
Lawrence Berkeley National Laboratory
Recent Work

Title
DENSITY-EQUALIZING MAP TRANSFORMATIONS IN ENVIRONMENTAL HEALTH APPLICATIONS

Permalink
https://escholarship.org/uc/item/9k88t077

Author
Merrill, D.W.

Publication Date
1987-05-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/9k88t077
https://escholarship.org
http://www.cdlib.org/


~~ 

/'!..-J. 
~- ", 

.' r 

,,! -', 

LBL-23629 

IT[1 Lawrence Berkeley Laboratory 
Ii:I UNIVERSITY OF CALIFORNIA, BERKELEY 

Information and Computing 
Sciences Division 

Presented at "Piecing the Puzzle Together: 
A Conference on Integrating Data for Decisionmaking," 
Washington, DC, May 27-29, 1987 

DENSITY-EQUALIZING MAP TRANSFORMATIONS 
IN ENVIRONMENTAL HEALTH APPLICATIONS 

D.W. Merrill, Jr. 

,~ 

.- .. ~--

-
-," ~ ~ -',-: 

, . ....,: 

May 1987 
. TWO-WEEK LOA·N COpy 

I • p This is a Library Circulating Copy 

~ _______ '··whJcn,.,f11...a~l2f}.£(}.(r:9wed tor t~9 we~k·. 

. I. •. _ 

T..-"y 

Prepared for the U.S. Department of Energy under Contract DE-AC03-76SF00098 

C'_c\ 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



", 

Density-Equalizing Map Transformations 
in Environmental Health Applications 

Deane W. Merrill, Jr. 

Computer Science Research Department 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, CA 94720 

May, 1987 

LBL-23629 

This research was supported by the Office of Health and Environmental Research, 
U.S. Department of Energy under contract DE-AC03-76SF00098. 



() 

DENSITY-EQUALIZING MAP TRANSFORMATIONS 
IN ENVIRONMENTAL HEALTH APPLICATIONS 

Deane W. Merrill, Jr. 
Lawrence Berkeley Laboratory, Berkeley, California 94720 

ABSTRAC!. In a density-equalized map, or carto
gram, an ordinary geopolitical map is 
transformed to make the areas of individual 
subareas proportional to population. As a 
display tool. such a map is visually meaningful 
for population-based data, for example death 
rates. More important, USing density-equalized 
projections one can analyze geographic distribu
tions of events 1oIh1ch are so infrequent that 
reliable rates cannot be calculated for indivi
dual subareas. Statistically significant non
uniformi ty of cases on the transformed map 
implies significant non-uniformity of rates on 
the original map. A computer algorithm for 
density-equalizing projections has been 
developed by the author and used in various 
environmental health applications. 

KEYWORDS 
computer mapping; cartogram; density

equalizing projection; disease clusters; popula
tion density; statistical analysis; spatial 
analysis; statistical geography; computer algo
rithm. 

BACKGROUND 

THE PROBLEM 
A useful tool for the analysis of geo

graphic data is the choropleth map. in 1oIh1ch 
areas are shaded to represent different levels 
of some variable. For example. atlases of cancer 
mortal i ty rates (Mason et al. 1975. Riggan et 
al. 1983) have been widely circulated and have 
motivated detailed studies leading to new epi
demiological knowledge. A common criticism of 
such maps is that the maps are visually dom
inated by large sparsely populated counties. and 
many populous counties such as the boroughs of 
New York City are practically invisible. 

Another difficulty is that rates for 
small-population counties are unstable; there is 
no convenient way to represent visually both the 
magnitude and the statistical significance of a 
rate in a particular count.y. Combining coun
ties. for example into state econom1c areas. 
provides more stable rates. but the choice of 
county groups is arbitrary and of course leads 
to loss of geographic detail. 

1. 

An alternate display of geographic data is 
the dot map. in 1oIh1dJ. the pOSition of each event 
(for example each cancer death) is represented 
by a dot. If not too numerous, the exact loca
tion of each death can be visually conveyed with 
no loss of geographic detail. and the number of 
dots in a given area provides a measure of sta
tistical significance. For example. Figure 1 is 
a map showing the number of smallpox deaths in 
each California county during the period 1915-
1924 (Gillihan 1927) . (In these data the exact 
locations of deaths are unknown; dots are ran
domly plotted within their respective county 
boundaries.) As pointed out by Gillihan, the 
dots are unduly grouped around the several popu
lation centers of the state, so that one cannot 
visually compare rates. 

Figure 1. Smallpox in California. 'original map 

California 

Ten Years' Deaths 
from Smallpox 

1915-1924 

Figure 1. Smallpox deaths in California, 1915-
1924, displayed on a conventional geopolitical 
map. The appat:ent clusters observed in several 
counties are merely the result of non-uniform 
population distribution. Source: adapted from 
Gillihan (1927). 



DENSITY-EQUALIZING MAP PROJECTIONS 
To the best of our knowledge, the earliest 

description of a population-based map is that of 
Karsten (1923). Figure 2 is a population-based 
map, produced by Gillihan (1927) by a novel 
method: he assembled lumps of plastocine whose 
weights were proportional to the county popula
tions, then rolled them to a uniform thickness. 
In Figure 2, unlike Figure 1, the population 
density is equal over the entire map: the 
remaining differences in dot density reflect 
actual differences in the smallpox rates. 

Figure 2. California, density-equalized map 

Ten Years' Deaths 
from Smallpox 

1915-1924 

California 

Figure 2. Smallpox deaths in California, 1915-
1924, displayed on a density-equalized map. The 
clustering seen in Figure 1 as a result of non
uniform popUlation distribution has been 
removed. Source: adapted from Gillihan (1927). 

Since the 1920's, other authors have con
structed cartograms by a variety of manual 
methods, and used them in public health applica
tions. Tobler laid down a general framework for 
geographic projections (1961) and wrote a 
density-equalizing algorithm (1973). Recently, 
Lawrence Berkeley Laboratory (LBL) has imple
mented a different algorithm and applied it to 
specific epidemiological investigations (Schul
man 1986, Schulman et al. 1987, Selvin et al. 
1987a, Selvin et al. 1987b, Selvin et al. 1987c, 
Shaw 1986, Shaw et al. 1987). 

COMPUTER ALGORITIiM 
A simplified illustration of the LBL algo

rithm appears in Figure 3. On the left side, 
the circle A and the ring-shaped region B have 
equal populatiOns but different areas (A=lO. 
8=20). On the right side, we have changed the 
r~dii so that A' and B' have equal areas (A'=20, 
B =20). Note that we have changed the az:ea but 
not the ~ of A. and we have changed the 
~ but not the az:ea of B. (B' is a "skinnier" 
ring than B.) The transformed radii of A' and B' 
are easily calculated. 

2. 

Figure 3. Density-equalizing algorithm: 
a simple case 
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Figure 3. Illustration of the LBL density
equalizing algorithm, for a simple case. On the 
left side, the circle A and the ring-shaped 
region B have equal populations but different 
areas (A=lO, 8=20). On the right side, A' and 
B' have equal areas (A'=20, B'=20). 

In the LBL algorithm we start with figures 
A.B,C .•• and choose an arbitrary expansion 
center for each. We calculate the area magnifi
cation to be applied respectively to A,B,C ... 
Next we choose one figure A and apply the 
correct magnification Without changing the areas 
of B,C, '" For arbitrarily shaped figures, the 
algorithm is essentially the same as in Figure 

.3. The radii of A,B,C ... and A',B'.C' ... , were· 
independent of angle in the case of circles but 
now depend on the angle relative to A's expan
sion center. The magnification of A changes the 
az:ea but not the ~ 0 f A, and changes the 
~ but not the ~ of B, C, . . . Next, in 
turn, we magnify B without changing the areas of 
A,C, ... : then C without changing A.B, ... : and so 
on. 

As pointed out by Tobler (1961), there are 
infinitely many transformations that produce the 
correct areas A',B',C' ... In the LBL algorithm, 
the ·choice of expansion centers for A.B,C ... , 
and also the order of processing A.B,C .... are 
arbi trary. We observe minimum distortion if the 
expansion center of each figure is near its area 
centroid, and if figures requiring the greatest 
magnification (or demagnification) are processed 
first. 

The LBL algorithm is non-iterative and fas
ter than Tobler.'s interative algorithm. For fig
ures represented as polygons, its accuracy is 
limited by the number of points in the map, 
because in general the algorithm transforms 
straight iines into curved lines. Unfor
tunately, computation time increases as the 
square of the number of points in the map. 
Implementing an efficient and accurate algorithm 
for small computers is a challenging problem in 
numerical computation, which requires still 
further work (Selvin et al. 1987c). 

In population-based cartograms, including 
hand-drawn ones, transformed areas are propor
tional, by definition, to their respective popu
lations. The LBL algorithm has a further impor
tant property: magnification is everywhere con
stant within a given subarea (Schulman 1986) . 



It follows that if population density is con
stant within each SJlharea of the original map. 
then population density is constant everywhere 
on the transformed map. Therefore the transfor
mation cannot produce statistically significant 
false clustering. any more than "rebinning" a 
histogram can produce a statistically signifi
cant "peak". 

We now have a powerful statistical tool: we 
can transform events such as cancer cases along 
with the subarea boundaries. then remove the 
subarea boundaries. and perform statistical 
tests to look for non-uniformity or clustering 
of the transformed cases. A Significant non
uniformity of cases in the transformed map 
implies a non-uniformity of rates in rbe origi
nal map. Of course. interpretation and demons
tration of causality may still pose difficult 
problems. 

EXAMPLE: SAN FRANCISCO 
In Figures 4 and 5 we illustrate the LBL 

density-equalizing algorithm as applied to the 
census tracts of San FranciSCO. Figure 4 is an 
ordinary geopolitical map. and Figure 5 is a 
transformed map in which the area of each census 
tract is proportional to the white male popula
tion 35 to 54 years of age. To show the 
correspondence between Figures 4 and 5, a few 
selected tracts have been shaded on both maps. 

We see that Colden Gate Park (the long rec
tangular tract near left center in Figure 4) 
disappears in Figure 5 because it has no 
resident population. At the same time, the five 
shaded tracts in the upper right quadrant of 
Figure 4 become more important in Figure 5. 
because they have relatively large proportions 
of white males 35 to 54 years of age. 

Figure 4. San Francisco, geopolitical 

Figure 4. Geopolitical map of census tracts in 
San Francisco. The long rectangular tract near 
top left is Colden Gate Park. The five shaded 
tracts in the upper right quadrant have high 
proportions of white males 35 to 54 years of 
age. 

3. 

Figure 5. San Francisco. density-equalized 

Figure 5. Density-equalized map of census 
tracts in San Francisco. The area of each 
census tract is proportional to the white male 
population 35 to 54 years of age. 

STATISTICAL ANALYSIS 
In Figure 6 we show the distribution. on 

density~equalized maps. of four types of cancer 
cases in San Francisco, from the Surveillance, 
Epidemiology, and End Results (SEER) Program of 
the National Cancer Institute. For details, see 
Selvin et al. (1987c). Under the "null 
hypothesis", i.e. the absence of any geographiC 
differences in cancer rates, one expects a ran
dom distribution of cases in each map. One can 
construct various test functions or metrics, for 
example (a) the position of the case centroid. 
or (b) the radius of the median case "distance" 
from the centroid, or (c) the "distance" from a 
suspected environmental hazard. Then for a 
given boundary (which depends on the particular 
transformation performed), one can calculate the 
expected distribution of the test metric under 
the null hypothesis. This leads finally to a 
"p-value", or the probability that the observed 
value of the test metric could have resulted 
from chance variation (Schulman 1986) . 

CONCLUSION 
Density-equalizing map projections provide 

an unbiased and sensitive means of measuring 
geographic variation in disease rates. The 
method works well even when the number 0 f cases 
is very small, and is well sui ted to the 
analysis of routinely collected surveillance 
data. Complete geographic detail is preserved. 
both of case numerators and of population denom
inators. For a given test metric, one can cal
culate a "p-va1ue"; namely the probability that 
the observed value could have resulted from 



chance variation. Statistically significant 
non-uniformity of cases on the transformed map 
implies significant non-uniformity of rates on 
the original map. 

Figure 6. Cancer cases in San Francisco 
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Figure 6. Sample density-equalized maps of 
cancer cases in San Francisco. In each map, den
sity of the population at risk is uniform. One 
expects a prlorl a random distribution of cases 
(black squares). The small circle is the case 
"centroid"; the large circle indicates the 
median "distance" of cases from the centroid. 
Data Source: Surveillance, Epidemiology. and End 
Resul ts (SEER) Program. National Cancer Insti
tute. 
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