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PRODUCT VACUA AND BOUNDARY STATE MODELS IN d-DIMENSIONS

SVEN BACHMANN, EMAN HAMZA, BRUNO NACHTERGAELE, AND AMANDA YOUNG

ABSTRACT. We introduce and analyze a class of quantum spin models defined on d-dimensional
lattices A C Z%, which we call Product Vacua with Boundary States (PVBS). We characterize their
ground state spaces on arbitrary finite volumes and study the thermodynamic limit. Using the
martingale method, we prove that the models have a gapped excitation spectrum on Z¢ except for
critical values of the parameters. For special values of the parameters we show that the excitation
spectrum is gapless. We demonstrate the sensitivity of the spectrum to the existence and orientation
of boundaries. This sensitivity can be explained by the presence or absence of edge excitations.
In particular, we study a PVBS models on a slanted half-plane and show that it has gapless edge
states but a gapped excitation spectrum in the bulk.

1. INTRODUCTION

Gapped ground state phases of quantum lattice systems are receiving much renewed attention
lately because they may support topological order, a feature of interest as a potential path to
realizing robust quantum memory [1§]. Particular effort has been devoted to classifying gapped
ground state phases [1,3,(7,[8}/11}13,/14.|17.24].

In this work we generalize the class of models introduced in [2], called Product Vacua with
Boundary States (PVBS), to higher dimensions and provide a proof for a subclass of these models
that they have a non-vanishing gap above the ground state. These models are quantum spin systems
with nearest neighbor interactions defined on Z%. The bulk ground state is a simple product state
(the vacuum) but there is also an interesting structure of edge states. These models are defined in
Section 2

PVBS models have in common with many other examples of multidimensional models with known
or expected gapped ground states that they are frustration-free and that they can be considered
as particularly simple representatives of a ‘gapped ground state phase’. The PVBS models have a
product ground state, which we shall refer to as the vacuum. The excited states can be thought
as interacting particle states. Depending on the parameters and the shape of the domain or the
boundary condition, there may be an additional ground state carrying one particle. This particle
is bound to the edge of the domain. As was shown in [2| in one dimension, the number of such
boundary states is an invariant of gapped phases in the sense of [8]. Toy models of this type
are sometimes referred to in the literature as Renormalization Group Fixed Points (RGFP). Well-
known examples are the Toric Code model [1§] and the models with Product of Entangled Pairs
(PEPS) ground states studied in [9,23/25,27]. In contrast to most of the previously studied models
for which a non-vanishing spectral gap is proved, the interaction terms of the PVBS models are not
mutually commuting and the excitations have a physical, in particular non-flat, dispersion relation.

The focus of the present paper is to prove the non-vanishing spectral gap and study the nature
of the edge states. Section [3| carries out a detailed discussion of the finite volume ground state
spaces and of their limits to various infinite volumes. In particular, we show that the ground
state degeneracy depends on the geometry of the infinite volume and on the presence of edges or
corners. Obtaining rigorous lower bounds for the spectral gap of multidimensional models with
non-commuting interaction terms has proved to be notoriously difficult. In this work we prove such
lower bounds for PVBS models with one species of particles in d-dimensions on infinite volumes that
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2 S. BACHMANN, E. HAMZA, B. NACHTERGAELE, AND A. YOUNG

are obtain as limits of rectangular boxes. We use the martingale method from [21] to accomplish
this in Section[4] In Section [5] we show that PVBS models defined on specific infinite volumes, such
as the half-infinite plane with a 45 degree boundary, that have the exact the same interactions as
the PVBS models that we prove are gapped in Section [4] can have a gapless excitation spectrum,
meaning the GNS Hamiltonian has gapless spectrum. It is then also clear that, in both finite and
infinite volumes, the size of the gap above the ground state(s) depends on the shape of the domain
and, specifically, on the orientations of its edges.

It is important that the ground state and spectral gap for the PVBS models are stable under
small perturbations of the interactions. The essential ingredient in proving stability for frustration-
free models in [20] is the so-called ‘Local Topological Quantum Order’ condition, which we prove
holds for the ground states of the PVBS models in Section [} We conclude the paper by clarifying
the fundamental difference between two possible ways of closing the gap in PVBS models. The
first, the vanishing of the gap at a critical value of the coupling (here A = 1) is a bulk phenomenon.
The second involves the geometry of the boundary of the system and the gap closes due to edge
excitations. As we explain, in the second case the ‘bulk gap’ stays open.

2. GENERAL SETUP AND RESULTS

2.1. The d-Dimensional PVBS Model. The class of quantum spin chains introduced in [2],
called Product Vacua with Boundary States (PVBS), has an (n + 1)- dimensional state space at
each site for which n > 1 denotes the number of particle species in the model, labeled i =1, ... n.
At most one particle may occupy a given site at any time. If a particle of species i occupies site x,
the state at site x is denoted by [i), and if no particle occupies the site, then the state is denoted
by |0). The Hamiltonian for a chain of L spins is given by

L-1
Hyp = heai,
=1

where h; .41 acts non-trivially on the states of the nearest neighbor pair at sites « and x 4+ 1 by
a copy of the interaction term h. The interaction A contains both hopping terms for the particles
and a repulsive interaction between two particles of the same species occupying neighboring sites.
Specifically, h is of the form

n
(2.1) h=3 10)dil+ D 16i)(disl,

i=1 1<i<j<n
where the vectors ¢;; € C"™! @ C"*! are given by

¢i = 10,43) — Xi|3,0),  dij = Nilg, 5) — Njld i), di = |i,9)
fori=1,...,nand i # j = 1,...,n. The parameters satisfy A\; > 0, for 0 < i < n, and we put
Ao = 1 for later convenience. The notation ¢ denotes the normalized vector ||¢||~1¢. Although the
two groups of terms in (2.1)) are of the same form, we separated them to emphasize their individual
roles. The first sum describes the hopping of each particle species, while the second contains the
pair interactions.
We are interested in defining higher-dimensional PVBS models. To do this we consider finite

connected subsets A C Z¢ as oriented graphs with edges of the form (x,x+ey), where g, 1 < k < d,

are the canonical basis vectors of Z?. For each oriented edge (x,x + e;) of a graph A, we then
consider an interaction term of the same form as that of the one-dimensional model defined in ([2.1)):

(2.2) =Y S ..,

x€eA k=1,..d
x+epEA
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Here, for each direction k = 1,...d, we may choose different values for the parameter, say A(; p),
appearing in the PVBS interaction .

As in the one-dimensional case, the ground states space of Hp is equal to its kernel and can
be explicitly constructed. If A is connected, has at least n vertices, and A;x) € (0,00) for all
i =1,....,nand k = 1,...,d, then the dimension of the ground state space is 2. Under these
assumptions, the ground state space has a basis {wf\\J} labeled by the subsets M C {1,...,n}. For

M = (0, we have
v =@ 0).

TEA

For M = {iy,...,in}, the corresponding ground state vector is given by

m d
(2.3) o= Y TITIA My ym)
Vi Ym€EAN j=1k=1
Yy if i#j
y] = (yjI? Tty yjd)a

where y1,...,ym € A, all y; distinct, &(M,y1,...,ym) denotes the unit vector with a particle of
type ; in position y;. It is straightforward to check that hﬂfim Y3, = 0, for all pairs {x, x+e;} C A.
Therefore, the vectors are 2" mutually orthogonal zero-energy ground states of . More
details on the ground state space for the one-species case are given in Section

The scope of this paper will be to describe various properties of the d-dimensional PVBS model
with a single species of particle. For the single species model, the local Hilbert space at each site x
is then C? and we can simplify the notation and the definition of the Hamiltonian as follows. We
abbreviate A 1y by Ag, and write the Hamiltonian on any finite A C 74 as

(2.4) H=> 5wl

k=1x,x+erEA

(k)

where hy s ., acts non-trivially on the states associated with the sites x, x + e and is defined by
k ~ ~
(2:5) Prer = 1L DL 1]+ 16500,
~ 1
(2.6) Pk = (10,1) = Ae[1,0)) .

\/1+ X2

The Hamiltonian Hp preserves particle number, a fact that will be useful throughout the paper.

We define the following orthonormal basis for the Hilbert space of the one-species model, Hj.
Let X C A where A is finite. We define €5 € H, to be the product state vector with exactly |X]|
particles occupying the sites x € X, namely

. 1 xeX
@7) £ = @ lek(0x) wih €00 = {0 oA

We refer to the basis {¢€§ : X C A} as the canonical orthonormal basis By of . Note that
contrary to the one-dimensional PVBS models discussed above, there is only one particle species
here and the label X refers to their positions.

In the case of a single-species PVBS model defined on a finite connected graph A C Z¢ with
A € (0,00) for k = 1,..., d, the ground state space is two-dimensional. The normalized ground



4 S. BACHMANN, E. HAMZA, B. NACHTERGAELE, AND A. YOUNG

state space vectors are given by

1
(2.8) o =& =Q10), = o > Xy

xEA xXEA
where
(2.9) C(A) =) N,
xEA
with, for any x = (x1, @9, ..., 14) € Z¢, XX = szl X,ﬁ’“. Note that the subscript 0, 1 refers here to

whether or not the ground state has a particle.

We briefly comment on the assumption A\p > 0. First, if some but not all of the A\ = 0, then
there exist finite connected A C Z¢ on which the model has other ground states in addition to
the ones given by . These additional ground states correspond to ‘stuck particles’ and do not
appear to be of particular interest to us. Second, the model with complex parameters A\; € C is
unitarily equivalent to the model with each parameter replaced by its absolute value. Therefore,
we can restrict our attention to the case of Ay > 0, forall k =1,...,d.

2.2. Other Representations. The model with one species of particles we study here is equivalent
to an XY model with a particular choice of magnetic field. In fact, our analysis applies to the
following family of models of XXZ type as long as the additional parameter A > —1. With the
same notations as in , the generalization is defined by

d
(2.10) Hy(A) =) > ey (D)

k=1x,x+eg
(2.11) W)y (A) =(1 + A)|1,1)(1, 1] + [dr) (B,
Ak

:—1+)\2(S+®S*+S*®S+)+AS3®S3
k

A2 A 1 A
)8 el+ | —+ = 1S3
+(1+>\i+2> © +<1+Ag+2> @

1 A
—|1+—= )11
+2<+2> @

The PVBS models are recovered by setting A = 0, yielding a representation of the PVBS interaction
in terms of the spin operators with the convention that S3|1) = (1/2)|1) and S3|0) = —(1/2)|0).
Alternatively, the model can be written in terms of creation and annihilation operators for hard-
core bosons on the lattice, which is why the particle language is natural. We let
at = S, ax = Sy, Ny = alax = S2 +1/2,

for any x € A. With these operators,

(k) _ 1 1 2 * *
(2.12) Pxcten, = ST e Y [Ninx — Me(agay + ajax) + ny|
1 1 "
(2.13) =5 [y (Arax — ay)” (Avax — ay) .

Despite the appealing appearance of this expression, the interaction is not quadratic in bosonic
creation and annihilation operators due to the hard-core constraint, namely a*|1) = 0. Hence, it
cannot be diagonalised by a Bogoliubov transformation.
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2.3. Results. We extend some of the results for the one-dimensional PVBS models, in particular
the lower and upper bounds for the spectral gap above the ground states, to the d-dimensional
models. We also describe some new phenomena related to gapless edges states that only occur for
d>1.

We first prove that the ground state space is, in fact, two-dimensional and spanned by the
orthonormal states given in equation . We then discuss the thermodynamic limit taken over
different sequences of finite volumes. The nature of the ground states on infinite systems and the
spectrum of low-lying excitations depends on the choice of the infinite volume, in particular on the
presence and the nature of boundaries. Our main results are the following.

Proposition 2.1 (Ground States on Finite Volumes). For the one-species PVBS model defined on
a finite, connected subset A C 79 as given in (2.4), and ([2.5) with A\, € (0,00) for allk =1,...,d,
the ground state space Gy is given by the kernel of Hy, is two dimensional, and spanned by

1 X
(2.14) v =Q10), v = Jom) pPRI

x€A x€EA
where C(A) is the normalization constant defined in (2.9).

We are interested in the ground states defined for the system on infinite subsets I' C Z?, that
can be obtained as weak limits of the finite volume ground states associated with the vectors
wé\ and 1/1{\ of . Such limits are taken over increasing sequences of finite subsets A, — T
Regardless of the infinite volume I" to which the sequence A, increases, the sequence of functionals
wé‘"(‘) = <¢6\”,-1/)é\"> will converge to the product state wf () such that with respect to its the
GNS representation (Wg , ”Hg , Qg), it is given by the vector state

(2.15) wh() = (0, mp()9h).

Depending on I' and the value of the parameters \p, one of two possible scenarios is realized
for the thermodynamic limit of the one-particle ground state wf"(~) = <w{\", . 1/1{\"> Either, it also
converges to the product vacuum, in which case w(l; is the unique limiting zero-energy ground state,
or it converges to a one-particle ground state which is realized by a unit vector Q! also in the GNS
space of the product vacuum wg . The state €} is orthogonal to Qg and represents the particle in a
bound state. We will refer to the first possibility as Scenario I and the second as Scenario II. An
example of Scenario I is given by I' = Z% in which case the product vacuum is the unique ground
state in the thermodynamic limit. An explicit expression of Q} € HJ in Scenario II is given by

1 X
(2.16) O = == N r(o0)%

where C(T') = >, .1 A** and o} is the first Pauli matrix.

From the expression for 1/1{\, it is clear that the probability amplitude for the particle in the
one-particle ground state is concentrated on the sites x in A where A\* is maximized. If A is a
rectangular box and all A; # 1, then the particle will concentrate in a corner. It is then easy to see
that an example of Scenario II is realized if all Ay € (0, 1), and the thermodynamic limit is taken
over an increasing sequence of hypercubes of the form A, = [0,n]¢. The thermodynamic limit of
the one-particle ground states then shows a particle in a bound state concentrated at the origin
of ' =0, oo)d C Z%. Which scenario, I or II, that occurs for a given infinite volume I and set of
model parameters is summarized by the following proposition.

Proposition 2.2. Let I' be an arbitrary infinite lattice and let (Ay,)nen be a sequence of increasing
and absorbing finite sets converging to I'. Then, in the weak-* topology,

i. (Scenario I): If limy,_,o C(Ay,) = +00, then wy™ — Wi,
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ii. (Scenario II): If lim,, o C(A;,) < +00, then QF € Hg, <Qlf, Qg> =0 and w{\” — w{ where

w?( ) <Ql’ 0 QF>

The excitation spectrum of the model defined on an infinite volume I' C Z¢ with respect to a
ground state w is defined as the spectrum of the GNS Hamiltonian, H,, i.e., the densely defined
self-adjoint operator on the GNS Hilbert space H,,, that generates the dynamics of the infinite
system and is such that H,, = 0. We say that there is a spectral gap above the ground state w
if there exists a § > 0 such that

spec(H,) N (0,0) = 0.
In this situation the spectral gap, -, is defined by
(2.17) Y = sup{d > 0 : spec(H,,) N (0,0) = 0}.

If such 6 > 0 does not exists we put v = 0 and say that the ground state has gapless excitations.

We will show that any infinite volume obtained as a limit of increasing rectangular boxes will
have a nonzero gap in the associated excitation spectrum given that A\ # 1 for all k =1, ..., d.
Specifically, this indicates that both T' = [0, 00)? and ' = Z? will have gapped excitation spectrum
given that no A\x = 1. Hence, a gapped excitation spectrum can arise for models belonging to
both scenarios I and II. We believe the excitation spectrum is gapped for any model categorized by
Scenario II. However, we present other cases of Scenario I that have a gapless excitation spectrum
above the ground state even if A\ # 1, for all k = 1,...,d. For example, the thermodynamic limit
of diamond shaped A,, C Z? with \; = Ay € (0, 1] discussed in Section |5, has gapless excitations
above the unique ground state.

In the following proposition, which we prove in sections [4] and [f] the key tools to studying the
spectral gap are the upper and lower bounds for the system on rectangular boxes of the form
'y = [0,Ny] x --- x [0, Ng] € Z%, Ny,...,N;z > 1. Let v(T) denote the spectral gap of the system
defined on I', namely the spectral gap of the Hamiltonian for finite systems and that of the
GNS Hamiltonian Hg of the corresponding vacuum state wg in the case of an infinite system. Let
By be the d-dimensional unit hypercube in Z.

Theorem 2.3 (Bounds for the Spectral Gap).

For the PVBS model with local Hamiltonians defined in (2.4), and Ay € (0,00),k = 1,...,d, we
have the following bounds on the spectral gap:

(i) For any finite rectangular solid T' = I'n, or any infinite T C Z¢ that can be obtained as the limit
of a sequence of increasing rectangular solids (i.e., translations of finite volumes I'n ), we have the
following lower bound:

(2.18)

| \/

d
Hl—e)\k 2

where

A A <1

(2.19) e(\) = \/11+Ai
\/W A >1

(ii) For the model on 7%, the gap of the GNS Hamiltonian satisfies the upper bound

(1—Ap)?
(2.20) V2 < Y e
ki1 L+

In particular, it gapless if A\, = 1 for all k.
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Note that there is a discrepancy between the upper and lower bounds of the theorem, namely
the lower bound is equal to zero as soon as one of the model parameters is equal to 1, while the
upper bound vanishes only if all of them equal 1. This is due to the fact that the lower bound is
a finite volume calculation while the upper bound is a true infinite volume statement. While in
finite volume, there is a zero-energy state in the one-particle subspace, this is no longer true in the
GNS Hilbert space of the model on Z%. Observe that the restriction of the Hamiltonian for finite or
infinite rectangular solids to the one-particle sector is separable in the sense that it is a sum of terms
each of which acts on one of the particle’s coordinates only. Hence, it is possible in finite volume
to construct a vector in the one-particle space which is a ground state of the terms corresponding
to all but one coordinate directions, but such a vector does not exist in the GNS space for the
model on Z¢, and any variational state in the one-particle sector there will have an energy which
is at least the sum of all one-dimensional gaps. This suggests that the GNS Hamiltonian on Z¢ is
gapless only if all model parameters are equal to one.

The upper bounds in this proposition are proved in the usual way by constructing suitable
variational states. For the lower bounds we use the martingale method of [21]. The constant v(Bg)
is positive by definition. For example, when d = 2,

Ao
By)=2—,/1+ .
1(B2) \/ L+ 22)(1+ A2

We comment on the extension of our results to the XXZ formulation given in —. The
ground state space for this extension is the same as the ground state space for the one species,
d-dimensional PVBS model as long as A > —1. As the martingale method is a calculation on the
ground state space of a model, it follows that the spectral gap claim from Theorem (1) also holds
for this more general case with the slight modification that the constant v(By) is the spectral gap
of the generalized Hamilonian Hp,(A).

We also show that the presence of edge states can cause the spectrum in the thermodynamic
limit to be gapless. In Section [5| we consider the PVBS models on Do, = {(z,y) : y > —a} C Z?
with A\; = A2 € (0, 1) for which Scenario I is realized, and we prove that the excitation spectrum of
the GNS Hamiltonian is gapless. Under the latter condition, a particle can ‘bind’ to one of the 45
degree boundaries while remaining delocalized on the boundary. This gives rise to a gapless band
of edge states.

Specifically, we consider a sequence ¢y € Hé) > of one-particle states in the GNS Hilbert space
for which the particle is confined to a finite diamond Dy, C T, see Figure [I] in Section [5} We show
that that the energy By = ||or|| (¢, HY<¢L) is of the order L=2, showing that the excitation
spectrum of the GNS Hamiltonian is gapless in this case.

Proposition 2.4. Let d = 2, and \; = A = \g where A € (0,1). Then the GNS Hamiltonian of
the one-species PVBS model is gapless on Dog = {(x,y) : y > —x}.

Due to the symmetry of the model, the spectrum remains unchanged if Ay, — )\];1 and rp — —xp.
Therefore, similar statements about the ground states and the excitation spectrum can also be made
for the model defined on suitable lattices with coupling constants in (1, c0).

3. GROUND STATE SPACE

Since we consider the one species class of models, the Hilbert space at any site x € Z¢ is a copy
of C2. Let A be any finite connected subset of Z¢. For 0 < N < |A, let

HY :zspan{zﬁé}ﬂX!zN},

which we refer to as the N-particle subspace. Clearly, HA = ©o<n<| A|H/]¥ . The interactions defined
in 1) are such that H, A?—[kf C H/]Y . Thus, the Hamiltonian preserves particle number.
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By the definition of the Hamiltonian, H Afé\ = 0. Since the Hamiltonian Hy is a sum is a positive
semi-definite operators, Hy > 0, the ground state space G, is given by its non-empty kernel

ker(Hp) = ﬂ ker( xx+6k)

k=1,...d
X,X+erEA
In other words,
(3.1) b € G iff A, 90 = 0 for all x, k such that {x,x + e} C A.

Proof of Proposition[2.1. Since the Hamiltonian preserves particle number we can just look for
solutions of 1) in each N-particle subspaces H% separately.

(i) N =0. ”HR = {Cﬁéx} is one-dimensional and we have already seen that wé\ = 56\ is a ground
state.

(ii) N = 1. Any 1 € H} has an orthogonal expansion of the form

b=2 oxépyg

xEA

and for this case, the equations given in (3.1)) are equivalent to the following equations for the
coefficients ax:

(3.2) ax+te, = Apax, for all x,k such that {x,x+ e} C A.

The equations
d
(3.3) ax = X\ where N\ = H AeE,

are a non-zero solution to (3.2). We argue that this is the only linearly independent solution in
H}. Since A is connected, for any two distinct x,y € A, there is a path x = xg — x; — ... —
X, =y contained in A such that for alli =0, ..., n — 1, X;41 = X; + p;ex, where p; € {£1} and
ki € {1, ..., d}. This implies that y —x = (n1, na, ..., ng) where ny = >, ;. _; p; and applying
(3.2) shows
ay = N *ax.
Hence, the solution of (3.2)) is unique up to a multiplicative constant.
(iii) N > 2. Any ¢ € H}\ has an expansion of the form

p= > axék.

XCA,|X|=N

Due to the first term in the general interaction defined in , the equations imply that
ax = 0 whenever X contains a nearest neighbor pair. In particular, for a connected A with at least
two sites, it follows that there are no non-zero solutions with NV = |A|. Consider any X a subset of
A such that it contains no nearest neighbor pairs and |[X| = N < |A]. Fix x € X and let X’ € A\ X
be a nearest neighbor of x, i.e., X' = x + pey, for some p € {—1,+1} and k € {1,...,d}. Let X
denote the set obtained from X by replacing x with x’. The equations then imply

(3.4) ag = MNax.

Since | X| > 2 and A is connected, for any pair of distinct sites x,y € X there is a path x = xg —
X| — ... = X, = y contained in A such that for all ¢ = 0, ..., n — 1, x;41 = X; + piei, with
p; € {1} and k; € {1, ..., d}. For any x € X, pick a y € X such that there is connecting path in
A of shortest length among all paths in A connecting x to a site of X \ {x}. For such y, the shortest
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connecting path contained in A satisfies {x1,...,x,-1} C A\ X. By moving y along this path to
the position x1, which is nearest neighbor to x and applying (3.4) at each step, we conclude

ax = NN Max
with X’ a set containing the nearest neighbor pair {x,x1}. As argued above, ay, = 0 and since

A, # 0 for all k we conclude that ax = 0. Hence, there are no ground states with N > 2. ([l

In Proposition [2.1] we have assumed that A\ > 0 for all k = 1, ..., d, and we will continue to
make that assumption throughout the rest of the paper. Note that if some of the \; vanish, there
may be additional solutions of the equations . This happens, e.g., when there are sites for
which the only outgoing edges are in the coordinate directions k£ and the associated Ay = 0.

We now turn to the proof of Proposition

Proof. Let A € Ap, and X = supp(A). Then,

(3.5) whn(4) = C(j\n)[ S0 o (gln gk )+ >0 A (g agn ],

yeX x€AR\X

Since X is a finite set, both scalar products above do not depend on n. The first sum is a finite
constant, independent on n, while the second is equal to C(A, \ X)w) (A). As n — oo, the first
term tends to zero if and only if C'(A,,) — co. Furthermore, and again since X is finite, C(A, \ X)
and C(A,,) are either both convergent or both divergent. In the latter case

tim SAnAX)
n—oo  C(Ay,)
Hence, if C'(A,,) — oo, then wi" (A) = wi (A4).
On the other hand, if C(T) := lim,, o C(A,) < +00, then w’*" (A) converges, but lim,, s w!" (A) #
w§ (A). Let QF be the formal expression (2.16)). Since

D N ()R] < DA < oo,
xel xel’

as (o1)*ol =1, we see that ) is a well-defined vector and Q) € er. Moreover,
r or x x
<Q,Q>H =Y Nwplog) = X(0,0%0), =0.
xel xel

It remains to prove that wf” converges to the vector state given by Q). Since {?g} = a,lcgé\”, we
have that

An _ 1 x+y /¢An 1 1 ¢+An C(An \ X) An An
wl (A) - C(An) xgg:X A <§@ 70-xA0-y€@ > + C(An) <§q) 7A§q) > .
So if C(A;) converges, then
An 1 xty Ty 141y, CONX)
7L11—>HOIO Wy (A) C(F) xge:X A Wo (Jany) + C(F) Wo (A)
1

C( om Z ATy <7ng (o) Qg,ﬂwg (A) Tor (0'}1,) Qg>

x,yel'
= w{(A),

which concludes the proof for Scenario II. 0
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We note that the first term in corresponds to the projection ]ff{x}?p <§?£} |, and produces
the probability of finding the particle within X. Hence the theorem could be restated as follows:
wf" converges to the vacuum state if and only if the probability to find the particle within any
fixed finite volume tends to 0 as A,, — I'.

To conclude this section we show that in Scenario II, any infinite volume ground state obtained
as a weak-* limit of finite volume ground states is realized as a vector in the GNS Hilbert space
that is a linear combination of the two vectors Qg and Q{ Let w be the weak-* limit of a sequence
of finite volume ground state functionals wé\;bn(') = (¢, - p) which are generated by normalized

vectors ¢y, = a, Yy" + by @ZJ{\ " € Gp,. We call such w zero-energy ground states. Since {a,} and
{bn} are bounded sequences in C, there exists some subsequence n; such that a,, — a, and b,, — b
for some a, b € C. Now,

. An, . o An. An.
w(A) = lim W), (A) = of%wh (4) + b (4) + lim (@b, (00", AV ) + e

Qn, 7bni

But by the argument above,
Jim (v, Avln ) = 30 Xwl(Aoh) = (OF, m (AT,

xel
so that, altogether,

w(A) = (O, mp (L),

where Q := aQf + bQY.

This result proves, in particular, that if Q! converges as a vector in the GNS space of wg ,
the associated vector state is a second pure ground state, which we denote by w!. The GNS
representation of w(l; can also serve as the GNS representation of w!. The GNS Hamiltonian, which
we denote by H}, has a kernel given by span{Q§, Q}'}. To see this one relies on the frustration free
property of the Hamiltonian. It follows that HOF is the sum of positive local terms, each of which
only act non-trivially on a nearest neighbor pair. It then follows from similar calculations done in
the finite volume case that the ground state space of Hg can be at most two-dimensional, and is
two-dimensional if and only if Q! converges.

4. LOWER BOUNDS FOR THE SPECTRAL GAP

4.1. The Martingale Method. To prove the existence of a spectral gap in the thermodynamic
limit, we appeal to the following theorem.

Theorem 4.1. Let H, be the GNS Hamiltonian of a zero-energy ground state w for the model
defined on an subset T' C Z¢, and let v(T") be the spectral gap of H, as defined in [2.17). Then

i
() = liminf Ay (V)

where A\1(N) is the smallest nonzero eigenvalue of the frustration-free Hamiltonians Hy,, and Ay
is an increasing and absorbing sequence of finite volumes Ay — T.

The martingale method provides a means for estimating the lower bound for the spectral gap
of the Hamiltonian H), , for suitable finite volumes Ay. To apply Theorem to obtain a lower
bound for the infinite volume spectral gap v(I'), we need to find a sequence of absorbing finite
volumes Ay for which the martingale method yields a uniform lower bound for the finite volume
spectral gaps. For a fixed finite volume Ay, the martingale method requires a finite sequence of
volumes A,, that increase to Ay, for which one can verify the following three conditions.

Conditions for the Martingale Method.
The following conditions must hold for a suitable value of [ > 0.
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(1) There exists a constant d; for which the local Hamiltonians satisfy

N
0< > Hya,, < diHay.

n=l

(2) The local Hamiltonians Hp, have a non-trivial kernel Gy, C H,, and a nonvanishing
spectral gap ~; > 0 such that:

Hyon, o, 2 —Gyna, )
for all n > n;. We denote by Gp, the orthogonal projection onto Gy,. For A, C Ay, Ga,
projects onto Ga, @ Hp\A,-
(3) There exists a constant ¢ < % and some n; such that for all n; <n < N —1,

1G A \As o Enll <
where B, = G, — G

n+1°

Theorem 4.2 (The Martingale Method). Assume that conditions (1)-(3) are satisfied for the same
integer I. Then for any v € Hp, such that Gy =0, one has

(4.) (W, Hax) > 3 (1= aVDP 9
A proof of Theorem 4.2 can be found in [21].

4.2. The Spectral Gap for PVBS Models on Rectangular Boxes. By virtue of Theorem
the proof of the lower bound in Theorem (1) will follow from appropriate lower bounds for
the spectral gap for the model on rectangular boxes, which is the focus of this section. Recall that
in the statement of the theorem we assume A, € (0,00). We additionally assume that \; # 1 for
all k as the lower bound in Theorem [2.3]is trivial if any value A\ = 1.

Let N = (Ny, ..., Ng) with N > 1 for all k. By the translation invariance of the PVBS models,
proving the lower bound on any rectangular volume of the form

d

I'y = [Jl0, Ni] ¢ z¢
k=1

is sufficient to prove the lower bound for any d-dimensional rectangular solid. The remainder of
this section will be dedicated to proving the lower bound on the spectral gap for a PBVS model
defined on a general lattice of the form I'y.

Proof of Theorem [2.3 (i). Define

d—k d
k
ry =[Jo. N = ] (o 1.

i=1 i=d—k+1

and note that 'y =T 1(\01)- Using the martingale method we prove for e(\;) defined as in (2.19) that
(1)
T

(12 1) = 2N v

By relabeling the axes and permuting the model parameters accordingly, the result (4.2) actually
proves

(k+1)

(43) ) = Ny gvap
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for 0 < k < d — 1. Additionally, since Fl(\CTl) = By, the unit hypercube, we will obtain the desired
uniform lower bound by recursively applying (4.3)):

V2)?.

(4.4) 7(I'n) > A

Let Ny > 1, since if Ny = 1 the bound given in is trivial since I'ny = F(l) and %(1

€(A\g)v/2)? < 1. As the sequence of finite volumes increasmg to I'ny we choose

d—1

An =[]0, Ni] x [0, n]

i=1
for 1 <mn < Ng. Note that Ay, = I'n. We will use I = 2 to satisfy the conditions of the martingale
method. For this value of [, conditions (1) and (2) are easily verified since the PVBS Hamiltonians
have range-one interactions, are translation invariant and are furstration-free. Specifically, we find

di=2 and 5 =Ty

It remains to prove condition (3). For our choice of [ this is equivalent to showing there exists an

€< % such that
G 2

(4.5) sup H An+1\Agf1¢H < 2.

¢€9An”gin+1 ¥l
Let A = (A1, ..., Ag) be the collection of PVBS model parameters, and x = (1, @, ..., 24) € Z%.
In the discussion that follows, the definition of the following set and constants will be useful:

d—1
(4.6) Tn = [J10, Ne] € 24!

k=1

d—1

C(IN) = [ [ Ak Ni),  where  ¢(Ag,m ZA%
k=1

Furthermore, for x € T, we define (x,z4) € 7% to the be d-tuple obtained from appending z4 to
X.

Recall the expressions for the ground states 1/16\ and wf given in . Since the ground state
space on any connected lattice consists of states with at most one particle, it is sufficient to only
consider vectors 1 € Gp, NGy Ais in equation that have at most one particle on A,41\A,, as
vectors with more than one particle will be annihilated by Gy, , \a,_,- The following is the general
form for the vector 1 of interest.

(4.7) ¥ =bogm @y M 4 Y [axwo ® £l + bl @ £y }}

xeTN

where

(4.8) by = —

1 Z )\(x,n-‘rl)ax
VO (Tn)c(Ag,m) el

Recall that G, \a,,_, is of the form

n—1

An Ap_ An An_ An Ap_ An Ap_
Gan,y = [ty s My g e\ e\
with

An+l\An71 _ 1 X 0 n+1\An 1 (X 1) n+1\An 1
(G5 = 0T ; [ 5{ T AT )}
d XeIN
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Applying Gy, , \a,_, to ¥ yields
bo A" ax A&

+ wé\n—1 ® w{\n—o—l\/\n—l
VeQam) (1 +23)  Sem /(1 +X2)C(T)

GAn+1\An—1w -

+ Z bx )\(XJ) C(Ad7 n— 1) w{\n—l ® ¢?7L+1\An71
< (/e m)(1+X3)C(T)
bo\/c(Ag,n — 1)

Ap— A Ap—
wl 1 ® 17/)0 +1\ 1'

c(Ag,m)

Replacing by by the expression given in (4.8]) and applying the Cauchy-Schwarz inequality, we
find that ||Gy,, \a,_,¥[|* is bounded above by

Nac(Agy,n —1)

(1+ A)e(Aa,n)

9 2 2 1 (x,n+1) 2
I1Cannana I < 3 ol + ) + g | 2 A

xeTN xeTN
= Jalan L)y,
(1+A2)c(Aa, n) '
Hence,
sup 1G a8 I AGe(han — 1)
YEIALNOR 1912 T (1+A)e(Aa,n)
We must consider the cases Ay < 1 and Ay > 1 separately. When \j; < 1 we see that as n — oo
c(Ag,m)

So for all n,
Mie(Agyn —1) < A2
(14 A2)c(Ag,n) — 1+ A3

2
In this case, since 0 < A\g < 1, )“f\2 < % In the case that Ay > 1, taking the limit n — oo produces
d

1+
c(Ag,n—1) 1
-— — .
c(Ag,n) A2
Therefore, when Ay > 1 we have that for all n
Me(Agsn —1) < 1
(1+A2)c(Ag,n) — 14+ A7

Since A\g > 1 it follows that —— < % Therefore, for all values of Ag4,

1122
G 2 1
sup H An+1\Agf1¢H < E(Ad)z <
wegAnng[{n+1 [l 2

where €()\g) is as defined in (2.19)). Thus, the third condition of the martingale method is satisfied,
and by Theorem [£.2]

g (F%)) 2

1) > P51 v,

as desired. Then, appealing to equations and , and Theorem u we obtain all of the
desired lower bounds of Theorem [2.3[). O
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5. UPPER BOUNDS AND CLOSURES OF THE SPECTRAL GAP

In this section we prove the upper bound for ’y(Zd) given in Theorem as well as discuss two
ways in which the spectral gap can close. Speciﬁcally, we show that the PVBS models are gappless
if all A\ = 1, and we prove Proposition 2.4 which shows through an example that the existence of
spectral gap in the thermodynamic hmlt is dependent on the boundary of the infinite lattice. We
use the variational principle in the GNS Hilbert space to prove both claims.

5.1. The Bulk Phase Transition. We first prove part (ii) of the theorem. By Proposition
the ground state of the PVBS model is unique for all value of the parameters Aq,...Ag. Let
(7§ Z* HZd QZ ) be its GNS representation. For any finite volume A, and any z = (z;,...z4), with
zi € C, let pp(z) € ’HOZd be the vector given by

~ d
Pa(z) = 7" (An(2)0F
where the local observable Aj(z) € Ay is given by
Ap(z) = szai.
x€EA
We first note that
- d x d d d x
<<pA(z),Q% > = Zz <QZ , T (0,1() 0F > = Zz <0,0,1(0> =0
x€EA xeEA
so that P, (z) is a good variational vector for any z € C¢. Furthermore,
2 X
Iga(@)” = | Aa(2)ep]] =D |2l
x€EA
and we shall denote pa(z) := Ax(2)Y) = D icn z"ff{X y- Finally,

<¢A<z>,H?d¢A<z>> = (An(2) (AN (2))) = " (Aa(2)' [Hyw, Ar(2)]) = (o2 (2), Hyoa(2))

where we denoted A1) := = {r € Z%:d(x,A) <1} and used that H, 1)1/1/\(1)
For any x € A and 1 S kE < d such that x,x + e, € A (i.e. the bulk terms) we compute
(k) 22— M) [ A
hx v, oA(2) = EEESvE (5{x+ek} - )‘kf{x})

so that

(oa(2), Hapa(2)) = 3 |2 |2XZ k= A (Z = Ak)

2
xeA k=1 1+)\k

For the boundary terms, we have for any 1 < k < d,

i 2x if A A

® T )\2|z| Ixe ,X+6k¢
Az7hxx e, PAZ z £ X

<Q0 ( ) X+eg ( )> |2 ] ‘Z’2x ifX¢ A, x—+e, €A

1+A2
We now choose for convenience the finite set to be
d
A= fN = H[—Nk, Nk} C 7.
k=1

with [I'n| = 1_[221(2]\7;C + 1). The sum of all boundary terms reads
d

le( 2zl 4 |2 2D T S e

i#k a=—N;
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Let us consider the special case z, = 1 for all k. Then ||@a(2)|? = ITn| and the boundary
contributions read

|
r E —_—
x| £ 2N; + 1
Both of these expressions are independent of A. Furthermore, the bulk terms are bounded by

x| 3 (1= A)?

2
kg #1 1+ A%
so that
~ d
(P 15 20, (1) $= (L i
~ 2 1 L \Z2
H‘PFN(l)H ke #£1 1+ X k= 2Ng + 10

which yields the estimate

~_ Zd ~
(Zd) < lim inf <SOFN(1)7HO SOEN(l > Z L= )\k2
N=o [6rx (D] o A

In particular, the model is gapless if A\ =1 for all 1 < k <d.

5.2. Low-lying Edge States. In this section we explore how the thermodynamic behavior de-
pends on the boundary of the infinite lattice. We previously showed that the existence of a unique
GNS ground state vector is closely tied with the geometry, and more specifically the boundary, of
the infinite volume one considers. It is then natural to ask whether the geometry will effect other
properties in the thermodynamic limit.

As an example, we discuss the case of the diagonal-edged infinite volume Do, C Z? defined by
(z,y) € Dy if and only if y > —z and prove that, unlike an infinite lattice obtained as the limit of
finite rectangles, the PVBS model with one species of particle is in fact gapless when A\; = A = Xo
with A < 1. The closure of the gap in this case is due to the existence of boundary states in which
a single particle is delocalized across the boundary.

Proof of Proposition[2.4. We construct a sequence of variational vectors in the GNS Hilbert space
for which the energy decays polynomially. The vectors we choose belong to the one particle sector
with the particles bound to the finite volume Dy defined by:

(5.1) Dp={(z,y):0<az+y<L|o—y <L/2}.

For convenience, we choose L = 2k where k is an odd integer. An example of the sector Dy, to
which to particles are bound is given in Figure [IL We partition Dy, into the following subsets:

DMt = {(z,y):0<a+y<L,|lr—y| <L/2}

D = {(z,y) 1z +y =0}
DPP ={(z,y) :x+y=1L}

Dy = {(z,y) :x —y=—L/2}
DF%* = {(z,y) 12—y = L/2}

We consider the GNS Hamiltonian Hé) > agsociated with the infinite volume ground state given
in ,Where Q(j)j = ®( 2.9)€ Do |0). The variational vectors ¢r, € HOD > are defined by

(5.2) b1 = T (AL~
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r—y=—L/2 y+ax=1L

Dy =

y+x=0 x—y=1L/2

FIGURE 1. The sector Dy, for L = 6.

where Ar, € Ap, is the local observable

Ap = Z N sin(k(z — y))ok
x=(z,y)€Dy,

o
with k = 2. Again, | @zl = Az | and
- - D? D?
<@LrH§w¢L>::<ALwoLer2AL¢oL>

where
DY ={(z,y):0<a+y<L+1]e—y <L/2+1}.

15}
and we used that HDgl/J(?L = 0. Notice that (z,y) € Dzdge if and only if (z + %,y + %) € DIP,
and so

(5.3) Z sin?k(z —y) = Z sin? k(z — y).
(z,y)eDPPP (z,y)e DS e
Using and our choice of k,
(5.4)
<AL¢(I)D?,HD5L>AL¢(??> = 2(1 — cos(k)) Z M@+ gin? k(x — y) + )\jj_;\\zL Z sin? k(x — y)]
(z,y)eDP* (z.y)EDPP
9)\2L+2

+ T2 Z sin? k(z — y)
(z,y)e D

and
2

= Z A2 sin? k(z — y) 4 (14 X2D) Z sin? k(z — y).
(z,y)eDint (x,y)eDFP

HALM])D?
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All in all, it follows that the spectral gap is bounded above by

<¢L,H(?°°¢L> 201 2r/D) 9)\2L+2
- < — cos (27 + ,
@2 L+ A2

where we used that Z(%y)eszp sink(x — y) < ||@r]|?>. Since A < 1, the second term decays

Y(Des) <

exponential in L as L — oo, while the first one is of order L™2. O

Analogously, we expect that this type of gap closure to occur for any d-dimensional infinite volume
with slant boundary when the outward pointing normal is given by the vector 77 = (log A1, ..., log \g).

6. DISCUSSION

6.1. Stability. Stability refers to the continuous behavior of certain spectral properties of quan-
tum spin Hamiltonians under small local perturbations. Although the case of perturbations around
classical Hamiltonians was considered in great detail long ago [4,/10,{12,|15,{16[19], results for pertur-
bations of frustration-free quantum models with interesting ground states have only been achieved
rather recently [5,6,9,20,26,28]. The most basic stability results establish two properties; for
models with a unique ground state in the infinite volume limit and for sufficiently small perturba-
tions, one proves first of all that the spectral gap above the ground state energy does not close,
and secondly, that the unique ground state depends continuously on the perturbation. In [20],
such stability results are obtained for models with a unique frustration-free ground state under two
additional conditions. First, the perturbation is of the form )y -, ¥(X) where, roughly speaking,
|W(X)|| decays faster than any polynomial as a function of the diameter of X. Second, the possibly
many finite volume ground states satisfy what is referred to as the local topological order condition
in [20]. For any hypercube A of length L, consider sets X C Ay such that X() ¢ Ap, where
X® ={z €T :d(z,X) <1} In the case of a multi-dimensional finite volume ground state space,
the ground states are called topologically ordered if there exists a positive function f decaying
faster than any polynomial such that for any A € A(X),

(6.1) 1GxwAG x0) — alA)G x|l < [[A[[f(1)
where
a(A) = Te(Gxw) ' Tr(Gxw A).
We now prove that the models considered here satisfy . The spaces G y) are two-dimensional
and spanned by wX © and ¢f< “ We shall use the bound

@
HGX(l)AGX(l) — CI(A)Gx(l) H S 2 sup ’<’$;X A'Lﬂxl > — CI(A)(sij .
i,7€{0,1}

Since A is supported in X, we have that
X(z) ( ) X C(X(l) \ X) X\ x X\ x
<¢1 ’ > C(X(l)) <1/}1 ) 1/)1 > + C(X(l)) <¢o 7141/}0 > )

and the last scalar product can be replaced by < 3(, Alﬁ())( > With this, both cases ¢ = j = 0 and
i = j = 1 are bounded above by

(™ ) - (4, ) < 1

c(x) (X0 x)
| - e “ e

where we used that C(X®) — C(X®\ X) = C(X) by the definition (2.9) of C(-). The off-diagonal
case can be computed similarly,

(o av)| = ‘(CC(%)Y/Q (W, Av)) <

1/2
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Hence, ) holds with f(I) = 24/C(X)/C(XW), which decays exponentially in .

The models considered here have open boundary conditions, while the theorem of [20] assumes
periodic boundary conditions. We believe, however, that stability holds in the present more general
setting, given the frustration-free and topological quantum order conditions. This means that there
is an open neighborhood of local interactions around the models presented in this work which have
a spectral gap above the ground state energy, on Z¢.

6.2. Edge versus Bulk Gapless Excitations. To conclude, we would like to underline the
physical difference between the gapless spectrum that arises in the case of A\, = 1 for all k, and the
gapless spectrum we found in Section [5] for a class of models on the slanted half-infinite plane Dy
As explained above, the limit A — 1 corresponds to a quantum phase transition in the sense that the
bulk dispersion relation becomes gapless. In the case of the slanted edge the low-lying excited states
are localized along the edge and nothing special happens in the bulk. In particular, excited states
localized away from the edge show a gapped energy spectrum, and the dynamics of observables
whose support is at a distance d from the edge is unaffected by the gapless excitations up to times ¢
that are of the same order of magnitude as d/v, where the constant v is the Lieb-Robinson velocity
of the model.

To make these statements more precise, consider the PVBS model on Do, C Z?, the half-space
with a 45 degree edges as discussed in Section [5, and let w Do be the unique vacuum state of this
system with (g Doo HD°° QD“) its GNS representation. Let DS C D, denote the sites at the
45 degree boundary of D

Let

HEUK .= span{m(A)QF> : d(supp(A), D) > 1} € HY=,
and P(])Dulk the orthogonal projection onto 7—[8““‘. Finally, let Héj > be the GNS Hamiltonian associ-
ated with wP>=. Although the GNS Hamiltonian HOD > for the model on Dy, does not have a gap
above the ground state, the self-adjoint operator POH(? >~ Py regarded as an operator on 7—[63 > does
have a spectral gap above its ground state at least as large as the gap of the model defined on Z2.
Proposition 6.1. With the notations above, let
HPuk .= ppulk HD°° ppulk ; gybulk _ gbulk,

Then, inf Spec(HYUX) = 0 is an eigenvalue and if X # 1, there is a spectral gap v > v(Z?).
Proof. First, we observe that PgmleD © = Qg) > go that
HbuleDoo _ P[%)ulkHDooQDoo =0

which shows that Qé) >~ belongs to the kernel of the positive operator Hg’ulk.

We consider A € Ay, with d(X, Dggge) > 1, and observe that the generator of the dynamics on
Do, namely ép__, satisfies

(6.2) 0. (4) = lim [Hy, A] = lim [Hy, A] = 6z2(A).

[e'e]

Hence,
(7= (A)Q5"™, Hy" = (A)925>) = <7Téj = (A)QF>, Hy 5™ (A)Q5>) = wy'™=(A*0p., (A))
= Wo (A dz2(A)),

where in the last equality we first use and then the fact that both ground states are the same
product state on local observables. Now let A be such that 7 ”(A)QOD < 1 Qg) > or equivalently
0=wy>(4) = w%Q(A). Since the model on Z? has a gap v(Z?) > 0, this implies

(63)  (my=(A)Qy™, Hy" g™ (A)Q5>) = (22w (A" 4) = (Z°)||mg = (A)925 1>
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The inequality 1) shows that nglk has a spectral gap above 0 at least equal to v(Z?), which we
have shown to be strictly positive. O

Finally, we show that the dynamics of observables supported away from the edge is unaffected by
the gapless edge modes. In particular, multi-time correlation functions for such observables behave
as if the system was gapped for times that are not loo large. To this end, recall that a nearest-
neighbor interaction defined on a regular lattice — such as the present PVBS models — satisfies a
Lieb-Robinson bound, with velocity v. In particular, the difference of the dynamics generated by
two finite-volume Hamiltonians Hy, and Hy,, where Ay C Ay, can be estimated by

HTtAl(A) - TtA2(A)H < O] A|| | X |e~aldXA\A2)—oltl]

where A € Ax, X C Ag, and with suitable constants a,C > 0 (see [22, equation (2.28)]). Let
Ay — 72 and A, = Do be increasing sequences such that As, C Ay, for all n € N. For n large

enough, d(X, A1, \ Agn) = d(X, D), and in particular
HTtD“’(A) - TtZQ(A)H < C'||A]| | X |eold(X.DEE)—olt]

Hence, for times ¢ < d(X, Dggge) /v, the half-plane dynamics of A are well-approximated by the
dynamics in the bulk generated by the gapped Hamiltonian.
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