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Abstract In the stock market, some popular technical analysis indicators (e.g. Bollinger Bands, RSI,

ROC, . . .) are widely used by traders. They use the daily (hourly, weekly, . . .) stock prices as samples

of certain statistics and use the observed relative frequency to show the validity of those well-known

indicators. However, those samples are not independent, so the classical sample survey theory does not

apply. In earlier research, we discussed the law of large numbers related to those observations when

one assumes Black–Scholes’ stock price model. In this paper, we extend the above results to the more

popular stochastic volatility model.

Keywords Stochastic volatility model, asymptotic stationary process, law of large numbers, conver-

gence rate, technical analysis indicators

MR(2000) Subject Classification 62H10, 62P20, 65C50

1 Introduction

Liu et al. discussed in [1] the Bollinger bands for the Black–Scholes model. The following

observation is interesting: Black–Scholes stock price model has Markov property — given the

present, the future is independent of the past, while the formulation of the Bollinger bands

largely depends on the past. So at the first glance, it looks that Bollinger bands property

was unthinkable to us. However, Liu et al. proved in [1] that Black–Scholes model really

possesses the Bollinger bands property of practical stock market. Under Black–Scholes model,

we introduced the statistics {U (n)
t } calculated according to the formulation of the Bollinger

bands, which is stationary and {U (n)
s+kn}k=1,2,... are mutually independent for each fixed s ≥ 0.

Zhu [2] extended our result to another indicator RSI.

It has been noticed in [3] that “technical analysis has been a part of financial practice for

many decades, but this discipline has not received the same level of academic scrutiny and

acceptance as more traditional approaches such as fundamental analysis” and “a simulated
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sample is only one realization of geometric Brownian motion, so it is difficult to draw general

conclusions about the relative frequencies”. However, we show here that if we recognize the

current popular stock price models, then we can do statistics based on relative frequency of

occurrence for some technical analysis indicators.

In this paper we extend our above result to the stochastic volatility model, which is only

implicitly Markovian and has no independent logarithm increment property [4]. Let us introduce

the definitions of Bollinger bands, RSI and ROC, which are popular technical analysis indicators

in the stock market. Denote by St the observed stock price.

1) Bollinger Bands Definition:

Middle Bollinger Band = 12-day weighted moving average.

Upper Bollinger Band = Middle Bollinger Band +2 × 12-day standard deviation.

Lower Bollinger Band = Middle Bollinger Band −2 × 12-day standard deviation.

If we denote

Ŝ12
t =

1
78

11∑

i=0

(12 − i)St−i (weighted mean), S
12

t =
1
12

11∑

i=0

St−i (simple mean)

and

σt =
[

1
11

11∑

i=0

(St−i − S
12

t )2
] 1

2

,

then the curve γ−
t = Ŝ12

t − 2σt is called the lower Bollinger band and γ+
t = Ŝ12

t + 2σt is

called the upper Bollinger band. Closer the price moves to the upper band, more overbought

the market and closer to the opposite direction on behalf of oversold. So when stock price

fluctuates between upper band and lower band we say the price changes within a normal scope,

i.e. the process {St−Ŝ12
t

σt
} changes in a normal scope.

Figure 1 S&P500 annual Bollinger Bands until 7-Mar-2007

2) RSI (Relative Strength Indicator) Definition:

Mean value of rising = mean value of the stock price’s rising in 14 days.

Mean value of dropping = mean value of the stock price’s dropping in 14 days.

RSI = 100 × Mean value of rising / (Mean value of rising + Mean value of dropping).

If we denote

ΔS+
t = (St+1 − St) ∨ 0, ΔS−

t = (St − St+1) ∨ 0,
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14-day RSI is defined as

RSI
(14)
t = 100 ×

∑14
i=1 ΔS+

t−i∑14
i=1 ΔS+

t−i +
∑14

i=1 ΔS−
t−i

, ∀ t > 14.

RSI takes its values in [0, 100]. In general, RSI value maintains above 50 for a strong trend

market and below 50 for a weak trend one. 14-day RSI above 80 may be regarded as ultra-buy

area, and below 20 may be regarded as ultra-sell area. When RSI fluctuates between [20, 80],

we say RSI changes within a normal scope.

Figure 2 S&P500 annual RSI until 7-Mar-2007

3) ROC (Rate of Change Indicator) Definition:

ROC = 100 × (closing price - closing price of 12-day before) / closing price of 12-day before.

That is, 12-day ROC is defined as

ROC(12)
t = 100 × St − St−12

St−12
, ∀ t > 12.

ROC has three pairs of indefinite antennas and groundings to show the ultra-buy and ultra-

sell area, which are defined by the historical prices of previous year. When ROC undulates in

“normal scope”, it is time to sell out stock while ROC rises to the first antenna and to buy in

when ROC drops to the first grounding. For example, in Figure 3, the first antenna is 5 and

the first grounding is −5. When ROC fluctuates between [−5, 5] we say ROC changes within a

normal scope.

Figure 3 S&P500 annual ROC until 7-Mar-2007
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We traced 13 years of the SPY daily closing prices. Our result in the following table shows

that in every year more than 94% of daily closing price are between the Bollinger bands (B-B)

and more than 77% of daily RSI are between [20, 80]. Just as introduced above, ROC has three

antennas and grounds. In every year more than 74% of daily ROC are between [−5, 5], more

than 95% between [−10, 10] and 100% between [−20, 20].

Year Price∈ B-B RSI∈ [20, 80] ROC∈ [−5, 5] ROC∈ [−10, 10] ROC∈ [−20, 20]

1993 95.90% 93.90% 100% 100% 100%

1994 94.21% 85.66% 100% 100% 100%

1995 97.54% 79.67% 98.35% 100% 100%

1996 96.30% 77.96% 95.45% 100% 100%

1997 98.76% 87.70% 92.53% 99.59% 100%

1998 95.85% 87.24% 80.83% 98.33% 100%

1999 97.93% 86.89% 87.97% 100% 100%

2000 97.93% 92.62% 83.40% 98.76% 100%

2001 97.90% 87.08% 85.65% 97.05 100%

2002 99.17% 87.30% 74.27% 95.44 100%

2003 97.93% 89.75% 97.10% 100% 100%

2004 97.49% 88.38% 99.16% 100% 100%

2005 97.51% 88.89% 100% 100% 100%

Table 1 Ratio of SPY 13 years historical price

In the original Black–Scholes model,

St = S0 exp
{

σWt +
(

μ − σ2

2

)
t

}
, (1.1)

the risk is quantified by a constant volatility parameter. It has been proposed by many authors

that the volatility should be modeled by a stochastic process to obtain a more practical model.

In this paper, we consider the model given by

dSt = μStdt + eYtStdWt

dYt = a(b − Yt)dt + σdBt,

Y0 = c, (1.2)

where Yt is an O–U process beginning with an arbitrary status c, Wt and Bt are independent

Brownian motions, a, b, c and σ are arbitrary constants and a > 0, b ≥ 0. For more discussion

about stochastic volatility model, see [5–8]. The corresponding St is derived as

St = S0 exp
{∫ t

0

(
μ − 1

2
e2Ys

)
ds +

∫ t

0

eYsdWs

}
, (1.3)

where the joint process (Yt, St) has Markov property: given the present (Yt, St), the future

is independent of the past. However, the formulations of the Bollinger bands, RSI and ROC

largely depend on the past. We prove that under the stochastic volatility model some statistics
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drawing from these indicators have asymptotic stationary property. If we set an assumption

that the process Yt starts with the initial condition Y0, which is a random variable independent

of (Bt, Wt)(t>0) and having the stationary distribution, we can get strictly stationary property.

However, this assumption is not very practical in application, on which we’ll say more in

Remark 2.2.

2 Asymptotic Stationary Property

Let St be the stock price generated by the stochastic volatility model (1.3). We have the

following:

Theorem 2.1 Let f, g be measurable functions : R
n2 → R, satisfying

(1) f(ax) = af(x), ∀ a > 0, x = (xi,j , 0 ≤ i, j < n) ∈ R
n2

;

(2) g(ax) = ag(x), ∀ a > 0, x = (xi,j , 0 ≤ i, j < n) ∈ R
n2

.

Then {Ut}t≥n = {At/Bt}t≥n is an asymptotic stationary process, where At = f(St−i−St−j , 0 ≤
i, j < n), Bt = g(St−i − St−j , 0 ≤ i, j < n).

Proof For 0 ≤ i, j ≤ n − 1, t ≥ n,

f(St−i − St−j) = f(axi,j , 0 ≤ i, j < n) = af(xi,j , 0 ≤ i, j < n),

g(St−i − St−j) = g(axi,j , 0 ≤ i, j < n) = ag(xi,j , 0 ≤ i, j < n),

where

a = S0 exp
{∫ t−n+1

0

(
μ − 1

2
e2Ys

)
ds +

∫ t−n+1

0

eYsdWs

}
,

xi,j = exp
{ ∫ t−i

t−n+1

(
μ − 1

2
e2Ys

)
ds +

∫ t−i

t−n+1

eYsdWs

}

− exp
{ ∫ t−j

t−n+1

(
μ − 1

2
e2Ys

)
ds +

∫ t−j

t−n+1

eYsdWs

}
.

So

{Ut}t≥n = {At/Bt}t≥n = {f(St−i − St−j)/g(St−i − St−j)}t≥n

is just a function of {xi,j , 0 ≤ i, j < n}, i.e., a function of (Ys, Ws)t−n+1≤s≤t. In the stochastic

volatility model, Wt is independent of Bt, so it is also independent of Yt. For {Yt} is O–U

process, it is an asymptotic stationary process. Without loss of generality, we can assume that

it starts from its stationary distribution. For simplifying our notation, we denote X(=)Y if two

random vectors X and Y have the same distribution. From the fact that (Ys, Ws)s≥t−n+1 is a

two-dimensional stationary process, we have for fixed α ≥ 0,

{Ut}t≥n(=){Ut+α}t≥n.

However, {Yt} is an asymptotic stationary process, so we get the conclusion that {Ut}t≥n is

asymptotic stationary. �
Remark 2.2 Assume the process {Yt} starts with Y0, a random having stationary distribu-

tion, we can come to a conclusion that under the stochastic volatility model, those statistics
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drawn from technical indicators are strictly stationary. However, it has been noticed by the

applied financial statisticians that, when we use the stochastic volatility model to describe the

fluctuation of stock price, we are not sure whether the process has been stationary which is

the premise the statistical analysis bases on. So it is important to decide how long it will take

the process to become stationary, i.e., how many historical data one should have in order to

have statistical significance. This is why we just suppose that the process {Yt} starts with an

arbitrary stat c. We will come back to this issue in Remark 3.5.

By Theorem 2.1, we can draw a series of asymptotic stationary processes from the stochastic

volatility model. This fact can be applied to the technical analysis indicators which we have

introduced before. Asymptotic properties are listed in the following corollaries.

Corollary 2.3 Let St be stock price generated by the stochastic volatility model (1.3). Denote

for each n ≥ 2 and t ≥ n that

S
(n)

t =
1
n

n−1∑

i=0

St−i, Ŝ
(n)
t =

1∑n
i=1 i

n−1∑

i=0

(n − i)St−i

and

σ
(n)
t =

√√√√ 1
n − 1

n−1∑

i=0

(St−i − S
(n)

t )2.

The process

L
(n)
t =

St − Ŝ
(n)
t

σ
(n)
t

, ∀ t ≥ n

is asymptotic stationary.

Corollary 2.4 Let St be the stock price generated by the stochastic volatility model (1.3). For

1 ≤ i ≤ n, t > n, denote

ΔS+
t = (St+1 − St) ∨ 0, ΔS−

t = (St − St+1) ∨ 0.

Then

I
(n)
t =

∑n
i=1 ΔS+

t−i∑n
i=1 ΔS+

t−i +
∑n

i=1 ΔS−
t−i

, ∀ t > n

is asymptotic stationary.

Corollary 2.5 Let St be stock price generated by the stochastic volatility model (1.3). Using

a similar method we can get

R
(n)
t =

St − St−n

St−n
, ∀ t > n

is asymptotic stationary.

In the above section, we use St, which is stock price generated by the stochastic volatility

model (1.3), and get the asymptotic stationary processes {L(n)
t }t≥n, {I(n)

t }t>n and {R(n)
t }t>n.

When t is sufficiently large, we can just consider the process as stationary without loss of
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generality. Therefore by Birkhoff’s ergodic theorem (see [9, p. 296]) (it is easy to see the

invariance of σ-field) we get that for any bounded measurable function f,

1
N + 1

N∑

i=0

f(L(n)
i ) a.s.−→ E[f(L(n)

∞ )], N → ∞,

1
N + 1

N∑

i=0

f(I(n)
i ) a.s.−→ E[f(I(n)

∞ )], N → ∞,

and

1
N + 1

N∑

i=0

f(R(n)
i ) a.s.−→ E[f(R(n)

∞ )], N → ∞,

where we used L
(n)
∞ , I

(n)
∞ and R

(n)
∞ to denote the random variables with the corresponding

stationary distributions.

3 Rate of Convergence

In general, to obtain the rate of convergence in Birkhoff’s ergodic theorem may be a little

complicated. But in the special case of this article, we can obtain the answer. Let St be a

stock price given by the stochastic volatility model (1.3) and let {Ut}t≥n be the asymptotic

stationary process satisfying Theorem 2.1.

Let Ft be the natural σ-algebra generated by (St, Yt). Denote for i ≥ n, K
(n)
λ,i = I

[|U(n)
i |≥λ]

.

Then E[K(n)
λ,i ] = P [|U (n)

i | ≥ λ]. Let

V
(n)
N,λ =

1
N + 1

N∑

i=0

K
(n)
λ,n+i

which is the observed frequency of the events [|U (n)
n+i| ≥ λ] (i = 0, 1, . . . , N).

Lemma 3.1 The following inequlity holds :

E

∣∣∣∣V
(n)
N,λ − 1

N + 1

N∑

i=0

P [|U (n)
n+i| ≥ λ|Fi]

∣∣∣∣
2

≤ n

N + 1
. (3.1)

Proof We have

E

∣∣∣∣V
(n)
N,λ − 1

N + 1

N∑

i=0

P [|U (n)
n+i| ≥ λ|Fi]

∣∣∣∣
2

= E

{
1

N + 1

N∑

i=0

[K(n)
λ,n+i − P [|U (n)

n+i| ≥ λ|Fi]]
}2

.

Denote for each fixed j,

Xj =
∑

{k;0≤kn+j≤N}
(K(n)

λ,(k+1)n+j − P [|U (n)
(k+1)n+j | ≥ λ|Fkn+j ]).

Then,

E

∣∣∣∣V
(n)
N,λ − 1

N + 1

N∑

i=0

P [|U (n)
n+i| ≥ λ|Fi]

∣∣∣∣
2

= E

∣∣∣∣
1

N + 1

n−1∑

j=0

Xj

∣∣∣∣
2

≤ n

n−1∑

j=0

E

[
1

N + 1
Xj

]2

.
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Let

Zk,j = K
(n)
λ,(k+1)n+j − P [|U (n)

(k+1)n+j | ≥ λ|Fkn+j ],

then

E

(
1

N + 1
Xj

)2

=
1

(N + 1)2
E

( ∑

{k;0≤kn+j≤N}
Zk,j

)2

=
1

(N + 1)2
∑

{k;0≤kn+j≤N}
EZ2

k,j ,

where we used the orthogonality of {Zk,j}. It is easy to see that E[Z2
k,j ] ≤ P [U (n)

(k+1)n+j ≥ λ] ≤ 1

and we get the conclusion. �
On the other hand, U

(n)
n+i is a function of

e
∫ n+i−j

i
(μ− 1

2 e2Ys )ds+
∫ n+i−j

i
eYs dWs , 0 ≤ j ≤ n − 1,

thus

P [|U (n)
n+i| ≥ λ|Fi] = P [|U (n)

n+i| ≥ λ|Yi]

where {Yt} is the O–U process in (1.2). Let

P0[|U (n)
n | ≥ λ] = E(P [|U (n)

n+i| ≥ λ|Yi is stationary]),

which is just the occurrence probability of the events [U (n)
n+i| ≥ λ] (i = 0, 1, 2, . . .) when the

process {U (n)
t }t>n becomes stationary. Before obtaining the conclusion, we need the following

lemma firstly.

Lemma 3.2 {Yt} is a stochastic process, f(·) is a measurable function and |f(·)| ≤ 1. For

i, j, N ∈ Z
+, 0 ≤ i < j ≤ N and any 0 < α < 1, if |Ef(Yi)f(Yj)| ≤ Ce−D(j−i) when j−i > Nα,

where C, D are positive constants, then

E

∣∣∣∣
1

N + 1

N∑

i=0

f(Yi)
∣∣∣∣
2

≤ 5
N1−α

+ 7Ce−DNα

. (3.2)

Without losing generality, we can choose N > N0 = inf{m; 5eD

7CD < m < 5emD

7CD , m ∈ Z
+, 5eD

7CD <

m′ < 5em′D

7CD , ∀m′ > m, m′ ∈ Z
+}, then the following inequality holds :

E

∣∣∣∣
1

N + 1

N∑

i=0

f(Yi)
∣∣∣∣
2

≤ log
(

7eCD

5

) 5
D 1

N
+

5
D

log N

N
. (3.3)

Proof For f(·) is a measurable function and |f(·)| ≤ 1, we have

E

∣∣∣∣
1

N + 1

N∑

i=0

f(Yi)
∣∣∣∣
2

=
1

(N + 1)2

N∑

i=0

Ef2(Yi) +
2

(N + 1)2
∑

0≤i<j≤N,
0<j−i<Nα

Ef(Yi)f(Yj)

+
2

(N + 1)2
∑

0≤i<j≤N,
Nα≤j−i≤N

Ef(Yi)f(Yj)

≤ 1
N + 1

+
2N1+α − 2N − N2α + 3Nα − 2

(N + 1)2
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+
N2 − 2N1+α + 3N + N2α − 3Nα + 2

(N + 1)2
sup

0≤i<j≤N,
Nα≤j−i≤N

Ef(Yi)f(Yj)

≤ 5
N1−α

+ 7 sup
0≤i<j≤N,

Nα≤j−i≤N

Ce−D(j−i)

≤ 5
N1−α

+ 7Ce−DNα

.

For N > N0, we have

inf
0<α<1

{
5

N1−α
+ 7Ce−DNα

}
=

5
N1−α′ + 7Ce−DNα′

,

where α′ = logN log( 7NCD
5 )

1
D and 0 < α′ < 1. Thus we get the conclusion. �

Lemma 3.3 The following inequality holds :

E

∣∣∣∣
1

N + 1

N∑

i=0

P [|U (n)
n+i| ≥ λ|Fi] − P0[|U (n)

n | ≥ λ]
∣∣∣∣
2

≤ 5
N1−α

+ 7μe−νNα

, (3.4)

where

μ =
2a(b + 1)2e

2a(b+1)2e
− a

2

σ2(1−e−2a)

σ2(1 − e−2a)
√

1 − e−2a
+

1
2

+
3
8
(1 − e−2a)−

5
2 +

|σ|(e 2a
σ2 + 1 − e−a)√
aπ(1 − e−a)

,

ν =
a

2
∧ a2

4σ2
(3.5)

and α ∈ (0, 1) is an arbitrary constant.

Proof Denote

P [|U (n)
n+i| ≥ λ|Fi] − P0[|U (n)

n | ≥ λ] = P [|U (n)
n+i| ≥ λ|Yi] − P0[|U (n)

n | ≥ λ] = f(Yi),

where f(·) is a bounded deterministic function not depending on i and |f(·)| ≤ 1. Then

E

∣∣∣∣
1

N + 1

N∑

i=0

P [|U (n)
n+i| ≥ λ|Fi] − P0[|U (n)

n | ≥ λ]
∣∣∣∣
2

= E

∣∣∣∣
1

N + 1

N∑

i=0

f(Yi)
∣∣∣∣
2

.

{Yt} is the O–U process in (1.2), it can be derived that

Ys|Y0 ∼ N

(
e−as(Y0 − b) + b,

σ2

2a
(1 − e−2as)

)
,

Yt − Ys|Ys
∼ N

(
e−a(t−s)(Ys − b) + b,

σ2

2a
(1 − e−2a(t−s))

)
, 0 < s < t

and the stationary distribution of {Yt} is N(b, σ2

2a ). Denote by ρ(x), ρ(y|x), ρ(x, y) and ρ0(x)

the probability density of Ys|Y0 , Yt−Ys|Ys
, (Yt, Ys) and N(b, σ2

2a ) respectively. From the markov

property of {Yt}, it is clear that ρ(x, y) = ρ(x)ρ(y|x) and
∫

f(x)ρ0(x) = 0.

So

Ef(Yi)f(Yj) =
∫∫

f(x)f(y)ρ(x)[ρ(y|x)− ρ0(y)]dxdy.

For any α in (0, 1), we use Nα to denote the integral part of Nα for simplicity, which doesn’t

change the convergence rate. Let N0 = inf{m; eamα/4 ≥ 2b + 2|c| + 2, m ∈ Z
+}, and without
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loss of generality we can choose the observed time N ≥ N0. Denote M = ea(j−i)/4, G(x, y) =

f(x)f(y)ρ(x)[ρ(y|x)− ρ0(x)]. Then

Ef(Yi)f(Yj) =
∫ M

−M

∫ M

−M

G(x, y)dxdy +
∫ M

−M

∫ −M

−∞
G(x, y)dxdy +

∫ M

−M

∫ ∞

M

G(x, y)dxdy

+
∫ −M

−∞

∫ ∞

−∞
G(x, y)dxdy +

∫ ∞

M

∫ ∞

−∞
G(x, y)dxdy.

When j − i > Nα, it can be calculated that
∫ M

−M

∫ M

−M

G(x, y)dxdy

≤
∫ M

−M

∫ M

−M

ρ(x)[ρ(y|x) − ρ0(y)]dxdy

≤
∫ M

−M

∫ M

−M

ρ(x)ρ0(y)
[

1√
1 − e−2a(j−i)

e
2ae−a(j−i)(M+b)2

σ2(1−e−2a(j−i)) − 1
]
dxdy

≤ 1√
1 − e−2aNα

e
2a(e−aNα/2+2be−3aNα/4+b2e−aNα

)
σ2(1−e−2a) − 1

≤ 1√
1 − e−2aNα

e
2a(b+1)2e−aNα/2

σ2(1−e−2a) − 1

=
1√

1 − e−2aNα

[
e

2a(b+1)2e−aNα/2

σ2(1−e−2a) − 1
]
+

1√
1 − e−2aNα

− 1

≤ 2a(b + 1)2e
2a(b+1)2e

− a
2

σ2(1−e−2a)

σ2(1 − e−2a)
√

1 − e−2a
e−

a
2 Nα

+
e−2aNα

2
+

3e−4aNα

8(1 − e−2a)
5
2

≤
[

2a(b + 1)2e
2a(b+1)2e

− a
2

σ2(1−e−2a)

σ2(1 − e−2a)
√

1 − e−2a
+

1
2

+
3
8
(1 − e−2a)−

5
2

]
e−

a
2 Nα

. (3.6)

For −M ≤ x, y ≤ M and M = e
a
4 (j−i) ≥ e

a
4 Nα

, we have the second and the third inequalities.

By using the facts ex−1 ≤ xex (x > 0) and 1√
1−x

−1 = x
2 (1−x)−

3
2 |x=0+ 3x2

8 (1−ξ)−
5
2 |0≤ξ≤x≤e−2a ,

we get the fifth inequality.

Moreover,
∫ M

−M

∫ −M

−∞
G(x, y)dxdy

≤
∫ M

−M

∫ −M

−∞
ρ(x)ρ(y|x)dxdy

≤
∫ M

−M

∫ −M

−∞
ρ(x)

1√
2π σ2

2a (1 − e−2a(j−i))
e
− [y−b+e−a(j−i)(M+b)]2

2 σ2
2a

(1−e−2a(j−i)) dxdy

≤
√

σ2

2a (1 − e−2a(j−i))
√

2π[M + b − e−a(j−i)(M + b)]
e
− [M+b−e−a(j−i)(M+b)]2

2 σ2
2a

(1−e−2a(j−i))

≤ |σ|
2
√

aπ(1 − e−a)
e−

a
σ2 (e

a
4 Nα−2)

=
|σ|e 2a

σ2

2
√

aπ(1 − e−a)
e−

a2

4σ2 Nα

, (3.7)
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where y − b − e−a(j−i)(x − b) ≤ y − b + e−a(j−i)(M + b) < 0 with −M ≤ x ≤ M and y ≤ −M

in the first inequality. The third one is by using the fact that
∫ −M

−∞ e−
(x−b)2

2σ2 dx ≤ σ2

M+be
− (M+b)2

2σ2

when −M < b. Moreover, with M = e
a
4 (j−i) ≥ e

a
4 Nα ≥ 2b + 2|c| + 2, we have

M + b − e−a(j−i)(M + b) > 1 − e−a

and

[M + b − e−a(j−i)(M + b)]2 > (M + b)2(1 − 2e−a(j−i)) > M(M + 2b)(1 − 2e−a(j−i)/4)

> M(1 − 2e−a(j−i)/4) > e
a
4 Nα − 2,

by which we get the fourth inequality.

Similarly, we have
∫ M

−M

∫ ∞

M

G(x, y)dxdy ≤ |σ|e 2a
σ2

2
√

aπ(1 − e−a)
e−

a2

4σ2 Nα

. (3.8)

We can also calculate that
∫ −M

−∞

∫ ∞

−∞
G(x, y)dxdy ≤

∫ −M

−∞

1√
2π σ2

2a (1 − e−2ai)
e
− [x−b−e−a(j−i)(c−b)]2

2 σ2
2a

(1−e−2ai) dx

≤
√

σ2

2a (1 − e−2ai)
√

2π[M + b + e−ai(c − b)]
e
− [M+b+e−ai(c−b)]2

2 σ2
2a

(1−e−2ai)

≤ |σ|
2
√

aπ
e−

a
σ2 eaNα/4

≤ |σ|
2
√

aπ
e−

a2

4σ2 Nα

. (3.9)

In fact, when M = e
a
4 (j−i) ≥ e

a
4 Nα ≥ 2b + 2|c| + 2, we have M + b + e−ai(c − b) > (M + b) ∧

(M +c) > 1 and [M +b+e−ai(c−b)]2 > (M +b)2∧(M +c)2 > [M(M +2b)]∧ [M(M +2c)] > M ,

by which we get the third inequality.

Similarly, we have
∫ ∞

M

∫ ∞

−∞
G(x, y)dxdy ≤ σ

2
√

aπ
e−

a2

4σ2 Nα

. (3.10)

Therefore, if j−i > Nα, by (3.6)–(3.10), we can get Ef(Yi)f(Yj) ≤ μe−νNα

. Thus by Lemma 3.2

we get the conclusion. �
Then we get by Chebyshev’s inequalities that

Theorem 3.4 We have for each κ > 0, that

P [|V (n)
N,λ − P0[|U (n)

n | ≥ λ]| > κ] ≤ κ−2E|V (n)
N,λ − P0[|U (n)

n | ≥ λ]|2

≤ κ−2

{
log

[
en

(
7eμν

5

) 5
ν
]

1
N

+
5
ν

log N

N

}
, (3.11)

where μ, ν are given by (3.5).

Proof From (3.1) and (3.4), we have

E|V (n)
N,λ − P0[|U (n)

n | ≥ λ]|2 ≤ n

N + 1
+

5
N1−α

+ 7μe−νNα

, (3.12)



1294 Liu W. and Zheng W. A.

where for μ, ν see also (3.5), and α ∈ (0, 1) is an arbitrary constant. And without loss of

generality we can choose N > N0 in (3.12), where

N0 = inf
{

m;m ≥ 5(2b + 2|c| + 2)4ν/a

7μν
,

5eν

7μν
< m <

5emν

7μν
,

5eν

7μν
< m′ <

5em′ν

7μν
,

∀m′ > m, m, m′ ∈ Z
+

}
.

For any N > N0, N ≥ 5(2b+2|c|+2)4ν/a

7μν , it can be derived that e
a
4 N logN log( 7Nμν

5 )
1
ν ≥ 2b + 2|c|+ 2.

Denote α′ = logN log( 7Nμν
5 )

1
ν . By using the fact 5eν

7μν < N < 5eNν

7μν , we can get 0 < α′ < 1. Let

α be equal to α′ in (3.12), we get

E|V (n)
N,λ − P0[|U (n)

n | ≥ λ]|2 ≤ n

N + 1
+

5
N1−α′ + 7μe−νNα′

<
n

N
+

5
N1−α′ + 7μe−νNα′

.

By Lemma 3.2,

inf
0<α<1

{
5

N1−α
+ 7μe−νNα

}
=

5
N1−α′ + 7μe−νNα′

= log
(

7eμν

5

) 5
ν 1

N
+

5
ν

log N

N
.

Thus we get the conclusion. �
Remark 3.5 It was noticed that one can also apply the existing results under the “strong

mixing”condition to get some similar conclusions. However, our error estimate is more explicit

in a way such that there is no unknown constants, which is important in statistical applications.

From the above theorem, it is reasonable to use the observed frequency V
(n)
N,λ to calculate the

asymptotic stationary distribution of U
(n)
t and we can give the accurate error between them.

We can apply this conclusion to L
(n)
t , I

(n)
t and R

(n)
t . All of the three processes change between a

normal scope just as we have introduced in the beginning. Out of this normal scope, investors

may buy or sell stocks, which can make the values of L
(n)
t , I

(n)
t and R

(n)
t come back into

the normal scope. For example, the normal scope of L
(n)
t is [−2, 2]. And I

(n)
t always changes

between 20 and 80. R
(n)
t also has indefinite antennas and grounds. Those applications are

illustrated in the following corollaries.

Corollary 3.6 Denote for i ≥ n, H
(n)
i = I

[|L(n)
i |≥2]

. Then E[H(n)
i ] = P [|L(n)

i | ≥ 2]. Let

J
(n)
N =

1
N + 1

N∑

i=0

H
(n)
n+i , (3.13)

which is the observed frequency of the events [|L(n)
n+i| ≥ 2] (i = 0, 1, . . . , N), i.e. the frequency

of the stock falling out of the Bollinger Bands. Let P0(·) denote the stationary distribution

of the asymptotic stationary process {L(n)
t }t≥n. Then we have the same conclusion as (3.11)

if we substitute J
(n)
N for V

(n)
N,λ and replace U

(n)
n with L

(n)
n . μ, ν, N satisfy the conditions in

Theorem 3.4.

Corollary 3.7 Denote for i ≥ n, H
(n)
i = I

[I
(n)
i ≤20 or I

(n)
i ≥80]

= I
[I

(n)
i ∈Γ]

, where Γ = [0, 20] ∪
[80, 100]. Then E[H(n)

i ] = P [I(n)
i ∈ Γ]. Define J

(n)
N as (3.13) which is the observed frequency
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of the events [I(n)
i ≤ 20 or I

(n)
i ≥ 80] (i = 0, 1, . . . , N), i.e. the frequency of the RSI breaking

through 20 or 80. Let P0(·) denote the stationary distribution of the asymptotic stationary

process {I(n)
t }t≥n. Then we have the same conclusion as (3.11) if we substitute J

(n)
N for V

(n)
N,λ

and replace U
(n)
n with I

(n)
n . μ, ν, N satisfy the conditions in Theorem 3.4.

Corollary 3.8 Denote for i ≥ n, H
(n)
i = I

[R
(n)
i ≤ε or R

(n)
i ≥ε]

= I
[R

(n)
i ∈Λ]

, where Λ = [−∞, ε]∪
[ε, ∞] and (ε, ε) is the indefinite antenna and ground of ROC. Then E[H(n)

i ] = P [ROC(n)
i ∈ Λ].

Define J
(n)
N as (3.13) which is the observed frequency of the events [R(n)

i ≤ ε or R
(n)
i ≥ ε] (i =

0, 1, . . . , N), i.e. the frequency of the ROC breaking through ε or ε. Let P0(·) denote the

stationary distribution of the asymptotic stationary process {R(n)
t }t≥n. Then we have the same

conclusion as (3.11) if we substitute J
(n)
N for V

(n)
N,λ and replace U

(n)
n with R

(n)
n . μ, ν, N satisfy

the conditions in Theorem 3.4.

4 Conclusion

This paper proves the asymptotic stationary and convergent properties of some most popular

technical analysis indicators of the stocks (i.e. Bollinger Bands, RSI, ROC) based on stochastic

volatility model. Also we apply a technique to the sample surveys in which samples are not

independent.

It is interesting to work between the stock price model and the real stock market. For

example, we shall use the technical indicators’ VaR (Value at Risk) to get more profitable

investments. As a popular technology, VaR has been widely used in the field of risk control,

masses of which is calculated based on asset price model. Now we have known that the technical

indicators are stationary or asymptotic stationary process based on Black–Scholes model and

stochastic volatility model. If we work out the VaR of some technical indicator, we shall reduce

the risk of the investment guided by technical analysis.

As mentioned earlier, we found many useful properties of the indicators, which can success-

fully explain the rationality of technical analysis and could be widely used in financial area.

However, we may also do some research in another perspect. For example, we may use the his-

toric data of technical indicators to check the validity of some existing stock price model. There

are many stock price models and technical indicators, the related questions both in financial

investment tactics and theoretical research should be worthy for further study.
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