
UCLA
UCLA Electronic Theses and Dissertations

Title
Directly Modulated Magnetic Pendulum Arrays for Efficient Ultra Low Frequency 
Transmission

Permalink
https://escholarship.org/uc/item/9jz1x17m

Author
Mysore Nagaraja, Srinivas Prasad

Publication Date
2020
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/9jz1x17m
https://escholarship.org
http://www.cdlib.org/


 

 

UNIVERSITY OF CALIFORNIA 

Los Angeles 

 

 

Directly Modulated Magnetic Pendulum Arrays for Efficient Ultra Low Frequency Transmission 

 

 

 

A dissertation submitted in partial satisfaction of the  

requirements for the degree Doctor of Philosophy  

in Electrical and Computer Engineering 

 

by 

 

Srinivas Prasad Mysore Nagaraja 

 

 

 

 

 

 

2020 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

© Copyright by 

Srinivas Prasad Mysore Nagaraja 

2020 



ii 

 

ABSTRACT OF THE DISSERTATION 

 

Directly Modulated Magnetic Pendulum Arrays for Efficient Ultra Low Frequency Transmission 

 

by 

 

Srinivas Prasad Mysore Nagaraja 

Doctor of Philosophy in Electrical and Computer Engineering 

University of California, Los Angeles, 2020 

Professor Yuanxun Wang, Chair 

 

The frequencies lying between 300 Hz to 3 kHz have been designated as Ultra Low 

Frequency (ULF) with corresponding wavelengths from 1000 Km to 100 Km. Although ULF has 

very low bandwidth it is very reliable, penetrating and difficult to jam which makes it a great 

choice for communication in underwater and underground environments. Small and portable 

ULF antennas within a diameter of 1 meter would operate under an electrical length on the order 

of 10−4 to 10−6 wavelengths in free space, making them very inefficient because of fundamental 

limits on radiation from electrically small antennas. To overcome this problem, Mechanical 

Antennas or ‘Mechtennas’ for Ultra Low Frequency Communications have been proposed 

recently. For efficient generation of ULF radiation, we propose a portable electromechanical 

system called Magnetic Pendulum Array (MPA) with Direct Antenna Modulation (DAM).  

MPAs use an array of mechanically oscillating permanent magnets to efficiently generate ULF 

radiation. Proof of concept demonstrations of the 1D array system and 2D array system at 1kHz 
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and 700 Hz respectively are presented. A Direct Antenna Modulation (DAM) scheme with 

Binary Frequency Shift Keying is implemented achieving a data rate of 18 bps on the 2D array 

system. The theory and experimental results demonstrate that such a system can achieve a 

significantly higher quality factor than conventional coils and thus order of magnitude higher 

transmission efficiency. The concept can be easily scaled to the ULF range of frequencies with 

more complicated modulation schemes for higher data rates. 
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Chapter 1 

1 Introduction 

1.1 Why ULF? 

It becomes impractical to use conventional Radio Frequency (RF) transmission and 

reception in underwater and underground communications as the medium can distort and, in 

many cases, completely block the signals from propagating between the transmitter and receiver 

in such environments. The very same physics which makes RF communication possible also 

imposes some strict limits on propagation of electromagnetic waves when they encounter 

materials like water, soil or stone which block or attenuate the radio signals. The skin depth (𝛿) 

equation given by 𝛿 =
1

√𝜋𝑓𝜇𝜎
  where f is the frequency of the field, 𝜇  is the magnetic 

permeability of the material and 𝜎 is the conductivity of the material [1] clearly demonstrates the 

large attenuation of the high frequency electromagnetic fields. For example, the skin depth for a 

100 MHz signal is about three orders of magnitude smaller as compared to the skin depth of a 1 

kHz signal in the same medium. The large attenuation of electromagnetic waves in ocean water 

is due to its high conductivity. Fig 1.1 is a composite sketch of the attenuation of a plane 

electromagnetic wave in sea water as a function of frequency. We can clearly see from the figure 

that only at Ultra Low frequencies and at optical frequencies is the attenuation low enough to 

allow useful penetration. Other natural media such as soil and rock typically have much smaller 

conductivities as can be seen in Table 1.1 [3]. Thus, it is advantageous to use low frequency 

signals when the medium has strong absorption. Frequencies lying between 300 Hz to 3 kHz 

have been designated as Ultra Low Frequency (ULF), with corresponding wavelengths from 
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1000 Km to 100 Km. Radio signals at these frequencies can penetrate some distance into media 

such as water, soil, and rock.  

 

Figure 1.1: Attenuation of EM wave passing through Sea Water (adapted from [2]) 

Although ULF has limited bandwidth, and thus low data rates, it is an attractive choice for 

underwater and underground environments where high frequency radio signals cannot reach as 

ULF is reliable, can penetrate these media, and difficult to interfere with. ULF is advantageous 

over the use of acoustic waves because it is immune from the reverberation associated with 

acoustic waves, especially in and around the obstacles such as bridges and vessel hulls. 

Therefore, ULF has been widely used for military applications involving long range 

communications with submarines and underground mines. 

1.1.1 ULF Communication Antennas: Current state of the art 

For considering ULF communication links with practical applications rather than pure 

academic interest existence of practical transmitting and receiving antennas is required. To date 
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Figure 1.2: ULF antennas can enable underwater and underground communications. 

Table 1.1: Conductivities of Earth Media 

Medium Conductivities (S/m) 

Typical Extremes 

Rock 10−1 to 10−3 > 1 to < 10−4 

Soils 10−2 to 10−3 > 10−1 to < 10−3 

Sea Water 4 3 to 5 

 

construction of ULF transmitters is extremely costly as the wavelength at these frequencies rival 

distances between cities and states. It is well known that the size of the antenna is proportional to 

the wavelength at which it operates, so communications at ULF has resulted in the construction 

of gigantic antennas which consume Megawatts of power. An efficient ULF antenna would be 

prohibitively large making it impractical to build. Any practical electrically small antenna would 
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be very inefficient because the radiated power is now a tiny fraction of the stored energy on the 

antenna according to Chu’s limit [4] while the dissipated power is usually a much greater 

fraction of the same energy given by the finite quality (Q) factor of the material that comprises 

the antenna. The former ratio can be increased by reducing the radiation quality factor, i.e., 

increasing the electrical dimension of the antenna. Portable receivers at ULF which use magnetic 

sensors are available. This thesis addresses the challenge of building portable, low cost and low 

power ULF transmitters.  

The U.S. Navy's Very Low Frequency (VLF, 3 – 30 kHz) antenna in Cutler, Maine shown in 

Fig. 1.3 occupies 2000 acres on a peninsula and consists of 26 towers, each 850 to 1000ft high. It 

consumes 18 MW power from a dedicated power plant [5]. On the other hand, the radiation 

efficiency can also be enhanced with the use of a higher quality factor transmitting antenna [6].  

 

Figure 1.3: US Navy's VLF antenna in Cutler, Maine. 
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A space borne antenna for ULF/VLF radiation has been described in [7]. It consists of a 

superconducting DC rotating coil surrounded by magneto plasma operating as an ULF 

transmitter. It has been shown that such a space-borne antenna is not engineeringly feasible [7]. 

A novel phased orthogonal loop antenna is used to create a rotating magnetic field source, which 

creates low frequency waves called Alfven waves (80 to 355 kHz) as described in [8]. It requires 

a high power LRC driver circuit with peak-to-peak current of 1200 A and voltages across the 

capacitors of 2000 V. Reference [9] describes magnetic antennas for ULF and VLF radiation 

which uses multiple loops wound around a magnetic core which can be used for through the 

earth communications. 

1.2 Introduction to Mechanical Antennas 

The classical idea behind antenna radiation has been time varying currents. Conventional 

antennas such as dipoles and loops generate propagating electromagnetic waves from conductive 

currents exposed in free space. A novel method of using the mechanical motion of charges to 

produce ULF radiation has recently gained momentum. The difference between a conventional 

electrically small antenna and a ‘mechtenna’ lies in the fact that conventional antennas create 

dynamic electromagnetic fields by relying on field-accelerated charges, whereas in mechtennas 

radiated time-varying fields are generated by physically moving, rotating or oscillating the 

electric charges or magnetic dipole moments as shown in Fig 1.4. 

The radiation efficiency of a conventional electrically small antenna is limited by its ohmic 

loss, which is the dominating loss mechanism. It will be shown that such ohmic loss can be 

overcome by mechanical antennas. The key for high efficiency mechanical antennas lies in the 

development of a high-quality factor (high - Q) mechanical oscillatory system that has extremely 
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small damping and effectively couples to the changing dipole moments. Several mechanical 

antennas, or ‘mechtennas’, have been proposed. Spinning magnet antennas have been used for 

generation of Extremely Low Frequency (ELF) and ULF radiation in [10-17]. These systems use 

either a single rotating magnet or an array of rotating magnets to produce low frequency fields. 

Fig 1.5 shows an example of a Spinning Magnet Antenna and a Spinning Magnet Array used in 

[13]. Electrets are highly resistive dielectric materials which quasi-permanently immobilize 

charge within their structure [18]. Use of linearly actuated and rotating electrets for ULF 

radiation has been described in [18]. Use of piezo electric and magneto electric materials driven 

at acoustic resonance for VLF transmission has been described in [19-20]. Most of the proposed 

mechtennas utilize either rotating electric or magnetic dipoles or piezo electric materials driven 

at acoustic resonance for generating low frequency radiation. 

                 

(a) Spinning Electric dipole                    (b) Spinning magnet 

Figure 1.4: Spinning magnetic or electric dipoles can create low frequency radiation. 

The rotating systems require a great amount of mechanical energy to be injected before the 

antenna rotates at the desired speed. They are inefficient when modulation is introduced. The 

charge stability in electret based mechtennas is of concern as electrets lose their charge over a 

period based on the type of material and many environmental factors such as temperature, 
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moisture and humidity. The piezo electric systems have been demonstrated at Very Low 

Frequency (3 kHz to 30 kHz) range but they have the potential of working at ULF range. This 

work focuses on an innovative mechanically driven transmitter not consisting of rotating 

magnets or piezo electric materials but rather consists of an array of magnetic pendulums in 

oscillatory motion at ULF. There are several merits when a pendulum-based system over a 

rotating magnet based mechtenna is used. The first merit is that in a pendulum the stored energy 

and the mechanical motion in such a system is built up gradually at a constant frequency. The 

pendulums can form an array easily without the need for maintaining axially symmetry. 

Consequently, the total effective magnetic dipole moment remains the same while stored energy 

per unit volume reduces as the dimension of each pendulum reduces [21]. The third advantage is 

that the stored energy in a pendulum system alternates between two states, namely the kinetic 

energy due to inertia and the magnetic potential energy due to the magnetic field re-distribution. 

This allows one to control the motion and to enforce modulation to the radiation through the so-

called Direct Antenna Modulation (DAM) approach [22]. Finally, the pendulums require no 

electric motor to drive and the only dominant loss mechanism in the proposed magnetic 

pendulum array is the friction of the pendulum supporting bearings. Hence, one can achieve a 

very high-Q factor in such a system that will greatly enhance the transmission efficiency for 

near-field ULF communications. 
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(a) Spinning Magnet Antenna                  (b) Spinning Magnet Array 

Figure 1.5: Spinning Magnet Antennas mounted on motors. 

1.3 Dissertation Outline 

         This thesis focuses on an innovative mechanically driven transmitter not consisting of 

rotating magnets or piezo electric materials but rather consists of an array of magnetic 

pendulums in oscillatory motion with Direct Antenna Modulation (DAM) for near field ULF 

communications. In Chapter 2, we will first present the details of the proposed system design 

using magnetic pendulum arrays. We also present the analytical calculation of the resonant 

frequency of the 1D magnetic pendulum arrays. The chapter also details the swing angle 

calculation and the relation between Q factor and the various system parameters.  Modeling of 

magnetic pendulum arrays is an important aspect of system design. In Chapter 3 the modelling 

and simulation of magnetic pendulum arrays using full wave simulation tools is presented. Ansys 

Maxwell 2D is used to simulate 1D magnetic pendulum arrays. Based on the simulation results a 

28-element pendulum array is fabricated. In Chapter 4, the measured results of 1D magnetic 

pendulum arrays are presented based on the 28-element prototype along with a circuit model. 

The equivalent circuit model of the system will aid in understanding the system in an intuitive 
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way and would be a great tool to quickly verify some of the properties of the system. 1D 

pendulum arrays were scaled up to achieve higher transmitted fields by extending the array in 

two dimensions. A prototype of 5X11 array consisting of 55 elements is fabricated and measured. 

In Chapter 5 we present the design, modelling and measured results of 2D magnetic pendulum 

arrays along with its circuit model. BFSK modulation was implemented with the DAM scheme 

on the 5X11 array prototype achieving a data rate of 18 bps. DAM implementation and measured 

results of the modulated signal are presented in Chapter 6. Finally, a brief discussion and 

conclusion will be given in Chapter 7, along with a summary and outlook of future research 

work.  
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Chapter 2 

2 Proposed System Design with Magnetic Pendulum Arrays 

Mechanical antennas, as mentioned earlier, rely on physically moving electric charges or 

magnetic dipole moments through oscillatory mechanical movements to generate a dynamic 

electromagnetic field, which avoids the ohmic loss of a conventional conductor-based antenna. 

Mechanical antennas based on rotating magnets have been proposed in [10-17]. A spinning 

magnetic dipole field can be represented by superposition of two orthogonal magnetic dipole 

solutions in space with a 90-degree phase [11]. Assuming, the rotation is with an angular 

frequency 𝜔, the following electromagnetic fields can be obtained for an oscillating magnetic 

dipole at a distance 𝑟: 

𝐸⃗ =
𝜇𝑜𝑚𝑜𝑠𝑖𝑛𝜃

4𝜋𝑟
[
𝜔2

𝑐
cos (𝜔 (𝑡 −

𝑟

𝑐
)) +

𝜔

𝑟
sin (𝜔 (𝑡 −

𝑟

𝑐
))] 𝜙̂                     (1) 

𝐵⃗ =
𝜇𝑜𝑚𝑜𝑐𝑜𝑠𝜃

2𝜋𝑟2
[
1

𝑟
cos (𝜔 (𝑡 −

𝑟

𝑐
)) −

𝜔

𝑐
sin (𝜔 (𝑡 −

𝑟

𝑐
))] 𝑟̂ + 

𝜇𝑜𝑚𝑜𝑠𝑖𝑛𝜃

4𝜋𝑟
[(

1

𝑟2 −
𝜔2

𝑐2) cos (𝜔 (𝑡 −
𝑟

𝑐
)) −

𝜔

𝑟𝑐
sin (𝜔 (𝑡 −

𝑟

𝑐
))] 𝜃                         (2) 

 

In the far field we can obtain the following expressions for the radiated fields 𝐸⃗ 𝑟𝑎𝑑 and 𝐵⃗ 𝑟𝑎𝑑 

for a rotating magnetic dipole assuming the observer is much further away than the wavelength 

(𝑟 ≫ 𝑐/𝜔)  



11 

 

𝐵⃗ 𝑟𝑎𝑑 =
𝜇𝑜𝑚𝑜𝜔2

4𝜋𝑟𝑐2 [cos (𝜔 (𝑡 −
𝑟

𝑐
)) (𝑥̂ −

𝑥

𝑟
𝑟̂) + sin (𝜔 (𝑡 −

𝑟

𝑐
)) (𝑦̂ −

𝑦

𝑟
𝑟̂)]              (3) 

                                      𝐸⃗ 𝑟𝑎𝑑 = −𝑐(𝑟̂ × 𝐵⃗ 𝑟𝑎𝑑)                                                         (4) 

where 𝜇𝑜 is the permeability of free space, 𝑚𝑜 is the magnetic dipole moment and c is the speed 

of light in vacuum. Therefore, the spinning magnet will generate a circularly polarized 

electromagnetic wave in the far field at the direction normal to the rotation plane or linear 

polarization in the plane of rotation that can be used for far-field communications. In the near 

field, the magnetic field component dominates, and one may obtain the near field by rotating the 

magnetic dipole field expression according to the rotational axis, yielding  

            𝐵⃗ =
𝜇𝑜𝑚𝑜𝑐𝑜𝑠𝜃

2𝜋𝑟3 [cos (𝜔 (𝑡 −
𝑟

𝑐
))] 𝑟̂ +

𝜇𝑜𝑚𝑜𝑠𝑖𝑛𝜃

4𝜋𝑟3 [cos (𝜔 (𝑡 −
𝑟

𝑐
))] 𝜃                   (5) 

It is evident that in the near field the longitudinal B field component can be best used for ULF 

communications. The unique characteristic of spinning magnet as shown in Fig 2.1(a) is that the 

magnetic near field has the stored electromagnetic energy which does not require pairing with 

another form of energy and is constant irrespective of the angular frequency of rotation and 

orientation. We can ignore the mechanical energy required for spinning the magnet if the 

magnetization to mass ratio is high enough. But spinning magnet systems have many 

disadvantages associated with them. In practice, to transmit an ULF signal at 1 kHz we would 

have to rotate the magnets at the speed of 60,000 rpm, which is not trivial from a mechanical 

design perspective. The system must be designed in a such way that the frictional energy losses 

are minimized, and the tensile stress limits are met. An even more fundamental issue associated 

with the spinning magnet system is that the dynamic magnetic energy created can get 

overwhelmed by the mechanical energy required to spin the magnet to designated speed [14]. 
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Introduction of modulation of angular velocity would require replenishment of the energy 

difference which might get dissipated between the two modulation states leading to lower 

efficiency of the system. The total mechanical energy 𝑊𝑀𝐸  associated with a circular disc of 

radius 𝑟, mass 𝑚 and volume V, rotating at an angular velocity 𝜔 can be written as 

                                                𝑊𝑀𝐸 =
1

2
𝐼𝜔2                                                (6) 

where 𝐼 =
𝑚𝑟2

2
 is the moment of inertia of the magnets. 

We can write the average energy density as  

                                               
𝑊𝑀𝐸

𝑉
=

1

4
𝜔2𝑟2𝜌                                             (7) 

For a circular Neodymium based magnet with a radius of 0.5 m, height 1 cm and mass density 

7500 𝑘𝑔/𝑚3 spinning at 1 kHz, the approximate mechanical energy density on an average is 

1.85 × 107 𝐾𝐽/𝑚3 and the total mechanical energy is 1.45 × 108 𝐽. In comparison, the typical 

energy density of an NdFeB magnet obtained from its 𝐵𝐻𝑚𝑎𝑥   value is around 470 𝑘𝐽/𝑚3 [23]. 

The five orders of magnitude energy density difference in a spinning magnet implies that most of 

the energy in the system remains in the mechanical domain rather than the magnetic domain, 

thus is inefficient in creating electromagnetic coupling or radiation. One could make a case for a 

spinning magnet array consisting of an array of synchronously rotating smaller magnets which 

can not only emulate a larger spinning disc with the same volume and having the same magnetic 

field behavior but also lower the mechanical energy density significantly, as shown in Fig.2.1(b). 

For example, consider an array of spinning magnets each having a radius of 5 mm and height 

1cm. A quick calculation indicates that we need 10,000 such magnets to have the same volume 
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as compared to a spinning magnet previously described. At 1 kHz, the total mechanical energy is 

1.45 × 104𝐽 which is much lower than the spinning magnet of 0.5 m radius but the mechanical 

energy density of each magnet is 1.85 × 105 𝐾𝐽/𝑚3 which is still higher than the magnetic 

energy density. At 100 Hz, the mechanical energy density per magnet is 18 𝑘𝐽/𝑚3 and is one 

order of magnitude lower than the magnetic energy density. Thus, it is possible to pursue 

spinning magnet arrays at lower frequencies (100 Hz) but not at higher ULF (1 kHz). Also, in 

this case the original axial symmetry of the system is broken which would create energy peaks 

and wells at different angles that prohibit an energy free rotation. The efficiency of a motor 

driving these magnets will also be problematic as it is at free running conditions. Any further 

reduction in size of the motor driven spinning magnet will also be impractical from the 

manufacturing perspective due to the prohibitive complexity. Modulating spinning magnets is 

difficult since all the parts are in a constant, high angular velocity motion. 

To realize an ULF mechtenna with high radiation efficiency, a high-Q mechanical system 

that is easy to control is necessary. Pendulums are well-known to be high-Q and likewise a 

magnetic pendulum consisting of a diametrically magnetized cylinder and a pair of external 

magnets shown in Fig.2.1 (c) is one of such high-Q systems. The external magnets would align 

the cylinder to a direction of south to north and north to south and any disturbance to that 

equilibrium condition with external excitation will create an oscillatory swinging motion of the 

cylindrical magnet. The idea can be further extended to an array of such magnetic pendulums in 

smaller diameters which not only reduces the total mechanical energy and mechanical energy 

density of the system as shown earlier but also eliminates the need for external biasing magnets. 

As shown in Fig 2.1 (d), the system consists of cylindrical magnets which are diametrically 

magnetized and arranged in an array fashion. The array is said to be self-biased as a static 
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external magnetic field is not required for their alignment. The alignment of each magnet in the 

array to the array axis occurs by itself due to the field of the adjacent magnets. An external coil is 

placed around the housing in the plane of the magnets to excite the magnets to create a time-

varying magnetic field 𝐵𝑅𝐹 that is perpendicular to the pendulum array plane, which can 

physically rotate the magnets’ magnetic orientation towards the out of plane direction.  

 

Figure 2.1: Evolution of Self Biased Magnetic Pendulum Array. (a) Spinning magnet 

driven by external motor. (b) An array of spinning magnets driven by external motors. (c) 

Externally biased magnetic pendulum driven by an external AC field. (d) Self-biased magnetic 

pendulum array driven by and external AC field. 



15 

 

In general, the magnitude of the radio frequency magnetic field is much lower than the 

magnitude of DC magnetic field, but in a high Q system the RF magnetic field can substantially 

deviate the magnets away from their lowest energy state eventually, as oscillatory motion is built 

up given enough excitation time [21]. The RF coil injects the RF energy that is not only needed 

to build up the oscillatory motion but also to replenish any losses in the form of friction loss or 

eddy current loss, including the RF energy that is radiated and dissipated after the magnetic 

pendulum array reaches its steady state [21]. The frictional and eddy current losses can be 

minimized to be an extremely small fraction of energy in the system with proper design. A 

dynamic magnetic field is created in the out of plane direction due to the oscillatory motion of 

the magnets [21] which can be used for near field communication and energy transfer. We 

hypothesize that such a self-biased magnetic pendulum array can create 100% mechanical-to-

magnetic coupling and a high Q vibration of the magnetic field for efficient ULF transmission. 

Note that the magnets can be arranged along just one dimension resulting in 1D Magnetic 

Pendulum Arrays or can be stacked along two dimensions resulting in 2D stacked pendulum 

arrays. In the following section we calculate the resonant frequency of the Magnetic Pendulum 

Array. 

2.1 Resonant frequency calculation of Magnetic Pendulum Arrays 

The resonant frequency of the Magnetic Pendulum Arrays can be derived based on the 

interaction of the magnets with each other. Second order differential equations are solved based 

on the torque between the magnets to obtain the frequency of oscillation for the 1D Magnetic 

Pendulum Arrays. The resonant frequency calculation for the 2D arrays is presented in a later 

chapter. 
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2.1.1 1-D MPA resonant frequency calculation 

The angular acceleration of a mass is governed by 

𝑑2𝜃

𝑑𝑡2
𝐼 = −𝑇                                 () 

where I is the angular moment of inertia and T is a torque on the rotating mass. A pendulum 

with cylindrical shape has a moment of inertia 

I =
𝑚𝑎𝑟2

2
                                      (9) 

 

Figure 2.2: Magnetic field experienced by each magnet due to the adjacent magnet. 

where 𝑚𝑎 is the mass and r is the radius of the cylinder. This differential equation results in a 

second order system with oscillatory solutions when the torque is a function of angular position. 

The magnetic pendulum receives a magnetic torque 𝑇⃗  given by 

𝑇⃗ = 𝑚⃗⃗ × 𝐵⃗                                    (10) 
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  where 𝑚⃗⃗  is the magnetic dipole moment and 𝐵⃗  is the magnetic field, which can be an external 

field added through a biasing magnet or an internal field created by the neighboring pendulums.         

For a single pendulum in a uniform external magnetic field 𝐵𝑒, the pendulum equation can be 

shown as:  

𝑑2𝜃

𝑑𝑡2 = −
2𝑀𝑠𝐵𝑒

𝜌𝑟2 𝜃                            (11) 

where 𝑀𝑠 is the saturation magnetization and 𝜌 is the mass density. The solution to the swing 

angle 𝜃 is given by 

θ(t) = θmax sin (
1

𝑟
√

2𝑀𝑠𝐵𝑒

𝜌
𝑡)       (12) 

 

For the magnetic pendulum array as shown in Fig 2.2, the magnetic field from adjacent 

magnets can play a significant role as it is interacting with the pendulum’s motion. Considering 

the magnetic field generated at each pendulum by an adjacent pendulum that is placed along the 

longitudinal axis (𝜃 = 0) at distance d as shown in Fig 2.2, The magnetic field experienced by 

each magnet due to its adjacent magnets can be written in the form of a magnetic dipole field as: 

𝐵⃗ 𝑎 =
𝜇𝑜𝑚

4𝜋

(3𝑐𝑜𝑠𝜃𝑑̂−𝑚̂)

𝑑3                     (13) 

The magnetic torque received by the pendulum can be written as: 

 𝑇⃗⃗  ⃗𝑎 = −𝐵𝑎𝑜𝑚
3𝑠𝑖𝑛2𝜃

4
𝑥̂                   (14) 

where 𝐵𝑎𝑜  is the radial magnetic field of the magnetic disc at the distance of d at zero swing 

angle, i.e., 
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𝐵𝑎𝑜 =
𝜇𝑜𝑚

2𝜋𝑑3
                                     (15) 

In addition to the magnetic torque, a net force is often generated between two pendulums. 

However, it can be easily proven in a vertically aligned pendulum array that the net force from 

the adjacent pendulums cancel each other but the torque doubles at each pendulum. Therefore, 

one may write the total torque received by each pendulum in the array in the following form: 

 Ta
⃗⃗  ⃗ = −𝐵𝑎𝑜𝑀𝑠𝑉

3𝑠𝑖𝑛2𝜃

4
𝑥̂                            (16) 

We use the small angle approximation ( 𝑠𝑖𝑛𝜃 ≈ 𝜃 ) to simplify the resulting differential 

equation. The pendulum equation with both external and self-biasing now becomes: 

𝑑2𝜃

𝑑𝑡2 = −
𝑇⃗ 𝑒+𝑇⃗ 𝑎

𝐼
≈ −

2𝑀𝑠(𝐵𝑒+3𝐵𝑎𝑜)

𝜌𝑟2 𝜃              (17) 

 The equation can be solved to give 𝜃 as  

θ(t) = θmax sin (
1

𝑟
√

2𝑀𝑠(𝐵𝑒+3𝐵𝑎𝑜)

𝜌
𝑡)            (18) 

 

which yields the pendulum oscillation frequency as:  

𝑓 =
1

2𝜋𝑟
√

2𝑀𝑠(𝐵𝑒+3𝐵𝑎𝑜)

𝜌
                                 (19) 

where r is the radius of the cylinder, 𝑀𝑠 is the magnetization density of the magnet in the 

pendulum, and 𝜌 is the mass density of the magnet. It is to be noted that the frequency is 

inversely proportional to the radii of the magnets and directly proportional to the square root of 

the field strength and magnetization density. The desired frequency can be obtained by 

controlling these parameters. In our case, we have eliminated the need for a bulky external 
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magnet by relying only on the self-bias field. The magnetic potential energy is transferred to the 

kinetic energy of the pendulums back and forth while transmitting a dynamic field outward. 

Assuming no external bias and NdFeB magnets of radius 2 mm and with center to center 

distance of 4.8 mm, we can calculate the expected oscillation frequency or angular frequency of 

such a pendulum array as shown in Fig 2.3 from equation (19) as follows: 

 

Figure 2.3: Schematic of a 28-element magnetic pendulum array consist of NdFeB magnets with 

2 mm radius. Center to center distances between the magnets are 4.8 mm. 

𝑓 =
1

2𝜋𝑟
√

6𝑀𝑠𝐵𝑎𝑜

𝜌
            (20) 

We have 𝑟 = 2 𝑚𝑚 , 𝜇𝑜𝑀𝑠 = 1.4 𝑇 , 𝐵𝑎𝑜
= 2000 𝐺  and 𝜌 = 7500 𝑘𝑔/𝑚3 . Substituting these 

values, we get 

𝑓 = 1062 𝐻𝑧                   (21) 

Thus, although we are in the ULF range with a frequency of 1062 Hz, to scale up in frequency 

and reach transmission frequencies in the 3 kHz range, we need to reduce the radius of the 

magnets, the spacing between magnets or use stronger magnets to generate a higher self-bias 

field. 
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2.2  Q factor, Energy and Near field equations 

2.2.1 Swing angle and Q factor 

The major energy loss in the magnetic pendulum array is incurred because of friction 

between the magnets and bearings. Thus, friction limits the maximum Q factor and the efficiency 

that can be achieved in magnetic pendulum arrays. The quality factor limited by friction loss can 

be estimated as follows: The mechanical energy associated with a magnet with a radius r, 

moment of inertia I, and oscillating at a frequency Ω, can be written as  

𝑊𝑀𝐸 =
1

2
𝐼Ω2 =

1

4
(Ω𝑟)2𝜌𝑉                         (22) 

The friction loss by bearings per cycle is given by 

𝑊𝑓𝑟 = 4𝜇𝐹𝜃𝑚𝑎𝑥𝑟𝑏                                        (23) 

where 𝜇 is the co-efficient of friction, F is the residual force on the bearings due to the imbalance 

of the system, 𝑟𝑏 is the radius of the bearing. 

|Ω| = |
𝜕𝜃(𝑡)

𝜕𝑡
|                                                  (24) 

with 𝜃(𝑡) = 𝜃𝑚𝑎𝑥 sin (
1

𝑟
√

6𝑀𝑠𝐵𝑎𝑜

𝜌
𝑡) 

The Q factor then turns out be  

𝑄 = 2𝜋
𝑊𝑀𝐸

𝑊𝑓𝑟
=

3𝜋𝑀𝑠𝐵𝑎𝑜𝜃𝑚𝑎𝑥𝑉

4𝜇𝐹𝑟𝑏
                      (25) 

Thus, by reducing the bearing radius and friction loss further, and increasing the volume fraction 

of the magnets, magnetic pendulum arrays should be able achieve extremely high Q factors. 



21 

 

2.2.2 Near Field Radiation 

The magnitude of the received magnetic field in the near field can be written as: 

|𝐵𝑁𝐹| =
2𝜇𝑜𝑀𝑠𝑉

4𝜋𝑑3 𝑠𝑖𝑛𝜃𝑚𝑎𝑥                                 (26) 

Where |𝐵𝑁𝐹| is the magnitude of the magnetic near field, V is the effective magnetic volume, d 

is the distance, and 𝜃𝑚𝑎𝑥 is the maximum swing angle of the pendulum. Based on this equation 

we can calculate the number of magnets required to construct the magnetic pendulum array for a 

given field at a certain distance. For Ex. To achieve a field of 1fT at 1km we need approximately 

28 magnets of radius 2 mm and height 40 mm assuming a rotation angle 𝜃𝑚𝑎𝑥 = 20𝑜. The array 

can be scaled with more magnets to increase the total volume to achieve higher fields. 

2.2.3 Energy considerations 

The energy associated with a pendulum array-based system is much smaller compared to 

spinning magnet systems. For Ex. Consider the 28-element pendulum array shown in Fig 2.3, the 

energy associated with each magnet is just 0.14 J and the energy density of each magnet is 296 

𝑘𝐽/𝑚3 which is smaller than the typical energy density of an NdFeB magnet of around 470 𝑘𝐽/

𝑚3. Even if the array is scaled up to consist of thousands of magnets the energy density remains 

the same for each magnet, but the total energy would increase. To achieve the fields comparable 

to that of spinning magnet and spinning magnet array described at the beginning of this chapter 

we would need approximately 2000 magnets of radius 2 mm and height 40 mm assuming a 

rotation angle 𝜃𝑚𝑎𝑥 = 20𝑜. The total energy of such a system is 280 J which is much smaller 

than the energy of spinning magnet systems. 
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Chapter 3 

3 Modelling and Simulation of Magnetic Pendulum Arrays 

The magnetic pendulum array system consists of interactions between multiple physics such 

as Newton’s laws and Maxwell’s equations. It is important to accurately model such a system. 

For this purpose, we used ANSYS Maxwell 2D which is a 2D full wave low frequency solver. 

ANSYS Maxwell is Finite Element Method (FEM)-based electromagnetic field simulation 

software for the design and analysis of electromagnetic and electromechanical devices. ANSYS 

Maxwell can simulate transient magnetic (time domain) fields caused by permanent magnets as 

function of time. Rotational motion effects, eddy current losses, and frictional and damping 

losses can be included in the simulation. 2D simulations are performed using ANSYS Maxwell 

to validate our concept and understand the interactions between multiple physical laws and their 

effect on system design. The model consists of an array of 28 cylindrical, diametrically 

magnetized NdFeB magnets excited by a 55-turn coil as shown Fig 3.1. The coil is first excited 

with a gaussian wideband excitation to determine the resonant modes of the magnetic pendulum 

array. The torque experienced by magnet closest to the center of the array is plotted across 

frequency in Fig 3.2. The plot shows many distinct peaks corresponding to the different modes 

of the pendulum array. There is only one mode in which all the array elements oscillate in phase 

which is the mode at 1062 Hz. The magnetic pendulum array is then excited with this in phase 

mode frequency and the angular position of the edge magnets and the central magnet is plotted 

against time in Fig 3.3. We can observe that it is an in-phase mode in which the magnets are 

oscillating in-phase with respect to each other, and so it is the most efficient for ULF 
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transmission. It’s also clear from Fig 3.3 that initially the magnets are not in phase and it takes 

time for the resonance to build up and the magnets to get aligned and oscillate in phase once the 

 

Figure 3.1: 2D cross sectional model of Magnetic Pendulum Array in ANSYS Maxwell. 

resonance is established. Also, in the in-phase mode not all the magnets have the same angular 

amplitude. This inconsistency can be attributed to the fact that the magnets do not see the same 

bias field. The edge magnets see lower bias than the inner ones and hence has the lower 

amplitude. This is further clarified from the plot of magnetic field distribution shown in Fig 3.4. 

 

Figure 3.2: Torque on central magnet with wide band Gaussian excitation. 
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Figure 3.3: Simulated angular position of the magnets across time. 

 

Figure 3.4: Magnetic field distribution. Observe the non-uniformity of the magnetic field 

across different magnets. 
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Chapter 4 

4 Prototype measurements and Circuit modelling 

 

Figure 4.1: Magnetic pendulum array CAD model and prototype assembly. 

A prototype of the magnetic pendulum array was fabricated and measured. The fabricated 

prototype is shown in Fig 4.1 along with the CAD model. The magnetic pendulum array consists 

of 28 pendulum elements suspended by stainless steel ball bearings in a plastic housing. Each 

pendulum element is comprised of a 40 mm long diametrically magnetized cylindrical NdFeB 

N55 magnet having a 4 mm radius and is supported by aluminum bearing adapter sleeves on 
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each end. The housing is made of plastic to prevent eddy current losses. A coil made of AWG26 

copper wire with 55 turns is wrapped around the magnets to provide the excitation field. The 

sinusoidal input signal is generated from a signal generator and amplified using an audio power 

amplifier before being fed to the magnetic pendulum array. The receiver is a 45-turn loop 

antenna of radius 26 cm, and a spectrum analyzer is used to observe the received signal. The 

measurement setup is diagrammatically represented in Fig 4.2. 

 

Figure 4.2: Schematic of the measurement setup. 
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4.1 Near field transmission measurements 

The transmission efficiency of the magnetic pendulum array as compared to a bare coil is 

plotted in Fig 4.3. In general, the efficiency of coupling increases with the frequency for both 

cases as a greater quality factor is obtained for the coil at higher frequency which helps to 

increase the power coupled through nearfield.  The efficiency is maximum in the in-phase mode 

at 1031 Hz, as expected. The transmission efficiency of magnetic pendulum array is about 7 dB 

higher than a bare coil at 1031 Hz. The spiking of the efficiency at resonance can be explained 

by the fact that, more power is coupled to the pendulum array versus that is coupled to the coil. 

A range test was performed at the resonance frequency, results of which are shown in Fig 4.4. 

The tests were performed in free space environment at the UCLA Intramural field. The 

transmitted power into the coil loaded with the magnetic pendulum array are 0.6 W and 1.9 W 

for Fig 4.4 a, b, respectively. The measured results are compared with the analytical results 

derived from the near field equation shown in Eq 26 of Chapter 2 and a good agreement is 

observed. A range of 25 m and 30 m were obtained on the receiver end for 0.6 W and 1.9 W 

input powers as shown in Fig 4.4. A data transmission test was performed at 2 bit per second 

(bps) modulation rate with On-Off Keying (OOK) modulation scheme. The test was performed 

indoors with the receiver at 3 m from transmitter. The received spectrogram is shown in Fig 4.5 

(a) and the received spectrum is shown in Fig 4.5 (b). Even though the data rate is small, it 

demonstrates that data can be successfully transmitted using magnetic pendulum arrays. At 

higher Q factors Direct Antenna Modulation (DAM) can be implemented with more complex 

modulation schemes such as Binary Frequency Shift Keying (BFSK) to achieve higher data rates. 

This would be demonstrated for the 2D pendulum array prototype. 
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Figure 4.3: Transmission efficiency of magnetic pendulum array compared to that of a 

bare coil. 

 

Figure 4.4: Received field vs distance using a 45-turn loop antenna as receiver.  

Measurements were done at 1031 Hz. Input power to the coils are (a) 0.6 W (b) 1.9 W. 
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Figure 4.5: Data transmission test with OOK (a). Received signal spectrogram (b). Received 

signal spectrum. 

4.2 Equivalent circuit Model and Impedance measurements 

In this section, we develop an equivalent circuit model based on the physics of coupling 

between the coil and magnets. Circuit models can help us understand the system in an intuitive 

way and are great tools to quickly verify some of the properties of the system. It is common to 

use a distributed element model in microwave engineering to model transmission lines and other 

periodic structures. But a lumped element circuit model is justified here as the wavelengths are 

very long compared to the dimensions of the elements. The magnetic pendulum array can be 

modeled as a parallel RLC circuit, as shown in Fig 4.6 (a). The resistance of the coil is modeled 

as 𝑅𝑐 and the inductance of the coil is modeled as 𝐿𝑐. The resistance 𝑅𝑝 represents mainly the 

friction in the bearings. The capacitor 𝐶𝑝 represents the kinetic energy of the pendulum as the 

oscillatory motion of the pendulum generates Electro Motive Force (EMF), and the 

inductance 𝐿𝑝  represents the magnetic potential energy stored in the flux associated with the 

pendulum. The magnetic field from the coil that turns the magnets can be modeled as the current 

in the circuit, and the Electro-Motive Force (EMF) generated in the coil by the oscillating 
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magnets can be modeled as voltage. Both, a series and a parallel resonant mode can be observed 

in the pendulum array. The parallel resonant mode 𝜔𝑝 can be written as 

 

Figure 4.6: Equivalent circuit model for Magnetic Pendulum Array (a). Equivalent circuit model 

for one element (b). Equivalent circuit model for 28-element Magnetic Pendulum Array.  

                      𝜔𝑝 =
1

𝐿𝑝𝐶𝑝
                                                                     (1) 

At resonance, the imaginary part of the sum of the impedances can be equated to zero as 

                 𝐼𝑚𝑎𝑔 (jωs𝐿𝑐 +
1

1

𝑗𝜔𝑠𝐿𝑝
+𝑗𝜔𝑠𝐶𝑝+

1

𝑅𝑝

) = 0                                        (2) 

Assuming the system Q factor to be high, we can neglect the frictional and mechanical losses 

and ignore the 1/𝑅𝑝 term. Further simplification for the series resonance 𝜔𝑠 leads to 

                                          ωs = √
𝐿𝐶+𝐿𝑃

𝐿𝐶𝐿𝑃𝐶𝑃
                                                      (3) 

The model can be extended to an array by cascading the single element to include the effect of 

non-uniform bias on the magnets at both ends, as shown in Fig 4.6 (b). Observe that the 
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inductance on the edge elements is higher than in the middle accounting for non-uniform bias 

and resistance is much lower on the edges, indicating a higher loss and lower Q. Capacitor Cc is 

used to compensate for the inductance of the coil and match the impedance. For the 28-element 

magnetic pendulum array as shown in Fig 4.1. the circuit parameters are calculated as follows, 

𝑅𝑐 = 2.1 Ω, 𝐶𝑐 = 30 μF, 𝐿𝑐 = 0.64 mH,
𝑅1 = 𝑅2 = 𝑅3 = 𝑅26 = 𝑅27 = 𝑅28 = 0.15 Ω,   𝑅4 = 𝑅5 = ⋯ = 𝑅25 = 0.272 Ω

𝐶1 = 𝐶2 = ⋯ = 𝐶28 = 35.3 mF
𝐿1 = 𝐿2 = 𝐿3 = 𝐿26 = 𝐿27 = 𝐿28 = 0.79 𝜇𝐻,   𝐿4 = 𝐿5 = ⋯ = 𝐿25 = 0.675 𝜇𝐻

   

When the impedance of the circuit is plotted across frequency which is presented in the 

following section, sharp resonance is observed at around 1031 Hz consistent with our predicted 

value of resonance frequency. The circuit model clearly demonstrates the advantage of using 

mechanical antennas and the system resonance for ULF transmission. At resonance, the current 

through the coil (represented by 𝑅𝑐  and 𝐿𝑐) is significantly reduced, thereby reducing the ohmic 

losses present in the system. Such reduction in current is not possible in conventional antennas 

and therefore higher efficiencies can be achieved in the mechanical antennas as compared to 

conventional antennas. The circuit model is not a complete description of the system as it does 

not consider the time varying nature of the flux and the non-linearities inherently present in this 

system. But the circuit model is still of great help in visualizing the system, verifying the 

predicted values of the resonance frequency, and estimating the Q factor of the system. The Q 

can be estimated as follows: 

                 𝑄 = 𝑅√
𝐶

𝐿
= 0.272√

35.3×10−3

0.675×10−6
= 62.2                                 (4) 

Fig 4.7 shows the input impedance of the pendulum array prototype, coil and the circuit model 

plotted across frequency. The peaking of the input impedance indicates a greater portion of the 
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input power is coupled to the pendulum system while the power consumption caused by the 

ohmic loss of coil is relatively reduced. Note that not all the modes were predicted by the circuit 

model due to the fact the mutual coupling among the pendulum elements are not included in the 

model demonstrating the superiority and completeness of the full wave model.  The estimated Q 

factor at the in-phase mode is around 62.2 as previously demonstrated using the circuit model. 

To our knowledge, this is the first time such a high Q factor has been achieved in a mechanical 

antenna system using magnetic dipoles at ULF, demonstrating the potential of magnetic 

pendulum arrays for efficient ULF transmission.  

 

Figure 4.7: Measured impedance and predicted impedance from circuit model versus frequency. 
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4.3 Effect of non-uniformity of pendulum elements on system performance 

The circuit model can also be used to study the effect of non-uniformity and random 

variations in the pendulum elements on system performance. Random variations in the radii of 

magnets results in different resonant frequency for each magnet because the resonant frequency 

is inversely proportional to the radius of the magnets as demonstrated in Eq 20 of Chapter 2. This 

effect has been studied by introducing random variations in the circuit element parameters of the 

circuit model shown in Fig. 4.6 (b). The tolerance on the radius of the magnets specified by the 

vendor is ±0.05 𝑚𝑚. We vary the radius of the magnets as a random sample of a normal 

distribution based on the vendor specified tolerance thus varying the circuit parameters in the 

model. Though each resonator in a non-uniform array is at a slightly different frequency, 

together they will be excited to oscillate at an identical frequency, but with a reduced system 

quality factor that can be observed from the input impedance of the equivalent circuit model. The 

effect of the random variations and non-idealities can be quantified by the ratio of the impedance 

for the uniform and the non-uniform array across different Q factors. The results of such a study 

are shown in Fig. 4.8. The overall impact on the system impedance is minor for pendulum arrays 

with a Q factor of few hundreds. We observe that the effect becomes more pronounced as the 

system Q factor increases. Thus, we conclude that for our prototypes with Q factor of less than 

100 the effect of non-uniformities in the pendulum elements is not significant and can be ignored. 
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Figure 4.8: Effect of random variations in pendulum elements on system performance. 
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Chapter 5 

5 Stacked Magnetic Pendulum Arrays 

5.1 2D stacked pendulum arrays 

In this case, instead of arranging the magnets along just a row, we stack the magnets 

both along the row and column leading to 2D stacked magnetic pendulum arrays. The 

scaling of the MPA in the direction out of the equilibrium magnetization plane exploits 

the linkage of the flux and mutual coupling among the magnets to achieve the following 

advantages. It can lead to higher transmitted field as we now have more magnetic volume 

and higher Q factors. The second advantage is that a 2D stacked structure will have 

higher inductance as compared to the RF coil, thus making it efficient to implement 

Direct Antenna Modulation (DAM) for transmitting information. But it is to be noted that 

the resonant frequency of 2D stacked pendulum arrays can be much lower as compared to 

1D magnetic pendulum arrays. There can be two configurations for stacked pendulum 

array. In the parallel configuration the magnets in each row have the same orientation 

with respect to the other rows. In the anti-parallel configuration magnets in each row 

have the opposite pole arrangement compared to the adjacent rows. We study the anti-

parallel configuration in this work as it is a more stable configuration and easier to build 

and assemble. In the following sections we describe the resonant frequency calculation 

for 2D stacked arrays, its construction and measurements.  
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5.1.1 2-D MPA resonant frequency calculation 

We follow the same approach as described previously for 1D arrays to calculate the 

resonant frequency of 2D arrays. For each magnet in the lattice (except the edge magnets), 

there are four magnets around as shown in Fig 5.1. Two magnets placed at a distance d 

horizontally and two others with the distance of h vertically. In equilibrium, all magnets are 

oriented horizontally as horizontal torque is dominant (d<h). However, when the time 

variant magnetic flux by the solenoid comes in, the additional torque will force the magnets 

to oscillate within +𝜃𝑚𝑎𝑥/−𝜃𝑚𝑎𝑥 around their equilibrium angle (𝜃𝑒𝑞𝑢. ≈ 0) as shown in 

Fig 5.2. 

 

Figure 5.1: Each magnet consists of 4 nearest neighbors. Two along the horizontal and 

two along the vertical. 

We can write the equation of motion for the magnet in the center as 

                                          −𝑇 = 𝐼
𝑑2𝜃

𝑑𝑡2 + 𝐵
𝑑𝜃

𝑑𝑡
+ 𝑘𝜃                                        (1) 
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Where T is the restoring torque, I is the moment of Inertia of the magnets, B is the co-

efficient of friction and k is the torsional constant.  

 

Figure 5.2: Rotation of the magnets around equilibrium position. 

We ignore k as we don’t have spring torsion in our system and assume there is no friction present. 

The torque between two cylindrical magnets has been derived in Appendix A. The equation can 

be written as  

              −(2 ×
𝜋𝜇0𝑀𝑠

2𝑟4𝑤𝑠𝑖𝑛(2𝜃)

2ℎ2 − 2 ×
𝜋𝜇0𝑀𝑠

2𝑟4𝑤𝑠𝑖𝑛(2(
𝜋

2
−𝜃))

2𝑑2
) = 𝐼

𝑑2𝜃

𝑑𝑡2                        (2) 

Where 𝑀𝑠 is the magnetization of the magnets, r is the radius of the magnets, w is the height of 

the magnets. We can write the Moment of Inertia I as 
1

2
𝜌𝑉𝑟2 where 𝜌 is the density and V is 

volume of the magnet. We use the small angle approximation and assume 𝑠𝑖𝑛𝜃 ≈ 𝜃 . The 

equation can be simplified as follows: 

                   −𝜋𝜇𝑜𝑀𝑠
2𝑟4𝑤 (

1

ℎ2 −
1

𝑑2) 2𝜃 =
1

2
𝜌𝜋𝑟2𝑤𝑟2 𝑑2𝜃

𝑑𝑡2                                            (3) 
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                                −
4𝜇𝑜𝑀𝑠

2

𝜌
(

1

ℎ2
−

1

𝑑2
) 𝜃 =

𝑑2𝜃

𝑑𝑡2
                                                            (4) 

We can write solution of the above differential equation as  

                                             𝜃(𝑡) = 𝜃𝑚 sin(2𝜋𝑓𝑡)                                                      (5) 

Where 𝑓 =
𝜔

2𝜋
=

1

2𝜋
√

4𝜇𝑜𝑀𝑠
2

𝜌
(

1

ℎ2 −
1

𝑑2) 

Assuming 𝑑 = 4.8 𝑚𝑚 and ℎ = 1.5𝑑 = 7.2 𝑚𝑚, we can calculate the resonant frequency of a 

2D array as  

                                         𝑓 = 713 𝐻𝑧                                                                         (6) 

As can be seen this is smaller than the frequency derived for the 1D pendulum array. 

5.1.2 Design and construction of 5 X 11 Magnetic Pendulum Array with antiparallel 

configuration 

Based on the above results for resonant frequency, we propose a 5X11 Magnetic Pendulum 

Array consisting of 55 magnets arranged in 11 rows with 5 magnets in each row. In this proposed 

prototype the magnets in each row have the opposite orientation with respect to the adjacent 

 

Figure 5.3: Anti-parallel configuration of stacked pendulum array. 
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rows as shown in Fig 5.3.  A solenoid consisting of 100 turns of 22 AWG copper wire is used to 

excite the structure and enforce the magnets to oscillate around the equilibrium position. The 

horizontal and vertical spacing between the magnets are 𝑑 = 4.8 𝑚𝑚  and ℎ = 7.2 𝑚𝑚 

respectively. Stationary bar magnets are placed on both the sides to reduce the edge magnet 

effect. This has the following benefits. It increases the angle of oscillation of the edge magnets 

which in turn increases the transmitted magnetic field. It balances the force on the edge magnets 

and increases the overall quality factor of the system. It also increases the overall inductance of 

the system thereby aiding in implementing an efficient Direct Antenna Modulation (DAM) 

scheme. Fig 5.4 shows the cross section of the proposed prototype and the fabricated model. 

 

Figure 5.4: Proposed 5X11 array prototype cross section along with the fabricated model. 
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5.2 Measured results 

A measurement setup like the one show in Fig 4.2 is used to measure the performance of 

the stacked magnetic pendulum arrays. We first present the near field transmission 

measurements and then the impedance and efficiency measurements along with the circuit model. 

5.2.1 Near field transmission measurements 

Fig 5.5. shows the received field measured in free space environment at the UCLA 

Intramural field plotted vs the distance. The measurement was done at the resonance frequency 

of the prototype determined to be 727 Hz with input power to the coil as 2W. A range of 30 m 

was achieved. The measured results were compared with the analytical value derived using Eq 

26 of chapter 2. 

 

Figure 5.5: Received field vs distance using a 45-turn loop antenna as receiver. 

The measured results match well with the analytical values. Another point to note is that 

the field values obtained are approximately twice as that obtained from the 28-element 1D 

pendulum array as expected. 
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5.2.2 Circuit model, impedance and efficiency measurements 

An equivalent circuit model is developed for the stacked pendulum array based on the same 

principles described in Section 4.2, Chapter 4. Each row of 5 magnets is modeled as a parallel 

RLC circuit. The circuit model consists of 11 parallel RLC circuits in series with each other as 

our prototype consists of 11 rows as shown in Fig 5.6. 

 

Figure 5.6: Equivalent circuit model of 5X11 Magnetic Pendulum Array prototype. 

The circuit parameters are calculated as follows: 

𝑅𝑐 = 1.37 Ω, 𝐿𝑐 = 0.22 mH,
𝑅1 = 𝑅11 = 2.4 Ω, 𝑅2 = 𝑅10 = 3.26 Ω, 𝑅3 = 𝑅9 = 4.23 Ω, 𝑅4 = 𝑅8 = 6.04 Ω, R5 = 𝑅7 = 6.46 Ω, 𝑅6 = 8.18 Ω   
𝐶1 = 𝐶11 = 8.6 mF, 𝐶2 = 𝐶10 = 6.3 mF, 𝐶3 = 𝐶9 = 4.9 mF, 𝐶4 = 𝐶8 = 3.4 mF, 𝐶5 = 𝐶7 = 3.2 mF, C6 = 2.5 𝑚𝐹

𝐿1 = 𝐿11 = 5.58 𝜇𝐻, 𝐿2 = 𝐿10 = 7.56 𝜇𝐻, 𝐿3 = 𝐿9 = 9.83 𝜇𝐻, 𝐿4 = 𝐿8 = 14.02 𝜇𝐻, 𝐿5 = 𝐿7 = 15 𝜇𝐻, 𝐿6 = 19 𝜇𝐻   

   

When the impedance of the circuit is plotted across frequency as shown in Fig 5.7., sharp peak is 

observed at the resonance frequency of 727 Hz which is very close with our predicted value of 

resonance frequency. The Q from the circuit model can be estimated as follows: 

                 𝑄 = 𝑅√
𝐶

𝐿
= 8.18√

2.5×10−3

19×10−6 = 94                                 (7) 

Observe that the peak impedance and the Q factor is higher than what we calculated for the 1D 

array. This is as expected since we hypothesize that the 2D architecture would lead to higher Q 

factors because of the flux linkage and coupling between the magnets along the horizontal and 

vertical directions. The circuit model can also be used to estimate the efficiency by noting the 
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fact that the  received power is proportional to the square of the voltage on the transmitter. Thus, 

for the MPA we can write the efficiency 𝜂𝑀𝑃𝐴 as  

                𝜂𝑀𝑃𝐴 =
|𝑉𝑀𝑃𝐴|2

𝑅𝑒𝑎𝑙(𝑃𝑖𝑛𝑀𝑃𝐴)
=

(𝑅𝑀𝑃𝐴𝐼)2

(𝑅𝑀𝑃𝐴+𝑅𝑐)𝐼2
= 𝐿𝑀𝑃𝐴𝑄𝑀𝑃𝐴𝜔                          (8) 

Where 𝐼 is the current through the transmitter, 𝑅𝑀𝑃𝐴 and 𝐿𝑀𝑃𝐴 refer to the total resistance and 

inductance of the MPA respectively and 𝑄𝑀𝑃𝐴 is the Quality factor of the MPA. 𝑉𝑀𝑃𝐴 is the 

voltage on 𝐿𝑐 in the circuit model of Fig 5.6. Similarly, we can write the efficiency 𝜂𝑐𝑜𝑖𝑙 of just 

the coil with a Q factor of 𝑄𝑐 as 

                            𝜂𝑐𝑜𝑖𝑙 =
|𝑉𝑐𝑜𝑖𝑙|

2

𝑅𝑒𝑎𝑙(𝑃𝑖𝑛𝑐𝑜𝑖𝑙)
=

(𝜔𝐿𝑐𝐼)
2

(𝑅𝑐
2𝐼2) 

= 𝐿𝑐𝑄𝑐𝜔                                   (9) 

Where 𝑉𝑐𝑜𝑖𝑙 is the voltage on 𝐿𝑐 without the MPA. By taking the ratio of the efficiencies we can 

gather further insight into sizing the coil to maximize the efficiency of MPA 

                                              
𝜂𝑀𝑃𝐴

𝜂𝑐𝑜𝑖𝑙
=

𝐿𝑀𝑃𝐴𝑄𝑀𝑃𝐴

𝐿𝑐𝑄𝑐
                                                   (10) 

From Eq 10 we can see that we need to size the coil for the minimum inductance possible to 

maximize the efficiency of the MPA. It is to be noted that with the circuit parameters and Q 

calculated earlier we observe that the efficiency ratio is about 18 dB. We then measure the 

efficiency of pendulum array compared to a coil of same dimensions. The efficiency is 

calculated as the difference of the received power and the input power in logarithmic scale. The 

receiver is coil placed at 40 cm from the transmitter. While measuring the efficiency of the 

transmitter coil, it is matched with a capacitance to compensate for the imaginary part of the 

impedance. 
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Figure 5.7: Measured impedance vs frequency. 

About 18 dB of improvement in efficiency is observed at the resonance frequency as shown in 

Fig 5.8 which is much higher than what was achieved using the 1D arrays proving the superiority 

of stacked pendulum arrays. It also matches with the value predicted by the circuit model. 

 

Figure 5.8: Efficiency improvement of a pendulum array as compared to a coil. 
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Chapter 6 

6 Direct Antenna Modulation (DAM): Implementation and 

Measurements 

6.1. Concept of Direct Antenna Modulation (DAM) 

In this section we illustrate the concept of Direct Antenna Modulation (DAM) using a 

switched small loop as shown in Fig 6.1. The input impedance of the loop is inductive as it is 

electrically small. A capacitor C is inserted in series to form resonance. The quality factor of 

such a system is very high if the losses are minimized resulting in very narrow bandwidth. To 

perform DAM a switch S2 is inserted in series to short circuit the current flow while the current 

through the loop reaches to its maximum, as shown in figure 6.1(a). This helps to maintain the 

stored inductive energy in the near field while stopping the radiation caused by an oscillating 

current. When radiation is needed, one can turn on 

 the switch and the loop inductor will start to release its inductive energy into the matching 

capacitor and create oscillating current and its radiation without delay, as shown in figure 6.1(b). 

The switch S1 in series with the capacitor is to prevent the current spike caused by switching off 

the residue voltage in the capacitor. It is found that the modulation bandwidth of the radiation 

scan be as fast as the carrier frequency [22]. In the next section we describe how the DAM 

scheme has been implemented on magnetic pendulum arrays along with the circuit model for the 

DAM scheme.  
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Figure 6.1: Illustration of DAM with switched electrically small loop.  

(a) Storage Mode     (b) Radiation Mode 

6.2. Implementation of DAM scheme on 5X11 stacked pendulum array 

 

Figure 6.2: Equivalent circuit model of DAM implementation on 5X11 stacked 

pendulum array. 

 The DAM-MPA system consists of pendulum array loaded with a capacitance and 

integrated with GaN semiconductor switches consisting of a pair of transistors that are placed in 

a complementary fashion. The system is designed to transmit a Binary-Frequency Shift Keying 

(BFSK) signal with a data rate of 18 bps. The equivalent circuit model of DAM implementation 
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on 5X11 stacked pendulum array is illustrated in Fig 6.2. The pendulum array is represented by a 

single equivalent parallel RLC circuit with 𝑅𝑀𝑃𝐴, 𝐶𝑀𝑃𝐴 𝑎𝑛𝑑 𝐿𝑀𝑃𝐴  resonating at frequency 𝑓1 =

735 𝐻𝑧. 𝑅𝐶 and 𝐿𝑐 represent the solenoid resistance and inductance respectively. Capacitance 𝐶1 

and 𝐶2 is added in parallel forcing the circuit to resonate at frequency 𝑓2 = 697 𝐻𝑧. Transistors 

𝑆1 and 𝑆2 are used to efficiently and passively switch between two chosen carrier frequencies 𝑓1 

and 𝑓2. The design incorporates a pair of GaN transistors that act as switches in a complimentary 

fashion to increase isolation between radiated signal and the switch control path to prevent 

loading effects between transistor and the pendulum array. To preserve near field energy stored 

in the antenna system, it was proposed that the switching action happens at the maximum RF 

voltage moment for electrically small dipoles [24], [25] and at the maximum current moment for 

electrically small loops [26]. In our system the switching happens at maximum current on the 

inductor 𝐿𝑀𝑃𝐴, i.e. minimum input voltage as shown in Fig 6.3. We also ensure that the input 

voltage and current are in phase in both the ON state (697 Hz) and the OFF state (735 Hz). It is 

also important to note that the frequencies 𝑓1 and 𝑓2 should be sufficiently far from each other 

such that there is not ambiguity in the received spectrum to demodulate signal. If the difference 

between the frequencies is very high the capacitance will reduce the Q factor of the system by 

decreasing the impedance. Hence, we choose the minimum frequency difference such that the 

received signal can be demodulated without any ambiguity and the Q factor of the system is 

maintained sufficiently high. We can write the switching frequency 𝑓𝑠𝑤 as  

                             𝑓𝑠𝑤 = 1/(𝑇𝑜𝑛 + 𝑇𝑜𝑓𝑓)                                   (1) 
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We have 𝑇𝑜𝑛 =
38

𝑓𝑜𝑛
 and 𝑇𝑜𝑓𝑓 =

38

𝑓𝑜𝑓𝑓
    which gives us a switching frequency 𝑓𝑠𝑤 = 9 𝐻𝑧 i.e. we 

can achieve a data rate of 18bps. A simple PCB is fabricated to accommodate the switching 

transistors and the capacitance as shown in Fig 6.4. 

 

Figure 6.3: Switching at zero voltage moment (Maximum current on 𝐿𝑀𝑃𝐴)  

 

Figure 6.4: Fabricated PCB with switches and Capacitors. 
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6.2.1 Measured Results 

 

Figure 6.5: Input current vs frequency for DAM-MPA and MPA. 

 The input current to the MPA system was measured with and without the DAM scheme 

and plotted across frequency as shown in Fig 6.5. Input current at 697 Hz decreases by 8.6 dB in 

DAM case. It is to be noted that we apply a constant voltage source through an amplifier and 

hence the change in the resonance is reflected only in the current. This verifies the higher 

efficiency of Directly Modulated MPA over wider bandwidth in comparison to just the MPA 

transmitting a BFSK signal. The received voltage for MPA and DAM-MPA is same for most of 

the frequencies or DAM is higher in some frequency harmonics as seen in Fig 6.6. This shows 

that with small input power to the antenna in the DAM case we still get the same transmitted 

power thus proving the efficiency improvement in using a DAM scheme for BFSK transmission. 
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Figure 6.6: Received Voltage vs frequency for DAM-MPA and MPA. 

 

 

 

 

 

 

 

 

 



50 

 

Chapter 7 

7 Summary 

7.1 Conclusion 

In this dissertation, we proposed and successfully demonstrated an electro-mechanical 

transmitter for efficient ULF transmission. The innovative design of 1D and 2D stacked 

magnetic pendulum arrays having high Q factors which utilizes mechanical resonance was 

presented. The theory behind the operation of MPAs was derived along with equations for 

calculating the resonance frequency of operation, quality factor and transmitted magnetic 

field. The operation of MPAs was verified using Ansys Maxwell 2D simulations. A proof of 

concept demonstration was shown at 1031 Hz along with 2 bps modulation using 28-Element 

1D MPA and at 727 Hz with 18 bps BFSK modulation using the 55- Element 2D MPA. It 

was observed that the efficiency of the 1D pendulum array is about 7 dB higher than the bare 

coils and 2D array is about 18 dB higher than a coil of same dimensions. Simple circuit 

models were presented which helps verify the properties of MPA and calculation of Q factor. 

Direct Antenna Modulation was implemented to achieve higher data rate efficiently in the 2D 

array prototype. The results presented here demonstrate the feasibility of using high-Q 

magnetic pendulum arrays for efficiently transmitting Ultra Low Frequencies. We believe a 

host of other applications beyond underwater communications, such as wireless power 

transfer and underground localization can benefit from magnetic pendulum arrays. In 

conclusion we would like to note that magnetic pendulum arrays offer a high-Q solution for 

storage and transmission of energy at ULF, which may be replacement to conventional coils 

for various applications in power electronics, filters, antennas and energy harvesting. 
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APPENDIX A 

8 Derivation of torque between two cylindrical magnets 

Assuming a long cylindrical magnet along z axis with radius ‘b’, magnetized radially along 𝑥̂ 

Magnetization: 𝑀𝒂𝑥 

Magnetic Field outside at a distance r can be written as [27]: 

𝐵 = 𝜇0
𝑀𝑏2

2𝑟4 [(𝑥2 − 𝑦2)𝒂𝑥 + 2𝑥𝑦𝒂𝑦]]  

Magnetic field inside the magnet can be written as [27] 

𝐵 = 𝜇0

𝑀

2
𝒂𝑥 

Let the angle of rotation of the magnet be 𝜃 along z axis 

The new magnetization vector can be calculated as  

[
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
𝑀
0
] = 𝑀𝑐𝑜𝑠𝜃𝒂𝑥 + 𝑀𝑠𝑖𝑛𝜃𝒂𝑦 

The field outside now can be written as  

𝐵 = 𝜇
0

𝑀𝑏2

2𝑟4
[(𝑥2 − 𝑦2)𝒂𝑥 + 2𝑥𝑦𝒂𝑦]]𝑐𝑜𝑠𝜃 + 𝜇

0

𝑀𝑏2

2𝑟4
[(𝑦2 − 𝑥2)𝒂𝑦 + 2𝑥𝑦𝒂𝑥]]𝑠𝑖𝑛𝜃 

The field inside now can be written as  

𝐵 = 𝜇0

𝑀𝑐𝑜𝑠𝜃

2
𝒂𝑥 + 𝜇0

𝑀𝑠𝑖𝑛𝜃

2
𝒂𝑦 
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To calculate the torque 𝜏𝑧 between the magnets we can write [28] 

𝜏𝑧 = ∭(𝑀 × 𝐵)𝑑𝑥𝑑𝑦𝑑𝑧 

𝑀 × 𝐵 = |

𝑥̂ 𝑦̂ 𝑧̂
𝑀𝑐𝑜𝑠𝜃 𝑀𝑠𝑖𝑛𝜃 0

𝐵𝑥 𝐵𝑦 0
| = 𝑀𝑐𝑜𝑠𝜃𝐵𝑦 − 𝑀𝑠𝑖𝑛𝜃𝐵𝑥  

𝐵𝑥 = 𝜇0

𝑀𝑏2

2𝑟4
[(𝑥2 − 𝑦2)𝑐𝑜𝑠𝜃 + 2𝑥𝑦𝑠𝑖𝑛𝜃] 

𝐵𝑦 = 𝜇0

𝑀𝑏2

2𝑟4
[2𝑥𝑦𝑐𝑜𝑠𝜃 + (𝑦2 − 𝑥2)𝑠𝑖𝑛𝜃] 

  𝑀𝑐𝑜𝑠𝜃𝐵𝑦 − 𝑀𝑠𝑖𝑛𝜃𝐵𝑥 = 𝑀𝑐𝑜𝑠𝜃 [𝜇0
𝑀𝑏2

2𝑟4
[2𝑥𝑦𝑐𝑜𝑠𝜃 + (𝑦2 − 𝑥2)𝑠𝑖𝑛𝜃]] − 𝑀𝑠𝑖𝑛𝜃 [𝜇0

𝑀𝑏2

2𝑟4
[(𝑥2 − 𝑦2)𝑐𝑜𝑠𝜃 + 2𝑥𝑦𝑠𝑖𝑛𝜃]]  

Simplifying 

=
𝜇𝑜𝑀

2𝑏2

2𝑟4
[(2𝑥𝑦𝑐𝑜𝑠2𝜃 + (𝑦2 − 𝑥2)𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃) + ((𝑦2 − 𝑥2)𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − (2𝑥𝑦) sin2 𝜃 )] 

𝑟 = √𝑥2 + 𝑦2 

=
𝜇𝑜𝑀2𝑏2

2
 [2

(𝑦2−𝑥2)

(𝑥2+𝑦2)2
𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 2𝑥𝑦(cos2 𝜃 − sin2 𝜃)  ]   

The second term is odd in y and hence the integration would be zero. 

Integrating the first term 

𝜏𝑧 =
𝜇𝑜𝑀

2𝑏2

2
𝑠𝑖𝑛2𝜃 ∭

(𝑦2 − 𝑥2)

(𝑥2 + 𝑦2)2
𝑑𝑥𝑑𝑦𝑑𝑧

𝑧𝑦𝑥

−𝑧𝑦𝑥
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𝑧 𝑙𝑖𝑚𝑖𝑡𝑠: −
𝑤

2
 𝑡𝑜

𝑤

2
   (𝑤 𝑖𝑠 𝑡ℎ𝑒 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑔𝑛𝑒𝑡𝑠) 

𝑦 𝑙𝑖𝑚𝑖𝑡𝑠: − 𝑏 𝑡𝑜 𝑏 (𝑏 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑔𝑛𝑒𝑡𝑠) 

𝑥 𝑙𝑖𝑚𝑖𝑡𝑠: 𝑑 − √𝑏2 − 𝑦2 𝑡𝑜 𝑑 + √𝑏2 + 𝑦2  (𝑑 𝑖𝑠 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑐𝑒𝑛𝑡𝑒𝑟𝑠 𝑜𝑓 𝑚𝑎𝑔𝑛𝑒𝑡𝑠) 

 Integration was done in Wolfram Alpha 

Integrating wrt x 

∫
(𝑦2 − 𝑥2)

(𝑥2 + 𝑦2)2
𝑑𝑥 =

𝑥

𝑥2 + 𝑦2
 

Applying x limits 

𝑑 + √𝑏2 − 𝑦2

(𝑑 + √𝑏2 − 𝑦2)
2
+ 𝑦2

−
𝑑 − √𝑏2 − 𝑦2

(𝑑 − √𝑏2 − 𝑦2)
2
+ 𝑦2

 

Integrating wrt y 

∫
𝑑 + √𝑏2 − 𝑦2

(𝑑 + √𝑏2 − 𝑦2)
2
+ 𝑦2

−
𝑑 − √𝑏2 − 𝑦2

(𝑑 − √𝑏2 − 𝑦2)
2
+ 𝑦2

 𝑑𝑦 

 

=

(𝑑2 − 𝑏2) tan−1 (
𝑦

√𝑏2 − 𝑦2
) + (𝑏2 + 𝑑2) tan−1 (

𝑦(𝑏2 + 𝑑2)

(𝑏2 − 𝑑2)√𝑏2 − 𝑦2
)

2𝑑2
 

 

Applying y limits (since the function is even in y, we do 2∫ 𝑓(𝑦)𝑑𝑦
𝑏

0
)  
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= 2 

(𝑑2 − 𝑏2) tan−1 (
𝑏

√𝑏2 − 𝑏2
) + (𝑏2 + 𝑑2) tan−1 (

𝑏(𝑏2 + 𝑑2)

(𝑏2 − 𝑑2)√𝑏2 − 𝑏2
)

2𝑑2
 

=
1

𝑑2
[(𝑑2 − 𝑏2)

𝜋

2
+ (𝑏2 + 𝑑2)

−𝜋

2
 ]   (since (𝑏2 − 𝑑2)𝑖𝑠 − 𝑣𝑒 ) 

=
𝜋𝑏2

𝑑2
 

Integrating wrt z is just multiplying by w 

 

The final integral turns out to be  

𝜏𝑧 =
𝜋𝜇0𝑀

2𝑏4𝑤𝑠𝑖𝑛2𝜃

2𝑑2
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