= 2AV'E, V'E) +2(k — 1)|V'E|* + k* Vi * ... * V'K
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as claimed. O

We now state a lemma which relates derivatives of the curvature tensor to s

Lemma 4.0.10. Let u be a solution to flow equation for (M, g) with Riemann curva-

ture tensor R and k = K%/ then
VR=kK"*Vk*..xV'k

for an integer m with |m| <i+1

Proof. We know (c.f. [9], Lemma 8.7, page 144), that

1
R~ = (4.0.17)

K

It follows that

1
VR ~ —?Vﬁ (4.0.18)
and

1 1
VQRN—2*V2/€+—3*V/€
KR R

We follow the patten to find
VIR=kr"%Vk*..xV'K (4.0.19)
where m is integer with |m| < m + 1 O

We are are now ready to work the expression for an ith derivative
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Recall Lemma [4.0.9
9 i 2 i i : i 2 i
a]v kl°=2(V'k,V'E) + 2i(k — 1)|[V'E|" + Kk * VEx ... x V'K (4.0.20)

In order to compute this, we need an expression for Vik.

We know that

Vi = V(2K — 2k + K*AR) (4.0.21)
= 2V'k? — 2V'k + V' (K*AK)

= K’V (AR) + k* VE* V7 AK) + k% Ve * ... x V'K

We need to commute derivatives in V/(Ak).

Lemma 4.0.11. Let u be a solution to flow equation and k = Kiu, then

V(Ak) = A(V'K) + k™ x Vi * ...« V'K (4.0.22)
Proof. We know

V(Ak) = A(Vk)+ R+ Vk (4.0.23)

= A(VK) + " x V&

by use of Lemma [4.0.10

We will use mathematical inductiuon, assume
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VT AR) = AVTIR) + 5"+ Ve s . x VIl

then

Vi(Ar) = V(VHAK)) (4.0.24)
= V(A(VT R+ K™% Vi * ... % V7 k)
=V(AV7'R) + "% Vi *...x V'
=A(V'K)+ R+xk™ Vi ..* VK + " % Vi *...x V'

= A(VE) + ™ « Vi *...x VK

as desired. We used Lemma [4.0.10| and m' may take a value one integer less than m. O

Lemma 4.0.12. Let u be a solution to flow equation and k = K%/ then
R 2 i 2 1,12 i+l
&|V Kl° = kAIV'E] =25V T Rk["+ £+« VEx . x V'R (4.0.25)

4+ 2i(k — D)|V'K* + K™ % Vi % ... % V'K?

Proof. We are now ready to compute the term (Vix, Vi) from Lemma [4.0.9]
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From equation |4.0.21

(Vik,V'i) = (V'k, K°V'(AK) + VE? * VT (ARK) + 5 % VE * .. % V'E) (4.0.26)

= k2(V'K, V(ARK)) + (V'k, k% Vi * VT AR)) + (Vik, k% Vi * ... % V'E)

We need to dig into the first and second terms in the last line. We use Lemma [4.0.11

K2 (V'k, VI(AK)) = (Vik, A(V'E) + K™ * Vi * ... % V'E) (4.0.27)
= kK (V'k, A(V'K)) + (V'k, K™ % VE * ... % V'E)

1 . , ,
= §/€2A’V2H‘2 — KAV P+ K™ % Vi % ..ox VIR?

For the last line, we used the identity

(F,AF) = %A|F|2 — |VF? (4.0.28)

For the second term, we see

(Vk, s x VEx VY AR)) = k% VE* .. x Vg (4.0.29)
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We now have the formula

9 . , ,
§|V%|2 = K*AIV'E|? — 26|V K> + k% Ve * ... % VTk (4.0.30)

+ 2i(k — 1)|V'K|* + K™ x Vi % ... % V'K?

We are now ready to prove Lemma [4.0.13] which will be the key inequality in the proof of
Theorem A.0.3

Lemma 4.0.13. Let u be a solution to flow equation and k = K%: then for any e > 0

H(|V'E]?) < (=262 + )|V L2 4 |5+ .o+ VK| VK| (4.0.31)

+ |K™ % Vi * ... % Vg
Proof. Let € > 0, recall H; = % — k2A, Lemma [4.0.12| can be rewritten as
H|V'E]? = 26|V .|? + k% Vi x ...« Vg (4.0.32)

+2i(k — 1)|V'K]* + K™ % Vi x ... % V'K

We use the Arthmetic-Geometric Mean Inequality (Lemma [2.0.14)) to find that

; 1 , ,
Ik x Vi * ... Vg < 4_‘5 %ok V]2 4 €| Vitlk?
€
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Hence

H|Vs]? < (=262 4 )|V TR 4 |k % o % VR[2 + 2i(k — 1)|V'E[* + 5™ % Vi * ... % VK2
(4.0.33)

< (=262 + )|V R 4 |k % o x VI K| ViR 4 |67 % Vi % ..o VTl

as claimed. O

We are now ready for the proof of Theorem

Proof. The proof will proceed by induction, by assumptions {.0.1] and [4.0.2] we know that

Vi and V2k are bounded. We assume that

k, VK,..., V'K

are bounded as in Theorem

We will show Vil is bounded by showing that the function

G(x,t) = Vit k|2 + At 2| Vik|?

is bounded. We will show G is bounded by applying the Maximum Principle to H; acting
on G.
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We compute

HG = (% — KAV B2+ A2 VR]P) (4.0.34)

= (i — D2V TR+ A — 2t VK|

+ til(%’vi+llﬁ|2 _ /€2A|Vi+1l€’2) 4 Atiz(%]V%F _ K2A|Vili|2)

We use Lemma
HG = (i — )2V R]2+ A — 2)t 3| V'k]? (4.0.35)

+ ti—l(%’viﬁ-lﬁp _ H2A|Vi+1/€’2) + Ati_Q(%yvi/ﬂQ _ H2A|Vi/€|2)

< (i — DE2VTR 4+ A — 2)82 | Vik|?
+ (=267 + )|V 2RP 4 |k # % VK[|V P 4 |67 % VE % ok V]

+ At [(—2/{2 + OV L + |k % . x VTR | VIR]2 + [K™ % VR % ... % V’“%”
=t =26" + )|V kP + [(1 = D' + t]k % ... % VK| + A(=26" + €)] [V TR [?

+|tx A% K™ * Vi * ... x VK|

We choose € > 0 to be small enough so that —2x? + ¢ < 0. By our inductive hypothesis

|k * ... x V'k| is bounded so we can choose A > 0 large enough so that

L+t % Vik| + A(=2k% +€) <0
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Furthermore by the inductive hypothesis |t * A * K™ * Vk * ... * V'k| is also bounded, thus

there exist some C so that

HG<C (4.0.36)
and hence
H(G-Ct) <0 (4.0.37)

By the induction assumption, see that for

By the Maximum Principle, we can see that

Gz, 1) < Ct + AC;

and we conclude that for large ¢, for some C; 4

Ci+1
tifl

Vg2 < (4.0.38)
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Chapter 5

Stability and Exponential Decay

We will now turn our attention the to Nirenberg Problem. In the Nirenberg, we assume that
the background metric is the standard metric of the sphere, that is Ky = 1, and we want

the flow equation to be stationary at the standard metric so we set f = 1.

With f =1, K, is the mean value of K,, on (M, g,). For aesthetic reasons, we will denote

A=K, (5.0.1)

Furthermore we will assume the metric g, is close to the background metric gg. Specifically
we assume that wu is close to zero and K, is close to 1. We assume both have small derivatives.

That is for some small § > 0
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luf <4 (5.0.2)
K, —1] <6
|Vu| <6

VK, <o

We will show the for o sufficiently small, certain functions u converge exponentially to 0
under flow equation [£.0.4 and g¢,, converges to background metric go. We can say gy is stable

in a strong sense.

We rewrite the flow equation [3.2.1] again

Lemma 5.0.1. The flow equation |3.2.1] can be written as

% = Ax*Au — (Ax — 1)? + Ar?*(A — e72%) (5.0.3)

Proof. We have the formula

R _A -1 = —2u
or T RS TR T ke

(5.0.4)

from [6] sec. 6, Lemma 6.13.

Since f = 1, we have K’u = K,, where K, denotes the mean value of K,, i.e. K, = e

where A, = f 1 dAy is the surface area under metric g,,.
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Since we assume K, = 1 and denote A = K, the equation becomes

ou A 2A A

_— = — J— —_— —2’1,&_
o KgAu 14 o (5.0.5)
A K2 — 20K, + e 2“A
TR K
A (Ky — A)? — A(A — e 2v)
TR R
A K,—A, ANA—e2)
B e

= Ax*Au — (Ax — 1)? + Ar?*(A — %)

]

Remark 5.0.2. From assumptions and flow equation [5.0.3] we can see that |u| < &;

for any 6; > 0 when ¢ is sufficiently small.
Remark 5.0.3. We can write equation [5.0.3 as

% — AR*Au = —(Ak — 1)* + AR*(A — e )

and since k =& 1, u = 0, and A = 1 we see

ou
— — Kk Au =0
ot
Hence solutions to the equation

HZUZO

approximate solutions to the flow equation.
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5.1 Useful Estimates

We will need the follow lemmas in order to prove our result in the next section. These will
compare several quantities that appear in those results. We introduce notation for the mean

of u with respect to metrics g, and go.

Definition 5.1.1. We will denote the mean of u with respect to metrics gy by

U

_fUdAO
[ dA

We will continue to denote the mean of u with respect to metrics g, by

[udA,
[ dA,

u =

When u is close to 0, @ is close to @, we will make this idea precise with the following

lemmas.

Lemma 5.1.2. For u satisfying equation there exist some 6 > 0 such that if |u| < 6

then

i — 11| < C/(u—ﬁo)2 iAo

Ju dAy
[ dA.

_ Ju dAg
= [ dAg”

Proof. Given the definitions u = and g

_ JudA,  [udA
T [ dA, [ dA,
AgfudAu—AufudAo
- A,Ay

U — U

(5.1.1)

70



We estimate the numerator

A0/U dAu — AU/U, dAo = /A()e?uu dAO - /Auu dA() (512)

= / (Ape® — Au)u dA,

We use Taylor’s Theorem to estimate Age®* — A, since e?* = 1 + 2u + 2u? for small |u|

Age®™ — Ay ~ Ag(1 4 2u + 2u?) — /(1 + 2u + 2u?) dAg (5.1.3)

:2AOU—2/Ud140

From this we find

~ /(QAOU - 2/U dAo)U dAO
= 2A0/u2 dAO — 2(/U dA0)2

= 2A0 /(U - I_L())2 dAo

For the last line, we used an identity similar to the Computational Variance Formula from
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probability theory.

/(U — ﬂo)Q dAO = u2 - 2@011, + (’ljo)2 dA() (515)

u? dAo—Quo/u dA0+u3/ dAg

_m— T T T T T

U2 dAO — 2’[_1(2)140 + ﬂ%AO
= U2 dAO - 12(2]140

U2 dAO — Ao(/u dAo/A0)2

1
= U2 dAO — A—(/U dA0)2

0

- A—[Ao/u2 dAo — (/u dAo)’]

0

and so

A()/('U,—’I_L())Q dA():A()/'U,z dAO—(/U dA0)2

It follows that for some C' when |u| < 0 for some §
’a—l_b[)’ < C/(U—'L_l,o>2 dAo

]

Lemma 5.1.3. For u satisfying equation there exist some & > 0 such that if |u| < ¢

then

/(u—u0)2 dAy < C/(u—u)2 dA,
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Proof. We begin

(u —ti)* = [(u — 1) + (@ — 1)]” (5.1.6)

Here we used the Arithmetic-Geometric Mean Inequality (Lemma [2.0.14)).

So we have

/(u—a0)2 dAOSQ/(u—fa)2 dA0+2/(a—a0)2 dAg

We will further estimate the second term using Lemma [5.1.2

/(a i) dAg = Ao(ii — i) (5.1.7)

< C(/(U — tig)* dAo)?

and so we have

/(u _ i) dAy < 2 /(u — ) dAy + C(/(u ) dA)? (5.1.8)
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We can assume |u| < § for small enough 6 so that [(u —ag)* dAy < & for some € < 1 and so

/(u —g)? dAy < 2/(u —g)? dAg + e/(u — 2g)? dAg (5.1.9)

and hence

(1—6)/(u—ﬂo)2dA0§2/(u—ﬂ)2dA0

From here we can conclude

/(u—u0)2 dAg < C/(u—u)2 dA,

]

Lemma 5.1.4. For u satisfying equation there exist some 6 > 0 such that if |u| < 6

then
A — 6_2“| < Clu — g

Proof. We have

4
[ e dA, B
Are~2t0 e~2u [ 2umto) g4,
= feg(u—ﬂo) dAo o f62(u—ﬁ0) dAo

1 —2u —2u U—u
= e Ay e e /62( " dd)

A—e = e 2 (5.1.10)
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We expand e~2(“=%) through its Taylor series

e2(u=to) _ 1 + 2(u — ﬂo) + 2(“ - a0)2 +

Specifically we will be using

—e2Wm0) — 1 — 2y — 1) — 2(u — ) + ...

< —1— C(u— )

when |u — 1] is small.

So
- / (2-0) g4 < / (=1 — Clu — i) dAo
_ _AO—C’/(u—uo) dAq
where

AO = / dAQ
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We apply this to the previous calculation

—2u 1 —2u —2u U—u
A—ngm(4W€20—€2/€2( O)dA())

< Cdme 0 — Age ")
< O(4m(e 20 — e724)

— 6‘10(672’[10 _ 6721.1,)

Now Ay = 47 and choose constant C' so that

1
f 62(U—17«()) <

C

Now we look at the term e 2% — ¢=2v

6_2ﬁ0 _ e—2u — 6—2110(1 _ 6—2(’1/,—’17,0))

< e M (=C(=2(u — 1))

Thus

e 20 — e < Ce 2™ (u — 1g)
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so we have

A —e 2 < Ce ™ (u — 1) (5.1.16)

By a similar calculation, we also have

e 2 — A < Ce 2™ (u — 1)

We conclude that for some C

A — e 2| < Clu — 1

O

Lemma 5.1.5. For u satisfying equation there exist some 6 > 0 such that if |u| < 6

then
/(A —e )2 dA, < C/(u —u)? dA,
Proof.
/(A — e ?)? dA, < C/(A — e 2?2 dAg (5.1.17)
S C/(U—’ao)2 dA()
SC’/(u—ﬁ)2 dA,
by Lemma and Lemma [5.1.3 O
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5.2 Exponential Decay

Proposition 5.2.1. For u satisfying the flow equation for any € > 0 there exist some
d > 0 such that if the assumptions of [5.0.9 are satisfied then for

F(t) = a8 Zaar gy = / (ule, 1) — a(t))* dA,
We have

') < (-1+e) / [Vul> dA, + (2 +€) /(u —u)? dA, (5.2.1)

Proof. Let

0
=5 /(u —u)%e* dA (5.2.2)

_ / (0 — )226240 + 2(u — @) (i — F)e™ dA,

()

:2/(u—u)QudAu—l—Z/(u—u)(u—u) dA,
:2/(u—u)2udAu+2/u(u—u) dAu—Qzl/(u—u) dA,
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We know

/(u—u)dAu:u/ dAu—/udAu:O

and so

f’(t):2/(u—u ) dA, /u
Sﬁl/( /U

We used assumption to claim |u| < €.

For the second term, we use flow equation to see

/u(u —a) dA, = /(A/{QAu — (A= R8)? + AR*(A — e 2)) (u — u) dA,
= A/K;Q(u —u)Au dA, — /(A/—i —1)*(u — @) dA,
+A / (A — e (4 — 7) dA,

We need to estimate the three integrals in the last line.

For the first term

/I{QAU (u—1u)dA, = /Au(u —a) dA, + /(/{2 — D) Au(u —u) dA,
—/|Vu|2 dAu+62/|Vu|2 dA,
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We used assumption so that [k? — 1| < €2, and we used Green’s identity on the other

integral.
For the second term we use assumption to say |[Ak — 1| < e3. We see that

1 —2u
Ak —1= ?((A—e )+ Au) (5.2.6)

u

and find that

| /(AK 12— a) dA,

< 63‘ /(AK— D (u — @) dA,

(5.2.7)

< €3

/ (Kiu(A e 4 Au)(u— 1) dA,

<efaol [ == aa + | [@u)w—a) da|

S 0163/(U - Z_L)2 dAu + 0063/ |VU|2 dAu

For the last line we used the Arithmetic-Geometric Mean Inequality and Lemma [5.1.5| on

the first term and we used Green’s identity on the second term.

For the third term

/RQ(A —e ™) (u— 1) dA, = /(A — e ) (u —a) dA, (5.2.8)
+ /(KQ —1)(A — e ) (u —u) dA,
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We use Taylor’s Theorem to see that for |u| < €4 there is some Cy so that

/(A—B_Q")(u—u) dA, :A/(u—u) dAu—/e_2“(u—u) dA,

and we see

‘/(ff?—l)(A—e_z“)(u—u)‘ §61/]A—e_2uHu—u| dA,
1

<

—/6_2“(u —1u) dA,

_/(1 —2u+2u* + ) (u— 1) dA,

_ /(1 — %u+ Cyu?)(u — @) dA,

< 2/(u—u)2 dAu+Cg€4/(U—U>2 dA,

1
<aly /(A e A+

S 0361 /(U - I_L)2 dAu

/ (u—a)? dA,]

(5.2.9)

(5.2.10)

We now have the bound for f'(¢). Putting the estimates for the the three integrals together,

Wwe see
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/u(u—u) < —/|vu|2 dAu+€2/|Vu|2 dA, (5.2.11)
+01€3/(U,—U)2 dAu—FCQEg/IVUP dAu

49 /(u — )2 dAy + Coes /(u —a)? dA, + Cyer /(u — ) dA,

so for some € > 0, we have

Pt < (—1+6)/|Vu|2 dAu+2/(u—ﬂ)2 dAu+e/(u—ﬂ)2 dA, (5.2.12)

as claimed. O

Remark 5.2.2. We would like to show that ||u — @||z2(p,g,) decays exponentially. In order

to get exponential decay for

fl(t) < —e/(u —u)? dA, (5.2.13)
in order to use ODE comparison, but we are only able to show in Proposition that
') <(=1+e¢) / |Vul> dA, + (2 +¢€) /(u —u)? dA, (5.2.14)

In order to attain the stronger inequality, we need to perform a conformal diffeomorphism
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to M and subtract out the first nontrivial eigenspace of A which has eigenvalue of 2 and is

L*-orthogonal to (u — u)?. This will allow us to attain inequality [5.2.13]

While we don’t have the result in general, we do have the result if u is invariant under the

antipodal map.

Proposition 5.2.3. Let u be an antipodal invariant solution to flow equation [5.0.5, there

exist some 6 > 0 such that if the assumptions of [5.0.2 are satisfied then

||U — a”LQ(]W,gu) < Aoe_BOt

for some Ay, By > 0. .

Proof. Let u be invariant under the antipodal map, i.e. u(x,t) = u(—=z,t) for all z € S>.
The first nonzero eigenvalue of Ag is 2 and its eigenfunctions are the standard coordinate

functions of R3. By symmetry, u is L?-orthogonal to the first nontrivial eigenspace of A,.

It follows that

—/|Vu\2 dA, < —clfywyg dAg (5.2.15)
S —601/(U - ﬂo)Q dAo

S —60102 /(u - U)2 dAu

Here C can be made close to 1 and C5 can be made close to 1/2 (see proof of Lemma|5.1.3]).

For middle inequality, we have a sharp Poincaré inequality (see Remark [2.0.13))

—/|vu|g dAq < —6/(u — )? dAy
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since u — 1y is orthogonal to the 0 and 2 eigenspaces of Ay and the next eigenvalue is 6.

Hence

—/|Vu\2 dA, < —C/(u —u)* dA,
where C' is approximately 3.

It follows from Proposition and Remark that ||u — u||12(a4,) decays exponetially.

]

The next proposition shows that the L?(M, g,) norm of Vu decays exponentially in ¢ when

u is sufficiently small and ||u — @||z2 decays exponentially.

Proposition 5.2.4. For u satisfying the flow equation [5.0.5 such that ||u — ul|r2 decays

exponentially, there exist some 6 > 0 such that if the assumptions of [5.0.3 are satisfied then
IVl 220 g0y < Are™ ™ (5.2.16)
for some Ay, By > 0.

Proof. Let

F(t) = / Vul? dA,
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then

Fo =5 [ 1vu? da, (5.2.17)
d

== e (Vu, Vu)oe®™ dAg

= /41164“(Vu, Vuy + 2™ (Vu, Vi)y dAg

_4/uyvu12 dAu+2/<Vu, Vi) dA,

We will seek to bound both of these terms. For the first term, since @ = Ax — 1 is close to

zero by assumption [5.0.2] we have
and

|/u|vu|2 dA,| < 51/|w2 dA, (5.2.18)

For the second term, we use Green’s identity and flow equation [5.0.3

/ (Vu, Vi) dA, = — / iAu dA, (5.2.19)
_ A / 2 (Au)? dA, + / (Ak — 1)2Au dA,

- A/KJQ(A — e ) Au dA,
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We need to bound each of these terms, for the first term for some C4,

—A//{Q(Au)2 dA, < -C4 /(Au)2 dA,

For the second term

|/(A/<; —1)%Au dA,| < /(A/{ —1)?|Au| dA,

< 51/]A/@— 1| Au| dA,

Again we have |Ax — 1| < 6; from assumption [5.0.2]

Now for some constant C,

1
Ak — 1] = —|K, — A
Ak — 1] = K= A

1
= F|€_2u(1 — Aou) — A|
= KL (e7® — A) — Aul

< Cyl(e™ — A) — Aul
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We have

|/(A/{ —1)%Au dA,| < Cy6; / |(e72" — A) — Aul|Au| dA, (5.2.23)
< Cy0y / le™ — Al|Aul| + (Au)? dA,
< Cydy / %(62“ —A)? + %(Au)2 + (Au)? dA,
< %51 / (u— @) dA, + 370251 / (Au)? dA,

We used the triangle inequality, the Arithmetic-Geometric Mean Inequality and Lemmal5.1.5

in the last calculation.

For the third term

|A/ KA(A — e ) Au dA,| < C/ (A — e ) Au| dA, (5.2.24)
< 22 (A _ 6—2u)2 dAu + Cg /(AU)Q dAu
€

< 03/(u —a) dA, + C4€/(Au)2 dA,

For the last line we used Lemma [5.1.5]

87



We put these together and have the inequality

F(t) = 4/u|vu|2 dA, + 2/<vu,vu> dA, (5.2.25)
< 0y / IVul* dA, — 2A//<:2(Au)2 dA, + 2/(1 — Ak)*Au dA, — 2A/ KA(A — e ) Au dA,
2 2 & —\2 3C, 2
+ Cg/(U - ’L_L)2 dAu + C4€/(Au>2 dAu
2 —\2 30 2

<5, / Vul? dA, + 05/(u —@)? dA, — CG/(AU)2 dA,

We choose d; and e small enough so that the coefficient of [(Au)? dA, has a negative sign.

Now for any A > 0 we have inequality

—C’/(Au)2 dA, < (J(AQ/(u —u)? dA, — 2A/ |Vul? dA,) (5.2.26)

For large enough A, this gives

fl(t) <6 / IVul* dA, + 05/(u —u)? dA, — Cg /(Au)2 dA, (5.2.27)
< &y / IVul? dA, + 05/(u — )2 dA, — Cg(A* /(u — )% dA, — 2A/ |Vul? dA,)

< —06/ Vul? dA, + 07/(u _ @) dA,

Since we have exponential decay for f (u—1)? dA, by hypothesis, we can use ODE comparison
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and conclude that we have exponential decay for f(t). O

We now prove stability for all derivatives of u. That is if u is sufficiently small and ||u — @] 2

decays exponentially, then the L*(M, g,) norm of V'u decays exponentially in .

Theorem 5.2.5. For u satisfying the flow equation such that ||u — al|p2 decays expo-
nentially, there exist some 6 > 0 such that if the assumptions of [5.0.2 are satisfied then for

all integer i > 1
IV ul[72 (0 g0y < Aie™ P (5.2.28)
for some A;, B; > 0.

Proof. The proof will use induction and, similar the proof for Proposition will use

ODE comparison. Proposition provides our base case.
We will assume that ||Vull, ..., ||V lu|| are decaying exponentially.

Let

fi(t) :/|viu|2 dA,

we find
, d o
f'(t) = pr /(V’u,vlw dA, (5.2.29)
== ezlu(vlu, Viu)g e?“d A

(2 +2) / |Vl dA, +2 / <viu,(%vi>u> dA, +2 / (Viu, Vi) dA,
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We already know from assumption that for small §; > 0

/u|viu|2 dA, < 0 / |Viul* dA, (5.2.30)

For the the second integral, as in the proof of Lemma 4.0.9] we see

0 _, , .
(aku =Viaxu+.. +VuxV iy (5.2.31)
=Viksu+..+VexVly

=Viksu+Ve*x...«V lkx«Vux.. x«Vly

By induction we have exponential decay for the second term in the last line, but we must

be careful with the first term.

/<Viu, (%Vz)u) dA, = /(Viu, Viksu+Ve* ..« Vs Vux ..o« Vi lu) dA,

(5.2.32)
= /(Viu,vim xu) dA,
+ /(Viu, Vi ..V s Vux .o« Vi) dA,

< O||V|| + C||Vul > + C||[Vu * ... VTl

We used the Cauchy-Schwarz inequality and Arithmetic-Geometric Mean Inequality for the
last line and bounded V*k terms with Theorem [4.0.3]
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To handle the term ||Vul||, we employ Green’s identity, Cauchy-Schwarz inequality, and

Young’s inequality (Lemma [2.0.15]).

1V ul]

Il

/ VP dd, )’ (5.2.33)
- / (V7 Vi ty) dAu)

1

/ Vit ly||Vi~lyl dAu> ’

< (/\vi“uﬁ dAu>i</]V"1u\2 dAu>‘1‘

1 . .
< 61/\V”1u|2 dAu—l—elg(/W’luF dA,)

[N

A\ IN

=

We now have the bound

/<vzu, (5Vu) dA, < [Tl + CIT )l + O 7 (5.2.34)

+ C||Vu * ... % VIl |2

We now turn to the third integral and use flow equation [5.0.3] We have

/ (Viu, Vi) dA, = A / (Viu, Vi(k*Au)) dA, (5.2.35)

— /<vi, Vi(Ak —1)%) dA, + A/<viu, V(K> (A — ™)) dA,
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We will break each of these integrals apart.

ViAk — 1) =k x Vi *..x V'K (5.2.36)
SO
| /(Vi, Vi(Ak —1)%) dA,| = | /(vi, Kok Vi* ..o Vik) dA,| (5.2.37)
< C||Viul|

In the last line, we used the Cauchy-Schwarz inequality and Theorem [4.0.3]

For the next integral, we first see

ViAA—e™®)) =uxVie+r*..«VesVus ... x V' ut+ksxu*Va (5.2.38)

and so using Cauchy-Schwarz inequality and Arithmetic-Geometric Mean Inequality and

bounding V¥x terms with Theorem we have

| /(Viu, Vi A —e™)) dA,| = | /<Viu,u « V4 ko VT u+ koxu s Vi dA,|
(5.2.39)
< C||IV'ul| + C|IV'ul)? + C||Vu * ... x V' |?
< e[V + OVl + OV |3

+ C||Vu * ... * V7l |?
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For the last line, we used the same calculation as in [5.2.33]

We turn our attention to term [(V'u, Vi(k*Au)) dA,.

We compute

Vik*Au) = VI(Au) + 5 * Ve« VT u+ k% ox Vikx Viu s ..o« Vi

and have

/ (Viu, Vi(k2Aw)) dA, — / (Viu, Vi(Au)) dA,
+ /(Viu, k* Vi * V) dA,

+ /(Viu, kox ok Vikx Viuk .ok Vi) dA,

Using Arithmetic-Geometric Mean Inequality, we have

/(Viu, kx Vi x V) dA, < C||Viul|||[V Tl

1 i € \\wi
< Ol |I9ul? + IV Hul?)
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and

/(Viu, K.k Vikx Vius ..o« Vi) dA, < C||Viall? (5.2.43)

+ Ok * . Vi * Vs ...+ V|2

For the other integral [(V'u, V'(Au)) dA,, we must commute derivatives similarly to Lemma

4.0.17

Vi(Au) = A(Vu) + R+ VT + VR*Vu+ ... + V'R x Vu (5.2.44)

=A(Vu)+ =+« VT u+ k*Ve* ...« Viks Vux* ... x Vu
K

And so

/(Viu, Vi(Au)) dA, = /(V%,A(V%)) dA, + /(Viu, % * V) dA, (5.2.45)

+ /(Viu, kx Vi *...ox Vi Vusk ...« Vi) dA,

We bound the last two integrals like before

/ (Viu, =+ 914 ) 44, < C|[V'ull[[9 ] (5.2.46)

1 i €\1wi
< C(ZHV ul]* + §||v ul)?)
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and

/(Viu, K.k Vik s Vux ...« Vi) dA, < C||Viul)? (5.2.47)

+ C|lk* .. x Vi * Vux ... % V|

Finally we apply Green’s identity to the first integral

/<Viu,A(Viu)> dA, = —/|Vi+1u|2 dA, (5.2.48)

= [V

We are now ready to put all of these pieces together, we have the inequality

F) < (=14 ||V | + C||Viul)> + C|| V|5 + C(Vux ...« ViTly)  (5.2.49)

We have such a C since the terms &, ..., Vs and we can choose ¢ < 1. By the inductive

hypothesis, the final term in the expression is already decaying exponentially.
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We now consider the function

Fy(t) = |[V'ul|* + Al V'] (5.2.50)

= fi(t) + Afia(t)

We see using inequality [5.2.49

SE0) < (14 )Vl + CIT P + OVl + OV s T
(5.2.51)
+ A((—1+ &) ||Vl + CV |2+ C| V2|5 + C(Vu s ..+ VI~ 2u)
< (=1 + )|V ) — Cl|Vaul]* + C(Vu ... x V)

< C(Vu * ... % Viflu) + CHVPIUH% + CHVFQUH%

By the induction hypothesis, all terms of the final line are decaying exponentially. By ODE

comparison, F; must decay exponentially and therefore
fit) = |IV'ul?
does as well. n

We have the result for an antipodal invariant solution to the flow equation.

Corollary 5.2.6. Let u be an antipodal invariant solution to the flow equation then

there exist some 6 > 0 such that if the assumptions of[5.0.9 are satisfied then for all integer
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IVoul[Z2001 ) < Aie™ P (5.2.52)
for some A;, B; > 0.

Proof. By Proposition we have exponential decay for ||u — @||;2. By Theorem [5.2.5]

we conclude that ||V'u||;: decays exponentially for each i > 1. O
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