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ABSTRACT OF THE DISSERTATION

Inference for the Bivariate and Multivariate Hidden Truncated
Pareto(type II) and Pareto(type IV) Distribution and Some Measures
of Divergence Related to Incompatibility of Probability Distribution

by
Indranil Ghosh

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, August 2011
Prof. Barry C. Arnold, Chairperson

Consider a discrete bivariate random variable (X, Y’) with possible val-
ues x1,xs,...,xry for X and y1,ys,...,yy; for Y. Further suppose that
the corresponding families of conditional distributions, for X given val-
ues of Y and of Y for given values of X are available. We specifically
consider those situations where the above mentioned conditional dis-
tributions are not compatible. In such a case we seek a joint proba-
bility matrix (P), say, that is minimally incompatible with the given
conditional distributions. The Kullback-Leibler Information function
provides a convenient measure of (pseudo) distance between two distri-

butions. However we will use a more general measure which is called

vi



the “power divergence criterion” which includes the Kullback-Leibler
Function as a special case. We will, along with this measure, also con-
sider some other measures of diversity which are widely used in the field
of Information Theory. Using all these measures we have developed al-
gorithms for finding the joint probability matrix which is minimally in-
compatible with the given conditionals. We will also propose here some
alternative measures of compatibility related to discrepancy. Our main
objective here is to find among the various measures of discrepancy (for
example the power divergence test statistic, modified Renyi’s measure
etc.), along with the proposed measures, which one give us the min-
imally incompatible distribution with a faster convergence rate. This
topic will be discussed in detail in chapter 1.

Next we consider an alternative approach to determine whether or
not any two given matrices (say, A and B) with non negative elements
(where for the matrix A, the column sums add up to one and for the
matrix B, the row sums add up to one) are compatible in the sense
that there exists a joint probability matrix for which has the columns
and rows, respectively, of A and B as its conditional distributions. We
formulate the above problem as a homogeneous and consistent set of
equations and consider the LPP (Linear Programming Problem) ap-

proach to solve for the unknown quantities. Furthermore we will also
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discuss briefly, under the condition of compatibility, how can we find
some of the elements of the two given conditional matrices A and B,
in case they are unknown. This is the subject matter for chapter 2.

Next we consider the hidden truncation paradigm for the bivariate
Pareto (type II) distribution when one variable is subject to hidden
truncation from above. We consider the classical method of estimation
and a reasonable testing procedure for the truncation parameter and
also the other parameters involved in the model along with an appli-
cation of the above mentioned model to a real life data. We will also
focus on the estimation procedure under the Bayesian paradigm. This
will be the subject matter in chapter 3.

In chapter 4 we will consider the hidden truncation paradigm for
a bivariate Pareto (type IV) distribution where both the marginals as
well as the conditionals are again members of the Pareto (type IV)
family. Here also we will consider inference for such a distribution
under the classical approach as well as the Bayesian approach along
with an application to a real life data.

Next we will consider a possible extension of hidden truncation con-
cept to the multivariate case for the Pareto (type II) family. In particu-
lar we will focus on single variable truncation as well as more than one

variable truncation. We will discuss about the tractability of such type

viil



of models in the context of estimation and testing for the parameters
involved in the model. In particular we focus on a trivariate Pareto
(type II) set-up and we will consider estimation procedures under both
the classical and Bayesian paradigm. Two specific situations are dealt
with: (1) when one of the concomitant variables is truncated from above
and (2) when more than one variable is truncated from above. This
material is discussed in detail in chapter 5. In chapter 6 we provide a
general discussion of the topics which are covered in chapter 1 through

5, together with a brief discussion of potential future work.
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Chapter 1

Study of incompatibility of
bivariate discrete conditional

probability distributions

1.1 Introduction

In an effort to specify bivariate probability models, one is frequently
obstructed by an inability to visualize the implications of assuming that
a given bivariate family of densities will contain a member which will
adequately describe the given phenomenon. One of the main difficulties
encountered while using probabilistic models to solve real-life problems
is the selection of an appropriate model to reflect the reality being
observed. Omne possibility consists of selecting one of the well-known
parametric families of distributions to approximately fit the observed
data. However, those so called “well known” families are too simple in

1



the sense that they depend only on a limited number of parameters,
and may not be adequate to model the observed phenomena. In such
a situation one might consider the idea of conditional specification.
Specification of joint distributions by means of conditional densities
has received considerable attention over the years by authors such as
Dawid (1979, 1980), and Gelman and Speed (1993, 1999). Arnold et
al. (1999) have discussed this problem for a wide range of families of
distributions including exponential families. Such models can be useful
in situations such as model building in classical statistical settings and
in the elicitation and consideration and construction of multiparameter
prior distributions in a Bayesian framework. One of the problems of
defining joint densities by specifying their conditionals is the compati-
bility problem. For example, one possible approach to the specification
of the distribution of a two-dimensional random variable (X,Y") in-
volves presenting both families of conditionals (X given Y and of Y
given X). However the consistency of both the conditional distribu-
tions must be checked (see Arnold and Press, 1989), to determine if
any joint distribution exists with them as its conditional distributions.
Several alternative approaches exist in the literature with regard to the
problem of determining the possible compatibility of two families of

conditional distributions (Arnold and Press, 1989; Arnold and Gokhale



1994). Also in addition to it, the problem of determination of most
nearly compatible (e-compatible, as introduced by authors Arnold and
Gokhale (1994, 1998)) has been addressed. Moreover, the compatibility
problem also arises when there exists more than one expert participat-
ing in the model selection process, or when we have partial information
about conditional probabilities.

We consider the question of compatibility and near compatibility of
given families of conditional distributions in the finite discrete case. In
the finite discrete case, there exists a variety of compatibility conditions
(Arnold, Castillo and Sarabia 1999). Based on those conditions the
above mentioned authors have provided a broad spectrum of alterna-
tive ways of measuring discrepancy between incompatible conditionals.
In addition, they have made suggestions of alternative ways in which
most nearly compatible distributions can be defined in incompatible
cases. In this chapter we focus on the measurement of incompatibility
in situations when we are given two families of conditional distributions
under the discrete set up which are not compatible. How can we find a
distribution P that is, in some sense, minimally incompatible with the
given conditional specifications? Such questions are of interest from a
Bayesian viewpoint in the context of elicitation of joint prior distribu-

tions. For example in the case of a two-dimensional parameter §, our



well informed expert might give conditional probabilities for d; given
particular choices of values for 9o and conditional probabilities for ds
for given particular choices of values for d;. If our expert is human,
it is quite possible that the collection of conditional probabilities thus
elicited might be incompatible. A suitable choice of prior to use in
subsequent analysis might then be that joint distribution f(d1, o) that
is the least at variance with the given elicited conditional probabili-
ties. More generally, we might think of obtaining partial or complete
conditional specification from more than one expert. Such information
would most likely lack consistency and, again a minimally discrepant
distribution might be sought. The Kullback-Leibler information func-
tion provides a convenient discrepancy measure in such settings. As we
shall see, not only does it provide a discrepancy measure but, using it,
a straightforward algorithm can be described which will result in the
most nearly compatible distribution. We will mention some alterna-
tives to Kullback-Leibler measure and we will also consider the relative
performance of all those measures.

The remainder of this chapter is organized in the following way. In
Section 2, we will consider the concept of compatible distributions. In
Section 3, we consider the conditions for compatibility with some ex-

amples. In Section 4, a detailed discussion on the existing methods



for finding minimally compatible distribution has been provided. In
Section 5, we focus on considering some measures of divergence which
are already in the literature (Kullback 1959; Renyi 1961). In Section
6, we will propose some new measures of divergence for checking com-
patibility under the condition that the given two families of conditional
probability distributions are incompatible along with an iterative study
for all the measures of divergence. In Section 7, some comments have

been made about all those divergence measures mentioned earlier.

1.2 Compatible distributions

Let us consider a two dimensional random vector (X,Y) with possi-
ble values x1,xs,...,x; and yi,ys,...,ys, for X and Y respectively.
Further let A and B denote two (I x J) matrices with non-negative
elements and with at least one positive entry in each row and each col-
umn. We make the assumption that A has columns which sum to 1
while B has rows which add up to 1. Note that throughout this chapter
we will always assume that A has columns summing to 1 and B has
rows summing to 1, whenever they will appear. Then A and B are said
to form a compatible conditional specification for the distribution of

(X,Y) if there exists some (I x J) matrix P with non-negative entries



I J
pi; and with Z Zpij = 1, such that

i=1 j=1
J
ajj = %,V(i,j) and b;; = %,V(i,j), where p; = Zpij and p; =
j=1

I
Z pi;j. 1f such a matrix P exists then, if we assume that

T = POX = 31,Y = ), Y0, ),

we will have a;; = P(X = x;|Y = y;), (4, 7),

and

bij = P(Y =y;|X = x;),V(i, ).

Thus A and B are compatible if there exists a joint distribution
(P) which has the columns and rows respectively of A and B as its
conditional distributions.

One obvious requirement for compatibility is that A and B should

have identical incidence sets. The incidence set of a matrix A is
{(i,7) - a;; > 0},

the set of locations of non-zero entries in the matrix. We shall denote
the common incidence set by N = N4 = N? and will usually assume
that A and B have this common incidence property. Otherwise they

are incompatible.



1.3 Compatibility conditions

Conditions for compatibility are listed in the following theorems:

Theorem 1 (Arnold and Press 1989). Supposing that A and B have
wdentical incidence sets then they are compatible if and only if either of

the following two conditions hold:

e There exist non negative vectors

T=(71,72,...,71) and n = (N1, M2, ..., 1)

such that nja;; = 1bi;,V(i, 7).
In the case of compatibility, the vectors T and n can readily be

interpreted as being proportional to the marginal distributions of

X and'Y respectively.

e There exist vectors w and v of appropriate dimension for which
dij = Z—j = u;v;, V(i,7) € N.

IfN=(,2,....,1)x(1,2,...,J), ie., if all the entries in A and B
are positive, then we have the following theorem given by (Arnold and
Gokhale (1994)).

Theorem 2 (Arnold,Gokhale 1994). e A and B are compatible iff

they have identical uniform marginal representations (UMRs) (Mosteller

1968).



e A and B are compatible iff all cross product ratios of A are identical

to those of B.

Note: Some restrictions on the common incidence set of A and B is

necessary for the above theorem. For example if we consider

1/2 1/2 0 1/3 2/3 0
A=1 0 1/2 1/2 |,andB=| 0 1/3 2/3 |,
1/2 0 1/2 2/3 0 1/3

then it may be verified here that A and B have equal cross product
ratios(there are no positive 2x 2 submatrices)and have identical uniform
marginal representations but A and B are not compatible.
Compatibility of A and B of course does not confirm existence of
a unique compatible matrix P. The simplest sufficient condition is

positivity (i.e., a;; > 0 and b;; > 0, V(i,7).) For example we can

illustrate by examples how things can change when A and B contain
zero elements.
Example[1]:No cross-product ratios and incompatible

Let us consider,



1/2 1/2 0 1/3 3/4 0
A=1 0 1/4 3/4 |,andB=| 0 1/4 3/5
1/2 0 1/2 2/3 0 2/5

No compatible P exists in this case.

Example[2]: (UMRs do not exist but compatible)

0 1/3 0 0 1 0
A=11 0 1 |,andB=| 1/5 0 4/5
02/30 0 1 0

So the joint probability distribution in this case is given by

0 1/8 0
P=1|1/8 0 4/3
0 2/8 0

Example[3]:(UMRs exist and are equal, but incompatible).

0 1/3 0 0 1 0
A=111/31/2 |,and B=| 1/4 1/2 1/4
0 1/3 1/2 0 1/5 4/5

Here we have



0 1/3 0
UMR(A)=UMRB)=| 1/3 0 0

0 0 1/3

1.4 Existing methods for finding minimally Incompatible dis-

tributions

1.4.1 Idea of minimal incompatibility

The idea behind the concept of minimal incompatibility of two condi-

tional distributions can be described by the following two concepts.

1.4.2 e-compatibility

Suppose that we do not insist on precise compatibility. Instead, sup-
pose that we wish to have p;; approximately consistent with two given
conditional probability matrices A and B. Let us introduce a weight
matrix W which will represent the relative importance of accuracy in
determining p;; for each (i,j). For a given weight matrix W which
might be uniform, i.e., we might choose w;; = 1,V(1, j) if all pairs (¢, 7)
were equally important to us, we then consider the following strategies,

written as non-linear and linear programming problems:

e First Method:

10



Find a matrix P, with p;; > 0,V(4, j) such that

I
pij — aij Zpiﬂ < ew;;, V(1,7) € N
i=1
J (1.1)
pij — by ZPU\ < ew;;, ¥(i,j) € N,
j=1

with the linear constraint Zle Z}]:1 pij = L.

e Second Method:

Seek two probability vectors n and 7 such that

jaigmy — byymil < ewis Vi, 5), Y my=1,) mi=1, (1.2)

J

and 7; > 0, n; >0, V(i,j) € N.

e Third Method:

Find one (marginal) probability vector 7 > 0 such that

I
laij Y b — biymi| < ew;s V(i 5) € N,Y mi =1, (1.3)
k=1 7

and 7; > 0, Vi.
e The above methods motivate three different concepts of € -compatibility.

e If we use method 1, and if A and B are € -compatible, then the

matrix P* which satisfies (1.1), will be most nearly compatible.

11



If we use method 2, and if A and B are € -compatible, then a

reasonable choice for a most nearly compatible matrix P* will be

aijn}‘ + bz’jTi*
2 9

P =

where 7%, 7% satisfy (1.2). Finally if we use method 3 and if A
and B are ¢ -compatible, then a plausible choice for a most nearly

compatible P* will be P* = (b;;7;), where 7, satisfies (1.3).

Kullback-Leibler Measure of Incompatibility

As mentioned earlier our main focus is concentrated on situations in

which the conditional specifications are incompatible. The very first

choice of a measure of discrepancy which was suggested by Arnold and

Gokhale (1994) is the Kullback-Leibler Information function which pro-

vides a convenient measure of pseudo distance between distributions.

In the case of an incompatible set-up we are actually looking for a

matrix P with non-negative elements that add up to 1 and which has

conditionals as close as possible to those given by A and B. So we are

I J
seeking Pry; = (pij) with Z Zpij =1 and with Ipz‘j ~ aij, V(i 7),

i=1 j=1 Zpij
i=1
P~ bijav(ivj)'

J
DDy
j=1

12



Using the above mentioned measure, a reasonable strategy for selec-
tion of a minimally incompatible P is to minimize the following objec-

tive function

I J J
Z Z b ijl —|' Z Z Qg 10g<a”pj) (14)

i=1 j=1 Pij i—1 j—1 Pij

.

It is convenient here to introduce a new matrix

C=A+B,

with elements ¢;; = a;; + b;j;. In order to ensure that a unique
minimizing choice of P exists for the objective function in equation
(1.1), it is necessary to have some assumptions about the incidence set
of the matrix C'. For example C' must not be block diagonal. Also it
is assumed that some powers of C, perhaps C' itself have all elements

strictly positive. Next we have the following theorem due to Arnold

and Gokhale (1998).

Theorem 3 (Arnold and Gokhale (1998)). Denote by P* the choice of
P which minimizes equation(1.1). Then P* must satisfy the following

system of equations:

p—ij—i-p—ij:aij—i-bij,i:1,2,...,],andj:1,2,...,J.
bi. D,

13



The above expression is obtained by differentiating equation(1.1) with

respect to p;;j using a Lagrangian multiplier for the linear constraint

DD pi=1

i=1 j=1
An iterative algorithm to solve the above equation is proposed as

follows

azj+b1j
pn—i-l — n+ (1 5)
i . .

I J
Z Z[aw + sz]

i=1 j=1 p} p]

For an wnaitial guesspg-)) = %, 1=1,2,..., 1 andj=1,2,...,J. The

process s convergent.

1.4.4 Power Divergence Statistic as a measure of divergence

Here we consider under the discrete set up the power divergence statis-
tic to select a minimally incompatible P, from two given conditional

probability matrices.

1.4.5 Why should we consider this?

A divergence measure between two probability distributions is such
that given any two probability distributions p and ¢ (which are of the
same dimension), it will return a measure of the similarity or distance

between them and it is non negative. Again we know that a diversity

14



index can be considered to measure the divergence between the pop-

ulation distribution = = (my, 79, ..., m;) and the uniform distribution
(%, ey %), where an index closer to zero represents a wider divergence

from the uniform distribution. A natural generalization, when con-
sidered in this way, is to define a measure of the divergence between
two general distributions. However this concept was first considered
by Kullback in his directed divergence measure (1959). This form was
actually considered by (Arnold and Gokhale (1994, 1998)) while con-
sidering minimum incompatibility via the Kullback -Leibler criterion.

It is of the form

k
Di
K(p:q) =) pilogy(=),
i=1 di
where p and ¢ are two discrete probability distributions defined on the
k
(k—1) dimensional simplex Ay, =7 :m > 0;i =1, .., k; Zm — 1. Here
i=1

we adopt the convention that p; logQ(%) = 0, when p; — 0 and for any

0 < ¢; < 1. However a family of power Divergence measures indexed

by A € R for p = (p1,p2, ..., Px), ¢ = (q1, 2, - - -, q&) is defined as

k
P9 = 35 opl) - 1

and we adopt the convention that whenever ¢; = 0, then p; = 0. Next

15



considering the fact that a matrix can be written as an array of column
vectors, we define the power divergence statistic for the matrices A and

B in the following way:

D,

= ]A(pij ; aijp.j) + I (pij : bijpi)

O ZZm LY 1)+ 303wl 1)

Q5P

(1.6)

where the matrices A and B have been defined earlier and A € R is a
parameter.

Note: The power-divergence family is undefined for A = —1 or A = 0.
However if we define these two cases by the continuous limits of D; as
A — —1 and A — 0, then D; is continuous in .

The name power divergence derives from the fact that the statistic
D; measures the divergence of p;; from (a;;p;) and (b;;p;.) through a
weighted sum of powers of the term (-22-) and (bpl];_) V(i,j) € N. We

ijD.j ij i

want to minimize D with respect to Z Z pij = L.
(i.)eN
Using the Lagrangian multiplier for the constraint Z Z pij = 1,
(i.j)eN

16



the optimal value of p;; will be a solution to the following equation:

Pij = 1

Z S ([(—) + Pt (o

e UP; bijpi. aijp.j bi;pi.

)N
Since the function D is strictly convex, the value of p;; as obtained

really corresponds to a minimum.

1.4.6 Iterative Algorithm

In this case we consider the following iterative algorithm

B 1
Pt = — T 1 o 7
Z Z (W) )7 (n)) +(W) )3
(i,4)EN a’”pj bijpi. a’ijp.j bl]pz
n=20,1,2...
C . o) 1 ..
For an initial guess we consider p;;" = 77 V(4 j) € N. We con-

sider the following stopping rule for the convergence of our iterative
algorithm:| D™ — D!""™| < 10~%. Furthermore the iterative procedure

in all the examples investigated has been found to be convergent.

1.4.7 What about the choice of \

In the power divergence statistic, A is a parameter that can take on
any real value. A natural question that arises here is: what should be
the optimum choice of A7 There are some conflicting recommendations

regarding which value of A results in the optimal test statistic. In all our

17



examples of iterative study wherever we used this, it has been found

2
3

that whenever we consider the value of A\ other than % our iterative
procedure although it converges has a rate of convergence that is very
slow. For example when we consider A=0.2,0.3, and 0.5 for our iterative
study, for the divergence measure D our iterative procedure converges
at n=20, 27 and 34 respectively. For negative choices of A\ the value of
D4 is quite big and moreover the resulting matrix is not a probability
matrix. However when we consider A\ = %, for the measure D; our

iterative procedure converges quite rapidly as has been demonstrated

in all the examples later on.

1.4.8 Properties of the Power Divergence Statistic:

e Nonnegativity:
A natural requirement for a measure of divergence is that it take
only positive values and that it increases as p and ¢ “diverge”. In
particular, for the power divergence we have [ A(}_)Z. 1 q.) > 0, with

equality iff p; = ¢;, Vi. This result follows from the strict convexity

of the function f(z) = =1

NOTT) and by Jensen’s inequality.

e Permutation invariance:

The value of the power divergence is not affected by a simultaneous

and equivalent reordering of the discrete probability masses in both

18



of the distributions; i.e.,

Pp:q) =1 : ¢), where p' = (Do), Pags - - -, Par), € = (days - - - » Qak)

and (ay,...,ax) is an arbitrary permutation of the natural order
(1,2,...,k).
e Continuity:

I(p: ) is a continuous function in each of its arguments, in other

words small changes in the probability distributions under com-

parison will result in only small changes in the power divergence.

e This function reduces to usual Kullback-Leibler measure of diver-

gence in the limit as A — 0.

Next we consider certain other measures of divergence which are as

follows

1.4.9 Modified Renyi’s measure of divergence

Renyi (1961) proposed the following measure of divergence (of order «)

which is defined as

R(p:q) = (x—1) llogz[zp?q}“, # 1.

Using additive property of Renyi’s measure we propose the following

measure with a slight modification (we consider the natural log) as

19



follows

Dy = R® = (a—l)_l[z Z (aijp.j)_l 10g(a].9; ')a+(b¢jpi.)_1 log( pzj

Note: Nadarajah and Zografos (2003, 2005) provide review of Renyi’s
entropy for different univariate and k-variate random variables.
Minimizing this function using Lagrangian multiplier for the con-

straint Z Z pi; = 1, the optimal value of p;;, will be a solution to
(i.j)eN
the following equation:
1 1
aijp.;  bijpi.

Pij = 1 -
Z Z(l,])EN(aupj + bijpi.)

Also note that
0? R
A(pij)*|,,

which implies that the estimate of p;; as obtained really gives a mini-

>0,

muin.

1.4.10 Renyi’s measure of divergence is a limiting case of Kullback-Leibler

information criterion

Here we will show that Renyi’s measure is in fact a special case of
Kullback-Leibler measure of discrepancy. We will show the result for

the continuous case. The proof for the discrete case will follow the same

20



logic with only the integration being replaced by summation.

First of

all recall that Renyi’s measure of divergence is given by

R*(f1: fo)

However next we consider

lim R*(f1 : f2)

a—1

assuming the limit under

Hospital’s rule.

measure of divergence.

—— {108 /S () fy % (x)]dz

1 (@) oa
o [ (@) e

@)y

%104—110g/[f1 fo
)*~Hlog(45

fS falz) fa(x)
fgfl ) i)a tdx

(@) e J1(7)
s fi(z)log fQExg)hm(m

fis ) (21

i fo(z)
/ fi(2)1 \d
S
K(fi

lim

dx

)dx

a—>1

)a_ldl'

a—1

X

(1.10)

the integral sign is valid and applying La

Hence the proof where K(:) is the Kullback-Leibler
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1.4.11 Iterative algorithm:

e R vy
( —|—1) LJ (j) ZJPE )

ij 1
D D
(i,j)eN aljpj ijPi.
with the initial guess as p?j = %,V(i, j) € N. We consider the fol-

Here we consider the following scheme: p.

9

lowing stopping rule for the convergence of our iterative algorithm:
|D§n) — D§n+1)| < 107°. In this case also our process is convergent.

Simulation with an incompatible set-up is shown in later sections.

1.5 ? Divergence criterion:

In this case the statistic (D3, say) is given by

Z S (-1 awpﬁz 3 (P 1)?)bypi (111)

ij)eN ;5P 5 ij)eN mpz

Using the same technique as before i.e., minimizing D3 using Lagrangian

multiplier for the constraint Z Z pi; = 1, the optimal value of p;;
(i.j)eEN
will be a solution to the following equation

1
Dij = 1 1 1 T ) ,V(Z,j) € N. (1.12)
[aijp.j + bijpi.][z Z [CL" ) + b - .]7 ]
(i f)eN ijP.j ijPi.
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Furthermore
0% Ds
A(pij)*|,,

which again implies that the optimal value of p;; as obtained in (1.12)

>0,

provides the minimum for the function as earlier.

1.5.1 Iterative Algorithm:

In this case for the iterative algorithm we consider

Pt — n=0,1,2 ...,

¢ 1
L e Pl Z ]

(i,))EN awp _] bijpi.

with the same initial guess as before i.e., pij = 4V(i,7) € N. We con-

sider the following stopping rule for the convergence of our iterative
: . p™) (n+1) 5
algorithm: |D3" — D | < 107°. In this case also our iterative proce-

dure is convergent.

1.6 Proposed new measures of divergence:

1. First of all we consider a (pseudo)distance measure of the form:

Z > = ?pij — 1, (1.13)

ey %iPi T bijpi.
where A > 0, is a constant.

Note that if in this case A and B are compatible, then Dy = 0 and
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vice versa and also this measure is non-negative. Next minimizing
D, with the linear constraint that > Z(ij)eN pij = 1, the optimal
value of p;; will be a solution to the following equation

_ (aijp.; + bijpi.)l_%
>0 > igenl@ipy + bijpi)' 73]

Dij

Based on the above optimal value an iterative algorithm could be

(n+1) (aijp.(f - bz‘jpz(;n))l_X

i () 17"
> 2 ijenl@ipy + bip; ") A

=0,1,....

With the initial choice pz(-g) = %,V(i, j) € N. It can be shown

that 3‘?92% Dy . > 0, which means that the optimal value of p;;
really gives a rjninimum. For our iterative study we have considered
A= % The reason behind considering this particular choice is
that with this choice of A, our iterative procedure converges to
the minimally incompatible P faster than for any other assumed
values. We have considered the values of A = 0.1,0.3,0.5, and0.9.
For each of these choices we have performed our iterative study,
and the resultant most nearly compatible P although not much
different in comparison to those which we have obtained in all of
our examples tried, but the rate at which it converges to that P

is really slow. Also our iterative procedure is convergent. We

consider the following as our convergence criteria for the above
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iterative algorithm |D{" — D"V < 10-5.

2. Next we consider a divergence measure of the following form:

Z Z ij al]p] aljpj +Z Z [pm z]pz zgpi.]
( a] EN ( ,] GN
(1.14)
Again note that if A and B are compatible then D; = 0 and
vice versa. In addition this measure is non-negative. Minimizing
Ds under the linear constraint the optimal value of p;; will be a
solution to the following equation:

(aipj)? + (bijpi.)?

Pij = )
T G enlaip ) + (bipi)?

and also it is easy to verify that %D5 > 0.

Dij
So that an iterative scheme would be
(n+1) _ (aip")? + (bijpl")?
%] n ?
> S nenl (@2 + (bip!™)?)

for n = 0,1,2,... With the same initial choice pgg) = U,V(z j) €

N. We consider the following as our convergence criteria for the
above iterative algorithm |Dén) — Dén+1)\ <107°.

In this case our procedure is also convergent.

3. Now we consider the divergence measure of the following form:
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De=>Y > [vpi—vagpi> +>_ Y [Vpi — Vo),
(1,J)eN (1,j)eN
(1.15)
Note that if the two matrices A and B are compatible then Dg = 0
and vice versa. Also Dg is nonnegative. Minimizing D5 under the

linear constraint the optimal value of p;; will be a solution to the

following equation:

( . )?
i = V@ijD it/ bijpi.
LY Y ipenl

)
V@i 5+1/biipi

So that an iterative scheme would be

( : )?
(n+1) \/ ai;p';)+/bip!"

D S5 ST y

=)’

1
aijp.(f '/ bi;p;.

for n = 0,1,2,... With the same initial choice pgg) = %,V(i,j) €
N. We consider the following as our convergence criteria for the
above iterative algorithm |D{" — DI"™V| < 1075,

In this case our procedure is also convergent.

1.6.1 Iterative study

e Let us first consider some examples with I = 3 and J = 3 and with

the following choices of A and B:
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1. Incompatible of type 1 (a case in which all the elements are

strictly positive)

Let
1/5 2/7 3/8
A= 3/5 2/7 1/8 |,
1/5 3/7 1/2
and
1/6 1/3 1/2

B=1|1/2 1/3 1/6
1/8 3/8 1/2

In this case the two matrices A and B are not compatible since
if we consider the lower right cross product ratios of the two

matrices A and B, we have for the matrix B, the lower right

Col—
SIS

cross product = 2, while for the matrix A, the lower right

N O
ol 00| o

cross product %. Thus A and B are not compatible.

~|o|
o[

(a) Under the Power divergence criterion Dy, We obtained D%lo) =

0.0002416142 and for this particular value of Dy, the cor-

responding minimally incompatible P is given by is given
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0.05086816 0.1699624 0.05264803
P =1 0.09217352 0.1019318 0.14278151 |,
0.14184063 0.0523794 0.19541450

and we stopped since in this case |D§10) — D§11)| < 1079,

and also | P10 — pU| < 1077,

(b) Under the Modified Renyi’s divergence criterion Dy, we ob-

tained Dgn) = 0.0002447811, and for this particular value

of D,, the corresponding minimally incompatible P is given

by

0.05123717 0.1603623 0.05054213
P =1 0.09211853 0.1102115 0.1405672 |
0.14099155 0.0523794 0.2015902

12)|

and we stopped since in this case |D§11) — Dé < 107°,

and also |PUD — PU2)| <1075,

(c) Under the x? divergence criterion, i.e., under Dz, we ob-

tained Dém = 0.00013453267, and for this particular value

of D3, the corresponding minimally incompatible P is given
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0.05156237 0.17013456 0.053196463
P =1 0.09260173 0.10306895 0.14113752 |,
0.14198767 0.05230725 0.19137217

and we stopped since in this case |D§12) — D§13)| < 1079,

and also | P2 — PU3)| < 1077,
Now under Dy, we obtained Dflw) = 0.00007405324, and

for this particular value of Dy, the corresponding minimally

incompatible P is given by

0.05424209 0.17194484 0.05481822
P =1 0.09251337 0.09775432 0.14024400 |,
0.14389799 0.05068330 0.19390186

and we stopped since in this case |DZ(115> — D£16)| < 1077,

and also |P1%) — PU6)| <1075,

(15)

For Dy, we obtained D: ™ = 0.000115798, and for this par-

ticular value of Dj, the corresponding minimally incompat-
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ible P is given by

0.0515650 0.1721786 0.0527697
P =1 0.0926017 0.1030674 0.1421476 | ,
0.1409875 0.0523072 0.1923749

and we stopped since in this case |Dél5) — Dé16)| < 1079,

and also |P%) — PU6)| < 1077,
(f) Furthermore under Dg, we obtained Dém) = 0.0000032561,

and for this particular value of Dg, the corresponding min-

imally incompatible P is given by

0.05177626 0.17205234 0.0528665
P =1 0.09258417 0.10333889 0.1420280 |
0.14089836 0.05236851 0.1920870

and we stopped since in this case |Dé16) — Dé17)| < 1079,
and also |PU%) — PU7| <1075,
2. Incompatible of type 2 (a case in which there are some zeros

in the same position(s) for both the matrices)

Let us consider two matrices A and B of the following forms:
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0 1/3 0
A=111/3 1/2 |,
0 1/3 1/2

and

0 1 0
B=1|1/4 1/2 1/4

0 1/5 4/5

Again by the same argument as before the two matrices A and

B are incompatible.

(a) Then under Dy, we obtained D%g) = 0.000176543, and for

this particular value of D, the corresponding minimally

incompatible P is given by

0.0000000 0.1466426 0.0000000
P =1 0.1590778 0.2054299 0.1104262 | ,
0.0000000 0.1482233 0.2302003

and we stopped since in this case |D§9> — D§10)| < 107°, and
also |P®) — pU0| < 107,

However under the modified Renyi’s measure of divergence,
i.e., under D, we obtained D{" = 0.000453816, and for

this particular value of D, the corresponding minimally
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incompatible P is given by

0.0000000 0.1529851 0.0000000
P =1 0.1648741 0.1934395 0.1317364 |,
0.0000000 0.1530584 0.2039064

and we stopped since in this case |D§12) — D§13)| < 1079,
and also | P12 — PU3)| < 1077,
Then under D3, the ¢ = 0.007263714 compatible distribu-

tion is given by

0.0000000 0.17712336 0.0000000
P =1 0.1349069 0.19947534 0.1547621 |,
0.0000000 0.09877285 0.2349595
and it is achieved at n = 3 stage of iteration.
Then under Dy, we obtained Dflm) = 0.000189767, and for

this particular value of Dy, the corresponding minimally

incompatible P is given by

0.0000000 0.1515781 0.0000000
P =1 0.1683712 0.1946174 0.1295497 | ,
0.0000000 0.1526528 0.2132307

15)|

and we stopped since in this case |DZ(114) — Dfl < 107°,
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and also [P — pU%)| < 1077,

(e) While under the divergence measure D5, we obtained Déw)

0.000523176, and for this particular value of Ds, the corre-

sponding minimally incompatible P is given by

0.0000000 0.1496455 0.0000000
P =1 0.1643222 0.1927815 0.1305459 | ,
0.0000000 0.1673558 0.1953493

and we stopped since in this case |Dél5) — Dé16)| < 107°,
and also |P®) — pU6)| < 107,

(f) Under Dy, we obtained D{"® = 0.00006321, and for this
particular value of Dg, the corresponding minimally incom-

patible P is given by

0.0000000 0.1377437 0.0000000
P =1 0.1539082 0.2015677 0.1184920 | ,
0.0000000 0.1480436 0.2402449

and we stopped since in this case |Dél3) — Dé14)| < 1072,

and also | P13 — pU4| < 107,

e Again let us consider some examples with I = 4 and J = 4 and

with the following choices of A and B:
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1. Incompatible of type 1 ( a case in which all the elements are

strictly positive)

Let

( 3/10 3/10 2/10 2/10 \
1/5 1/10 1/5 3/10
2/5 1/5 3/10 2/5
\ 1/10 2/5 3/10 1/10 J

and

([ 1/5 3/10 2/5 1/10 )
3/10 1/5 1/5 3/10
3/5 1/10 1/5 1/10

\ 1/5 2/5 1/5 1/5 )

Here also as before the two matrices A and B are not compat-
ible since if we consider the upper right cross product ratios

of the two matrices A and B, we have for the matrix A, the

upper right cross product = , while for the matrix

= 6. Thus A and B

are not compatible.

(a) Under the Power divergence criterion Dy, we obtained Dglo) =

0.0002143704 and for this particular value of Dy, the corre-
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sponding minimally incompatible P is given by

/0.07704966 0.06688648 0.14051643 0.03330258\
0.08339375 0.03279953 0.03554727 0.08354802
0.08655587 0.05554226 0.07060513 0.05502597

K0.03774765 0.06954348 0.04433518 0.02760073)

and we stopped since in this case |D§10) — D§11)| < 1079,
and also |PU1% — pUD| <1075,

(b) Under the Modified Renyi’s divergence criterion Dy, we ob-
tained D§8) = 0.0001410993 and for this particular value of

D,, the corresponding minimally incompatible P is given

by

/0.07604231 0.06688648 0.14051643 0.03330258\
0.08339375 0.03279953 0.03554727 0.08354802
0.08655423 0.05554021 0.07060513 0.05502349

K0.03774684 0.06954323 0.04433488 0.02861562)

and we stopped since in this case |Dé8) — Dég)\ <107°, and
also |P®) — PO)| <1075,

(c) However under the x? divergence criterion, i.e., under Dj,
we obtained Dég) = 0.00001768364 and for this particular
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value of D3, the corresponding minimally incompatible P

is given by

/0.07023404 0.07858238 0.06903101 0.02853365\
0.06796916 0.03265322 0.04667173 0.05455597
0.17033167 0.04156970 0.07271910 0.04446242

\0.04098023 0.09951178 0.05845184 0.02374210)

and we stopped since in this case |D§9) — D§10)| < 107°, and
also |P®) — pUO| < 107,

(d) Under Dy, we obtained Dflm) = 0.002070486 and for this
particular value of Dy, the corresponding minimally incom-

patible P is given by

(0.07353635 0.05889123 0.12842186 0.03112296\
0.07324347 0.02819919 0.03873810 0.08597404
0.07811256 0.05683596 0.08120368 0.07152065

K0.03870103 0.06705061 0.06140633 0.02704200)

and we stopped since in this case |D4(112) — D£13)| < 1079,
and also | P12 — PU3)| < 1077,
(e) For Ds, we obtained Délo) = 0.00001845390 and for this

particular value of Dj, the corresponding minimally incom-
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patible P is given by

(0.07496105 0.06485755 0.13969506 0.03282546\
0.08113641 0.03309287 0.03563895 0.08205221
0.08914853 0.05454113 0.07193831 0.05855724

\0.03696451 0.06784473 0.04870969 0.02803630/

W< 1075,

and we stopped since in this case |Dém) — Dé
and also | P19 — pUD| < 1077,

(f) Furthermore under Dg, we obtained D{¥ = 0.00001609678
and for this particular value of Dg, the corresponding min-

imally incompatible P is given by

(0.07292820 0.06273524 0.13917061 0.03242250\
0.07897186 0.03333501 0.03546013 0.08041667
0.09114661 0.05365939 0.07318725 0.06237551

\0.03630846 0.06608111 0.05323884 0.02856262/

and we stopped since in this case |Dé8) — Dég)\ <107°, and

also |P®) — PO)| <1075,
2. Incompatible of type 2 (a case in which there are some zeros
in the same position (s) for both the matrices) Let us consider
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two matrices A and B of the following form:

(0 2/10 1/10 1/5 )
1/5 2/5 0 3/10

A= :
1/2 0 3/5 1/2
\ 3/10 2/5 3/10 0 |
and
( 0 1/10 2/5 1/2 \
5 3/10 3/10 0 2/5

2/5 0 3/10 3/10
K 3/5 3/10 1/10 0 )

It can be easily checked that here also the matrices A and B

are incompatible as not all the cross product ratios are equal

for both the matrices.

(a) Under the Power divergence criterion Dy, we obtained D%lo)

0.0002363084 and for this particular value of Dy, the corre-

sponding minimally incompatible P is given by

( 0 0.05515792 0.1042738 0.09847155\
0.03798426 0.09140565 0 0.10173017
0.05837866 0 0.1207913 0.05239492

\0.08346835 0.09363649 0.1023069 0 )
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and we stopped since in this case |D§10) — D§11)| < 1077,

and also | P19 — pU| < 1077,
(b) Under the Modified Renyi’s divergence criterion Dy, we ob-
tained DS = 0.0002363084 and for this particular value

of D,, the corresponding minimally incompatible P is given

by
/ 0 0.05515792 0.1042738 0.09847155\
. 0.03798426 0.09140565 0 0.10173017
0.05837866 0 0.1207913 0.05239492
\0.08346835 0.09363649 0.1023069 0 )

and we stopped since in this case |Dél4) — D§15)| < 1072,
and also [P — pU9)| < 1077,

(c) Under the x? divergence criterion, i.e., under D3, we ob-
tained Dén) = 0.00001768364 and for this particular value

of D3, the corresponding minimally incompatible P is given

by

/ 0 0.04514829 0.10173578 0.08144188\
0.03252637 0.06651628 0 0.09081290
0.06417685 0.00000000 0.14749101 0.04978037

K0.07848409 0.08351710 0.1042117 0 /
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and we stopped since in this case |D§H) — D§12)| < 107%,
and also [P — PU2)| < 1077,
Now under Dy, we obtained Dfllo) = 0.00002014352 and for

this particular value of Dy, the corresponding minimally

incompatible P is given by

( 0 0.04103676 0.09801774 0.07469942\
0.03471148 0.07678929 0 0.08466566
0.05602149 0 0.19132350 0.07820885

K0.06706973 0.07883477 0.11862132 0 /

and we stopped since in this case |D§110) — D£11)| < 1077,

and also | P10 — pUD| < 107,

For Ds we obtained Déw)

= 0.00006752265 and for this
particular value of Dj, the corresponding minimally incom-

patible P is given by

( 0 0.05416158 0.1089195 0.10710785\
0.03450341 0.07926110 0 0.09049601
0.06069293 0 0.1329969 0.05628083

K0.08369955 0.08598767 0.1058927 0 )
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and we stopped since in this case |Dé15) — Dé16)| < 1077,

and also |P(1®) — pU6)| < 107,
(f) Furthermore under Dy we obtained Dém = 0.01305660 and
for this particular value of Dg, the corresponding minimally

incompatible P is given by

( 0 0.05005653 0.1097232 0.11128045\
0.03227245 0.06889548 0 0.08181862
0.06548797 0 0.1440695 0.06263719

\0.08703722 0.07864499 0.1080764 0 )

and we stopped since in this case |Dé14) — Dé15)| < 1072,

and also [P — pU%)| < 1077,

e Let us consider an example with I = 3 and J = 4 and with the

following choices of A and B:

1. Incompatible of type 1

Let
/7 2/7 4/7 1/4

A=11/2 1/4 3/7 1)7 |,
3/7 1/7 2/7 4)7
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and
/6 2/7 1/3 1/6

B=12/7 1/12 1/2 1/7

/4 1/6 2/7 1/3
It can be easily checked that here also the matrices A and B
are incompatible as not all the cross product ratios are equal

for both the matrices.

(a) Under the Power divergence criterion Dy, we obtained Dgg)

0.0001934688 and for this particular value of Dy, the corre-

sponding minimally incompatible P is given by

0.04013147 0.04133851 0.1217852 0.04013147
P =1 0.08021275 0.08262430 0.0405695 0.08021275 |
0.15683188 0.04036863 0.1189616 0.15683188

and we stopped since in this case |D§9) — D§10)| <107°, and
also |P®) — pUO| < 1077,

(b) Under the Modified Renyi’s divergence criterion Dy, we ob-
tained Dém) = (0.00001463646 and for this particular value

of D5, the corresponding minimally incompatible P is given
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0.12321281 0.08303605 0.04108691 0.12321281
P =1 0.06905963 0.04897125 0.13816718 0.06905963
0.04695743 0.14765297 0.06262588 0.04695743

and we stopped since in this case |D§12) — D§13)| < 1079,
and also | P12 — PU3)| < 1077,

Under the y? divergence criterion, i.e., under D3, we ob-
tained Dém = 0.0001843705 and for this particular value
of D3, the corresponding minimally incompatible P is given

by

0.04010651 0.04128553 0.12156161 0.04010651
P = 0.08025643 0.08261707 0.04054269 0.08025643
0.15698329 0.04037408 0.11892656 0.15698329

and we stopped since in this case |D§14) — D§15)| < 107°,

and also [P — pU%)| < 1077,
Now under Dy, we obtained D{'” = 0.00002486131 and for

this particular value of Dy, the corresponding minimally
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incompatible P is given by

0.03950049 0.04258211 0.11978602 0.03950049
P =1 0.07938223 0.08557522 0.04012137 0.07938223
0.15661401 0.04220805 0.11873378 0.15661401

and we stopped since in this case |Dfl17) — D£18)| < 1079,
and also | P17 — PU8)| < 1077,
For D5, we obtained Dém = 0.0001901572 and for this par-

ticular value of D5, the corresponding minimally incompat-

ible P is given by

0.04011167 0.04133195 0.12161477 0.04011167
P =1 0.08024703 0.08268831 0.04055023 0.08024703
0.15688426 0.04041425 0.11891455 0.15688426

12)|

and we stopped since in this case |Dén) — Dé < 1072,

and also [P — PU2)| < 1077,
Furthermore under Dg, we obtained D{"® = 0.0001305660

and for this particular value of Dg, the corresponding min-
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imally incompatible P is given by

0.04006222 0.04131085 0.12121682 0.04006222
P =1 0.08034045 0.08283992 0.04051391 0.08034045 | ,
0.15701657 0.04049440 0.11878562 0.15701657

and we stopped since in this case |Dél3) — Dé14)| < 1079,

and also |P13) — pU4| < 1077,
2. Incompatible of type 2 Let us consider two matrices A and
0 2/7 7/12 1/4
B of the following forms: A = 1/2 0 5/12 2/4 and
1/2 5/7 0 1/4
0 1/6 3/6 2/6
B=11/5 0 2/5 2/5
4/17 9/17 0 4/17

It can be easily checked that here also matrices A and B are
incompatible as not all the cross product ratios are equal for

both the matrices.

(a) However under the Power divergence criterion Dy, we ob-
tained Dilo) = 0.00002722612 and for this particular value

of Dy, the corresponding minimally incompatible P is given
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(b)

0 0.05852942 0.1625191 0.08997387
P =1 0.07462162 0 0.1314126 0.15039219 |,
0.07903001 0.17384650 0 0.07967465

and we stopped since in this case |D§10) — D§11)| < 1079,
and also | P10 — pUD| < 1077,

Under the Modified Renyi’s divergence criterion Do, we ob-
tained D§8> = 0.00001765243 and for this particular value

of Dy, the corresponding minimally incompatible P is given

by

0 0.05852942 0.1625191 0.08997387
P =1 0.07462162 0 0.1314126 0.15039219 |,
0.07903001 0.17384650 0 0.07967465

and we stopped since in this case |D§8) — Dég)\ < 107°, and
also |P® — PO <107°.

However under the y? divergence criterion, i.e., under Ds,
we obtained D?()l?) = 0.0002579339 and for this particular

value of Dj, the corresponding minimally incompatible P

is given by
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0 0.0589141 0.1625083 0.09074997
P =1 0.07465284 0 0.1315608 0.15056431 | ;
0.07874187 0.1729022 0 0.07940566

and we stopped since in this case |D§12) — Dfll3)| < 1077,
and also | P2 — PU3)| < 1077,
Now under Dy, we obtained D{'"”) = 0.0002014352 and for

this particular value of Dy, the corresponding minimally

incompatible P is given by

0 0.0617139 0.1633906 0.08587921
P =1 0.07817756 0 0.1272337 0.15207774 | »
0.08089520 0.1719500 0 0.07868216

and we stopped since in this case |D5110) — Dén)| < 107°,

and also | P19 — pUD| < 1077,
For D5 the D" = 0.00002579339 and for this particular

value of Ds, the corresponding minimally incompatible P
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is given by

0.00000000 0.0589141 0.1625083 0.09074997
P =1 0.07465284 0.0000000 0.1315608 0.15056431 |
0.07874187 0.1729022 0.0000000 0.07940566

and we stopped since in this case |Dél3) — Dé14)| < 1079,
and also | P13 — pU4| < 1077,
Furthermore under Dg we obtained Dé15) = 0.0002668771

and for this particular value of Dg, the corresponding min-

imally incompatible P is given by

0 0.05906419 0.1611827 0.09070318
P =1 0.07520482 0 0.1312231 0.15042760 | »
0.07940207 0.17338110 0 0.07941121

and we stopped since in this case |Dél5) — Dé16)| < 1079,

and also | P — PU6)| < 1079,

1.7 Comments on the behavior of the divergence measures

Since Mahalanobis (1936) introduced the concept of distance between
two probability distributions, several coefficients have been suggested

in statistical literature to reflect the fact that some probability dis-
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tributions are “closer together” than others and consequently that it
may be “easier to distinguish” between a pair of distributions which
are “far from each other” than between those which are closer. Such
coefficients have been variously called measures of distance between
two distributions (Adhikari and Joshi, 1956), measures of separation
(Rao, 1949, 1954), measures of discriminatory information (Chernoff,
1952, Kullback, 1959) and measures of variation-distance (Kolmogorov,
1963). Many of the currently used tests, such as likelihood ratio, the
Chi-square, the score and Wald tests, can in fact be shown to be defined
in terms of appropriate distance measures.

While the cited coefficients have not all been introduced for exactly
the same purpose, they all possess the common property of increasing
as the two distributions under study are “far from each other”. In this
chapter, a coefficient with this property has been called a divergence
measure between two probability distributions.

In this chapter we focussed our attention in finding the optimum
value of p;; based on various measures of divergence when the given
two conditional probability matrices A and B are incompatible. Fur-
thermore we have done a comparative study based on an iterative algo-
rithm provided for each of the divergence measures mentioned in this

chapter.
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Based on our iterative study it has been found that the performance
of all the measures of divergence is similar. We have obtained almost
the same minimally incompatible P, under the same convergence cri-
terion set for all of them. This has been found to be true in both
the situations where the two conditional probability matrices A and B
have all the elements strictly positive and also when they have zeros
appearing in the same position. To this end we can say that in a search
for a most nearly compatible P in an incompatible set-up, one can
use any of those measures. However among them the performance of
the Kullback-Leibler measure of divergence may be preferred over the
remaining divergence measures since it achieves the same minimally
incompatible P but at a faster rate of convergence as can be easily
verified with all the examples tried in this chapter.

A careful and detailed study on the use of several measures of di-
vergence, distinct from those treated in this chapter, in the problem
of finding a minimally compatible P, under an incompatible set-up has
been made by authors such as Arnold et.al (1998, 2001), Arnold and
Gokhale (1998). A rigorous proof of the convergence of the iterative
algorithms introduced in those papers, as well those discussed in the

present chapter, is not yet available.
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Chapter 2

An alternative approach to
compatibility for the two
conditional probability matrices

under the discrete set-up

2.1 Introduction

Specification of joint distributions by means of conditional densities
has received considerable attention in the last decade or so. Possible
applications may be found in the area of model building in classical
statistical settings and in the elicitation and construction of multipa-
rameter prior distributions in Bayesian scenarios. For example suppose
that X = (X1, Xs, -+, X}) is a k-dimensional random vector taking on

values in the finite range set X; x Xy X --- x X, where X, denote the

o1



possible values of X;,7 =1,2,--- , k. Efforts to ascertain an appropriate
distribution for X frequently involve acceptance or rejection of a series
of bets about the stochastic behavior of X. Let us consider that in this
situation we are facing a question of whether or not to accept with odds
4 to 1 a bet that X; is equal to 1. Then if we accept the bet then it
puts a bound on the probability that X=1.

The basic problem is most easily visualized in the finite discrete
case. Several alternative approaches exist in the literature with regard
to the problem of determination of the possible compatibility of two
families of conditional distributions (Arnold and Press, 1989; Arnold
and Gokhale, 1994; Cacoullos and Papageorgiou, 1995; Wesolowski,
1995). In addition, the problem of determining most nearly compatible
distributions, in the absence of compatibility, has been addressed (
Arnold and Gokhale 1998; Arnold, Castillo and Sarabia (1999, 2001)).
In this chapter, focussed on the finite discrete case, we take a closer look
at the compatibility problem, viewing it as a problem involving linear
equations in restricted domains. The issue of near compatibility is also
discussed using the concept of e-compatibility which is mentioned in
chapter 1. Furthermore we also focus our attention on situations where
we have incomplete ( or partial) information on (either or both) of the

two conditional probability matrices A and B, under the compatible
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set-up.

In particular we transform the problem of compatibility to a linear
programming problem and we derive conditions for compatibility based
on the rank of a matrix D, whose elements are functions of the two con-
ditional probability matrices A and B. It will be found that the problem
of compatibility, with our approach, is reduced to a large extent in the
sense that we are left with only finding a solution to a set of I.J equa-
tions in (/ — 1) unknowns with non negativity constraints, where I and
J are the dimensions of the matrices A and B. However in this chapter
we will mainly focus on cases in which I = 2,3,4 and J = 2, 3. Detailed
discussion will be provided for these cases and compatibility in higher
dimensions will be discussed later on. The remainder of this chapter is
organized in the following way. In Section 2, we will discuss the concept
of compatibility for any two conditional probability matrices A and B.
In Section 3, we will discuss in detail how the problem of compatibility
can be looked upon as a linear programming problem. In Section 4, we
will discuss the alternative approach to compatibility for the (2 x 2) and
(3 x 3) cases. In Section 5, we will discuss the problem of compatibility

when we have incomplete specification of matrices A or B or both.

53



2.2 Compatibility

Let A and B be two (I x J) matrices with non-negative elements such
that 37 ya; = 1, Vi = 1,...,J and 37 by = 1, Vi = 1,2,..., 1.
Without loss of generality it can be assumed that I < J. Matrices A
and B are said to form a compatible conditional specification for the
distribution of (X,Y) if there exists some (I x J) matrix P with non-

negative entries p;; and with Zle ijlpij = 1, such that for every

(2, )

Qj; — ]ﬂa
P
and
Di.

where p ; = Z}]:1 pij and p; = Zlepij. If such a matrix P exists then,

if we assume that

pij = P(X =2,,Y =y,),

1=1,2,---,1,7=1,2,--- . J, we will have

aij = P(X = x,|Y = y;),
v=1,2,---,1,7=1,2,--- ,J, and

bij = P(Y =y;| X =),
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i:1727'” 7]7j: 1727”' 7J'
Equivalently A and B are compatible if there exist stochastic vectors

7= (1,72, - ,7s), and n= (m1,m2,+ -+ ,mr) such that
aijTj = bijni,

for every(i,j). In the case of compatibility, n and 7 can be readily
interpreted as the resulting marginal distributions of X and Y, respec-
tively. For any probability vector n = (n1,72,...,11), pij = bijn; is a
probability distribution on the I.J cells. So the conditional probability

matrix denoted by A, and it’s elements (a;;) will be given by
Pij  _ bijni

— T I )
Zpsj Z bsyns
s=1 s=1

(2.1)

CLij

for every(i, j).

If A and B are compatible then

I
Qg5 Z bsjns = bijnz‘-
s=1

Then we have

I
T = E bz’jn57
s=1

95



Vj=1,...,J. In that case expressions given in (2.1) can be written as

I
aij Z bsjns — bijn; = 0.
s=1
In matrix notation the above can be written as
Dn =0, (2.2)

where D is a matrix of dimension IJ x I and the above equation is a
homogeneous system of I.J equations in I unknowns 7; . Through well
known matrix operations (such as left-multiplication by non-singular
matrices) it’s rows can be reduced to at most I rows with non-zero
elements (the so called “Row Echelon form”). Now let this reduced
system be denoted by D,y = 0 where y = (y1,%2,...,yr). Matrices
A and B are compatible if the system D,y = 0 has a solution y* of
non-negative elements with at least one positive element. If such a y*
exists it can be scaled to arrive at a probability vector. However A and
B are not compatible if the only solution with non-negative elements
of D,y = 0 is the null vector. In order to examine whether or not
such a solution y* of D,y = 0 exists (especially when I is large), the
methodology of linear programming may be used. Specifically, consider
the problem of maximizing the objective function ), y;, subject to (a)

the non-negativity constraints Zle y; > 0, (b) the equality constraints
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D,y = 0, and (c) the constraint Y,/ ; < 1. If the maximum of
the objective function is positive, then the corresponding optimizing
vector is y*, which can be scaled into the probability vector n*. If the
maximum is 0, then A and B are not compatible. First of all we will
consider some results related to compatibility of two matrices A and B

and later on we will discuss an alternative approach to compatibility.

2.3 Compatibility of two matrices A and B

We know that if the matrices A and B are compatible then a;;p; =

bijpi., for every i =1,2--- | I;j =1,2,--- J. Equivalently we can write

I J
aij ¥ psj = bij Y pir =0,
s=1 k=1

for every 1 =1,2--- ,1;7=1,2,---J, which is again can be written as
aijlprj+p2i+- -+ i+ oyl —biylpa + Pt pi+e+pig] =0

forevery i =1,2---  I;5=1,2,---J.
In matrix notation the above system of linear equations can be writ-

ten as

Cp =0,

where C' contains elements calculated from those of A and B and is a
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(IJx1)

matrix of dimension I.Jx I.J and p = (p11, P12, -+, prs)T. We need

to show that the solution space €2, (say) of these equations is given by

IJx1)

(I— M)z, where M is an idempotent matrix and z( is any arbitrary

vector of dimension IJ x 1.
Proof: We may consider M = C~C, where C'~ is the g-inverse of the
matrix C' and we have considered the g-inverse of C since rank(C!/*17) <

IJ. Next observe that

M?* = CCCC
= C°C

= M

Y

which follows from the definition of g-inverse since CM = CC~C = C.
Hence each of the I.J columns hy, hy,...,h;; of (I — M) are orthog-

onal to the rows of C. But
(I—M?=I-M—-M+M=1-M,
since M? = M. And
rank(l — M) =tr(l — M) =tr(I) —tr(M)=1J —r,

where r = rank(C') = rank(M) and tr = trace. So only (IJ — r) of
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the column vectors hy, hy, ..., h;; are linearly independent and without

loss of generality we may consider them to be
hy,hg, ... hyy_,.

Again since C' is an (IJ x IJ) matrix of rank r, it’s rows are I.J-
vectors and therefore we can find at most (/.J —r) linearly independent
vectors orthogonal to them and hy, h,, ..., h;;_, is one such set. If there
is any other vector orthogonal to the rows of C| it must be a linear
combination of hy, hy, ..., hr;_.. Now since C'p = 0, p is orthogonal to

the rows of €' and so any vector p satisfying Cp = 0 must be a linear

combination of hy, ho, ..., Ay,
But equivalently we can say that p will be a combination of hy, hy, - -+, Iy,
because hy;_,i 1,017 19, .., hy; are combinations of hy, ko, -+, hyy_,.

Hence p must be of the form

]_? = Zlﬁl+22h2+23b3+---+zfjhjj
= (hy,... hyy)2
= (I — M)z,
for some choices of z = (z1,- -+, 2z15)".
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Conversely if the above holds then

CM = C(I—-M)z
= (C-CM)z

= 0,

because of the fact that C'M = C'. Hence the proof.

Next we have the following two propositions:

1. If there exists one vector in {2 such that all its elements are non-
negative and at least one element is strictly positive then A and B

are compatible.

Proof: We have from our earlier result the solution space as
Q= (—M)z,whereM = C"C.

Now suppose z = (21, 22,...,25)", where z, = (214, ..., 25,).” Let
us consider z; > 0 and (say) z; > 0, where j € 4, meaning at least
one of the zs is strictly zero. Then we can write W = 27, 27,

Obviously W > 0. So we can rewrite 2z as

. (21 Z9 ZJ)
Znew W7W7"'7W
/

= (p17p27"' 7pJ)
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which is a valid probability distribution since S27_, Z}]:1 & =1

Hence the proof.

. If every vector in {2 has non-positive elements then A and B are

not compatible.

Proof: In this situation suppose that we have as before z(/7*1) =

(21,29, ---,25), with z; > 0, Vi = 1(1)J. But if we consider the
trivial situation or the possibility of every z; = 0 then all the

(IJx1)

elements of z are zero which implies that it can not be a valid

probability distribution.

Next observe that since ) ) pi;, is a linear function in p;;, the prob-

lem is equivalent to the following linear programming (LP) problem:

Maximize f(p) = > > pij, subject to Cp = 0 and 1 > p;; > 0 V(i, j).

Theorem 4. In the above LP problem maz f(p) > 0 if and only if A

and B are compatible.

Proof: Note that if max f(p) > 0 then at least one of the element

in p = (p11,...,prs) is strictly positive so we may consider p,, > 0,

where v € 4,v € 7 and p;; > 0,Vu # i,v # j. Then obviously we have

max f(p) = Zzpij = ZZPM + Puv > 0.
i

i#u jFv
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Next note that we can write

p

= (?117]?127"' y D1, P21, P22, ** s P2, "+ 5 P11, P12, " ,plg)-

Then we can rewrite p as

p = (p,:Py-5p,)
o ( Dy P,y by
 maxf(p) mazf(p) " maxf(p)

).

Then it becomes a valid probability distribution and then it follows

from our previous result that A and B are compatible.

2.4 An alternative approach to compatibility

First we will consider the following theorem:

Theorem 5. For any two given conditional probability matrices A and
B of dimension (I x J), they are compatible if rank(DU7*D) < T —1,

with equality when there exists a unique solution for the unknown n;, V.

Proof: Note that rank(DY/*1) < min(I.J,I) = I. Now when D has
full rank, i.e., rank(D) = I, then the only solution to the equation
Dn = 0 is the null vector(trivial solution). So matrices A and B are

incompatible.
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Next if we have rank(DU7*1)) < I — 1, the number of equations
(1J) > number of unknowns (I — 1), so we must have a non-trivial so-
lution. If the non-trivial solution is positive then it can be appropriately
scaled to arrive at a probability vector n*. Hence the two matrices A
and B will be compatible. However in this case the system of equations
is not homogeneous and at most we will have (I — 1) solutions.

Again when rank(D) = I — 1, then we have (I — 1) unknowns,
(subject to the linear constraint 3.7 7 = 1) and (I — 1) equations
(excluding the redundant equations from the total set of I.J equations)
and the system of linear equations is homogeneous so that there exists
a unique solution. This completes the proof.

Note: This theorem will be in particular useful in situations when
the two conditional matrices A and B have zeroes as elements appearing
in the same position in them and we can not guarantee the existence
of a compatible matrix P by the cross product ratio criterion.

Next we will discuss this in the context of compatibility for (2 x 2),

(3 x 3), and (4 x 3) cases with examples.

2.4.1 Compatibility in (2 x 2) case

We will provide the outline of the proof for I = 2, J = 2 and similar

argument will follow in higher dimensions.
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Proof: In a (2 x 2) case the D-matrix is given by

( bui(a — 1) a11ba1 \
bio(a;z — 1) 12022
as1b11 bo1(ag — 1)

\ a22b12 bas(ags — 1) /

Equivalently we can write D as (because aj1+a9; = 1 and aja+ag =

1)

(—b11(&21) ar1ba \
—bia(az)  aby

azbiy  —ba(an)
\ a2b12 —b2z(a12))

Next we consider the elementary row-transformations

e (new(row 3)=row l4row 3
e new(row 4)=row4d+row?2

So that our D matrix reduces to

( —511(a21) ai1bo \
—b12(a22) a12b22

0 0

N0 0
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However in a (2x2) case if A and B are compatible then cprs(A)=cprs(B),

so that we can write
a12a21b22b11 = a11a22021b15. (2.3)

Again we apply the elementary row transformations
e new(rowl)=row 1X(ajabs)
e new(row2)=row 2x (aj1ba1).

So that our D-matrix reduces to

( —b11(a21)aizba  ai1baraiabas \
—b12(a22)a11621 a12ba2a11b21

0 0

\ 0 o)

Now because of equation (2.3) and by applying the elementary row

transformation new(row 2)=row 2-row 1 our D-matrix reduces to

( —b11(a21)aizbay  aiibaraiabas \
0 0
0 0

\ 0 o)

Hence rank(D)=1.
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Next we have to show that rank(D) is bigger than 1 if A and B are
not compatible and we will show here that in a (2 x 2) case rank(D)=2.
Proof: It actually follows from our previous result where after some

elementary row-transformation our D-matrix reduces to

( —b11(ag1)aizba  a1baraiabas \
—biz(az2)aiiba  aizbazaiiba

0 0

\ o o)

When A and B are incompatible (2.3) does not hold so the rows of

D are not proportional. Therefore rank(D) = 2. This completes our

proof.

2.4.2 Examples of (2 x 2) case

First of all we will consider a situation where the two matrices A and
B are compatible with all the elements strictly positive.
e Suppose we have
1/4 2/3
3/4 1/3

and
1/3 2/3

3/4 1/4
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In this case the resulting D-matrix is given by

/ —0.2500000 0.1875000 \
—0.2222222  0.1666667
0.2500000 —0.1875000

\ 02222222 —0.1666667 )

In this case rank(D)=1. So A and B are compatible as can be
verified by checking the cross product ratios of A and B. The
solution for the joint probability distribution in this case is given

by
1/7 2/7
3/7 1/7

e Next we consider two matrices A and B of the following forms:

A 1/7 3/4 |
6/7 1/4
and
B_ 2/5 3/5
3/8 5/8
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The resulting D-matrix in this case is given by

0.3428571

(—0.3428571 0.05357143 \
—0.1500000 0.46875000
—0.05357143
\ 0.1500000 —0.46875000/

In this case rank(D)=2, so A and B are incompatible.

2.4.3 Compatibility in (3 x 3) case

1. First of all let us consider a compatible case of type 1, where by

type 1, we mean a case in which all the elements of the matrices

A and B are strictly positive.

Let
1/5

A=1 3/5
1/5

while B has the following form:

1/6
B=|1/2

1/8
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In this case the corresponding D-matrix is given by

[ —0.13333333  0.10000000  0.0250000 \
~0.23809524  0.09523810  0.1071429
~0.31250000 0.06250000  0.1875000
0.10000000  —0.20000000  0.0750000
D) =1 009523810 —0.23809524 0.1071429
0.06250000 —0.14583333  0.0625000
0.03333333  0.10000000 —0.1000000
0.14285714  0.14285714 —0.2142857

\ 0.25000000  0.08333333 —0.2500000)

Note that in this case rank(D)=2 and hence A and B are compat-
ible. Now solving the equation as mentioned earlier the solution

for the marginal of X is given by n = (0.3,0.3,0.4).

2. Next consider a compatible case of type 2, where by type 2, we
mean a case in which some of the elements of the two matrices A
and B are zeros which appear in the same positions in both A and

B. Suppose that we have A and B of the following forms:

1/3 0 2/3
A=1 0 1/2 1/3 |,
2/3 1/2 0
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and

1/3 0 2/3
B=1 0 1/2 1/2
2/3 1/3 0

In this case the corresponding D-matrix is given by

( 0.2222222 0.0000000  0.2222222 )
0.0000000  0.0000000  0.0000000
-0.2222222  0.3333333  0.0000000
0.0000000  0.0000000  0.0000000
D) = 0.0000000 —0.2500000 0.1666667
0.2222222  —0.3333333  0.0000000
0.2222222  0.0000000 —0.2222222
0.0000000  0.2500000 —0.1666667

\0.0000000 0.0000000 0.0000000)

In this case rank(D)=2 and indeed A and B are compatible. Solv-
ing the equation we get the solution for the marginal of X given

by n = (0.375,0.250,0.375). The joint probability distribution in
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this case is given by

0.125 0.000 0.250
P =1 0.000 0.125 0.125
0.250 0.125 0.000

3. Next we consider an incompatible case of type 1 in which A and

B have the following forms:

0.2 0.3 0.1

0.7 0.3 0.5

and

0.2 0.1 0.7
B=10304 03
0.1 04 0.5

In this case the resulting D-matrix is given by
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[ —016 006 0.02 \
~0.07 012 0.12
~0.63 0.03 0.05
0.02 —0.27 0.01

DO =1 004 —024 0.16

028 —0.18 0.20

0.14 021 —0.03

0.03 012 —0.28

\ 035 015 —0.25)

In this case rank(D) = 3 and hence A and B are not compatible.

4. Next we consider an incompatible case of type 2 in which A and

B have the following forms

01/3 0
A=111/3 1/2 |,
0 1/3 1/2

and
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0O 1 0
B=1|1/4 1/2 1/4
0 1/5 4/5

In this case the resulting D-matrix is given by

[ 0.0000000  0.0000000  0.00000000 )
—0.6666667 0.1666667  0.06666667
0.0000000  0.0000000  0.00000000
0.0000000  0.0000000  0.00000000

D = 03333333 —0.3333333  0.06666667
0.0000000  —0.1250000  0.40000000

0.0000000  0.0000000  0.00000000

0.3333333  0.1666667 —0.13333333
\ 0.0000000  0.1250000 —0.40000000 )

In this case rank(D) = 3 and hence A and B are not compatible.

5. Again let us consider a compatible case of type 1 where I = 4 and

J = 3 in which A and B have the following forms
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(179 2/8 1/7 )
5/9 1/8 3/7
1/9 4/8 27
\ 2/9 1/8 1/7 J

and

(174 2/4 1/4)
5/9 1/9 3/9
1/7 4)7 2)7
\ 2/4 1/4 1/4 )

In this case the resulting D-matrix is given by
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l)(9X3)::

(—0.22222222 0.06172840

—0.37500000 0.02777778

—0.21428571

0.13883839
0.06250000
0.10714286
0.02777778
0.25000000
0.07142857
0.05555556
0.06250000

\ 0.03571429

0.04761905

—0.24691358
—0.09722222
—0.19047619

0.06172840
0.05555556
0.09523810
0.12345679
0.01388889
0.04761905

0.01587302
0.14285714
0.04081633
0.07936508
0.07142857
0.12244898

—0.12698413
—0.28571429
—0.20408163

0.03174603
0.07142857
0.04081633

0.05555556
0.06250000
0.03571429
0.27777778
0.03125000
0.10714286
0.05555556
0.12500000
0.07142857
—0.38888889

—0.21875000

~0.21428571 )

In this case rank(D) = 3 and hence A and B are not compatible.

2.4.4 Proof that rank(D)=2 when A and B are compatible in a (3 x 3)

case

The form of the D-matrix in a (3 x 3) case is given by
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( bir(an — 1) a11b91 ai1bs1 \

bia(az — 1)  aizbor a12b32
bis(a13 —1)  aizbos a13b33
az1b11 bo1(agr — 1) a1 b31
DO = agpbia  byp(az —1)  aznbsp
axgbis  by(asz —1)  agsbss

az1b1y azibor  bzi(az — 1)

azzbig azaboy  bza(az — 1)

\ assbis assbys  bsz(azz — 1) )

However if matrices A and B are compatible then all possible cross
product ratio of A are equal to the corresponding cross product ratios

of B. First of all we apply the following elementary row operations
e new(rowl)=row l4row 4+4row 7
e new(row2)=row 2+row 5+row 8
e new(row3)=row 3+row 6+row 9.

So that matrix D reduces to
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0 0 0
0 0 0
agibyy byi(ag — 1) a1 31
D= agpba bylapn—1)  asnbs
abiz bog(ass — 1)  asgbss
ag1biy a1 b2 bs1(az — 1)
azbia  azpbyy  bia(az — 1)

\ assbi3 a33ba3 bss(ass — 1) )

Next consider the following elementary row and column operations:

e new(row4)="2"
21

e new(rowh)="12
22

e new(row6)="24
23

e new(row?7)="2"
31

e new(row8)="2"%
32

__rowd

e new(row9)=:%

e new(col4)=col 4+col 5+-col 6

e new(col7)=col 7+col 8+col 9.
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So that the D matrix has the form:

0 0 0
0 0 0
e i
DO = | 4, boa(1 = 21) bso
b13 baz(1 — (%23) b33
b12 b22 b3a(1 — a—;)
K b13 bas ) /

Then we consider the following
e new(row 5)=row 5+row 0,
e new(row 8)=row 8+4row 9
e new(row 5)=row 5H-row 8
e new(row 4)=row 4-row 7
e new(row 6)=row 6-row 8.

Then our D matrix reduces to
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0
0 0 0
0 0 0
0 _(Q+bﬁ+bﬁ) (bS_l_|_b3_2_|_b‘ﬁ)
a1 a22 a23 asy as2 ass
(9%x3) _ b bo; by |, bas
Y 0 G (5 + )
0 _ Doy b3z
a23 as33
b b b
! ! L (R 2+ )
—bn —ba1 —bg1 — (% + %)
\ b3 ba3 bsa(1 — o) )

Again we consider new (row 4)=row 4-row 5, new(rowb)=row 5-row

6, so that our D matrix reduces to
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0 0 0
0 0 0
0 - o
DOx3) _ 0 _(b; 2;1
0 b= é
423 ass

I R

—bi1 —bar  —bg — (% + %)
K biz by bs3(1 — a_;) /

Note that in this case we have rank(D®*3)< min(9,3) = 3. However
for our matrix D, the determinants of all possible submatrices of order
(3 x 3) are zero and hence rank(D“*%))<3. Now we know that the
rank of a matrix is the highest order non-vanishing determinant. Let

us consider the determinant of any submatrix of order (2 x 2),
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The determinant for the matrix B is given by

det(B) = —b11bog + bi3boy

£ 0. (2.4)

So we have rank(D) = I — 1 = 2, which follows from the definition of
the rank of a matrix. Hence A and B are compatible iff rank(D)=I —1.
However if A and B are not compatible then the rows of A are not
proportional to the rows of B which implies that rank(D) > 2. Hence

the proof.

2.5 Study of compatibility under incomplete specification of

A or B or both

In this section we will consider the problem of compatibility of two
conditional probability matrix A and B under the discrete set-up when
one or more than one element either in A or in B is unknown. In
particular we will discuss in detail for the (2 x 3) cases and we will

consider two different situations which are listed as follows:
e More than one element is unknown only in A.

e More than one element is unknown in both A and B.
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Our objective here is to investigate what happens to the compatibil-

ity condition when we have situations as listed above.

2.5.1 Compatibility when only elements of A are unknown

1. Let us consider I = 2 and J = 3 and assume that only two elements
of A are unknown while all the elements of B are known. We denote

the (i,7) """ unknown element of A by a;j. Suppose that we have

ajp G2 aig

A= :
@21 Q2 A23
and
b1 b1z bi3
B =
ba1 bag bos

Note: Here we assume that all the elements corresponding to ma-
trices A and B are strictly positive. Also A has elements such that
column sums are equal to one and B has elements such that the

row sums are equal to one. So that we have
11 + Qiog = 1.

We know that the problem of compatibility can be reduced to (in
matrix notation as): Dn = 0, where D-has elements computed
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from the matrices A and B. In this case we have two constraints
19 + ags = 1 and n; + 19 = 1. So the set of equations involving
a1z and g which are sufficient to find the unknown values (the
remaining equations will be redundant), from equation (2.2), will

be

bia(a1a — 1)m + agoboene = 0 (2.5)
boo (a2 — 1)ma + aigabiom = 0 (2.6)
b13(a13 — 1)771 + a13b23772 = 0. (27)

Now because of the constraint n; + 1o = 1, we get from equation

(2.7),
a13b23
a13bas + bi3(1 — a3)’

m =

Again substituting the value of 7; in equation (2.7) and using the

constraint aqo + s = 1, we get the value of a9, as

_ boa(1 — 1) _ baabi3(1 — a13)
522(1 - 771) + b12771 522513(1 - CL13) + 5225136113'

22

Also the unknown value of a1y will be a9 = 1 — 9.

Let us consider an example. Suppose we have two matrices A and
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B which are given as follows:

A 1/5 192 3/4 |
4/5 929 1/4
and
1/6 2/6 3/6
o[ 1 26 s
4/6 1/6 1/6

Now if we are given the information that A and B are compatible

then the values of a9 and aq9 will be given by

e lbla) _0-h 1
baob13(1 — a13) + baobyzaqs %%(1 _ %) n %%% 3
80@12:1_%:§'

Note that these are the unique choices for the unknown elements

in the matrix A for which the above matrices are compatible.

. Next we consider the situation where / = 3 and J = 3 and as
before denoting the unknown values of the matrix A by «;;, in the

(4,7) " position we have (with all elements of B known). Suppose
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that we have

aii
asq

asi

and

So that the linear constraints in this case are as follows (consider-
ing the fact that the column sums of the matrix A are each equal

to one and 7;,7 = 1, 2,3 are the marginal probability vectors cor-

responding to X)

12
22

32

b12
b22

bsa

ais
as3

ass

bi3
bas

633

Q19 + Qoo + 3o = 1

m+n2+n3 =1

Then according to the compatibility condition we will have Dn = 0

if matrices A and B are compatible. However the D- matrix in this

case will be
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_bll(all —1) a11b21 a11b31 _
bia(ciz — 1)  auaboy 12039
biz(aiz — 1) a13ba3 a13033
az1b11 ba1(agr — 1) a21031
Qoabiy boap(ae — 1) by
ag3bis baz(asz — 1) az3bs3
az1bi1 az1b bs1(az — 1)
z2b19 Qzaboy  b3a(aze — 1)
| assbis agsbas  bsz(asz — 1) |

So the set of linear equations to which must be solved find the

unknown 7;s as well as the unknown «;s will be (from the above

J

D-matrix)

bii(air — 1)m + aybaimz + a11bzing = 0
biz(a13 — 1)m1 + aizbazns + aizbsznz = 0
birazim + (a1 — 1)bainz + azibging = 0
bia(a1a — 1)ny + a1zbaana + aabsanz = 0

biacraam + (a2 — 1)baane + raabsams = 0

biaizam + aigabooma + (ase — 1)bgans = 0.
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Solving the above set of equations with those constraints in (2.8-

2.9), we get the following expressions for the unknowns:

biada2

biadas + baadis 4 bsadas
biadi3

B biadaa + biadis + b3adas
b32da3

- biadag + baadis + bsadas’

12 =

22

Q32

where

(2.16)

(2.17)

(2.18)

(2.19)
(2.20)

(2.21)

di1 = aq11bs1[a13b33—b13(a13—1)]+a13bss[bi1(a11—1)—aq1b31], (2.22)

and

dig = [(a11b21 — a11b31)(b13(a13 — 1) — ai3bss)]

—[(a13623 - a13b33)(b11(a11 - 1) - G1lb31)]

Finally

_diz(anibs — aibyr) — a11bs

doy —
- bi1(ai; — 1) — aq1bs;

(2.23)

(2.24)

In particular let us consider a situation where we have the following
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choices for the two matrices A and B given by

1/6 12 1/4
A=11/3 as 7/16 |,
3/6 39 5/16

and

1)7 2/7 4/7

B=| 2/5 2/5 1/5

1/4 1/4 2/4
Using the set of equations in (2.22-2.24), we get the following:
dyy = —0.002976190, dip = —0.0142857, di3 = T = 0.208334,
dop = 0.2916667. So the unknown elements for the matrix A will

be (from (2.19-2.21))
19 = 02857165, 99 = 0222248, Q39 — 0.4920587.

Here also note that these are the unique choices for which the two

given matrices A and B are compatible.

2.5.2 Compatibility when some elements both in A and B are unknown

Suppose that we have a situation here where both in A and in B some

of the elements are unknown and we denote the unknown elements of
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the matrix A by a;; and unknown elements of the matrix B by f;;.

First we consider the situation when I = 2 and J = 3 with
ailp 12 ail
2] Qg2 a23

and

bii B2 Bis
ba1 by bos
So that in this case we have same constraint on the unknown ele-

ments «;; and for the f;; we have the following restriction:

bi1 + P2+ Pz =1 (2.25)
12 + Quog = 1 (2.26)
m+mn =1 (2.27)

However in this case we will have the following set of equations (
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those involving the unknowns and excluding the redundant equations)

bir(ar — 1)m + ainbaine =0 (2.28)
Brz2(ane — 1)my + aiabaamy = 0 (2.29)
baa(crza — 1)m2 + qo2B12m1 = 0 (2.30)
Biz(aiz — 1)m + aizbaznz = 0. (2.31)

Using the constraint in equation (2.25), we get from equation (2.31),

(1 —m1)aizbes
(1 —a3)m

biz = , (2.32)

and from equation (2.28), using the constraint in (2.27), we get

a11b91
arbor +b11(1 —ap)

m =

Substituting the above expression of 7; in equation (2.31), we get

(after little algebra),

Bl = b11b23a21a13. (2.33)
a11a23b21

Hence the value of (512 will be

b11b
512 — 1 — by — 11 23Cl21a13' (2.34)
a11a23b21

Substituting this in equation (2.29), we get
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ba1ai1 2
ba1ai1bag + baraii 2
(a11a23b21 - 511523a21a13)a11521

_ (2.35
(CL116L23521 - b11523a21&13)@11521 + b11bagasiariagsba ( )

Q12 =

Because of the constraint we can find the unknown value of a9,
which will be

99 — 1 — a192.

Let us consider a specific example. Consider matrices A and B which

are of the form:

A - 1/5 19 1/2 7
4/5 99 1/2
and
B 1/6 B2 Bis
2/5 2/5 1/5

Here if we are given the information that A and B are compatible,

then the choices of the unknown values of ;s and 3j;s will be given

by

By — biibagasiarz 1
B=—=z.
a11a23b21 3
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So that

1 1 1
— ] _- ==
B2 i
Again
12
m = 55 = §
12 , 14 :
55 15 O
So that
o 512771
12 =
Brami + baa(1 —m)
3
= =
Hence

4
0422:1—0412:?

Furthermore note that in this case also these are the unique choices for

the unknown values for which matrices A and B are compatible.

2.6 Compatibility in the general Case

Here we will discuss the problem of compatibility when the dimension
of the two matrices A and B is of the order (I x J). However we
will consider here the situation where there are two elements unknown
only in A. While for the matrix B all the elements are known. Let
us consider that in matrix A in the I;™ column (1 < [; < J), any

two elements are unknown and that they appear in ifth and 7o " rows
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(without loss of generality the unknown elements can be assumed to be
in positions (1,1) and (2,1) by relabelling), where (1 < (i1,72) < I). So
that (since column sums of A add up to 1), we can write, considering

the unknown elements to be denoted by a;;s

k#il,ig

while for B all the row sums add up to 1, and all the elements are

known
Y by=1Vi=12-- I
j=1

Now if we have the information that the matrices A and B are com-

patible, then from the equation (for any i7" row and [;*" column ), we
can write
I
Qi [Z bsllns] - bilhnh =0 (237)
s=1

= Q4 [bi1l177i1 + Z bsllns] - billlml = 0. (238)

s=1

87&7,1

Hence the unknown value of «;,;, will be given by

billlnil
billlnil + 25:1 b5l1778
S#Zl

Qg1 =
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Again because of (2.43), we can write

] ] 11711

. . _ b :
ki, ki1 o iy iy + 25’#11 st s

However the solution for the 7, s can be obtained by using any set of

(I — 1) equations since S, n; = 1.

2.7 Concluding remarks

Our search for a compatible P in terms of equations subject to in-
equality constraints is based on the fact that we really need to find one
compatible marginal, say that corresponding to the random variable X,
and we consider the fact that when this is combined with B it will give
us P. Compatible conditional and marginal specifications of distribu-
tions are of fundamental importance in modeling scenarios. Moreover
in Bayesian prior elicitation contexts, inconsistent conditional specifi-
cations are to be expected. In such situations interest will center on
most nearly compatible distributions which we have discussed in the
previous chapter. In the finite discrete case a variety of compatibility
conditions can be derived. In this chapter we have discussed in detail
the problem of compatibility in context as mentioned earlier by iden-
tifying it as a programming problem and have developed a rank based

criterion. We have shown that the rank of the matrix (whose elements
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are constructed from the two given matrices A and B) under compati-
bility will be I — 1, for a (2 x 2) and (3 x 3) case, along with the proof
for any dimension (I x J) . A significant amount of the material of
this chapter draws heavily on Arnold, Castillo and Sarabia (1999) and
Arnold and Gokhale (1998). Also we have provided a small amount of
discussion on the topic of compatibility when we have missing elements
in either A or in B or in both. It has been observed that for a given
A and B, under compatibility, the choices for the missing elements are
unique. However for a general case where the dimension of the matrix
D is (IJ x I), the strategy that we have mentioned in this chapter
will be quite challenging in identifying the solution for the unknown
elements either in any of the conditional probability matrices A and B
or in both of them. Also when we have elements missing in A and B
in different positions then also our procedure will result in solving a set
of IJ number of equations which is cumbersome and quite difficult to
handle. In such a situation one is suggested to consider the concept of
compatibility under rank one criterion as proposed by Arnold, Castillo
and Sarabia (2001). One interesting question that may arise here is how
can we extend the above technique under compatibility when there ex-
ists more than two conditional matrices in the discrete case i.e; if we

are given three arrays A and B and C where
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e A is the conditional probability matrix of (say) X given Y and Z.
e B is the conditional probability matrix of (say) Y given X and Z.
e (' is the conditional probability matrix of (say) X given X and Y.

Furthermore what would happen in this situation (under compatibility)

when some of the elements are unknown in either any of A or B or C

or in all of them.

96



Chapter 3

Classical and Bayesian inference

for a hidden truncated bivariate

P(II) distribution

3.1 Introduction

The use of the Pareto distribution as a model for various socio-economic
phenomena dates back to the late nineteenth century. Pareto’s distribu-
tions and their close relatives and generalizations provide a very flexible
family of fat-tailed distributions which may be used to model income
distributions as well as a wide variety of other social and economic dis-
tributions. An extensive historical survey of the use of these models
in the context of income distributions may be found in, for example,
Arnold (1983). Authors such as Pareto (1897) and Zipf (1949) have
asserted law-like adherence to a Pareto model. In addition, a variety
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of data sets, support the assertion that, certainly in the upper tail, a
Pareto distribution provides a satisfactory model. A specific example
is the distribution of annual per capita income of adult males in the
USA.

It is quite remarkable that the development of inference procedures
under the classical approach for Pareto distributions and their close
relatives has been quite limited. A lot of emphasis has been given to
the classical Pareto distribution because of its simplicity and analyt-
ical tractability. However as one progresses to study more complex
Pareto distributions all those available nice distributional properties
disappear. Some authors have assumed one or more than one parame-
ter to be known in order to make some progress. If all the parameters
are assumed unknown,then such well known techniques as maximum-
likelihood and the method of moments will involve iterative solution
of systems of distinctly non-linear equations. At this point it is quite
important for us to introduce families of distribution which qualify as
univariate and bivariate Pareto (II) distribution and which from now
onwards will be denoted by P(II)(p1,0,a) and P*(11)(u, 0, @) respec-
tively whenever they appear in our discussion in this chapter. Following

Arnold (1983), we write X ~ P(II)(u, o, «), if it has the following sur-
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vival function:

P(X > ) =[1+(—5) " x> p,

where u, the location parameter, is real, and o, the scale parameter is
positive. Next we write (X,Y) ~ P2(IT)(p, 0, ), if it has the following

joint survival function:

POXC>2,Y > )= [1+ (5 + ()

where 1, 1o and o1, 09 are the location and scale parameters for X and
Y respectively and «, is the index of inequality.

Since X7., is a consistent estimate of y in the P(I7) family, one may
consider setting u = Xi., and solving the resulting simplified likelihood
equation to get approximate likelihood estimates. For the method of
moment estimation we will consider the approach of Arnold and La-
guna (1977) of using sample fractional moments for our proposed model
described later on. In the quartile estimation procedure we will follow
the approach suggested by Quandt (1966).

Inference procedures for Pareto populations under the Bayesian paradigm
are not well developed either. In this context one may consider earlier
works by authors such as Arnold and Press (1982, 1989) where they

discussed selection of proper prior distributions which do not lead to
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an anomalous posterior distribution for classical Pareto data. However
not many results are available for Pareto distributions other than the

classical one in the Bayesian framework.

3.2 Why the hidden truncation P(//) model?

Among the family of Pareto distributions, the P(/) model needs fur-
ther investigation simply because of the fact that within our hierarchy
of generalized Pareto distributions, it is the P(/]) family which can be
viewed as the log-logistic family of distributions and thus is a viable
competitor of log-normal distribution, which is a popular model for the
distribution of income, wealth etc. Now we envisage a situation where
we assume that an individual’s actual income is divided into two parts,
one is the observable reported income and the other one is the unre-
ported income. We consider the case in which both the reported and
unreported income have a Paretian distribution and in particular they
can well be explained by a P(I1) model. Then one might be interested
to know what is the structure of average reported income for those in-
dividuals who have an unreported income not exceeding a certain level.
Models of such types can be explained by a hidden truncation paradigm
where we observe one variable only when it is subject to hidden trun-

cation from above with respect to one or more covariables.
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In this chapter we focus our attention on estimation of the parame-
ters of a bivariate P(I1) distribution when hidden truncation is applied
to one of the variables with the only restriction that the truncation
point will be greater than the location parameter of the truncated vari-
able. We do not consider hidden truncation from below because in
that situation our resulting density will be again a member in the same
family of distribution with only reparametrization of the parent model.
Specifically here we consider the hidden truncation paradigm when one
variable is subject to hidden truncation from above for a bivariate P(I1)
distribution and inference procedures for such models.

In this chapter we consider both classical and Bayesian methods of
estimation.

The remainder of this chapter is organized in the following way. In
Section 2, we will discuss the usefulness of the Hidden Truncated P(I1)
model. In Section 3, we will consider the concept of hidden truncation.
In Section 4, we will consider the hidden truncated (from above) den-
sity for the bivariate P(I/]) model. In Section 5, we will consider the
method of moment estimation using fractional moments. In Section
6, we will consider the maximum likelihood estimation of the param-
eters. In Section 7, we will consider the estimation of the parameters

using sample quartiles. In Section 8, we will consider an application
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of our model to a real life data set. In Section 9, we will consider the
estimation of all the parameters by all the above mentioned estimation
procedures using a simulation study. In Section 10, we will consider
the estimation of all the parameters under the Bayesian paradigm both
with the choice of independent and dependent priors (except for the
truncation parameter) for all the parameters. In Section 11, we will
consider the likelihood ratio test for the truncation parameter and will
also report the large sample distribution of the likelihood ratio test
statistic. In Section 12, we will consider the asymptotic distribution
of the smallest order statistic when the samples are drawn from a hid-
den truncated bivariate P(I7) model. The properties of the maximum

likelihood estimators are discussed in detail in the appendix.

3.3 Hidden truncation

We consider a two dimensional absolutely continuous random vector
(X,Y). We might focus on the conditional distribution of X given

Y € M where M is a Borel set in R. Indeed we could write

P(Y € M|X = z)

fxyvem(x) = fx(x) P(Y € M)

(3.1)

However, we will concentrate on hidden truncation of one of the

following three forms only
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(i) Lower truncation,where M = (¢, 00).

(ii) Upper truncation,where M = (—o0, ¢).

(iii) Two sided truncation,where M = (a, b|.

For upper truncation (equivalently, truncation from above) at ¢, in
which observations are only available for X’s whose concomitant vari-

able Y is less than ¢, equation (3.1) reduces to

PY <c¢|X =x)
P(Y <¢)

fe-(x) = fx(x) (3.2)

Models of this type are thus characterized by

(i) fx(z), the density assumed for X.

(ii) The conditional density of Y given X, fyx(y|v).

(iii) The specified value c.

However models of this type also may depend on other parameters
in addition to c¢. First of all we consider the P(II) case in which
both the location parameters of X and Y are zero while both the scale
parameters are equal to one. In that case the joint survival function of

X and Y is given by
PX>z,Y>y)=1+x+y)“z>0y>0. (3.3)

The corresponding distribution function is given by F'(z,y) = 1—(1+

) “—(14y) 4+ (14+z+y) " 2z > 0,y > 0. Therefore the corresponding
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joint density is given by f(z,y) = a(a+1)(1+z+y) @2 (x >0,y >

0).
The conditional density of Y for each fixed X = x will be
fX,Y(an y)
x i A S
ol = = )
(a+1) ) —(a+2)
— 1+ T [(y > 0). 3.4
Hence in this case we can write
YIX=2~PUI)0,(1+2x),(a+1)).
Next we define a set function defined for each 4 € R™ which is as
follows

07

V5(B) = 5 /B(l + %)_(aﬂ)dya (3.5)

where B is any Borel set. Since x € RT, so also 1 +x € R™, so that

we may define

_ ) —(a+1)
(B == [+ dy. .
V+2(B) 5/( ) y (3.6)

So that the hidden truncation model that we have earlier can be

written as
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71+x(B)

n(B) (37)

fY|XeB(5U) = fx(x)

3.4 Hidden truncated density for the bivariate Pareto model

We first consider a bivariate P(17) distribution where both the marginals
and also both the conditionals are members of a P(I1) family. The joint

survival function of such a bivariate density is given by

:U_ p—
N1)+(y H2
01 09

P(X>.T},Y>y):[1+( )]_aVIZMl?yZM% (38)

where 11, 01, 12, 09 are the location and scale parameters for X and

Y respectively and « is the index of inequality. In this case we write
(X,Y) ~ P21, @),

Note that the correlation between X and Y is positive provided o > 2,

specifically
1

corr(X,Y) = CEDCED)

The joint density of (X,Y) is given by
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fxy(z,y)
00
= 5270
_ala+1)

r— Y — H2\1—(a
= ——[1+( 5+ ( N (@ >,y > o). (3.9)
0109 01 09

[P(X >2x,Y > y)]

So the conditional density of Y for each fixed X = x will be given
by

frix (y]z)
_ Jxy(z,y)

fx(x)
(a+1) ()

— ottt T Tz ) (3.10)

Let us first consider the situation in which X is observed only if Y is
greater than some positive value b. In that case the hidden truncated

density of X given that Y > b with the condition that b > us is given
by

P(Y > b|X = z)
P(Y >b)

fRvs(@) = fx(2) I(z > D). (3.11)
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Now in our case

1

(ok2) ’
) )a+1

91

P(Y > b|X = ) /b Frix (ylz)dy =

(1+

while

b_:u2 —a
)
02

PY >b)=(1+

Hence on substitution in equation (3.11) we get the following
T— U1

o1 (1 + (82 (1+ W)_(QH)I(I > ). (3.12)

From above it is quite clear that the conditional distribution of X

«

fxjysp(x) =

given Y > b is again a member of a P(II) family i.e., X|Y > b ~

01(1+b_u2) 2
2)), ).

o2
So it is obvious that with lower truncation there is no augmentation

P(IT)(p + 2———2*—, 0] 201(1+(b;

in the model.
In contrast let us consider the situation in which X is observed only
if Y is less than some positive value c¢. Motivation for considering such

a model may arise from any one of the following situations:

(1) Suppose that we have a bivariate population (X,Y") where X
and Y represents the income of an individual derived from
salary and other sources respectively. In such a situation if we

have reasons to believe that the two components X and Y are
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positively correlated and represent the income components of
the individual then we may consider a bivariate Pareto distri-
bution in such a situation. Then one might be interested to
know what is the average salary structure for those individuals
who have income from other sources (for example agriculture,
housing income etc.) not exceeding a certain amount to be
specified by the investigator and the salary data is available to
us if and only if it is truncated from above by one (or more

than one) of the covariables.

(2) In a departmental store, the store manager would like to know
what is the average sales of a newly launched beauty product
for those customers whose expenditure on food products does
not exceed a certain amount to be specified by him and our

data is available in that format as mentioned in earlier example.

In that case the truncated density of X given that Y < ¢ with the

condition that ¢ > o is given by:

f)l?g/ﬁc(x)
= i L ()
— (14 (M) + (ﬂ))_(o‘“)]](x > ). (3.13)

01 02
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We usually estimate p; by X.,, where X, = min;<;<, X;, and so we
can subtract and assume that gy = 0. From here after whenever it ap-
pears we will follow the above convention about p;. Also for notational

simplicity let us consider

be,0)=1— 1+ (2114

02

where 6 = <2, and # > 0, then our density reduces to
FiE <o(®) = ———[(1+ 3)*“*” — (14 = +6) @I (z > 0).
o1p(a, 0) a1 o1

(3.14)

Let us consider the hazard rate function for our density. The hazard

rate function is given by

f |Y<9(t)
hry<o(t) = St Sry s (D)
where
ST|Y§9(t) = PT|Y§9(T > t)
= & _* U\ _(at1) u (a+1)
/f Ulw(aae)[(l—’_m) (1+01 +0) ]du
1 N t .
= Sl 0 (3.15)
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So the hazard rate function in our cases given by

avtam (L 5) " — (L4 5+ )]
el = A D v 0
al(1+ L)) — (14 L 4 g)- ]

Y(a,0)
— ) 3.16
o1+ L)y — (1 + L +0)] (3.16)

Next we consider for graphical reference for different choices of the
truncation parameter (6) but with the same choices for the other param-
eters (i.e., with shape=4, scale=1) the plot of the hazard rate function

of a hidden truncated P(II) density.

[
N
“ ————— theta=0.5
\‘ ————— theta2=0.8
3 i theta3=1.5
‘\
wn W
5 < 7 *xx,\
= ™
o S - o
L§L NN
o) Sssal_ T Tl
- b T PR
o |l TS ==e_____ T T e
g o TTes===cco----_ T TTeme-oo___
N TS em--- -l lIIT T m e
o -----ZIZZIZZzZ-----
T --ZC
n
@
o
2
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Values of t

Figure 3.1: Hazard Rate Function Plot for different choices of the truncation parameter (6).
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3.5 Estimation of the Parameters using Fractional Moments

First of all we will consider for any real r(> 1),

where

TN / (LY I (1) da

L 0 i r £ —(a+1) £ —(a+1) .
w(a,e)al/o <01) [(1+(01>) (1+9+(01)) 1d
I (3.17)
_ > o© Ty T \\—(a+1) .
h= w(a,e)al/o (A + ()7 d
— (0} o w)’ u —(a+1) u
g [ @ e

o
= w(a,Q)B(rJr La—r),

valid for o« > r where u =1 + Uﬁl
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Similarly

I A T\ (ot g
b= oo [0+ 2
:w(;‘ 9)/0 (14 u+ 6) ") du
— o r—a Oowr w —(a+1) w
0 /0 (1 4+ w)~@+]g
= @b(&,@)(l +0)"“B(r+1,a—r),

' - z _u
valid foraw > r, where u =1 + o and w = 5.

So that we have for any (r > 1),

E[(%)r] _ MZ‘ 5B+ Lo =L = (14 0y ) (3.18)

Now substituting r = %, %, 1 we get the following

E[(%)%] _ M;" H)B(% Fla-)l-(+6i7)  (319)
However
1 1 T@Er(e-3
Bs+la=3) = —ra+1
VAl (a—3)
- T(a+1)
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Hence

Elxi) = VTl (0= 3) 11— (146):. (3.20)

~ 2(a,0) T (a + 1)

In the same way we also have

_a(@)i T (a—3)T ()

E[X 3] PG IT T [1— (14 6)5°]. (3.21)
and
B(X) = = S; gl 6)'-. (3.22)

Next for the method of moment estimation we first define the fol-

lowing quantities:

[ J Ml = ﬁ Z(XZ — Xl:n)-
=1

=1

Next we consider the following (after equating the sample moments

with the corresponding population moments)
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My (01)iT () +0) — (14 6)>
(3.24)
and
(say), Ma3 — M% _ ﬁr (Od - %) (Oz B 1) (1 + Q)a — (1 + ‘9)%] (3_25)

M, 2T () /o1 (14 60) — (1 +0)

So in this case we have three equations which are as follows

OM,.T () /or((1 +6)” — (1 +6))

— /7T (cv—%) (= 1)((1+6)* — (1+6)7) = 0. (3.26)

Also
My VAT (a = 3) (@40 (1+0)})
—2(T (%) r (a— %))((He)a— (1+6)3) =0, (3.27)
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and

M,(01)3T () (1 +6)* — (1 +6))

_(r (%) r (a— %))(a— D1 +0) — (1+0)

Wl

)=0.  (3.28)

Note that in this case the only assumption that we need is a@ > 1.

3.6 Estimation of the parameters using maximum likelihood

In this case the likelihood function is given by

- a X; X;
L — - (1 e —(a+1) —(1 o (a+1)
(0.01.6) Iﬁm¢a9«+a> (1+ =240 )
0
= 1+ —et (1 + ({312
alw H[ (1 (1+%)) {3.29)
Equivalently the log-likelihood function is given by
log L(a,01,0) = nloga — nlog oy — nlog (o, 6)
0
(a+1 E log( 1+ )+ E log(1 — ( )@ty (3.30)

TS

1=1 o1
The likelihood equation for all the parameters are obtained by differ-

entiating the likelihood function. For a we have
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0
a—&[log L(a,01,0)] =0,

i.e.,E — nW(OK; o) _ zn:[log(l + &)

0 \~(as)
e ) log(1+ ———)] = 0 (3.31)
— og —)] = 0. .
1=+ o) 2 g

Here ¢¥(a,0) = 1—(146)~*. So that %[w(a,ﬁ)] = (1460)"*log(1+0).

Also we have

0
8—01[log L(Oﬁ, o1, 9)] = 0.

Equivalently we can write

X
Lo, — = +(a+1) Z[u n &)(01)2]
n (1 + (1+0f1i))—(a+2) G(f—f) B ,
O LG e (o e O G

Furthermore we have

0
%[log L(Oé, 01, 9)] - 07
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which is equivalent to

V' (e, 0) - 1

_nw(aye) + (a+1) ;[(1_(1_‘_(1%0&))_(0&1))
(1+ a f&))*a”)u + f—f)—l] = 0. (3.33)

01

Note that here ¢(a, 0) = 1 — (14 6)~°, so that 2[¢(a,0)] = a1 +
(9)—(04—#1).

3.7 Estimation based on the Sample Quartiles

Here first of all we will consider the three quartiles (namely first, second

and third) calculated from the truncated density. Let &, be any p-th

order quantile (p € (0,1)), then

PIX <&] =p. (3.34)

So in our case we have
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¢(04,9)01 01 01
:[3_[47
where
_ o “ L —(a+1)
L= ot [0 )
1 2 Sy
w(oz,ﬁ)[l (1+01) J;
and
_ Q e T \\—(at1)
I ¢(a,9)m/@<1+9+(al)) dz
_ 1 —a é—a
=0 79)[(1+9) (1+9+01) ]

So that we have

¢(047 '9) 01 01

Equivalently we can write
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1-(14+=>=)"=-AQ+0)"4+(1+0+=>)"=p(,0). (3.36)

Our estimates are then obtained by equating 3 sample quantiles |,
denoted by fp to the corresponding population quantiles. In particu-

lar by considering successively p = i, %,% we have the following three

equations:
él él 0
I-14+=2)"=(1+0) " *+(1+0+—=)= plaf) (3.37)
01 01 4
L . &0 w(00)
1—-(1+2)—=(1+0)“+(1+0+=2) %= : (3.38)
01 01 2
and
é; éé 3 0
1—-(14+2)=1Q+0)“4+(1+0+—2) "= vla, ). (3.39)
01 o1 4
So from equation (3.38) and equation (3.40) we get
é; é; él éa 0
(14+0+—=) " “+(1+2) = (1+0+—=) = (1+—=) " = Yo ). (3.40)
01 01 o1 o1 2
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Again from equation (3.38) and equation (3.49) we get

(1+9+£—5)“+(1+€—i)0‘—(1+0+£—}*)“—(1+€—5)°‘ = w(i’ 9). (3.41)
o1 o1 01 01

Also from equation (3.39) and equation (3.40) we get

~ ~ ~

(10+ 2y (14 By e 14 Sy (14g4 Sy vie.0)
o1 01 01 o1

. (3.42)

The above three non-linear equations needs to be solved for «, o,

and 6.

3.8 Application of a hidden truncated P(//) model to a real

life data set

Typically, in income modeling, the available data are grouped. We
consider the US data on personal income (data source: US Census Bu-
reau, 2008) from which we select the number of individuals (considered
as percentages to the total population) corresponding to different lev-
els of income. So this data set is also grouped. We argue at this point
that the data is subject to hidden truncation because an individual’s
income is not always correctly specified or it may be unreported. For

example the number of people in the income category (say, from 27,500

120



Histogram Of the Personal Income data Density plot of the US personal income data
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(a) Histogram of US personal income data 2008 (b) Density of US personal income data 2008

Figure 3.2: Histogram and Density plot for the US personal income data (in percentage)
2008.

to 29,999 (in USD)) as percentages is 2.71 which is not the exact per-
centage figure as some people in this income group may have earnings
more than that from some outside sources which may not be reported.

Before that let us consider the histogram and density plot of the
data (given below). In this case the density plot has been drawn by
smoothing the histogram. So based on our data we get the following
estimates of the parameters for a hidden truncated bivariate P(I1)

model:

e Estimation based on fractional method of moments:

o = 1.007523,6 = 1.521450, o = 4.050130.
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e Estimation based on Quartile method:

o =1.011014, 0 = 1.506410, o = 3.9990809.

e Estimation based on Maximum Likelihood method:

o = 0.992756, 60 = 1.5163710, a = 3.9879389.

Moreover in this case the standard Kolmogorv-Smirnov goodness of
fit test statistic tells us that indeed the fit is good.

So the nature of our data can well be explained by a hidden truncated
bivariate P(I1) distribution with the following choice of the parameters

(approximately):

3.9 Estimation of the parameters using a simulation study

We at first consider a simple situation where we specify all the parame-
ter values and then generate samples (of various sizes) from our hidden

truncated density.

3.9.1 Sample generation from the truncated density

For our simulation study we consider the following choices of the pa-

rameters , « = 4,41 = O,us = 0,01 = 1,090 = 2,¢c = 3. So that



C—H2
02

6 = = 1.5, and ¢(a,0) = 1 — (1 + (5£2))™" = 0.9774, and our

density reduces to

L[(1+x)‘5—(1+x+1.5)‘5]l(0 <z <00). (3.43)

fX|Yg9=1.5(fU) = 0.9774

In the following tables we illustrate for different sample sizes the es-

timated values of the parameters using the three methods of estimation

~

n &1 0 16

50 | 0.9978038 | 1.5162621 | 3.9754118
100 | 1.021526 | 1.507272 | 4.009601
200 | 1.011014 | 1.506410 | 3.999089

Table 3.1: Estimates

of the parameters using the sample quartile method.

n

o1

0

~

[0}

50

0.9540499

1.2938447

3.9383091

100

0.9718807

1.5124330

3.8979598

200

0.9378616

1.4897723

3.9351534

Table 3.2: Estimates of the parameters using the maximum likelihood method.

n

og

0

«

50

0.9943157

1.5172427

3.9654113

100

1.132798

1.508072

4.199970

200

0.9243199

1.4979715

3.9981881

Table 3.3: Estimates of the parameters using the fractional method of moments

3.9.2 Comments on the output of the simulation study

In this small simulation study we observe that for all the estimation
procedures the estimate of oy is not so good when the sample size

n = 200, for all the estimation procedures (except the Sample Quartile
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method). Also in the case of estimating 6 with a sample size of 50 there
is appreciable error in the estimates. This scenario, however is not true
for the estimates of other parameters. From the output one can eas-
ily observe that our estimation is exceptionally good when we consider
the quartile method in which with increase in the sample size our es-
timates are more close to the true value of the parameter, a desirable
property of any estimation procedure. However the performance of the
maximum likelihood estimation is not that good. Omne of the several
possible reason might be that in situations where we do not have much
knowledge about the nature of our likelihood function (specifically the
dependence structure among the parameters), the true values for the
parameters that we started for our simulation study, those values might
not be the optimum values of the parameters for which our likelihood
function attains it’s maximum. So we can say from above simulation
study that in estimating parameters for such models, precise estimation
is not possible for estimating the scale parameter using the maximum
likelihood method. However a more extensive simulation study is re-
quired to determine whether the anomaly of the results in the second

table is artifactual.
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3.10 Bayesian inference for the hidden truncated bivariate

P(IT) model

3.10.1 Bayesian analysis with independent priors

As before we have our density of the form

[(1+ )<“+1)—(1+—+0) @I (2 > 0).

(8%
fRiyv<c(z) = or0(a0) o

(3.44)

3.10.2 Sample and Prior information

We consider a random sample of size n from above density. Next we
propose the following choice of independent priors for the three param-
eters which are as follows:

(a)Prior for a

1
(b)Prior for ¢
1
£6) = gt € > 0) (3.46)

(¢)Prior for oy
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1

f(ﬂ)zm

[(0'1 > 0) (347)

Note that we consider in this case independent (only mildly informa-

tive) priors as compared to locally uniform priors for all the parameters.

3.10.3 Posterior distribution of the parameters

In this case our likelihood function is given by

L(a,01,0|X = x)

- o ﬁ—(al) a2 (a+1)
| e (e B (]

~.
—_

a” - 0

1+ —(a+1) 1 — 1_|_ 4 —(a+1) .
Il (1= (04 ) )

So the joint posterior of the three parameters is given by

L(Ck, 01, 9|X — Q)f(&)f(e)f(o-l)

f(Oé,O'l,9|X:£) — A

(3.48)

Where A is the normalizing constant which is given by
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B ///R SH(%UW\X:i)f(oz)f(G)f(al)f(oz,al,elx:g)daldeda

///w i L0+ 5
(1

: ) @] (14 0)(1 + ) (1 + 01)) 2doydbda

-4y

/// (v, 01, 0)dordbde,
]R+

(3.49)
where ((«a, 01, 0) is given by
- xz —(a+1) 0 —(a+1)
(e, 01,0) = nH (14— (- (1+ ) )]

Ul'gb i (1—{—;—;)

(L+0)(1+a)(1+01))2 (3.50)

So the posterior density of « is given by

fO fO Oz 0'1, d9d01

X = 3.51
flolX = 2) = . (3.51)
Also the posterior density of o7 is given by
)dOd
floX = 2) = Jo~ Jo” ¢l o1, 0)dbda (3.52)

A

Finally the posterior distribution of # is given by
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f(el& _ z) _ fooo fooo C(Oi’40-17 Q)dedal . (353)

3.10.4 Comment on the choice of Priors and also on the Posterior distri-

bution

Suppose that we have some specific information(in the form of prior
belief) about any one of the parameters(say «) that it can take any
values between (say) 1 and 2. Then a reasonable choice of prior distri-
bution for o would be any kind of flat prior, (say) a uniform distribution
with the support (1,2). This will reduce the complexity in the posterior
analysis. Although the use of informative and /or dependent priors will
increase the complexity in our analysis, but still one may want to con-
sider them simply because of the fact that for analytically intractable
models like ours, the corresponding posterior analysis can be efficiently
performed by Markov Chain Monte Carlo (MCMC) algorithm which is
specifically designed for complicated models. In our case we consider
Metropolis-Hastings algorithm which is a general term for a family of
Markov chain simulation methods that are useful for drawing samples

from Bayesian posterior distributions.
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3.10.5 Posterior simulation study

First of all we draw random samples of size 500 and 1000 from our
density for a particular choice (o« = 4,01 = 1,0 = 1.5) of the parame-
ters. For the jumping distribution we consider the gamma distribution
but with different shape and scale parameters. Here we consider inde-
pendent priors for each of the parameters as mentioned in (10.2). The
posterior analysis is based on the posterior modes and also the posterior
means for each of those three parameters. Below we provide for our
MCMC simulation study, various choices for the initial values of the
parameters, and the starting distribution for all the parameters under
study: Initial choices of the parameters: o = 2, o7 = 1.1, § = 1.4.

Jumping distribution of the parameters :

o a~1I'(18.9/5,7/5).

o 01 ~1'(5.3/2,1.8/2).

e 01 ~1(8/3,1.8/3).

In the following tables the posterior modes and the posterior means
of all the parameters are displayed.

The posterior density plots for the three parameter based on sample

of sizes 500 and 1000 are displayed in Figure 3.3(a) and Figure 3.3(b)

respectively.
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(a) Posterior Density of the parameters for n = 500
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(b) Posterior Density of the parameters for n = 1000

Figure 3.3: Posterior density for all the parameters for different choices of the sample size
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n | Mode(«) | Mode(oq) | Mode(6)

100 3.9521 0.9417 1.4383

500 4.0443 0.9372 1.4607

1000 | 4.0123 0.9673 1.4874

Table 3.4: Bayesian estimates of the parameters using the posterior mode

n | Mean(a) | Mean(oy) | Mean(6)
100 3.9782 0.9537 1.4427

500 4.0391 0.9493 1.4576

1000 | 3.9857 0.9623 1.4636

Table 3.5: Bayesian estimates of the parameters using the posterior mean

3.10.6 Comment on the posterior simulation study

In our case instead of running the MCMC (Markov Chain Monte Carlo)
for one time we consider running a multiple sequence of chains starting
from 10,000 simulations up to 15,000 simulations with a increase of 100
in each chain length. The reason for that is that the key to Markov
Chain simulation is to create a Markov process whose stationary dis-
tribution is a specified p(8|data), (which in our case is the posterior
distribution) and run the simulation long enough so that the distribu-
tion of the current draws is close enough to the stationary distribution.
From our simulation study, we can not differentiate which one among
the posterior means or the posterior modes are uniformly better than
the other. From the output in Table(3.4) and in Table(3.5), it may be

said that one can use either of them.
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3.10.7 Bayesian inference with dependent priors for shape and scale pa-

rameter

We have the density which is of the form

(1+2) @ — (14 Z 4 9) ] 1(z > 0),

fiole) = el -

(3.54)
where ¥(a,0) =1— (1 +60)“
However if we consider 7 = Uil, where 7 is the precision parameter

then our density reduces to

[(1427) ") — (14+27+60) "] I(z > 0). (3.55)

f |Y<9( ) ¢(a)9)

We will first consider the situation where the prior information for
the truncation parameter 6 will be independent of the prior information

for o and 7. However for the prior information of o and 7, we consider

the following:

e The conditional density of a given 7 is a Gamma distribution with
shape parameter = & (7) and intensity parameter = A\;(7). So that

the conditional density of a given 7 will be
f(a|r) o af M exp(—ad (7)I(a > 0).

e The conditional density of 7 given « is a P(II) distribution with
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inequality parameter = Ay(«) and precision parameter = 1. So

that the conditional density of 7 given « will be
f(rla) o< Ao(a) (1 + 7)1 (7 > 0).

e While for § we consider a diffuse prior of the form f(6) o $1(6 > 0).

Note that both the conditional densities of a given 7 and also 7 given
a are members of exponential families. So the joint density (alterna-
tively the joint prior) will be of the form ( Arnold Castillo and Sarabia,
1999)

fla, 7) o< exp[—a(ciy + 12 — c13log(1l + 1)
+ (co1 + o2 — o3 log(1 + 7)) log o

+ C31 + C32 — C33 log(l + T))]](CE > O)](T > 0), (356)

where ¢;;,V(i,7 = 1,2, 3) are the hyperparameters of the joint distribu-

tion.
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So the marginal density of o will be given by

x /OOO fla, T)dT

= eXp[031 + C39 — Od(Cll + 612) + (621 + 022) log oz]-
/ exp|(acig — cozlogar — c33) log(1 + 7)]dr
0

= explcs1 + 32 — afci1 + ci2) + (c21 + ¢22) log a] %
/00(1 . T)_(_ac13+023 loga+C33)dT
0

_explea; + c3p — (11 + crp)ajat e
(1 + QC13 — C923 10g0é — 033))

I(a>0). (3.57)

Similarly the marginal density of 7 given a will be of the form

/ fla,1)d

= exp C31 + C32 — C33 log(l + T)]AHI(T > O) (358)

where

o0
Ay = / 2122 —c23log(147) eXp[—Oé(Cll + C19 — €13 log(l + T))]d()é
0

(c11 + 12 — eiglog(1 + 7))~ (arten—enloglirn ]
F(CQl + C29 — (923 10g(1 + 7') + 1)

Again the conditional density of 7 given a will be (for each fixed
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a € RT),

F(r]a) oc a1 (1 4 coslog a — c33 — acys)

x exp[—a(ci1g — c33) log(1 4+ 7)1 (T > 0). (3.59)

While the conditional density of a given 7 will be( for each fixed 7 €

RT),

CTy

ox I'(cog + o2 — co3) log(1 + 7) + 1) exp[—a(c11 + ¢12)

+ esz(a+ 1) log(1 + 7)]

% ((c11 + c1a + c13) log(1 + 7))eartem—ea) Lg(1+7)+1 yonten—calog(l47) 1, 5 (),

(3.60)

3.10.8 Assessment of proper choices for the hyperparameters

The assessment of hyperparameters for the hidden truncated Pareto

model will be achieved in a manner similar to that described in Arnold

and Press (1983). We will consider

e Matching conditional moments and percentiles. However condi-
tional moments corresponding to the density useful for this assess-

ment are listed below:
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— From the conditional density of a given 7 we can derive

E(oz‘n)
— i /OO a021+022—023 log(1+7)+1 eXp[_&(Cll + 612)
Ai Jo

+ cs33(a + 1) log(1 + 7)]

_ [(co1 4 c92 — co3) log(1 + 7) + 2)
— Az((cll + C12 + 013) log(l —+ T))_(C21+022—623 ]0g(1+7)+2)7

Where Al = F(621+022—623 10g(1+7’i—|—1))((611+012+613> log(1+

621+022—62310g 14+7)+1
7)) (147)+1,

So that after some algebraic simplification

— log(1 i 1
Blajry) = aten—onlogl+m)+1) .y,
(c11 + c12 + c13log(1 + 73))

— In general we will have (for any r > 1)

[(co1 + co9 — cozlog(1 +7) + 1)
A; (611 + ci12 +c13 log(l + Ti))—(021+622—023 log(147i)+7)
(3.61)

E(a’|n) =

In particular the conditional variance will be given by

o*(alm)

. (621 + Co9 — C923 10g(1 + Ti) + 2)(021 + Co2 — C23 log(l + T + 1))

B (c11 + 12 + c1zlog(l + 7;))?
_ C21 + Co9 — (923 10g(1 + Ti + 1))2 (362)
c11 + c12 + ci3log(l + 1)
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e The conditional percentile function for 7 given a = 5,7 = 1,2, . ..

If ¢,(7|c;) be the conditional percentile function then we can write

P(r < p(7laj)ley) = p

w(Tlay) —co3 log(14-7)
(623 1oga — C33 — 61304) / Ozj 2708 dr = p.
0

However the integral

Sp(Tleyy) 1 Sp(Tla;) 1 (e1a—caz)

— 23 log(1+ 1-(c13—cgg)a

o ca3 log( T)dT (_ ) u 5o du
0 C23 log Q; aj—023 log(1+<p(rlej))

1-(c13-c3)
(1—acs IOg(1+§p(T|aj)))1+ s

(cogloga;)l + 1*(0336—;)033)04

So that we have after some algebraic simplification

G(Tlay) = [1 - (—) T )Ty~ (3.63)
PATIT si(ay) ’ |
- N\ (cozlogaj—c3z—ciza )
for each j = 1,2,... and where §1(Oéj) o (1+1(cl(‘;’((§:3?’mj)023 10;04]‘ and

1—(ci13—c33);
§2(Oéj) =1 + ((S?Tj)%)'

3.11 Likelihood ratio test of the truncation parameter

In our case we want to test whether there has been a truncation or not.

In other words we wish to test whether the parameter 6 is finite. Before

we proceed further, we reparameterize our density by considering 5 = %,
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in which case our density reduces to

(a+1) x l —(@+ )17 (
Pl ) = S 02 (1 T ) ) w> 0), (360
where
1 -
ww):l—(lw)

Now we can rewrite our problem as follows: We want to test

H()ZBZO

against

H,:3>0

where Hy and H, denote the null hypothesis and the alternative
hypothesis respectively. Note that under the nulli.e., 5 = 0, our density

reduces to a simple P(I7) model which is given by:

f(x) = (S)[(1 + =) @I (z > 0).

01 01
So under the null hypothesis our likelihood function (for a random

sample of size n drawn from above density) is given by

« Z;

Lo 1,0) = [JIEH) (1 + 2 e, (3.65)

01 01
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Equivalently the log-likelihood function is given by:

log L(a,01) = nloga —nlogo; — (a+ 1) Zlog(l + &) (3.66)

o
i=1 1

The corresponding likelihood equation for « is:

0
8_04[10g L(Oé, 0-1)] - 07

= = —> [log(1+=)] = 0. (3.67)

The second likelihood equation is:

o
5y llog L(a.01,6)] = 0. (3.68)

Equivalently we can write

n

—£+(a+1)2[ 1 =0,

01 i1 (1 + %) (0’1)2

So under the null the supremum of the likelihood is given by

Supm, e o1) = T[IS2 1+ 2560
=1

where & and 67 denotes the estimates of the parameters under the null
hypothesis. Again under the alternative our likelihood equation is given

by

139



o, 01 = @ i\—(a+1) _ Li l —(a+1)
L(a, 01, B) H[W(m(l p (1424 5) )
-« Ziy—(a+1) L
(o1 (B))" H[(l to) T A B(1+ &y-(asD)

Equivalently the log-likelihood function is given by:

IOgL(OJ,O'l,B)

n

=nloga —nlogo; —nlogy(B) — (a+ 1) Z[log(l +
-1

2

)

o1
1

—(a+1)
iz

+log(1— (1 +
So the first of the three likelihood equations is:

0
8—&[logL(a, 01, ﬁ)] - 07

, (1 + k) )
n T =

= —— ) [log(1+ =)+ - log a] = 0.
o ; o’ (1—-(1+ ﬂ(l}rjj))_(aH))

Also we have

0
8_01[10g L(a,01,8)] =0.

Equivalently we can write
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(145
x(+ﬁ) xi+0'1(1+%)

(01+xi)2 —(a—|—2) _
+(a+1)) [ )( )] =0.
—(1-(1+ 6(1i2))(a+1)) o1+

Furthermore we have

0
a5[log L(a,01,08)] =

: v (U e |
L Z 1+( 1+ =0
i=1 B(1+

Note that here ¢(8) = 1 — (1 + %)_O‘, so that %[@/J(ﬁ)] = —a(l+
l)—(a+1)ﬁ—2
5 :

So the supremum of the likelihood under the alternative is given by

Q T, 1 .
Supp,om,L((a, 01, 5 - (@) _ (424 2y~ (@ty)
PH,UH, 1 H[01¢ 01) ( 1 5) )]

Hence the likelihood ratio for the above test is given by

SupHoL(a7 01)
Supg,um, L((a, 01, 8))

A\ =
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Equivalently the log of the likelihood ratio is given by

log A = log(Supp,L(cv,01)) — log(Supm,vm, L((c, o1, B))).

3.11.1 Asymptotic property of the ML estimate of # and the large sample

distribution of the likelihood ratio statistic

First of all we consider the following:

e we will use for notational simplicity §{ = (o, o1, ) and our param-

eter space () = R R3, and from here onwards we will consider
the following [(§]z) = S log(L(§)) = S log(f (x4 e, 01, B)).
e We note that the true value of the parameter 5, (i.e., Hy: § =0 =

Bo, say) is on the boundary of .

Next we also consider the following regularity conditions which are

listed below:

e The parameter space €2 has finite dimension 3 and we consider one
of the parameters 5 to be on the boundary.

o [“(zi;d/,0¢',0) = f*(x;;c,01,0) if and only if @/ = «a,0/ =

o1, 5/ — 6 v(ala 01/7 617 &, 01, ﬁ) S Q
e We consider the almost sure existence of the first three derivatives

on the intersection of neighborhoods of the true parameter value

and €). In our case since the true value which is 3y, is on the bound-
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ary so the derivatives of [({|z) has to be taken from appropriate

side

e There exists an open subset of w of R? containing 3, such that for
all x for which f*(z;;a,01,8) > 0, has all three derivatives w.r.t
all £ € w, and

83

|mlog[f*($;a,0hﬁ)]| < M(z),

V((a, 01, f))and f*(z; o, 01, ) > 0 and m = Eg [M(x)] < oo.

e The expectation of n~'I(£) is assumed to be positive definite on
the neighborhood of 3y and at 3 is equal to the variance covariance
matrix of n~zU(fy), where U(.) is the first derivative of the log-

likelihood function.

Then according to Self and Liang (1987), pp. 607 (Theorem 3), we

may consider the following asymptotic representation of the likelihood

which is as follows:

Supeecy—p|—(Z &) T(Bo)(Z — )] = Supgecq, g | (Z = &) T(Bo) (Z —&)].
(3.69)

where Z has a multivariate Gaussian distribution with mean 0 and

variance covariance matrix I-1(f;) and Cq and Cq, are non-empty

cones approximating {2y, a subset of 2 where (5, lies and €2y, which

143



the complement of y. Mimicking Self and Liang (1987) we may write

alternatively equation(3.69) as

infeee, | Z =€ P —infeee | Z = €|, (3.70)

with

o O=(:E=NPTEYE € Co— ),

o Co=(E:E=N2PTEVE € Oy, — fo).

and where Z has a multivariate Gaussian distribution with mean
0 and identity covariance matrix and PAPT represents the spectral

decomposition of I(f).

However in our case we have
Q= Ql X QQ X Qg

where )} s are open intervals in R* and we have a situation here for
which C' = [0,00) x RT" and Cy = 0 x R*", and because of that our

equation (3.71) reduces to
2212, > 0). (3.71)

So the asymptotic distribution of —21log \ is 50 : 50 mixture of a x3

and 3 distribution.
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3.12 Asymptotic distribution of the smallest order statistic

We have as before our density which is of the form

Fllraala) = sl 7 = (14 =40 (e 2 0)

So the corresponding distribution function is given by

(14 2) @ — (14 £ 44)°

F(x)=1- A ) x> 0.

So for a random sample of size n from above density the distribution

of the smallest order statistic (X1, = min!_,X;) will be

f(z1n) = ﬁ[(l + xal:ln)_o‘ —(1+ xalln +O) (14 %)—mm
— (14 2 4 )] (2, > 0). (3.72)
01

Let us consider the following

Tin (1+;§17:j)*0‘— (1+;§17";+9)*a
n) =l (@ 0)

P(X1, > ", (3.73)

using the expression for the distribution function as given earlier. Next
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consider the quantity

Tln\_—a T1:n
(1+ 2y — (142

+0)
nop noiy

R e

(10— a1+ 0) () 4 LD gy
— 1 (140 —a(l—(1+ 9)&“)(%) +o(n?)
= (e, 0) —a(l — (1+ e)—aﬂ)(%’;) +o(n72).

So on substitution in equation (3.73), we get

a(l—(1+0) )z,
a 0_1¢<043 6) n

P(Xip > x;) ~ 1 o(n~2)]".

Hence we may consider

. T1:n . Clé(l — (1 + Q)faJrl) T1n
1 P(Xy., > = 1] 1—
lim P(Xyn >—=) = lim] (o d)  n

+o(n )"

= exp|—Ax1,), 1, > 0,

where A = a(ig;{z) (;)QH). So the asymptotic distribution of Xj., is expo-

a(l—(1+6)—**1)
011/1(0679)

nential with the intensity parameter= , when the samples

are drawn from a density of the form in (3.15).
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3.13 Concluding remarks

Precise inference for the parameters of hidden truncation models is still
an area where much work has to be done so that it becomes a pow-
erful tool for the statisticians to analyze data which has been subject
to hidden truncation with respect to one or more covariable(s). The
hidden truncated P(I7) model does not belong to the exponential fam-
ilies of densities. As a result, essentially no reduction in complexity
of the data can be obtained by invoking sufficiency arguments. Max-
imum likelihood estimation will necessarily be performed numerically
as we have done, but unfortunately, the likelihood functions associated
with these types of models often do not have easily identified modes
because of the unavailability of analytical expressions for the maximum
likelihood estimates. Arnold and Beaver (2002) provided a careful dis-
cussion for such models and associated inference procedures. Data sets
involving hidden truncation are quite common nowadays and to deal
with such types of data efficiently we do need a strong theory. The
associated Bayesian analysis that is reported gives us a hint of how to
deal with such types of models under the Bayesian framework. However
the possibility of “multiple” hidden truncations cannot be ignored. One
can easily imagine situations in which observations are made only if all

of several other covariables attain certain critical levels which we have
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considered under the multivariate setting. To this end the tractability
and also the applicability of such models are the two main concerns be-

fore we engage ourself in developing all the necessary theoretical work.

Appendix
Large sample property of the likelihood estimates

Before we discuss the large sample behavior of the likelihood estimates
it is necessary for us to consider the information matrix which is by
definition the expected value of the Hessian matrix (i.e., minus the
second derivative of the log likelihood function at 7) given the data z,
where the Hessian matrix is given by

H(n) = - =[log L(n|X = z)], (3.74)

In(0n)

where “T” stands for transpose and 7 = (o, 01, 0).

So in our case the observed information matrix is given by

A A Ass
H(n) = | Ay Agp Ay
Ay Az Asg

(say), where the elements of the Hessian matrix are given later.

148



Comment on the asymptotic efficiency of the ML estimates

Here we observe that in our case X|Y < 6 is independently and identi-

cally distributed with a density which satisfies the following:

e The parameter space ) =17 € R+3, where R denotes the positive
part of the real line, contains an open set w, say, of which the true

parameter 1), is an interior point.

e For all realizations from our density and for 1,

53
| 9ad0g108 fxv=o(an]] < M(z)¥n € w, (3.75)

and m = Epy[M(z)] < oco.

Then with probability —1 as n — oo, there exists 7) = 7)(x) a solution

of the likelihood equations such that
° QAj 1S consistent,

° \/ﬁ(ﬁj — 1) is asymptotically normal with mean vector zero and

covariance matrix [H(n)] ™",
V(i —n) = N, [H(n)];}), (3.76)

where for 7 = 1,2, 3, n, would mean «, 01,6 respectively. In this
chapter FIM will always mean Fisher Information Matrix whenever
it appears. We have in our case a complicated situation similar to
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that described in Cox (1958), for which it is much easier to compute
the observed FIM than expected FIM and also it tends to agree more
closely with Bayesian and fiducial analysis. Next the elements of the

Hessian matrix are

Ay = 5 5llog L{alX = z)

n [—(1 — (14 0)")(1+0)"*(log(1 4+ 6))* — ((1 + 6) “log(1 + (9))2]
o a2 n (1 _ (1 + (9)—04)2

- 0

#0081+ - )
_ 0 (a2 0 2at1) 1, 0
(=04 ) ) ) st )
o 0 0 —2(a+1)
Hlos(1 4 ()04 ) )
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Also

= —n[_(l —(1+0)" ) (a(a+1)(1+60)72) — (a(1 + 9)—a+1)2]
(1= (1+6))?

Ais

Similarly
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Furthermore

Ay = 5o llog L(y/X = )]
B (1= (1+0)")((1+6)"2 D log(1 + 0)a) — (a1 + 0)~*)?
= (1—(1+6) )2 ]

1=1 (H_%)
+Zznl:[10g(1+( —ff—f))((1+ (1—5%))0‘)(14_‘;(_12)1(&_{_1)
0 @)
(0= 04 ) )
- i (2a+4) ¢, & 1
((1+(1+§1)) (a+ D1+

Again
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89801
n ;57( (1+ (1+9§1)) (et1)
= (o + 1)[221[((01 +Xl)2)(1 (1+ (1+9f)) (a—i—l))]
B 0 a2, Xy 0 (@43)((_ (g,
+0[(1 <1+(1+§—f)) )1+ ) (1+(1+§—f)) ((=(a+2)
0 —(a+1 a+1
1-(01+ (1+§_1i)) @) ((04+1))(1+< +§—f)) )
Agy = 5sllog Ln|X = 2
1=+ (ala+1)((L+0)" ) — (a(l +0) )
n| ]
(1= (1+0))
0

1\ —2 a+1)\—2 0 —(a+
—(a+1);[(1+0—1) (1—<1+(1+§1))< )~ (H—(Hf—f))( 3) %
o o 0 (a+1) o —(a+1)
(((a+2)(1 (1+(1+§1)) )+ (( +1)(1+(1+§1>) )]
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Chapter 4

Classical and Bayesian inference

for a hidden truncated bivariate

P(IV) distribution

4.1 Introduction

The P(IV) family was suggested by Arnold and Laguna (1976), as well
as by Ord (1975) and Cronin (1977, 1979). It is to be noted that most
of the distribution theory regarding the P(I/V') distribution can be ob-
tained by using available results for the Burr distributions as mentioned
in Johnson and Kotz (1970). In particular, the Burr (XII) family can
readily be recognized as a P(IV') family with a suitable identification of
the parameters. However there are also various other types of charac-
terization of the P(IV') distribution in the literature. Among them one
could consider earlier works by Dubey (1968) and Harris and Singpur-
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walla (1969), who arrived at the P(IV') distribution via a mixture of
Weibull random variables. Later Singh and Maddala(1976) were led to
the P(IV') model using an argument involving decreasing failure rates.
However we will follow the nomenclature used by Arnold (1983) and
use the name Pareto (IV) for this family of distributions, abbreviated
as P(IV). The P(IV) model is one of the most general families of
Pareto distributions endowed with two shape parameters together with
location and scale parameters. However as mentioned in a previous
chapter, as we proceed to more and more complex models for Pareto
distributions all the available “nice” results for the classical Pareto
model disappear. So a valid question is whether or not it is possible
to provide some efficient estimation strategies in situations in which,
under a bivariate P(IV') model, the variable of interest (say, X) is only
observable if and only if the unobserved co-variable (say, Y) is truncated
from above. As in the previous chapter (chapter 3) we are considering
estimation procedures under the hidden truncation paradigm, but this
time for a bivariate P(IV') model. In addition, Bayesian estimation of
the parameters of such models will be considered. This is the subject
matter of this chapter. Again, as was mentioned in chapter 3, inference
procedures for the P(IV)) model, both from the classical and Bayesian

viewpoints have been severely restricted due to a lack of simplicity and
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analytical tractability of the model. Inference techniques for P(IV)
populations have typically assumed several of the parameters to be
known. An exception is encountered in Harris and Singpurwalla (1969)
where the likelihood equations for the full model were derived.

If all the parameters are assumed unknown, then such well known
techniques such as the method of moments and the maximum likelihood
method will involve iterative solution of systems of distinctly non-linear
equations which for the P(/V') model are more complicated than for
the P(17) model. Since Xi., is a consistent estimate of p in the P(IV)
family, one may consider setting ;4 = Xj., and solving the resulting
simplified equations for the method of moments and quartile estimation.
For the method of moments estimation we will consider the approach
of Arnold and Laguna (1977) who used sample fractional moments. In

the quartile estimation procedure we will follow the approach suggested

by Quandt (1966).

4.2 Why the hidden truncation P(/V) model

First of all note that the P(/V') family provides a convenient vehicle for
computing distributional results for the three more specialized Pareto

families. Each of them may be identified as special cases of the Pareto

(1V) family as follows: P(I)(c,a) = P(IV)(o,0,1,«), P(1I)(u,0,) =
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P(IV)(u,0,1,a) and P(III)(u,0,7) = P(IV)(u,0,7,1). So among
the family of Pareto distributions, the P(/V) model deserves further
attention simply because of the fact that within our hierarchy of gen-
eralized Pareto distributions, it is the P(IV') family which might be
well adapted to modeling reliability problems and in addition it is a
viable competitor for other popular models for income distributions,
for example the log-logistic and log-normal models. Next we envisage a
situation where we have data on an individual’s income corresponding
to different segments of time, and we assume that they can be well
described by a P(IV) model. One might be interested in the distribu-
tion of the most recent income values corresponding to income values
recorded in earlier time period not exceeding a certain level. Models
of such types can be explained by a hidden truncation paradigm where
we observe one variable only when it is subject to hidden truncation
from above with respect to one or more covariables.

In this chapter we focus our attention on estimation of all the pa-
rameters of a bivariate P(IV') distribution when hidden truncation is
applied to one of the variables with the only restriction that the trunca-
tion point will be greater than the location parameter of the truncated
variable. As was observed in chapter 3, hidden truncation from below

did not augment the P(I7) model. The same phenomenon occurs with
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the P(IV') model also, since the resulting density will be again a mem-
ber in the same family of distributions with only reparametrization of
the parent model. In contrast, when we consider the hidden truncation
paradigm when one variable is subject to hidden truncation from above
for a bivariate P(IV') distribution, model augmentation is observed. In-
ference procedures for such hidden truncation models are considered in
this chapter both from the classical and the Bayesian perspectives.
The remainder of the chapter is organized in the following way. In
section 3, we will develop the hidden truncation density of a bivariate
P(IV') model when one of the variable is subject to hidden truncation
from above with the only restriction that the truncation point is at
least greater than the location parameter of the truncated variable.
In section 4, we will consider the method of fractional moments for
estimating all the parameters involved in the model. In section 5, we
will consider the quartile method of estimation. In section 6, we will
consider a simulation study and will report the estimated values of all
the parameters using both of the estimation strategies. In section 7, we
will consider a real life situation where a small data set is analyzed by
invoking the hidden truncated bivariate P(IV') model as an application
of our model. In section 8, we derive the asymptotic distribution of the

smallest order statistic when the samples are drawn from a hidden
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truncated bivariate P(IV') distribution. In section 9, we will consider
the estimation of all the parameters under the Bayesian paradigm where
we will consider posterior simulation results based on a simulation study
together with comments related to posterior distribution convergence

along with the choice of the parameters of the jumping distribution.

4.3 Hidden truncated bivariate P(/V) model

The survival function corresponding to a bivariate P(IV') distribution
is given by
x — 1 — 1
POX > Y > y) =0+ (T W ydpe sy sy
1 2
(4.1)
where 1, po, 01, 09, 01, 0o are the location, scale and inequality

parameter for X and Y respectively and « is the shape parameter. If

(X,Y) has a survival function of the form in (4.1), then we will write

(X,Y) ~ bivariate Pareto(IV') (i1, p2, 01, 09, 01, 02, @0).
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So the corresponding joint density of (X,Y) will be given by

0 0
=——|P(X Y
f(x,y) (9:1:5’3/[ (X >,Y >y)]
:a(a +1) x— Ml)%—l(y - M2)%—1
0'10'2(5152 01 09
€T — 1 — 1
x [14+ (T 4 (P00 (@ >y > ).
01 09

(4.2)

Note that for the above mentioned density both the marginal densities
as well as the conditional densities are again members of the P(/V)
family with suitable choice of the parameters. In particular we may list

them as follows:
o X ~ P(IV)(u1,01, 61, )
o Y ~ P(IV)(u2, 09,02, @)
e For each possible values of x € (1, 00), the conditional density of

Y given X = x will be

Y|X =a~ P(IV)(u2, 03,09, ),

where 05 = g9(1 + =) 51,

e For each possible values of y € (9, 00), the conditional density of
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X given Y =y will be
XY =y~ PIV)(u1,071, 61, ),

1
where o7 = o1(1 + £12)%.

Also note that the correlation between X and Y is positive provided

09 — 01 — a > 2, specifically
Corr(X,Y) =ala+ 1)B(dy + 2,0 — 02) B(61 + 2,00 — a — 61 — 2).

At first we consider the situation where both p; = s = 0, after replac-
ing them by their consistent sample estimates Xji.,, Y1., respectively
where Xi.,, = minj<ij<,X; and Y1, = mini<;<,Y;. The hidden trun-
cated density of X given Y < ¢, for any positive value of ¢ will be given

by

fx(@)P(Y < ¢|X =x)
P(Y <¢)

Ixiy<e(z) = I(x >0). (4.3)

In our case for each fixed X = z,

C

PY<cX=z)=1-[14—2 ]+
L+ (2)%

while

PY<¢)=1—-(1+ (i)%)—a.

02
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So the hidden truncated density of X given Y < ¢ is given by

L (1 (&)t — 14—zl )= (e)
ax ! 1+(£)1
fX|Y<c( T) = —5 T [I(x > 0).
07! 01 1— (14 (&)%)
(4.4)

For notational simplicity we write = = 6 and ¥(a,0,02) =1 — (1 +
1
Go2)~

So our resulting density in this case is given by

fRiv<o(2)
= 510, 0(0.0.0,) (0—1)‘51_1[((1 + 0—1)51)(““)
— (14 6% + (=)) ") I(2 > 0). (4.5)

01
For graphical reference we will consider the plot of the hazard rate
function which is given by

/ |Y<0(t)

hrysolt) = Stiy<o(t)’
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where

Stiv<o(t)

= PT|y§9(T > t)

_ [ @ Y o IS DI A CER)
/t 0'151\11(0576,52)(0'1) [(( +O'1) )

—(1+ 05 + (i)ﬁ)*‘”n]du
01

1 T .1, i i
—m[((1+0—1)1) (1+0 +(01

PO (46)

In Figure (4.1) we consider for fixed choices of the parameters a =

4,01 = 1,01 = 2,00 = 3, the plot of the hazard rate function for different

choices of the truncation parameter 6.

25

2.0

- theta2=0.8

I

I

| - - theta=0.5
|

\ - theta3=1.5

Hazard Rate Function
-

1.0
/

05

0.0
|

Figure 4.1: Hazard rate function for a Hidden truncated Pareto(type IV)density with o = 4,
c=1,6 =2, 6 =3.
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4.4 Fractional method of moments estimation

We will consider use of the fractional method of moments for estimating
all the parameters of the hidden truncated bivariate P(IV') model. We

first consider for any r > 1,

E[X"]
— /O v fx|y<o(z)dx

_ > re L yel @ 1+ 2y -(aty)
/0 x(O'l) 0151‘11(Ck,€,52)[(( +O’1) )

(14 6% (D))
01

. CMOJ{ o\, —(a+1) —(a+1)
- - 1 52
(0= 1P () — (%))

:Oz—J{ - —(at)(p, — 1)1 4
ool 0

— / (u— 1)T51(u + 0%)*(‘”1)(&4
1

T
aoy

~ Fa 0.5 I, — L], (4.7)

by considering

N—
-
S
§

1+ (

Q| =

say, where
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oo

/ u—(oH—l) (u . 1)7“51
1
/ tT51(1 _|_ t)—<a+1)dt
0
= B(ré;1+1,a —1rd), (4.8)

by setting u — 1 = ¢ in which B(m,n) is the Beta function with param-

eters m and n. Similarly,

I - / (1 — 1) (4 0%) O+ gy,
1

= (1+ 6% °B(ré, + 1,0 — 16y). (4.9)
Hence on substitution in (4.7) we get,

BlX'] = < 201

(05 | BOO L= o (1 = (L 0%

Next for the method of moment estimation we first define the fol-
lowing quantities based on sample observations for a random sample of

size n :
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d M% = ﬁZ?:l(Xi — X1m)5.

hd M% = ﬁZ?:l(Xi — Xi)'t.

W=

=

i M% = ﬁ Z?:l(Xi - Xl:n)%-

Next we consider the following (after equating the sample moments

with the corresponding population moments)

My _ aifBE+La=6)(1= (1405 0
1 1 N4 ’ '
My oi[B(g+1,a =) (1 - (1+6%)%)
and 1 1.6
My of[B(3 +1,a—3)(1— (1+6%)7)] (4.11)
1 N ) '
My 63 B(& + 1,0 — 2)(1 — (1+0%) %))
Again
1 Lo,
My of[B(3 +1,a—3)(1— (1+6%)3)] (4.12)
1 N ) '
M aiB(ho = - (1+0%) 1)
Also
M _ ailBE+La =)L (065"
1 Lia_, ’ .
Mo B o= P - (14 6%)3)
and ) s
My of[B(3 +1,a—3)(1— (1+06%)2)] (4.14)
1 Lia ' '
My Gl B, o —2)(1— (1+6%)3)

So in this situation we have five equations which we can write equiv-

alently as:
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o Mi[B(2+1,a—%)(1—(1+6%)39)] = 07 My [B(6,+1, a—dy)(1—
(14 6% )oY,

o My[B(%+1,a—%)(1—(1+0%)3)] = i My [B(% +1,a—%)(1-
(1+6%)%F2).

o Mi[B(%,a—2%)(1— (1+6%)%)] = o Mi[B(% + 1,0 &)(1 -
(14 6%)3F-).

o Mi[B(%, 0 —3)(1— (1+6%)F ) = 0! M
(14 0%)0-)].

o My[B(%,a—8)(1—(146%)3)] = 0P My[B(} +1,a - $)(1 -

(1+65)3-9)].
4.5 Quartile method of estimation

Here we consider the quartile method of estimation. If §, is the p-th

order quantile (p € (0, 1)), then

P(ngp):p-
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So for our density we have

&
_ o HT
PIX <¢) = ‘I’(Oé,9752)01/0 [ (x)dx

6’ & r. 1l 4 T 1
— Z\5 14+ o)~ (atD)
T / P+ D))

—(146% + (O_ﬁl)i)(““)]dx
1
W(a,0,85)[1 — (1+2)=] = [(1+6) — (1+6 + &)=a]

01

So that we have

1
=p. (4.15
U(a,0,0)[1 — (1+ f,—j)—a] —[(1+60)—(1+6+ f_—ﬁ)ﬂ] p. (415)
Equivalently we can write
1—(1+ é)a] —[(14+6)*—=(1+0+ 5—p)o‘] = p¥(a,0,d7). (4.16)
01 o1

Our estimates are then obtained by equating 5 sample quantiles, de-

noted by ép to the corresponding population quantiles. In particular

by considering successively p = %, %, %, %, %, we have the following five
equations:
A% B . A% o \If(Oz, 8, 52)
1-—(1+2)-[1+0)=14+0+2) = (4.17)
o1 01 2
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[1—(1+0—31) |~ [(1+6) (1+9+%)_a] _ 3\11(0219,62)

1=+ )™= [+ = A +0+ )7 = ——
1= ) ) (0 ey = Ml
1= by gy (g ey - M)

So from equation (4.19) and equation (4.17) we get,

140+ (L ()

01

Ovz‘,_,

1—2(1+( )

Ny
S
—

Lo f; 1
+2(1+ ()" +60)*+2(1+(2)n +6) =0
01 01

Also from equation (4.18) and equation (4.17) we get,

1301+ ChR) (14 0) 201+ ()
+3<1+<§>6l+9> 20+ )i oy -
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Also we have from equation (4.20) and equation (4.18),

él 1 éé 1
11—15(1+(J—5)61)—a—11(1+0) +4(1+( =)o)
1 01
A1+ (D) 0 15(1 + (22)F 1 6) =0
o1 01

Similarly from equation (4.21) and equation (4.20) we get,

~ ~

f; 1 f% 1_
1—6(1+(J—i)51)““—(1+9)_a+5(1+(0‘;)“) )
£ 3
FOL+ 0 5L+ 4 0)7 =

Finally we have from equation (4.21) and equation (4.19),

~ ~

1_3(1+(£)3) —(1+6) +2(1+(§—‘1*)

01 01

On‘,_.

)—a

~

+3(1+(£ )61+9) (1+(€i)611+9)“:0.

01 o1

4.6 Application of the hidden truncated P(/V) model to a

real life data set

We consider the US income data available in the form of 2 year median
income (data source: US Census Bureau, 2006-2009) and in particular
median income for 2006-2007 and 2008-2009 across all the 50 states
in US and want to study whether the change (in percentage) in the

median income can be explained by a hidden truncated P(/V) model.
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We argue at this point that the data is subject to hidden truncation
because in those median income figures there might be instances of
unreported income and sometimes an individual’s income from other

sources is not properly reported.

Density For The US Median Income
Hitogram Of the Median Income data 12 T T

15

10

Fr

r T T T T T T L
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 -0.05 0

. N
0.05 0.1 0.15 0.2
Values Of The Variable

(a) Histogram of US Median Income (b) Density of US Median Income

Figure 4.2: Histogram and Density plot for the US Median Income.

First, let us consider the histogram and density plot of the data
(displayed in Figure (4.2)). In this case the density plot has been drawn
by smoothing the histogram. Based on the available data, we get the
following estimates of the parameters for a hidden truncated bivariate

P(IV)) model:

e Estimation based on fractional method of moments:

61 = 1.942376,0 = 2.518713, & = 3.384127,5; = 2.545628, 6y = 3.14.
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e Estimation based on quartile method:

61 = 1.915384, § = 2.529446, & = 3.416816, 6; = 2.591568, oy = 3.16.

Moreover, in this case the standard Kolmogorv-Smirnov goodness of
fit test statistic tells us that indeed the fit is good.

So the nature of our data can well be explained by a hidden truncated
bivariate P(IV') distribution with the following choice of the parameters

(approximately):
01 =1.90=25 a =346 =25 0 = 3.1.

Note that the estimated value of 6, which is far from zero, does indicates

that the data has been subjected to hidden truncation.

4.7 Estimation of the parameters using a simulation study

4.7.1 Sample generation from the truncated density

First we draw a random sample of size n (we consider n = 50, 100, 200)
from the hidden truncated bivariate P(IV') distribution for the follow-

ing particular choices of the parameters:

CEI?),O'l:2,02:2,51:2,52:3,,&1:O,/LQZO,CIQ.
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So that 6 = <£2 = 1.5 and (e, 0, 6,) = 1 — (1 + 6%)~ = 0.8605353.

(o))

So that our density reduces to

Qo=

o\Iv—4/q 1.5
(1+(2)2) (1 [1+1+(‘§)2

™)

P sl = S0

0.8605353

[I(z > 0).

(4.22)

The estimates of all the parameters using both the quartile and frac-

tional moment estimation methods are displayed in Table (4.1).

Estimates of the p arameters

n

ot

0

a

01

02

50
Quartile method 100
200

2.914573
1.879070
1.915689

1.767512
1.461497
1.467915

2.191324
2.899593
2.871755

1.889380
1.908241
1.970107

3.096597
3.026104
3.028901

50
Fractional Method Of Moments | 100
200

1.655359
1.997621
1.979760

1.654185
1.757678
1.649014

2.368763
2.859842
2.705301

1.904561
1.968523
2.040245

3.143666
2.976938
3.127698

Table 4.1: Estimates of the parameters using the quartile and the fractional method of

moments.

4.7.2 Comment on the simulation study

From the simulation study for various choices of sample sizes (n=>50,

100, 200), we observe is that for sample size n=>50, the estimates of

the parameters using the quartile method are not good when compared

with those obtained using the fractional method of moments (except

for the estimated value of d5. One can also observe that with the in-

crease in the sample size precise estimation of all the parameters under
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both estimation procedures has not been achieved simultaneously. For
instance when the sample size is either 100 or 200, the estimated value
of o; under the fractional method of moments is reasonably good as
compared to quartile method, while for the parameter 6, the scenario
is just the opposite. Moreover the estimated values of oy are far away
from the true value under the quartile method. Also the estimated
values of @ for different sample sizes are very close to the true value.
So overall we can not make a general recommendation. In terms of the
relative performance of the two estimation strategies, one is not always
better than the other. Furthermore a valid question that is worth men-
tioning, is why the popular maximum likelihood estimation procedure
has not been used here. The answer to this question is that the results
using maximum likelihood were not that promising. One reasonable
explanation could be that for the complicated model that we have, it is
really difficult to get some idea about the dependence structure among
the parameters involved in our model thereby implying that we do not
have much information about the likelihood surface. So we do not know
exactly what are the optimum choices of the parameters for which the
likelihood function will attain it’s maximum. A more extensive study

is required in this direction to find the real cause.
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4.8 Asymptotic distribution of the smallest order statistic

We have as before our density which is of the form

f)%@go(x)

_ o TN o Byany et
01(51\11(@,(9,(52)(01) (( +01) )

— (14 6% + (=) @] (z > 0).

01
So the corresponding distribution function is given by

(L4 £2)0)= — (L4 6% + (L)7)=

Flz)=1- U(a, 0, 0,)

,x > 0.

So for a random sample of size n from the above density the distribution

function of the smallest order statistic (Xi., = mini<;<,X;) will be

(L 2)5) 7 — (L4 6% + (B2)3)

F(r,) =1— o> 0.
(21:0) [ (e, 0.0,) " x>
Let us consider the following
Py _ (L4 22)5) ™ — (L4 6% — (Ga) %)
P(Xp, > -0 = 71 ! (4.2
( L: n ) [ \IJ(Oz, 0’ 52) ] ( 3)

using the expression for the distribution function as given earlier. Next
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consider the quantity

Tl L+

(14 ZEmyay e — (14 g% — (FEmyi)e (4.24)

:[1_O‘(nal)‘§1+&(a;1)( )%—"']

—[(146%) 7 — a1 + 05 ) o (25
(1 0%) — (1 +6%) 1 (EL2)
ala+1) Lo Tl 2
- @ 7 1 952 a+2 _Tl 0] — o o
# 20D gy ey

— 1 (146%)—a(l—(1+ 952)—&“)(%)% +o(n™?)
1

— U(a,0,8) —a(l — (1+ eé)—aﬂ)(%)% to(n?).  (4.25)

xl:n ',L.ln

nop

So on substitution in equation (4.24), we get

1— (146%)) g
B R
O'fllll(a79752) "

provided

0<d <2

Hence we can write

1
m 1 — (14 6%) -t .
lim P(Xy., > it ) = lim[l - o 1 (1+6%) ) 71,
n—00 n n—00 o1 U(a,,6) n

= exp[—Bw1.,), 1.5 > 0,

)7 +o(n~2)]"

1
where B = a(1_5(11+962) H). So the asymptotic distribution of Xj., is ex-
51 \I/(a79’62)

1
a(1—(14+0%2)—at+l)
afllll(ozﬂ,ég)

ponential with the intensity parameter= , when the sam-
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ples are drawn from a density of the form in (4.5).

4.9 Bayesian inference for the hidden truncated P(/V) model

For a random sample of size n from the hidden truncated bivariate

P(IV) distribution our likelihood function takes the following form:

L(aa 01, 67 617 52)

T @ Tivi=110(1 4 iy —(a+1)
2110151\11(04,9,52)(01) ( +01) )

— (0% + ()]
01

= o n ﬁ %_1 & % —(OH—I)
P et | (CORMCRS

— (14 6% + (Z4)ar)~(o+).
01

4.9.1 Sample and prior information
In the beginning we consider the following choice of independent priors
for the parameters in the model:

e Prior for «

fla) = (1+1a)2](04 > 0).

e Prior for o

f(0'1> = m](al > 0)
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e Prior for 6

e Prior for 0;

f(1) = sl (01 > 0).
e Prior for 6

f(62) = 1+5 51(02 > 0).

So the joint posterior density will be given by

f(a,01,61,60,0|X = z)

1 9 o Ti\ L1

-4 H( A o)+ o)1+ O+ 001+ 8) b ¥(a .69 o)

(1 Z5m) T — (0% 4 (S

01 01

X I(a> 0,01 >0,0>0,6; >0, > 0), (4.26)

where A is the normalizing constant which is given by

/]'%"/H((Ha)u+al)(1+9)(1+51)(1+52)>

Q0 L %—1

0151 (Cl{ 0 52) (0'_1)

1

< [((1+ 2y~ _ (1 4 95 + (203~ O) do doy df dS, dds,
01 01
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where

Ry =(a>0,01>0,0>0,0; >0,5, > 0).

So that the marginal posterior density of « is given by

(04|X —SC / /f 0% 0'1,51,52,0‘)( = SE)dUl d9d51 dég,

Rll
(4.27)

where

RH:(Ul >0,9>0,(51 >0,52>0).

Again the marginal posterior density of oy is given by

(0'1’X = LU / /f « 0'1,(51,(52,9|X —a:)dozdﬁdél dég,

Rio
(4.28)

where

R12:(Oé>0,9>0,51 >0,52>0).

Also the marginal posterior density of d; is given by

(51|X = .Cl? / /f (0 01,(51,(52,9‘)( = x)dad@dal dég,

Ris
(4.29)
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where

R13:(Oé>0,9>0,0'1 >0,52>0).

The marginal posterior density of d, is given by

(52|X = .CE' / /f (0 01,(51,(52,9‘)( = x)dad0d51 dO’l,

Ry
(4.30)

where

Ry = (Oz >0,0>0,51 > 0,01 >0)

Finally the marginal posterior density of ¢; is given by

(9|X = $ / /f (0] 0'1,(51,(52,0‘)( —$)d&d51d0’1 dég,

Ris
(4.31)

where

R15:(OZ>0,51 >0,0’1 >O,(52>O).

4.9.2 Posterior simulation study

With the following choice of priors we first draw samples of size n =

100,200 from a hidden truncated density for a particular choice (o =

2,00 = 6,0 = 1,0, = 1,60 = 2) of the parameters. However in our
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case we utilize a Metropolis-Hastings algorithm which is a general term
for a family of Markov chain simulation methods that are useful for
drawing samples from Bayesian posterior distributions. For the jump-
ing distributions we consider gamma distributions but with different
shape and scale parameters. The posterior analysis is based on the
posterior modes and also the posterior means for each of the five pa-
rameters. Below we provide various choices for the starting distribution,
the choices of the parameters of the jumping distribution along with
posterior modes:

Initial choices of the parameters: a = 1.2, 01 = 0.65,0 = 0.81,0; =
0.82, 69 = 3.29.

Jumping distribution for the parameters:
e a~1I(55,0.67).

o 01 ~1(2.6,1.59).

e 0 ~1(1.9,0.52).

e ) ~1'(2.05,0.72).

o 6, ~T'(1.91,3.72).

For the graphical reference we consider
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’ n \ Mode(a) \ Mode(oq) \ Mode(0) \ Mode(d7) \ Mode(d2) ‘

100

2.0868

5.9482

1.0049

1.1673

1.8941

200

2.0127

6.0709

1.1118

1.0231

1.9536

Table 4.2: Bayesian estimates of the parameters using the posterior mode.

’ n ‘ Mean(c) ‘ Mean(o) ‘ Mean(0) ‘ Mean(d;) ‘ Mean(d2) ‘

100

2.0723

2.9317

1.0049

1.0974

1.8829

200

2.0472

6.0245

1.1118

1.0187

1.9734

Table 4.3: Bayesian estimates of the parameters using the posterior mean.
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(a) Posterior Density of the parameters for n = 100. (b) Posterior Density of the parameters for n = 200.

Figure 4.3: Posterior density for all the parameters for different choices of the sample size.
4.10 Bayesian analysis using dependent priors for the shape
and scale parameter with an independent prior for the

truncation parameter

In this case we at first consider 7 = Uil, where 7 is the precision param-

eter then our density is given by

f)%?/ge(x)
QT 1_ 1 (a
— 50 (0 0.0,) (z7)% 1[((1 + 7)) (a+1)

(14 0% + (xr)d) @Dz > 0). (4.32)
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1
Next we set %2 = 61, so that our density reduces to

f)%?fgel (z)
= m(”)‘s_ (1 4 @7)on)~erV
— (L4 6y + (27)%) @) (2 > 0), (4.33)

where U(a,01) =1 — (14 61)~*. So the likelihood function is given by

n

L(a,7,61,0;) = [%]n H[((l + xiT)%)—(a—H)
— (1 + 6 + (7))~ @] (434)

Note that in this case our parameter space
Q= (a>0,7>0,6p >0,0; >0).

Next we consider the following choice of priors:

e For each (7,0;) € R, the conditional density of « given 7,0; is

exponential with shape paramter=¢&; (7, d1),

and intensity parameter=\(7,d1), i.e.,

flalr, 01) a1 e (—a (1, 01)) I (a > 0).
e For each («,d1) € RT, the conditional density of 7 given «,d; is
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exponential with shape paramter=¢&;(a, d1),

and intensity parameter=\s(a, d1), i.e.,

f(r|ev, 61) o 7@ exp(—7 Ao (e, 1)) I (a0 > 0).

e For each (a,7) € R, the conditional density of §; given «, 7 is

exponential with shape paramter=¢&;(a, 7),

and intensity parameter=Az(a, 7), i.e.,

F(81]er, 7) oc 65 L exp(—= 81 As(er, 7)) (e > 0).

e While for §; we consider an non-informative prior (mildly informa-

tive) which is independent of («, 7,41) and it is of the form

L 10, > 0).

f(el):m =

Since all the conditional distributions are members of the exponential

185



family, so we can write their joint density as

fla,T,01) x exp[l — ajya + ajplog(a) — 7(a13 + (a14 — ag5) )

+log 7(as + (a17 — ag) log a) — d1(a1g — a1 + (a0 — ag1)a + axnloga
+ (@93 — aggax + asgslog a) log 7) + ((age — asrar + asg log «)

— 7(azg + agplog o — az«v)

+ (ase + aszlog o — azya) log 7) log 01]1 (a > 0,7 > 0,81 > 0).
So our joint posterior distribution will be given by

posterior o< L(a, 7,01,01) f (e, 7,01) f(61)

aT

X [61\11(CE, 91)]

PTTI( + 247)7) @) — (14 6y + (7)) (@)
=1

1

x exp[l — aj1a + agz log(a)a)

— 7(a13 + (a14 — a15) +log 7(a1s + (ar7 — aig) log a)

— d1(a1g — a1 + (az — az)a + axplog

+ (ag3 — asqar + asgs log ) log 7) + ((ags — asrar + asg log )

— 7(ag + agp log @ — az1a) + (aszz + agzlog o — assar) log 7) log 1]
1

———J(a>0,7>0,61 > 0,6, > 0).
X(1+91>2 (Oé_ y T2 U,01 =2 71_)
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4.10.1 Posterior simulation study

We consider a random sample of size (n = 100,200) from our density
and we run a multiple sequence of chains for the MCMC algorithm.
However for the proposal densities for the parameters we consider the
following;:
True value of the parameters: a = 2,7 = 2,60 = 0.50, 9; = 0.50.
Initial choices of the parameters: a = 1.27,7 = 0.65,0 = 0.81,0; =
0.62.

Jumping distribution for the parameters:
e a~1(55,0.67).
o 7 ~1'(2.6,1.59).
e 0 ~1(2.1,0.55).

o 6 ~T'(2.01,0.72).

| n [ Mean (a) | Mean (1) | Mean (6) | Mean () |
100 2.0681 1.8809 0.4699 0.5405
200 2.0258 1.9461 0.4817 0.5145

Table 4.4: Bayesian estimates of the parameters using the posterior mean.
| n [ Mode(a) | Mode (7) | Mode (6) | Mode (6,) |

100 | 2.1029 1.9214 0.4567 0.5218

200 | 2.0456 1.9348 0.4785 0.5089

Table 4.5: Bayesian estimates of the parameters using the posterior mode.
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4.11 Comment on the posterior simulation study

For the bivariate hidden truncation P(IV’) model, we observe that
with a sample size of 200, the estimates of the parameters based on
the Bayesian posterior modes and the posterior means are quite good.
However when the sample size is 100, both the posterior modes and the
posterior means for all the parameters are quite far away from the true
value of the parameter. More informative priors (for example a proper
prior, or a at prior for the index parameter v only ) might result in
a substantial amount of improvement in our posterior mean as well as
posterior modal values. From our simulation study, we can not differ-
entiate which one among the posterior means or the posterior modes
are uniformly better than the other. From the output in Table(4.4) and

in Table(4.5), it may be said that one can use either of them.

4.12 Concluding remarks

Precise inference under both the classical and Bayesian paradigm for
the parameters of hidden truncation models is an area which still is in
it’s infancy stage. One obvious factor which played a significant role
in developing the subject matter of this chapter is that since P(I1)
model is nested in P(IV') model, the majority of the results which we

have obtained in chapter 3 could well be found using the more general
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setting by using the available results for the hidden truncated P(IV)
model and also P(IV') results can be used to predict the behavior of
other Pareto-like distributions under the hidden truncated paradigm
since the P(IV) model is the most general model. Since the hidden
truncated P(IV) model does not belong to the exponential families of
densities, essentially no reduction in complexity of the data can be ob-
tained by invoking sufficiency arguments. Moreover under the classical
approach it has been observed that the performance of the maximum
likelihood estimation procedure for the P(/V) model is really poor to
the extent that we do not report the output. The other two estimation
procedures have been found to be effective in this case and at least to
the best of author’s knowledge, these are the only two procedures that
can be recommended under the classical approach. The development
of inference procedures for Pareto distributions and their close relatives
has been predictably uneven. Also interval estimation for Pareto pop-
ulations has not been extensively investigated. A lack of convenient
pivotal quantities hampers efforts in the case of more general Pareto
distributions. Moreover the same situation occurs in the setting of test-
ing parametric hypotheses. However in this context, it is to be noted
that testing for the truncation parameter under the hidden truncated

bivariate P(II) model has been addressed in the previous chapter. In-
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ference under the Bayesian framework as mentioned earlier is severely
restricted in such settings. A study under the Bayesian set up has been
carried out and is reported here by both considering the independence
assumption on the choice of prior distributions of the parameters and
also by invoking a dependent prior set-up. The results based on a small
simulation study are quite encouraging in the sense that the Bayesian

estimates of the parameters are quite good under both the set-ups.
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Chapter 5

Hidden truncation for multivariate

Pareto data

5.1 Introduction

As in the case of univariate Pareto distributions, mathematical sim-
plicity and tractability have generated a lot of interest in the theory
and applications of multivariate Pareto distributions especially with
the advent of super efficient algorithms for generating samples from
multivariate populations. We will discuss k-dimensional distributions
which qualify as being multivariate P(II) and P(IV') distributions by
virtue of having P(II) and P(IV') marginals respectively. Sometimes
conditional and other related distributions are Paretian, but this phe-
nomenon is not very frequent. The first author to study systematically

k-dimensional Pareto distribution was Mardia (1962). A detailed dis-
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cussion of multivariate Pareto distributions can be found in the mono-
graph by Arnold (1983). Numerous papers dealing with bivariate and
multivariate Pareto distributions have subsequently appeared in the lit-
erature. In addition, a good reference in this context is the book on
multivariate continuous distributions by Kotz, Balakrishnan and John-
son (2006).

However discussions on inferential aspects of various forms of multi-
variate Pareto distributions have been somewhat restricted. A scarcity
of multivariate data, a lack of appropriate models which predict multi-
variate Paretian behavior, and the relative newness of the introduction
of the majority of multivariate Pareto distributions, have all combined
together to restrain the development of inferential techniques. Infer-
ential techniques which capitalize on the multivariate structure of the
data are not well developed.

The pioneering work of Mardia (1962) on multivariate Pareto dis-
tribution of the first kind was followed by Arnold’s (1983) discussion
on estimation procedures for multivariate Pareto distributions of the
second, third and fourth kinds and also on the Bayesian estimation
for multivariate Pareto distribution of the second kind. The contri-
butions of Targhetta (1979), Tajvedi (1996) and Hanagal (1996) are

also noteworthy to mention. In this chapter we will focus on the con-

192



struction of a multivariate hidden truncated model for k-variate P(I1)
and P(IV') distributions. Specifically we will address the following two
types of hidden truncation :(1) Single variable truncation from above
and (2) ki-variable (where k1 < k, k1 > 2) truncation from above. In
particular, in the present chapter, we will focus on inferential aspects
for a hidden truncated trivariate P(II) distribution when one of the
co-variables is truncated from above. However we will in the first few
sections of this chapter consider the hidden truncation paradigm for a
multivariate P(11) distribution with attention directed towards single
variable truncation from above. In other words we will be looking at
the distribution of X7, X, -+, X1 given that X} is less than some ar-
bitrary positive quantity ¢, with the only assumption being that ¢ will
be bigger than the location parameter of the unobserved covariable Xj.
Later on in subsequent sections we will implement the above set-up for
a trivariate P(II) model. This chapter is organized in the following
way. In section 1, we will consider the hidden truncation paradigm
(single variable truncation) for a k-variate P(II) distribution and will
derive the density function for such a model. In section 2, we will con-
sider the hidden truncated density for a trivariate P(1I) density when
one of the co-variables is truncated from above. In section 3, we will

consider maximum likelihood estimation for the above model. In sec-
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tion 4, we will consider the method of moments estimation strategy. In
section 5, we will consider estimation of all the parameters for a hidden
truncated trivariate P(/I) model using a simulation study. In section
6, we will consider estimation of all the parameters under the Bayesian

paradigm.

5.2 Single variable hidden truncation from above

Following Arnold (1983), we write X ~ MP(k)(I])(H, o, «) if it has the

following joint survival function:

X

) s i = 1,2,k (5.0)
of

Fy(z) =[1+ Z(

Note that in this case the corresponding marginals are, again multivari-
ate P(II); the univariate marginals being P(II) with suitable param-

eters. Conditional distributions are, again, multivariate P(I]); in fact

introducing the dot-double dot notation if we define X = ( 1 Uﬁ)) X(k_kl))7
then
X(zﬂ) ~ Mp(kn(]l)(g, g, a),
and
XIX =i~ MPP(IT) (1, é(2)d, a + k — k), (5.2)
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where

1+Z (~—H)

j=ki+1

In (5.1), the 0; ’s are non-negative marginal scale parameters, and the
1; 's are marginal location parameters. The non-negative parameter a
is an inequality parameter (common to all marginals).

Let us consider the following (for ¢ > o where the elements of ¢
are any set of (k — k1) real numbers)

P(Xy >z, Xy > ¢)
P(X, > ¢)

k i 4 i 4
[+ Do, (Ben) 4 300, L (2]

P(X,>az|Xy>¢) =

= p— (5.3)
[ Do (5522)]
Let us write for notational simplicity
k C. J— M .
1 ) 21\1—a _ .
1+ D 7 = Aule . 00)
’L:kl-l-l
Then equation (5.3) reduces to
P(X) > a|Xy>¢) = FlalX, >0
ky
,ulz
= [+ (Aule py 02)) Z )] 15.4)

So it is evident that the above multivariate hidden truncation den-
sity, involving lower truncation (equivalently truncation from below), is

again an M P (II) density with a new scale parameter. So this form
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of hidden truncation does not result in any augmentation our origi-
nal model for X, and as a consequence, there is no way to determine
whether or not such hidden truncation has occurred. However in con-
trast, we consider two cases for upper truncation separately which are

listed as follows:

e Single variable truncation from above. In this case we consider the
conditional distribution of (say) X given that X} < ¢ where X is

a (k—1 x 1) vector and the constant ¢ > pi.

e More than one variable truncation in which we will consider the

conditional distribution of X given that X < ¢ where

c (kix1) o (k—ky1x1)

X=X "X )-

We discuss the above two types of upper truncation separately in

detail as follows:

(a) First we focus on single variable hidden truncation from above for

our model. In this case we consider

P(X > i Xp <c)

F(&[Xp < c) = P(X), <)

(5.5)

Next since the marginals are also P(/I) with suitable parameters
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SO we can write

P(Xp<¢)=1—[14 (=,

Ok

assuming that ¢ > pi. However for the numerator we can write

P(X > &, X} < c)

= P(X >)—P(X > X > )

k-1

k—1
= [+ = [ YR - (S

g Of

For the sake of notational simplicity let us write

) =1 [1+ (=)

So that the conditional survival function is of the form:

F(&]X; < c)
oy < iy 14 Z( My ()
%0(0% C) i—1 0; i1 0; Ok
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If we define 8 = <£&_then our survival function reduces to
o

F(z|X), < 0)

>
I
—
T
—

= gy L D (T L D () 6 >

w(O‘a (9) i—1 o i—1 0
(5.7)
where
P(a,0)=1—[1+60]“
So the corresponding density will be
fX|Xk§9(i>
ak—l B
= F(z| X, <0
0x10x9 -+ - 0x)_1 (£| b= )
k—1 . k—1
1 a—1+1 Ti — i
- 1 Zr Py =(atk)
e O e D
1 "
—[1+ YY) + 0@ = ). (5.8)
i=1 !

(b) Next we consider kj variable (where k; < k,k; > 2) truncation

from above. First of all we consider the following:

PX>i
P(X

< &)
o

where we assume that ¢ > ji. Next for our model (5.11), the de-

F(z|X <¢) =

5
— 2.9
< ¢ 8.9)
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nominator is given by

P(X <)
k
:1_P( U (le >Cj1))
Ji=k1+1
k
B N LRI S ot
Ji=k1+1 J1<J2
k
+ (=DM P( () X, > e
J1=k1+1

Now since in our case we have

(K1)

o X' ~ MP®I(IT)(j1, 6, )

(k—Fk1)

o X ~ MP®R(IT)(ji1, 6, ).

So that we can rewrite (5.12), as follows:

P(X <)
k
—1_ [ Z (1 _|_ :ujl Z Z
Ji=k1+1 J1<j2

C< — .
_|_..._|_(_1)k‘—/€1(1+ Z ]10._Mjl)_a]
Ji=k1+1 )
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1> Gy Xjy > Cjy) A

(5.10)

lu]l

+ Cjy — Hjy )—a

2

(5.11)



say, while the numerator will be
HX>2X§@

X>:13[U i > i)l

k1+1

= P(X >i)— X:PX>XX5>%)
=k1+1

k
4+ o+ (—1)k_klp(£ > T, ﬂ [le > le])
'*]{114’1

kl L .
:(1+leo_.ﬂz)_a_ Z +sz ,uz ,uz)
i=1 ¢

=k +1 i

Ty — [y Cjy — Mgy Cjy — Mjy\ g
— 1
D
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So the conditional survival function is given by

F(]X <@)
1 Y — U
. 1 7 T\ —q
B(C,,LL,O',OZ)[( +Z§:; i )
i g c
D IR D e I
J1=k+1 i=1 ! N
k
1< i1 i i Ol
ki k
ot ( 1)k—k1(1+z i .MZ"' Z 14 S 'Nm)_a]’
-1 i ji=k+1 i
€ > /LZ,Z = 1,2, <o ,kl. (513)

Consequently the corresponding hidden truncated density will be
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given by

Fx1i<(2)
8k_1 3 .
= r| X <
0x10x9 - 83%1 (E‘_ - Q)]
] bl R
= _ 1 T Piy—(atk)
| (LSS
k k1
B S
1=kt i i T
ki
_ Z Z (1 + Z Li — Hi n Cjp — M 4+ Cjo — sz)—(oz+k1)
J1<J2 1=1 Ti T T
k1 T — i k o — 1
4+ (_1)/€—k1(1 + Z v . L Z 14 -4 .Iujl)—(a-f—/ﬂ)]
- i 1=k 41 T
< I(& > j1). (5.14)

For notational simplicity let us consider - = 6;. Then our hidden
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truncated density reduces to

leXSQ@)
ak—l 3 .
_ Pl < &
0x10x9 - - - 8xk1 [ (£|_ o Q)]
1 N | g 1
— T 1 T M —(OH—k‘l)
B L5 0270
k ki
_ Z (1_|_Z v ’u2_|_9h)—(a+k1)
=k 41 i=1 ‘
ki I
SIS SE=C R
J1<J2 i=1 L
ky B k
o (CD)FR Y ’J,“’+ > 140,) @ II(E > )
i=1 ! 1=k1+1

However we focus on in this chapter a simpler case where we con-
sider

XD~ MPO(I1)(p, 0, ),

where X3V = (X, X,, X3)T. where all the marginals as well as all
the conditionals are again members of P(I[) family with suitable
choice of the parameters. We are interested in the distribution of
X7 when both X5 and X3 are truncated from above. Let us consider
a situation that we will observe X; and X5 if and only if X35 < ¢. So

we want to find the joint density of X; and X5 given X3 < ¢. Then
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from (5.10), our density will be (by substituting k = 3 , ky = 2)

ala+1) (1 — 1) (2o — p2) (a12)
= —_— 1 «a
Fass(oa) = 20 R (U =+ =)
L1 L2 —(a+2)
_<1—|——+——|—9) ]](Il ZM1,$22M1>, (516)

o1 02

where

Y(a,0)=1—(1+06)“.

and 6 = % Note that the parameters are constrained to be such
that: u; € (—00,00), 2 € (—00,00), 01 € (0,00), o2 € (0, 00),
6 > 0, a > 0. In subsequent sections we will focus on the problem
of estimating and making inferences about these parameters based
on a random sample of size n drawn from the density in (5.18).
Note that the situation where 6 = 0 reduces to the non-truncated

case.

5.3 Parameter estimation for the trivariate hidden truncated

P(IT) model

We will consider two types of estimation using a simulation study. In
each case the available data will consist of n i.i.d observations with

common hidden truncation P(II) density (5.16).
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5.4 Maximum likelihood estimation

We draw a random sample of size n from the density in (5.16). Denote
the observations by (X1, Xa;,7 = 1(1)n).

So the likelihood function is given by

1 X, — Xo. —
LH a+ +1] M1+2J 2

)f(a+2)

+ )"+, (5.17)

= nllog(a(a + 1)) —log ¢(a, 0) — log(o103)]

3

Xy — Xy —
n log[(1 + 1 — M1 4 22 M2)_(a+2)
; 01 09
J=1
Xy — Xy —

= n[log(a(a + 1)) — log¢(a, 0) — log(o107)]

u Xy — 1 Xoj — o
—(a+2)Y [log(1 4+ =¥ /
(o + );[og( )]

- 0
E ’ . —(a+2)
+j1wgu (1+1+XZ”%+&5”) !

First of all observe that keeping all other parameters fixed if we
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replace (p1, p2) by the minimum of the sample observations i.e.,

Xl(l:n) = lgljlgn X1j7

X2(1:n) = min XZj

1<j<n
then the likelihood function (or equivalently the log-likelihood function)
becomes a monotonically increasing function in (X (1., Xa(1m))-

So the ML estimates for (p1, u2) will be given by

Xi(m) = min Xy

1<j<n

and

X2(1:n) = min XZj

1<j<n
respectively. For notational simplicity let us denote Xj(1.,y = ¢l and
X2(1:n) = q2.

So the log-likelihood function now becomes

log L = nflog(a(a+ 1)) — log ¥ (a, §) — log(c109)]

—(a+2)Y llog(1 + Ay gl Ay a2y

e 01 02
n 9 (o
+ ) flog(l = (1+ —s———=) ™). (5.18)
s 1+ =28 4 2

206



The likelihood equation for the remaining parameters are obtained

by differentiating the likelihood function. For o we have

%[log L] =0. (5.19)

Equivalently we can write

1 1 14+6)"%log(l+46
L) 00 los(140)
a o+l U(a, 0)
wo (U g
1 DI ik S
9 —
Jj=1 (1 - (1 T 1+X1i;q1 X2g2 q2) ( +2))
0
x log(L+ =) =0

Here (a, 0) = 1—(146)%. So that 2 (a, 0) = (1+6)~*log(1+0).
Again we have

0

Equivalently we can write

n

e )
SRt e (o)

n (1 + 1+X1j7q19+X2j7q2)_<a+3)
0'1 0'2
Hat2) Z[(l —(1+ 0 )~(et2)
J

1+X1j—ql X2j_q2
91 o2

o(2L)
X 3 ]=0.
(o1(1+ =5) + (X — ¢1))?

02
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Similarly
0
—log L] = 0.

02
Equivalently we can write

n

—%+(a+2)2[1+

J=1 o1 02

n (1 —l_ le—q? X2j—q2)7(a+3)

X

Finally we have

0
%[log L] =0. (5.21)
Equivalently we can write
V'(a,0) - L
—n + (a+2
¢(Oé7 9) ( ); (1 o (1 + X1j—q19 ij—q2)_(a+2))
0 —(a+3 0 -1
X ((1 + 1 le ql N ng—q2) ot ))(1 + 1+ X1—ql + ij*(ﬂ) = 0.

Note that here

—w(a 0) = a(l+6)"“*Y.
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5.5 Method of moments estimation

We have our density (from earlier)

le,X2|X3§9(3517 56‘2)

_ Oé(CK + 1) 1 ﬂ @)—(OH—Q)
01099 (v, 0) g1 02
(1 2+ 2 0) @) (2 > 0,25 > 0).
01 09

Let us consider for any 6; > 1,00 > 1,

+1
BE(X]' X' X5 <) = / / ofap 20 )9)[(1 + = 2yl

o ng(oa 1 02
‘f’ - + —|— 9) (ot ]d[lﬁldﬂfg

02
say, where

* ala+1)

I = —— (L — L)d
|, Haggorth ~ Tt

in which

(0.8} 52
h= / L[(14 2L Z2) (@4 )ag,
0

g9 01 09
(09 )62 botl—(a+2) B
= (&+1)(1+ 1)2 B(ds 4+ 1, a0+ 2 — 09),

and
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oo .09
L :/ L1+ 2 2 gy )y,
0 09 01 09
(02) x1 Syt1—
— 14+ 22 4 g)ti-et2 p(s, + 1 2 — ).
(oz+1)( +Ul+ ) (0s + 1,0 + 9)

So that

0o .01
1:&3(52+1,a+2—52)/ 14

o O1 01

—(1+ ? + )@ day
1

= (01)61(02)523(51 +1l,a+2—90; — 0y — 1)

X B0y + 1,004 2 — 65)(1 + 9)rH1-(a+2=0-1)
Therefore

E(X X5 | X5 < 6)

ala+1
- —zé(a’ 9))af10323(51 tLhat2—-0-0—-1)B(0+1a+2—0)
x (1—(1+ 9)(514—1—(044-2—52—1)). (5.22)
Note:

o If §; = dy = 6, then we have E(X{X§|X; < 0) = S B(5+1,a+

1-20)B(6+1,a+2—68)[1—(1+0)%].
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o If 0 = 0 = 1, then from equation (5.22) we have

E(X1X5| X3 < 6)

_MJJ o — 07 - e
= a0 102B(2, DB2,a+1)(1—(14+6)"9).

o If 0 =0y = %, then from equation (5.22) we have
E(X7X5|X5 < 0)

_ Mt D po 0BG ot Do
— w(Oé,Q) B(27 )B(27 +1)( 1 2)

N[

(1—(1+60)).
Again

o If §; = &, = 3, then from equation (5.22), we have

alae+1) 4 1.4 4

w(a’ 9) B(§7 o+ g)B(g, o+ g)(O’lo'g)

B(X]X]|X5 <0) =

(SN

Equivalently

BE(XFX3|X; < 0)

oot lpd 14

3773 3
x (0109)3(1 — (1 +6)579).
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Again

B(X; X{| X5 < 0)

_ala+1) 1 1,1 3
—WB(—+1,0K+_)B(—+1,0(+_)

4 2 4 2
x (0109)7(1 = (1 + 6)77%).

Next we define the following quantity
n

Z(Xli —q1)" (Xai — q2)™
Mal,aQ = =

— , which is the sample bivariate

moment of order (al,a2), where both (al,a2) are positive numbers
(where both ¢1 and ¢2 have been defined earlier).
Next equating the sample moments with the population moments
we get the following:
M, 0109B(2,a — 1)B(2, a0+ 1)(1 — (1 + 6)27%)
M B(2,0)B(3,a +1)(0102)7(1 — (1 + 6)1-2)

2(a+ D (a + 2)(a109)2 (1 — (1 4 0)>)
Vr(a—1DD(a+3)(1 — (1460))

N|—=

)

=

Equivalently we can write

Mi[Va(a—DD(a+3)(1—(1+ 6] - M

11
272

N[—=

200+ Dl(a+ (o0 (1 - (467 =0 (529

212



Again

=

ol
=

B(2, a)B(%, o+ 1)(0102)%(1 — (14 6)1-)
B(g.a+ 5)B(3, a4 3)(0102)5 (1 = (1 + )3
_ I'(a)yml(a+ %)F(a + %)(0102)%(1 — (1+0)t)

2(a+ 1)D(a+ 3)(T(E)T(a+ HT(a+ (1 — (1 +6)5)

=

W=
W=

Equivalently we can write

2 3

— M%%[F(cv)\/%F(oz + g)F(oz + §)(0102) (1—(1+6))]=0.

My [2(0+ D00+ D) Tla+ )+ 5)(1— (1 +0)7)
3 % (

(5.24)

Similarly we can have

S

0109B(2,a — 1)B(2, a0+ 1)(1 — (1 + 0)?7%)
B(3, o+ 3B, a+ 3)(0102)5(1 — (1+0)57)
_ [(a+ §)(a + §)(0102)5
(@ +2)(a+1)(a—1aC(d)T(a+ DT (a+ D)

=

Wl
W

Equivalently we can write

3 3

— My D+ 2T (a + 5)(0102)] = 0. (5.25)

Mia[(a +2)(a + 1)(a — 1)a(r(§))2r(a + Yre+ 2y
3 3 )?
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Also we have

My 010982, — 1)B(2, + 1)(1 — (1 + 6)>7)
Miy  BG+lLa+h)BR+1a+d)(o0)i(l—(1+60)5)

T(o+ DT (a+ 1)1 = (140)7)(0109)" |
T(a+ DT (a+HTE))Aa+2)(a+ 1)(a—a(l — (1+6):79)

Equivalently we can write

Mi[C(a+ %)F(a + g)(F(Z))Q(a +2)(a+1)(a—1a(l - (1+ 0)%—‘1)]
7

Do+ T+ )1 — (14 6) ) (010%)

[N

| =0. (5.26)

5.6 Estimation of the parameters using a simulation study

By looking at the method of (fractional) moments equations and also
the likelihood equations one can easily understand that it is not possible
to find an analytic expression for the parameter estimates. So we at
first consider one simple situation where we specify all the parameter
values and then generate some data from our hidden truncated density.
We then consider the estimation for all the parameters by maximum

likelihood and also by the fractional moments method.

5.6.1 Sample generation from the truncated density

For our simulation study we consider (without loss of generality), a = 4,

=1, uo =1, 00 =1, 00 =1, ¢c = 2, u3 = 0, o3 = 1, so that

214



— C—Hs __ _ c— —a _ 80
0=t =2 and ¢¥(a,0)=1-(1+(52) =5

But note that we usually estimate p1 and po by Xj(1.,) and Xo(.p)
respectively and so we can subtract and assume that gy = 0 and e = 0.

Our density reduces to
81 -6 -6
Ix x| x,<2(71, T2) = Z[(l-i-wl—l-ﬂfz) —(14x1+29+2) "I (21 > 0,29 > 0).

In Table 5.1, we illustrate for simulated samples of various sizes the

estimated values of the parameters (using the ML method):

Table 5.1: Estimates of the parameters using the method of maximum likelihood

A~

n [0 6’1 (3’2 0

50

3.8649117

0.9394654

0.9923756

1.9953699

100

3.8664039

0.9413608

0.9904680

1.9949965

200

3.8965841

0.9640310

0.9550397

1.9990409

In Table 5.2, parallel results obtained using the method of moments

are displayed.

Table 5.2: Estimates of the parameters using the method of moments

~

[0

o1

op}

0

20

3.9816431

0.9625353

0.9573555

1.9745285

100

3.9931764

0.9867361

0.9527272

1.9945825

200

3.9954369

0.9895283

0.9812457

1.9939241

215




5.7 Bayesian inference for the hidden truncated P(//) model

In this section we will consider Bayesian estimation of all the parameters

under study. As before we have our density as

le,X2|X3g9(SU1, CU2)

ala+1) Ty T,

= (14 =L 2y e

0102'17/}(04,9)[( 01 02)

(L 2 20 (2 > 0,05 > 0).
01 09

5.7.1 Sample and prior information

We consider a random sample of size n from above density (based on
some particular choices of the parameter). Next we propose the fol-
lowing choice of independent priors (mildly informative) for the four

parameters;
o fla)x =I(a>0).
o f(8) x 51(>0).
o f(o1) ox ;- I(a1 > 0).

o f(o9) x (}2[(02 > 0).
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5.7.2 Posterior distribution of the parameters

In this case our likelihood function is given by

L(a, 01,0001 X, = 2y, X5 = 25, X3 < 0)

ala+1) T1i T2 T1i T _
_ (14 20 B2y(av2) (g L ZU T2 gy —(at2)
H 0'10'2¢ a, 9 T 01 + 0'2) ( + 01 + 09 + ) )]

L1i 3?22’ —(a+2) _ (222 gy —(at2)
H + o) (+Jl+02+) )]

B (0102¢ a, 6

(5.27)

So the joint posterior of the four parameters is given by

f(@701702:9|X1 =21, Xy = 2y, X3 < 0)

_ Lo, 01,0901 X, = 21, Xy = 2y, X5 < 6) f () f () f(01) f (02)
B Y

where B is the normalizing constant which is given by

B
0 0 0 0

02)d0’1d0’2d9d0&

/ / / / &(av, 01,09, 0)dosdfda,

where £(a, 01, 09,0) is given by
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_ T2y —(a+2) _ o Bh T2 gy —(ar2)
(0'10'2@&(04,9))” P o1 0_2) ( + o1 + oy + ) )]

So the posterior density of « is given by

o [0 [0 0)dOdod
flol X, =2, Xy =129, X3<0) = fo fo fo §<a7(;1702’ e 02'

Also the posterior density of # is given by

S Rl 0)dOdod
JOIX, =2, Xy =29, X3<0) = fo fo fo 5(04,031702’ i 02'

Again the posterior density of o; is given by

S IRl e 0)dOdod
f(‘71|X1:£17X2:£2aX3§9) = fo fo fo g(a’;j’@, ) - 02'

Finally the posterior density of o9 is given by

W 8)dfdod
f(02|X1:£1,X2:g2,X3§9) — fo fo fo 5(04705;02, ) o1 02.

5.7.3 Posterior simulation study

In our case we consider Metropolis-Hastings algorithm which is a gen-

eral term for a family of Markov chain simulation methods that are
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useful for drawing samples from Bayesian posterior distributions. First
of all we draw random samples of size 100 and 200 from the hidden trun-
cated density as described earlier for a particular choice (a = 3,01 =
4,09 = 4,0 = 2) of the parameters. For the jumping distribution we
consider the same Gamma distribution but with different shape and
scale parameters for the four parameters under study. The posterior
analysis is based on the posterior modes for each of those four param-
eters. Below we provide various choices for the starting distribution,
the choices of the parameters of the jumping distribution along with
posterior modes:

Initial choices of the parameters : a = 2.8, 01 = 0.89,09 = 0.98,6 =
1.4.

Jumping distribution for all the parameters:

e a~1(25.2/5,6.9/5).

o 01 ~1(4.2/2,1.8/2).

e 0y ~1(4.3/2,1.8/2).

e 0 ~1(8/3,1.9/3).

Note: The acceptance/rejection rule of the Metropolis-Hastings al-
gorithm requires the ability to calculate the importance ratio r, for

which we need to have jumping distribution for the parameters under

study. For a detailed discussion, see [18].
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The following table provides the posterior mode values for all the

parameters based on the Bayesian posterior simulation study.

Table 5.3: Posterior modes of the parameters

’ n \ Mode(a) \ Mode(oq) \ Mode(o3) \ Mode(0) ‘
100 | 2.76741 3.8507 3.8520 1.85432
200 | 2.91723 3.9727 3.9686 1.96717

5.8 Hidden truncation for the trivariate P(//) distribution

In this section we focus our attention to a situation where we consider
XV~ MPO(IT)((p, 0, @),

where we consider

XD — (X, Xy, X3)7,

and all the marginals as well as all the conditionals are again members
of P(II) family with suitable choice of the parameters. In particular
we consider a situation where all the location parameters are zero and

the scale parameters are one. So that in this case we have
XBU o MPO(II)((0,1, ).

We are interested in finding the distribution of X; when both X5 and

X3 are truncated from above. Thus we consider a situation in which
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we will observe X if and only if Xy < 6; and X3 < 6#,. So we want to
find the density of X given Xy < #; and X3 < 6,. First let us consider
P(X > JS,XQ < 91,X3 < (92)

P(Xy <61, X35 <05) =
(5.28)

P(X > .CU’XQ <6, X3< 92) =

However the denominator

P(Xy <01, X3 < 6)

= P(X, < 0)) + P(X3 < 6) + P(Xo > 01, X3 > 0) —
=1—(1+60) "+ 1= (1+6) "+ (1+6+6,)—1
= 1= (14+6) " = (1+65) "+ (1 + 061 +65)

= \If(917 92, Oé).
While the numerator is given by

P(X > x, X5 <01, X3 <0,)
=PXy;>x)—[P(X1>21,Xo>60,)+ P(X >1z,X5>0,)
— P(X > x, X5 > 01, X3 > 05)]

= (142)" @D — [T+ 24 60) O 4 (142 4 )"+

— (142 + 61 + 0g) @],
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Hence we have

P(X > .CU|X2 < 91,X3 < 92)
B 1
B \11(91,(92,04)

— (1 + 2+ 6, 4 6y)" @Y. (5.29)

(1 +x)—(a+1) o [(1 +r4+6 ) (a+1) + (1 + o+ 92)—(a+1)

The conditional density of X given Xy < 6; and X35 < 6, (from

(5.29)) will be

[x1x,<0,,x5<0,(2)

[ +2) @) — (L2 +0) D 4 (14 + o) @)

- \11(91, 92, a)
— (L4 2+ 6, +6,) DIz > 0). (5.30)

5.8.1 Maximum likelihood estimation

We draw a random sample of size n from the density in (5.30). Denote
the observations by X7, Xo, -+, X,,. In this case the likelihood function

is given by
- 0%
L=T] W[(l + X))@ (14 X 4 6y) @
i=1 Tre

( X—|—9) (a+1) ( —|—X—|—91—|-92) a—i—l))]
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Equivalently the log-likelihood function takes the form

log L = nloga — nlog V(6,0 ) + Z]Og[(l + Xi)—(a+1)
i=1

— (L4 X+ 0) @ 1 (14 X, +09) ") — (1 4+ X, + 0, + 6) Ty,

So the likelihood equation for « is

0
—log L = 0.
da °5
Equivalently
o n
2\ (0,0
E O ( 1, 2,@) +Z[((1 _|_Xi)—(a+l) - (( —|—X _|_9 ) (a+1)

o U(0100)
+ (14 X; + )Y

— (14 X, + 0, + 65) @) (—(1 + X;) @V og(1 + X))
+(1+X; +6) " log(1 + X; +6)

+ (14 X+ 02)" "V log(1 + X; + 65)

— (14 X;+ 0, 4+ 0:) " Dlog(1 4+ X; 4+ 6, + 6,))] = (5.31)
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where

9
O
= (1+6;) “log(1+61)+ (1+62) “log(1l + 6s)

\11(01, 92, O{)

— (1461 + 62) " log(1 + 01 + 02).

The second likelihood equation is

0
—log L =
891 og 0.
Equivalently
‘11(91,82,04) i
1 XZ —(a+1)
TS +> 1+ X))

1=1

— (14 X; +6)~ @) 4 (14 X, + 0y)~(@+D)
— (L4 X + 01+ 02) I+ X5+ 01) @V log(1+ X; + 61))

— (1 + X, + 61+ 92)—(a+1) log(l + X, + 61+ 92)] = 0. (532)

where

0
87\11(91, 0,, ) (1 —|—91)_a log(l —|—91) — (1 + 04 +92)—a log(l + 04 +(92).
1

Finally, we have

0

9 Yoe L = 0.
96, &
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Equivalently

‘11(01,82,04) i
1+ X, —(a+1) 1+X;,+0 —(a+1)
igne) T2+ X) (1 +Xi + )

1=1

+ (14 X; + )@Y

— (14 X5 4601+ 65) " @ONT(1+ X, + 6) @V og(1 + X; + 6))

— (1+ X+ 01 + 05) " Dlog(1+ X; + 01 + 65)] = 0.

where

0
00

5.8.2 Estimation by the method of moments

Let us consider for any (r > 1)

(5.33)

0y, 05, ) = (1+05) " log(1+02) — (140 +05) " log(1 + o +65).

E[X"]
- / xer|X2§91,X3§92(x)dx
0
a 0
- - 1 —(a+1) _ (1 (at1)
\11(01,92,04)/ (14 x) (14+z+61)
+(1+z4+60)" ) — (1 x40, +6) ) da
o4 r—o . r—o
_W[B(r+1,a—r)(1—(1+91) (1+ 65)

+ (1460, +65)" ).

Next substituting r» = 1, %, é, we get
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o EIX] = gSmlB2a = (1= (L+6)'7 = (1+6,)' ™ + (1 +
o1+ 02)17)].

o BIXY] = i Bla— Dl - (1+0)b e — (1 + )b+ (1+
01+ 65)27")].

o BIX] = gtraglBa = D= (1465 — (14627 + (1+
01 + 02)5~)].

Next we define the following quantity based on a random sample of

size n drawn from above density in (5.30),

1~ .,
MG:E;XZ.,

which can be viewed as the a-th order sample raw moment. Next
we equate the sample moments with the corresponding population mo-
ments to find the estimates of the parameters. In this case the resulting

equations are as follows:

My [3(2, o — 1)(1 — (1 + 01>1—a — (1 + 02)1_0‘ + (1 + 01 + 92)1‘0‘)]

My [BG,a— 11— (1+60)7 — (1+6:)5 + (1+6) +6)>)]
(5.35)
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My [B2,a—1)(1— (1407 (1+60)7%+ (1401 +65)17)]

My [B(da— 51— (1+60)57 — (1465)57 + (1+6; +02)5°)]
(5.37)

Solving the above sets of 3 non-linear equations we will find the

estimates of the parameters.

5.8.3 Estimation of the parameters using a simulation study

We draw random samples of sizes n=50, 100 and 200 from our density
in (5.30), for a particular choice of the parameters which are o = 2.5,

0, = 0.5, and 6y = 0.5. So that in this case
\I’(Ql, 92, Ck) =1- (1 + 01)—a — (1 + 92)—(1 + (1 + 91 + 82)_a = 0.270877.
Hence our density reduces to

fX\X2S91,X3S92 (ZC)
2.5

= o (L)) =214 2 4 0.5) % + (24 2) Y (2 2 0).

(5.38)

In the following tables we provide the estimates of the parameters
using the maximum likelihood method and using the method of mo-

ments.
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n

0,

0

(07

50

0.4784212

0.4847938

2.431728

100

0.4831572

0.4857404

2.471352

200

0.4955152

0.4863323

2.489523

Table 5.4: Estimates of the parameters using the method of moments

n

01

62

~

(07

50

0.4923689

0.4733277

2.45321768

100

0.4926100

0.515632

2.48431713

200

0.4928690

0.5012083

2.5003729

Table 5.5: Estimates of the parameters using the method of maximum likelihood

5.8.4 Comment on the simulation study

For our simulation study, we observe that our estimates for all the
parameters are quite good under both of the estimation procedures and
they are consistent in the sense that as we increase the sample size, the
estimated values are closer to the true value of the parameters. The
result of this small simulation study is quite encouraging and one can

extend this idea to the more general trivariate P(IV') model.

5.8.5 Bayesian estimation of the parameters under a non informative

prior

In this situation we will consider the following choice of independent
(vague) priors for each of our parameters and will perform a Bayesian

analysis based on that. Let us consider
o fla)x =I(a>0).

° f(91) X %](91 > O)
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° f(92) X %[(62 > 0)

So the joint posterior will be given by (for a random sample of size

n drawn from the density in (5.30))

fo,01,05] X = z) = f(a) f(01)f(02) A" H (6, 92

[(1+ X;)~ @) — (14 X; + 6y) (@t
— (14 X5+ 65)~ ) 4 (14 X, + 6 + 6y)~ ()]

(5.39)

where A is the normalizing constant given by

_ // o, 01,65 X = 2)d6rdbodar.
(RH)?

So the marginal posterior density of « is given by

I Jo7 fe, 01, 00| X = 2)dydbs
A .

flalX =z)=

Similarly the marginal posterior density of 6; is given by

I T fla, 01,605 X = z)dodb,

F0i1X = 2) = -

And the marginal posterior density of 05 is given by

fo fo (a,01,0:| X = z)dadb,

f(O2| X =1x)= T

229



5.8.6 Comment on the choice of Priors

Suppose that we have some specific information (in the form of prior
belief) about any one of the parameters(say «) such as that it can take
any values between (say) 0 and 2. Then a reasonable choice of prior
distribution for az would be any kind of flat prior, (say) a uniform dis-
tribution with support (0,2). This will reduce the complexity in the
posterior analysis. Although the use of non-informative and /or depen-
dent priors will increase the complexity of the analysis, one may still
want to consider use of such priors because of the fact that for analyti-
cally intractable models like ours, the corresponding posterior analysis
can be efficiently performed by a Markov Chain Monte Carlo (MCMC)

algorithm which is specifically designed for complicated models.

5.8.7 Posterior simulation study

First of all we draw random samples of size 50 and 100 from our density
for a particular choice (o« = 1.5,01 = 0.3,65 = 0.3) of the parameters.
For the jumping distributions we consider gamma distributions but
with different shape and scale parameters. The posterior analysis is
based on the posterior modes for each of those three parameters. The
corresponding posterior density plots are included in this chapter also.

The following table shows various choices for the starting distribution,
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the choices of the parameters of the jumping distribution along with

posterior modes:

Initial choices of the parameters:a = 1.07, 01 = 0.47,0, = 0.43, 60, = 0.47.

Jumping distribution of the parameters:
o o~ 1(81/5,6.1/5)
o 01 ~1(1.8/3,7.2/3)
e 0, ~1(3.2/3,6.1/3)

In the following table for each gamma density the first value corresponds
to the shape parameter and the next value is the scale parameter. In the

following table the posterior modes of all the parameters are displayed.

n | Mode(«) | Mode(61) | Mode(fs)
50 1.4343 0.2813 0.3900
100 1.4744 0.2753 0.3063

Table 5.6: Bayesian estimates of the Parameters

The corresponding marginal posterior density plots for the three
parameters based on samples of sizes 50 and 100 are displayed in Figures

(5.1 a) and (5.1 b).
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I . . . n . . .
0 5 10 15 20 25 30 0 5 10 15 20 25
Posterior density of thetal(n=50) Posterior density of thetal(n=100)

N .
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Posterior density of theta2(n=50) Posterior density of theta2(n=100)

0 . . T . I . . 0 . . . . . .
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Posterior density of alpha(n=50) Posterior density of alpha(n=100)

(a) Posterior Density of the parameters for n = 50 (b) Posterior Density of the parameters for n = 100

Figure 5.1: Posterior density for all the parameters for different choices of the sample size

5.8.8 Remarks on the posterior simulation study

For the trivariate hidden truncation model, we observe that with a sam-
ple size of 100, the estimates of the parameters based on the Bayesian
posterior modes are quite good. However when the sample size is 50,
the posterior mode for 5 is quite far away from the true value of the
parameter. More informative priors (for example a proper prior, or a
flat prior for the index parameter a only ) might result in a substantial

amount of improvement in our posterior modal values.

Appendix
Asymptotic distribution of the smallest order statistic

Suppose we draw a random sample of size n from the density (5.11). De-

note the observations by X', X% ..., X", where X', fori =1,2,--- ,n,
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are (k — 1) dimensional. Then we define
Y = minj<j<, X7,
Let us consider

PY>y=PX'>yX*>y,....X">y)

— [P(X > )"
- Hl+k§<%‘m>]a
B w(&ac) i—1 g;

k—1

_ [1 4+ (yz ;Z,uz> I <C ;kﬂk)]—a“n.

i
However for the notational simplicity we consider (<£*) = 6. and also

we assume that g; =0, Vi = 1,2,... kso that ¥(a,c) = 1—(14+60)"* =

P(a, 0).
Thus
1 1 — Yi \1— — Yi _
P(Y > o) = [l [+ )% (5.40)
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Next consider the following:

1+l§mz 1+Znygl +o
R S PR e
-] [(1;@ L) "2 5o
0+ DL+ S 1(5;2,»;—1 |
i@ 0) = = (1= (1+0) a“)(fi(%))w(ﬂ) (5.41)
So that
P> y)=[ -0 (1+ e>a“><jj<§—z>> o(n )"
Hence
lim P(Y > ~y) = lim[1 -5 <1+e>a“><kll<§—i>>+o<n2>]"
- exp[‘Bﬂ:f%)”’ (5.42)

for y > 0 where B = a(1—(1460)"*"!). So the asymptotic distribution
of the vector of smallest order statistics when the samples are drawn

from a hidden truncated (from above) k-variate P(II) distribution has
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independent exponential marginals.
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Chapter 6

Conclusion

6.1 Introduction

In this chapter we will discuss in detail plausible reasons for consider-
ing hidden truncation paradigms for bivariate and multivariate Pareto
data. We will also describe the challenges that have been faced during
the course of study of such hidden truncation models, and what effective
steps have been taken into consideration regarding inference for such
models. A broad spectrum of flexible univariate and multivariate mod-
els can be constructed by a hidden truncation paradigm. Such models
can be viewed as being characterized by a basic marginal density, a
family of conditional densities and a specified hidden truncation point.
Skewed multivariate distributions can arise in situations in which the
observed variables represent a sample that has been truncated with

respect to one or more hidden covariable. In chapters 3 through 5, a
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survey of such models arising from a bivariate and multivariate Pareto
distributions has been provided with discussion on related inference
questions. In particular we consider the fact that, in income model-
ing, quite often there are instances of unreported income. In such a
situation it is reasonable to assume that the true income (say, X), the
observable income (Y, say) and the unreported income (U, say) are
related in the following way: X =Y + U.

Such a model was considered by Krishnaji (1970) and later on by
Hartley and Revankar(1974) and Hinkley and Revankar (1977). Now,
as mentioned earlier, we focus on in particular situations where the
income data for an individual is available if and only the unreported
income does not exceed a certain value which could be any value within
the support set of the conditioning variable. Next we focus on inference
for such models and in particular estimation of all the parameters of
the model. First of all for hidden truncation models, it is not possi-
ble to construct unbiased estimates nor to consider a routine classical

approach on inferential aspects because of the following:

e The models do not constitute one parameter exponential families

of distributions.
e The moment generating function does not exist in these cases.

Because of the form of the density, as in (3.14) or in (4.5), we have
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observed that for certain choices of the truncation parameter (in par-
ticular for the bivariate case 8 > 2, and for the trivariate hidden trun-
cation case (min(fy,65) > 0.7) and also for the index of inequality in
the range (o > 5), our densities are indistinguishable. Furthermore
since such models are not members of one parameter exponential fam-
ily, no reduction in the complexity of the data is possible by invoking
sufficiency arguments. For the various estimation strategies that we
have discussed in earlier chapters for hidden truncation Pareto fam-
ilies, it would be really difficult to claim whether one is superior to
another although for both types of models (i.e; both bivariate and mul-
tivariate hidden truncation) for small samples the performance of the
maximum likelihood estimation procedure is not that good. A possi-
ble reason could be that the likelihood functions associated with these
type of models often do not have easily identified modes because of the
unavailability of analytical expressions for the maximum likelihood es-
timates. Furthermore in all other estimation procedures, the estimates
of the parameters have been obtained numerically. Also because of the
lack of analytical tractability of expected moments for the likelihood
estimates, only the observed Fisher Information Matrix is available. As
a consequence the asymptotic distribution of the maximum likelihood

estimates for hidden truncated Pareto models is known only approxi-
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mately. But we have observed chapters 3 through 5, that the asymp-
totic distribution of the smallest order statistic when the samples are
taken from those hidden truncated distributions, is exponential so in
large samples it belongs to a well known family of density for which
well known results are available in terms of estimation and testing for

the location parameter.

6.2 Discussion on the performance of Bayesian analysis for

hidden truncation Pareto models

We now focus on the performance of Bayesian Analysis for the hidden
truncated Pareto models. The complicated form of the likelihood as
in (3.29) and also in (5.19) is a warning that friendly conjugate priors
will not be encountered. As a consequence, little attention has been
devoted in this direction. In all our Bayesian analysis for such types of
hidden truncation models we have proposed non-informative priors for
all the parameters, which seems to be the only plausible choice in imple-
menting a Bayesian approach. Such a method predictably yields results
that are very similar to those obtained using the method of maximum
likelihood. However the only difference will be in their interpretation.
In our case it would be unrealistic to think of conditional priors for

all the parameters o, ¢ and 6. However one might consider a situation
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where some prior information on say, the index of inequality parameter
« is provided, perhaps that it can only take any value between 1 and
2. Then we might consider any kind of flat prior on « say for example
a € U(1,2) and subsequently we can use this information for our pos-
terior analysis for the remaining parameters. Although again this will
be a rare situation. The Bayesian estimates of the parameters based
on posterior modes are quite good for all the hidden truncated bivari-
ate and multivariate Pareto models except for small sample sizes where
the estimates for the truncation parameter is quite far away from the
true value of the parameter. A more extensive simulation study will be
required to check whether the behavior of this estimate is artifactual
when a small sample (for example a random sample of size 50) is drawn

from the density as in (3.14) or in (4.5).

6.3 Future work

As mentioned in chapter 3, the P(I1) model is a viable competitor of
the log-normal distribution which is very useful for survival data anal-
ysis. Thus it would be natural to investigate the application of hidden
truncation P(II) or the more general P(IV') model in survival models
in addition to income data modeling. The role of multivariate hidden

truncation models which we have discussed in chapter 5 can not be ig-
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nored either. Efforts will be given to derive hidden truncation models
for the multivariate P(I]) and also for multivariate P(IV’) when all
parameters are unknown. Also we will consider separately the two sit-
uations : (1) Single variable truncation from above and (2) k;-variable
(where k1 < k, k1 > 2) truncation from above, for a k variate P(I])
and P(IV') distribution. In chapter 5 we have discussed both types of
hidden truncation but we have considered a simple situation for the
types of hidden truncation where each of the scale parameters were
considered to be one while the location parameters were considered to
be zero. Undoubtedly one can imagine that for a more general fam-
ily of multivariate P(II) or P(IV') distributions, the estimation of all
the parameters will have to be performed numerically as was done for
the hidden truncated bivariate P(I1) and P(IV') models earlier. Fur-
thermore, so far we have considered one sided hidden truncation (from
above). It would be natural to think of two sided hidden truncation and
to investigate first of all whether or not the resulting model augments
the original distribution. And if that happens then it would be interest-
ing to see whether we can find an application of such models in real life
situations. Also efforts will be made to find more applicability of such
models beyond the economic sphere and in particular in conditional

survival analysis and also in stress and strength analysis. Needless to
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say much work remains to be done before the more complicated hidden
truncation models can become useful tools for the applied statisticians

working in this area.
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