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The Mass Ratio Method Applied to the Measurement of L-Meson Masses
and the Energy Balance in Pion Decay

Walter H. Barkas, Wallace Birnbaum, and Frances M. Smith
Radiation laboratory

University of California
Berkeley, California

ABSTRACT

We vreport a comprehensive series of measurements made on the masses
of L-mesons produced by the 184-inch cyclotron. A general watio principle
of "measurement is employed which largely eliminates systematic errors. The .
particular method that we have developed is described in detail. The theory
of non-equilibrium particle orbits in the cyelotron field is worked out to
provide formulas from which momenta may be calculated, and to obtain the
momentum distribution functions determined by the target and detector dimen-
sions. The energy-loss processes in nuclear track emulsion, which is used
as a stopping material and detector, are studied and the range-momentum
exponent q is found. Several small corrections to the mean -ange are
made. A number of range straggling effects are evaluated. The theoretical
distribution of the quantity Rp™42 (R beiﬁg the rangse and p the momentum)
is studied, and the first three moments of the distwibution awe calculated
e%plicitly. The distribution is found to be closely gaussian. From the
theory of the distwibution of Rp™4, the best estimate and the statistical
uncertainty of the mass ratio (e.g., of meson to proton) are evaluated. A
number of effects influencing the ratio are studied, but all the corrections
found are very small. The measurement of the momentum acquired by the muon
when a pion decays has also been treated. Sevewal important relations con=-
necting this quantity with the particle masses are then introduced.
Apparatus developed for the application of the ratio principle is described.

A number of experiments in which mesons and protons of similar velocities
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were detected in the same nuclear track plate are reported. Each experiment
was repeated a number of times. The measurements of particle ranges and
orbit pavameters, the magnetic field measurements, the dimensional tolerances,
the calculations, and other important details are discussed.

The following mass ratios are reported: |

wt/proton = 041488, + 0.00011

/e = 0,998 + 0,002
/it = 1.321 % 0,002 .

The center-of-mass momentum acquived by the muon in positive pion decay was
meagured és 29,80 * 0404 Mev/c and its energy, 4.12 £ 0.02 Mev. A1l the
results ave consistent if the rest mass of the neutral particle in the plon
decay is zero. With this assumption, the measurements further imply that
the positive p{gj;muon mags difference is 66.41 + 0.07 electron masses. The
derived masses; in units of the electrdn nass, ared

7 = 273.3 0.2

T = 272.8 £ 0.3

206.9 + 0.2,

R
|
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I. INTRODUCTION

The determination of pion and muon masses presented special problems
which slowed the convergence of the numevous early measurements.l One of
the various reasons that precision is difficult to attain is that no known
comparison particles with approximately the same specific charges as those
of L-mesons are available, so that we cannot utilize doubléts analogous to
those of atomic mass spectrometry. Thevefo-e, absolute measurements of
quantities determining the mass usually were employed.

It was noticed,2 however, that the mass normalizes a number of
measurable quantities so that when divided by the mass, they become functions
of the velocity alone. For particles of the same cha~ge, the enevgy (total
o~ kinetic), the momentum, the »ange, the total ionization, the weciprocal
of the mean scattewing anglé, and the wange va-iance are such quantitiles.

For nuclear t»ack emulsion, furthe~ quantities of this sowrt ave obtained

from the several different measures of the total amount of developed silver
in the track.3 The frequent appearance of the mass as a séale factor suggests
a means for dete-ming the ratio of the meson mass to that of a comparison
particle fvom »slative measurements. For example, if the ratio of meson
momentun to proton momentum is adjusted to be equal to the watio of the mean
meson wange to the msan p-oton »ange, then the velocities are equal, and the
mass rétio iz equal to the watio that is common to the ranges and momenta.

The same argument applies for any pair of quantities each of which can bé
expressed as a product of the mass and a function of the velocity.

D. H, Pev-kins3 first suggested such a principle for determining wratios
of meson masses from the-obsewvedvnumbens of developed grains in emulsion
tracks as functions of the residual —ange. The derived mass in this exanmple
is unfortunately very sensitive to counting errors, which may be both statistical

and systematic, so that the g=ain count and residual -ange ave not the most
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satisfactory pair of observable quantities fo» application of this principle.
For use with existing techniques, the momentum and the -ange in emulsion are
the most satisfactory quantities in spite of‘the inherent limitation set by
»ange straggliné. An important feature of our anelysis is the selection for
statisﬁical treatment of a function of the measured quantities whose distribu-
tion is substantiélly normal, and of which the moments a»e calculable.

‘Prior to this measuvement program, there had been considerable develop-
nent of ~ange and momentum methodsA for determining particle masses, particu-
larly by R. B, Brode and his collaborators. Because it was necessary for them
to use cosmic ways, however, they did not enjoy a number of advantages that
are gained when one can wovk with controlled particle sources in vacuun while
using the strong and extensive magnetic field of the cyclotron for momentum
measuwements. Range plus ionizatioﬁ5 measu~ements, and r»ange plus scattering6
measurements, as well as a few observations of momentum and momentum loss,
momentum and electron collision, etc., have also been used to estimate meson
nasses. ) ‘ |

Parallel to the application of direct means for measuring meson masses,
precise indirect methods have recently been developed which invoke the consewva-
tion laws for processes in which the meson is created or destroyed o» which
depends on calculations of the energy states of the meson in a mesonic atom.
Such methods ultimately may provide measurements of the highest precision, but
it is important to insure at the outset that the phenomena themselves are
fully understood. Agreement of indirect results with those obtained diwectly
may be put forward ag strong evidence' for the co-rectness of the hypothetical
reaction (and equally for the validity.of the assumptions employed in the
divect methﬁd). Examples of such indi~ect meson mass measurements ave the

following: (a) mass of the /' meson from the end point of its positron

spectrum;7 (v) mass of the at meson by analysis of its production in proton-
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proton collisiqns;8 (¢) mass of the T meson from the energy of photons asso=-
cated with its ecapture in hydv-ogen;9 and (d) masses of negative mesons fvom
energies of mesonic-atom x-vay transitions.lo
Agide fvom the intrinsic importance to be attached to knowledge of

the meson masses, the mass-energy baiance is an obvious test of the co~rectness
of the assumed decay p-ocess. Into the conservation equations fo» pion decay
ente» not only tﬁe magsses but also the centew-of-mass muon momentum. As part
of this complete »eport we have, therafore, included-measunements of this
quantity in addition to mass-watio measurements. A study has been made of the
ene-gy balance of the pilon-muon decay‘scheme, nﬁ‘%rhf + Y. All the mass and
kinetic~energy relations comnected with the dynamies of the decay contain the
mass -atio and the ce.ms momentum acquired by the muon at the time of c-eation.
This phase of the work ylelds a precise value for the positive pion-muon mass

diffevence, and a new uppe~ limit for the mass of the neut»al pa~ticle y .
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. II. OUTLINE OF METHOD °
The priﬁciple of the mass-—atio method is sketched in this sectionj
the detailed treatment of each phase of the anaiysis is taken up as a geparate
topic. '
The theovyll of energy loss of a chawged particle penetrating matter
leads to the expression |
ar/dan = £(B) . ' (1)
This form is valid in good approximation for the mean wate of energy loss
by all particles that carry the same chaﬁgé and that are massive compared to
the electron. In Eq. (1), £(3) is a function of the pa=-ticle velocity, R is
the residual wange, and T is the kinetic energy. Since T is equal to the rest
mass, i, , times a function of the veiocity, Eq. (1) can be integrated. One
obtains
R/u, = a(p) . (2)
A number of small corrections to Egs. (1) and (2) are disrega~ded for
the moment. They are treated later. Since the velocity is a function of p/“b'
where p 4is the particle momentum, one can also write
R/iy = F (p/1) - (3)
In our experiments, I1fo~d C.2 emulsion was the material in which ranges
we=e measured, Converting the range-energy =elation fo~ protons in emulsion to
a »ange-momentum welation, one finds that the proton data can be expwessed by
n = ¢cpd . (4)
The exponent q is a slowly varying parameter which wemains wemarkably constant,
with a value of about 3.44 fo» protons of 25 to 40 Mev.
CombininBrEqs. (3) and (4), one obtains
RM = c (p)%, (5)

vhere M is the mass expressed in units of the proton mass.
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In determining a mass ratio, one eliminates ¢ by measuring wanges
of test pa=ticles (e.g., pions) and comparison particles such as protons in
the same nuclea~ twack plate. Priming quantities associated with the compari-
son pa=ticle and taking its mass to be unity, one obtains the following expres=- -
sion for the unknown mass:

M = rA (p/pr)e . (6)

It is important to notice that when we have the watio n/R' = p/p', a
special situation exists in which M must be equal to this ratio no matter what
value of g 1s assumed. This condition is attained when the velocity of the
teét particle is that of the compawison particle. In prineciple this equality
can he approached experimentally by a method of successive appmoximations.12
| * In Eq. (6) only the ratios of wanges and momenta appear. Important
systematic ewwors awe eliminated by the mass—matio method when the ~anges of
both types of pawticles ar~e measu~ed in the same body of stopping mate-ial
and when both momenta are measuwed in the same magnetic field.

For the statistical tweatment of the data, a function of the measured

quantitiss is sought that is dist-ibuted almost nowmally and with calculable

moments about the mean valus. Such a quantity (see Eq. (6)) is the pawticle
range divided by the qth powew of its appawent nmomentum. The value of q is
dete-mined by the condition that the expectation value of the quotient not
depend on the momentum in the velécity intewval selected fo» the measu~ements.
Fwom the watio of such expectation values for diffewent particles at neawly
eénal velocities,‘one obtains a measure of the watio of their masses which.
does not depend on the exponent q, on the stopping material, no» on the abso-

lute value of the magnetic field employed to measu~s the momenta.
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111, THE PARTICLE MOMENTUM
A. O-bit Calculations

In o~der to find particle masses by this method, one must measu-e
momenta with good accuracy. The following calculations apply to all pa~ticles
of cha»ge e. The discussion, when it must be specific, welates‘to the situa-~
tion in which the source of particles 1s a small target bombarded by the internal
cyciotron beam, and particles emewging from the target are detected in nuclear
twack emulsion. One can observe the point whe-e the particle ente-s the surface
of the emulsion, He can alsc measure the angles describing the di-ection of
particle motion at the point of detéction. With the empirically known magnetie
field intengity function, these data awe sufficient to determine the momentum,
but because the field is not unifo~n, the precise calculation of the momentum
requires a somewhat elébo“ate treatment.

It is simplest to describe the particle motion in cylindrical
coordinates (r, #, z) coaxial with the cyclotron field (see Fig. 1). The
cyclotron field is assumed for these caléulations to havé axial symmetry.

The validity of this assugption mugt be.verified by appropriate measurements.
First one considers orbits cénfined to the median plane, where the magnetic
field intensity is a function only of r. Then particles with small momentum
describe trochoidall? paths reaching a minimum radius Rj and a maximum

radius Ry {the libration limits). Let (51, #1) be the point of origin (the
target) and (rp, #p) the point of detection. The quantity (r dg/dr), 1s also
obtained from the direction of the track at the point of detection. The
dynamical problem;A is then treated by introducing the Lagrangian‘for thg

particle motion: e : '

: : L . )

/ -—-/oocl/,,/,'t_"::_/:ié}‘ . €r)#frtondn T
= =% /

Now 2 + 2 P = 32 02 is one constant of the motion. Since 4 is an

Py
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ignorable coordinate, at (-———*) o= 0, and

> #
LX) n
{jof{)ﬁf/,, +(e/c) e Are
. "

is also a constant of the motion. If we define tan A dr/rdg, this con-
stancy is expressed by
r

T cos)\ = ry cos )\ 1 - 1/K rHdr, (8)
!
2,71/2
where for the momentum 48 ¢ (1 - 37) [= /c) H f y we have written
(e/c)K. Since the point of detection lies on the orbit, we obtain
K = /z Y dr
ﬂ,%)\r‘/‘l Cr«a)a..

In this expnéssion everything is observable except A 1°

(9)

The equation of the orbit is

¢ / C’,rh e (10)

in which ); is the functlon of r given by Eq. (8).
The poles in the integrand may be avoided and the ihtegration carried

out ™ by introducing a parameter 7 gi\}an by

2

cos ) = (R22 + R~ - 2r2)/(R22 - Rl‘?) 5

The integrated form of the orbit is

. w
gb = qQrc 5m( P’nf T) + &, + 2 ﬂnw)??’ (11)
n= i

The &, and Fo are defined below. If the magnetic field between R; and Rp

is described by an even polynomial in r (that odd powers do not enter may be

inferred from the behavior of the cyclotron field at r = &) as follows,

—— ar
_/g(n;} e = Gt R n By h b Ky = A,
, o
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Ra - 2 [0
| '[a,ﬁa&-.,-_-.-.o When H,,:/;;"E;- H dr
then R , 2 ] R/

|
Ro - R Ry + R
Now fog --2-3--3: s so Hj Po = K. We also define R 3—2‘—-5-—-2- « In
terms of these quantities the a, may be calculated. Expressions for the first

three follow:

= Fol[m” + 924?,((;2 +f )+ 34, (R¥# 3? 7 +f"‘)
3R A by (TR CRY) 4]
a, = - RE3[t%hy - K hE # 14 (R507) = (R e1oft)Auhir]

AR kg ]

ay

,The first tem of Eq. (11) describes a circular orbit. ‘I‘hé second
superimposes a precession around the axis of symmetry, and the Fourier sum adds
an harmonic perturbation of the precessing circular orbit.. The orbit is
periodically tangent to the libration circles of radii Ry and R,.

Equation (11) for the orbit may be used to evaluate /\ 1 under arbitrary
conditions; for approximately 180° bending in a slowly varying f{ield, with
#1 = fo #20, the calculation is particularly simple. In this case

,\17537’1/:-1 3 T=Xo 2R (v-—’)’z)/rz; 80 )1 = (ﬂ'-/\g*"/\o).

Hy - Hy
Hy + Hl

/ 4/ M | | (12)

—

where A o0 XT/2

Then, from Eq. (9),

K =

», c@«:('rr dat No) +ra coo(TT” r2)
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iIn Eq. (12) &ll quantities needed to determine K are measurable; A bending
of 180° also enables one to measure momente with the minimum error, as,
in first approximation, the diameter of the orbit is observed directly, and
the derived momentum is insensitive to the observed angle,,% 2

To simplify the momentum calculations one introduces a rectangular
coordinate frame with the x-axis lying along a radial 1ine extending toward
larger radii and with the z-axis parallel to the field axis. The origin is
at the center of the target and measurements ‘are made with apparatus con-
structed so that the center of the detecting plate lies along the line
z = -2 in the xa plane. The angle 9'; defined below, and Xos the x coordinate
at which the orbit crosses the x-axis, are’then found with negligible error
from the tréck position ani direction.

For a partifle %igrting at the center of the target,
v o

M dr '

K — [} ¢ (13)
N, Cod (B4 Ao) +P+%0)Con €

In this expression, 8' is the angle to the y-axis measured in the xy plane
at which the orbit crosses the x-axis; ©' is positive when the orbit has
not yet reached the outer libration limit. 1In ;>ur experiments, ,\ o 1s
entirely negligible for the meson orbits but hot for the proton orbits.

For mesons, therefore, Ry
4 -3

K"" =K /7»/‘/6{*"9
Jﬂc‘*"'xﬁ

If the angle of the orbit to the median plane (the xy plane) is v,

(137)

then (e/e)K sec y is the total momentum of the particle. A nominal value

of vyis vy = arc tan -2 %o « The quantity

nxo /7[4"
XO /

aﬁ-| + Xa
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may be expressed graphically as a function of xy,, so that the m&mentum cal-
culations become much simplified.

Some attention must be given to the constancy of the couponent of
particle motion perpendicular to the median plane. In our experiments this
component of velocity is always small and the composition Qf it with the
component parallel to the median plane is accomplished in multiplying eK/e
by sec Yy, where y has been assuned coﬁstant along the orbit., To test the
validity of this procedure, it will suffice to estimate the deviation from
constancy of the wvelocity component perpendicular to the median plane.

Ir 51 is the initial compment of velocity parallel to the z axis »
and AZ is the maximum change in this component, then it is readily shown
that

la%/éll 2 (/2 -1) £, n/3,
where n = ~(r/H,) 9 H,/3 T . Here n has been assumed constant. Actually
it varies slovly, But it has a maximum valué in our experiments of 0.07, 80
even for proton ;rbit.s with F° X 3/3, the maximum deviation from constancy
of z 4is not more than 1 percent. Therefore one can safely treat the two

components of velocity as independent.

B. Finite-Target and Detector Effects

The spparent momentum p is calculated on the assumption that the
particle starts at the center of the target and that its orbit crosses the
~ xz plane at a definite height (-z,) with y =y, . The target has usually
been made in the form of a rectangular parallelopiped of finite dimensions
2a, 2b, and 2¢ in the x, y, and z directions, respectively. Furthermore,
particles are accepted for measurement with 8' lying in a finite interval,
and they strike the surface of the emulsion anywhere in the searched area,

which is symmetrically located with respect to the x axis. Particles with a
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distribution of true momentum Py therefore contribute to the group with
apparent momentum p. Consequently, one must study the function %(pl,p),
which gives the probability U(pl,ﬁ)dpl that the true momentum lies
between 12 and n + dpl, when the apparent momentum is p. The question

may be treated in a general manner by calculating
<p1n> = /pln U(ﬁ')l,p)dpl = pt L+Ww) . (14)

In the design of the experiments the l‘)n are made as small as possible.
They are evaluated as follows: With the origin at the center of the target,
the orbit is assumed to begin at the point (xl, ¥y» zl) and 1is observed to
cross the x axls near the outer libration limit at x = x,, making an
angle 8' with the y axis. The emulsion suxface is assumed to lie in the
plane 3z = ;zo -~ € y vith %o >> 2z, and & << 1. The particle is observed
to enter the emulsion at a point having a y coordinate equal to ¥, as 11lus-
trated in Fig. 2. The (y , have been calculated®8 for each experimental
situation by first expanding the expression for the nth power of the momsntum
py through terms of third order in the small quantities Zo/X0s X1/%gs ¥1/%gs
zl/xo, yz/xo, @', and € . Then the appropriate mean values are introduced.
The distributions of @' and y, are observed. The distributions of
X1, ¥1» and z4 can be inferred from the geometry of the target and other
information relating to the problem. TFor u& mesons éoming from the target,zi
@11 the particles are assumed to arise from the decay of n* mesons that stop
in a very'thin layer on the surface of the target. Because the only muons
accepted for measurement are those which have néarly the characteristic
decay velocity, such particles couid not have emerged from deep in the
térget. No negative values of 8' can be associated with muons coming from
the surface x = +a, and no positive values of 8' are associated with muons
coming from the surface x = -a. One actually observes a number N with g!

positive and N~ with 8' negative. For protons and pions it is assumed that



the orbits start with equal probability anywhere in the target. This is a
justified assumption because on the one hand measurements of the radiocactivity
throughout the target show the activity to be uniform, and on the other hand
the nature of the low-energy pion spectrumAis fairly well described by stating
that the number of mesons per unit range interval is approximately constant.
The energy loss in the target, then, has little effect on the distribution

of positions from which the mesons come. In all cases the finite-target

effects are small, and for the protons, as will be shown, they are almost

completely negligible.
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IV. THE PARTICIE RANGE

A. Energy-Loss Processes

Three effects contribute to the average rate of energy loss of a
charged particle penetrating matter. For our experiments they are, in
ascending importance, (a) radiation loss, (b) energy loss to nuclei, and
{c) energy loss to electrons. We must examine these processes in sufficient
’ détailZg that we may make appropriate corrections where necessary to the
basic Eqs. (1) and (2).

l. FEnergy Loss by Radiation

The initial velocity was selected to be about 0.27 c. For such a
velocity the total energy loss by radiation is about 1.5 x lO"5 Mev irrespec-
tive of maSs.15 It is an entirely negligible part of the total energy lost
in coming to rest.

2. Energy Loss in Nuclear Collisions

The energy loss in nuclear collisions®8 is about (M/100) Mev (M being
the mass in units of the proton mass). This does not alter theform of
Eq. (%), and the whole effect is small in any case, so no special allowance
for the energy loss to nuclei is required.

3. Energy Loss to Electrons

Interaction with electrons is the predominant energy-loss process
for fast charged particles penetrating emulsion, and here the Bethe-Bloch

theoryl1+16

expresses the rate of energy loss quite well. At low velocities
no known analytic expression is strictly correct. The initial particle
velocity chosen by us is higher than that of any of the stopping electrons
except the K electrons of Br, Ag, and T. Consequently, the theory has
reasonable validity. However, one of the fundamental advances made in this

method of mass measurement is an avoidance of any real dependence on the

hature of the stopping material or on a detailed theory of stopping. The
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existence of an explicit stopping formula is more a convenience than #
necessity.

For a composite material such ag emulsion, the usual theoretical
expression for the mean rate of energy loss of a fast particle to electrons

becomes
L—

4” e me feem (15
:} )Z(A/Z) :r(/+ )2(‘/5) / (15)

In this expression J is defined by

z/\/z,znf
‘ZM'zc'

LT =

where J; is the appropriate mean ionization potential of the ith type of
atom in the emulsion. Ji/zi is a slowly varying function of Z., Using the
data of Bakker and Segre17, we determined J4 graphically for each element

in the emulsion from the curve of J;/7%; vs Z;. Assuming the stated composi-

‘tion of Ilford C.2 emulsion, we found J to be 270 ev.

B. Sign Dependence of Stopping Cross Section

In a preliminary report we called attentioan to the possible differ-
ence in stopping cross sections for particles of opposite sign; The late
18 has provided us with an estimate of this difference.
The result of his calculation is to raise the apparent mass of the negative

pion in our experiments by 9 parts in 10%. We make this correction in the

final results quoted in this paper.

C. Determination of the Momentum Exponent

Suppose protons of momentwmd%_hﬁve a mean range Rj. Then we may
write the momentum-range relation in the vicinity of the point éfi, Ri) as

R/Ry = (p/p1)HM, and, regarding q as a function of B,
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- 4 R
ﬁ - f%?(g;) (/ /ﬁﬂj (d?”/f{g)/ /%1/1?472;) (16)

The quantity aT/aR = - <{%§;> depends on 3, J, and the effective density ng

of electrons. One or both of the quantities n, and J must be regarded as a
function of 3 when PBec is comparable to the velocity of any of the emulsion
electrons. A ssmiempirical evalﬁation of the energy loss function in
emulsion has been made by Vigneron.l6 He states that the value of J must
be taken considerably higher than that implied by the dats of Bakker and
Séére. He extrapolated the proton range curve to energies beyond the
accurate measurements known to him, using ﬁ value of J = 332 (£25) ev. in
the high-energy rsgion. IHils calculations predict precisely the proton
range (4580 * 18 microns) at 33.64 Mev observed incidentally to the mass
measurements reported here. At higher velocities, howe%er, the measurements
by Otto Hein319 favor a mean ionization potential of 276 + 28 ev. The
behavior of q when J = 270 ev is used in Eq. (15) is compared with q

as determined from Vigneron's data for protons in Table I.

Table 1

Computed Values of q

T (Mev) 0 | 15 | 20 | 25 30 35 1 40 45
%0 3.36 | 3.40 | 3.43 | 3.44d | 3.447 | 3.446 | 3.440| 3.43
Wi, 3,41 | 3u44 | 3.460] 3.465 | 3.465 | 3.461 | 3.456| 3.45

The stability of q is remarkable. The slope, dq/dT, passes through zero in
the vicinity of the velocity interval employed for the mass measurements.
In this region q depends only on J and is very insensitive to it. The mass
calculations were actually carried out using q = 3.44 from an earlier

estimate.<® Because the derived mass is insensitive to the value of q
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employed, it makes no difference in the results obtained whether 3.44 or
3.46 is adopted for the value of q. Since the Vigneron value of q and
that obtained on assuming a value of J = 270 ev are near the limits within

which 'q may reasonably lie, an estimated error of 0.03 in q 1is adequate.

D. idange Straggling

The particle massqand momentum are connected through Eq. (5) with
the mean range of the particle. Our experiments measure the distribution of
a ranfiom variable, Rp~? (the normalized range), and the particle mass ratios
are caleculated from the observed mean values of such quantities. TFor the
mass calculation to be trustworthy, however, it is necessary that one be
able to account for all the significant contributions to the variance of
Rp 4. In particular, it is important thét'the meagsured particles originate
only at the target. Using our theoretical distributions of A and p, we are
in a position to compare the expected disﬁribﬁtion of the normalized range
with that observed. In this way, contamination of the mesons with particles
that couid not.have come from the target has been detected in the distribu-
tion of Rp 4 observed in an earlier expe:iment.zc The background mesons
had the effect of raising the apparent mass by an émount that sxceeded the
statistical probable error of the measurements. Our present results,
however, are understandable in terms of the known sources of variance.

This is a satisfactory situation for the reliability of the data, and it
is submitted also as evidence that the mass values are discrete.

A charged particle is brought to rest in matter by numerous colli-
sions, chiefly with electrons. The number of these interactions per unit
path and the amount of energy lost in each collision are governed by
chance, 80 that the distances traveled by individual particlés of a mono-
energetic group in comiﬁg to rest will vary. The fact that emulsion is

not a rigid homogeneous stopping material complicates this behavior, so that
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for a full understanding of the range straggling in emulsion, we carried out
a supplementary inveétigation.zo The contributions to the variance of Rp~@
in a typical plate (No. 28849) are quoted briefly in Table II. The total
variance anticipated is found by calculating the sum of the squares of the
separate straggling effects, each of which is discussed in Reference 20. In
our experiments, the emulsion distortion was measured in most of the plates..

It seldom introduced an important contribution to the straggling.

Table II
Percentage standard deviation of Rp-q for positive muons, positive
pions, and protons at B R0.27 in plate No. 28849. Data quoted

from Heference 20.

Macroscopic
Bohr Proportional distortion M“omentum Calculated Observed
Particle straggling straggling straggling straggling straggling straggling
it 440 1.0 1.3 0.0 4e3 heb £ 04
7t 3.5 049 0.2 0.7 3.7 3.7 £ 0.4

proton 1435 0436 0.16 0424 142 1.5 £ 0.3

Where a distortion effect was detected in the mean range, corrections were
made to the final mass values. (See Section VIII.)

1

As pointed out by Lewis2 » the mean range is not given exactly by

Eq. (2), but the right side of the equation is slightly dependent on the mass.

The range is increased20’2l

by the factor 1 + ey, where el~45-0.4l/T<§T/ﬂR>.
In this expression ey is dimensionless, T is in Mev, and A in cm. This

effect, which is closely related to the range straggling, has been evaluated
and the appropriate correction (which is very small) made in the mass calcu-

lation (Section VIII). For a particle whose mass is very large compared to

that of an electron we write Eq. (5) in the form
RM =y (oD% .
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Then q and q, will differ by =~ p g%i « In our experiments this is only
about 1074 for mesons, so that correction of q for this effect is trivial.

A statistical effect extending the mean range, similar to the Lewis
Effect, arises from the heterogeneity of the emulsion. .This range extension
has also been estimated. It is a very small fraction of the ranges when the
range is large, only about 0.1 micron. It has been neglected. On the other
hand, a correction of 0.9 micron has been made for the finite grain-spacing
effect .

A further effect on the mean range and on the apparent range straggling
is introduced if the factor by which the emulsion shrinks in processing is
vincorrectly estimated. If So is the correct shrinkage factor and the shrinkage
factor agssumed is S, then we symbolize the efrér in the shrinkage factor by
S = S ~ Sge From an independent series of experiments22 we take S = 2.3,
and for its uncertainty ve estimate 0% = ggl= 0.01.

These effects, which influence the-mean range, lead us to distinguish

between the ideal quantity R of Eq. (2) and the actual measured renge Ry.
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V. STATISTICAL CALCUTATION OF MASS RATIOS
Equation (6) provides the basic formula for the calculation of the
-mass of a particle in units of the mass of-a comparison particle, Mesasure-~

ments on a single meson track when compared with similar data ffom the track
of another parﬁicle yield an estimate of their mass ratio, but because of
range straggling, the finite target size, and the finite area of detector
that must be scanned, the measurement of particle masses can be made with‘
much higher precision if one understands the distribution of the quantity
Ryp™% . The empirical distribution function is found, of course, by
measuring the track length Ry and the apparent momentum ﬁ? for many
particles,

If we use the averags value of the observed quantity Rlp-q instead
of Rp™ in Eq. (6), it leads to an apparent mass ratioc Mj, defined by

0 = Crp Lty - an
where again the prime refers to the comwparison particle. The connection
between M; and the true mass ratio M can be obtained by utilizing the
informstion we possess regarding the various distribution functions.

Aé in Seetion III, let U(pj,p)dp; be the probability thﬁt the true
momentum lies between py and py + dpy when thé apparent momentum is pe.
Also let V(Rl,pl)de be the probability that the observed track 1enéth will
lie between Ry and Ry + de when the momentum is Py» and let W(p)dp
be the fraction of the measuied values of the apparent momentum which lies
between p and p + dp. Then the nth moment of the distribution of Ryp™d

nay be calculated: v
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For carrying out the integretions we define _

& = /ﬁﬁ*(«iﬁ")’&?‘ and O'p2 = /(p - -.{p))2 W(p)dp.
Both these quantities are obtained from the observed distribution of p.
In our experiments (7},<<<:p>. We also note that the sign of the error
in q 1is unknown, so <q - qo> = 0. For the same reason we take<S - S°> = 0.
‘We describe the uncertainty in q by an estimated standérd deviation O’;,
and in S by a,.

Then froﬁ Eq. (18) we obtain several quantities of interest:
(a) The mean value of Ryp 2,
{Rpp™a) = et (L4 ey +L0) (19)

where W q and e have been defined above;

| (b) The variance T2 of Rlp":l ,

o (RO R = [ TR R g - 2093)]

(20)

(c) The asymmetry A3 of R P p~e, X
={R, P - 3R A PA(RP “z) + 2R P ?)

or

3 ! J Wie +3Lg + 372 (331 )(21)
pr=Lp? 7| A # SRS (g3 UM R <7€>

We then obtain for the mass, M:

/7
e, - W/
M= M[/"' g e f‘,’J.Z--——-»Z  (22)
-1 ? -/
If there are n observa_ﬁions of Rlp"q and nt observations of Rl'p"Ci, the

variance O—:‘-Iz of this calculated mass is
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= = | 3‘
(2 —-f-—""z-w*) -

where ¢p% /{p') = M(1#r) and § and §' are the respective dip
angles in the emulsion of the measured tracks as defined in Reference 20.

Since the observed distributions of §' and y, are employed in
calculating the mass variance, it would be incorrect to make a further
statistical allowaﬁce for observational errors in these measurements,

Errors in determining the linear dimensions of the apparatus and
the shape of the magnetic field distribution have not been included in
Eq. (31). The experiments were designed so that these effects would not be
large enough to affect the results by more than a few parts in ten thousand.

We have assumed that the absolute magnitude of the electric charge
of the various kinds of mesons is the same as that of the proton, and it
has also been assumed that the stopping is solely an electromagnetic effect.
Should these assumptions be inexact, this inexactness may be revealéd by
discrepancies between the results reported here and precise measurements
made by other means.

To obtain the pion mass in units of the muon mass, a ratio which we
call a , one uses the equations above with the muon as the comparison

»
particle. The groups of particles are measured in the same plate, and their
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momentum intervals are selected so that the ratio of their mémenta is close
to a. The ratio oflthe negative pion mass to that of the positive pion is
found in an analogous manner. Although in these experiments the proton
mass is usﬁally taken as unity and the fundamental positive pion/proton mass
ratio is measured, it is a matter of convention eventually to express all

results in electron mass units.
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VI. ANALYSIS OF PION DECAY

A. Relations Derived from Conservation Laws

e ——

A careful study of the energy and momentum balance of the assumed
mode of pion decay not only tests'the validity of the assumption, but also
yields accurate meson-mass relations in terms of observable quantities. The
pion, 7, is supposed to decay into a muon, /4, and a neutral particle, ) ,
usually assumed to be a neutrino. The process of decay requires the sudden
creation of a high-veloéity muon which must be accompanied by a continuous
photon spectrum. ?herefore, kinetic energies of the muon from zero to the
full energy To are possible. Several authors<> have obtained expressions for
the distribution function P{T,d)dTdW, for the probability that the muon
energy will lie in the interval 4T and be accompanied by a photon with
energy in the interval dW. If one integrates P(T,V)dTdW with respect to W,
he obtains the probability Q(T)dT that the muon possesses a kinetic energy
1ying°between Tand T + dT.; The ratio of the probability of soft-photon
decayAto radiationless decay for T < 3.5 Mev is calculated to be

R4

22 1.3 to 2.0 x 10"4. Fry~™, examining anomalously short muon tracks which
cannot be explained by decay in flight, has obtained an experimentsl value
for this probability of (3.3 % 1.6) x 10’4, which is in agreement as to order
of maénitude. In any event, the probability of obtainihg a "low-energy"

/4 meson is very small. If one calculates the mean energy of the muon, allow-
ing for the presence of the complete bremsstrahluhg spectrun, it is found to
be but a few hundred electron volts less than the radiationless value éf
7~~4el Mev. Since no anomalously short-range tracks are included in the
'analysis given here, the effect of the innér bremsstrahlung process is felt
even less and is tdo small to be detected in our experiments. Therefore, the

decay of the pion may be treated as a simple.two-bcdy problem. We write the

relativistic equations for the conservation of energy and momentum for a pion



26~ UCRL-3147

decaying while at rest as follows:

2 _ 4y 1/2

mo? = (%% + m2M 2 4 (5 %% 4 jo

22 2 41/2 _ 2
v YU = me

+ T, + myc2 + Ty, (24a)
Po = Py o - '_(ZAb)

For glarity we distinguish betwcen the momentum p, of a /4 meson
coming from the target and entering the emulsion, and the momentum pg of
the « meson acquired at the instant of its creation.

From Eq. (24),

m,, = mu[az +1 - 2am).2]1/2 , (25)
with & = my/my « |

One cannot hope by measuring a, m, and p, to obtain a value for
the rest mass of the presumed neutrino with an aceuracy comparable to that
obtained in beta-decay studies, because, as shown in Eq. (25), the mass of
the neutral particle is obtalned from the difference of two comparatively
large numbers. One can merely derive a new limit for the mass of the neutral
particle and decide if there are any inconsistencies in the presumed mode
of decay.

On the other hand, certain quantities can be obtained which are very
1nsensitive to the mass of the neutral particle if it is indeed quite small.
Hence, assumin: my= 0, we have several important relations as follows:

l. The Pion-Muon Massg Difference:

- 2a
mp-m, = - Po/c - (26)

As is shown later, very good accuracy can be obtained in the estimate

of the mass difference. This differeﬁce, coupled with the valus of the mass
ratio a enables one to derive absolute values of the positive pion and

muon masses, independent of any other comparison particle such as the proton.
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2. Masses of the Muon and Pion:
m; = am, = -522—9--_21- po{c . (27)
3. Kinetic Energy of the Muon:
To = o Po°=‘(‘9'§al')‘i ns® (28)

From the usual relativistic relations, one can also write the kinetic

energy with no assumptions regarding the maés of the neutral particle,
1/2
252 4 m/JZCA) - mﬁpz (23)

To = (pg

B. The Absolute Muon Decay HMomentum

The conaervationvrelations for the decay process involve the mass
ratio a and the decay momentum p,. The details of determining a have been
discussed, and we now concern ourselves with the evaluation of the other impor-
tant parameter, pqe

The 4 mesons entering the detector from the target come from the decay
of pions that stop in the target. They no longer have their full decay energy,
owihg to energy losses within the target. The ranges of 4 mesons created
_Qithin the emulsion itself, however, also are measured. These mesons are
referred to as "u~completes" with momentum p,, while the muons coming from
the target we term "l’ mesons" with momentum p,.

Two methods invdiving the fundamental Eq. (6) are employed to determine
Poe In the first method, the i~completes are compared with the f’ mesons.
Then the masses are the same. In Eq. (6) let p = Po and p' = Py with
associated residual ranges Ro and R/, respsctively. Solving for the absolute

decay momentum, we get

| B R, | Y/ (30)
Po = Ry q

Now, however, the determination of an absolute value for p, requires an
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absolute measurement of the magnetic field of the eyclotron. The velbcities
of the two sets of mesons are to be chosen as neafly equal as is consistent
with having adequate statistics for the analysis. This is desirable, once
again, to insure that the uncertainty in q not be a significant sourCe.of
error. Using the mean range of the w~completes as weil as the mean value of

the normalized range, RLUEAb e » and introducing the various corrections,

one obtains ;

_ {Roy “_ei,f' # e (31)
r <7\7/u. f/“ [/ g 'z

The subseripts o and 4 identify the groups of muons to which the symbols

refer.
If wve define t by the relation t;_,(l'ﬂz;}_’e , where p, 1is the

mean momentum of the f’ mesons that are selected for range measurements, the

uncertainty in p, may be expressed by .
“ = 2~ a—
o= T O 2 o 2T
O"fz‘ o A VY Ra. ’”’ t
2Ty %ﬁwﬁ@ 7 7%? 02)

V‘H

(4 ><M»;>] i

where Cr‘RO is the observed variance or range straggling of n, u~complete:
2

events. The additional tern, s Tepresents the uncertainty in the magni-

tude of the absolute value of the magnetic field.

In the second method, the mean range and momentum of the i-completes
are compared with the ranges and absolute momenta of 7 mesons originating
at the target and entering the emulsion detector. Again the velocities of the

two particles are to be chosen approximately equél. Applying the fundamental
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Eq. (6), we solve for p,, obtaining

4

o= f:?) - %[,+ €r 212+ “J_Z._’] (33)
Thus, knowing the value of the mass ratio a from an independent

study, we have another method for evaluating the absolute decay momentum of

the muon. If we take (Pvr> Po = a1 - 8), we now express the uncertainty

in p, as followss ’

2. -
.f,» = - 7 g + _‘_727_,,_.._..._? ™
P ? Nl Ry Mrr(’ﬂ’:n“]”,, > (34)

where O'. o~ measures the uncertainty in the value of the m/u mass ratio.

~,
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VII. EXPERIMENTS PERFORMED

A. General Description

Only the three final experiments of an extended mass measurement
program are described in this paper. These were made with the 184-inch cyclo-
tron. The program was directed specifically‘to measurements of particle mass
ratios and the muon decay momentum. These experiménts made use of apparatus
and techniques developed in avlong series of earlier experiments. The
measured quantities are so interrelated that, taken together, the experiments
provided rather complete information on the meson masses and the anérgy
balance in positive pion decay. Some of the quantities were actually over-
determined in the process. It should be understood, however, that the negative
muon mass was not measured, nor was the decay of the negative pion studied.

Experiment 1. In this experiment positive and negative pions and
protons, all in the same welocity interval, were simultaneously detected in a
single nuclear track plate. The experiment was carried out three times, yield-
ing data on plates numbered 2752, 27153, and 27154. The information obtained
enables one to calculate m'/proton and 7/ mass ratios.

Experiment 2. In this experiment conditions were made favorable for
comparing the masses of the positive pion and proton, but negative pions were
not detected. The center-of~mass momentum of the muon, p,, was also measured
by utilizing the measured /it ratio from Experiment 3, along with the muon
range R, and the pion normalized range. Experiment 2 was carried out three
times, yielding plates numbered 28848, 28847, and 28853.

ExperimentIB. The ﬂ*/h¢ nmags ratio, @, was determined by using pions '
and muons coming simultaneously from a single target to the detecting plate.

By measuring pions of appropriately greater momentum, we obtained data for the
two kinds of mesons at the same velocity. Also, by comparison of the ranges

of muons created by the decay of pions in the emulsion with the ranges of
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muons coming from the target with measurable momentum, the characteristic
decay momentum p, was determined. This experiment was repeated five times,
yielding data from plates numbered 25757, 25958, é5959, 25961, and 25967.

: The detector used in all these mneasurements was 1-by-3-inch glass¥
backed nuclear track‘emulsion; Iilford C.2 emulsion 200 microns in thickness
was chosen because its sengitivity waé sufficient to detect the particles
whose tracks were to be measured, and a greater thickness would have led to
more error from the distortion and shrinkage effects. .Emulsion is well
suited to these measurements as it performs the functions of both absorber
and detector. It provides visual evidence of the progress of the particle
and thus allows an accurate determination of the total range. The fairly
high stopping power permits absorption of particles of moderate energy within
a relatively short distance. The different kinds of particles were rather
easily recognized by their appearance in emulsion. Thus, each 7" meson wvas
seen to decay into a muon on stopping, and for a particle to be accepted for
measurement as a T meson, it was requirgd to make a star.

The magnetic field intensity of the 1l¥4-inch cyclotron decreases
gradually‘and nearly linearly from a nominal value of 15,000 gauss at the
center to 9.6 of this value at a radius of 8olinches. Therefore, all
particle orblits except thevequilibrium orbits precess about the center of
the cyclotron. The small orbits followed by particles in theée experiﬁents
are trochoidal (see Fig. 1). Vertical oscillations alsc are present, and the
median surface at which the radial component of the field vanishes is not
precisely a plane, so that the level of the circulating proton beam varies as
it expands radially. The beam loses stability at a radius of 81 inches and
targets are not placed beyond this point.

To téke full advantage of the ratio principle, it was necessary that

the particles be compared approximately at the same velocity. Since the
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velocity acquired by the muon when the pion decays at rest is fixed, all othar
particle velocities were matched to it, thus determining phe apparatus dimen-

sions. The velocity differendes were small enough so that the uncertainty in

q contributed only a negligible amount to the uncertainty of the mass ratios

or to the absolute momentum meésurement.

A1l the experiments were carried out in darkness, as it was necessary
that the plates be exposed without any wrapping. Light from arcs to the dee
and light eménating from the hdt cathode of the ion source caused trouble.

The apparatus was designed, therefore, so as to shield the plates from light

as well as from stray protons and neutrons. The curved channels in the shield-
ing through which the particles to be measured reached the plates were
blackened on the inside.

B, Agggratus Details

In order that the protons and mesons could all experience 180° focusing
and reach a single plate at the same velocity, it was necessary to provide
separate targets as sources for protons and mesons. The arrangement is shown
schematically in Fige. 3 and in somewha; more detail in Fig. 4. This apparatus
. vas employed for both Experiment 1 and Experiment 2. The difference between
the apparatus for tﬁese experiments was chiefly in the construction of the
plate holder and in the replacement of the negative channel of Experiment 1
by copper shielding in Experiment 2.

The particles, having left the target in a fairly flat downward-
spiraling trajectory, entered the surface of the emulsion wiﬁh a slight dip
angle (which we called 8 ). The target-detector assembly was so constructed
that a straight line from the center of the cyclotron passed through the
centers of both targets and along the long axis of the plate. We called this

the Central Radial Line. For purposes of reference and caleculation a local
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rectangular coordinate system was adopted with the x axis extending from the
target along the Central Radial Line. In/the calculation of the momentum, it
should be emphasized that the locations of the target and detector are con~
sidered with referénce to two coordinate systems. The local reference frame
has its origin at the center of the target. In this frame, the distance
between the target and detector is known to high accuracy { = 1 part in 104),
and the entire target-detector assembly remains fixed on its base for a particu-
lar exposure. The error in the target-to-detector distance introduces an
equal percentage uncertainty in the momentum. The second frame of reference
has its origin at the center of the cyclotrbn,-for the absolute value of the
magnetic field was measured as a function of the cyclotron radius. The proton
probe cart carrying the target-detector assembly can be set at any desired
radius to an accuracy of 22 1/8 inch., Since the inhomogeneity of the field

in this region is about 10 gausses per inch, ﬁhe error in the location of the
cart gives an error in the momentum about one part in 104.

Limitations of space and considerations of background made it advis-
able to i‘eceive pions and protons on different parts of the plate. Consequently,
after exposure to protons the proton targest was removed and the entire assembly
was moved two inches farther away from the center of the cyclotrcn so that the
pions also would be received at 80 inches. This was chosen as the radius for
reception of the particles in order to obtain the highest bombardment energy
on the targets and yet confine the orbits to the region where the field varies
élowly.

The apparatus was carefully designed to avoid contamination by pions
not from the target and by éhose that scattered from the channel walls. The
pion channels were built of copper around a central orbit 7 inches in diameter.
The channels admitted orbits having angles up to = 10° with respect to the

local y axis. The channels were designed so that particles scattered from
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their walls could not enter the emulsion at an acceptable entrance angle and
still lie near the chosen velocity interval. The proton channel was built
around a central orbit 46.6 inches in diameter. The channel aperture allowed
entry of orbits emitted within 22 of the y axis. The walls of these copper.
channels were lined with polyethylene, with the idea that the scattering of
particles hitting the walls would be reduced. The channel assembly including
the two targets and the nuclear track plate constituted the particle camera.

The camera was built on a cart mounted on rails affixed to the end of

»
a radial probe extending into the cyclotron vacwum chamber. The probe was a
cylindrical shaft of.brass which passed into an air lock through a vacuum
seal in the door. When the air-lock door had been clamped into place and
vacuum had been establiéhed, the door to tﬁe vacuum chamber was opened and
the whole apparatus was inserted into the eyclotron. Because the dimensions
of the necessary proton orbit were greater than those of the air lock, the
proton target was mounted on an extensible rod which was retracted while the
equipment was in the air locke. When the cart was moved toward the center of
the vacuum chamber, the rod was extended (by means of a length of strong
vacuum~hose rubber under tension) until it was brought up against a positive
stop when the target was the proper distance from the plate.

The target in which pions were produced (see Fig. 5) consisted of a
small block of copper of width 2a = 0.044 inch, length 2b = 0.238 inch, and
height 2¢ = 0.361 inch. The width was parallel to the Central Radial Line
and the length was parallel to the bombarding proton béam. The holder was a
thin 8-inch bar of brass with 1.25-inch arms projecting at each end. The
target was suspended between the ends of these arms by means of 0.001-inch
tungsten wire, which was under tension to keep tbe copper target in place.

No orbits from the body of the target holder could terminate on the plate; no
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particles from the bottom of the channel could enter the surface of the emul-
sion; any particle that scatte;ed from the top of the channel and entered the
emulsion would have too large a dip angle to be acecepted. The proton target
was an 8-inch cylinder of 0.125-inch tungsten, fitted tightly into a vertical
hole on the end of the extensible rod (see Fig. 4). It was firmly seated by
means of a setscrew whiéh clamped it into position. The effective height 2¢
of the target was obtained from the vertical spread of radicactivity over the
cylinder after bombardment. The activity was found to be strong over a distance
of 1.5 inches. Therefore ¢ = 0.75 inch. . The distriﬁution of thé bombarding
beam must also be considered in pion production. There is a possibility of
pion emission from the 0.001~inch tungsten wires that suspend the pion target.
Consideration of the volumes involved, however, leads one to expect only one
pion from the wire for every 1,000 from the target. 1In addition, a mock pion.
target, consisting of four 10-mil copper pieces pressed together, Qas bom~-
barded to check the radial distributiop of the beam on the target. FEach
section when separated showed essentially the same induced radioactivity.

The plate holder, designed for Experiment 1, was altered slightly to

: proside for a tilt of the plate in Experiment 2. It was made from a brass
block i by 3 by 3/8 inches. Attached to the top edges were three small
phospher-bronze leaf springs, which served to align the detector plate with
respect to the top of the holder as well as to clamp it tightly in place.

Experiment 1. Both positive aﬁd negative pions were to be detected;
therefore, the top of the plate holder was in a horizontal plane. The height
of the plate holder was governed by our choice of about 7° for the pitch
angle Yo o©of the central orbits originating from the center of the target.
The center of the pion target was a distance 3z, of 1.36 inches above the
plane of the emulsion. The corresponding distance for the protons, howeﬁer,

was 0.61 inch (owing to the radial variation of the beam level). Thus Y,

‘
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for the proﬁons was about 0.5°. Accepted angles &' were from -10° to 10° for
mesons and -2° to 2° for.protons.

Experiment 2. In this experiment positive pions and protons were
observed. The pitch éngle of the central orbits was reduced in order to
reduce the error in the momentum arising from the uncertainty in its vertical
component. This was accomplished by raising the channel assembly (with the
plate holder) 0.38 inch. Howéver, we wanted the pions to have about the same
angle of dip as before. Therefore a 2° slant toward the positive channsls
was put in the top of the plate holder. The height 2z, for pions was
098 inch and for protons 0.23 inch.

The positions of the targets with respect to the entrance points of
the p#rticles were established by means of fiducial marks photographed directly
cn the emulsion. This was accomplished with a slit system built into the
plate holder. The system consisted of two cross-~shaped slits spaced 2 inches
apart with the center of each 0.5 inch from the edges and the adjacent end of
the plate. The arms of the slits were aligned with the Central Radial Line
to better than 0.2° on a milling machine. Behind each of these slits was a
small flashlight bulb. The bulbs were lighted for a few seconds after the
detector plate was mounted (emulsion up) on the plate holder. A latent image
of the slits was thereby left on the bottom surface of the emulsion. These
lines not only give a permanent record of the exact position of the detector
at the time of exposure, but also enable the investigator to locate quickly
the proper regions of the plate to be scanned under the microscope (i.é.,
momentum intervals that give approximately equal velocities for the various
particles). In Experiment 2 the accepted angular interval of 9' was the same
as in Experiment 1.

The distances from the targets to the respective fiducial slits were

measured with respect to lines inscribed on a long brass measuring bar. :The
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Positive pions leaving the target with energies acceptable to the
defining chennel spiral down under the influence of the cyclotron magnetic
field and enter the detecting emﬁlsion.' Because of the channel width, the
points of entry of the pions are distributed more or less uniformly over the
entire plate. The positive pions that come to rest within the target decay
into muons. The muons created near the surface of the target leave with only
smzll energy losses and can be accepééd by the channel, hut since their
momentum does not exceed p,, they enter the emulsion in a more limited region
of the plate. The plons reaching the detecting plate stop within the emul~
sion, giving rise to muons, approxim;tely 17 percent of which come to the ends
of their ranges before leaving the emulsion.

Previous estimates of the 7/« mass ratio indicated a value of about
l.3. In order to apply the equal~-velocity principle, we therefore chose the
orbit diameters in this ratio.

As described previously, the channels were s0 designed that any meson
that scattered from the wall would either enter the detéctor with the wrong
angle or would have & considerably lower or higher energy. Such mesons were
separable from the main distribution by the range measurement. This is illus-
trated by Fige. 7, which shows the distributions of the normalized ranges of -
the mesons measured on a typical plate. A certain amount of decay in flight
occurs that cannot be prevented from reaching the detector. In contrast to
Experiment 3, no background mesons were found in Experiments 1 and 2.

The detecting plate was mounted on a l-by-3-inch plate holder having
an inclination anglg of 52 with respect to the horizontal x-y plane. It was
similar to those used in Experiments 1 and 2, and the fiducial marking was

carried out in the same way. Accepted angles 8' were -11° to 11° for plons,

and -15° to 11° for P wesons.
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C. Exposures

The exposures consisted of bombafding the various targets for 30 to
45 seconds with a circulating proton beam of about 1077 ampere. The beam
energy at the proton target was about 70 Mev and at the meson target about
2)0 Yev.e During exposure to pions in'Experiments 1 and 2 the proton channel
was plugged to reduce background. Since the eiission of high-energy protons.
in the backward direction is improbable, only a low flux of suitable protons
was obtained. The detected positive pions were also emitted in the backﬁard
direction, while the negative pions were emitted in the forward direction.
The n*/ﬂ’ ratio in a given direction usually considerably exceeds 1, but with
this experimental arrangement and for this low meson energy, the ratio was
near unitye. | ‘

Before an exposure, the magnetic field was stabilized by permitting
the cyclotron magnet to warm up for severai hours. During an experiment the

current was maintained at a standard value; a potentiometer was used to monitor

it. Fluctuations of about one part in 1000 were experienced.

D. Mlcroscops Work

The exposed platés vere developed and examined under high-power
microscopes, magnification dbout 1200, using oil-immersion objectives. The
long axis of the plate (the x-axis) was aligned with the lateral motion of
the microscope stage by lining up the centers of the fiducial marks. The
coordinates, on the microscope stage, of the fiducial centers were recorded
and the plates were scanned for the tracks of the desired particles. When
these were found the coordinatea of the firat developed grain in the track
were taken as the point of entry. The microscope stages used enabled one to
read the x and y coordinates of a point to one micron, but because the

fiducial lines were somewhat diffuse and sbout 20 microns in width, the
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absolute location of a point was known only to about 10 micréns. Emulsion
diétortion also contributed to this uncertainty. The angle 8 of the track
with respect to a local y axis through ﬁhe point of entry was measured with
an eyepiece goniometer. The standard error of the angle measurement was
about 1°. This uncertainty was caused largely by the scattering of the
particle in the emulsion. The range of the particle wes measured by record-
ing the lengths of successive straight segments of track as measured either‘
on a calibrated eyepiece reticle or by the spage coordinates. The distance
between the beginning and end of each gegment of track was measured, »A cor-
rection was applied to the depth measurement for the shrinkage. The total
range was corrected 0.9 micron for the finite grain spacing.zo
» Three observers took data. One measured tracks by means of the eye~
piece reticle, the other two used the stage coordinates. Great care was

taken to insure that all three were using comparable standards. Many cross
checks wers made: One observer measured a track using his microscope and
method.and then the plate was given to another observer who used his téchnique
to measure the same track. In all cases the difference found was of the sane
order as the error in measurement for a single observer (about

0.1 x RL/2 nicrons). Since any one observer measured all ranges by the same
method, an absolute calibration of his range scale was not necessary for‘find-
ing the ratio of the masses nor for determining the absolute momentum; since
only range ratios are requ@red. The dip angle J. was also recorded. Although
* the measurement of this quantity offers some difficultieé because of particle
scattering and emulsion shrinkage, it was measured with a standard deviation

of about 1°. On the basis of abnormal dip angle measurements, some tracks

were not measured in Experiment 3, but Fxperiments 1 and 2 were remarkably

free of stray particles. This is illustrated by Fig. 8, which shows the

distribution of normalized ranges of all the positive pions found in Experiment 2.

A\l
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The measured average dip angle, when compared with that derived from the
dimensions of the apparatus, provides an over-all check of the geometry,

shrinkage factor, and the z-axis calibration of the microscope.

E. Magnetic Measurements

——

Absolute_measuraments of the magnetic field were carried out b& use
of a Varian Aésociates Nuclear Induction Fluxmeter. In the preliminary
experiments, the proton-moment head, containing the water sample and colls,
was mounted directly on top of the channel, and the Larmor frequency was
measured at the same time as the plate was exposed. This arrangement proved
very cumbersome for efficient operation. The preliminary measuremenﬁs showed
th#t the magnetic field intensity (for the same excitation current) on differ-
ent days remained constant to within a few gauss. This is not particularly
surprising, as the magnet operated near saturation. A simpler procedure
could therefore be adopted. After the plate exposures were completed, the
field measurements were made within a few hours. The magnet excitation
current was kept constant during this period by means of a Leeds and Northrup
| potentiometer. The proton-moment head was inserted into the cyclotron by
means of a special probe. The measurements were made in vacuum. In addition
to measurements along a radial line, measurements were made along the proton
orﬁit, and along the mirror image of the proton orbit. It was found that the
radial behavior of the field along the proton orbit was the same as that along
the Cantral Radial Line, but an azimuthal variation of up to 0.1% was found
on the mirror-image orbit. TPis perturbation was probably caused by the
proximity of the vacuum tank wall. The azimuthal effect was too small to
measure when the positive and negative pion orbits were compared.

Measurements of the absolute field intensity as a function of cyclo-

tron radius were madé many times in the pPQFi°dv195o"53' After the magneb
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current had been set for $ or 6 hours, the individual values obtained all
fell within % 0.1 percent §f the mean value even when the measurements were
repéated on widely different dates. The Larmor frequency, and thereforé the
value of the field, was read with about 0.03 pefcent error for any one deter-

mination.
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VIII. RESULTS

A. Positive Pion/Proton Mass Ratio

The six plates of Experiments 1 and 2 each yieided values fbr this
ratio. Corrections were made for (a) the finite size of target aﬂd detéctor,
(b) the lewis Effect, and (c) the emulsion distortion. To illustrate the
magnitudes of the corresctions, they are itemized in Table III along with the
mass ratios found. It may be seen that the corrections are small, but not
quite negligible. We obtain the weighted mean result

mw+/mp = 0.14887 + 0.00011 .
The error indicated is the probable error. The chief contribution to the
uncertainty, here as in the subsequent experiments, arose from the inherent
Bohr straggling in the ranges. As seen in Figs. 7 and 8, the Rp™4 have the
expeéted normal distributions, and Table II lists the sources of variance.

The. internal-external consistency25 is good, since tpe ratio of the
two errors 1s unity.

If the proton mass is taken equal to 1836.1 electron masses,26 then
the mass of the positive pion in units of the electron mass is

mTr"’ = 273.3 + 062 o
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Table III

Positive pion/proton mass ratio determinations with corrections for systematic ‘
effects. AR and AR' are the respective extensions of pion and proton ranges

(in microns) caused by emulsion distortion.

. Corrected
3ebd 3. 4 — AR AR' Uncorrected mass ratio
Plate n nt x10% x1 6,%10 e, x10 () (4) mass ratio and prob.error

27152 56 10  4e28  1.87  Teid 1.1 0.9 =3.2  0.14890  0.14892+0.00030

27153 49 10 -1.19  1.98 "o n +0.1 +0.4  0.14837  0.14841#0.00027
2754, 51 10 T.72  2.02 n o #0.3 41,2 0.14936  0.1494440.00029
28848 65 10 9.20 1e9% " " ~0.4 =2.2  0.14914  0.14913:0.00024
28849 69 10 9.34 192 n n 42,0 +9.4  0.14828  0.14841+0.00027
28853 78 10  9.83 1.90 " " +1.7 <19.6  0.14858  0.148910.00025

Weighted mean = 0,14887
Probable error (internal consistency) +0.00011

Probable error (external consistency) +0.00011

B. Negative Pion/Positive Pion Mass Ratio

Three plates studied in Experiment 1 yielded data for the calculation
of this ratio. Since the particles came from the target during the same bom~
bardment interval and the apparatus was symmetrical for reception of the
two types, s number of sources of érror were eliminated. Geometrical factors

", vere exciﬁded and the only significant corrections were (a) the difference

in stopping power for positive and negative particles, and {(b) the emulsion
distortion. Table IV lists the mass ratios determined in the individual

plates and the final weighted mean corrected for the difference in stopping
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power of the positive and negative pions in emulsion. (Seetion IV-B.) The
final result obtained is
| mw—/m.,r+ = 0.998 £ 0.002 .
We may also compute the negative nion mass directly from the Tr‘/protén
mags-ratio observed in Experiment 1. Making all corrections, we obtain in

electron-mass units

‘m'ﬂ'_ = 272.8 + 003 3

Table IV

Negative pion/positive pion mass ratio determinations

) . Mass ratio
. Uncorrected = corrected
Plate _n_ n' mass ratio for distortion
27152 54 56 0.9908  0.9919 + 0.0021
27153 49 49 " 049993 0.9992 x 0,0023
2754 73 51 1.0009 1.0006 + 0.0023

Weighted mean = 0.9969
(with Fermi correction for stopping difference)z 0.9979

Probable error (internal consistency) = % 0.0014

Probable error (external consistency) = % 0.0018

‘

C. Positive Pion/Positive Muon Mass Ratio

In Experiment 3 the data were obtained from five plates. Corrections
have been made for the Lewis Effect and for the finite target and detector
dimensions. Since the emulsion peeled off the glass backing, adequate dis-
tortion measurements were not completed. Fortunately this ratio is very
insensitive to the distortion, since the pions and muons enter the emulsion

from the same direction with residual ranges differing only by about 30%.
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Furthermore, the distortion effect varies in sign and magnitude from plate
to plate, so that it can be treated as a random variable of mean value zero.
The mass ratio, uncorrected for distortion, has been calculated for each of
the five plates and a weighted mean cbtained. These figures are given in
Table V. We have derived the uncertainty in the mass ratio from the external
consistency of the results. It is quoted as a probable error in the following:v
m+/m# = 1.321 £ 0.002 .
It is of interest to note in Table V that the statistical probable error
as caleulated from internal congistency is essentially equal to thap derived
from external consistency, indicating that no large systematic errors are
present.
If we employ this pion-muon mass ratio with the measure& positive
pion mass of Sec. VIII-A, we have m# = 206.9 + O.4 in units of the

electron mass.

Table V
Heasurements of ratio of masses of positive pions to

masses of positive muons

Uncorrected Corrected
Plate N, n, mass ratio mass ratio
25957 31 27 1.3264 1.325g = O.()Olh9
25958 49 46 1.3254 1.3265 + 0,003¢
25959 50 38 14322, 1.3205 + 0.003q
25961 51 30 1.3215 1.3225 £ 0.003¢
25967 52 20 1.311, 1.307g + 0.0044

n. and n, are the respective numbers of pions and muons measured on each plate

Weighted mean = 1.321 £ 0.002

i

Probable. error (internal consistency) = + 0.001ly

Probable error (external consistency) = % 0.002,
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D. The Absolute Muon Decay Momentum

Experiments 2 and 3 each yield data from which to calculate the center-
of -mass momentum, P,s acquired by the muon when the pion decays. The informa-
tion is summarized in Table VI. The finite target-detector corrections were
again made in both experiments. The Lewis Effect was corrected for in
Experiment 2 (ses Eq. (33)). In Experiment 3, however, the Lewis Effect cor-
rection vanishes as muons are compared with muons (see Eqe (31)). In neither
case was a correction made for emulsion distortion. The érguﬁent hers is the
same as in the determination of the pi/mu mass ratio. The ratio of the internal
to external probable errors is again equal to unity within the statistics éf
the experiment. The final probable error quoted below is calculated from the
extgrnal consistency of the data. Since the determination of a final mean
valhe for Po from both runs involves interrelated and dependent quantities,

a simple averaging of the two values is not valid. The process of deriving
the most probable value for pg and its error is rather too detailed for
presentation here, but is treated in Reference 2i. We quote:

Po = 29.80 % 0.04 Mev/c .
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Summary of absolute decay momentum measurements

Uncorrected Corrected Statistical®
momentum momentum probable error
Experiment Plate (10~5 gauss-mm) | (10”2 gauss-mn) (10~% pauss-mm)
28848 9.947 9.948 + 0.016
2 28849 2.713 9.912 + 0,018
28853 7.924 9924 + 0,018
25957 9.946 9.954 + 0,026
25958 9.967 2.961 + 0.020
3 25959 .711 9.930 + 0.017
25961 945 9943 + 0.019
25967 10.019 10.046 + 0,026

®Does not include uncertainty in abgolute value of magnetic field

‘Expt. 2: Weighted mean = 9.958 x 105 gauss-mm.

Statistical probable error (internal consistency)
Statistical probable error (external consistency)

' Po , = 29.85 + 0.05 Mev/c {including uncertainty

=+ 0,007 x 10° gauss~-mm
=+ 0.011 x 105 gausg-mm

in absolute magnetic field)

Expte 3: Veighted mean = 3.929 x 10° gauss-mm

Statistical probable error {internal consistency)
Statistical probable error (external consistency)

Po .. = 29.77 + 0.05 Yev/c {including uncertainty

3

= 0,010 x 105 gauss-~mn

0.007 x 105 gauss-mm

It}

in absolute magnetic field)
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E. The Mass of the Neutral Decay Particle

If ve employ the method di‘ least squares to calculate the weighted
mean value for my, with its associated probable error, we are led to an
cumbersome algebraic expression. The derived mass of the preéumed
neutrino is extremely sensitive to slight variations in a, p,, and m, .
Therefore, because of the statistical uncertainties in the values of these
parameters, the exact analytical solution is not attempted and a graphical
method is applied. Higher accuracy is also achieved if one replaces m, in
Eq. (25) by the quantity m /a, vhere m, is the value for the pion mass.
The graphical solution is presented in Fig. 9. A family of curves for dif-
ferent values of my/mu can be plotted as a function of a and the quantity
po/mn,c. The hatched region is the area subtended by their probable errors.
If one substitutes the final weighted means given above for these parameters
into Eq. (25), one finds (my/mu)z = 0.0001, but with an error of * 0.0004.
Examination of Fig. 9 indicates a probable upper limit to the mass of the
neutral decay particle of 7 electron masses.

F. The Pi-Mu Mass Difference and the Mass of the Muon

As mentioned previously in Sec. VI-A, certain mass relations are
ingsensitive to the mass of the neutral decay particle if m 1is small. There~-
fore, if we assume fn y = 0, we obtain the following results (in units of the
electron mass): | | '

Expt. 2: mt - mp = 66453 * 0410
Expt. 3: mt - mb = 66.32 + 0.10
Mean: mpt ~mp = 66.41 + 0.07

Introducing the pion value into our final weighted mean value for

the 74 mass difference, we have



0
—ﬂZ;

This value represents the most accurate determination of the mass of the
positive muon in this series of experiments.

G. The Absolute Kinetic Energg of the Muon
Assuming m,, = O, we have, from Eq. (28),

Expt. 2: 44126 £ 0.017 Mev,

3
(o]
i

44117 £ 0.023 Mev,

Expt. 3: To
Mean: T = 44123 + 0.016 Mev.

The kinetic energy of the muon can also be determined from the usual
relativistic energy-momentum-mass relation, Eq. (29), with no assumptions
being made about the mass of the neutrino. One usea the above determinations
of pg, mn#, and the @w*/hmf mass ratio. Here, also, the evaluation of the
error in the calculation is complicated because these quantities are to some
extent dependent. The complete analysis employing a graphical method once
again is given in Reference 2i. One finds

To = 412 # 0,02 Mev.,



52
IX. DISCUSSION

We conclude by making some general statements regarding the philosophy
of these measurements and some specific remarks about the results. V

In planning a precise physica{ measurement it is important to antieci-
pate the distribution of the statistics to be obtained so that spurious

.events (background) or excessive variance can be detected. It may be possible
to construct a function of the quantity to be measured that is normally dis-
tributed with a calculable standard deviation. In such cases, all the
statistical theory of the gaussian distribution is available to test the -
consistency of the results. In our experiments the quantity Rp~9 was intro-
duced for this purpose. Measufements of this quantity had the predicted
distribution; this distribution provided direct information on the statistical
reliability of the data. The variance arose chiefly from the inherent
straggling of ranges.

For the reduction of systematic errors, two useful principles of
physical measurement are applicable. These are the ratlio principle and the
null principle.27 Both have been utilized in the experiments. Only ratios
of like quantities are measured, and when the equal=-velocity condition is
introduced, the momentu? exponent q drops out of the equations and a
"balance" is attained in which the ratio common to the ranges and the momenta
is equal to the mass ratio. While the approach to the "null" condition can.
always be made by successive approximations, the initial momentum ratios we
chose were already satisfactory, so that nothing was to be gained by closef
matching of the velocity intervals in which the particles were selected.

It is noteworthy that the most precise indirect measurements now are
in complete accord with these results. The residual difference that remains

in the above-quoted positive and negative pion masses has a very low
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significance level. Poésibly a further study of the relative stopping
powers of matter for particles of opposite sién may be justified, however.

Our analysis of the =4 decay requires a "neutrino" to account for
the missing maas—énergy, momentum, and angulaf momentum. A fermion with
momentum in Mev/c equal to its energy in Mev is required to balance the
conservation relations.

The results alsd imply that the magnitude of the electric charge
carried by mesons is identical to the eleetronic quantum of charge, for the
apparent mass values obtained by different methods are very sensitive to the
charge and depend on it in different ways.

This'work stems from early experiments of E. Gardner and
Co M. G, Lattes,28 and thelir ideas have been retained in some of the experi-
mental procedures., Before poor health forced the discontinuance of his work,
many aspects of these experiments were planned in discussions with Dr. Gardner.
Throughout the extended period during which this work was carried on,vwe
enjoyed the invaluable cooperation of many: individuals in the Radiation
Laboratory. In particular, we are indebted to Mre. T. Griswold for aid
in plate measurements, to James Vale and Lloyd Houser for reliable cyclotiron
operations, and to the computing groﬁp, under the leadership of John XKilleen,
for aid in the reduction of data.

This work was done under the auspices of the U. S. Atomic Energy

Commission.



3
* __5[_

TR L-324T

REFERENCES

1. Many of the earlier measurements are reviewed int
(a) J, A, Wheeler and R, Ladenburg, Phys. Rev, 60, 754 (19L1),
(b) C, F, Powell, Reps. Prog. in Phys, 13, 350 (1950)
(London: Physical Society).
2., The development of this mass-ratio method has been partialxy
reported in the foliowing:

(a) W, H, Barkas, UCRL Memorandum, May 12, 19L9%. _

(b) W. H, Barkas, Proceedings of the Echo Lake Cosmic Ray
Symposium, June 23, 1949,

(e) W, H, Barkas, F. M, Smith, and E, Gardner, Phys, Rev, 82,
102 (1951),

(d) W, Birnbaum, F, M, Smith, and W, H, Barkas, Phys, Rev, 83,
895(a) (1951).

(e) W, H, Barkas, Am, J, Phys, 20, 5 (1952),

(£) F. M, Smith, W, Birnbaum and W, H, Barkas, Phys, Rev, 91,
765 (1953),

(g) W. H, Barkas, Meson Mass Measurements I - Theory of the
Mass Ratio Method, University of California Radiation
Lavoratory Report No, UCRL-2327, (1953). |

(n) F, M, Smith, Meson Mass Measurements II - On the Measurement
of the Masses of Charged Pions, University of California
Radiation Laboratory Report No. UCRL-2371, (1953).

(1) Wallace Birnbaum, Meson Mass Measurements IIT - The Pi-Mu
Mass Ratio and Energy Balance in Pion Decay, University of

California Radiation Laboratory Report No., UCRL-2503 (195L).



3.

L.

6e

7.

8.

o

Some of the early meson mass measurements by grain count and range
were made by the following: C, M, G, Lattes, G, P, S, Occhialini,
and C, F, Powell, Proc, Phys, Soc, London 61, 173 (1948);

L, Van Rossum, Compt, Rend. 228, 676 (1949); and J. K. Bowker,
Phys. Rev, 78, 87 (1950).

R, B, Brode, Revs. Modern Phys. 21, 37 (19L49), Phys. Rev. 15, 90L
(1949)s W. B, Fretter, Phys, Rev, 70, 625 (1946); J. G, Retallack
and R, B, Brode, Phys. Rev. 75, 1716 (19L49); T. C. Merkle,

E, L, Goldwasser, and R, B, Brode, Phys. Rev. 79, 926 (1950);

G, M, Nonnemaker and J, C, Street, Phys. Rev. 82, 564 (1951);

C. Franzinetti, Pnil, Mag. 4l, 86 (1950); I. Barbour, Phys. Rev.
78, 518 (1950); G. Aséoli, Phys. Rev. 90, 1079 (1953).

Exampless E, J, Williams and E, Pickup, Nature 1h1, 6L8 (1938);
D, R, Corson and R, B, Brode, Phys, Rev, 53, 215, 773 (1938); and
Jo C, Street and E, C, Stevenson, Phys., Rev, 52, 1003 (1937).

S. Lattimore, Nature 161, 518 (1948); and Y. Goldschmidt-Clermont,
D, T, King, H. Muirhead, and D, M, Ritson, Proe, Phys, Soc; 61,
183 (19L8). | |

R, B. Leighton, C, D, Anderson, and A. J, Seriff, Phys, Rev. 75,
132 (19149)5 A, Lagarrigue and C, Peyron, Compt. Rend. 233, L78
(1951); J. H, Davies, W, O, Lock and H, Muirhead, Phil, Mag. 40,
1250 (3949); H, J, Bramson, A, M, Seifert, and W, W, Havens, Jr.,
Phys. Rev, 88, 304 (1952); R. Sagane, W. L, Gardner, and .

H, W, Hubbard, Phys, Rev, 82, 557 (1951); and R, Sagane et el.,
Phys. Rev. 95, 863 (195hL).

V. Z, Peterson, E, Iloff, and D, Sherman, Phys, Rev, Bl, 647 (1951),

and W, F, Cartwright, Phys, Rev, 82, 160 (1951),

L4



9e

10,

12,
13,
.
15.
16,
17.
18,

19.
20,

21,
22 .

5

-54-
W. K, H, Panofsky, R, L, Aamodt, and J. Hadley, Phys. Rev, 81, |
565 (1951); and K, M, Crowe, and R, H. Phillips, Phys, Rev. 96,
470 (1954).
M, B, Stearns et al., Phys, Rev, 97, 240 (1955); 96, 80k (195L);
95, 1353 (195L); 93, 1123 (1954);
S. Koslov et al,, Phys. Rev. 95, 625 (195L); M, Camac et al., Phys,
Rev. 89, 905 (1953)s 88, 134 {1952); |

A, D, McGuire et ai., Phys, Rev, 95, 625 (195L).

H, A, Bethe and J, Ashkin, Part II of fExperimental Nuclear Physicsy,

edited by E, Segre, Wiley, New York, 1953,

Such a procedure was carefully worked out by the late ﬁr. Eugene Gardner.
Jo ‘hibaud, Phys. Rev. L5, 781 (193kL).

W, H, Barkas, Phys, Rev, 78, 90 (1950).

W Heitler, Quantum Theory of Radiation, Oxford, 194, p. 172,

L. Vigneron, J, phys. radium 1, 145 (1953),

C. J. Bakker and E, Segre, Phys. Rev, B8l, L89 (1951).

Communicated in a letter dated October 8, 1953, to W, H, Barkas,
Professor Fermi pointed out that the Mott Theory of Scattering (see

Wentzel, Handbuch der Physik, ?A, Section 1, page 708) may be applied

to the scattering of negative électrons by both negative and positive
mesons (in the coordinate frame in which the meson is at rest). He
found in this way that the average impulee transmitte& to the negative
megon is less than that receivéd by a positive meson,

O, Heinz, Phys, Rev, 94,1728 (195hL).

Walter H, Barkas, Frances M, Smith, and Wallace Birnbaum, Phys,. Rev,
98, 605 (1955),

H, W, Lewis, Phys, Rev, 85, 20 (1952),

A, J. Oliver, Rev. Sci. Instr. 25, 326 (195L).



6
-53L
TS

23, H, Primakoff, Fhys, Rev, 8L, 1255 (1951); Nakano, Nichimura, and famaguchi,
Progr, Theoret. Phys. 6, 1028 (1951); T. Eguchi, Phys, Rev. 85, 943 (1952),
2k, W, F, Fry, Phys, Rev, 91, 1930 (1952).
25, R, T, Birge, Phys, Rev, @_, 213 (1932).
26, J. M, Du Mond and E, B, Cohen, Revs, Modern Phys. 28, 691 (1953).
27. It is noted that these features are combined in the Wheatstone
bridge, and make it in simplicigy and elegance perhaps the most
perfect example of a physical instrument,

28, E, Gardner and C. M, G, Lattes, Science 107, 270 (1948).



-57= o
LEGENDS FOR FIGURES

Fig. 1. Diagram illustrating-the trochoidal type of median-plane
orbit followed by a charged particle in the radially decreasing magnetic
field of the cyclotron. The orbit is periodically tangent to the liberation
limits at radii Ry and R, The quantities needed for an analysis of the
orbit are labeled.

Fig. 2. Schematic diagram of a particle orbit extending from the
target and terminating on the plate. The point at which the particle origi-
nated (X3, ¥y, 2;), and the point at which it is detected (x2, Tos ~2g = €¥5)»
are shown. The quantity € is the tangent gf the angle of tilt of the
plate, and the coordinate system employed 1s a local rectangular frame with
origin at the center of the target.

Fig. 3. Basic plan vievw of\the apparatus for Experiments 1 and 2,
showing the two targets and the detector pléte. The targets were not in
place simultaneously during the bombardments. The surface of the emulsion
was somewhat below the level of the circulating beam so that the particles
entered the emulsion through the upper surfece with a small angle of dip.

Figs 4« Detailed sketches of the top and side view of the apparatus
for Experiments 1 and 2 mounted on the probe cart, showing

a. Thg proton target.

b. The stop for defining the amount of extension of the proton target.

c. Elastic member which extends the proton target when (i) is not in

contact with the lock do;ro

d. The pion target.

e. The positive-pion channel.

f. The negative-pion channel.



g. The
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proton channel.

h. Nuclear-track plate on top of the plate holder.

i. The

Fige 5e
Fig. 6.
Fig. 7.
Experiment 3.
from the main

Figo 8e

end of the extensible rod that contacts the airlock door.

Drawing of target holder for Experiments 1 and 2.
Perspective view of the apparatus of Experiment 3.\
Normalized range distributions from one of the plates of
Note thét the small amounf of background is well separated
distribution. (Rl in units of microns and p in gauss-mm.)

Distributions of the normalized ranges of the positive pions

in the three plates of Experiment 2,

Figo N

Graphical solution to estimate the neutrino mass from Ebge (6).

The hatehed region is the area defined by the probdble errors in' the /i

mass ratio and the quantity po/hnc. A probable upper limit of 6 or 7 m

is indicated.
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