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ABSTRACT OF THE DISSERTATION

Edge-averaged virtual element methods for convection-diffusion problems
By
Seulip Lee
Doctor of Philosophy in Mathematics
University of California, Irvine, 2021

Professor Long Chen, Chair

We present stabilized virtual element methods for convection-diffusion problems in the
convection-dominated regime. In the context of finite element methods, the edge-averaged
finite element schemes were successfully applied to convection-dominated problems. We
aim to generalize the edge-averaged stabilization to the virtual element framework. Hence,
we develop the edge-averaged virtual element methods that produce numerical solutions on
polygonal meshes without spurious oscillations caused by small diffusion coefficients. Well-
posedness of the discrete problem and convergence analysis are provided. We also show
numerical experiments which support theoretical results, and display numerical solutions

with sharp boundary layers in the convection-dominated regime.
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Chapter 1

Introduction

1.1 Convection-Diffusion Problems

We consider the convection-diffusion equation,
V- (a(x)Vu+ Bx)u)=f inQ

where Q C R?, a € C°(Q) with 0 < quin < (%) < apay for every x € Q, and B € (C°(Q2))%
The convection-diffusion problems have been considered in numerous mathematical models
of flows and other physical phenomena. The problems express the convective and molecular
transport along a stream moving at given velocity 3 and with diffusive effects from a.

Generally, convection-dominated regime means the situation that
Omax K |/3(X)| ) Vx € Q.

The convection-dominated regime plays an important role for solving Navier-Stokes equa-

tions with high Raynolds number. It has been shown in [36, 47] that the standard finite



element method (FEM) cannot provide a good approximation for the convection-dominated
problems. This phenomenon was verified by mathematical analysis: The upper bound of
the error may blow up when « is small (Céa’s lemma). The numerical simulation showed
that the finite element solutions contain spurious oscillations around sharp boundary layers.
Such a numerical solution containing the oscillations is called a non-stable solution, and some
advanced schemes to get a solution without the oscillations or with smaller oscillations are

considered as stabilized methods.

Many stabilized methods have been developed in the context of FEMs, and they can be
classified several categories. The first direction is the development of stabilized methods
with a provable order of convergence in appropriate norms by adding more terms to their

bilinear forms.

e The streamline-upwind Petrov-Galerkin (SUPG) method [27] provides the reasonable

coercivity result with a mesh dependent norm.

e The continuous interior penalty (CIP) method [28] applies penalty to local outflow

boundary of each element.

e The local projection stabilization (LPS) method [41] is to add a stabilization term
simpler than SUPG method.

Our research focus is on linear stabilized methods that compute numerical solutions without
spurious oscillations and still with sharp layers. It is well-known that the numerical solutions

uy, without spurious oscillations are guaranteed by the discrete mazimum principle (DMP):

f>0 inQQ = minu, >minuy,,
Q EI9)



where u;, = min{0, u,}. The monotone property,
f>0 inQ = minu, >0,
)

is a sufficient condition of DMP. The monotonicity can be obtained from the M-matrix
condition: Let A = (a;;) be the stiffness matrix of a linear discretization. Then, A is called

a nonsingular M-matrix if a; > 0 for all 7,
a;; <0 Vi#jg, Z@ij >0 Vj, Zaij > (0 for some j.

In this respect, the edge-averaged finite element (EAFE) scheme [42, 49] is monotone if the
stiffness matrix of the FEMs for the Poisson equation is an M-matrix. One of important
advantages of this scheme is to obtain a stable numerical solution to a convection-dominated
problem even though the mesh size is not small. The other one is that the scheme needs
relatively simple computation. In this research, we apply the EAFE stabilization technique

to the virtual element framework.

1.2 Virtual Element Methods

The virtual element methods (VEMs) were first introduced in [12]. In this work, the authors
showed a generalization of the finite element method (FEM) for the Poisson equation to
general polygonal and polyhedral meshes. Study of finite elements on general polygons has
been conducted [5, 8, 46]. A flexibility between finite elements in discontinuous Galerkin
(DG) methods has made it possible to use polygonal meshes [29]. These approaches need
the explicit equations of local approximating functions. However, the VEMs basically use
non-polynomial approximation in a polygon, and any exact form of local basis functions is

not needed inside of the polygon. More exactly, virtual element functions are locally defined



by a finite number of desired properties, and their existence and uniqueness are guaranteed
by the solvability of certain partial differential equations. Then, even though the local virtual
element functions are not polynomials, they belong to a finite-dimensional space (called a
virtual element space) determined by the properties. Proper linear functionals of the local
functions are chosen, and they are called degrees of freedom. The degrees of freedom play
an important role in the VEMs because all the quantities in the VEMs should be computed
by the degrees of freedom. The degrees of freedom need to satisfy the unisolvence in the
virtual element space: If all the degrees of freedom are given as zero, the corresponding local
function is identically zero. Thus, the degrees of freedom eventually include all the essential
information of the local function. Using the degrees of freedom, it is also necessary to define
projection operators from the virtual element space to simple spaces such as a polynomial
space. With the projection operators, the local bilinear form can be approximated by an
equivalent bilinear form obtainable from the degrees of freedom. More fundamental details

can be found in [13].

The VEMs have been widely applied to solve various problems in recent years; convection-
diffusion problems [2, 16], nonconforming approaches [4, 7], H(div) and H (curl)-conforming
virtual elements [17, 19], mixed methods [14], and biharmonic equation [4, 22]. We especially
focus on developing stabilized virtual element methods for convection-dominated problems.
In the journal articles [21, 23, 24|, the SUPG stabilization was successfully applied to the
VEMs. They presented the improved coercivity results with mesh-dependent norms. How-
ever, it is not possible to verify the discrete maximum principle, and it is known that some
solutions from the SUPG approach still contain spurious oscillations. Moreover, the SUPG-
VEM contains too many terms that we need to compute, which cause higher computational

complexity.

In this research, we generalize the EAFE scheme to the VEMSs, and call it edge-averaged vir-

tual element (EAVE) method. With the EAVE method, we expect the following advantages



and results:

e We obtain a stable numerical solution to a convection-dominated problem in a polyg-

onal mesh even though the mesh size is not small.
e The computational complexity is relatively low.

e We show an equivalence the monotonicity of this method to the M-matrix condition

of the stiffness matrix of the VEMs for the Poisson equation.

e We prove error analysis of this method and obtain reasonable convergence rates from

numerical experiments.

The remaining chapters are structured as follows:

e In Chapter 2, we carefully observe the main idea of the EAFE scheme [42, 49]. We see

what choices of flux approximations are possible and how the EAFE scheme is derived.

e In Chapter 3, the lowest order nodal and edge virtual element spaces [3, 12, 15, 16, 19|
are introduced. More importantly, we show the relation between their canonical basis
functions, and will apply it to the derivation of the EAVE method in Chapter 4. The
virtual bilinear form for the Poisson equation [12, 13] is an essential factor when the
EAVE method is computed. Furthermore, the approximation of the right hand side

[12, 13] is introduced.

e In Chapter 4, we present a flux approximation in virtual element framework. Based on
the flux approximation, we derive the EAVE method and explain why this method is
simple to implement. The monotone condition of the EAVE method is verified when

the stiffness matrix of the VEMs for the Poisson equation is an M-matrix.

e In Chapter 5, we start from proving some estimates of the virtual bilinear forms men-

tioned in Chapter 4. The main estimate is to find an upper bound of the difference



between the variational bilinear form and the EAVE bilinear form. Then, we show the
inf-sup condition implying the well-posedness of the EAVE discrete problem. Various
analysis techniques in VEMs are applied in this case. The convergence analysis is

verified at the end of this chapter.

In Chapter 6, numerical experiments are provided. We test convection-dominated
problems as well as diffusion-dominated problems. We check that numerical conver-
gence rates from our experiments are indeed consistent with the theoretical error esti-
mate. In the convection-dominated regime, both smooth solutions and solutions with
sharp boundary layers are considered. Through this chapter, we see the effect of edge-

averaged stabilization on different mesh types.



Chapter 2

Edge-Averaged Finite Element

Scheme

2.1 Main Problem

We consider the convection-diffusion problem

V- (a(x)Vu+ B(x)u) = f in Q,

u=0 on 01,
where ) C R? is a polygonal domain and f € L*(2). We denote the flux as
J(u) = a(x)Vu + B(x)u.
Then, the weak formulation of the problem is to find v € HZ(€2) such that

B(u,v) = F(v), Yve& Hy (%),

(2.1)

(2.2)



where the bilinear form and the functional on the right-hand side are defined as

B(w,v) = / J(w)-Vvdx and F(v)= / fu dx.
Q Q
The inf-sup condition [37],

B(w,v -
sup DU s gy v € HY(@) (2.3
veHL(Q) H"UHHI(Q)
implies the well-posedness of the weak formulation.

We introduce the function 1 in [42, 49] satisfying

V¢ =a™'B,
which allows us to have
J(u) = ae 'V (e¥u).
If the function ¢ (x) is well-defined, J(u) is viewed as the diffusion flux with a non-constant

coefficient x(x) := a(x)e ™).

Remark 2.1. If a and B are constant in K, the function v is defined as (x) = a7'18-x
and it is unique up to a constant. However, such a function ¥ (x) may not ezist in K for
general a(x) and B(x) if curl (a7*@) # 0. Hence, as introduced in [49], the function 1)

is locally defined on each edge E of an element (usually a triangle) by the one-dimensional

relation
g 1
8TE - "TE|OZ (,3 TE)a

where Tg 1s a tangential vector for E. In practice, we use constant approrimations ag and



B for general a(x) and B(x) on each edge E, so the local function is simply obtained as

VYp(x) = az'Br - x (up to a constant).

Therefore, we approximate the flux J(u) in an element using the locally defined function
Ye(x). In [42, 49], such a flux approximation in the lowest order Nédélec space is presented
on triangular meshes and it is successfully applied to develop a monotone finite element

scheme. In what follows, we explain its main idea on a triangulation for €.

2.2 Gradient and Flux Approximations

Let T, be a triangulation for 2 and Vj, = P;(7,) be the piecewise linear standard finite
element space. We assume that \;(x) are its canonical basis functions or barycentric coordi-
nates in T' € T,. We consider the Poisson equation in terms of p := e¥uy;, for u;, € V), while

introducing a new notation H(p) := H(p(up)) = J(up),
=V (kVp) ==V -(H(p))=f, inQ

with the boundary condition p = 0 on 9. Then, the variational problem is to find p € HJ(£2)

such that

B(p,v) = /Qlin -Vv dx = F(v), (2.4)

for all v € HJ(Q2). The standard finite element method for the problem (2.4) is to find

pn € Vi, such that for all v, € V},

B (pn, vn) = F(vn).



However, since the function 1) may not be well-defined on T" € T}, for general a and 3, the

direct use of the formulation (2.4) for p would not give a desirable result for uj, = e=¥py,.

The flux approximation H; (L*-projection)

Thus, with g on each edge ' C 9T, we focus on the nodal interpolant of p(uy) onto Vj,,

pr = P(uh)l wEUh Z ¢E(x1)u >\

where \;(x) are the canonical basis functions in V3. The corresponding problem is to seck

up, € Vj, such that

B(pr,vn) = B(p(un)r,vn) = F (o)

for all v, € V. We note that the bilinear form 9B(py,v) contains H(p;) = kVpy, and
k = ae” ¥ can be considered as a Hodge star map from the 1-form Vp; to the 2-form H(py).

It follows from computing the bilinear form on a triangle T" € T;, that

1
B (pr,vp) = / kVpr - Vo dx = (]T| / lidX) / Vopr - Vo, dx (2.5)
T

because both Vp; and Vv, are constant vectors on T'. In other words, we consider to directly
approximate H(p) as a constant vector denoted by Hy. Indeed, the constant approximation

Hr can be obtained by the L2-projection of H(p;),

/]:]T-eidx:/H(pI)-eidX://inI-eidx,
T T T

where e; for i = 1, 2, are the standard vectors for R?. From this definition, we have

H(p) ~ I_{T = RTVp[, (26)

10



where Rp is the average of x on T', which implies the same bilinear form in (2.5).

The flux approximation H; (L?-projection, modified)

In this respect, we look at a different constant approximation Hy for H(p) obtained from

/ Kk 'Hy - e; dx = / K TH(pr)-e; dx = / Vi - e; dx.
T T T

Therefore, the approximation Hy is written as
H(p) ~ Hy = &y Vpy, (2.7)

where K is the harmonic average of k on T, and the corresponding bilinear form is denoted

as

B (pr,vp) = / RrVpr - Vo, dx.
T

The approaches described in (2.6) and (2.7) may not be efficient for the problem (2.4) with
the non-constant coefficient x because it would be necessary to have the function ¢ defined

over T.

The flux approximation H; (Nédélec projection)

Therefore, we approximate H(p) in the lowest order Nédélec space whose degrees of freedom
are computed on each edge E C 0T. The local Nédélec space of the lowest order is defined

No(T) := (Po(T))? + x+Po(T),

11



4

where x* is a vector satisfying x - x* = 0. That is, a local polynomial pf)\/ in No(T) is

represented as
P} (x) = (a1 + a2y, as — azx),
and No(T) has 3 dimensions in R?. The Nédélec degrees of freedom are defined as
1
dof (v) = —/ v-Tgds
|El e

for each E C 9T, and the canonical basis functions {¢g, }3_, are obtained from dof/b\jc (pE,) =
;7 for 1 < i < 3. Each canonical basis function can be expressed in terms of barycentric

coordinates, that is,
Ye = AiVAig — A VA,

where T = x;11 —X; with x4, = x;. Then, it is straightforward to see that p{)\[ -TE is constant

on F so that
dofy (py) = p} - 7.

Moreover, the Nédélec projection is defined as

Vv = Z dofl (v) .

Ecor

A natural approach is to use the Nédélec projection Hy = IV (H(p)), that is,

H(p) ~ Hy = Z dppr,

Ecor

12



where the coefficients dj are obtained by the following equalities,
dy = doBY (Hr) = dof¥ (H(p)) = dof (xVp).
The coefficients dy are determined by one-dimensional integrals,

A 1
dp = — e d
B ’El/E/in T ds,

but it is not easy to compute them because both x and Vp contain the function ¢ g.

The flux approximation Hy (Nédélec projection, modified)

We focus on another approximation for H(p) in the Nédélec space,

Ecor

In order to find the coefficients dg, we use the following relation,
dof (1~ Hr) = dof (™" H(p)) = dofY (V).

It may not look appropriate that H(p) is approximated by a 1-form formula while it is a
92-form. Interestingly, the quantity dof (Vp) is represented by dz(p) = dg(e??uy), where g
means the difference between the nodal function values at the two end points of E. Hence,
the continuity of ¥ and u;, inside of T is not needed to be considered, and moreover we only
need the function values at the vertices of T'. This fact will provide an advantage in defining

and evaluating a bilinear form related to the approximation Hp. As a consequence, since

13



Hrp - 15 is constant on E, we obtain the explicit form of the coefficients dg,

dp = dofy (Hy) = Hy - 7p = (ﬁ/;;ﬁ_l dS) R 0(p) = Kpdp(p),

where kg is the harmonic average of k on E. Note that the coefficients dg satisfy

Ecor

which implies that H7 belongs to a subspace of the Nédélec space of dimension 2, but Hrp
may not be a constant vector. If x is constant, we get > ;5 dp = 0 so that Hp becomes a

constant vector.

In conclusion, the bilinear form is defined with the approximation Hry,

3

B (p,vn) = / Hr -V, dx = Z (Hr - &) / pr -V, dx (2.8)
T EcoT T
ECOT T

We will see that the harmonic average kg is evaluated exactly under certain conditions of

the diffusion and convection coefficients a and 3.

2.3 A Monotone Finite Element Scheme

Since H(p) = H(p(up)) = J(up), we use Jr = Hr as the flux approximation for J(uy). More

exactly, we define Jr as an element of the Nédélec space,

JT = Z I%E(SE(GQ/)EU}L)QOE,

Ecor

14



with
dofl (Jr) = Jr - T = Rdg(eVPuy). (2.9)
Then, the corresponding local bilinear form is defined as

B (up,vp) = Z /%E(SE(@wEUh)/SOE -V, dx.

ECOT T

However, with this bilinear form, it is not easy to decide conditions or assumptions for
the monotone condition because Bi:(\i, \;) consists of several positive and negative terms

depending on the shape of T

The following lemma [42, 49] shows an important identity under the condition that Jr is a
constant vector on T'. The identity introduces a new bilinear form that implies a monotone

finite element scheme.

Lemma 2.1. If Jr is a constant vector on T, then for any v, € Vj,,

Z (JT-TE)/C,OE'VUh dx = Z wi (Jr - T5) 05 (vn),

ECOT T ECOT

where
Wiy = — / VA - VAip dx,  when Tp =Xy —X;.
T

Proof. 1t Jr is a constant vector on T', Jr - x is a linear function for x € 7', which implies

that

15



Moreover, it follows from the definition of the Nédélec projection that

jg: (J&'“TE)¥U;::IPva:: JT.
Ecor

Hence, we conclude that

Z (JT-TE)/<PE'VUh dx

ECOT T

:Zu/)JT"7w1dX
T

::dé;(?i:(Jf‘)Q)‘7A{)' (2;:1@VUM> dx

i=1

= g (/T Vi Vi dX) (Jr - (i1 — x3)) (vi — vig1)

The last equality holds because Zle Ai = 1 so that Z?:l VA; = 0. In this case, the

difference x;,1 — x; determines 7 on each edge £ C 9T O

Remark 2.2. In other words, Jr is obtained from the degrees of freedom Jr - T on three

edges, and the identity (2.9) gives

> kg (JrTe) =0, (2.10)

Ecor

which reduces one degree of freedom in the Nédélec space on T. If we assume that Jp is

constant on T', we have a simpler condition,

> (Jr-TE) =0, (2.11)

Ecor

which yields the results in Lemma 2.1. This argument will be applied to the virtual element

framework.

16



The bilinear form of the lowest order EAFE scheme is defined as

BY (up, o) = Y whipdp(e’ uy)dp(vs) (2.12)
Ecor

based on Lemma 2.1. Therefore, the discrete problem is to find u;, € V}, such that

> Bl (up,vn) = F(v), Vou € Vi

TeT,

Its solvability and error estimates are verified by the fact that
BT(uh, Uh) = Bﬁ(uh, Uh) = Bg(uh, Uh)

when J(uyp) is constant.

The harmonic average kg is originally expressed as

1 1

hAN -1 _vE

kg = | — a evE ds .
" (IE! /E )

In practice, the coefficients o and 3 are approximated as a constant ag and a constant vector
B on each edge E C 0T, respectively, and the local function is given as ¢¥g(x) = agp~!Bg-x.

Thus, the degrees of freedom in (2.9) are explicitly expressed as
Fpdp(e’up) = apBlap ' Be - (xi — Xi1))uis1 — apB(ap ' Be - (Xit1 — Xi))us,

where B(z) is the Bernoulli function defined as

z

B(z)={ € —1 270 (2.13)

1 z=0.

17



2.4 Monotonicity

We check that the EAFE discretization (2.12) is monotone [49]: The stiffness matrix corre-
sponding to the bilinear form, A;; = B ()\;, \;), is an M-matrix for any continuous functions
a > 0 and 3 if and only if the stiffness matrix for the Poisson equation is an M-matrix. In
the 2-dimensional case, the stiffness matrix for the Poisson equation is an M-matrix if and
only if the sum of the angles opposite to any edge is less than or equal to 7 in a triangulation
Tn. The triangulation with this condition is a Delaunay triangulation. A sufficient condition
for the triangulation is that all the interior angles in each triangle of the triangulation are
less than or equal to /2. A triangulation with no obtuse triangle is a very special Delaunay

triangulation, but this triangulation is easily applied to an arbitrary number of dimensions.

Let Nj, be the number of all the nodes in 7. Then, for given j € {1,..., N,}, we have the

followings:

e If the corresponding node x; is a neighbor of x;, then

Aij = Z WE'%E(SE(ewE)\j)(sE()\Z’) = _wE,%EeTZ’E(Xj) <0,

ESXJ'
where F 5 x; means all the edges having x; as an endpoint.

e If x; has no neighboring node on the boundary, then the j-th column sum of A is zero:

which implies that A;; = Z#j | Aijl.
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e If x; has a neighboring node on the boundary, then

ZAij >0 or Ajj > Z |A1]|

i#]
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Chapter 3

Virtual Element Methods

3.1 Virtual Element Spaces

Let us define K, as a decomposition of the polygonal domain €2 into convex polygonal
elements K for a given mesh size h. We assume that each element K satisfies the shape
regularity presented in [26, 33]. On an element K, we denote x; as a vertex for 1 <i < Ny
and F; as an edge for 1 < j < Npg, where Ny is the number of vertices and Ny is that
of edges. We also define a tangential vector or a vector between consecutive vertices as
T; = X1 — X; for 1 < j < Ng with j 4+ 1 modulo Ny. For a simple polygon, Ny = Ni. We
label the indices of the vertices or edges counterclockwise.

X3 X9
X1

X6

Figure 3.1: A numbering of vertices and edges in a polygon.
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3.1.1 The lowest order nodal virtual element spaces

We first introduce the basic lowest order local nodal space presented in [12, 13]. A function

space is defined to have some conditions on the boundary edges of K,

Bi(0K) := {v, € C°(0K) : vp|r € P1(E), VE C 0K }.

The standard nodal virtual element space V;(K)
Then, the local nodal space [12, 13] is defined as
Vi(K) = {v, € HY(K) : v3]ox € B1(0K), Avy|x =0},
and the degrees of freedom are given as the values of v, at the vertices of K, i.e.,
dof; (v) = vp(x), (3.1)

for 1 <1i¢ < Ny.

It is immediate to see that the dimension of Vi (K) is Ny, and it is the same as the number of
the degrees of freedom. Also, the canonical basis in K, {qﬁj}jyz‘/l, is chosen by dof;(¢,) = 6;;.
The important proposition that the degrees of freedom are unisolvent for Vi (K) is easily

proved [12]. Indeed, if we assume that all the degrees of freedom (3.1) are zero, then v, =0

on JK so that by the integration by parts,

/ |Vup)? dx = / (Vo -n) vy, ds — / (Awvy) vy dx =0,
K oK

K

where n is the outward normal vector on 0K. Thus, we conclude that v, is constant in K

so that the zero boundary condition on 0K implies v, =0 in K.
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Since we do not know the explicit equation of v, in K, it would not be possible to exactly
compute a bilinear form including any functions in Vi(K). However, we will define an
equivalent bilinear form that can be exactly evaluated by the given degrees of freedom. We
now introduce a proper projection operator evaluated by the degrees of freedom and use it
to define the equivalent bilinear form. The basic choice presented in [12, 13] is the local

H'-projection operator, that is, ITY : V3 (K) — Py (K) with

/ (VIY v, — V) - Vpr dx =0,  Vp; € Pi(K), (3.2)
K

1

S ()~ (x) 0 33)

In the condition (3.2), the following quantity can be exactly computed by the degrees of

freedom,

/Vvh-Vpldx:/ (Vpy-n) vy, ds = Z(Vpl-nE)/vhds
K oK

ECOK E

because Vp; is a constant vector and Ap; = 0 in K. The second condition (3.3) determines
the constant term of the linear polynomial 1Y v,. Furthermore, if we denote ITY as the local
L?-projection onto the constant vector field (Py(K))?, we have II§Vv, = VIIYv;,. More

exactly, it follows from their definitions that

/ VIIY vy, - Vpy dx = / Vup, - Vpy dx = / Vo, - Vpy dx.
K K K

Now, we focus on finding an explicit formula for the projections. For any v, € Vi(K), the

linearity of the operator V implies that II{Vuvy, is determined by IIJV¢; for 1 < i < Ny.
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Let IRV®; = (q},q¢?) = g} e1 + ¢?ey. Then, by the integration by parts, we have

Ng
qflKlz/vmel dx:Z/ ¢i (e - ny) ds
K j=1 Y Ej

:nill/ ¢ids+nil/ ¢; ds
Ei—1 E;

1 1
= §!Ei71’n3—1 + Q\Ez‘\ng
1

= §(yi+1 — Yi-1),
where n; = (nj,n?) = (y;41 — y;, — (241 — x;)) /| ;| is the outward unit normal vector on

the edge F; for 1 < j < Ng. Similarly, we obtain
1 1 1
¢ |K| = §’Ei71|n?71 + §\Ez‘\”? = =5 (@i —zi).

Hence, IIJV ¢; can be geometrically viewed as the average of the two outward normal vectors

on the two adjacent edges to x;, or the outward vector perpendicular to the line segment
between x;;1 and x;_; with different scales. From this result and the condition (3.3), we

finally have

1

Hlv@ = (H8V¢i) S(x—xg)+ N
1%
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and the linear combination of vy gives
Y v, = (TIVoy) - (x — xx) + — Y vn(x),
where
1 &
X = — X;

is the barycenter of K.

In summary, the local nodal space V;(K) satisfies the following conditions:

the dimension of V;(K) is Ny.

the degrees of freedom (3.1) are unisolvent for Vi (K).

Pi(K) C Vi(K).

the H!-projection IIY is computable by the degrees of freedom of V;(K).

A modified nodal virtual element space Vi(K) dealing with L2-projection

We are interested in the L?-projection operator IIY onto P;(K) defined by

/ (H(l)vh — ’Uh) P1 dX7 Vpl S Pl (K)
K

Then, we encounter a problem about how we compute

/ vpp1 dx
K
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using the degrees of freedom (3.1). Unfortunately, there is no way to compute it with (3.1)
in Vi(K). A possible solution for this problem is presented by [3, 15]. According to the
ideas in [3, 15], we enlarge the local space V;(K) by changing the condition Avy|x = 0. For
example, if Avy| is considered as a constant, the dimension of such a local space is Ny + 1

and one more degree of freedom needed to fill out the dimension is

/K up dx. (3.4)

Thus, it is possible to obtain II3vy, from the degrees of freedom (3.1) and (3.4). In general,

if Avy| € P1(K), the natural degrees of freedom are

/ vppr dx,  Vpp € Pi(K), (3.5)
K

so we can get the L?-projection of v, of order up to k.

However, the additional degrees of freedom (3.5) would cause higher computational costs.
Hence, by adding proper conditions to the space V;(K), the degrees of freedom (3.5) are can

be eliminated. We introduce the modified local nodal virtual space of the lowest order £ = 1

3],

V1<K) = {Uh c HI(K) : Uh|BK S B1(8K), Avy, € Pl(K),

(vp — IV 0, p1) 12(r) = 0, Vp1 € Pi(K)}.

The definition of the modified space with a general number k is presented in [3]. In this
case, we already computed the polynomial ITY v, using the degrees of freedom (3.1), and the
additional degrees of freedom (3.5) are given by IIYv,. Therefore, the space V;(K) satisfies

the followings:

e the dimension of Vi (K) is Ny.
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e the degrees of freedom (3.1) are unisolvent for Vi (K).

o Pi(K) C Vi(K).

e the H'-projection IIY and the L2projection II{ are computable by the degrees of
freedom of Vi (K), and moreover ITY = I1? in Vi (K).

Indeed, the second condition is satisfied because if the degrees of freedom (3.1) are zero, we

see I1Yv, = 0 in K so that

/ (Avp) v, dx = / (Avy) Iy, dx = 0.
K

K

In this case, the first equality holds because Av, € P;(K), and the second comes from the

identity ITY v, = v, in Vi(K). We note that ITY v), # vy, if & > 1 (See details in [3]).

A reduced nodal virtual element space V;(K)

We will look at a different idea to get a reduced local nodal space. If we assume that any
given polynomial p, € Pr(K) is written as pi(x) = div((x — X )qx) for some g, € Pr(K),

then we have

/K o dx = /a (=) ) g s - /K (Fon - (x — xx)) g dx.

On the right hand side, the first term can be obtained by the degrees of freedom at the
vertices (3.1), and the second term can be considered as additional degrees of freedom that

correspond to (3.5). Thus, as a simple case, we define a local nodal virtual element space

enlarged from V;(K)
ViI(K) = {v, € HY(K) : vp|ox € B1(0K), Avy € Po(K)}.
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Including the degrees of freedom (3.1), an equivalent degree of freedom to (3.4),

/K Vo, - (x — xg) dx, (3.6)

fills out the dimension of V;(K). It is clear to check that all the degrees of freedom (3.1)
and (3.6) are unisolvent for V;(K). If the degrees of freedom are zero, then v, = 0 on 9K

and [, v, dx = 0, which implies that v, = 0 in K.

The next step is to reduce the dimension of the space 171(K ) by adding a proper restriction.
Thus, we define a reduced local nodal virtual space and only consider the degrees of freedom
(3.1) in the reduced space. Most importantly, when the dimension of Vi (K) is reduced, the

reduced space must contain P;(K). It is easy to see that

/ Vpl'(X—XK) dX:O, ‘v’pl GPI(K)

K

Therefore, the reduced local nodal space in [20] is defined as

%(K) = {Uh c HI(K) : Uh|8K S Bl(ﬁK), Avy, € Po(K), (Vvh,x — XK)LQ(K) = 0} .

Then, the space \71(K ) satisfies the following conditions:

the dimension of Vi(K) is Ny.

the degrees of freedom (3.1) are unisolvent for V; (K).

o Pi(K) C Vi(K).

the H'-projection IIY and the L2-projection IIJ are computable by the degrees of
freedom of Vi (K).
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The global nodal virtual element spaces

For the local virtual element spaces V;(K), Vi(K), and V;(K), the global spaces are defined
in the same way [12, 13| because they include the same degrees of freedom. For example, we

define the global space for V;(K),
Vi(Kn) = {v, € Hy(Q) : vl € VI(K), VK € Ky}
The global degrees of freedom are all the values of v;, at the internal vertices of the decom-

position K.

3.1.2 The lowest order local edge virtual element spaces

The general definition of local edge virtual element spaces are presented in [17, 19]. Here,
we introduce some lowest order edge spaces and explain important conditions. We consider

two different local edge spaces,

Vo(K) = {vi € (L*(K))* : div v, = 0, rot v, € Py(K),

Vh'TEEP()(E>, VEC@K},

and

Vo(K) = {vi € (L*(K))* : div v}, € Po(K), rot v, € Po(K),

Vh'TEEP()(E), VEC@K}
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Existence of local edge virtual element functions

We check the existence of such functions v, € V(K), that is, we find v, € (L*(K))?
satisfying all the conditions in V(K). The existence of such v, € Vo(K) is also proved in

the same way. For more details, one can see [6]. Let us define the following spaces
G(K):={Veg|pe H(K)}, Go(K):={Ve|pe HjK)},

and
R(K):={rot&| (€ H'(K)}, Ro(K):={rot¢|&e€ Hj(K)}.

Then, it follows from Theorem 3 of [6] that
(L*(K))* = G(K) ® Ro(K) = Go(K) @ R(K).

For any v;, € (L*(K))? v;, can be written as a Helmholtz decomposition, that is, v, =
Vo +rot ¢ for some p € HY (K) and £ € H'(K) (or for some ¢ € H'(K) and ¢ € H}(K)).

We consider the following problem related to the conditions in Vi (K),

div v, = pq, in K,
rot v, = p,, in K,

Vi TE = PE, onEcﬁK,

where pg, pr, and pp are given constants in Vo(K). Hence, the first equation implies the

Poisson problem,

A@:Pd in K7
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with the boundary condition ¢ = 0 on K, and the second equation gives
rot v, = rot (rot £) = —Af = p,.
It follows from V¢ - 75 =0 on £ C 0K that

Vi (£> =rot £ - (T—E) = V¢ -ng = pp/|E|,
7| 7|

which is the Neumann boundary condition for the Poisson problem with respect to &. In

this case, the comparability condition,

must be satisfied for the existence of such a function £, and it will be easily verified by the

integration by parts.

Degrees of freedom

We take a look at degrees of freedom for Vo(K) and Vo(K). The natural degrees of freedom
in [17, 18, 19, 20] are

1
dofg(vy) = E/ vy - T ds, (3.7)
B
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for each £ C OK. In addition, since the quantity rot v; is assumed as a constant on each

element K in the spaces V((K) and V(K), we obtain from the integration by parts,

| K| (rot vh):/ rot v, dx (3.8)
K
S / Vh.(T_E) s
Bcor VE kpol
1
= Z —/Vh-TEdS.
ECOK ] Jm

We note that the second equality guarantees the comparability condition, and we also see

that rot vy, is exactly computed by the degrees of freedom (3.7).

While the dimension of Vo(K) is Ng, the dimension of Vo(K) is Ng + 1. This is because
the value p; can be arbitrarily chosen as a constant in VO(K ) while p, is fixed as zero in
Vo(K). Thus, we need one more degree of freedom to fill out the dimension of V(K). The
additional degree of freedom is used to show that all given degrees of freedom are unisolvent
for Vo(K). Indeed, for any v, € Vo(K), we write div v, = div((x — xx)po) for some
po € Po(K) because div vy, is a constant. Then, it follows from div(v, — (x — xx)py) = 0

that
vy, =rot ( + (X — Xk )Po,

for some differentiable function (. This identity and the integration by parts imply that

/|Vh|2 dX:/vh~(rotC+(x—xK)p0)
K K
:/K(rotvh)gdx— Z %/E(Vh'TE)CdS—F/KVh-(X—XK)pOdX.

ECOK

As you see here, the first two terms are vanished when the degrees of freedom at (3.7) are
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zero, so the additional degree of freedom is determined as

/K Vi (x — x5¢) dx. (3.9)

Thus, if this degree of freedom is also zero, we finally get v;, = 0 in K. From the above
arguments, it is easy to prove that the degrees of freedom (3.7) are unisolvent for V(K).
Indeed, since div v, = 0, v, = rot ( for some function (, so fK |vi|?> dx = 0 when the

degrees of freedom (3.7) are zero.

L?-projection ITY
The polynomial space (P;(K))? is decomposed into
(Pl(K))2 =rot PQ(K) + X,P()(K)

The L%-projection IT? : Vo(K) — (Py(K))? is computed as

/H?vh-pldx:/vh-pldx
K K

= / Vi, - (rot py + (x — X ) po) dx
K

1
- ¢ ix— 3 — : d
/K(ro Vy,) pa dX |E|/E(Vh TE) p2 ds

ECOK

+p0/vh~(x—xK) dx.
K

The right hand side can be evaluated by the degrees of freedom (3.7) and (3.9). We note that
it is possible to compute only the L*-projection II) : Vo(K) — (Po(K))? with the degrees

of freedom (3.7).
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Summary of properties of V(K) and V(K)

The space V(K) satisfies the following conditions:

e the dimension of Vy(K) is Ng.

the degrees of freedom (3.7) are unisolvent for Vo (K).

(Po(K))? C Vo(K).

the L2-projection ITIj are computable by the degrees of freedom of V(K).

We also summarize the important properties of V(K ):

the dimension of Vo(K) is Ng + 1.

the degrees of freedom (3.7) and (3.9) are unisolvent for Vo(K).

(Po(K))* C Vo(K).

the L?-projection IT{ are computable by the degrees of freedom of V(K).

A reduced edge virtual element space VO(K )

We introduce an idea to reduce the dimension of Vo(K). It comes from the required condition

that (Py(K))? C Vo(K). To be specific, we look at

/Kpg (x—xg)dx =0, Vpg <€ (Po(K))?

33



so the reduced local virtual edge space in [20] is

A

Vo(K) = {vi € (L*(K))* | div v}, € Po(K), 1ot v, € Po(K),

vy T € Po(E), YE C 0K, (vi,x — Xk )r2(x) = 0}

In conclusion, it is easy to check the properties of the space VO(K ):

the dimension of V(K) is Npg.

the degrees of freedom (3.7) are unisolvent for Vi (K).
o (Po(K))?* C Vo(K).

the L2-projection IT{ are computable by the degrees of freedom of VO(K ).

Canonical basis with respect to the degrees of freedom

Let {x; };V:EI be the canonical basis of Vo(K) (or Vo(K)), that is, with the degrees of freedom
(3.7)

1
dofr, (x;) = W/E X; - Tids = Xj - Ti = 0y,

where 7, = x;41 — x; for 1 <i < Ng. Then, any vector function v, € Vo(K) is written as

Ng
Vh = Z (Vi Te)XE Or Z(Vh'Ti)Xi-
ECOK i=1

The global edge virtual element spaces

The global edge virtual element spaces are required to preserve the H(curl)-conformity

[18, 19, 20]. For the local virtual element space Vo(K), the global space in 2 dimensions is
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defined as

Vo (Kp) == {v € Ho(rot; Q) : vu|, € Vo(K), VK € I}

The global space corresponding to VO(K ) is defined in the same way. Their global degrees of
freedom are vy, - g for all interior edges of the decomposition K;,. Moreover, the global space

for Vo(K) needs additional global degrees of freedom Il Vi (X —xg) dx for all K € K,

3.1.3 Relations between V;(K) and Vy(K)

We present important relations between the local nodal space Vi (K') and the local edge space
V(K). These relations allow us to derive an efficient flux approximation in virtual element

framework.

Proposition 3.1. VVi(K) is a subset of Vo(K), and moreover

VVI(K) = {vi € Vo(K) | rot v, = 0} .

Proof. For any local function vy, € Vi(K), it is easy to check that div (Vuy,) = 0, rot (Vuy,) =

0, and Vv, - T € Po(E) for every E C K. Thus, we have Vv, € Vo(K), so

VVI(K) C {v, € Vo(K) | rot v, = 0}.

Now, both are finite dimensional spaces, and

dim (VVi(K)) = dim (Vy(K)) — 1 = dim (Vo(K)) — 1

= dim ({vy € Vo(K) | rot v, =0}).
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This proof is similar to the arguments in [20] showing the same relation between ‘A/l(K ) and

VO(K), i.e.,

~

VVi(K) = {vh € Vo(K) | ot vy, = o} .

Then, we verify the relation between the canonical basis functions, {¢;}~"; and {x; }jvfl

Lemma 3.1. In the space Vo(K) (or Vo(K)), we have

l=m+1

for1 <m < n< Ng.

Proof. Let wy, = —> " ., V. Then, w;, € VVi(K) C Vo(K) by Proposition 3.1. It is

clear to see that

dOfE(Wh) = dOfE(Xn - Xm>7

for all E C OK. Therefore, w, = X — Xm in Vo(K) by the unisolvent condition. O

3.2 Virtual Bilinear Forms for the Poisson Equation

We introduce bilinear forms appearing in virtual element methods for the Poisson equation.
These bilinear forms will be applied to construct the edge-averaged virtual element scheme.

The classic local bilinear form for the Poisson equation is denoted as

a’ (u,v) = / Vu - Vo dx.
K
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Since we do not know the explicit forms of uy, vy, € Vi(K) inside K, it would not be possible

to exactly compute a” (uy,, v,). Therefore, we use the equivalent bilinear form in [12, 13]
ar (up,vp) = / VI uy, - VIIY vy dx + S5 (uy, — T up, v — 1Y 03). (3.10)
K

for all uy, v, € Vi(K). In this case, the stabilization term S¥ will be chosen to verify that

there are positive constants ¢y and ¢; independent of hx such that
coa™ (v, vy) < S (vp, v) < cra® (v, vp),

for every v, € Vi(K) with IIYv;, = 0. These inequalities directly imply the norm equivalence,

Yo" (vn, vn) < agy (vn, vn) <Y @ (vn, 08), Vo € VI(K), (3.11)

for some positive constants v, and v* independent of hx. (See [12, 13] for details.) Here, we

introduce the most popular choice for S¥,

SE (up,vp) = zv:dofi(uh)dofi(vh). (3.12)

=1

Let TIV = (ITV),; be the matrix corresponding to the H'-projection, that is, (ITV),; =

dof,.(TTV ¢;). Then, the matrix corresponding to the stabilization term
Sy (@ — Ty 5, 6 — 1Y )
is computed by

I-1IV)T (1 -11V).
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Another choice of the stabilization term is the H2-inner product [31],

S?(Umvh) L= Z (uhyvh)Hl/Q(E) (313)
ECOK

-y [ [ b ) i) o)

_ 2
P Ix—yl

= > Iu(un)dn(wn),

ECOK

where 0 is the difference between the nodal function values at the two end points of E. The

matrix corresponding to this stabilization term can be simply computed as
(I 11%)"W(I - IT7),

where W looks like a Ny x Ny tridiagonal matrix with the sequence of entries (—1,2, —1)
and moreover (W); n,, = (W)n,1 = —1. Hence, we note that the bilinear form af(-,-) is

computed by the degrees of freedom V;(K) for both cases.

3.3 Construction of the Right Hand Side

We use an approximation technique for the right hand side presented in [12]. Let fI be a

piecewise constant approximation of f. Then, we define

R i= 3 [ o ax= 3 1Kl

KeKy, Keky

where
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Therefore, we obtain an approximation estimate (see [12] for details),

1/2
Fy(vp) — F(op) < Ch (Z |f|12ql(K)> |Uh|H1(Q) : (3.14)

KeT,
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Chapter 4

Edge-Averaged Virtual Element

Scheme

The weak formulation (2.2) for the convection-diffusion problem (2.1) is to seek u € H} ()

such that

B(u,v) = > BN(u,v) = F(v), Yve H)Q).

KeKky,

Then, since V3 (K1) C H}(Q), the bilinear form

B (up, ) = /K J(up) - Vo, dx (4.1)

is well-defined for uy,, v, € V4(Kj). The main idea is to approximate the local flux J(up)|, in
the local edge virtual element space Vo(K), and the approximation will be simply computed

by some function values on edges or vertices.
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4.1 A Flux Approximation in Virtual Element Spaces

We present a flux approximation for J(uy) in K using the degrees of freedom in V(K).

From the lemma 3.1 in [49], we have for any E C 0K,

Sp(e¥Pu) = ﬁ /E k' (J(u) - 7g) ds, (4.2)

for a given u € H}(2) N C°(Q). This identity can easily be extended to any line segment
linking two vertices of K. Then, the flux approximation Jx € Vy(K) is obtained by the

relation
dOfE<I€EIJK) = dOfE<l€EIJ(uh)) = 5E(ewEuh),
for all £ C OK. Hence, the approximation Jx € Vo(K) is written as

J(un)|g = Jr = Z (Jk - TE)XES

ECOK

where x g is the canonical basis of V(K) on each edge E. For any E C 0K, we have

Ji - Tg € Po(FE), which means that
JK *TE = /%E(SE(ewEuh), (43)

where

From the identity (4.3), we conclude that each degree of freedom of Jx € Vo(K) can be
expressed by nodal values of e¥Zuy, at the vertices of K. Thus, not only are the continuity

or exact form of some functions inside K not imposed, but also the locally defined function
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g in Remark 2.1 can be simply used. Moreover, it is clear to see that J(up) = Ji if

J(uh) € VO(K)

An approximating bilinear form B (.,

We present an approximating bilinear form with the flux approximation Jg. By substituting

Ji for J(up) in (4.1), we define a bilinear form

B (up, vp) = Z RE5E(6¢Euh)/ X - Vuy, dx. (4.4)

ECOK K

Then, it follows from (4.2) and (4.3) that

B (ur,vy) = Z /%EéE(ewEu)/ Xk - Vo, dx

ECOK K
= Z (%/EﬁEl(J(u) “TE) ds) /KXE -V, dx, (4.5)
ECOK

where u; is the nodal interpolant in V;(K},) of any continuous function u over Q in HZ(Q).
We note that it is still difficult to handle the bilinear form (4.4) because the exact forms of x g
and vy, are needed for the integration over K. We could approximate the integration using
the L?-projection ITJ over V(K), but this approach does not explicitly show the relation
between the bilinear form and the corresponding stiffness matrix. More importantly, a simple
modification with the assumption that Jx is constant implies another approximating bilinear

form. This bilinear form leads us to a stabilized virtual element scheme.
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4.2 Derivation of the EAVE Bilinear Form

The key idea is to simplify the bilinear form BJ (uj,v,) under the assumption that Jy is a
constant vector on K. Based on the simplified formula, a new approximating bilinear form

B (up,, vi,) will be defined. The following lemma provides the details for the simplification.

X3 X2

X1
Eig
X6

Figure 4.1: Examples of line segments linking two vertices in a polygon.

Lemma 4.1. Let E;; be a line segment linking two vertices x; and x; fori < j (e.qg. Figure

4.1). If Ji is a constant vector on K, then for any vy, € V1 (K),

> (k- 7E) / Xe-Vondx = Y wliiip, 05 (e"Piun)df (o), (4.6)
ECOK K 1<i<j<Ny
where wfy = —af (¢i,¢;), 05 (vn) = vn(x;) —vn(xs), and R, is the harmonic average on Ej;

for1 <1< j < Ny.

Proof. We assume that Jg is a constant vector on K. Then,

Qp(x):=Jg-x

is a linear polynomial for x € K. Let us simply write 0; = Jg - x; for 1 < i < Ny. Since

Ji € Vo(K) and $g € Vi(K), it follows from the unisolvent conditions of Vo(K) and V;(K)
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that

Ji = Z (Jxg-m)xe and Pg(x)= Zaigbi(x)

ECOK

in Vo(K) and Vi (K), respectively. We also obtain

/JK-VUth:/VCDK-VUth
K K

= / VIIY @k - VIIY vy, dx + ST (Px — 1Y Ppe, v, — 1Y wp)
K

because ®x = 1Y Px. We now focus on the first term

Ny Ny
/ VIIY @ - VIIY vy, dx = / (Z aivnm,-) : (Z vh(xi)vnm) dx. (4.7)
K K \i=1

=1

We have seen that .M V¢, € Vo(K), and all its degrees of freedom in Vo(K) are zero.

Hence, Zfivl V¢; =0 in Vy(K), and equivalently

/VH1V¢J"VH1V¢J‘ dx=— Y /VHY%'VHY@ dx.
% . JK

i=1,i#]

Using this fact, we distribute the integrant of the right hand side in (4.7) and factor out with

respect to

| vito, viTs, ax
K

for i < 7. Then, each term becomes

(oiun(x;5) + oj0n(x;) — oup(x;) — oj0n(%;4)) /K VIIY ¢; - VIIY ¢; dx

— (on() — on(x2)) (0; — o) (_ /KVHY@ - VIIY ¢ dx) .
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In this case, the factor o; — o; is written as

P

_ _ o~ K E;;
0; —0; = JK * Ty = IiEij(sij (6 ”Uh),

where 7;; = x; — X;.

We treat the second term in a similar way. We already know that SN ¢; = 1 in V4(K)

from the unisolvent condition, which implies that

Ny
S0y =Y ¢ — TV 65) = — Y 8% (¢ — Y oy, 61 — 11} ).

i=1,i#]

Likewise, if we distribute the second term and factor it out with respect to
S¥(¢; — Y ¢4, 5 — 1Y ¢5)
for i < 7, then we complete to prove it. O

Consequently, we define the EAVE bilinear form on an element K as

B (up, v) = Z wg/%Eijég(ewEiﬂ'uh)ég(vh). (4.8)

1<i<j<Ny

The discrete problem for the EAVE scheme is defined to find u;, € V;(K},) such that

> B (un,vn) = Fu(vn), Vo, € Vi(Ky). (4.9)

KeKy,

Moreover, it follows from (4.2) that

Bi(ur,on) = Y wf (’“‘i K (J(u) - 7ij) ds) 555 (vn). (4.10)

1<i<j<Ny 7341 Eij
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Remark 4.1. We emphasize that wg are computable and already given in the virtual element
methods for Poisson problems. In order to compute the bilinear form (4.8), we need the nodal
degrees of freedom (3.1) of up, vy, € Vi(K) and the locally defined function g, on the line
segment Ej;. More exactly, the local function can be given as Vg, (x) = aE.._lﬁEij - X with

7,

constant approrimations ag,; and Bg,; on Ey. Therefore, the bilinear form is computed by

()

'%Eijégij (6 B uh) = OéEijB(aEijilﬁEij ’ (Xi - Xj))uj - aEijB(aEijil/BEij ' (Xj - Xi))ui7

where B(z) is the Bernoulli function defined in (2.13).

In summary, we approximate the local bilinear form (4.1) using the flux approximation in
the local edge virtual element space Vy(K), and then approximate the form (4.4) under the

assumption that Jx is a constant vector in K,

BK(uh,vh) ~ Bf(uh,vh) ~ B}{((uh,vh).

We note that these approximate relations become equalities if J(uy,) is a constant vector on

K. The assumption that J(uy) is constant will be a key condition in error analysis.

4.3 Monotonicity

The following lemma shows that the EAVE method is monotone if the stiffness matrix from

af (¢4, ¢;) is an M-matrix.

Lemma 4.2. [f the stiffness matriz for the Poisson equation with the virtual bilinear form
(3.10) is an M-matriz, then the stiffness matriz from the EAVE method (4.9) is an M-matrix
fora € C°(Q) and B € (C’O(Q))z.
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Proof. We consider the stiffness matrix whose components are

KeKy,

If m # n, it is clear to see that B,,, = 0 if the two corresponding vertices to ¢,, and ¢, do
not share a polygon in ;. Otherwise, we let IC,,,, be the set of polygons shared by the two

vertices x,, and x,,. Then, each component becomes

Byn = Z Bli(((bmqﬁm)

For any polygon K € K,,,, we have
B}[Z((gbn’ ¢m> — —wT[rin/%Emne"pEmn (xn) or _ wi(m'%EnmewEnm (Xn)

Note that B (¢, ¢m) depends on the local indices of m and n which are determined coun-

terclockwise in K. Hence, since w® = —a(¢,,, ¢,) > 0 and ip,,, > 0, it is easy to see that

Bpn < 0.

Moreover, it follows from the unisolvent condition in V;(K) that

Keky,

if x,, has no neighbor on the boundary. If x,, has a neighbor on the boundary, then Zm By >

0.
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Chapter 5

Error Analysis

In this chapter, we will prove the discrete inf-sup condition to guarantee the solvability of
the discrete problem (4.9). This inf-sup condition will be also used to show the order of

convergence in terms of

h := max hg,
KeKky

where hg is the diameter of each element K € [C),.

5.1 Some Estimates of the Bilinear Forms

In this section, we show upper bounds of the difference between the bilinear forms B¥(-, ")
and B (-,-). These bounds will be used to prove the discrete inf-sup condition. The key

condition is that

BK(w,vh) = B,If(w,vh) = B,If(w,vh), Yoy, € V1(K)
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if J(w) is a constant vector.

The norm equivalence between LP-norm and L?-norm in the finite dimensional space V;(K)
will be used. It is well known that all norms in finite dimensional vector spaces are equivalent.
However, since all types of shape-regular polygons are considered, it is not clear to show how
the constant involved in the norm equivalence depends on the properties of polygons. The
constant may not bounded in some cases. Hence, for a finite dimensional vector space V,,(K),

we define

C(K):= sup —HMHLP(K)
e (k) 1l 22

with hyx = 1, and we prove that C'(K) is uniformly bounded for any shape-regular polygon
K.

Lemma 5.1. (Norm FEquivalence) Let V;,(K) be a finite dimensional subspace of LP(K) for

any p > 1. Then, every element p € V,,(K) satisfies

2/p—1
el 2oy < CREP Ml z2 ) (5.1)

where C' 1s a generic constant independent of hy.
Proof. See Appendix A. n

We present and prove the following result.

Lemma 5.2. Let p, q, v, and 1 have the relations,

1 1 1
- 4+-=1 and -=
p q q

S | =
[\l Rt

with 0 < n < 1and 1 < r < 2. For any K € K, we assume that w € C(Q) and
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J(w) € (W (K))% Then, for any v, € Vi(K), it holds that
‘BK(wv un) — By (wr, Uh)‘ < Ch%p_l/q |J(w)|Ww(K) |Uh|H1(K) :
Proof. From (4.5) and (4.10), the difference is written as

BK(w,Uh) — Bf(w;,vh) = El(J(w), Uh) + 52(J(w),vh),

where & (J(w),vy) = BX(w,vy,) — BE (wr,vp) and Ey(J(w),vy,) = BE (wr,v,) — BE (wr, vp).

In this case, &(-,vp) for i@ = 1,2 are considered as linear functionals, so we first show
that they are continuous (or bounded) linear functionals. With scaled elements K =

{x|x=x/hg,x € K} and scaled functions 0,(X) := v,(hgxX) = wvu(x), it follows from

the change of variables that

—

B (w,vp,) —/ J(w) - Vo, dx = hK/ J(w) - V), dX.
K

K
Then, the scaled integration is bounded as

—

< N oy [onlwin iy (5:2)

/m-@@dﬁ
K

using Holder’s inequality with 1/p+1/q = 1. It also follows from (4.5), (4.10), and the same

scaling that

B B (o 00)| < CIT@) gagiy iy (53)
and
B BE (o, 00)| < CHT0 iy oy (54)
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Let us denote the scaled functionals as

— 1

E(J(w),5) = —&(J(w),v,), i=12.

From (5.2), (5.3), (5.4), and the Sobolev embedding theorem [1], we have

E(J(w), 0n) < Cill (W)l Lagicy [0nlwro(i)

< Ci||J(w)HWw(K) |@|W1m(f() )

for 0 <y < 1land 1 <r < 2. The constants C; may vary at each line. Hence, the scaled
linear functionals &(-,4;,) are bounded above. From (4.5), (4.10), and Lemma 4.1, we have
a(m, op) = 0 if J(w) is a constant on K. Therefore, it follows from Theorem 6.1 in [35]

and the Blamble-Hilbert lemma that

(J(w), 5)

)

hit&(J(w),vp) =

< ‘J(w”Wn»r(f() ’@‘Wlm(f{) :

9

By scaling back to K and using Lemma 5.1, we get

Ei(T(w), vn) < Chil™ 1T (w) lwne () 10w s i) -

Similarly, another upper bound is given with different norms.
Lemma 5.3. If we assume that w € C(Q) and J(w) € (WY(K))? with s > 2 for any
K € Ky, then

| B (w,vi) — Bff (wr,v)| < CR3*° | (W) |yyrrs a0y [0 1) 5
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for any vy, € V1(KCp).

Proof. The proof of this lemma is similar to that of the previous lemma. We look at the

same expression
B"(w, o) = By (wr, o) = E(J(w), vn) + E(J(w), vp),

and we bound the scaled linear functionals cSA'Z(, 0p,) in different norms. Indeed, we obtain an

upper bound

—

< CKH‘]<w)HL°@(R’) |6;L|H1(f() :

/m-ﬁd&
K

By applying the same scaling to the intermediate term (4.5), we have

BE(wr,vn) = hx Y (“—E RN (T (w) - Tp) d§>[XE-@@ dx,

N . B
i \Imel Ji K

where

1 1
X A—1 g~A
ka=|—— | R-"ds .
" (|TE!/E E )

Thus, we have an upper bound for the scaled version of (4.5),
|hid' By (wr, vn)| < Coll (W) oo (i) O] 1 ) -

The constant C, g may depend on ||x || L2(R)? which is guaranteed to be properly bounded
because X is a basis for a finite-dimensional space Vo(K). For (4.10), it follows from the

same scaling that

A /"j:'/f, — N
B (w,on) =he Y. wh (i g (T(w) - 7y) dé) 35 (@),

1<i<j<Ny il JB,
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where ¢ and j are the indices of the vertices of K that coincide with those of K. Since we

have a bound of wfj from (3.11),
Wl | <7101l )| 3]ty
the scaled one for (4.10) is bounded as
i B (wr, )| < Cog 17w ity s ey

The constant Cq g in this case may contain |¢;| ), but it is bounded by a constant so that
it is omitted. Thus, the scaled linear functionals &(-, 7)) are bounded with respect to L>°-
norm and H'-seminorm. By the Sobolev embedding theorem [1] and the Blamble-Hilbert

lemma, we get

E(J(w), 0n) < CllJ(W)|| oo gy 1Ol (1)
< CllJ(W)llws i) 0l

< C|J(w)|W1,S(K) ‘6;1|H1(f{)

1-2/s
= Chi |7 (w)lwre) [vnl g ey

for s > 2.

From the Lemma 5.2, we will derive another upper bound for the difference B (wy,, vy) —
BJ (wp, vy,) with respect to [Wh g1 (k) and [Vp] g1 - In this case, it is important to know that
|wh| g2y # O for the virtual element function wy, € Vi (K) while [p1] g2 = 0 for p1 € Pi(Th)
in the standard linear finite element method. Instead, we use the regularity result presented

in [9, 34, 40] that there exists 1 € (0,1) such that |wp| g4y ) = 0.
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Lemma 5.4. For any K € Ky, we assume that J(wy) € (W™ (K))? for any wy, € Vi(K).

Then, we have
| B* (wn, vn) — By (wn, vn)| < Cphi [wn] g ey 10n] iy
where the constant Cg is independent of hy.
Proof. From Lemma 5.2, we have
| BX (wy,, vn) — BE (wn, vi)| < ChiP™ T (wy) [wnr i) Va1 i)
for all wy,, v, € V1(K). For any given polygon K, the constant n € (0, 1) is chosen to satisfy
|wh|H1+n(K) < CHAwh”H—H"(K) =0
(see e.g., [9, 34, 40]). Hence, Lemma 5.1 provides the following estimate
| (wn) lwaer(iey < CRIE T (wp) i)
and Proposition 2.2 in [45] implies that

|J(wh)|H’7(K) < [aVwy, + /Bwh|H’7(K)
< |a|HU(K) |wh|H1+n(K) + |18|H’7(K) |wh|Hn(K)

1—
< hi "Bk |wh|H1(K :
(K) )

Therefore, it follows from the relations in Lemma 5.2 that

1 1 2
ooy f 141 -p=1,
poq
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and one can see that the constant Cjz contains |/6|Hn(K)'

5.2 Well-Posedness of the Discrete Problem

Basically, our strategy to prove the discrete inf-sup condition is to observe that for wy,, v, €

‘/1<K:h)7
By(wp, v) > B(wp, vy) — | Br(wp, v,) — B(wp, vg)]

Then, the difference between the two bilinear forms can be controlled by Lemma 5.4, and

the first term is done by the following inf-sup condition: For a constant C'g > 0, it holds

B
wp  Blwwm)

> Cpllwnl[ ),  Ywn € Vi(Ky). (5.5)
v €V1(Kr) thHHl(Q)

From (2.3), it is immediate to have the inf-sup condition in the space H}(f2), that is, there

exists v € Hj () such that
B(w,v) > Cpllwllm@llvlme), Yw e Hy(Q),

for some constant Cz > 0. Likewise, since V;(K;) C H(S2), there exists v* € H(Q) such

that
B(wp, v*) > Cpllwp|lm@llv* |mi@)y,  Vwn € Vi(Kh).

However, this result is not enough to imply (5.5) because we cannot guarantee that v* €

Vi(Kp). In this situation, we use the mathematical techniques in [16] to seek v} € Vi(KCy)
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satisfying the inequality for every wy, € V4(Ky). The proof is similar to that of [16], but we

want to present it here because we consider a slightly different bilinear form,
a(w,v) = / a(x)Vw - Vo dx,
Q

for any w,v € H} ().

Lemma 5.5. Assume that 0 < apin < @(X) < max. For any given v* € H} (), there exists

vy € Vi(Ky) such that

a(vy,vp) = a(v®,vy), Yo, € Vi(Ky). (5.6)
Moreover, the error bounds are given as

[v* = vpllze) + Rllv" — vy llm@) < Cabllv*||mg), (5.7)

for some constant C,, > 0 depends on « but is independent of h. More precisely, the constant

1 presented as

amax
C, = Coppax (1 + ) )
Omin
Proof. It is immediate to see that for any v, € V4 (K),
a(Vn, Uh) > min|Unl701 ()

so the problem (5.6) has a unique solution. Moreover, we have

i [V 1) < a(v5,07) = a(v, ;) < [V | 03 112
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which means that

Oémax

[onllme) < [v* |10 (5.8)

min

In order to use the duality argument, we assume that ¢ € H?(Q2) N Hy () is the solution of

the variational problem,
a9 0) = (07 = 04 0oy V0 € HYO). (59)

Since ¢ is a continuous function, its interpolant on V;(kC;) is well-defined and denoted as
7. Then, by Proposition 4.3 in [12] and the regularity theorem, the interpolation error is

bounded as
le = rlla@) < Chllellaze) < Chllv" —vgll2 ). (5.10)
By choosing v = v* — v} in (5.9) and applying (5.6), we have

[0* = v; [ 720 = ale,v™ = v})
= a(e — or,v" —vp) +aler,v* — vy)

= CL(SO_QODU* _v;kz)'

The Cauchy-Schwarz inequality and (5.10) imply that

a(p — o5, v —vp) < Qmax|| — SOIHHI(Q)HU* - vZHm(Q)

< Comaxh||v* = v || L2 10" = vk || 12 (@)
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Therefore, it follows from the triangle inequality and (5.8) that

min

* * Oémax *
o = il < (1 22 ol
which yields that

[0* = vpll2@) < Cahl[v™ || @)-

With the results in the above lemma, we prove the inf-sup condition (5.5) in the discrete

space V1 (Ky,) with a sufficiently small h. Similar mathematical techniques are also presented

in [16).

Lemma 5.6. (Inf-sup condition for B(wy,vy)) Assume that 0 < amin < @(X) < Qmax, and

B € (WH>(K))? for any K € Ky. Then, for a sufficiently small h satisfying

1

h < hy= C_1B [Ca”BHWl’(’O(Q)}i ’

we have

B
sup (U)h, /Uh)

> Cpllwn||l g1y, Ywn € Vi(Kh),
v €VA(KR) HUhHHl(Q)

where

Cp = zmi“ (Cp = CallBllwr@h) -

max

Proof. As we mentioned earlier, there exists v* € Hj () such that

B(wp,v*) > Crllwpll gy |lv* @), Ywn € Vi(Ky),
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for some constant C'z > 0. Let us denote

b(w,v) = / wPB - Vo dx.
Q
Thus, it follows from (5.6) that there exists v; € V1(K},) such that

B(wn, vy,) = a(wn, v;) + b(wn, v;)
= a(wp, v") + b(wy, vy — v*) + b(wy, v¥)

= B(w,v") + b(wp, v;, — v*).
By applying the integration by parts and using the estimates (5.7), we obtain

b(wp, vy, —v*) = / wpB - V(v —v*) dx
Q
= / div(wpB)(v; — v*) dx
Q

< |div(waB) | L2 lv, — v [ 2

< Col|Bllwree ) hl|wn |l 51 @)l|v* || 21 (0)-
Therefore, we have a lower bound
B(wy, vi) = Crllwn | mol|v* i) — CallBllwre@ybllwn |l mroyl|v* || (o)

For any sufficiently small h satisfying

1

h < ho = Cp [CallBllwre@)]

we obtain from (5.8)

B(wn, v,) > Cpllwp||m@)llvnll 21 )
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where the constant Cz > 0 is expressed as

Cp = 220 (G — Cl|Bllwro@h) -

max

Therefore, our approximating bilinear form (4.8) satisfies the discrete inf-sup condition with
a sufficiently small h. See also [42, 49] to find similar arguments in the standard linear finite

element space.

Theorem 5.1. Assume that « € WH*(K), B8 € (W'°(K))?, and J(wy,) € (W (K))? for

any K € K. Then, for a sufficiently small h satisfying
h < min{hg,h1} where hy:=CpCZ",

we have

By (wp, vp)
sup ————=

> Cp,llwnllmi@),  Vwn € Vi(Ky), (5.11)
v €V1(KhR) ||Uh||H1(Q)

where Cg, = Cp — Cgh.

Proof. By Lemma 5.6, there exists v, € V;(K},) such that

B(wp,v
Blwn, vn) > Cpllwpllar), Ywn € VA(ICh).
[vnll (e

With the given function vy, we observe the following identity

Bh(wha Uh) B(wh,vh) Bh<wha Uh) - B(whﬂ)h)

lvnllar)  lonlla e |vnll a1
We can see that the first term is easily bounded below, so we focus on the second one. Then,
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it follows from Lemma 5.4 that

| Br(wn, vn) — B(wn, va)| < Ch lwnll g 1onll gy -
Therefore, for any sufficiently small h satisfying

h < hy = CpCy',

we have the following estimate

By (wp, vp)

ZC Wh||HL(Q)
ol = 2l

where Cp, = Cp — Cgh. O

5.3 Convergence Analysis

Finally, we obtain the convergence error estimate from Lemma 5.3.

Theorem 5.2. Assume that « € Wh(K), B8 € (Wh(K))?, and J(w) € (W'¥(K))? for
any K € K. Then, for h < min{hg, h1}, we have

1/2
lur = unllmi) < Ch ( @ e + Y IfI?p(m) :

Keky, Keky
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Proof. By choosing w;, = u; — uy, we have

Cyllur — unllmr @ lvnll @) < Br(ur — up, vp)
< Bp(uy,vp) — Fp(vp)

< Bp(ur,vn) — B(u,vn) + F(vn) — Fr(vn)
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Chapter 6

Numerical Experiments

In this chapter, we conduct numerical experiments to check our theoretical results presented
in the previous chapters. Several diffusion-dominated problems will be tested to check the
convergence result. The stabilization effect of edge-averaged schemes will be shown by some
convection-dominated problems. Numerical experiments are implemented by authors’ codes

developed based on iFEM [32].

The following mesh types on the square domains are considered:

e para: a mesh composed by structured parallelograms and triangles;
e rand: a Voronoi tessellation;

e voro: a Voronoi tessellation where the cell shapes are optimized via a Lloyd algorithm

[48];

e ncvx: a mesh composed by structured non-convex polygons and triangles.
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para rand

IV

S S S S S

voro ncvx

KK

KLLKLKL

Figure 6.1: The mesh types on the square domain.

Since we do not have the exact form of vy, we use some computable mesh-dependent norms.

Using the bilinear form of the VEM for the Poisson equation, we define the A-norm as

1/2
A (Z ahK(vh,vh)> . Yo, € Vi(Kh).

Keky

From the property of the bilinear form (3.11), the A-norm is equivalent to H'-seminorm

|1 (q)- Another mesh-dependent L*°-norm,
[0nlo = max (dofy(fvn])), Vo € Vi(Ka),

is used to check existence of extreme spurious oscillations.
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6.1 Diffusion-Dominated Problems

We numerically solve convection-diffusion problems in the diffusion-dominated regime using

the EAVE method, and check the rate of convergence in the mesh-dependent norm errors.

Test problem 1: Diffusion-dominated

We consider the convection-diffusion problem [36] defined as

-V (aVu+pu)=f inQ=(-1,1) x (=1,1),
u=g on 0f),
with « =1, 3= (0,—1), and f = 0. Its exact solution is

x(l — e(y_l)/a)
1 —e 2/ 7

u($7y> =

and the boundary condition ¢ is given from the exact.

In Figure 6.2, the rates of convergence in the A-norm error and the discrete L>°-norm error
are shown. The convergence rates in the A-norm error for the mesh types are consistent
with the theoretical convergence error estimate in Theorem 5.2. Some superconvergence is
shown with the mesh types para and ncvx. This is because the mesh types basically consist
of structured polygons and the mesh-dependent norms are computed on them. It is easy
to see that the EAVE method provides good approximations at the internal vertices of the
mesh types by checking the discrete L>-norm errors. We note that the bilinear form SZ (-, -)
in (3.13) was applied to get the results in Figure 6.2, and the other one S§(-,-) in (3.12)

gave similar results.
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Figure 6.2: Convergence rate of the mesh-dependent norm errors (test problem 1).
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6.2 Convection-Dominated Problems

The main goal of using the EAVE method is to get stable discrete solutions to convection-
diffusion problems in the convection-dominated regime. The stable solution means a discrete
solution without spurious oscillations or with smaller oscillations as well as it captures sharp
boundary layers. Since the size of sharp layers usually depends on the diffusion coefficient, the
coefficient is chosen in the intermediate regime or little bit smaller (compared to the range of
the mesh size h that we use). Moreover, one can see that the seminorm [.J(u) |1 (g belongs
to the error bound in Theorem 5.2. Hence, extremely sharp layers would deteriorate the rate

of convergence.

Test problem 2: Convection-dominated with a sharp layer

Figure 6.3: The interpolant of the exact solution, uy, on the mesh voro (test problem 2).

We consider the convection-dominated problem presented in [36],

—V - (eVu+Bu)=f in Q=(0,1) x (0,1),

u=g on 0f),
with e = 1072, 8 = (0, —1), and f = 0. The exact solution is given as
1 — ely=1/e
u(z,y) =z (W) )
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and the boundary condition comes from the exact solution (see Figure 6.3). We can see that

the exact solution has sharper boundary layer around y = 1 when e becomes smaller.

Figure 6.4: The SUPG solution when € = 1/64 and h = 1/8 (test problem 2).

In [36], the SUPG method [27] was applied to solve this problem. The numerical results
in [36] showed the H'-seminorm error of the SUPG solution is smaller than that of the
standard FEM solution. However, even though the local error except the boundary layer
was very small, the global error slowly decreased as the grid is successively refined. Figure
6.4 also shows that the SUPG solution is highly oscillatory around the boundary layer, and

the spurious oscillations seem to propagate into the domain.

Figure 6.5: The EAVE solution with the bilinear form S{ on voro (test problem 2).

On the other hand, we apply the EAVE method with the stiffness matrix for the Poisson

equation with the virtual bilinear form,

ar (up, vy) = / VY uy, - VIR vy dx + S5 (u, — T up, v, — T 03).
K

68



One can find the exact definition of Sf§ in (3.12). As we see in Figure 6.5, the EAVE solution

has no such oscillation, and seems to properly capture the boundary layer on the mesh voro.

Figure 6.6: The EAVE solution with the bilinear form SX on voro (test problem 2).

We also tested the other bilinear form SX presented in (3.13). The EAVE solution with
SE is shown in Figure 6.6. Even though there is no severe oscillation around the boundary
layer, the solution contains minor oscillations around the yellow part. We expect that this
K K

voro, S, voro, S,

. B_>0.008
mn 1

20 20 -

30+ 30+
40 40
50 - 50 -
60 - 60 -
70+ 70+

80 - 80 -

90 [ 90 [

0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90

nz =105 nz = 95

Figure 6.7: The information of positive components in the stiffness matrices with S .

phenomenon is related to the M-matrix condition or monotonicity of the the stiffness matrix

of the EAVE method,

By = Z Bii(((bnaqﬁm)

KeKy,
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Figure 6.7 shows the information of positive components in the stiffness matrix with SJ.
We find some positive off-diagonal entries, so the stiffness matrix on the mesh voro fails the
M-matrix condition. However, the maximum value among the positive off-diagonal entries
is 0.0074 (see the right plot in Figure 6.7) while the minimum of the diagonal entries is
0.0695. This implies that the stiffness matrix is diagonally dominant, and it contains only
small positive off-diagonal entries. These two conditions lead the stiffness matrix to partially
satisfy the Lorenz’s sufficient condition for monotonicity [44] (see also [43]). The Lorenz’s
condition is known as a sufficient condition for monotonicity when the stiffness matrix is
not an M-matrix, and this condition implies that the stiffness matrix is the product of two
nonsingular M-matrices. Therefore, even though the stiffness matrix is not an M-matrix, it

would be possible to see that the matrix implies monotonicity.

voro, sk voro, sk

0 E 0 E
B >0 . B_ >0.059
10} mn” " | 10 mn 1
20 20k
30 - 30 -
40 L) ] 40
50 - . . X_ 1 50 -
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70 + - ° -..' . 1 70 b
80 | ..'.'l:' 80 |
&

90 - 90 -

0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90

nz = 401 nz =95

Figure 6.8: The information of positive components in the stiffness matrices with SE.

In Figure 6.8, we can see that the stiffness matrix with SX has more positive off-diagonal
entries than Sf. The maximum of the positive off-diagonal entries is 0.0590, and the min-
imum of diagonal entires is 0.1195. Hence, compared to the stiffness matrix with Sf, it is

not likely that the stiffness matrix with SE is monotone.

Furthermore, convergence rates of the mesh-dependent norm errors with S are presented

in Figure 6.9 and 6.10. The convergence rate (para) means that the EAVE solution on the

70



parallelograms is the same as the interpolant u; of the exact solution at the structured grid

points. The mesh type ncvx has super-convergence because this mesh has structured grid

para rand
100 F 1 =1
102} H'-error | | 10t P i
L*>-error T -k
- - -
104 E 1 P -7 -
£ T _- ///
.- ,* -
100 F 1 102F P4 -7 k!
5 -7 e
& el ] & s .
’ - ’ /// 1
Wb ] , *” e —*=H-error
0T e o7 = o089y | |
124 P P ( )
0 i v’ e -% L*-error
j - Al
, e onh'’)
i -
. - 10 . L4

1072 107 102 107!

Figure 6.9: Convergence rate of the mesh-dependent norm errors with Sf (test problem 2).

points. When the random polygonal mesh (rand) and optimized polygonal mesh (voro) are
given, the mesh dependent A-norm error has the first order convergence rate. The mesh
dependent L*>°-norm error almost has the second order convergence rate, and it implies that

there is no severe oscillation observed in the SUPG solution.

voro NCvX
=
107 E //'/' -4
/'/. //
- - //
- 7
e rd
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< -7 e
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Figure 6.10: Convergence rate of the mesh-dependent norm errors with Sif (test problem 2).

With the bilinear form SX, we check the convergence rates of the mesh-dependent norm
errors. Figure 6.11 and 6.12 show the convergence rates in the different mesh types. On the

structured meshes para and ncvx, it is shown that the A-norm errors have super-convergence.
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Figure 6.11: Convergence rate of the mesh-dependent norm errors with S (test problem 2).

Compared to the convergence rate with S5, even though the numerical solution has small

oscillations, the convergence rates of the A-norm errors look faster in the mesh type rand

and voro. The L*-norm errors also tend to decrease faster. This implies that the small

voro

o= luyuplla ||
""O(h1‘4)
=G lu-u i
I O(h1'7)

107

ncvx

||U|_uhI|A
,,,,O(h2.4) ]
lu-u i

- o(h2.9)

107

Figure 6.12: Convergence rate of the mesh-dependent norm errors (test problem 2).

oscillations are suppressed as the meshes are refined, and the shape boundary layer is resolved

when small mesh size is applied.

For example, Figure 6.13 displays the EAVE solution with S& and the mesh type voro when

¢ = 1072 and h = 1/32, and Figure 6.14 shows the EAVE solution with the mesh type

rand. We saw from Figure 6.6 that the EAVE solution with S had small oscillations when

h =1/8, but we can see from Figure 6.13 that such oscillations disappear and the boundary



layer is perfectly resolved when h = 1/32. Similarly, on the random polygonal mesh rand,

Figure 6.13: The EAVE solution with the bilinear form SX on refined voro (test problem

we obtain a quality discrete solution capturing the sharp boundary layer without spurious

oscillations when h = 1/32.

Figure 6.14: The EAVE solution with the bilinear form SX on refined rand (test problem

Through this test problem, we can see that the EAVE method provides discrete solutions
without spurious oscillations or with smaller oscillations while resolving the sharp boundary
layer. It is shown that random polygonal meshes can be applied as well as the EAVE solutions

are better than the SUPG solutions in this test problem. See also the following figures.
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Figure 6.16: The EAVE solution with the bilinear form Sf on refined rand (test problem

Figure 6.17: The EAVE solution with the bilinear form Sf on refined voro (test problem
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Test Problem 3: Extremely sharp boundary layers
We consider the same convection-diffusion equation —V - (eVu + Bu) = f with
e=10"".

The other conditions are the same as the test problem 2. Since the seminorm [J(u)]y . ()

voro rand
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Figure 6.18: Convergence rate of the mesh-dependent norm errors (test problem 3).

is contained in the H'-norm error bound in Theorem 5.2, it is not possible to obtain a
reasonable rate of convergence in the mesh-dependent A-norm. More exactly, Vu around

the boundary layer depends on €', so adaptive mesh refinement is needed to capture the

layer.

Figure 6.19: The EAVE solution with the bilinear form S{ on voro (test Problem 3).

5



However, we can obtain stable solutions to the test problem by using the EAVE method,

and the convergence is verified by the mesh-dependent L*-norm error (see Figure 6.18).

Figure 6.20: The EAVE solution with the bilinear form Sf on refined voro (test Problem

In Figure 6.19, we are convinced that the EAVE solution on the voro mesh is stable while
the solution resolves the sharp boundary layer within the give mesh size. Figure 6.20 shows

that the EAVE solution on the refined mesh contains a shaper boundary layer.
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Appendix A

Proof of the Norm Equivalence

Main statement in of lemma 5.1

Let V,(K) be a finite dimensional subspace of LP(K) for any p > 1. Then, every element
w € Vi (K) satisfies

2/p—1
el 2oy < CREP Ml z2 )

where C' is a generic constant independent of hy.

Proof

If p < 2, it is straightforward to show the inequality (5.1) using Holder’s inequality. For any
p > 2, we use the argument presented in [33] so that it suffices to prove the estimate (5.1) with
scaled elements K := {X | X = x/hg,x € K} and scaled functions ju(X) 1= p(hgxX) = pu(x).
Let K be the set of all scaled polygons satisfying the shape regularity assumptions [26, 33].

Since all norms on finite-dimensional vector spaces are equivalent (see details in [25]), we
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define

. fi A
C(K):= sup “ﬂ (A1)

AEV, (K) ||U||L2(f()
for any polygon K € K. We prove that C (K ) is continuous with respect to K in a compact

set K, which implies that C'(K) is uniformly bounded for & € K.

Let K¢ := TE([A( ) be a small perturbation of K using a mapping 7.. The mapping 7. is
explicitly defined as follows: For a finite number of points on K including all the vertices,
a triangulation of K is defined with a point inside K because K is a star-shaped polygon.
While the points on 0K slightly move a distance of ¢, affine mappings from triangles in K
to those in K¢ are defined (e.g. Figure 6.1), and each of the affine mappings converges to

the identity map as € goes to 0.

Figure A.1: An example of the mapping 7. from K to K¢

Let ., € V,(K) be the maximizer of (A.1), that is, C(K) = [l £ iy /11l L2y - For every
e > 0, we define p¢ := p, o7 € Vh(f( ¢) which converges pointwise to u. as e approaches
to 0. Then, it is straightforward to verify that [|ugl| s z-y and |45l 12 <) are converging to

[l Loy and |l g2z - Tespectively. Hence, we have

C(KE) - ||:ui|ILP(f(f) H“*HLP(k)
Tl Il

—C(K) as ¢—0.

On the other hand, let uf € V4 (K¢) be the maximizer for C'(K¢) for every ¢ > 0, and

py = ps o 7. Then, it follows that C(K¢) < C(K) as e goes to 0.
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