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Abstract

Analysis, Design of Control Algorithms and Applications for
Forward Invariance of Hybrid Systems
by
Jun Chai

This dissertation focuses on developing tools to study the robust forward invari-
ance of sets for systems with unknown disturbances and hybrid dynamics. In
particular, the notions of robust forward invariance properties are proposed for
hybrid dynamical systems modeled by differential and difference inclusions with
state-depending conditions enabling flows and jumps. A set is said to enjoy robust
forward invariance for a system when its solutions start within the set always stay
in the set regardless of disturbances. These proposed notions allow for a diverse
type of solutions (with and without disturbances), including solutions that have
persistent flow and jumps, that are Zeno, and that stop to exist after finite amount
of (hybrid) time. Moreover, sufficient conditions for sets to enjoy such properties
are presented. The proposed conditions involve the system data and the set to be
rendered robust forward invariant.

Furthermore, such conditions are exploited to derive conditions guaranteeing
that sublevel sets of Lyapunov-like functions are robust forward invariant and, in
turn, inspired a constructive way to design invariance-based control algorithms for
a class of hybrid systems with control inputs and disturbances. More precisely,
when a hybrid system have a Lyapunov-like function V' satisfying a set of specific
conditions, existence of feedback laws that render sublevel sets of V' robustly
forward invariant for the closed-loop hybrid systems are presented. In addition,
two selection theorems are proposed to design invariance-based controllers for the

class of hybrid systems considered.

X



Applications and academic examples are given to illustrate the results. In par-
ticular, the presented forward invariance analysis and design tools are applied to
the design and validate of hybrid controllers for power conversion systems, specif-
ically, a single-phase DC/AC inverter and a DC/DC boost converter. Moreover,
results are applied to the estimation of weakly forward invariant sets, which is
an invariance property of interest when employing invariance principles to study
convergence properties of solutions. Finally, the developed algorithms are tested

on the control of a constrained bouncing ball system.
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Chapter 1
Introduction

The recent advancements in automation technology in everyday lives call for re-
liable algorithms to guarantee safe and efficient operation of autonomous systems;
such as path planing in autonomous driving, energy generation and allocation in
smart grids, cooperative control in air traffic management and motion planning
in human-robot collaboration. Techniques to verify the safety properties are vital
in the design of autonomous systems, which are even more valuable under the
presence of disturbances. Such control specifications can be recast as the problem
of rendering a set forward invariant.

Formally, a set K is said to be forward invariant for a dynamical system if every
solution to the system from K stays in K. This property is also referred in the
literature as flow-invariance [1]| or positively invariance [2]. In [3], Aubin studies
viability and invariance (or weak forward invariance and forward invariance) for
continuous dynamical systems given as differential inclusions. His explanations of
these concepts by quoting Jacques Monod’s book “Chance and Necessity” are very
informative: the term “chance” describes the indeterministic factor that comes
from the set-valuedness of system dynamics; while the phrase “necessity” captures
the behavior that solutions ought to evolve within desired regions. In the presence
of disturbances, one is typically interested in invariance properties that hold for all

possible allowed disturbances, which has been referred in the literature as robust



forward invariance; see, e.g., [4]. In fact, robust forward invariance are used
to characterize solution behaviors to systems with uncertain disturbances. This
motivates the development of forward invariance tools for hybrid systems modeled
by differential and difference inclusions with state constraints. In this dissertation,
we verify the “necessity” of solution pairs evolving within the set that they are
initialized from; while considering a wider range of “chance” in system dynamics
compared to [3]: in addition to set-valuedness, it comes from the possible mixture

of continuous and discrete behaviors and uncertain disturbances.

1.1 Background

Forward invariant sets are regions of the state space from which solutions
start and stay for all future time. In addition to safety guarantees, such proper-
ties emerge in many engineering problems that seek for set reachability, control
optimization and system asymptotic stability. For an obstacle avoidance problem
in vehicular networks, [5] achieves safety in autonomous path planning via in-
variant set and reachable set analysis for a linear continuous-time system. In [6],
forward invariant sets are used to determine the constraints of feasibility to model
predictive control of nonlinear discrete-time systems. In [7], stability of controlled
invariant sets is derived for piecewise-affine systems given by a finite collection of
affine linear differential equations on polytopic subsets of the state space. Treated
as reachability and invariance analysis of hybrid systems, air traffic management
of multiple aircrafts with safety concerns is studied in [§].

Moreover, analysis and feedback-control designs with invariance rendering
goals under the influence of disturbances have appeared in the literature fea-
turing various engineering applications. For an adaptive cruise control problem,
[9] studies the robust invariance properties of sublevel sets of control barrier func-
tions for nonlinear continuous-time systems. For predicting threat assessment in

semi-autonomous cars, [10] identifies the safe driving regions via reachability and



robust controlled invariance analysis for a discrete-time system with perturba-
tions. To achieve stability of a network system with delays, which is modeled as
a discrete-time system, a model predictive control using set invariance properties
is implemented in [11]. Safety control of urban traffic network is considered as a

robust controlled invariance problem in [12] for discrete-time and hybrid systems.

1.1.1 Forward Invariance for Continuous-time and Discrete-

time Systems

Tools to verify invariance of a set for continuous-time and discrete-time systems
have been thoroughly investigated in the literature. In the seminal article [13],
the so-called Nagumo Theorem is established to determine forward invariance
(and weak forward invarianc) of sets for continuous-time systems with unique
solutions. Given a locally compact set K that is to be rendered forward invariant
and a continuous-time system with a continuous vector field, the Nagumo Theorem
requires that, at each point in the boundary of K, the vector field belongs to the
tangent cone to K; see also [3, Theorem 1.2.1]. This result has been revisited
and extended in several directions. In [14], conditions for weak invariance as well
as invariance for closed sets are provided — a result guaranteeing finite-time weak
invariance is also presented. In particular, one result shows that a closed set K is
forward invariant for a continuous-time system with unique solutions if and only
if the vector field and its negative version are subtangential to K at each point
in it. A similar result is known as the Bony-Brezis theorem, which, instead of
involving a condition on the tangent vectors, requires the vector field to have a
nonpositive inner product with any (exterior) normal vector to the set K [15,[16].
Taking advantage of convexity and linearity of the objects considered, [17] provides
necessary and sufficient conditions for forward invariance of convex polyhedral

sets for linear time-invariant discrete-time systems. Essentially, conditions in [17]

"When solutions are nonunique and invariance only holds for some solutions from each point
in K, then K is said to be weakly forward invariant — in [3] this property is called viability.



require that the new value of the state after every iteration belongs to the set
that is to be rendered forward invariant. This condition can be interpreted as
the discrete-time counterpart of the condition in the Nagumo Theorem. For the
case of time-varying continuous-time systems, [I] provides conditions guaranteeing
forward invariance properties of K given by a sublevel set of a Lyapunov-like
function; see also [I18-20]. The analysis of forward invariance of a set for systems
under the effect of perturbations has also been studied in the literature; see [21]
for the case when K is a cone, [2223] when K is a polyhedral, to just list a few
more, [5,10].

For systems with an input, forward invariance can be employed as a tool for
control design. In particular, such techniques synthesize forward invariance speci-
fications, that is, the question of whether, under the selected inputs, the states of
the system remain contained in a desired region. Referred to as invariance-based
control, invariance of sets are exploited for nonlinear continuous-time constrained
systems [24], cascade nonlinear systems [25] and system stabilization of a wide
class of systems. For example, [26] investigates the relationship between forward
invariance and stability for uncertain constrained pure discrete-time and pure
continuous-time systems. Conditions for existence of invariance-based controllers
for linear discrete-time systems are given in [27]. In [28], using stability analysis,
the authors derive equivalent conditions to the existence of forward invariant sets
based on comparison principle for constrained discrete-time nonlinear systems.
Under the presence of disturbances, predicting and governing the solution behav-
iors of the system more intricate than for nominal systems. For model-predictive
controls of discrete-time systems, [29] establishes sufficient conditions on feasible
controls that induce stability via invariance analysis. Minimal invariant sets are
determined for discrete-time control systems in [30]. In [7], stability of controlled
invariant sets is achieved for piecewise-affine systems. In recent years, more at-
tention is drawn to control applications that seek for set invariance and safety

under disturbances outside of stability theory. In [31I], as a case study for ma-



nipulating genetic regulatory networks, robust invariant set is derived to keep the
cellular states of a boolean network within desired set. For continuous-time mono-
tone systems, [4] achieves energy efficiency in temperature control of ventilation
in buildings via invariance analysis. For nonlinear continuous-time systems with
control barrier functions, [9] studies invariance applications in adaptive cruise con-
trol. Among above application driven research, forward invariance analysis and
control design tools often are different from the ones for set stability. Therefore,
in this dissertation, we develop systematic tools to verify forward invariance prop-
erties of sets without stability in consideration. Moreover, we study the robust
forward invariant sets for a general class of hybrid dynamical systems modeled as
hybrid inclusions with disturbances.

Theoretical and computational results on forward invariance of sets under the
presence of disturbances are available under the terms invariance-based control
or controlled invariance. For example, article [2] surveys results for the design of
controllers that induce forward invariance via Lyapunov approach. The authors
of [32] study the invariance control of saturated linear continuous-time systems
(the singular case is treated in [33]). Regarding the computation of invariant
sets, algorithms for the computation of the maximum controlled invariant set for
discrete-time systems are given in [0,34,35]. Among these, control designs for
systems with inputs using control Lyapunov functions are implemented to gener-
ate state-feedback laws to assure invariance. For instance, [1] guarantees forward
invariant properties of single-valued continuous-time systems with nonunique so-
lutions via analysis of a family of Lyapunov-like functions. Utilizing a local control
Lyapunov function, feedback control of linear systems under the presence of per-
turbations appeared in [36], which exploits a nesting property of sets to guarantee
invariance of sets; see also the optimization approach in [37]. Similarly, barrier
functions (and control barrier functions) have been shown to be effective for the

study of safety in continuous-time systems; see [38,39].



1.1.2 Forward Invariance for Hybrid Systems

The interests in forward invariance of sets for hybrid systems is also driven
by applications. The use of forward invariance for analysis and design for hybrid
systems include periodic motion analysis with impacts [40], reachability [41], and
hybrid control design [42]. Safety verification in hybrid systems is studies as
invariance-based control problem for hybrid automata with nonlinear continuous
dynamics, disturbances, and control inputs. For example, [43,44], a differential
game approach is proposed to compute reachable sets for the verification of safety.
In [45], an algorithm is proposed to approximate invariant sets of hybrid systems
that have continuous dynamics with polynomial right-hand-side and that can
be written as hybrid programs. In [46L[47] control barrier functions are used
for verification of safety in hybrid automata with disturbances that affect the
continuous dynamics.

However, the study of forward invariance in systems that combine continuous
and discrete dynamics is not as mature as the continuous-time and discrete-time
settings. This is because the dynamics of hybrid systems are typically governed by
set-valued, nonlinear maps, which lead to nonunique solutions. Certainly, when
the continuous dynamics are discretized, the methods for purely discrete-time
systems mentioned above are applicable or can be extended without significant
effort for certain classes of hybrid models in discrete time; see, in particular, the
results for a class of piecewise affine discrete-time systems in [48]. Establishing
forward invariance (both nominal and robust) is much more involved when the
continuous dynamics are not discretized. Forward invariance of sets for impulsive
differential inclusions, which are a class of hybrid systems without disturbances,
are established in [49]. In particular, [49] proposes conditions to guarantee (weak
— or viability — and strong) forward invariance of closed sets and a numerical
algorithm to generate invariant kernels. Other recent contributions to the under-
standing of forward invariance for hybrid systems without inputs and disturbances

include those for hybrid automata [50L51] for hybrid inclusions [52,[53]. In [54],



discrete-time invariance inducing controllers are designed for continuous-time non-
linear systems. The particular case of invariance-based control design for switched
systems modeled by discrete-time systems without perturbations was treated in
[55]. The problem of computing the controlled invariant sets for switched sys-
tems was studied in [56L57]. Game theoretic approach to reachability via forward
invariance control design for a class of hybrid systems with disturbances were
proposed in [58] and [59]. For the case of perturbed systems, analysis results to
study robust forward invariance of sets for linear continuous-time systems with
multiple operation modes are established and applied to controller design in [60].
When both control input and disturbances are considered in hybrid systems, pre-
dicting solutions behaviors is much more complicated compared to those for pure
continuous-time or pure discrete-time systems. In this dissertation, we focus on
the systematic analysis and control designs of a class of hybrid systems modeled

as hybrid inclusions with control input and disturbances.

1.2 Contribution

Motivated by the lack of results for the study of robust and nominal forward in-
variance in hybrid systems, we propose tools for analyzing forward invariance prop-
erties of sets. In particular, formal notions of invariance and solution-independent
conditions that guarantee desired invariance properties of sets are established for

hybrid dynamical systems modeled as

(x,w.) € Cpy & € Fylz,w,)
Hu (1.1)
(x,wq) € Dy a7 € Gy(x,wy)

which we refer to as hybrid inclusions [61] and where z is the state and w =
(we, wq) is the disturbance
Building from the established robust forward invariance properties for hybrid

dynamical systems, we introduce the notions of robust controlled forward invari-

2See Chapter 2] for a precise definition of system notations appeared in this section.



ance for hybrid systems given as in [62]. Differential and difference inclusions with
state, input and disturbance constraints are used to model the continuous-time
and discrete-time dynamics of systems, respectively. More precisely, we consider
hybrid systems with both disturbances w = (w.,wq) € W. x W, and control
inputs u = (ue, ug) € U. X Uy that are given byé

(T, ue,we) € Cuny & € Fyo(T, ue, we)

Hoo (1.2)

7 (T, gy wq) € Dy 27 € G, ug, wa),
where x € R" is the state. We focus on the controller design and synthesis for the
purpose of rendering a set robustly controlled forward invariant for the closed-loop
system that is resulted by replacing v with an admissible state-feedback pair. The
main challenges in asserting these forward invariance properties and their designs

include the following;:

(1) Combined continuous and discrete dynamics: given a disturbance signal and
an initial state value, a solution to (LI]) may evolve continuously for some
time, while at certain instances, jump. As a consequence, the set K must
have the property that solutions stay in it when either the continuous or the

discrete dynamics are active.

(2) Potential nonuniqueness and noncompleteness of solutions: the fact that the
dynamics of (ILT]) are set valued and the existence of states from where flows
and jumps are both allowed (namely, the state components of C,, and D,
may have a nonempty overlap with points from where flows are possible) lead
to nonunique solutions. In particular, at points in K where both flows and
jumps are allowed, conditions for invariance during flows and at jumps need
to be enforced simultaneously. Furthermore, solutions may cease to exist after
finite (hybrid) time due to the state reaching a point from where neither flow
nor jump is possible. — these include points in the boundary of C,, that are

not in D,,, from where the elements in F,, point outward the set C,, and

3The space for disturbances and control inputs are W, € R% W, € R% and U, C R™e,U; C
R™4 . respectively.



points from where the jumps map the state outside where flow and jumps are

possible.

(3) Presence of disturbances for systems with state constraints: for it to be inter-
esting, forward invariance of a set K for a hybrid system with disturbances
is an invariance property that has to hold for all possible disturbances. In
technical terms, for every z such that (x,w.) belongs to C,, the vectors in
the set Fi,(z, w.) need to be in directions that flow outside of K is impossible
for all values of w,.. Similarly, for each = such that (z,w,) belongs to D,,, the

set Gy (7, wq) should be contained in K regardless of the values of wy.

(4) Forward invariance analysis of intersection of sets: when provided a Lyapunov-
like function, V, for the given system, conditions to guarantee forward invari-
ance properties will need to take advantage of the nonincreasing property of
V. In such a case, the state component of the sets C,, and D,, will be in-
tersected by sublevel sets of the given Lyapunov-like function, which require

less restrictive conditions than for general sets.

(5) Robust controlled forward invariance for H ., via (K, kq): we provide notions
of robust controlled forward invariance of a generic set K C R" for H,,,, via
given feedback laws. When a H, ,-admissible state-feedback pair (k., kq)
renders a set robustly controlled forward invariant for the closed-loop system,
the existence of nontrivial solution pair from every possible initial condition
is guaranteed. Moreover, every maximal solution pair that starts from the
set is complete and stays within the set for all future time. Such concept
concerns the solution pair behavior of the closed-loop hybrid system of H,,

under the effect of a state-feedback pair (k., k4), which is given by

LL’,UJC ECu) :I; EF”Ll) x7wc
Huw ( ) ( ) (1.3)

(x,wq) € Dy 7€ Gy(x,wy),

4A state-feedback pair (ke,kq), where k. : R” — R™¢ and k4 : R — R™4, is said to be
Hou, w-admissible if the pair satisfies the dynamics of Hy .

9



where the set-valued maps F,(x,w.) 1= Fy (2, (), w.) and Gy, (2, wq) :=
Guw(x, ka(x), wq) govern the continuous-time and discrete-time evolutions of
the system on the sets C,, := {(z,w.) € R" x W, : (z, k.(z),w.) € Cy.} and
Dy, = {(z,wq) € R* x Wy : (2, k4(z), waq) € Dy}, respectively. Note that
H,, share same structure as hybrid system in (I). When provided differ-
ent feedback pairs to H, ., the resulting closed-loop systems have different

dynamics.

Robust forward invariance of sublevel sets of Lyapunov-like functions: condi-
tions to guarantee robust forward invariance properties that take advantage
of the nonincreasing property of a Lyapunov-like function, V', are proposed.
The sublevel sets of the given V' is intersected by the state component of the
sets C, and D,,. Intricate derivations are needed to guarantee the existence of
nontrivial solution pair from every point, furthermore, to guarantee the com-
pleteness of solution pairs. Note that these Lyapunov-like functions ought to
satisfy inequalities over carefully constructed regions that allow increase in
V' in the interior of their sublevel sets. Moreover, to further relax the regu-
larity on set C,, (compared to [63, Theorem 5.1]) via a constructive proof by

investigating properties of vectors in the tangent cone of the intersected sets.

Existence of continuous state-feedback laws using robust control Lyapunov
function for forward invariance (RCLF-FI): we extend the concept of ro-
bust control Lyapunov function from [62] to the purpose of rendering robust
controlled invariance. The proposed notion is derived from the conditions to
guarantee robust forward invariance of sublevel sets of Lyapunov-like func-
tions. Such a novel concept is exploited to determine sufficient conditions that
lead to the existence of continuous state-feedback laws for robust controlled
invariance, which involve the data of the system and properly constructed
regulation maps. In particular, by assuring the existence of continuous se-
lections from set-valued maps that collect all possible control inputs, forward

invariance of sublevel sets is guaranteed. The invariance-based control design

10



approach using RCLF-FI for hybrid systems is unique and original to our
best knowledge. Finally, utilizing the regulation maps built, we employ a
pointwise minimum norm selection scheme to construct state-feedback laws.
Such feedback pairs lead to suboptimality with respect to some meaningful

cost function while ensuring robust controlled forward invariance for H,, .

In this dissertation, we provide results that help tackle these key issues system-
atically. For starters, we introduce the notions for forward invariance in hybrid
dynamical systems, both with and without disturbances. Then, we present the
sufficient conditions to verify each proposed notions, for which, in the case with
disturbances, we establish a result to guarantee existence of nontrivial solutions
to the system modeled as in (ILT]) and provides insight for solution behavior based
on completeness. The proposed notions of robust forward invariance are uniform
over all possible disturbances, and allow for solutions to be nonunique and to
cease to exist in finite (hybrid) time (namely, not complete). For each notion, we
propose sufficient conditions that the data of the hybrid inclusions and the set K
should satisfy to render K robustly forward invariant. Results for hybrid systems
without disturbances are derived as special cases of the robust ones. Compared
to [49], which studies the nominal systems exclusively, we focus on a more gen-
eral family of hybrid systems, where Marchaud and Lipschitz conditions are not
necessarily always imposed in the flow map. As an application of the results
for generic sets K, we present a novel approach to verify forward invariance of
a sublevel set of a given Lyapunov-like function intersected with the sets where
continuous or discrete dynamics are allowed. Such a result lays the groundwork
for the design results in this thesis. Because of the nonincreasing properties of
the given Lyapunov-like function along solutions, the developed conditions are
less restrictive and more constructive when compared to the ones for a generic set
K. Moreover, our results are also insightful for systems with purely continuous-
time or discrete-time dynamics. In fact, because of the generality of the hybrid

inclusions framework, the results in this paper are applicable to broader classes
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of systems, such as those studied in [2}317,19,20].

Then, we exploit the analysis tools for verifying robust forward invariance prop-
erties for the autonomous hybrid dynamical system H,,, to develop invariance-
based control design using proposed RCLF-FI. We provide systematic approach
for constructing invariance inducing feedbacks under the presence of a generic
class of perturbations, from which the invariance-based control designs for hybrid
systems without disturbances are derived as special cases Moreover, our results
are also insightful for systems with purely continuous-time or discrete-time dy-
namics. In fact, because of the generality of the hybrid inclusions framework, the
results in this paper are applicable to broader classes of systems, such as those
studied in [4,261[30L32].

To illustrate analysis and design tools proposed in this dissertation, we investi-
gated several engineering applications. In particular, we present two technological
invariant-based control for power conversion systems, a single-phase DC/AC in-
verter and a DC/DC boost converter. Both systems with switching dynamics are
modeled as hybrid systems with a logical input signal to be designed. To ac-
complish the design goals, we proposed control laws that result in desired output
signals as close as possible to the reference signal by controlling the switch(es) in
circuits. The proposed controllers trigger switch(es) based on the value of the cur-
rent and voltage of the electronic filter. Results on forward invariance of sets for
general hybrid systems are used to analyze the effect of the proposed controllers.
Then, we study a bouncing ball system with constrain, which is modeled by hybrid
inclusions in form of (L.2)). Following the provided approach, the designed control
input manage to accomplish the objective of maintaining the peaks of height after
each bounce within desired range for the closed-loop system. This controller fea-
tures robust controlled forward invariance of a desired set on the state space that
corresponds to the desired height range under the uncertain coefficient of restitu-

tion during impact. Finally, for the purpose of estimating largest weakly forward

5The nominal version of the results in this paper appeared without proof in the conference
article [64].
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invariant set, which is essential in the set stabilization via La Salle’s invariance
principle, we explore the proposed sufficient conditions that guarantee forward
invariance property of the sublevel sets of Lyapunov-like functions. Numerical
simulations are presented for applications to validate the claims. The proposed

results are also demonstrated with illustrative academic examples.

1.3 Organization

The contents of this dissertation are organized into following chapters. For
ease of presentation, we introduce results in each chapter for the nominal hybrid

systems prior to the ones for the perturbed systems.

Chapter [2: Preliminaries In this chapter, the hybrid inclusions framework,
which models hybrid systems as differential and difference inclusions with con-
straints, and its basic properties are presented. These will be used throughout

this dissertation.

Chapter [t Notions of Forward Invariance for Hybrid Systems In this
chapter, we formally define the notions of nominal forward invariance properties
of a set for hybrid system without disturbance signals. The proposed notions are
thoroughly discussed concerning the existence of nontrivial solutions and their
completeness. Then, extending these to the case with disturbances, we propose
the notions of robust forward invariance for hybrid systems H, in (LI). We
provide several academic examples to illustrate the notions, which we revisit in

later chapters.

Chapter (4 Sufficient Conditions to Verify Forward Invariance for Hy-
brid Systems In this chapter, we present sufficient conditions to guarantee each

presented forward invariance notion in Chapter B for a generic set K. For the
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system with disturbances, we provide conditions to check for existence of nontriv-
ial solutions and their behaviors. Each set of conditions include those to ensure
solutions to stay within K during flows and jumps. In addition, a particular con-
dition to guarantee no finite escape time of solutions during flow is explored for
possible solution-independent alternatives. We present several academic examples

to illustrate the main results.

Chapter Bt Forward Invariance of Sublevel Sets of Lyapunov-like Func-
tions In this chapter, we propose invariance inducing conditions for systems with
a given Lyapunov-like function V. These conditions are less restrictive on system
data, when compared to the ones in Chapter 4l Such advantage comes from the
fact that the set of interest is the intersection of the sublevel sets of V and the
regions where flows and jumps are enabled. These results are crucial to the up-
coming analysis and control design efforts. We provide several academic examples

to illustrate the results, which we revisit in later chapters.

Chapter Controlled Forward Invariance using Control Lyapunov
Functions In this chapter, we start with providing the definitions of (robust)
controlled forward invariance for hybrid systems via feedback laws. Then, revisit-
ing the relaxed sufficient conditions using Lyapunov methods, we give the formal
definition of control Lyapunov function for forward invariance. Then, results for
the existence and design of continuous state-feedback laws using such functions
to render its sublevel sets (robustly) controlled forward invariant are presented.
Control synthesis is also proposed using a minimal selection scheme. Academic

examples for major concepts are included.

Chapter [Tt Applications of Invariance-based Controls In this chapter,
we investigate several engineering applications to illustrate analysis and design

tools proposed in this dissertation. Two power conversion systems, a single-phase
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DC/AC inverter and a DC/DC boost converter, are presented. A bouncing ball
system with constraints, which is modeled by hybrid inclusions in form of (L2,
is controlled and analyzed to achieve the control goal of maintaining the peaks
of height after each bounce within desired range. Finally, for the purpose of
estimating largest weakly forward invariant set, we explore the proposed suffi-
cient conditions that guarantee forward invariance property of the sublevel sets
of Lyapunov-like functions. Numerical simulation results are presented for most

applications to validate the claims.

Chapter 8 Conclusion and Plan of Future Work In this chapter, the
results in this dissertation are summarized and several potential future directions

are briefly discussed.
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Chapter 2
Preliminaries on Hybrid Systems

In this dissertation, we consider hybrid system modeled as hybrid inclusions,
where system dynamics are captured by differential and difference inclusions with
constraints. More precisely, for hybrid system H, given as in (I.I]), which has
disturbance input w = (w,, w,) and state z, we are interested in forward invariance
properties of a set that are uniform in the allowed disturbances w; while for
hybrid systems H studied in [61], which is considered as a special case of H,, with
constant zero disturbance, i.e., w = 0. We further explore the relaxed conditions to
guarantee nominal forward invariance of sublevel sets of Lyapunov-like functions.
In the rest of this section, we present basic definitions and properties of H,, that
are important for deriving the forthcoming results.

We study the system H,, = (Cy, F, D, Gy,) in (ILT]). The data of H,, in (1)
is defined by the flow set C,, C R" x W,, the flow map F,, : R* x R% = R",
the jump set D,, C R” x W, and the jump map G, : R® x R% — R". The
space for the state x is R™ and the space for the disturbance w = (w., wy) is
W =W, x W, C Ré% x R%_ The sets C,, and D,, define conditions that = and w
should satisfy for flows or jumps to occur. In this paper, we assume dom F,, D C,
and domG,, D D,. The considered class of disturbances are formally given as

follows.

Definition 2.0.1 (hybrid disturbance) A hybrid disturbance w is a function on a
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hybrid time domain that, for each j € N, t — w(t, j) is Lebesgue measurable and

locally essentially bounded on the interval {t : (t,j) € domw}. O

When w(t,j) = 0 for every (t,j) € domw (which means that there is no
disturbance), the system #,, reduces to the nominal hybrid system introduced in

[61], which is given by

T €F(x) zel
(2.1)
rt e G(xr) z€D,

where the system data is given by

o flow map, a set-value map F': R® = R" describing the continuous dynamics

of H;
o flow set, aset C' C dom F' specifying the points where dynamics of F' applies;

e jump map, a set-value map G : R™ = R” describing the discrete dynamics

of H;

e jump set, a set D C dom G specifying the points where dynamics of G
applies.

Following [61], a solution to the hybrid system H,, is parameterized by the

concept of hybrid arcs and hybrid time domains.

Definition 2.0.2 (hybrid time domain, [61, Definition 2.3]) A subset E C Rxq X

N is a compact hybrid time domain if
J—1

E= U([tj’tj+1]>j)

5=0
for some finite sequence of times 0 =ty <1 < to... <t;. A subset S C Rsg x N
is a hybrid time domain if for all (T, J) € S,SN([0,7],{0,1,...,J}) is a compact
hybrid time domain. 0
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The operations sup, and sup; on a hybrid time domain F return the supremum
of the ¢t and j coordinates, respectively, of points in £. A hybrid arc ¢, satisfying
system dynamics, can be defined as a set-valued mapping ¢ : R?> = R” that is

single-valued on its domain dom ¢.

Definition 2.0.3 (hybrid arc, [61), Definition 2.4/) A function x : domx — R™ is
a hybrid arc if domx is a hybrid time domain and if for each j € N, the function

t— x(t, j) is locally absolutely continuous. O

Then, solutions to (2] are defined in [61], Definition 2.6] in terms of hybrid time

domains and hybrid arcs.

Definition 2.0.4 (solution to H) A hybrid arc ¢ is a solution to the hybrid system
(C,F,D,G) if $(0,0) € CU D, and

(S1) for all j € N such that IV :== {t : (t,j) € dom ¢} has nonempty interior

o(t,j) e C for allt € int I,

o(t,7) € F(o(t,j)) for almost all t € I;

(S2) for all (t,j) € dom ¢ such that (t,j+ 1) € dom ¢,

o(t, j) € D,
o(t,j+1) € G(o(t, 7))

A solution ¢ to the hybrid system H = (C, F, D, G) is
e nontrivial if dom ¢ contains at least two points;
e complete if dom ¢ is unbounded;
e Zeno if it is complete and sup, dom ¢ < 0o;

o mazimal if there does not exist another solution i to H such that dom ¢ is

a proper subset of dom and ¢(t,j) = (¢, j) for all (t,j) € dom ¢;
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o cventually discrete if T = sup,dom ¢ < oo and dom ¢ N ({T'} x N) contains

at least two points;

e discrete if nontrivial and dom ¢ C {0} x N. 0

Given K C R", we use Sy to represent the set of all maximal solutions to the
hybrid system #H and Sy (K) to denote a set that includes all maximal solutions
¢ to the hybrid system H with initial condition ¢(0,0) in K.

As an extension to Definition [2.0.4], solution pairs to a hybrid system ., as
in ([.I)) are defined as follows.

Definition 2.0.5 (solution pairs to H,,) A pair (¢, w) consisting of a hybrid arc
¢ and a hybrid disturbance w = (w., wy), with dom ¢ = domw(= dom(¢,w)),
is a solution pair to the hybrid system H,, in (LI) if (¢(0,0),w.(0,0)) € C,, or
(¢(0,0),w4(0,0)) € Dy, and

(S1,) for all j € N such that I’ has nonempty interior

(¢(t>])>wc(t>])) € Cw fO?" all t € int Ij,
%(t,j) € Fu(o(t, j), we(t, 7)) for almost all t € 17,

(S2,) for all (t,7) € dom ¢ such that (t,j+ 1) € dom ¢,

(¢(t79>7wd(t79>> € Dw
¢(t7.] + 1) € Gw((b(t?j)?wd(t?j))

In addition, a solution pair (¢, w) to H,, is said to be
e nontriwial if dom(¢,w) contains at least two points;
e complete if dom(¢p,w) is unbounded;

e mazximal if there does not exist another (¢, w)" such that (¢, w) is a truncation

of (¢, w) to some proper subset of dom(¢p, w)". 0
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Similar as for H, we use Sy, (K) to denote a set that includes all maximal solution
pairs (¢, w) to H,, with initial condition ¢(0,0) in K.

To formulate our results, we will need the following result from [61].

Proposition 2.0.6 ([53, Proposition 2.2]) Consider the hybrid system H = (C, F, D, G).
Let £ CUD. If€ €D or

(VC) there exist ¢ > 0 and an absolutely continuous function z : [0,e] — R”
such that z(0) = &, 2(t) € F(2(t)) for almost allt € [0,¢] and z(t) € C for
all t € (0,¢],

then there exists a nontrivial solution ¢ to H with ¢(0,0) = &. If|(VC) holds for
every £ € C'\ D, then there exists a nontrivial solution to H from every point of

C U D, and every ¢ € Sy satisfies exactly one of the following:
a) ¢ is complete;

b) ¢ is not complete and “ends with flow”, with (T, J) = sup dom ¢, the interval

I’ has nonempty interior; and either

b.1) I’ is closed, in which case ¢(T,J) € C'\ (C'UD); or

b.2) I’ is open to the right, in which case (T,J) ¢ dom ¢, and there does
not exist an absolutely continuous function z : 17 — R" satisfying
2(t) € F(z(t)) for almost all t € I7,2(t) € C for all t € int I/, and
such that z(t) = ¢(t, J) for allt € I’;

c) ¢ is not complete and “ends with jump”: for (T,J) = supdom ¢, one has
&(T,J)¢ CuD.

Furthermore, if G(D) C C U D, then|c) above does not occur.
Our control design effort considers hybrid systems with both disturbances w =

(We, wq) € We X Wy and inputs u = (u,, ug) € U. X Uy given by (L2]). The space
for disturbances and inputs are W, C R% W, C R% and U, C R™, U; C R™,
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respectively. We focuses on the controller design and synthesis for the purpose
of rendering a set robustly controlled forward invariant for the closed-loop sys-
tems that is resulted by replacing u with a H, ,-admissible state-feedback law
(Ke, Kd) In (I.2), the maps F,, ,(x, e, w.) and Gy (2, ug, wg) are nonempty for
every (z,uc, w.) and (z,uq,w.), respectively, and capture the system dynamics
when in sets C,,,, and D, ,,, which define conditions that x,u, and w should sat-
isfy for flows or jumps to occur, respectively. We assume that C,, ,, and D, ,, define
conditions on u that only depend on x and conditions on w that only depend on
x, where w = 0, meaning there is no disturbance in system, always qualifies as a
value for disturbance. For convenience, we define the projection of S C R"™ x W,

onto R™ as
IIY(S) == {z € R" : 3w, € W, s.t. (z,w.) € S},
and the projection of S C R™ x W; onto R" as
7 (S) :={z € R" : Jwy € Wy s.t. (z,wy) € S}.
Moreover, the projection of S C R™ x U, x W, onto R" as
I.(S) :=={z e R" : Ju, € U, w. € W, s.t. (z,u.,w.) € S},
and the projection of S C R™ x Uy x W, onto R" as
[(S) :={z € R" : Jug € Uy, wgEWy s.t. (z,uq, wq) € S},

Given sets C,, , and D, ,,, the set-valued maps ¢ : R® = W, and ¥} : R" = W,
are defined for each z € R" as

V() = {w, € R : (2, ue,w.) € Cyn},

V() = {wg € RY : (z,u4,w4) € Dy},
respectively, and the set-valued maps ¥¥ : R"™ = U, and U] : R" =% U, are defined

(2.2)

for each z € R"™ as

Ul (z) = {u. € R™ : (z,u,,w.) € Cyw},

LA state-feedback pair (ke,xq), where k. : R — R™ and k4 : R® — R™4 is said to be
H.,-admissible if the pair satisfies the dynamics of H,, .
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Uh(z) == {uq € R™ : (2, uq, wq) € Dy},

respectively.
The following regularity conditions on the system data of a hybrid system H,,
as in ([6.2)) are considered in some forthcoming results. These conditions guarantee

robustness of stability of compact sets with respect to perturbations.

Definition 2.0.7 (hybrid basic conditions) A hybrid system H,, is said to satisfy
the hybrid basic conditions if its data satisfies

(Al,) Cy and Dy, are closed subsets of R™ x W, and R™ x Wy respectively;

(A2,) F, : R" x Rl = R" is outer semicontinuous@ relative to C,, and locally

bounded, and for all (z,w.) € Cy, Fy,(x,w,.) is convex;

(A8,) Gy : R" x R% = R™ is outer semicontinuous relative to D,, and locally

bounded.

U

Similarly, for system H in (2.1I), we define the following regularity conditions

on its system data; see [61, Assumption 6.5] for details.

Definition 2.0.8 (hybrid basic conditions) A hybrid system H is said to satisfy
the hybrid basic conditions if its data satisfies

(A1) C and D are closed subsets of R";

(A2) F : R" = R"™ is outer semicontinuous relative to C' and locally bounded,

and for every x € C, F(x) is convex;
(A3) G : R™ = R" is outer semicontinuous relative to D and locally bounded.

0

2See Definition [A.0.2]in Appendix.
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For general hybrid systems H = (C, F, D,G), |61, Definition 3.6] introduces

the following stability notion.

Definition 2.0.9 (Stability) A compact set A C R™ is said to be

e stable if for each € > 0 there exists 0 > 0 such that each solution x with
|X(0,0)|4 <6 satisfies |x(t,j)|a < € for all (t,5) € dom x;

e attractive if there exists p > 0 such that every maximal solution x with

|X(Ov 0)‘.«4 < is Complete and 8@ti8ﬁ68 lim(t,j)edomx,t-i-j—mo ‘X(tuj)‘fl = 07‘
e asymptotically stable if A is stable and attractive;

e globally asymptotically stable if the attractivity property holds for every
point in C'U D.
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Chapter 3

Notions of Forward Invariance for

Hybrid Systems

In this chapter, we formally introduce the notions of forward invariance for hy-
brid systems. First, for the nominal system # in (2.1]), four notions are presented
to capture the properties where solutions stay within set X' C R™ when they are
initialized within it. The four notions are different considering the existence of
nontrivial solutions and completeness of maximal solutions. Then, for the hybrid
system H,, in (L)), the robust notions are presented for cases where the forward
invariance properties are uniformly in disturbances. These definitions provide
the fundamentals for the forth coming effort in the invariance-based controls for

hybrid systems with inputs in Chapter [6l

3.1 The Nominal Forward Invariant Sets

In this section, we define several forward invariance notions that, in particular,
apply in situations where not every maximal solution is complete and unique,
which is very common in hybrid systems. We start by defining weak forward

pre-invariance of a set.
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Definition 3.1.1 (weak forward pre-invariance) The set K C R" is said to be
weakly forward pre-invariant for H if for every x € K there exists ¢ € Sy(x) with
rge¢ C K. O

Note that the prefix “pre” captures the fact that the solution staying in K may
not be complete. The weak forward pre-invariance notion requires that at least
one solution exists from every point in K. Such a solution can be trivial (dom ¢
with only one point), nontrivial (dom ¢ with more than one point), but at least
one maximal solution from each point in the set has to stay in the set for all future
hybrid time. In the case that a trivial solution ¢ with ¢(0,0) € K is maximal,
the property of rge ¢ C K holds for free by definition of solutions. Furthermore, if
K has points that are not in C'U D, the weak forward pre-invariance notion hold
for these points as they have one trivial solution as the maximal solution, which
is rather a trivial statement, suggesting that one may want to start from a set K
that is a subset of C'U D in the first place.

Next, we define a weak forward invariant set, which is equivalent to the one in

[61], Definition 6.19].

Definition 3.1.2 (weak forward invariance) The set K C R" is said to be weakly
forward invariant for H if for every x € K there exists one complete solution

¢ € Sy(x) with rgep C K. d

Note that this notion requires the existence of nontrivial solutions from every

x € K. We use the next example to illustrate such concept.

Example 3.1.3 (weak forward invariant set) Consider the hybrid system H =
(C,F,D,Q) on R? in 1) with system data given by

(191) ifl’2>1—ll§'1
Fz) = q@n{(1,1),(~1,-1)} ife=1-m

(-1,-1) if 2y < 1—14
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for everyx € C:={x e R* : 21 € [0, 1], 25 € [0,1]}, and

(L+1B 1) if 7, € {0,1},2, € (0,1)
Gr) =9{(3+1B.3). (3.3 +1B)} ifze{(0,0),(0,1),(1,1),(1,0)}
(L1+1p) if 2, € {0,1}, 25 € (0,1)

for every x € D := 0C = ({0,1} x [0,1]) J([0, 1] x {0,1}).

% 1\0/.77221—.%1

Figure 3.1: Sets pertaining to the system in Example B.1.3]

Consider the set K = [§,1] x [3,1]. According to the first piece of the defini-
tion of F, every solution that starts from the set ((3,1) x (3, 1))U ({3} x (3,1))
U ((3,1) x {3}) which is represented by darker blue points in Figure (31, initially
flows within K with vector field [1 1]7. According to the definition of G, points
in set ({1} x [5,1]) U ([3,1] x {1}), i.e., the points in green, are mapped via G
to either outside of K (to a point in {z € R* : 2y € [1,1), 22 = 3} U{z € R*:
Ty € [1,3), 1 = 5}) or mapped inside K (to a point in {z € ]R2 x1 € [3,3], 20 =
Uz eR? i xy € [5,3], 21 = 1}). Finally, a solution that starts from (1, 1) the
yellow dot in Figure[3. 1, can ﬂow either inside or outside of K due to the second

piece in the definition of F'. In summary, using the solution-based approach, from
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every point in K, there exists at least one complete solution that stays in K. A

Similar to pure continuous-time and pure discrete-time systems, the invariance
principle introduced by [65], presented originally by LaSalle [66] for differential
and difference equations, is important to study convergence and stability for hy-
brid dynamical systems. The LaSalle’s invariance principle states that bounded
solutions converge to the largest invariant subset of the set, where the derivative
or the difference of a suitable energy function is zero. Among the two properties
that induces such invariance, i.e., backward and forward invariance [61], Definition
6.19], tools to identify the largest weak forward invariant sets are meaningful to
derive stability of hybrid system. We dedicate one result in Chapter [l to such
task for estimating the largest forward invariant set for a given H.

When every maximal solution starting from K stays in K, we say the set is
forward pre-invariant for 7. This notion was introduced in [61, Definition 6.25]

as “strong forward pre-invariance” in the context of invariance principles.

Definition 3.1.4 (forward pre-invariance) The set K C R™ is said to be forward
pre-invariant for H if every ¢ € Sy (K) hasrge¢p C K. O

Finally, the strongest version of forward invariance property that requires not
only that every maximal solution starting from K stays in K, but also requires

completeness of all maximal solutions.

Definition 3.1.5 (forward invariance) The set K C R" is said to be forward

invariant for H if every ¢ € Sy (K) is complete and satisfies rge ¢ C K. O

The following example illustrates the concept of a forward invariant set.

Example 3.1.6 (forward invariant set) Consider the hybrid system given by

. — |21 |7y
reC &=F():=
H 0 (3.1)

reD a2t =G(x) =z,
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where the flow set is C = {x € R? : |z| < 1,915 > 0} and the jump set is
D ={x € R*: |z| < 1,219 < 0}. We observe that during flow, solutions evolve
continuously within the unit circle centered at the origin; while at jumps, solutions
remain at the current location. In fact, the set K1 = C1U Dy is forward invariant
for H, where C; = {z € R* : 21 > 0,25 > 0, |z| <1} and Dy = {x € R? : 2; <
0,29 > 0,|z| < 1}. We show this property holds true applying results in Chapter[])
in Example[{.1.9 A

The relationship among the four notions is summarized in the diagram in

Figure

Weak Forward | V¢ € Su(K) Forward
pre-Invariance pre-Invariance
+ Completeness + Completeness
Weak Forward | TV¢ € Su(K) Forward
Invariance Invariance

Figure 3.2: Relationships of the notions of forward invariance for a set K.

In many control applications, the properties of “every solution” start from K
stays in set K is essential. For instance, safety control methodologies, such as the
use of control barrier functions, call for such strict constraints. It is intuitive that
when some solutions escape the “safe set,” safety constraints are violated. Hence,
in the forth coming Chapter [6] we dedicate control design and synthesis to render

a set forward pre-invariant and forward invariant.

Remark 3.1.7 In [49], viable and invariant sets concepts are introduced for au-
tonomous hybrid systems that are modeled in term of impulsive differential inclu-
sions. The viability property in [{9] is equivalent to the weak forward invariance in
Definition[31.2, while the invariant property in [49] is equivalent to the definition
of forward pre-invariance in Definition [3.1.4).
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3.2 The Robust Forward Invariant Sets

For hybrid systems with disturbances, i.e., H,, given as in ([[L1]), we formally
define the notions of robust forward invariant sets. In particular, a set K enjoys
robust forward invariance when the state evolution begins from K and stays within
K regardless of the value of the disturbance w. Similar to the nominal case,
we present four classes of sets depends on solution pair behavior of H,. Such
properties are uniformly in the allowed disturbances w First, we introduce the
weak versions where not every maximal solution pair to H,, is necessarily that

starts from K stays within K.

Definition 3.2.1 (robust weak forward pre-invariance) The set K C R" is said
to be robustly weakly forward pre-invariant for H,, if for every x € K there exists

one solution pair (¢, w) € Sy, (x) such that rge p C K. O

When completeness of solution pairs are required, it leads to the notion of

robust weak forward invariant set

Definition 3.2.2 (robust weak forward invariance) The set K C R™ is said to be
robustly weakly forward invariant for H,, if for every x € K there exists a complete

(¢, w) € Sy, (x) such that rgep C K. (]

The following notions are considered stronger than the ones in Definition 3.2.1]

because all maximal solution pairs that start from the set K are required to stay

within K.

Definition 3.2.3 (robust forward (pre-)invariance of a set) The set K C R™ is
said to be robustly forward pre-invariant for H.,, if every (¢, w) € Sy, (K) is such
that rge ¢ C K. O

Then, with existence of nontrivial solution pairs from every x € K and com-
pleteness of every maximal solution pair, we derive the strongest notion of forward

invariance as follows.
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Definition 3.2.4 (robust forward invariance of a set) The set K C R" is said
to be robustly forward invariant for H.,, if for every x € K there exists a solution

pair to H,, and every (¢, w) € Sy, (K) is complete and such that rgep C K. O

The following example illustrates the concept of weakly forward invariant

Example 3.2.5 (robustly weakly forward invariant set) Consider a variation of

hybrid system H in Example with disturbances given by

. —Zy
(x,we) € Cyp &= Fy(r,w.) = |21]
Hw W

(x,wq) € Dy a7 € Gy(x,wy) :={R(O)x : 0 € [wg, —wy]},

cosf sinf

where R(0) = [ ] is a rotation matriz, C, := {(z,w.) € R* xR :

—sinf cosf
0 < we. < |z|] < 1,29 > 0}, and Dy, = {(z,wq) € R2 x R : 2125 < 0,]2] <

1,-% < wg <0}, As shown in Figure [3.3, the projections of C,, and D,, onto
R? are gwen by 1T¥(Cy,) = C1UCy on R? with Cy = {x € R? : 23 < 0,79 <
0,|z| <1} and by I¥(D,,) = Dy U Dy with Dy = {x € R* : 21 > 0,25 < 0, |z] <
1}, respectwely.EI Based on provided dynamaics, solutions travel counter-clockwise
during flows, while they either rotate clockwise or counter-clockwise during jumps.
As a result, solutions can evolve in any of the four quadrants in R?, either by flow
or jump.

Note in Example [3.1.6, the set Ky is forward invariant for H. When small
disturbances are introduced, solution pairs may escape the set of interest as shown
in this example, namely, the set Ky is only weakly forward invariant uniformly in

the given disturbances w. We verify this property using the results in Chapter[4)
in Example[{.2.6 A

In the upcoming Chapter [0, Definition 3.2.1]- Definition [3.2.4] are presented in

the context of robust controlled forward invariance properties of sets for H, ,, in

'We use the same definitions for K7, C1, and D; as in Example .10l
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Figure 3.3: Projection onto the state space of flow and jump sets of the system in
Example [3.2.5l The blue solid arrows indicate possible hybrid arcs during flow,

while the red dashed arrows indicate possible hybrid arcs during jumps.

(L2) under the effect of a given state-feedback pair (k., £q).
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Chapter 4

Sufficient Conditions to Verify
Forward Invariance for Hybrid

Systems

In general, it is very difficult to directly check forward invariance of a set
from the definitions, as that would require checking solutions explicitly. The
solution based approach is even more exhausting for hybrid inclusions as the
solutions are not unique and not necessarily bounded or complete. Therefore,
in this chapter, when possible, solution independent conditions to check if a set
enjoys some forward invariance properties are provided.

The presented conditions are sufficient ones to guarantee forward invariance
and robust forward invariance for H in (21]) and #H,, in (L)), respectively. Among
these conditions, only a few is necessary since we are interested in studying a very
generic class of systems without regularities such as bounded growth or linear
growth during flows. We end this chapter with discussions regarding to the pre-

sented conditions that are also necessary.
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4.1 Sufficient Conditions for Nominal Forward In-

variant Sets

We present the sufficient conditions for forward invariance of a given set K
for H that involve the data (C, F, D,G). For the discrete dynamics, namely, the
jumps, such conditions involve the understanding of where G maps the state to.
Inspired by the well-known Nagumo Theorem [I3], for the continuous dynamics,
namely, the flows, our conditions use the concept of tangent cone to the closed set
K. The tangent cone at a point z € R" of a closed set K C R™ is defined using

the Dini derivative of the distance to the set, and is given b,

Ti(z) = {w € R" : liminf 25 T0IK _ 0} . (4.1)

7\.0 T

&1

Figure 4.1: Tangent cone of a closed set K at &1,&,&3 € K.

As shown in Figure .1 the set K € R? is closed. At points &;,&, &3 € K,

the tangent cone directions are represented by the light blue cones and the blue

n other words, w belongs to Tk () if and only if there exist sequences 7; \, 0 and w; — w
such that = + T;w; € K for all i € N; see also [3, Definition 1.1.3]. The latter property is further
equivalent to the existence of sequences z; € K and 7; > 0 with z; — x,7; N\, 0 such that
w = lim; o0 (2; — 2) /7.
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vectors initiated from each points are examples of vectors that are included in the
tangent cones. Note that for & € intK, Tk (&) =R x R.

In the literature (see, e.g., [67), Definition 4.6] and [49]), this tangent cone is also
known as the sequential Bouligand tangent cone or contingent cone. In contrast to
the Clarke tangent cone introduced in [67, Remark 4.7], which is always a closed
convex cone for every x € K, the tangent cone (possibly nonconvex) we consider
in this work includes all vectors that point inward to the set K or that are tangent
to the boundary of KH

Our sufficient conditions for forward invariance require part of the data of H

and the set K to satisfy the following mild assumption.

Assumption 4.1.1 The sets K,C, and D are such that K ¢ C U D and that
K NC s closed. The map F : R* = R"™ 1s outer semicontinuous, locally bounded
relative to K N C, and F(x) is convez for every v € K NC.

The following result is a consequence of the forthcoming Theorem 2.4l Suffi-
cient conditions for a given set K to be weakly forward pre-invariant and weakly

forward invariant are presented.

Theorem 4.1.2 (nominal weak forward pre-invariance and weak forward invari-
ance) Given H = (C,F,D,G) as in 1) and a set K, suppose K,C, D, and F
satisfy Assumption[{.1.1. The set K is weakly forward pre-invariant for H if the

following conditions hold:
[41.9.1) For everyx € KND, G(z)NK # 0;
[4.1.2.2) For every x € C\ D, F(z) N Txne(z) # 0;

where C:= (K NC)\ L and L := {z € OC : F(x) NTg(x) = 0}. Moreover, K is
weakly forward invariant for H if, in addition, KL C D and, with K* = K\ D,

2Note that, for a convex set, the Bouligand tangent cone coincides with the Clarke tangent
cone.
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Nx) for every ¢ € Sy (K*) with rge¢p C K, case in Proposition [2.0.0 does
not hold.

This result follows from an application of Theorem .24 for a hybrid system with
zero disturbance. An proof that is independent of Theorem [4.2.4] for Theorem [4.1.2]
is provided as follows.

Proof Given K, C, D, F satisfying Assumption A.1.1, we define the restriction of
H by K, e, H = (5, F, ﬁ,G), where C := KN C and D := K N D. Since
K C C U D, by Definition 2.0.4], there exists a solution to H from every ¢ € K.
Let K; = D and Ky = K\ (DUL) and K3 = K \ (K; UK,). By definition, every
¢ € K3 issuch that £ € L\ D and F(2)NTg(z) = 0. Then, item (a) in [61, Lemma
5.26| and Definition 2.0.4limply there is only trivial solution from & to ”ﬁ, in which
case we have rge ¢ C K. Otherwise, in the case where ¢(0,0) € K; U K5, we show
there exists ¢ € Sz that is nontrivial and it has rge¢ C K when ET21) and
ET22) hold true. To this end, we construct a nontrivial solution from every

£ € Ky UK,. Since K; N Ky = (), we have the following two cases:

i) If £ € K, then £ € D; hence, a jump is possible from every ¢ in K;. Let
$(0,0) = £. By condition EI21), there exists ¢(0,1) € G(€) such that
$(0,1) € K.

ii) when & € Ks: since ¢ € C'\ D, nontrivial solutions can only evolve by flowing.
Conditions enforced by Assumption LT imply that Cis closed, F'is outer
semicontinuous, locally bounded and convex valued on C'. Since TH(x) =R"
for every z € (intC) \ (D U L), item EI22) implies that F(z) N Ts(z) #0
for every x € K5. Then, by an application of in Proposition 2.0.6]
there exists a nontrivial solution ¢, to H from every £ € K,. By item |(S1)
in Definition 2.0.4] such a nontrivial solution ¢, is absolutely continuous on
[0, ], for some £ > 0, with ¢,(0) = &, ¢y(t) € F(¢(t)) for almost all ¢ € [0, €]
and ¢,(t) € C for all t € (0,&]. By closedness of C, we have ¢y(t,0) € K for
every t € [0,¢].
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The above shows that there exists a nontrivial solution from every point in K;UKS.
It also shows that from every point in K7, solutions can be extended to continue
jumping in K using the construction in case , while from points in K5, solutions
can be extended using the construction in case Moreover, since K NC'is closed,
by definition of solutions, such extensions can be defined so as they do not leave
K, by flowing (since they can always be extended using the argument in . As
a consequence, from every £ € K, there exists at least one maximal solution 5 to
H that stays in K.

Next, we prove that each such 5 is also a maximal solution to H. If (E is
complete, then 5 is already maximal. Consider the case that 5 is not complete.
Proceeding by contradiction, suppose (E is not maximal for H, meaning that there
exists ¢ such that ¢(t,7) = a(t,j) for every (t,7) € dom ¢ and domgb\dom&g # 0.
Let (T, J) = sup dom 0. If (T,J) € dom ¢, then, qz(T, J) € K and we have the

two following cases:

° E(T, J) € K1 UK,, ET21) and closeness of C imply that, using the arguments
in [i)] and [ii)| above, it is possible for ¢ to satisfy ¢(t,j) € K for some (t,7j) €
dom ¢ \ dom 5 By definition of solution, this contradicts with maximality of
(¢, W) for H.

e (T, J) € Ks, by definition of L, F(¢(T,J)) N Tg(g(T, J)) = (. Hence,
supdom ¢ = (T, J), which contradicts with the assumption dom ¢ \ domgg # ().

If (T,J) ¢ dom (E, according to Proposition 2.0.6, only holds.H In such a
case, there is no function z : I7 — R” satisfying the conditions in of Propo-
sition 2.0.6] which are needed to have a ¢ such that dom ¢\ domgg # (). Thus, K
is weakly forward pre-invariant for H.

Finally, we prove that K is weakly forward invariant for  when, in addition, H

and K satisfy condition and K N L C D. We proceed by showing that from

3Case [a)] does not hold due to ¢ not being complete, while [5.1)] and [¢)] do not hold because
(T, J) ¢ dom ¢.
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every £ € K there exists at least one complete solution ¢ for the K restricted
system #H. This is because such complete solutions are also maximal for the
original system H and have rge¢ C K. First, since K N L C D, there exists
nontrivial solution to H from every x € (K N L) via argument [i)| by jump. Hence,
the existence of nontrivial solutions to H from every £ € K is guaranteed by the
fact that K is weakly forward pre-invariant for H. By the closedness of K N C
and continuity of the function z in of Proposition Z0.0] for every £ € K\ D
case is excluded for some ¢ € Sz(&). Moreover, case does not hold for all
maximal solutions as required by condition Due to condition L T.2L1)], from
every £ € KN D, at least one solution can be extended by jumping to points in
G(z) N K, from where the solution can be extended either by jumping or flowing
afterward. Thus, case [c)| in Proposition is not possible for such solutions.
Hence, according to Proposition 2.0.6] for each £ € K, there exists ¢ € Sz(§) such
that only @ holds. O

To illustrate Theorem E1.2], we present the following example on R2.

Example 4.1.3 (weak forward invariant set) Consider the hybrid system H =
(C,F,D,Q) in R? in Example [31.3. We apply Theorem [[.1.3 to verify the ob-

servation that set K 1is weakly forward invariant for H. First, H and K sat-

isfy Assumption [{.1.1 Then, according to above analysis, condition mn
Theorem [{-1.9 holds, since for every x € K N D, which is x € ({1} x [5,1]) U
([3,1] x {1}), G(z) N K # 0. Moreover, noting that L = 0, we verify that condi-
tion [{.1.3.2) in Theorem[.1.3 holds: for every point x € K \ D, we have
Roo xR ifze {1} x(3,1)
Tkno(z) = {RxRsy  ifze (3,1) x {3}
Rso x Rsg if 2 = (3, 1).
As a result, for everyx € K\ D, F(x)NTgnc(x) # 0. Then, since F is linear

everywhere on C, condition in Theorem[{.1.9 holds. Therefore, since L = (),
according to Theorem[{.1.9, K is weakly forward invariant for H. A
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The next result, which is a consequence of Theorem [£.2.§] provides sufficient

conditions for a set K to be forward pre-invariant and forward invariant for .

Theorem 4.1.4 (nominal forward pre-invariance and forward invariance) Given
H = (C,F,D, G) as in (1) and a set K C R™, suppose K,C, D, and F satisfy
Assumption[{.1.1 and that F' is locally Lipschitz on (0K +6B)NC' for some 6 > 0.
Let C and L be gwen as in Theorem [{.1.3. The set K is forward pre-invariant
for H if the following conditions hold:

417 1) G(KND)CK;
[4.142) For every x € C, F(2) C Txne(z).

Moreover, K is forward invariant for H if, in addition, K "L C D and, with
K*=Knd, item in Theorem [{.1.2 holds.

This result follows from an application of Theorem K.2.§| for a hybrid system with
zero disturbance. An proof that is independent of Theorem [£.2.8 for Theorem [£.1.4]

is provided as follows.

Proof Since conditions4.1.4l1)land 4. 1.412)limply conditions &.1.201)and 4.1.212)]

in Theorem [4.1.2] respectively, under Assumption L.1.1] there exist one nontrivial

solution to H from every point in K. Next, proceeding by contradiction, we show
that K is forward pre-invariant for H when conditions 4.1.4l1) and [4.1.412)| hold.
Suppose there exists a solution ¢ € Sy (K) such that rge ¢ \ K # (). Then, there
exists (t*, j*) € dom ¢ such that ¢(t*, j*) ¢ K, i.e., ¢ eventually leaves K in finite
hybrid time@

We have the following cases:

i) The solution ¢ “leaves K by jumping:” namely, ¢(t,j) € K for all (¢,j) €
dom ¢ with t+j < t*4j*, and ¢(t*, j*—1) € KND. Since ¢(t*, j*—1) € KND,
item LT.411) implies ¢(¢*,*) € K, which is a contradiction. Then, it must

4Note that when rge¢ C K and lim o(t,j) = oo (that is, ¢ stays in K
t+j—rsup, dom ¢+sup,; dom ¢

but escapes to infinity, potentially in finite hybrid time) corresponds to a solution that satisfies
the definition of forward invariance for K.
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ii)

be the case that ¢ left K by flowing. We consider this possibility in the next

item.

The solution ¢ “leaves K by flowing:” by definition of solution, ¢ leaves K NC'
and enters C'\ K. Then, there exists a hybrid time instant (7%, j*) € dom ¢
such that ¢(t,j*) € C'\ K for all t € (7*,¢*] and 7% < t* is arbitrarily small
and positive. Moreover, by closedness of K N C, ¢(7*,7*) € (K N C). Let
t— x(t) € KNC be such that for every t € [7%,t*],

[2(t)lkne = [2(t) — x(2)], (4.2)
where z(t) = ¢(t,5*) for all ¢ € [7*,t*]. Such points exist because of the
closedness of K NC'. By definition of solution to #, the function t — |2(t)|knc
is absolutely continuous. Thus, for almost every t € [7*,¢*], 4|2(t)|knc ex-
ists and equals to the Dini derivative of |z(t)|xknc. Let t be such that both
2|2(t)| knc and Z(t) exist. We have

d
7 ()| kno
it 20+ B2l ~ 50lne.
[AN) h
which, by definition of x(¢) and (A7), satisfies

|2(t) + h2(t) ke — |2()|kne

h
o 2O = x@1 + IX(®) + hE®)lkne = [2(B)lkne _ [x(t) + h(b)|kne
- h h
< Ix(t) + hw|kne 1) — wl,

- h
for every w € Tkno(x(t)). Moreover, for every such w,
X () + hwlkne

lim inf 0
R\0 h
by definition of the tangent cone in (£1]). Hence, we have
d IX(t) + hwlkne

(O)lxre < lipipf T 12(0) — wl = |2(0) - wl

dt h
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Thus, for almost every t € [7%,t*],

d .
P QIS OISO

Since K N C is closed, by definition, x(t) € K N C for every t € [7%,t*].

Condition ET412)] implies that for almost all ¢ € [7*,t*], we have
d :
2117 lxne < 20| 1xnc o) (4.3)
< |20 rc-
Then, because of the mapping F' is locally Lipschitz on 0K + dB N C' for some
d > 0, we can construct a neighborhood U’ of z(t) such that U’ C x(t) + 0B
and x(t) € U’ for every t € [7*,t*] and for which there exists a constant A > 0
satisfying
F(2(t) € F(x(1)) + Alz(t) — x(0)|B
for every t € [7*,t*]. Hence, for every ¢ € [7*,t*] and every n € F(z(t)),

NPy < Alz(t) = x(1)].

Moreover, since 2(t) € F(z(t)) together with (48] and (4.1), we have that
d .
priOIF S OO
< Alz(t) = x ()] = Alz(t) | ke
Then, by the Gronwall Lemma (see [68, Lemma A.1]), for every t € [7%,t*],
|2(t)| kne = 0.
Since K N C' is closed, ¢(t*, j*) € K N C, which contradicts the definition of
t*. Thus, there does not exist maximal solution ¢ € Sy(K) that eventually

leaves K N C' by flowing.

Therefore, every ¢ € Sy (K) is such that rge C K.

Following the proof of Theorem EI1.2, when K N L C D, with EET.211)] and

ET22)l satisfied, there exists a nontrivial solution ¢ with ¢(0,0) = ¢ to H from
every £ € K. To complete the proof, we show that when H and K also satisfy

condition the set K is forward invariant for H. Since there exists a nontrivial
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solution from every point in K, we show that only case @ in Proposition
holds for every ¢ € Sy(K). Proceeding by contradiction, suppose that there exists
¢* € Sy(K) that is not complete. Let (T, J) = supdom ¢* and T'+ J < co. By
the closedness of K N C, ¢* does not end as described in case . Since K is
forward pre-invariant for H, every ¢ € Sy (K N C) is such that rge C K. Using
arguments similar to those in the proof of Theorem [A.1.2] case does not hold
for ¢* by virtue of condition Then, according to Proposition 2.0.6, ¢* satisfies
therein. But ET.4L1) leads to a contradiction of the maximality of ¢*. More
precisely, item EET4L1)limplies that G(¢*(T, J—1)) C K, s0 ¢*(T,J) € K C CUD,
and, hence, the solution ¢* can be extended either by flow or jump using the
arguments in [i)| and [ii)| of proof for Theorem AT.2l Thus, by an application of
Proposition 2.0.6] all maximal solutions to H that start from K are complete and

have rge ¢ C K. m|

Remark 4.1.5 Some of the conditions in Theorem [{.1.9 and Theorem [{.1.7] are
weaker than those required by results in [53]. The construction of the set L in items
|4.1.2.2) and |[{.1.4.2) is inspired by the viability domain in [3, Definition 1.1.5].
Note that when holds, completeness of maximal solutions is guaranteed by

ensuring that K N L C D, which guarantees that solutions can continue to evolve

from L via a jump.
The following example is used to illustrate Theorem [4.1.21 and Theorem [4.1.4]

Example 4.1.6 (solutions with finite escape time) Consider the hybrid sys-
tem H = (C, F,D,G) in R* with system data given by

1+ 22 )

F(z):= 0 VeeC:={reR:z €[0,00),z5 € [-1,1]},
(2, +B

G(z) == . Vo€ D:={x cR?: 1 €[0,00), 25 = 0}.
L $2

Let K = C' and note the following properties of mazimal solutions to H.:
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e For some x € K, there ezists ¢ = (¢1, ¢pa) € Sy(x) with rge p C K, but is not
complete due to tl{gl 1(t,0) = oo with t* < oo; for instance, from x = (0,1),
the solution given by ¢(t,0) = (tan(t),1) for every (t,0) € dom¢ has its ¢,

component escape to infinite as t approaches t* = 7/2;

e [rom points in D C K, there exist maximal solutions that leave K and are not
complete: such solutions end after a jump because their x1 component is mapped

outside of K.

T2

L1

Figure 4.2: Flow and jump sets of the system in Example [4.1.6]

Thus, we wverify weak forward pre-invariance of K by applying Theorem [{.1.2.
The sets K,C,D and the map F satisfy Assumption [{.1.1] by construction and
condition[J.1.2.1) holds for H by definition of G, D and K. Since L = 0, condition
holds because for every x € 6, F(z) points horizontally, and

(RxRey ifze{reR:a e (0,00),05=1)

RxRsy ifze{zeR?:z €(0,00),29=—1}
Trno(z) = { Rsg x Ry if 2= (0,1)

Rog xR ifze{reR?:x =0,2€ (—1,1)}

\RZO X RZO if v = (0, —1)
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Tangent cones of K N C at points x,, x, and x; of K are shown in Figure [{.2.
Now, consider the same data but with G replaced by G'(x) = G(z) N (R>o x R)
for each x € D. The set K = C' is forward pre-invariant for this system. This is
because maximal solutions are not able to jump out of K as G' only maps x1 com-
ponents of solutions to [0, +00). More precisely, the conditions in Theorem [{.1.7)
hold: we have G'(DNK) C K, and Assumption[J.1.1 and condition [[.1.4.2) hold

as discussed above. A

4.1.1 Sufficient Conditions for Nx)

In Theorem and Theorem [£.1.4] item excludes case in Proposi-
tion [2.0.6] where solutions escape to infinity in finite time during flows. In fact,
when every solution ¢ to & € F(z) with ¢(0,0) € K* does not have a finite escape
time, namely, there does not exist t* < oo such that tli\rg |6(t)| = oo, item [Nx)
holds for H and K™ as defined in Theorem and Theorem [A.1.4] respectively.
Although, in principle, such a condition is solution dependent, it can be guaran-
teed without solving for solutions when F' is single valued and globally Lipschitz.

Moreover, we provide several other alternatives in the next result.

Lemma 4.1.7 (sufficient conditions for completeness) Given H = (C, F, D, Q)
and a set K C R", suppose K,C, D, and F satisfy Assumption [{.1.1] Condition

holds if
[4171.1) K* is compact; or

[4£.1.7.2) F has linear growth on K*.

Proof Let ¢ € Sy(K*) with rge¢p C K be as described by in Proposi-
tion 2.0.6} namely, ¢t — ¢(t, J) defined on I/, where (T, J) = sup dom ¢, T+.J < oo
and, for some ¢/, I/ = [t;,T). Since t — ¢(t,J) is locally absolutely continuous
on 17, tll_}Hjlﬂ ¢(t,J) is finite or infinity. If it is finite, then ¢ — ¢(t, j) can be ex-
tended to I/, which contradicts with [b.2)] Then, it has to be that }1_{1% o(t,J) is
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infinity. When EET711) holds, }1_1)1% ¢(t, J) being infinity is a contradiction since K*
is compact.

When LT712) holds, there exists M > 0 such that, for each z € K*, /() :=
sup{|n| : n € F(z)} < M(|z|+1). Because of linearity, solutions to & = M(|¢|+1)
are bounded for every £ € R and ¢ < co. Then, applying the comparison principle,
for every z € K*, solutions to & = 1/ (&) are also bounded for every ¢ < co. This

contradicts with thn% o(t, J) being infinity. O
_>

The next example illustrates Theorem 1.2, Theorem E.1.4] and Lemma 1.7

Example 4.1.8 (weakly forward invariant set) Consider the hybrid system H =
(C,F,D,Q) in R? given by

F(x) = (29, —11) Vo e C
G(z) = (—0.921, 23) Vr € D,

where C:={z € R?: |z| < 1,29 >0} and D :={xr € R? : 1 > —1, 25 = 0}

Figure 4.3: Sets and directions of flows/jumps in Example [£.1.8

The set K1 = 0C' is weakly forward invariant for H by Theorem[{.1.3. More
precisely, for everyx € K1ND, G(x) € Ky; and for every x € O(K;NC)\(DUL) =
{z € R?: |z| = 1,25 > 0}, since (V(z}+ 23 — 1), F(z)) =0, applying item [1] in
LemmalA.0.15, we have F(x) € Tx,nc(x). Notice that the set L = (0,1]x{0} C D
for H by observation. In addition, K; N C = 0C is compact, which implies
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condition holds by Lemma [{.1.7]. Thus, for every v € K, there exists one
complete solution that stays in K. For example, for every x € [—1,1] x {0}, there
exists one complete solution that is discrete and stays in Ky (from the origin there
is also a complete continuous solution that remains at the origin), but also there
exist mazimal solutions that flow inside {x € R*: |z| < 1} and leave K.

Now consider Koy = C. It is forward invariant for H by applying Theo-
rem [4.17 In fact, using the observations above, item can be verified
via LemmalA.0.13 since (V(z3+x3—1), F(z)) = 0 for every x € 0(K,NC)\ L =
{z e R?:|z| = 1,22 > 0} U ([-1,0] x {0}). A

Condition L2}l is typically assumed in the study of viability and invariance
of differential inclusions; see, e.g., [3,49,69]. Condition B T.711)| does not require
F' to be Marchaud, but impose boundedness of F' and extra properties on K N C'.
Note that F' is not necessarily required to be Marchaud in the results in this paper
since linear growth is not assumed. In Lemma [LT.7, we require F' to be outer
semicontinuous, locally bounded, and with nonempty, convex image, which imply
that F' enjoys all properties of being Marchaud except for the linear growth.

Note that one can replace condition EE1.212)| in Theorem E.1.4] by

EI42) For every z € O(K NC),

F(z) C Tkne(x) ifx¢oCND (4.4)
F(x) N (To(z) \ Tkne(x)) =0 if x € 0CND. (4.5)
Note that assumption (4.5) is important as in some cases, having item (4.4]) only

leads to solutions that escape the set K by flowing as shown in the following

example. Consider the hybrid system H on R? with
F(z) = (x9,—7) Ve € C = {z € R?: 2125 > 0}
G(z)==x Ve e D:={zcR®: 2 >0,2,=0}
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where v > 0. The set K = {z € R? : 2; > 0,25 > 0} is weakly forward invariant,
and the sets K,C, D and the map F' satisfies (A4]). However, at the origin, we
have F'(0) = (0, —y) and

Tc(0) = (Rxo x Rxo) U (R<o X Reo),

Tch(O) = RZO X RZO‘

Hence, at the origin, one solution can flow into C'\ K (the third quadrant) because
F(O) c Tc(O) \Tch(O).
The following example is an application of Theorem 1.4l and Lemma [£T.7

Example 4.1.9 (forward invariant set) Consider the hybrid system given by (3.1))
as in Example[3.1.0. Applying Theorem[{.1.4], we show that the set K3 = C1U Dy
is forward invariant for H, where C; = {x € R* : 21 > 0,29 > 0, |z] < 1} and
Dy ={reR?:2; <0,29 > 0,|z| < 1}. By construction, Ki,C, D and F satisfy
Assumption[{.1.1. Condition[[.1.4.1) holds since G maps the state to its current
value. Condition [[.1.4.2) holds since

o for every x € {x € OCy : |x| = 1}, since z129 > 0,

(V(a] +23), F(z)) = =2|z1 |12 < 0;

o for every x € {x € 0C, : |z| # 1}, F(z) = (0,0), which leads to F(z) €
TKlﬂC(I)'

Finally, applying Lemma[4.1.7, holds since K1 N C is compact. A

4.1.2 Necessary Conditions

The hybrid inclusions framework allows for an overlap between the flow set C'
and the jump set D. As a result, the proposed conditions are not necessary to
induce forward invariance properties of sets for H. When existence of nontrivial
solutions and completeness are not required for every point in K, as in the “pre”
notions, some of these conditions are necessary. In fact, suppose K,C, D, and F

satisfy Assumption BTt
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o If K is weakly forward pre-invariant for H, then for every x € (K N D)\ C,
Glx)N K # 0.

e If K is forward pre-invariant or forward invariant for H, then condition . T.4L1)|
in Theorem [4.1.4] holds.

o If K is weakly forward invariant or forward invariant for H, then for every
re K \ D, F(LL’) mTch(SL’) # @H

Moreover, unlike [49, Theorem 3|, when the flow map F' is MarchaudH and Lips-
chitz as defined in Definition[A.0.3] condition F(x) C Txnc(x) for every x € K\ D

is not necessary as the following example shows.

Example 4.1.10 Consider H in [2.1)) with data F(z) = ! o=l for
—1,1] ifzx=-1
each x € C:=[—-1,1], G(z) := {—1,0} for each x € D := {1}. By inspection, the
set K = C' is forward invariant for H and F' is Marchaud and Lipschitz. However,
atx=—-1€ K\ D, F(—1) D —1 but —1 ¢ Txnc(—1). A

4.2 Sufficient Conditions for Robust Forward In-
variance Properties for H,,

As an extension to the nominal notions, the robust forward invariance notions
for H,, in Definition - B2 capture four types of forward invariance proper-
ties, some of which are uniform over disturbances w for H,,. In this section, The-
orem .24l and Theorem 2.8 extend Theorem and Theorem [L.1.4] to hybrid
systems H,, given in (I.T]). These results will be exploited in forward invariance-
based control design for hybrid systems (with and without disturbances) in Chap-
ter [G

A similar claim is presented in [3, Proposition 3.4.1] for continuous-time system.
6A map F is Marchaud on K N C when Assumption E.I.T1holds and F has linear growth on
K N C; see [3| Definition 2.2.4].
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Results in this section replay on conditions to check for existence of nontriv-
ial solutions to H,. Hence, inspired by the conditions guaranteeing existence of
solutions to H (see Proposition 2.0.6]), we provide the following result for guaran-
teeing existence of nontrivial solution pairs to H,, and characterizing their possible

behavior.

Proposition 4.2.1 (basic existence under disturbances) Consider a hybrid sys-

tem Hy = (Cyy Fu, Dy, Gy) as in ([LI). Let & € II¥(Cy,) UIIY(D,). If § €
119 (D), or

(VCy) there exist € > 0, an absolutely continuous function z : [0,e] — R™ with
Z(0) = &, and a Lebesgue measurable and locally essentially bounded func-
tion w, : [0,e] — W, such that (Z(t),w.(t)) € Cy, for all t € (0,e) and
Z(t) € Fy(Z(t), We(t)) for almost all t € [0,e], where @ (t) € WU (Z(t)) for
every t € [0, ¢],

then, there exists a nontrivial solution pair (¢, w) from the initial state ¢(0,0) = &.

If € € IIY(Dy,) and|(VC,) holds for every € € TI¥(C,) \ 11§ (D), then there exists

a nontrivial solution pair to H.,, from every initial state £ € 11¥(C,,) U I1Y(D,,),

and every solution pair (¢, w) € Sy, (I1W(Cy)UILY (D,,)) from such points satisfies

exactly one of the following:
a) the solution pair (¢, w) is complete;

b) (¢, w) is not complete and “ends with flow”: with (T,J) = sup dom(¢,w),

the interval I? has nonempty interior, and either

b.1) I’ is closed, in which case either

b.1.1) ¢(T,J) € II¥(Cy) \ (IIF(Cw) UILF (Dy)), or
b.1.2) from ¢(T,J) flow within I1¥(C,,) is not possible, meaning that there
is no € > 0, absolutely continuous function z : [0,e] — R"™ and a

Lebesgue measurable and locally essentially bounded function w. :
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0,e] = W, such that zZ(0) = o¢(T,J), (2(t),w.(t)) € Cy for all
€ (0,¢), and Z(t) € F,(2(t), W.(t)) for almost all t € [0, ], where
We(t) € WY (Z(t)) for every t € [0,¢], or

~+

b.2) I7 is open to the right, in which case (T,J) ¢ dom(p,w) due to the
lack of existence of an absolutely continuous function Z : I7 — R™ and
a Lebesgue measurable and locally essentially bounded function w,. :
0,e] = W, satisfying (3(t), We(t)) € C, for all t € intl”, Z(t) €
Fy(Z(t),w.(t)) for almost all t € I7, and such that Z(t) = ¢(t,J) for
all t € 17, where w.(t) € WY (Z(t)) for every t € [0,¢];

c) (¢, w) is not complete and “ends with jump”: with (T, J) = sup dom(¢, w) €
dom(¢,w), (T, J — 1) € dom(¢p,w), and either

c.1) ¢(T,J) ¢ T*(C,) UTLY(D,,), or

c.2) o(T,J) € I*(Cy) \H;”(Dw)ﬂ and from ¢(T, J) flow within 11¥(Cy,) as
defined in is not possible.

Proof To prove the existence of a nontrivial solution pair from £, we show that
under the given assumptions, a solution pair (¢, w) satisfying the conditions in
Definition Z.0.5] can be constructed such that dom(¢,w) contains at least two

points. We have the following cases:

i) If £ € IIY(D,), then there exist w) such that (¢,w}) € D, by defini-
tion of II¥(D,,). Let the hybrid disturbance w, = (w., w,) be defined on
domw; := {(0,0)} U {(0,1)} as wy(0,0) = w} and wy(0,1) = a, where
a € Wy and w, can be arbitrary. By definition of the jump map G,,, there
exists b € G, (&, w)). Let ¢ be a hybrid arc with dom ¢; = dom w; defined
as ¢1(0,0) = ¢ and ¢1(0,1) = b. Then, (¢1,w) is a nontrivial solution pair
to Huw;

TAs a consequence of (¢, w) ending with a jump, i.e., ¢(T, J)¢II¥ (D), ¢(T,J) € I¥(Cyp) \
I1¥(D,,) is under the condition in case
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i) If ¢ € TI*(C,,) \ II%(D,,) and holds, there exist € > 0, an absolutely
continuous function z : [0,e] — R™ and a Lebesgue measurable and locally
essentially bounded function w, : [0,¢] — W, with Z(0) = £ and w.(0) €
U (¢) satisfying in Definition Let the hybrid disturbance wy =
(we, wq) be defined on domwy := [0,¢) x {0} with w,(,0) = w.(t) for every
t € [0,¢) and let wy be given arbitrarily. Let the hybrid arc ¢, be defined
on dom ¢y = dom wy as ¢(t,0) = Z(t) for every t € [0,¢). Then, (¢a, wy) is

a nontrivial solution pair to H,,.

Item [i)| and fii) . imply the existence of a nontrivial solution pair to H,, from every
¢ € M¥(D,) and every ¢ € TI¥(C,) \ I¥(D,,), respectively, that is, for every
€ € ¥ (C,) UTIY(D,,).

Next, we prove that every maximal solution pair (¢, w) to H,, satisfies exactly
one of the properties in @7 @, and . Suppose the nontrivial solution pair (¢, w)
is not complete, i.e., case [a)| does not hold and either @ or [c) holds. We show
that only one of these properties holds. Let (7, J) = sup dom(¢, w).

If (T, J) € dom(¢,w), then I’ is closed and case does not hold, for which

we have either
iii) I7 is a singleton; or
iv) I7 has nonempty interior.

If fiii)| is true, the solution pair (¢, w) ends with a jump and either ¢(T,J) ¢
v (C,) U TI¥(D,,), which directly leads to case [c.1), or ¢(T,J) € T¥(C,) U
I1%(D,,). The latter case leads to only since otherwise (¢, w) can be extended
by flow via the functions z and w, as described in or by a jump as described
in item . above with an arbitrary wy € U4 (z). If iv)| is true, then, by item -
in Definition 2.0.5] case[b.1.1)|holds, i.e., ¢(T), J) € MY (Cy) \ (IT¥(C,) UITY (D)),
or case holds, namely, the solution pair (¢, w) cannot be extended via flows.
In summary, if (7', J) € dom ¢, then only one among b.1.1)| [b.1.2)} |c.1) and |c.2)|

may hold.
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If (T,J) ¢ dom(¢,w), then I’ is open to the right, and by maximality of
(¢, w), [b.2)] holds. _

Proposition L.2.1] presents conditions guaranteeing existence of nontrivial so-
lution pairs to H, from every initial state & € II¥(C,) U I¥(D,,), as well as
characterizes all possibilities for maximal solution pairs. In particular, maxi-
mal solution pairs that are not complete can either “end with flow” or “end with
jump.” In short, the former means that I/ has a nonempty interior over which
(o(t, J),w.(t,J)) € C, for all t € intI’ and %(t, J) € Fu(o(t,J),w.(t,J)) for
almost all ¢ € intI’, where (T,J) = supdom(¢,w). In particular, case
corresponds to a solution pair ending at the boundary of C,, case de-
scribes the case of a solution pair ending after flowing and at a point, where
continuing to flow is not possible, while case covers the case of a solution
pair escaping to infinity in finite time. The case “end with jump” means that
(T,J),(T,J —1) € dom(¢p,w), (¢(T,J — 1), we(T,J — 1)) € D,, and the solution
pair ends either with ¢(7, J) € II¥(C,,) UIIY(D,,) due to flow being not possible
or with ¢(T, J) ¢ II¥(Cy,) UIIY (D), where (T, J) = sup dom(¢, w).

Remark 4.2.2 Case in Proposition [.2.1] is not possible when G, (D,,) C

I (Cy) UILY (Dy) 8 Moreover, when the disturbance signal w,. is generated by an

exosystem of the for
w, € Fo(w,) w. € Wk, (4.6)

(VC, ) can be guaranteed if, for each (§,w.), there exists a neighborhood U such
that for every (x,w.) € U N Cy, (Fy(z,w.), Fe(w.)) N Te, (z,w.) # 0, provided
that C,, is closed and (F,, F.) is outer semicontinuous and locally bounded with

nonempty and convez values on C,,.

Similar to the results in Section .1} throughout this section, the following

8Guw(Dy) = {2’ € R" : Iz, wq) € Dy, 2" € Go(z,w4q)}

9The disturbance w. generated by (&6 are not necessarily differentiable but rather, abso-
lutely continuous over each interval of flow. For examples of exosystems given as in (6] and
having also jumps, see [70].
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version of Assumption [L.T.T] with disturbances is assumed.

Assumption 4.2.3 The sets K, C,,, and D,, are such that K C I1*(C,,)UILY (D)
and that K N 11¥(C,) is closed. The map F,, is outer semicontinuous, locally
bounded on (K x W,) N Cy, and F,(z,w.) is convex for every (x,w.) € (K x
W,) N Cy. For every x € 1IY(C,,),0 € U¥(x).

Assumption 23] guarantees that all points in the set to render invariant,
namely, K, are either in the projections to the state space of C,, and D,,, which is
necessary for solutions from K to exist. The closedness of the set K NIIY(C,,) and
the regularity properties of F,, are required to obtain conditions in terms of the
tangent cone; see, also, [61, Proposition 6.10]. The assumption of 0 € U¥(z) for
every z € [I¥(C,,) usually holds for free since systems with disturbances, such as
H., typically reduce to the nominal system, in our case H, when the disturbances
vanish. A similar property could be enforced for the disturbance wgy, but such an
assumption is not needed in our results.

Next, we propose sufficient conditions to guarantee robust weak forward pre-

invariance and robust weak forward invariance of a set for H,,.

Theorem 4.2.4 (sufficient conditions for robust weak forward (pre-) invariance
of a set) Given Hy, = (Cy, Fy, Dy, Gy) as in ([LI) and a set K C R™, suppose
Cw, Fu, Dy and K satisfy Assumption[{.2.3. The set K is robustly weakly forward

pre-invariant for H,, if the following conditions hold:

4.2 1) For every x € K NIIY(D,,), Jwys € VY (x) such that G,(x,wg) N K # 0;

~

[£.2.2) For every x € I1Y(Cy,) \ 11§ (D), Fu(x,0) N Tganw(c,)(x) # 0;

where Cyy = ((O(K NTIZ(Cy)) x W.) N Cy) \ Ly and Ly = {(z,w.) € Cy :
z € OIY(Cy), Fulz,w.) N Tigay(v) = 0} Moreover, K is robustly weakly
forward invariant for H,, if, in addition, K NI1¥(L,,) C I1Y(D,,) and, with K* =
(K \ (D)) x W) 1 Ca,
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*) For every (¢, w) € Sy, (1Y (K*)) withrge ¢ C K, case[b.2)in Proposition[{.2.]]
does not hold.

Proof Given C,, F,,, D,, and K satisfying Assumption d.2.3] zero disturbance is
always admissible to H,, during continuous evolution of solution pairs. We define
a restriction of H,, by K with zero disturbance during flows as follows: H, =
(C,F, Dy, G,), where C := K N11%(C,,), F(x) = F,(x,0) for every z € II*(C,,)
and D, := (K x W,) N D,,. Since K c 11%(C,,) U I1%(D,,), by Definition 2.3,
there exists a solution pair to H,, from every £ € K. Let K; = Hg(ﬁw), Ky =
K\ (IT¥(D,,) UII*(L,)) and K3 = K \ (K, U K,). By definition, every & € Kj
is such that & € I1%(L,) \ I1%(D,,) and F(£) N Tizey(§) = 0. Then, item
(a) in [61, Lemma 5.26] and Definition 2.0.4] imply there is only trivial solution
from £ to ﬁw, in which case we have rge¢ C K. Otherwise, in the case where
$(0,0) € Ky U Ky, we show there exists (¢,w) € Sz, that is nontrivial and it
has rge ¢ C K when [4.2.411)l and [£.2.412)| hold true. To this end, we construct a

nontrivial solution pair from every ¢ € K; U K;. Since K; and K, are disjoint

sets, we have following two cases:

i) when & € K;: since K; C IIY(D,,), a jump is possible from every ¢ € K, i.e.,
from every (£, wg) € Dy,. Let ¢,(0,0) = ¢. By condition 241 there exists
a € WY(€), 3a(0, 1) € Gu(€, i), such that 6,(0,1) € K.

ii) when & € Ky: since K C I¥(C,,) UTI¥(D,,), ¢ € T1*(C,,) \ I1¥(D,,) and solu-
tion pairs can only evolve by flowing from £. Conditions enforced by Assump-
tion [4.2.3] imply that C is closed, F is outer semicontinuous, locally bounded
and convex valued on C. Since Ts(x) = R™ for every x € (intC) \ (Hfj(ﬁw) U
[1¥(L,,)), item [£2.412) implies that F(x) NTs(z) # O for every x € Ky. Then,
by an application of [61], Proposition 6.10], there exists a nontrivial solution ¢,
to ﬁw from every £ € K,. By item in Definition 2.0.4] such a nontrivial
solution ¢y is absolutely continuous on [0, €], for some & > 0, with ¢,(0) = &,

do(t) € F(gp(t)) for almost all ¢t € [0,¢] and ¢p(t) € Cforalte (0,e]. By
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closedness of C, we have ¢,(t,0) € K for every ¢ € [0, ¢].

The above shows that from every point in K7, solution pairs to ”ﬁw can be extended
via jumps with the state component staying within K using the construction in
case [i)l While from points in K5, solution pairs can be extended using the con-
struction in case With the state component staying within K. As a consequence,
from every point in K, there exists at least one (5, w) € Sz, with reqﬁ; C K.
Next, we prove that each such (¢, @) is also maximal to H, [ If (¢, @) is
complete, then it is already maximal and a solution pair to H,,. Consider the case
that (gg, w) is not complete. Proceeding by contradiction, suppose ((E, w) is not
maximal for H,,, meaning that there exists (¢, w) such that ¢(t, j) = ¢(t,j) and
w(t, ) = w(t, ) for every (t,7) € dom¢ and dom¢ \ dome # 0. Let (T,J) =
sup dom ¢. If (T,J) € dom &, then, 5(T, J) € K and we have the two following

cases:

° (E(T ,J) € K1 UKy, E24T) and closeness of C imply that, using the arguments
in fi)| and [ii)| above, it is possible for ¢ to satisfy ¢(t,j) € K for some (t,7j) €
dom ¢\ dom 5 By definition of solution pairs, this contradicts with maximality
of (¢, W) for Ha.

o §(T,J) € Ky, by definition of Ly, Fu(¢(T,J),we) N Trzrey(9(T, 1)) = 0 for

every w, € V¥ (¢(T,J)). Hence, supdom ¢ = (T, J), which contradicts with the
assumption dom ¢ \ dom ¢ # 0.

If (T,J) ¢ dom (E, according to Proposition E2.T], only |b.2)| holds In such
a case, there is no function z : I/ — R™ satisfying the conditions in of
Proposition E2.T] which are needed to have a (¢, w) such that domqﬁ\domgg # ().
Thus, K is robustly weakly forward pre-invariant for H,,.

The last claim requires to show that among these maximal solution pairs to

H., that stay in K for all future time, there exist one complete solution pair from

0During flows, we have (¢, 0).
Case [a)] does not hold due to (¢, w) not being complete, while [b.1)] and [c)] do not hold
because (T, J) & dom ¢.
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every point in K when, in addition, (K NII¥(L,)) C II%(D,,) and item [x)| hold.
To this end, first, note that the existence of a nontrivial solution pair to H,, from
every x € K follows from (K NII¥(L,)) C I1%¥(D,,), which implies K3 = (. Then,
we apply Proposition 4.2.1] to complete the proof. Proceeding by contradiction,
given any £ € K, suppose every (¢*, w*) € Sy, (£) is not complete, i.e., (T,J) =
supdom ¢*, T + J < oo, and case |a)| in Proposition 4.2.1] does not hold. Such a
solution pair (¢*,w*) is not as described in case in Proposition 2.1 due
to the closeness of K NII¥(C,,). Case does not hold for (¢*, w*) either, since
rge ¢* € K and K C II*(C,,) UII¥(D,,). Thus, by Proposition B2, (¢*, w*) can
only end as described by case [b.1.2)| [b.2)| or [c.2)]

e The solution pair ends because the functions described in case or of
Proposition 4.27], i.e., Z does not exist for (¢*(T, J), w*(T, J)). However, using
the same argument in item [ii)| above with w, = 0, for every (x,0) € K; x 0
there exists z such that holds, which leads to a contradiction.

o If (¢, w*) is as described by case ¢*(0,0) ¢ II¥(K*) by assumption Bl
More precisely, ¢*(0,0) € K7, hence, the solution pair can be extended following
the same construction in [i)| above, which contradicts with the maximality of
(97, w”).

O

Condition L2 211)]in Theorem E.2.4l guarantees that for every x € K NII¥(D,,)
such that there exists wg € VY (x), the jump map contains an element that also
belongs to K. Under the stated assumptions, condition E.2.412)| implies the sat-
isfaction of with zero disturbance w,., which suffices for the purpose of

Theorem E.2.4] as it is about weak forward invariance notions. While involving

the tangent cone of KNII¥(C,,) in condition 2. 412}]is natural, such solution prop-

erty is more than needed for robust weak forward pre-invariance of K as defined in

Definition Similarly to Lemma [4.1.7], solution-independent conditions that

imply (x)| are derived for the disturbance case.
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Lemma 4.2.5 (sufficient conditions for completeness) Given H,, = (Cy, Fu, Dy, Gi)
and a set K C R", suppose K,Cy,, D.,, and F,, satisfy Assumption[4.2.3. Condi-

tion (x ) in Theorem holds if
[4.2.51) K* is compact; or

[4.2.5.2) F, has linear growth on K*.

The following example illustrates Theorem [£.2.4]

Example 4.2.6 (robustly weakly forward invariant set) Consider the hybrid sys-
tem H,, in Exvample[3.2.0 with disturbances. we apply Theorem[{.2.4) to conclude
robust weak forward invariance of the set Ky = C1UD; for H,,. Assumption|[4.2.5
holds for Ky, C\,, D,, and F,, by construction. Since the set L,, is empty, condition
holds since for every (x,wq) € (K1 X Wy) N Dy, the selection ™ = R(0)x

always results in xt € K,. Condition [.2.4.2) holds since, applying item m
LemmalA.0.13, for every x € 9C, \ I¥(D,,), since x1x2 < 0, we have

(V(:Bf + x§ — 1), Fp(2,0)) = 221 (—x2|21]) + 220 (wex1 |21|)
= —2£B1ZL’2|ZL'1| S 0.

Then, the robust weak forward invariance of Ky follows from[{.2.5.2)in Lemmal[].2.5
and Theorem [{.2.]). Note that the property is weak due to the following observa-

tions:

e Because of the set-valuedness of the map G, there exists a solution pair from
a point & € Dy that jumps to a point in Cs that is not in Ky, as depicted in
Figure [3.3. On the other hand, from the same point &1, there exists a solution
pair that keeps jumping from and to &1, and stays within Dy C Ky;

e Because of the overlap between 1Y (C.,) and I1Y(D,,), there exists a solution pair
that starts from a point & € Dy and flows to a point in Cy that is not in K,
as depicted in Figure[3.3. On the other hand, the solution pair that jumps from
and to & from & stays within D C K;.
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To derive a set of sufficient conditions guaranteeing the stronger robust for-
ward invariance property of K, i.e., every solution pair to H, is such that its
state component stays within the set K, when starting from K, we require the

disturbances w and the set K to satisfy the following assumption.

Assumption 4.2.7 For every £ € (OK)NIIY(C,,), there exists a neighborhood U
of & such that WY (x) C WY (&) for every x € U NIIY(Cy).

The next result provides conditions implying robust forward pre-invariance and

robust forward invariance of a set for H,,.

Theorem 4.2.8 (sufficient conditions for robust forward (pre-) invariance of
a set) Given Hy, = (Cy, Fy, Dy, Gy) as in (1) and a set K C R", suppose
Cw, Fuw, Dy and K satisfy Assumption [{.2.3 Furthermore, suppose the mapping
x— Fy(x,w,.) is locally Lipschitz uniformly in w. on (0K + dB) x W,.) N C,, for
some § > 0. The set K s robustly forward pre-invariant for H,, if the following

conditions hold:

[4.2:81) For every (x,wq) € (K X Wy) N Dy, Gy(x,wq) C K;

~

[£.2.8.2) For every (z,w.) € Cy, Fu(z,we) C Tkamw(c,) ().
where Cy, and Ly, be given as in Theorem [4-24) Moreover, K is robustly forward
invariant for H,, if, in addition, K N11Y(L,) C II%(Dy,) and, with K*= (KN
[T (Cy)) x W.) N Cy, condition[x) in Theorem [{.2.7) holds.

Proof Since condition L2281 and EE2.8[2) imply condition [E2AL1) and EZA[2)]
respectively, under given conditions, which include the fact that C,, F,,, D,, and

K satisfy Assumption .2.3] the set K is robustly weakly forward pre-invariant
for H,, by Theorem [4.2.4
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Now we show that every (¢, w) € Sy, (K) has rge¢p C K. Proceeding by
contradiction, suppose there exists a solution pair (¢, w) € Sy, (K) such that
rge \ K # (). Then, there exists (t*,j*) € dom ¢ such that ¢(t*,j*) € K, i.e.,
¢ eventually leaves K in finite hybrid time Then, we have the two following

cases:

i) In the case that ¢ “left K by jumping," namely, ¢(¢, j) € K for all (¢, j) € dom ¢
with ¢t + j < t* + 7%, (o(t*, 7" — 1),wy) € D, with ¢(t*,j*) ¢ K for some
wg € V¥(¢(t*,5* — 1)). This contradicts item E2ZJ 1) More precisely, since
o(t*,7* —1) € KNII¥(D,,), item 2.8 1) implies that ¢(t*, 5*) € Gy (p(t*, 5* —
1), wqa(t*, j* — 1)) C K for every wg € V¥ (¢(t*, j* —1)). Thus, ¢ did not leave
K by jumping. Then, it must be the case that ¢ left K by flowing, which is

treated in the next item.

ii) In the case that ¢ “left K by flowing," namely, there exists a hybrid time instant
(7*,5*) € dom ¢ such that ¢(t, j*) € TI¥(C,,) \ K for all t € (7*,*] and t* — 1+
is arbitrarily small and positive. Moreover, by closedness of K NII¥(C,,), we
suppose that ¢(7*,7%) € (OK) N1I¥(Cy) X Let t — x(t) € K NIIY(Cy) be

such that for every ¢ € [7*, t*]

2Ok ) = |2(8) = x(®)], (4.7)
where z(t) = ¢(t,5*) for all ¢t € [r*,¢*]. Such points exist because of the
closedness of K NII¥(C,,). By definition of solution pairs to H,,, the function
t — |2(t)| knmw(c,,) is absolutely continuous. Thus, for almost every t € [7*,t*],

4| 2(t)| rrme(c,) exists and equals to the Dini derivative of |2(t)]xame(c,). Let

12Note that when rge¢ C K and lim é(t,7) = oo (that is, ¢ stays in K
t+j—sup, dom ¢+sup,; dom ¢

but escapes to infinity, potentially in finite hybrid time) corresponds to a solution that satisfies
the definition of forward invariance for K.

13By definition of solution pair, it is the case that ¢ left K NII¥(C,,) and entered I1¥(C,,) \ K
passing through (0K) NIIY(Cy).
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t be such that both £|z(¢)|xrme(c,) and Z(t) exist. We have

d
£|Z(t)|1mngj(cw)

o 2() + R kone(c,) — |2 komec.)
= lim inf ,
R\0 h
which, by definition of x(¢) and (.7), satisfies

|2(t) + hz(t)| ke ) — 12(8) | knmecu)

h
< [EO = x@1+ IX®) + PE(O)lxnngw) = [20)]xnmeew _ [XE) + PEO|knne©w)
- h h
t) + h w

- h
for every w € Txnmw(c,,)(x(t)). Moreover, for every such w,

t)+h w
L inf IX(t) + holkrmecn) 0
RN\0 h
by definition of the tangent cone in (41]). Hence, we have
d t) + hw w
a1/ Olxeng .y < liminf () h““”c @) 41208 — w| = [2(t) — wl.
Thus, for almost every t € [7*,t*],

d .
E\z(t)\mny(cw) < EO) | T ) (1) -

Since K NII¥(Cy,) is closed, by definition, x(t) € K NII¥(C,,) for every t €
[7*,t*]. Condition E2.82)] implies that for almost all ¢ € [7*,¢*], and every

w e U¥(x(t)), we have

d )
at Z(t)‘KﬂHQJ(Cw) < ‘Z(t>|TKmH’5”(Cw)(X(t)) (4.8)

< 2O Pty -
Since t* — 7" is positive and can be arbitrarily small, it is always possible
to construct a neighborhood of x(t) for every t € [7%,t*], denoted U, with
z(t) € U, and it is such that W¥(z(t)) C ¥¥(x(¢)) by Assumption A2.7
Then, because of that and the fact that the mapping x — F,(x,w,) is locally
Lipschitz uniformly in w. on ((0K + éB) x W,) N C,, for some 6§ > 0, we can
construct a neighborhood U’ of z(t) such that U’ C x(t) + 0B and x(t) € U’
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for every t € [7%,t*] and for which there exists a constant A > 0 satisfying
Fuy(2(t), we) C Fu(x(t), we) + Alz(t) — x(t)[B
for every t € [7%,t*] and every w. € W¥(z(t)). Hence, for every t € [7*,t*],
every w. € V¥ (z(t)), and every n € F,(z2(t), w.),
0| Putxt)we) < Al2(E) = x(8)]-

Moreover, since 2(t) € F,(z(t),w.), for every w. € W¥(2(t)), together with

(£8) and (@), we have that

d :
2 Olxomgcn) < EOlp e we)

< Alz(t) = x (O] = Al2(t) |k cu)-
Then, by the Gronwall Lemma (see [68, Lemma A.1|), for every t € [7%,t*],

|2(0)| ke (c.) = 0
Since K NII¥(Cy,) is closed, ¢(t*,j*) € K N1I¥(C,), which contradicts the

definition of ¢*. Thus, there does not exist maximal solution pair (¢, w) €

S, (K) that eventually leaves K N II¥(C,,) by flowing.

Thus, the set K is robustly forward pre-invariant for H,,.

Following the proof of Theorem A.2.4] when K N II¥(L,) C IIY(D,), with
4.2.4L1) and 4.2.412)| satisfied, there exists a nontrivial solution pair (¢, w) with
#(0,0) = £ to Hy, from every £ € K. Then, robust forward invariance of K follows
from the addition of condition [x)] As shown above, every (¢, w) € Sy, (K) has

rge¢ C K, thus, it suffices to show that every maximal solution pair to H, is
complete. We proceed by contradiction. Suppose there exists a maximal solution
pair (¢*, w*) € Sy, (K) that is not complete, and (7', J) = sup dom ¢*. Because
every (¢,w) € Sy, (K) has rge¢ C K, by an application of Proposition [£2.1]
(¢*, w*) only satisfies one of the cases described in item [b.1.2)} [b.2)| and [c.2)]
In particular, condition Eﬂ eliminates case by assumption. Then, condition
1281 and condition 2.8 2) imply that (¢*, w*) can be extended within K by
jumps and flows, respectively. More precisely, when ¢*(7,J) € 11¥(C,,), condi-
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tions in Assumption 2.3 and item L2.82) imply the function 2 : [0,e] — R" as
described in in Proposition [4.2.] exists with w.(t) = 0 for every ¢ € [0, €],
and such (Z, w,.) can be used to extend (¢*, w*) to hybrid instant (T'+e¢, J), which
contradicts the maximality of (¢*, w*)[X When ¢*(T,J) € 11%(D,,), jumps are
always possible by virtue of condition L2Z.81)l Therefore, the set K is robustly

forward invariant for H,,. O

Remark 4.2.9 In comparison to Theorem [{.2.4), Lipschitzness of the set-valued
map F,, (uniformly in w) is assumed. Together with Assumption [{.2.7, they are
crucial to ensure that every solution pair stays in the designated set during flows.
Note that Assumption [{.2.7 guarantees such property uniformly in w. (see the
proof of Theorem [{.2.§ for details). We refer readers to the example provided
below Theorem 3.1 in [2], which shows solutions leave a set due to the absence of

locally Lipschitzness of the right-hand side of a continuous-time system.

The following example shows an application of Theorem F.2.8]

Example 4.2.10 (Example revisited) Consider the hybrid system in FEz-
ample [3.2.0. We apply Theorem [{.2.§ to show the set Ky = I1¥(C,,) U I1Y(D,,)
is robustly forward invariant for H.,. Similar to Example 328, L, = 0, As-
sumption[4.2.3 and condition hold for K, F,,, C,, and D,,. Moreover, Assump-
tion [{-27 holds since w, < |x| for every x € 1I¥(Cy,) and the map F,, is locally
Lipschitz on Cy, by construction. Then, condition holds since for every
(x,wq) € (Ko x Wy)N D, the map G, only “rotates” the state variable x without
changing |z| within the unit circle centered at the origin. Condition[.2.8.2) holds

since

e for every (x,w.) € (0Ky x W,.) N Cy, because 0 < w, < |z| < 1 and xyz9 > 0,

14Note that the resulting disturbance will be Lebesgue measurable and locally essentially
bounded on interval I7.
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we have

(V(a} + 23), Fu(w, we))

= 2x1 (—xo|x1|) + 222 (wezy|21])

= 2z129(w, — 1)|x1| <0,

which, applying item [1)] in Lemma[A.0.13, implies F,(z,w.) € Trynme(cy)(T);

o for every (z,w.) € (O(II¥(Cy)) \ 0K2) x W) N Cy,, we have

Ty (o) () =

(

Rso x R if v € Cp,x1 =0,29 ¢ {0,1}
Reo xR ifx e Cy,xy =0,20 ¢ {0,—1}
RxRsy ifxeCi,z;¢{0,1},20=0
R x R<g if v € Co,x1 ¢{0,—1}, 29 =0

\Réo U R2§0 =0,

which, applying item |1) in Lemma [A.0.13, implies F,,(x,w.) € Tr,nmw(c,) ()
holds true by definition of F,,

Thus, the set Ky 1s robustly forward invariant for H.,,. A

15We recall from Example B25 that C; = {x € R? : 21 > 0,22 > 0,]z| < 1} and Cy = {z €

R?: 21 <0,20 <0,z <1}
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Chapter 5

Forward Invariance of Sublevel Sets

of Lyapunov-like Functions

For many control problems, Lyapunov-like functions V : R®” — R for ‘H and
‘H., can be obtained via analysis or numerical methods. For such systems, we can
verify the robust and nominal forward invariance of the r—sublevel sets of V' by
exploiting the nonincreasing property of V' along solutions. In this work, for the
nominal case, conditions on the system data, namely (C, F, D, G) in Theorem [£.1.2]
and Theorem [4.1.4] are explored to guarantee the forward invariance of a subset

of its r—sublevel set that is given by
M, = Ly(r)n(CUD). (5.1)

For the more generic study of robust forward invariance properties for H, via
Lyapunov methods, we employ a different set of conditions than the ones in The-
orem [£.2.8to establish robust forward (pre-)invariance of the sublevel sets of V. In
particular, given a continuous differentiable function V' : R" — R for H,,, we de-
rive the sufficient conditions to render robust controlled forward (pre-)invariance

of subsets of its r—sublevel set, which is given by
MY = Ly(r)NIIY(C,) UL (D,,). (5.2)

Results in this chapter are preliminaries of the forthcoming control effort to
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select feedback laws that render robust forward invariance of the Lyapunov func-

tions’ sublevel sets.

5.1 Nominal Forward Invariance for H via Lya-

punov Method

The next result introduces a set of constructive conditions that induce weak
forward invariance and forward invariance for M, in (5.1]) for . These conditions
ensure that solutions stay within M,. and also guarantee existence and complete-
ness of nontrivial solutions from every point in the set M,. For convenience,
given a function V and two constants r,r* € R with r < r*, we define the set

Z(r,r*):={zxeR":r <V(zx) <r*}.

Theorem 5.1.1 (weak forward invariance and forward invariance of M,.) Given
a hybrid system H = (C, F, D, G) as in [2.10), suppose the set C is closed, the map
F :R" = R" is outer semicontinuous and locally bounded, and F(x) is nonempty
and convex for all x € C. Suppose there exist a constant r* € R and a function
Vi R" — R that is continuously differentiable on an open set containing C' such

that
(VV(z),n) <0 Ve e Z(r,r*)NC,n € F(x), (5.3)
V(n) <r Vo € Ly(r)NnD,n € G(z), (5.4)

for some r € (—oo,r*). Moreover, suppose such r satisfies
[511.1) for every x € V7i(r), VV(z) # 0;
B 11.2) for every x € (Ly(r)NOC)\ D, F(x) NTe(x) # 0;

[5.11.8) for every x € (V1(r) N AC) \ D, the set C is reqular at x and 3¢ €

[5.1.1.4) condition in Theorem[{.1.9 holds for K* = M, N C" and H.
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Then, for each such r € (—oo,r*) that defines a nonempty and closed M,., we
have the following:

o The set M, is weakly forward invariant for H if
B 11.5) for every x € M, N D, G(x) N (CUD) #0;
o The set M., is forward invariant for H if

b11.6) GIM,NnD)cC CUD.

Proof Fix r < r* that satisfies the conditions in Theorem BL.I.1l The sets K =
M., C, D and the map F satisfy Assumption [LT.1l In fact, since M, is defined
as the intersection of an r-sublevel set of V' and the union of the flow set and the
jump set, M, is a subset of C'U D. Closedness of M, N C follows from the fact
that C' is closed and V is continuous. The properties of F' directly follow from
the assumptions. Now, we apply Theorem to prove weak forward invariance
of the set M,.

Since set L in Theorem is empty in this case, we prove that for every
r€eIM,NC)\ D,

F(&) N Ty, o (@) # 0. (5.5)

To this end, we need the following properties of the sets C, Ly (r) and of the
map F. For every x € Ly(r), the r—sublevel set Ly (r) is regula at x by a
direct application of |71, Corollary 2 of Theorem 2.4.7 (page 56)| with f(z) =
V(z) — r. Moreover, since (Z.63) and item ETIL1) hold, for each z € V~!(r),
F(x) C Ty, (), and the set Ly (r) admits a hypertangen at every x applying
Lemma Then, we show that (5.5]) holds for every x € (M, NC)\ D in

I The set C is regular at z provided the Bouligand tangent cone at z of C coincides with
the Clarke tangent cone at z of C' (see [71l Definition 2.4.6]). Furthermore, every convex set is
regular — see [71l Theorem 2.4.7 and (page 55) and Corollary 2 (page 56)| for other special cases
of regular sets.

2See |71}, Section 2.4|.

3Function h(z) = V(x) — r is directional Lipschitz since V is continuously differentiable and
by item (i) in [T1, Theorem 2.9.4].
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the following cases:

1. For every x € (intLy(r)NOC)\ D, since Tt ;)nc(v) = Te (), B1.112) implies
(5.5) holds;

2. For every x € V=!(r) NintC, we have T, (ync(x) = TL, ¢ (z). This implies
(5:5) holds for every such x, because F(x) C Ty, (y(x) as shown above;

3. For every x € (V=1(r)noC) \ D, EIIL3) implies
Te(z) Nint Ty, vy (z) # 0.
Then, since Ly (r) and C' are regular at x, we can apply [71, Corollary 2 of
Theorem 2.9.8 (page 105)] with C; = C and Cy = Ly (r) since Ly (r) admits a
hypertangent at z: for every z € (V=1(r)NaC) \ D, we have
To(z) N Ty (x) = Ty rne (@),
i.e., (5.3) holds.

Hence, condition E.T.2[2)in Theorem holds for the sets C, K = M, and the
map F'.

Moreover, (7.64]) implies for every z € M, N D, G(z) C Ly (r). Together with
item [B.1.115)] (7.64) leads to condition ET.2L1)lin Theorem Then, according
to Theorem E.1.2] M, is weakly forward invariant for H as condition holds
by item BTI14)l

For the remainder of the proof, we show that M, is forward invariant when
condition B.I.IL6) holds. First, we prove M,. is forward pre-invariant for the hybrid
system H.

Consider the restriction to hybrid system H to the set Ly (r*), denoted H
and whose data is (5 , F 15, (), where the flow set and the jump set are given by
C = Ly(r)NC and D = Ly (r*) N D, respectively. Note that (7.64) implies for
every € M, N D, G(z) C Ly(r). Then, every ¢ € Sz(M,) has rged C Ly (r)
if ¢ cannot leave Ly (r) by “flowing.” We show by contradiction that this is the
case. Suppose ¢ left Ly (r) by “flowing” during the interval 177 := [t ¢« 41]:
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namely, ¢ left Ly (r) N C and entered (Ly (r*) \ Ly (r)) N C. More precisely, since
Ly (r) € Ly(r*), by closedness of M, and item [(S1)|in Definition 2.0.4] there exist
hybrid time instants (t*, 7%), (7%, j*) € dom ¢ with ¢(t*, 5*) € (Ly(r*)\ Ly (r))NC,
o(t*,7%) € VI (r)n C, and ¢(t,5*) € (Ly(r*) \ Ly (r)) N C for all t € (7%, 1],

where ;. < 7" <t* <t;+4;. Hence, we have

V(o(r",7%) = r < V(e(t",5")) <. (5.6)
By item [(S1)] in Definition 204 for every ¢ € intI?", ¢(t,5*) € C. According to
[T63), LV (¢(t,5*)) < 0 for almost all ¢ € [7°. Then, integrating both sides, we

have

V(e(t,57) < V(e(r",57)),

which contradicts with (5.6). Hence, every ¢ € Sz(M,) stays in M, during flow.
Therefore, if ¢ left M, and entered Ly (r) \ M,, which is outside of C' U D by
definition of M, it must have left C' U D via jumps. This is not possible by
virtue of B.I.1l6)l Thus, we establish the forward pre-invariance of M,. for H by
Definition B.1.5

Moreover, we verify that every ¢ € Sz(M,) with rge ¢ C M, is also a maximal
solution to H by contradiction. Suppose there exists ¢ € S;(M,) with rge¢ C
M, that can be extended outside of M, for H. More precisely, there exists 1) €
S3(M,), such that domt \ dom ¢ # 0, for every (t,j) € dom o, (t,5) = ¢(t, )
and for every (t,7) € domv \ dom ¢, ¥(t,5) ¢ M,. Let (T,J) = supdom ¢. We

have two cases:

4. 1) extends ¢ via flowing: namely, (T, J) = ¢(T,J) € M, NC, t — P(t,J)
is absolute continuous on I”/. By item [(S1)| in Definition R.0.4, (¢, J) € C
for all ¢+ € intI7. Thus, it must be the case that ¢(t,J) € C\ Ly(r) for
some t € I7. Since Ly (r) € Ly(r*), there exists t* € I/ such that ¥ (t*,J) €
Ly (r*) N (C\ Ly(r)). This contradicts with the maximality of ¢ to 7.

5. 1 extends ¢ via jumping: namely, (T, J) = ¢(T,J) € M,ND and (T, J+1) ¢
M,.. By item |(S2)| in Definition 0.4} this contradicts with the maximality of
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¢ to H.

To complete the proof for forward invariance of M, for H, we show that every
¢ € Sy(M,) is also complete. Because condition E.IIL6) implies B.TIL5), we
know the set M, defined by the chosen r < r* is weakly forward invariant for
‘H. Hence, there exists a nontrivial solution to H from every z € M,. Case
Proposition is excluded for every ¢ € Sy (M,) since M, N C' is a closed set.
Case is not possible for every maximal solutions from M, by assumption
BEII4)l Finally, G(M, N D) C M, implies case [c)| in Proposition does not
hold. Therefore, only case|a)|is true for every maximal solution starting from M.,..

O

Condition B.1.113) together with (7.63]) result in a less restrictive requirement
on the flow map F' when compared to the usual Lyapunov conditions for stability
purposes, for instance, condition (3.2b) in [61, Theorem 3.18|, which often rely on
finding a qualified positive definite function with strict decrease outside the set
to stabilize. It is not a trivial task to relax condition 5.I.113) in Theorem G111
When the set {¢ € F(x) : (VV(z),£) < 0} is empty for some z € V1(r)NC, we
have that for every £ € F(x), (VV (x),£) = 0. With item BT it is either that
F(z) = 0 or F(z) # 0. If the former holds, condition 1.212)l in Theorem
holds trivially. However, if the latter holds, it is possible to get F'(x)NT%,, (ync = 0
at such x, which implies that only a trivial solution exists at such x. The following

example illustrates such a case.

Example 5.1.2 Consider a system on R? given by & = F(x) := (x9, —11) with
C = (—o0,—1] x R and pick V as V(z) = x* with r* = 2. M, is nonempty
and closed for r € [1,7*). The conditions in Theorem [5.11] except for[521.1.53),
which does not hold for r = 1. In fact, for r = 1, at the point (—1,0), the
vector F((—1,0)) = (0,1) lays in Tc((—1,0)) and satisfies (VV (z), F(x)) = 0
for each © € Ly(r) N C, so[011.3) does not hold. As a result F((—1,0)) ¢
Ty rne((—1,0)). A
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When set C' is a sublevel set of a function that satisfies some mild conditions,

item FT112) and item ETIL3) in Theorem E.I.1l hold as a consequence as stated
in Lemma [A.0.15] The following result describes such a special case.

Lemma 5.1.3 (special construction of C') Given a map F : R" = R™ and C :=
{z : h(z) < 0} C domF, suppose Vh(z) # 0, Vh(x) is nonempty and h is
continuously differentiable at every x € 0C'. Moreover, suppose for every x € 0C,
there exists & € F(z) such that (Vh(z),&) < oo. Then, condition [T 1.2) and
[(5.71.3) in Theorem [5.1.1] hold.

Remark 5.1.4 As stated in Chapterll, invariance is also a property that is key in
the study of safety in dynamical systems. The Lyapunov-like function approach in
this section resembles the idea behind the safety certificates. Note that the function
V' in the results in this section is not sign definite and that the aim was to assume
as few properties as possible, though it should be recognized that the invariance
property obtained is only for its sublevel sets. Connections between results in this
section and their extensions to invariance-based control design is the focus of the

upcoming second part of this paper.

5.2 Robust Forward Invariance for H, via Lya-
punov Method

When a Lyapunov-like function V' : R — R for H,, is provided, one can
employ a set of conditions derived from the ones in Theorem 4.2.8] to establish
robust forward (pre-)invariance of the sublevel sets of V. We provide conditions
for robust forward (pre-)invariance of sublevel sets of V' for #,,, which in turn,
provide insights for the invariance-based control design methods in Chapter [Gl
More precisely, given a continuously differentiable function V' : R® — R for H,,,

we derive sufficient conditions to render its r—sublevel set M.
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We consider Lyapunov-like functions that are tailored to forward invariance

analysis. Unlike the traditional ones for stability analysis, our Lyapunov candi-

w
T

dates are not necessarily strictly decreasing outside of MY, nor that it is non-
increasing when inside of M. Building from Section [£.1] the next result char-
acterizes the robust forward pre-invariance of M. Following the same notation
in Section 5.1 given a function V' and two constants r,r* € R" with r < r*, we

define the set Z(r,r*) :={z e R* : r < V(x) <r*}.

Proposition 5.2.1 (robust forward pre-invariance of MY ) Given a hybrid system
Hy = (Cy, Fy, Dy, Gy) as in (62), suppose there exist a constant r* € R and a
function V : R™ — R that is continuously differentiable on an open set containing

IT1¥(Cy) such that
(VV(z),n) <0 V(z,w.) € (Z(r,r*) x W.) N Cy,n € Fy(x,w.), (5.7)
Vin) <r V(x,wa) € (Ly(r) x Wa) N Dy, n € Gu(,wa), (5.8)
for some r € (—o0,1*) such that MY is nonempty and closed, and
Gu((M) x Wy) N D,,) C ITY(Cy,) UILY (D) (5.9)

holds. Then, the set M is robustly forward pre-invariant for H.,,.

Proof Consider the Ly (r*) restriction to the hybrid system #,,, denoted H and
whose data is (6’, Fy,, E,Gw), where the flow set and the jump set are given by
C = (Ly(r*) x W.) N C, and D = (Ly(r*) x Wy) N D, respectively. Fix r €
(—o0,7*) such that (5.1), (5.8), and (£5.9) hold and MY is nonempty and closed.
For any nontrivia]H (¢, w) € Sg(MY), pick any (t,j) € dom¢ and let 0 = t; <
t1 <ty < ... < tjy =t satisfy

j

dom ¢ M ([0,4] x {0, 1., j}) = | (tws trsa] x {K)) -

k=0
Next, we show that rge¢ C Ly (r). Proceeding by contradiction, suppose there

4Trivial solution pairs always stay within the set of interest.
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exists (t*,7%) € dom ¢ that ¢(t*, 7*) € Ly (r*) \ Ly (r), i.e.,
r<V(o(tj*)) <r". (5.10)

Without lose of generality, we have the following two cases:

i) ¢ leaves Ly (r) by “jumping” at (¢*,j*):
namely, ¢(t,j) € MY for all (t,j) € dom¢ with ¢t +j < t* + j*, and
(p(t*, 7* — 1), wq(t*,j* — 1)) € (Ly(r) x Wy) N D,. Hence, using (5.§)),
it implies V' (¢(t*, 5%)) < r, which contradicts (5.10);

ii) ¢ leaves Ly (r) by “flowing” during the interval [7" := [t;«, t;11]:
due to absolute continuity of ¢ — ¢(t,j)onl’", ¢ leaves Ly (r) N11¥(C,,) and
enters (Ly (r*) \ Ly (r)) N1I¥(C,,). More precisely, since Ly (1) C Ly (r*), by
closedness of Ly (r), there exists a hybrid time instant (7%, j*) € dom ¢ such
that (¢(7%,j%), we(7,j%)) € (V7H(r) x We) N Cy and (&(t, ), we(t, j*)) €
(Ly(r*) \ Ly(r)) x W) N C,, for all t € (7%,¢], where t;» < 7" < t* <
tj«+1. Moreover, by item in Definition 2.0.4] for every ¢ € intl’",

(¢(t, ), we(t, j*)) € C. Then, (5.7) implies that for almost all t € [r*, ¢*],

d

SV((E.7) 0.

Integrating both sides, we have

V(o(t",j") < V(e(r", i),
which leads to V(¢(t*, 5%)) < V(¢(7*, j*)) = r. This contradicts (5.10]).

Next, we establish robust forward pre-invariance of MY for H when (59) holds.
By item in Definition 2204 and closedness of MY, every (¢, w) € S7;(MY)
stays within MY during flow. Therefore, if ¢ leaves MY and enters Ly (r) \ M},
it must have jumped. Suppose there exists (¢,w) € Sz(M}’) that has its ¢
element left MY eventually, while (5.9) holds. Then, for every such (¢, w), there
exists (t*,j*) € dom¢ such that ¢(t*,7*) € Ly(r) \ (II¥(C,) U I1Y(D,,)) and
(p(t*,5* — 1), wq(t*, j* — 1)) € (M¥ x Wy) N D,,. This leads to a contradiction
with (59). Thus, MY is robustly forward pre-invariant for 7.
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To complete the proof, we show that every (¢, w) € Sg(M;’) with rge ¢ C M}’
is also a maximal solution to H,. Proceeding by contradiction, suppose there
exists (¢, w) € Sz (M) with rge ¢ C M}’ that can be extended outside of M}” for
H,,. More precisely, there exists (¢, v) € Sy, (MY), such that dom )\ dom ¢ # 0,
for every (t,7) € domo, (¥(t,7),v(t, 7)) = (¢(t,5),w(t,j)) and for every (t,j) €
dom \ dom ¢, ¥(t,5) ¢ MY. Let (T, J) = sup dom ¢. We have two cases:

iii) (¢, v) extends (¢, w) via flowing:
namely, (O(T,J),v.(T,J)) = (&(T,J), we(T,J)) € (MY xW.)NCy, t —
Y(t,J) is absolute continuous on I7. By item [(S1,)| in Definition Z0.4]
(V(t, J),v.(t, J)) € C, for all t € intI’. Thus, it must be the case that
Y(t,J) € TI*(Cy,) \ Ly(r) for some t € I7. Since Ly (r) C Ly(r*), there

exists t* € I7 such that (t*,J) € Ly (r*) N (1¥(C,) \ Ly (r)), which is an

extension of (¢, w) for 7. This contradicts with the maximality of (¢, w) to

H.

iv) (¢, v) extends (¢, w) via jumping:
namely, (V(T, J),va(T, J)) = (¢(T,J), wa(T,J)) € (MY x W,;) N D, and
(T, J+1) ¢ M¥. By item |(S2,,)|in Definition 2.0.4] this contradicts with
the maximality of (¢, w) to H.
O

When given a Lyapunov-like function V' and a constant r < r* as in Proposi-
tion[5.2.1], one can verify the robust forward pre-invariance of MY for H,,. In turn,
conditions (5.7)), (B.8) and (5.9) can be used to check whether a designed state-
feedback pair (k. kq) renders MY given as in (5.2]) robustly controlled forward
invariant for H, ..

A typical set of Lyapunov conditions for asymptotic stability analysis can be
found in [61, Theorem 3.18], where the key is to evaluate the value of V' along
trajectories outside of the set of interests, i.e., A. These conditions ensure the
decrease of V' along solutions that are initialized outside of A. In comparison,

forward invariance characterizes the properties of system dynamics within the set
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of interest, in our case, MY. Comparing to [61, Definition 3.16] and [61, Theorem
3.18|, a function V" as in Proposition £.2.1lis a Lyapunov function candidate that
is less restrictive. Such function V' is neither bounded by two class-KCo, functions,
nor has its change along solutions bounded by the negative of a positive definite
function of the distance to the set of interest. In particular, for the nominal case,
item (3.2b) in [61, Theorem 3.18] asks (VV(x),n) < 0 for all z € Ly(r*)NC
and n € F(x); while (5.7) allows (VV (z),n) to be positive for x € intLy(r) N C.
Similarly, during jumps, item (3.2¢) in [61, Theorem 3.18| demands the change
V(n) — V(x) to be nonpositive for every x € Ly (r) N D; while (5.8) allows such
changes to be positive for z € intLy (r) N D as long as it is such that V(n) < r.
Such properties of function V' ensure solutions stay within Ly (r) for any qualifying
r < T*HP Note that (B.7) and (5.8]) do not imply that maximal solutions are
complete, neither to H,, nor to the restriction of H,, to Ly (r*). Other alternative

conditions may involve a locally Lipschitz flow map F), similar to Corollary [6.1.5

Remark 5.2.2 [t is worth noting that due to being inequalities, the conditions in
Proposition [5.2.1) cover the special cases where V' remains constant in the contin-
uous or discrete region. In such a case, (B.7) and (5.8]) in Proposition [5.2.1] are
given by

(VV(z),n) =0 V(z,w.) € (Ly(r*) x W) N Cy,n € Fy(z,w,.),(5.11)
Vin)—V(z)=0 V(x,wq) € (Ly(r) X Wy) N Dy,n € Gy(z,wy),(5.12)

respectively. Intuitively, when V' dose not change on Ly (r*), solution pairs to H.,,

stay within the r—sublevel set during flows and jumps. Namely, we can employ

GEII) and (B8), or (1) and (BI12), to verify robust forward pre-invariance of
MY,

Observations in Remark [5.2.2] are also practical for controlled systems where con-

trol inputs affect only the flow or jump map and the jump map, or, respectively,

®Note that solution pairs may escape Ly (r) when r = r*. This is because (VV (z),n) is
allowed to be zero in (&.7]).
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flow map ensure V' does not change along flows or jumps, respectively. One such
example is presented in Section [T.4] in which, a ball travels vertically and is con-
trolled by impacts with a surface at zero height. The total energy of the ball is
used to construct the V' function for invariance analysis. During flows, no en-
ergy loss is considered. Hence, the total energy level of the system remains the
same, which implies the special case of (5.7)), i.e., (5.11)) holds. The controlled
single-phase DC/AC inverter system is one example where (5.12)) holds, which is
a special case of (5.8)), as presented in Section [7.2]

Next, we derive conditions rendering the set M C R" in (5.2)) robustly for-
ward invariant for H,, given as in (6.2)). This conditions follow from Section [5.1]
and ensures that every solution pair ¢ € Sy, (M}') has rge¢p C MY. Moreover,
the proposed set of conditions guarantee existence and completeness of nontrivial

solution pairs to H,,.

Proposition 5.2.3 (robustly forward invariance of MY ) Given a hybrid system
Hy = (Cy, Py, Dy, Gy) as in ([62), suppose the set C,, is closed, item in
Definition [2.0.8 holds and for every x € II¥(C,,), 0 € ¥ (z). Suppose there exist
a constant r* € R and a function V : R — R that is continuously differentiable
on an open set containing 11Y(Cy,) such that (57) and (5.8]) in Proposition [5.21]
hold for some r € (—oo,r*) such that MY is nonempty and closed. Moreover,

suppose
[5.2.3.1) for every x € V1(r), VV(z) # 0;
[2.2.3.2) for every x € (Ly(r) N OIIY(Cyw)) \ 11 (Dy), Fu(z,0) N Thwc,(z) # 0;

[5.2.3.3) for everyx € (V=1 (r)NOI¥(Cy))\I1¥ (D), the set Z, := {£ € F(x,0)N
Thiw o) () : (VV(2),§) < 0} is nonempty;

2.2.3.4) (MY xW.)NC,y, is compact, or F,, has linear growth on (MY xXW,.)NC,,.

If, furthermore, (B.9) in Proposition [5.21] holds, then, the set MY is robustly

forward invariant for H.,,.
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Proof The proof is derived from the proof of Theorem [E.I.1] being the main
difference, the presence of the disturbances w,. and wy. First, we show that M’
given as in (B.2]) is robustly weakly forward invariant for #,, by applying Theo-
rem [4.2.8 In particular, the sets K = MY, C,, and D,,, and the map F,, satisfy
Assumption 23] Then, with (5.7) and item BZ3IE233), we show in the
following lemma that item E2.82)l in Theorem E2.8 holds with K = MY, C,,
and F,.

Lemma 5.2.4 Consider a closed set C,, C R™ x W, that has 0 € V¥ (z) for
every x € NIY(Cy) and a map F, : R" x W. = R" satisfying item in
Definition [2.0.8. Suppose there exists a pair (V,r*), where V is continuously
differentiable on an open set containing Ly (r*) and r* € R such that for some
r < r*, items B1) and [2.2.3.1) - [5.2.3.3) hold. Then, for every x € O(M¥ N
I12(Cw)) \ 113 (Du),

Proof Let r < r* satisfy the properties in the statement of the claim. Let K; =
int(Ly (r)) NOMMY(Cy,), Ko = V1 {(r)Nint(11¥(Cy,)), and Kz = V=1(r) NIV (Cy,).
It is obvious that K;, K5, and K3 are disjoint and ng K; \ II¥(D,) = o(M¥ N
I1¥(Cy)) \ I1¥(D,,). We have the following three causés::1

i) For every x € K1 \11¥(D,,), since Th, anw (o) (2) = Thw(c,) (), item GITII2)
implies (5.13).

ii) For every x € Ky \ 11} (D,,), we have T, nmw(c,) () = T, (x). |Applying
item [1)| of Lemma [A.0.15] to every such = with h(z) = V(z) — r, (hence,

S = Ly(r)) we have that (5.7) and item B TI1)imply F,,(z,w.) C T, (2)
for every w. € W¥(x). Then, with the assumption that 0 € W¥%(x) for every

x € IIY(Cy), (513) holds.

iii) For every x € K3\114(D,,), we argue that there exists a vector £ € F,,(z,0)N

Tiiw (o) (x) that is also contained in 77, ()nmw(c,) (). To this end, for every
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v € K\ II%(D,), consider ¢ € Z, as defined in BIIL3)l For a given
r € K3\ 1IY(D,), let

Cp={z+af:a>0NIY(C,).

If C, = {z}, we have £ = 0 by the fact that = € K; c II*(C,) and
item B.TII2)l which contradicts with item EIIL3)l Hence, for every such
x, C, has more than one point and & # 0. Then, there exists 2’ # =z
such that 2/ = (o/€ + x) € C,. By definition of C,, for each \ € [0, 1],
2" = Az 4 (1 — A2/ is also in C,. Let C, = con{z,2'}. By construction,
C, is a convex subset of 6; and is not a singleton. Next, for every x €
K3\ 1I%(D,,), we apply Corollary [A.0.5 with C} = C,, and Cy = Ly/(r). Item
BEIIL3) implies T, (z) N intTy, (y(z) # 0. Applying Lemma [A.0.15 with
h(z) = V(x) —r, the set Ly (r) admits a hypertangent at every = € V=1(r).
Then, [71, Corollary 2 of Theorem 2.4.7 (page 56)| implies the set Ly (r) is
regular at every z with f(x) = V(x) — r. Since set C, is regular at = by

construction, Corollary [A.0.5 implied that for every x € K3\ I1%(D,,),
To, () N Toy ((2) = Tryrnc, (7).
Because of the properties of tangent cones in [69, Table 4.3, item (1)| and
the fact that C, N Ly (r) C II¥(Cy) N Ly(r) by construction of C,, we also
have
Try e, (2) € Toynme(ca) (2)-

Then, by definition of tangent cones, { € T¢,(x) and § € (T, (z) N
Te,(x)) C Ty ynme(c,)(®). Therefore, by assumption, since § € F,(z,0) N
Thw (o) (z), (BI3) holds for every x € K3K3 \ IIY(D,,). O

Then, (59) together with (£.8) imply item 281 in Theorem K28, holds for
My Cy, D, and G,,. Hence, MY is robustly weakly forward invariant for H,, by

Theorem 2.8 since condition B.2.314)l implies item [x)] according to Lemma FE2.5].

Applying Proposition [4.2.1] there exists a nontrivial solution pair to H,, from

every x € MY.
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Next, it follows from Proposition B.2.1] that M is also robustly forward pre-
invariant for H,. Such a property implies that every maximal solution pair to
H,, has rge¢p C MY. Finally, by applying Proposition 21l every maximal
solution pair to H,, starting from MY is also complete when item [£.2.314)] holds.
Case in Proposition 2] is excluded for every (¢,w) € Syu(M¥) since
MY NIIY(C,) is closed. Case |b.1.2) and [c.2)| are excluded since (B.I3]) holds for
every © € MY\I1Y(D,,). This follows from Lemma[5.2.4], and the fact that MY C
1Y (Cy) UILY (Dyy) and T, (mynmw e,y (2) = R for every « € int(Ly (r) NIIY(Cy)).
Case is not possible for every maximal solution from MY by assumption
B234) Finally, when (5.9) holds, namely, G, ((M¥ x W;) N D,,) C MY, case

in Proposition E.21] does not hold. Therefore, only case [a)| is true for every

maximal solution pair starting from M. O

Compared to Theorem [F.1.T], item F.2.3[3) does not require the set II¥(C,,) to

be regular as in item B LIL3)l

Remark 5.2.5 Forward invariance that is uniform in the disturbances is key for
certifying safety in real-world applications. As mentioned in Chapter [, barrier
certificates are shown to be useful for the study of safety [39/46,47]. The Lyapunov-
like function approach in this section resembles the idea behind barrier certificates,
but we do not require the set to render invariant be defined by regions of where
a function is nonnegative. In addition, the function V in this work is not sign
definite and that the aim is to assume as few properties as possible, though it
should be recognized that the invariance property obtained is only for its sublevel

sets.
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Chapter 6

Controlled Forward Invariance using

Control Lyapunov Functions

In previous chapters, we formally characterize forward invariance for the nom-
inal hybrid systems, i.e., H in (2.1), and hybrid systems with disturbances, i.e.,
H,, in (CT)). Analysis tools to verify such properties are established for a generic
set K C R™ and the sublevel set of Ly (r) for a given Lyapunov-like function.
Building on these results, in this chapter, we present control designs to render a
set forward invariant for closed-loop hybrid systems.

We focus on the control synthesis for hybrid systems in form of H,,,, given in

(L2) and in form of H, given by

r,u.) €C, © € F,(x,u.
” (2, uc) (@, uc) 6.1)

(x,uq) € D, % € Gyu(x,uy).
As mentioned in Chapter [ these two classes of systems have input u = (u,, uq)
that can be replaced by state-feedback pair (k., kq), where the result in closed-loop
systems in the same form of H and H,,. In particular, given a static state-feedback

pair (k. : R" — R™ k; : R" — R™4, the closed-loop systems of H,, with some
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abuse of notations, are given by
reC &€ F(x);
reD zteG(x),

where the set-valued maps
F(z) = Fu(x,k(x)) and G(z) := Gy(z, ka(x))
govern the continuous and discrete evolutions of the system on the sets
C:={xeR": (v,k.(r)) € C,}, and D :={x € R" : (x,rq(x)) € D,},

respectively. Similar to the notations for H, ., we define the projection of S C
R™ x U, onto R™ as

I4(S) := {u. € R™ : (z,u.) € Cy},
and the projection of S C R" x Uy onto R™ as

I15(S) := {uqg € R™ : (z,uq) € D,},
Moreover, we define the set-valued maps

Uit (x) = {u. € R™ : (z,uq) € Cy},

Uit(z) = {uqg € R™ : (z,uq) € Dy}

that collects all inputs u that satisfy the system dynamics for a given z.
To obtain properties (A3)|in Definition Z0.8 for H = (C, F, D, G), we

have the following immediate result.

Lemma 6.0.6 (hybrid basic conditions) Suppose k. : C — U, and kq : D — Uy
are continuous and H, = (Cy, Fy, Dy, Gy) 1s such that

(A1) Cy and D, are closed subsets of R" x U, and R™ x Uy, respectively;

(A2°) F, : R" x R™ = R" is outer semicontinuous relative to C,, and locally

bounded, and for every (z,u.) € Cy, Fy(z,u.) is nonempty and convex;

(A3°) G, : R" x R™ = R™ is outer semicontinuous relative to D, and locally

bounded, and for every (x,uq) € Dy, Gy(z,uq) is nonempty.
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Then, H,, satisfies conditions|(A1){(A3) in Definition [2.0.8.

Similarly, the resulting closed-loop system for H,,, when controlled by pair

(Ke, kq) 1s given by (L3)). Then, to obtain properties [(Al,)H(A3,) in Defini-

tion 2.0.7 for H,, = (Cy, Fiy, D, Gy), we have the following immediate result.

Lemma 6.0.7 (hybrid basic conditions) Suppose k. : .(Cyw) — U. and kq :
4(Dyw) = Uy are continuous and Hyw = (Cuws Fuws Duw, Guw) is such that

(A1°y) Cyw and Dy, are closed subsets of R™ x U, x W, and R™ x Uy x Wy,

respectively;

(A2°y) Fuw: R" x R™ x R% = R™ is outer semicontinuous relative to C,, ,, and

locally bounded, and for every (z,ue, w.) € Cyw, Fuw(T, te, we) is conver;

(A8°y) Guw @ R" x R x R = R™ is outer semicontinuous relative to Dy

and locally bounded.
Then, H,, satisfies conditions (AL, H(AS3, ) in Definition [Z.0.7.

We start this chapter by formally define the concept of (robust) controlled
forward invariance for hybrid system H, and H, . Results that guarantee these
notions for a hybrid system with given static feedback pair are derived from the
sufficient conditions presented in Chapter 4l Then, adapting the Lyapunov condi-
tions in Chapter [, we define the concept of (robust) control Lyapunov functions
for forward invariance. It turns out the existence of such functions for both H,,
and H,, ,, leads to continuous feedback laws that render their sublevel sets (robust)
forward invariant for the closed-loop system H and H,. Finally, we provide con-
structive feedback law designs featuring pointwise minimal norm selection scheme

that induces (robust) controlled forward invariance.
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6.1 Controlled Forward Invariance via Static State-

Feedback Laws

In this section, we investigate solutions (or solution pair) behavior of the closed-
loop system H in (6.2) (or H,, in (L3)), respectively) of H,, (or H,, ., respectively)
that is resulted from a given feedback pair. We formulate these properties as the
controlled forward invariant (or robustly controlled forward invariant, respectively)
for the hybrid system #,, (or H, ., respectively) via (k., kq). For the nominal case,

i.e., hybrid systems H,, we define the notions of controlled forward invariance

based on Definition B.1.1]- Definition B.1.5l

Definition 6.1.1 (controlled forward invariance of H,) The set K C R™ is said
to be

N1) controlled weakly forward pre-invariant for H, via (ke kq) if K is weakly

forward pre-invariant for closed-loop system H as in ([6.2]);

N2) controlled weakly forward invariant for H, via (ke, kq) if K is weakly forward

invariant for closed-loop system H as in ([6.2));

N3) controlled forward pre-invariant for H, via (ke, kq) if K is forward pre-

invariant for closed-loop system H as in (6.2));

N4) controlled forward invariant for H, via (ke, kq) if K is forward invariant for
closed-loop system H as in ([6.2)). O

Similarly, when disturbances are present, referencing Definition [B.2.1] - Defini-

tion [3.2.4] we have the following definitions for H, .

Definition 6.1.2 (robust controlled forward invariance of Hy.) The set K C R™

18 said to be

R1) robustly controlled weakly forward pre-invariant for H, ., via (ke, ka) if K is

robustly weakly forward pre-invariant for closed-loop system H,, as in (L3));
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R2) robustly controlled weakly forward invariant for H, ., via (ke, kq) if K is ro-

bustly weakly forward invariant for closed-loop system H,, as in (L3]);

R3) robustly controlled forward pre-invariant for H ., via (ke, kq) if K is robustly

forward pre-invariant for closed-loop system H,, as in (L3]);

R4) robustly controlled forward invariant for M, via (ke kq) if K is robustly

forward invariant for closed-loop system H,, as in (L3). U

Remark 6.1.3 Similar to our notion of robustly controlled forward invariance,
to the best of our knowledge, all other existing notions in the literature, though
defined for different class of systems, rely on the existence of feasible control in-
puts that render sets robustly forward invariant for the closed-loop system. As
mentioned in Chapterchap:intro, our notions apply to a more general class of
systems, in particular, continuous-time, discrete-time, and hybrid systems with
set-valued dynamics. Very importantly, we do mot require uniqueness of solu-
tions as in [2, Definition 2.3], [4l, Definition 8] (for continuous-time systems) or

/48, Definition 1] (for discrete-time systems).

Next, we provide conditions guaranteeing that a static state-feedback pair
renders controlled (robustly) forward invariant (in the appropriate sense) of a
set for the closed-loop system resulting from controlling a hybrid system. Our
conditions involve the Hu-admissibl (or M, ,-admissible) state-feedback pair
(Ke, Ka), which is considered to be given, the data of the closed-loop system it
leads to, which is denoted H (or H,,), and the set K to render (robustly) forward
invariant. The following result present conditions to render controlled (weak)

forward invariance of K for H,,, by adapting results in Section [Tl

Corollary 6.1.4 (controlled (weak) forward invariance) Consider a hybrid sys-
tem H, = (Cy, Fu, Dy, Gy) as in (61) and a H,-admissible state-feedback pair

LA state-feedback pair (ke, xq), where k. : R — R™ and k4 : R® — R™4 is said to be
H,-admissible if the pair satisfies the dynamics of H,,.
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(Ke, kq). Let the closed-loop system H = (C, F, D, G) satisfy the conditions in Def-

inition[2.0.8. Furthermore, suppose K C R™ is a closed subset of II4(C) UILy (D).
Then, the set K 1is

e controlled weakly forward invariant for H, via (ke kq) if

(614 1) For every x € K NITY(D,), Gu(z, ka(x)) N K # 0;
[6:1.4.2) For every x € C \ I1%(D,), F,(z, ke(x)) N Tkrmu(c,)(x) # 0, where

~

C:=0(KNI¥C,))\ L and L := {z € 0II¥(C,) : Fu(z,k.(z)) N
Tng(cu)(x) =0}.
[6.1.4.3) KNIIY(C,) is compact or F(x) has linear growth on K N C.

e controlled forward invariant for H, via (Ke, kq) if[0.1.4.3) holds and

[6.1.4).4) For every x € K NIIY4(Dy), Gu(z, ka(x)) C K;
[6.1.4.5) For every x € C, Fo(z, ke(z)) C Tk, (T);
[6.176) F is locally Lipschitz on (0K + éB) NI1%(C,) for some 6 > 0.

As discussed in Section LT.T], item [6.1.413)| provides two solution-independent
sufficient conditions to exclude the case where solution ends during flow by es-
caping to infinity in finite time. In turn, every maximal solution initiated from
K are complete. Hence, to verify the “pre” notions, namely, controlled weak for-
ward pre-invariance and controlled forward pre-invariance, one can simply ignore
item G.L4L3)

Then, under the presence of disturbances, we derive conditions that a pair
(Ke, Ka), along with the data of the hybrid system #,,, and a given set K, should
satisfy for K to be robustly controlled invariant. Though the result is not necessar-

ily a systematic design tool, it provides checkable solution-independent conditions.

Corollary 6.1.5 (robust controlled forward (pre-)invariance) Consider a hybrid
system Hyw = (Cuw, Fuws Duw, Guw) as in (L2) and a H,,-admissible state-
feedback pair (K¢, kq). Let the closed-loop system H,, = (Cu, Fip, Duw, Gu) satisfy
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the conditions in Definition [2.0.8.  Furthermore, suppose K C R"™ is a closed
subset of II¥(C,,) UITY(D,,) and F,, is locally Lipschitz (as in Definition [A.0.3)
on (0K +0B) x W.)NC,, for some 6 > 0. Then, the set K is robustly controlled
forward pre-invariant for H,., via (ke,kq) if K and (Cy, Fy, Dy, Gy) are such

that

[G.1A.1) For every & € (0K) NIIY(Cy,), there exists a neighborhood U of & such
that WY (x) C WY (E) for every x € U NIIY(Cy);

[6.1.0.2) For every (x,wq) € (K X Wy) N Dy, Gy(z,wy) C K;

[6.1.5.3) For every (z,w.) € ((O(K NIIY(Cy)) X W) N Cy) \ Ly, Fi(z,w.) C
Tk (c,)(x), where Ly, is given as in Theorem [4.2.7)

Moreover, K is robustly controlled forward invariant for H, ., via (Ke, kq) if, in

addition

6.7.3.4) (K xW,.)NCy is compact, or F, has linear growth on (K X W,) N Cly;

and
G135 K NIY(L,) C I1¥(D,).
Proof The proof exploits results in Section 4.2l Namely, applying Theorem [1.2.8]

we show that the assumptions and conditions [6. 1.5l 1)H6.1.5l3)[ in Corollary [6.1.5]

together imply the set K is robustly pre-forward invariant for the closed-loop

system H,,. In particular, K NII¥(C,,) is closed since K and C,, are closed sets.
Because of item [(A2,,)|and the assumption that 0 € U¥(z) for every z € I1.(Cyw),
Assumption [4.2.3] holds for C,,, D,,, F, and K. Hence, applying Theorem [4.2.§]
since [E.L512)] and B3 imply item E281) and E2.812)] respectively, set K is
robustly controlled forward pre-invariant for H, ., via (k., £q) by Definition [6.1.21

With the addition of item B.I54) Lemma implies solution pairs are
bounded in finite time. Then, item BG.L5L5)| guarantees existence of nontrivial

solution pairs from every x € K by guaranteeing jump is possible from every
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x € (KNII¥(Ly)). Therefore, K is robustly forward invariant for #,, and robustly

controlled forward invariant for H, ., via (k., kq). |

Remark 6.1.6 The locally Lipschitzness of the set-valued map F,, is crucial to
make sure that every solution pair stays in the set K during flows as shown in
proof of Theorem[].2.8 In addition, we refer readers to the example provided below
[2, Theorem 3.1, which shows that, even though f(x) € Tk, a continuous-time
system has solutions that leave a set due to the absence of locally Lipschitzness of
the right-hand side of a continuous-time system. In addition, condition [6.1.0.1]

guarantees such property uniformly in w. (see the proof of Theorem [{.2.§ for
details.

We use the next example illustrates Corollary [6.1.5]

Example 6.1.7 (nonlinear planar system with jumps) Consider a hybrid system

Hoyw with flow map

2 _
Foaw(®,ue, we) i= S uwe =y € [3,4]
1T

defined for every (z,u., w.) € Cy., where the flow map is given by
Cum = {(z,u0,w,) ER* x R x [0,1] :
2| = 1, 21| 2 Juel, (Jof* = 2)21 < wewr < (J2f* — 1)a?}
and jump mazH
Guw(T, ug, wq) := {—R(uqwq)x, R(uqwg)z},
defined for every (z,uq, wq) € Dy, where the jump map is given by

Dy {(:)s,ud,wd) ER*x R x [-1.1,1.1] 2y = 0, |2 > 1,uy € [%, g] }

coss sins . .
2 R(s) = . represents a rotation matrix.
—sins coss

85



Consider the set K = {x € R?: 1 < |2| < v/2}, and a continuous state-feedback
pair (Ke, kq) defined for every x € R? given by

Kolz) = (lx!2 - %) 1, Ka(r) =

wl

Figure 6.1: Set configuration for Example [6.1.7]

By definition of F,, ., and k., we have

2
— 3
S <|x]2 — —) Twe 7y € [3,4] ¢,
X129 2

which is Lipschitz on the set 11.(Cy.,) N K = K. The assumptions and conditions
6. 1.5.1) and [6.1.3.4) in Corollary hold by construction of Huyw, (Ke,Ka),

and K. Consider a continuously differentiable function V() := 23 + 23 for every

Fu(z,w.) = {

r € R?. Since v € [3,4] and w, € [0,1], we have that for every x such that |x| = 1
and every & € F,(x),

(VV(2), &) = 22161 + 2256 = (v — 1)xjwe > 0,
and for every x such that |x| = 2 and every & € F,(x),
(VV(x),f) = 21316 + 2228, = (2 — y)x%wc < 0.

Hence, item[6.13.3) holds and L,, = 0 by application of item[2) in LemmalA 013,
Condition [6.1.3.2) holds because the rotation matriz R only changes the direction
of the vector x, while its magnitude remains the same after each jump. Item
[6.1.5.5) holds trivially as L,, = (). Therefore, by an application of Corollary[6.1.3,
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the set K is robustly controlled forward invariant for system H, ., via the given

state-feedback pair (Ke, Kq)- A

6.2 Invariance-based Control for Hybrid Systems

via Control Lyapunov Functions

Utilizing Theorem [E.1.1], feedback pair (k., kq) can be designed for H,, to ren-
der a sublevel set of Lyapunov-like function V' : R” — R, namely, M, as in (5.1]),
forward invariant for the closed-loop system H given as in (6.2]). Consequently,
set M, is controlled forward invariant for #, via such pair (k., £q). In this sec-
tion, we start with formally defining the concept of control Lyapunov functions
for forward invariance (CLF-FI). When provided an CLF-FI for H,, regulation
maps can be constructed for selecting state-feedbacks that induces controlled for-
ward invariance using Theorem B.I.Tl Then, the existence of such state-feedback
selections in Section [6.2.1l In addition, to show case an alternative approach to
get state feedback pair that induces forward invariance featuring locally Lipschitz
flow map, one result is provided in Section

Motivated by achieving the regularities in Definition for the resulting
closed-loop system H, we design state-feedback control laws by making continuous
selections from sets that include all inputs ensuring required properties for forward
invariance for . To this end, feedbacks are selected from the sets of inputs that
keep “all solutions” within I1%(C,, ) UIT¥(D,,). More precisely, for every x € I1*(C,),

we consider ¥¥"(z) and for every x € I14(D,), we define
O (z) :={ug € V" () : Gu(x,uq) C UY(C,) NILIY(D,)}. (6.3)

Note that when constructing feedbacks using the methodology introduced in this
section, it suffices to find subsets of ©”(z) for each x € D that satisfy the condi-
tions in the forthcoming results. Then, we define the control Lyapunov functions

for forward invariance as follows.
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Definition 6.2.1 (CLF-FI for H,) Consider sets U, C R™, Uy C R™, a hybrid
system H, = (Cy, Fy, Dy, Gy,) as in ([61), a constant r* € R, and a continuous
function V. : R"™ — R that is also continuously differentiable on an open set
containing I1¥(C,). Suppose there exist continuous functions p. : R — R and

pa: R" = R>¢ such that for some r < r*, we have
pe(x) >0 Vo eZ(rr"), (6.4)
pa(x) >0 Vz e Ly(r).

Then, the pair (V,r*) defines a control Lyapunov function for forward invariance

(CLF-FI) of the sublevel sets of V' for H, if
inf sup (VV(2),&) + p(z) <0 Ve € Z(r,r*) NIIY(Cy), (6.5)

ucEVY () EeFy(zuc)

inf sup V(&) 4+ pa(z) <r Vo € Ly (r) N1y (D,). (6.6)

wa€O0% () te Gy (ug)

U

Compared to the typical control Lyapunov functions (see, e.g., [72, Definition
2.1]), the CLF-FI in Definition are not constrained to be bounded by class
K~ functions. In addition, the constant r* defining an r*-sublevel set in Defini-
tion is allowed to be negative. Note that it is possible to have Ly (r*) = 0,

in which case we consider the pair (V,7*) to be trivial.

6.2.1 Existence of State-Feedback Pair for Controlled For-

ward Invariance

Given a pair (V,r*) defined as in Definition for H,, and r < r* satisfying
the conditions therein, our approach consists of selecting a state-feedback law pair

(Ke, kq) from these inequalities. In fact, we are interested in synthesizing a pair
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(Ke, kq) that, in particular, satisfies

sup  (VV(x),&) + pe(x) <0 Vo € Z(r,r*) NIIL(CY),
E€Fy (2 k()
sup V(&) + pa(z) < Vo € Ly (r) Nn11y(D,),

fEGu,w(I7ﬁd($))

which, under certain mild conditions, with abuse of notation, renders the set
M, == Ly (r) N (IE(Cy) UIILE(Dy)) (6.7)

controlled forward invariant for H,. Interestingly, with a constant parameter
o € (0,1), the selection of such a feedback pair can be performed by defining sets

that nicely depend on the functions

sup (VV(2),&) +op.(z) if x € M. NIIY(C,),
FZ(I) .= { E€Fu(m,uc)

—00 otherwise

for each (x,u.) € R" x U,, and
sup V(&) +opa(x) —r ifx e MyNIlY(D,),
"(z) 1= { £€Cuo.ua)
—00 otherwise,
for each (z,uy) € R™ X Uy. In fact, with these functions defined, by introducing

the set-valued maps
{uc € ¥ (2) : T(2) <0}, {ug € Og(x) : T'g(z) < 0}

which are the so-called requlation maps [73], our approach is to determine a state-
feedback pair (k., kq) that is selected from these maps. In other words, the selected

state-feedback pair (k., £q) is such that

Ke(x) € {u, € U (x) : T2(z) < 0}, ka(z) € {uqg € O (x) : T (z) < 0}
at the appropriate values of the state x.

The goal of the remainder of this section is to formalize the approach outlined
above. First, we provide key results on forward invariance of sublevel sets of CLF-

like functions, which are used in our CLF approach. It turns out that when an

CLF-FTI for H, is provided, regulation maps as outlined above can be constructed
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for selecting a state-feedback satisfying the conditions in Theorem [E.T.1L hence,
the results in Section [5.1] enable us to show the desired invariance property under
feedback. Since according to Lemma [6.0.6] the closed-loop system H satisfies
conditions in Definition 2.0.8 when the applied state-feedback pair is
continuous, we seek the design of a state-feedback pair (k., kq) with k. and kg4
being continuous functions of the state. For this purpose, we first reveal conditions
assuring the existence of continuous selections from the regulation maps. For ease

of representation in the forthcoming sections, we define
M= Z(r,r") N IL(C), My = Ly (r) N 1(Dy), (6.8)

Then, building from Theorem [E.1.7], we establish conditions to guarantee ex-
istence of a continuous state-feedback pair (k., kq) to render the set M, in (6.71)

controlled forward pre-invariant for H,,.

Theorem 6.2.2 (existence of state-feedback pair for controlled forward pre-invariance
using CLF-FI) Consider a hybrid system H, = (Cy, Fu, Dy, Gy) as in (6.1]) satis-
fying conditions|(A1’{(A3’) in LemmalG08 Suppose there exists a pair (V,r*)

that defines a control Lyapunov function for forward invariance for H, as in Def-
inition [6.21). Let r < r* satisfy ([6.4)-(66) and OF be given as in (63). If the

following conditions hold:

[6.22.1) The set-valued maps Y™ and O7 are lower semicontinuous, and W™ and

O! have nonempty, closed, and convex values on the sets M and M} as

in (68), respectively;

[6.2.2.2) For each x € M, the function u. — T"(x) is convex on V¥ (x) and, for

each © € MY, the function ug — Il (x) is conver on O%(z);

then, the set M, in ([6.7) is controlled forward pre-invariant for H, via a state-

feedback pair (Ke, kq) with k. continuous on M and kg continuous on M} .

We omit the proof for Theorem [6.2.2] as is it directly derived from Theo-

rem [6.3.3in the forthcoming section on invariance-based control for hybrid system
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H,w- Please see a detailed proof in Section

The reminder of this section is dedicated to show, when provided a CLF-FI
defined in Definition [6.2.1] there exists controlled forward invariance inducing
feedback pair for a class of H, by enforcing additional requirements on the selec-
tions. These additional conditions guarantee existence of nontrivial solutions and
completeness of maximal solutions. To this end, for every x € II%(C,), we define

the map
{ue € ¥ (z) : Fu(w, uq) N Thu(e,) # 0} Vo € OI1Y(C,) \ Hg(D(%) 0)

vun(g) otherwise.

O (x) =

The next result provides conditions on system data of H, for existence of

continuous state-feedback pair that renders controlled forward invariance using

CLF-FI in Definition [6.2.11

Theorem 6.2.3 (existence of state-feedback pair for controlled forward invari-
ance using CLF-FI) Consider a hybrid system H,, = (Cy, Fy, Dy, Gy) as in ([6.1))
satisfying conditions |(A1°){(A3’) in Lemma [6.0.6. Suppose there exists a pair

(V,r*) that defines a control Lyapunov function for forward invariance of the sub-
level sets of V' for H, as in Definition [6.21 with V¥ (z) in (63) replaced by
O (x) as in ©3). Let r < r* satisfy (6.4)-(6.06) and O be given as in [63). If
the following conditions hold:

6.2.3.1) The set-valued maps ©F and O are lower semicontinuous and ©F and
Ol have nonempty, closed, and convex values on the set M and the set

MY, respectively;
[6.2.3.2) For each x € M?, the map u. — I'?(x) is convex on OF(z) and, for each
x € M}, the map ug — '} () is convex on Of(x);

then, the set M, in (6.7) is controlled forward pre-invariant for H, via a state-
feedback pair (K¢, kq) with k. continuous on M and K, continuous on M} . Fur-
thermore, if item [5.11.4) in Theorem[5.11 holds for the closed-loop system H as

in (62), the pair (K., kq) renders set M, controlled forward invariant for H.,,.
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We omits the proof here as it resembles the one for Theorem [6.3.5 Because
©F in (6.9) is used rather than the generic map ¥*" in selecting the inputs,
the resulting regulation maps are inherit the properties from ©7, namely, every
selected input k.(x) at x is such that Fy,(z,uq) N Thwe,) # 0. This additional

constraint on feedback pair design includes condition b LIL1) . T.113)land b.1.114)|
in Theorem .1l In turn, at every z € M,, the feedback law k.(z) guarantees

existence of nontrivial solution, moreover, the completeness of every maximal

solution to the closed-loop system.

6.2.2 [Existence of Lipschitz State-Feedback Pair for Con-

trolled Forward Invariance

Results and control Lyapunov functions for forward invariance presented in
Section take a different approach compared to the ones in [64], which are
derived from the sufficient conditions for generic sets that are presented in Sec-
tion 1] In particular, for the “pre” notion, the continuous-time feedback law k. is
selected from W% (x) for every x € M, NII*(C,) in Theorem [6.2.3; while result in
[64] selects feedbacks that guarantee the flow condition specified in Theorem T4l

In this section, we provide an alternative approach to Theorem [6.2.3]to induce
controlled forward invariance in Definition [6.1.1l The results herein resemble the
ones presented in [64]. To get controlled forward invariance of the sublevel sets
of a given CLF-FI, we need the flow map for the closed-loop system to be locally
Lipschitz, for which we assume that the map F, is locally Lipschitz. The next
result shows that under the effect of a locally Lipschitz state-feedback k., the

closed-loop flow map F' derived from F;, is also locally Lipschitz.

Lemma 6.2.4 (Locally Lipschitzness of F,(x,u.)) Suppose F, : S1 x Sy = S} 1is
locally Lipschitz (as a set-valued map) and k. : Sy — Sy is locally Lipschitz (as
a function). Then, F = F,(z,k.(x)) is locally Lipschitz on Sy (as a set-valued
map).
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Proof Since F), is locally Lipschitz, for every (z,u) € S; X Sy, there exists a
neighborhood Up = Upy X Ups of (z,u) and a constant Lr > 0, where x € S;,u €
Ss, such that for every (§,0) € Ur N (S; X Sy),

Fy(z,u) C Fu(&,0) + Lp|(z, u) — (£ 0)[B,

which is equivalent to, for every (£,6) € (Up; NS1) X (Upa N Ss),

Fy(x,u) C Fu(€,0) + Lp/(x — )2 + (u — 9)2B. (6.10)

Then, because k. is a locally Lipschitz single-valued map, for every x € Sy, there

exist a neighborhood U, of x and a constant L,, > 0, such that for every & € S,,

Ke(®) — Ke(€)| < Ly ]z =€,

ie.,

(K@) = Ke(€))® < L7 (x — &) (6.11)
Now, we consider the set Uy := min{Up;, Uy, }, it follows that, for every = € Sy,
(6.10) and (61T hold for every (&,0) € Uyx{u € Sy : (z,u) € S1 xSy s.t. x € Uy}
and £ € Uy, respectively. Then, let u = k.(x),d = k.(§), for every = € Sy, we
have that, for every £ € Uy,

F(x, k() = Fulz,u) C Fu(€,0) + L/ (z — €)2 + (u —6)2B

C Ful6,8) + Ly (z = € + 2 (x — €)B

C Fu(& ke()) + (Lpy/1+ L2 )|z — ¢[B,

which is equivalent to, for every & € Uy,

F(x) C F(§) + Az = ¢|B,

where A = Lp/1 —I—Lic, and U, is a neighborhood of . Thus, F' is locally
Lipschitz on Sj. O

Since forward invariance requires that every solution to H stays in M,., we

define the following two set-valued maps. With II¥(()C,) closed, for each = €
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I14(()Cy), we define
O.(x) := {ue. € U™(x) : Fy(x,u.) C Taa(oow ()}, (6.12)
and for each = € II(D,),
Oalw) = {uq € V" (x) : Gu(w,ua) C (I()C,) UILH(()DL))}.  (6.13)

Then, the following proposition establishes conditions that guarantee the existence
of a continuous state-feedback pair ((k., kq)) for H, to render the set M, forward

invariant.

Theorem 6.2.5 (existence of state-feedback pair for forward invariance) Con-
sider a hybrid system H, = (Cy, Fy, Dy, Gy) as in (1) satisfying conditions
in Lemma [6.0.6. Suppose the flow map F, is locally Lipschitz on
Cy and there ezists a pair (V,r*) that defines a control Lyapunov function for for-
ward invariance of the sublevel sets of V' for H,, as in Definition[6.2.1] with V'™ (x)
in [©3) replaced by O.(z) as in GIZ) and O (x) in 6.0) replaced by O4(x) as in
©13). Let r < r*. If the following conditions hold:
6.2.3.1) The set-valued map éc 18 locally Lipschitz on M and O, has nonempty,
compact and convex values; the set-valued map éd 15 lower semicontinu-
ous, gph (:jd 15 open relative to gph ¥4, and éd has nonempty and convex

values;

[623.2) For each x € M", the map u, — I'(z) is convex on O.(z) and, for each

x € M2, the map ug — I (x) is convex on ©4(z),

then, the set M, in (6.7) is controlled forward invariant for H, via a state-feedback

pair (Ke, Kq) with k. continuous on M and k4 continuous on M} .

Condition B.2.511)] in Theorem is restrictive in the sense that it requires
a locally Lipschitz property of (:50 rather than of the general input projection W¥".
This is due to the fact that, in general, intersections of locally Lipschitz maps are
not locally Lipschitz. However, as the following lemma suggests, it is possible to

relax that condition for special cases.
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Lemma 6.2.6 In Theorem[6.2.5, when either
1) for each x € IIY(()Cy), Fu(x,ue) C Tiec,) () for each u, € Wi (x); or

2) there exist Lipschitz functions v : II*(()Cy,) — Rsg and € : II¥(()Cy), —
(0,1) such that U™ (z)Ne(z)r(z)B # 0, and for every x € I1*(()C,), O.(z) =
Ve () Nr(x)B, condition [G2H 1) in Theorem[6.2.3 can be replaced by

G2 1)* The set-valued map V4" is lower semicontinuous, gph éd 15 open rela-
tive to gph UY", and the set-valued map V2" is locally Lipschitz.

Proof Item 1) implies that ©.(z) = U (z) for every = € I1*(()C,). It follows
directly from the definitions of (:jc and uxcn.

Item 2) follows from the application of Proposition [A.0.12] where S(z) =
O.(x), W (z) = U (z) for every z € II*(()C,). O

6.3 Invariance-based Control for Hybrid Systems

via Robust Control Lyapunov Functions

For systematic invariance-based feedback design for H, . given as in (L.2),
we propose control Lyapunov functions that are tailored to forward invariance
properties. We refer to these functions as robust control Lyapunov functions for
forward invariance. Under appropriate conditions, these functions can be used
to systematically design state-feedback laws that render a particular sublevel set
robustly forward invariant. In simple words, a robust control Lyapunov function
for forward invariance, denoted as V, allows to select the inputs of H,, as a
function of the state = so that a set MY given as in (5.2), which is a subset
of the r-sublevel set of V| has the robust controlled forward invariance property
introduced in Definition As expected, and as formally stated next, the

function V' needs to satisfy certain CLF-like properties involving the constant r
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defining the level of the sublevel set Ly (r) and the data of H, . In its definition,

we employ the set-valued map
Ou(z) == {ug € V() : Guuw(z,ug, ¥y (2)) CIL(Cyw) UILi(Dyaw)}, (6.14)

for every = € Il4(D,.), which, at each such z, collects all inputs u, such that,

regardless of the value of the disturbance, the state x after jumps is in II.(Cl, ) U
a( D)

Definition 6.3.1 (RCLF-FI for H,,,) Consider setsU. C R, Uy C R™: W, C
R, W,y C R%, a hybrid system Huw = (Cuws Fuw, Duw, Guw) as in (L2), a
constant r* € R, and a continuous function V : R™ — R that is also continuously
differentiable on an open set containing 11.(Cy ). Suppose there exist continuous

functions p. : R" = R and pg : R" — R>( such that for some r < r*, we have
pe(x) >0 Vo eZ(rr"), (6.15)
pa(z) >0 Vo &€ Ly(r). (6.16)

Then, the pair (V,r*) defines a robust control Lyapunov function for forward
invariance (RCLF-FI) of the sublevel sets of V' for Hy.. if

inf sup sup (VV(2),8) + po(x) <0 Vz € Z(r,r*) NIL(C(6,)7)
Uc€VY(T) 1, e TW (1) E€Fy 1 (2, ue,we)
inf sup sup V(&) + pa(z) <r Va € Ly (r) N11i(D{G.)8)

ude@d(l') Wq G@d(w) EEGu,w (myuded)

O

Remark 6.3.2 Compared to a typical control Lyapunov function (see, e.g., [72,
Definition 2.1]), the RCLF-FI in Definition[6.31 is not constrained to be bounded
by class Koo functions. In addition, [©IT) does not impose condition in the in-
terior of Ly (r); while, for almost every x € Ly (r) N g(Dy,), (618) allows
the change of V' to be positive during jumps. Note that the strict positivity re-
quirements in (6.15) and (6.16]) are essential to make continuous selections in the

forthcoming result.
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Given a pair (V,r*) defined as in Definition [6.3 Tl for #,,,, and r < r* satisfying
the conditions therein, our approach consists of selecting a state-feedback law pair
(Ke, kq) from these inequalities. In fact, we are interested in synthesizing a pair

(Ke, kq) that, in particular, satisfies

sup sup (VV(2),&) + pe(z) <0 Ve eZ(r,r") NI (Cyuw),
W EWY () EEFy, w(T,ke(T),we)
sup sup V(&) + pa(z) <r Vo € Ly (r) N11a(Dyw),

wa€O,() E€Cy uw(w k() wa)
which, under certain mild conditions, renders the set MY in (ZI6]) robustly
controlled forward invariant for #,,. Interestingly, with a constant parameter
o € (0,1), the selection of such a feedback pair can be performed by defining sets

that nicely depend on the functions

sup Sup (VV(z),&) + ope(x) if (z,uc) € A,
Co(z,ue) 1= { we€¥(z) §€Fu,w(x,uc,we) (6.19)
—00 otherwise

for each (z,u.,w.) € R™ x U. x W,, and

sup sup V(&) +opa(x) —r if (z,uq) € Ay,
Fd(l’, ud) = { wa€04(z) EEGu,w(T,ug,wq) (620)
—00 otherwise,

for each (x,uq,wy) € R™ X Uy x Wy, where A, = {(z,u.) : (,ue,w.) € (M, X
U X W) N Cyp} and Ay i= {(z,uq) : (2, ug,wq) € (Mg X Uy X Wa) N Dy} In
fact, with these functions defined, by introducing the set-valued maps

{u, € U¥(x) : To(x,u.) < 0}, {ug € O4(x) : Ty(x,uy) < 0}

which are the so-called requlation maps [73], our approach is to determine a state-
feedback pair (k., kq) that is selected from these maps. In other words, the selected

state-feedback pair (k., £q) is such that
Ke(x) € {u, € Vi(x) : T'o(z,u.) < 0}, Ka(z) € {ug € Oy4(z) : Ty(x,uq) < 0}

at the appropriate values of the state x.
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The goal of the remainder of this section is to formalize the approach outlined
above. First, we provide key results on robust forward invariance of sublevel sets
of CLF-like functions, which are used in our CLF approach. It turns out that
when an RCLF-FI for H,, ,, is provided, regulation maps as outlined above can be
constructed for selecting a state-feedback satisfying the conditions in the forth-
coming Proposition (£.2.1] and Proposition (£.2.3t hence, the results in Section
enable us to show the desired invariance property under feedback. Since according
to Lemma [6.0.6] the closed-loop system H,, satisfies conditions in
Definition 2.0.8 when the applied state-feedback pair is continuous, we seek the
design of a state-feedback pair (k., kq) with k. and k4 being continuous functions
of the state. For this purpose, we first reveal conditions assuring the existence of
continuous selections from the regulation maps. Our main design results are in
Section [6.3.2] where we provide a explicit construction of (k., k) with pointwise
minimum norm.

For ease of representation in the forthcoming sections, we define

Mc = I(Ta T*) N Hc(Cu,w)7 Md = LV(T) N Hd(D“ﬂU)’ (621)

6.3.1 Existence of State-Feedback Pair for Robust Controlled

Forward Invariance

Next, building from Proposition B.2.1] we establish conditions to guarantee
existence of a continuous state-feedback pair (., kq) to render the set MY robustly

controlled forward pre-invariant for H, ..

Theorem 6.3.3 (existence of state-feedback pair for robust controlled forward
pre-invariance using RCLF-FI) Consider a hybrid system Huyw = (Cuws Fuws Duws Guw)
as in (L2) satisfying conditions (A1, (A3’ ) in Lemma [6.0.6. Suppose there

exists a pair (V,r*) that defines a robust control Lyapunov function for forward
invariance for Hy as in Definition [6.37. Let v < r* satisfy (615)-EI8) and
Og4 be given as in ([6.I4). If the following conditions hold:
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[6.3.3.1) The set-valued maps V¢ and O4 are lower semicontinuous, and V¥ and

B4 have nonempty, closed, and convex values on the sets M. and My as
in (6210), respectively;

[6.3.3.2) For each x € M., the function u. — I'.(z,u.) is convex on V¥ (x) and,

for each x € My, the function ug — T4z, uq) is conver on O4(x);

then, the set M in (5.2)) is robustly controlled forward pre-invariant for H,. ., via

a state-feedback pair (K¢, kq) with k. continuous on M. and kg continuous on M,.

Proof To establish the result, we first show the existence of continuous control
laws for a restricted version of the original hybrid system H,,,, that is given by
- T € Fuw(r,ue,w.) (2,uew.) € Cyup

u,W

x+ S Gu,w(xv Ud, wd) (I7 Uq, wd) € Eu,un

where C,, py := (My X Uy X W.) N Clyp and Dy = (My X Uy X W) 0 Dy . To this
end, using I, and I'; given as in (6.19) and (6.20]), for each x € R", we define the
set-valued maps

Se(z) := {ue € ¥¥(z) : To(, u.) < 0},

Sa(z) = {ug € Ou(x) : Talz, uy) < 0}
By definition of ©,4 and condition [6.3.3[1), the maps ¥* and ©4 are lower semi-
continuous and for every x € My, ©4(x) is a nonempty, convex subset of WY(z).
Then, we show the maps §C and §d are lower semicontinuous by applying Corol-
lary [A.0.7l First, we establish that functions I'. and I'y are upper semicontinuous

by observing the properties of maps WY, W9 F, ,, and Gy .

i) The maps V¥ and WY are upper semicontinuous by direct application of
|61, Lemma 5.10 and Lemma 5.15]: item[(AT’,,)|of Lemmal60.6limply maps
U and VY defined in (2.2]) have closed graphs and by system assumption,
VY and ¥y are locally bounded;

ii) The maps WY and ¥} have compact values, which follows from the fact

that U and U} are locally bounded and C,,,, and D, are closed;
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iii) The maps F,, and G, are upper semicontinuous by direct application
of [61, Lemma 5.10 and Lemma 5.15] while noting that item |(A2’,) and
of Lemma hold;

iv) The maps F, ,, and G, ,, have compact values, which follows from the fact

that F, ., and G, are locally bounded and C,,, and D, ,, are closed;

Since for every z € My, O4(x) is a nonempty, convex subset of U4(x), O, is
also upper semicontinuous and has compact values from properties [i)| and .
Then, applying [73, Proposition 2.9]|, I'. and 'y are upper semicontinuous on
the closed sets A. and Ay, respectively, since V is continuously differentiable
on an open set containing II.(C,,), and p. and py are continuous on M, and
My, respectively. Then, I'. and I'y are upper semicontinuous because for every
(2, ue,w.) € (R® x U. x W,.) \ é’uvw,lﬂc(x,uc) = —oo and for every (z,uq,wy) €
(R™ x Uy x Wy) \ ﬁu,w,l“d(x,ud) = —o00. Then, applying Corollary [A.0.7], with
z=u,2 =u. (or 2 =ug), W =U% (or W =0y) and w = I'. (or w = T,
respectively) S, (or §d, respectively) is lower semicontinuous. The maps S. and
§d have nonempty values on M, and My, respectively. This is because, first, U¥

and ©4 have nonempty values on M, and M, respectively. In addition, since the
inequalities in ([617)) and (6I8)) hold, for each (z,u.) € A,

Le(z,u.) + ope(x) <0,
and for each (z,uq) € Ay,

Cy(x,uq) + opa(x) < 0.

Then, since the functions p. and py have positive values on Z(r,r*) and Ly (r),
respectively, and constant parameter o € (0, 1), for every x € M, (every z € M),
there exists u. € W¥(z) (exists ug € Og(x)) such that I'.(z,u.) < 0 (respectively,
[y(x,ug) < 0). Then, by the convexity of functions I', and I'y in condition [6.3.312)]
and of values of the set-valued maps ¥* and O, in [B.3.311)] we have that the maps

§C and gd have convex values on M, and My, respectively.
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Then, to use [72, Lemma 4.2| for deriving regulation maps that are also lower

semicontinuous, for each x € R”, we define the set-valued maps

Se(z) ifx € M,

R™e  otherwise,

i (6.22)
Sq(z) if x € My,

R™d  otherwise,
In addition, S, and S, also have nonempty and convex values due to the nonempti-
ness and convex-valued properties of §C and gd.
Now, according to Michael’s Selection Theorem, namely, Theorem [A.0.8 there

exist continuous functions k. : R® — R™ and k4 : R™ — R™d4 such that, for all

r e R

Ke(x) € Se(x), Ra(z) € Sq(z).

Now, we define functions x. : R — R™¢ and k4 : R™ — R™4 such that
Ke(x) = Re(T) € U Vo € M.,
ka(T) = Ka(z) € Uy Vo € My,

where the functions k. and k4 inherit the continuity of k. and k; on M, and

(6.23)

My, respectively. Applying Lemma [6.0.6] the closed-loop system resulting from
controlling ﬁww by k. and kg in ([6.23)) satisfies the hybrid basic conditions in Def-
inition 2.0.8 More precisely, this is because ﬁu,w satisfies conditions (A1’)-(A3’)
in Lemma [6.0.6] and the state-feedback pair (k., kq) is continuous on Hc(éu,w) U

I14(Dyw). With these properties and the fact that VV' is continuous, it follows
that

Ke(x) € U(z), To(z,ke(x))
ka(z) € O4(x), Ty(x,rq(x))

IN

0 Vo e M.,
0 Vo € Md,

IA
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which lead to

sup  (VV(2),€) + pe(w) <0 V(x, ke(w), we) € Cu, (6.24)
E€EFy w(x,ke(x), we)
sup V(f) + Pd(x) =T S 0 \V/(Zlf, K’d(x%wd) € Eu,w- (625)

£€Guw(T Ka(z),wa)

The state feedback laws k. and kg can be extended — not necessarily con-
tinuously — to every point in II.(C,,,) and I14(D,.,), respectively, by selecting
values from the nonempty sets W¥(x) for every x € I1.(C, ) and ©4(x) for every
x € Hg(Dyw)-

To complete the proof, we establish the robust controlled forward pre-invariance
of MY. For this purpose, we apply Proposition (.2.T] to the closed-loop system
of H, ., controlled via the extended state-feedback pair (., £q) that is defined on

II.(Cyw) Ulg(Dy). Relationship ([6.24) and (6.25) imply

(VV(x),&) <0 V(z,w.) € (Z(r,r") x W) N Cy, & € Fy(x,w,)

V() <r V(x,wa) € (Ly(r) x Wa) N Dy, § € Gu(x, wa),
respectively. Thus, it is the case that (5.7]) and (5.8]) hold for the resulting closed-
loop system. Moreover, since kq(x) € O4(z) for every x € My, (6.14]) implies (5.9)
for ‘H,. Hence, according to Definition [6.1.2] the extended state-feedback pair

(Ke, kq) renders the set MY as in (5.2) robustly controlled forward pre-invariant

for Hoy - O

Remark 6.3.4 Item [6.3.3.1) in Theorem imposes lower semicontinuity of
the mappings from state space to the input spaces during flows and jumps. For
systems that does not have convex-valued V¥ and ©4 on M, and Mg, respectively,
Theorem can still be applied, if there exist nonempty, closed and convex
subsets of V() and ©4(x) for every v € M, and x € My, respectively, such that
item [.3.3.2) holds for these subsets. Similar comments apply to the forthcoming

results.

To show existence of state feedback pair (k., k4) that renders MY as in (5.2))

robustly forward invariant, we need further conditions on the regulation maps to
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ensure existence of a solution pair from every II.(C,,,). Hence, we dedicate the
reminder of this section to show, with a variation of RCLF-FI in Definition [6.3.1],
there exists a feedback pair for a class of H,, that induces robust controlled
forward invariance of MY by applying Proposition [0.2.3l In particular, the next
result resembles Theorem [6.3.3], but employs different regulation maps to guaran-
tee existence of nontrivial solution pairs and their completeness. To this end, for

every x € I1.(Cy.), we define the map

0.0 {te € UU(@) : Fyoo(7,14,0) N Trrc oy # 0} V2 € O1(Cl) \ g( Do)
)=

Ul(x) otherwise.

(6.26)

Theorem 6.3.5 (existence of state-feedback pair for robust controlled forward in-
variance using RCLF-FI) Consider a hybrid system Huyw = (Cuws Fuws Duws Guw)
as in (L2) satisfying conditions (A1, (A3’ ) in Lemma [6.0.6. Suppose there

exists a pair (V,r*) that defines a robust control Lyapunov function for forward
invariance of the sublevel sets of V' for H,., as in Definition [6.3.1 with V¢ (z) in

6.I7) replaced by O.(z) as in ([6.26). Let r < r* satisfy ([6.15)-(G.I8) and O4 be

given as in (614)). If the following conditions hold:

[6-3.0.1) The set-valued maps ©. and O4 are lower semicontinuous and O, and
B4 have nonempty, closed, and convexr values on the set M. and the set

My, respectively;

[6.3.0.2) For each v € M., the map u. — I'c(x,u.) is conver on O.(x) and, for

each © € My, the map ug — T4z, uq) is convexr on O4(x);

then, the set MY in (5.2) is robustly controlled forward pre-invariant for H,
via a state-feedback pair (k., kq) with k. continuous on M. and kg continuous on
My. Furthermore, if item [5.1.1.4] in Proposition holds for the closed-loop
system H,, as in (L)), the pair (K., kq) renders set MY robustly controlled forward

invariant for Hy, .
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Proof The robust forward pre-invariance of M}’ for H, ,, follows from a direct
application of Theorem More precisely, when conditions in Theorem
hold, every condition in Theorem holds for a hybrid system H that has flow
map, jump map, and jump set given as F,, ,,, Gy, and D, ,,, respectively, and

flow set given by

Cuw = (R" x{u. € O.(z) : x € U (Cp) } X We) N Cyy -

Note that CYW is closed since C,,, is close, ©, has closed values on M, and
O (Cuw) \ Ia(Dyw) C M. Hence, there exists a state-feedback pair (kc, Kq)
that renders M}’ robustly controlled forward pre-invariant for H with ke and kg
being continuous on M, and My, respectively. Since for every x € I1.(C, ), such
ke(z) € Oc(x) C U¥(x), this implies such pair (k., kq) is also H, ., — admissible.
Moreover, the closed-loop system resulting from H controlled by (ke, kq) is also
the closed-loop system of H,, ,, controlled by the same pair (k., xq). Hence, by Def-
inition [6.1.2] such (k., kq) renders MY robustly controlled forward pre-invariant
for Hy -

According to Theorem [A.0.9] since the set M, is closed, there exists a contin-
uous extension of k. from Z(r,r*) N II.(Cy.) to R™ with k.(x) € R™ for every
x € intLy (r) NIL.(Cy )2 Then, applying such pair (., kq), with . and k4 being
continuous on Ly (r) N I1.(Cy.) and My, respectively, Lemma implies the
closed-loop system is such that F), is outer semicontinuous, locally bounded and
has nonempty and convex values on (MY x W.)NC,,. Hence, item in Defi-
nition [2.0.8 holds for closed-loop system H. Then, applying Proposition £.2.3] we
show that the pair (k., kq) renders set M robustly controlled forward invariant
for H. For every z € I1¥(C,,), 0 € ¥*(z) by assumption. Next, inequalities (5.7)
and (0.8) follow from (6.24]) and (6.25]) for the given pair (V,7*). In addition,
([6.24) implies condition BIIL1)l and condition BI.112) follows from the definition
of ©.. Then, (624) and definition of ©, together implies item ETII3)l Item
B.1.1l4) holds by assumption. The definition of ©4 imply (5.9) holds. Hence, the

3Note that the selected £, in proof of Theorem[6.3.3]is not necessarily continuous on IL.(Cl, 4 )-
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set M}’ is robustly controlled forward invariant for H via the selected (Key Ka)-
Furthermore, as showed above, the pair (k., kq) is H, . — admissible and renders

the set M robustly controlled forward invariant for ‘H,, ,, by Definition [6.1.21 O

Theorem uses an alternative RCLF-FI that is defined based on ©,. as in
(620) instead of WY as in Definition [6.3.1], which leads to the existence of state-
feedbacks rendering robust controlled forward invariance for H, .. By selecting
k. from the map ©, in (6.26]) rather than the generic ¥¥, we guarantee existence

of nontrivial solution pair from every x € M \ I1;(D, ). This follows from an

application of Lemma (2.4 and the fact that items B TIL1) 5. T.T.3)l and (. 1.114)l

in Proposition [5.2.3 hold. Moreover, item B.1.114)| ensures completeness of every

Remark 6.3.6 Selection results for nominal hybrid system without perturbations
are published in [6]|], which are developed from a different set conditions and
control Lyapunov functions for forward invariance; see details in [64, Definition
4.1]. Results in [64] are derived from the forward invariance inducing sufficient
conditions for generic setﬂ and are not tailored to sublevel sets of function V. In
particular, to guarantee the state component of every solution pair stays within
MY the feedback law k. needs to be locally Lipschitz, see [64), Theorem 4.7, R4)].
To get such a property, condition [64), Theorem 4.7, R1’)] asks the regulation map
éc to be locally Lipschitz, and k. is a Lipschitz selection, which is more intricate
than a continuous selection. By wvirtue of results in Section [5.2, Theorem

only require k. to be a continuous selection.

Remark 6.3.7 In the case where control inputs are only applied during jumps,
conditions in Theorem leads to robustly controlled forward invariance of
Huw, provided (51) holds during flows. Similarly, when control inputs are only
applied over flow dynamics, the F, ,, and C, ., related conditions in Theorem[6.3.3

4The equivalent results of Corollary [6.1.5lin Section
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together with (B.8) lead to robust controlled forward invariance of MY. In addi-
tion, results in this section can be applied to pure continuous-time or pure discrete-
time systems by defining RCLF-FI only based on (617) or (G.I8]), respectively.

6.3.2 Systematic Design of Pair (k. xq) for Robust Con-

trolled Forward Invariance

Inspired by the pointwise minimum norm results in [73] and [62], Theorem 5.1],
we construct state-feedback pairs rendering robust controlled forward invariance
of sets in form of MY as in (.2). To this end, for given pair (V,7*) defines a
RCLF-FT as in Definition of hybrid system H,, ,,, we employ Theorem [6.3.3]
As a result, state-feedbacks constructed via minimal selections ought to render
set MY robustly controlled forward pre-invariant for hybrid system #,,. Such
a claim relies on constructing appropriate functions I'., 'y and regulation maps
S., Sy in Section

Consider the maps S, and Sy defined in (6.22). When [£.3.312)/in Theorem 6.3.3]
holds, u, — T'.(z,u.) and ug — [y(z,uy) is convex on V% (x) for every z € M,
and on Oy4(z) for every x € My, respectively. Hence, the maps S, and S; have
nonempty and convex values on R". According to |74, Theorem 4.10], for every

x € Ly(r*) N1.(Cuw) and @ € Ly (r*) N 114(Dy.w), respectively, the closure of

Se(x) and Sy(z), i.e., S.(x) and Sy(z), have unique element of minimum norm.
Thus, we construct the state-feedback laws 7" : Ly (r*) N IL.(Cy,w) — U. and
K Ly (r*) N 11y(Dyw) — Uy that are given by

KI'(x) = arg min |u,| Vo € Ly (r*) N11.(Cyw) (6.27)
uc€Se(x)

k() := arg min |ug| Vo € Ly (r*) N11g(Dy,w)-
ug€Sq(x)

Moreover, such state-feedback pair enjoy continuity when map ¥* and ©, satis-
fies 6.3.311)] We capture above claims in the following result, which is a direct
application of Theorem [6.3.3]
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Theorem 6.3.8 (pointwise minimum norm state-feedback laws for robust con-
trolled forward pre-invariance) Consider a hybrid system H, ., as in (L2) satisfy-
ing conditions|(A1°, J(A3’, ) in Lemma[60.0. Suppose there exists a pair (V,r*)

that defines a robust control Lyapunov function for forward invariance for H .,
as in Definition [6231. Let r < r* satisfy (€I0)-@I8) and ©4 be given as in
6.14). Furthermore, suppose conditions [6.3.3.1) and [6.3.3.2) in Theorem
hold. Then, the state-feedback pair (K1, K1) given as in (6.27) renders the set MY
in (5.2) robustly controlled forward pre-invariant for H.,. Moreover, KI* and K}

are continuous on set M. and My as in (6210), respectively.

Proof The first claim follows from similar proof steps in Theorem In

particular, since k' and &' are selected from the closure of S, and Sy, i.e.,

kl'(x) € Se(x), and kJ(x) € Sa(x),

it follows that

ki(z) € Ui(x),Te(z, k1 (x)) <0 Vo € M.,
Ky (z) € Og(z), y(z, k7' (x)) <0 Vo € My,
which lead to
sup (VV(2),&) + pe(x) <0 V(z, kI (x),w,) € 5“7““
E€Fy w(T,kT (z),we)
sup V(&) + pa(x) —r <0 V(z, K7 (1), 0q) € Dy

€€ G (w,n] (@) w4)

The feedback pair (x!,x[') can be extended to every point in II.(C,,) and

I14(Dyw), respectively, by selecting values from the nonempty sets W¥(x) for ev-

ery ¢ € II.(Cy.) and O4(z) for every x € I14(D, ). Then, applying Proposi-

tion £.2.1] we establish the robust controlled forward pre-invariance of MY for
Huw via (K, KJ').

Finally, the continuity of x”* and ' follow directly from Proposition [A.0.10]

In particular, maps S, and Sy are lower semicontinuous with nonempty closed

convex values as shown in proof of Theorem [6.3.3] O
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A similar result to Theorem can be derived using Theorem to render
M robustly controlled forward invariant for H,,, via (', k}'). In such a case,
the feedback law " is selected from the closure of a map S, that is defined using
©. given as in (6.20) instead of U¥. More precisely, we consider the state feedback
laws k7" defined as in (6.27]) with S, given by

S.(2) = {u. € O.(z) : T'e(x,u.) <0} if z € M, (6.28)

RmMe otherwise.

In addition to conditions[6.3.5.1) and [.3.512)lin Theorem [6.3.5], robustly controlled
forward invariance of MY requires item B.I.J14)l in Proposition (.23 to hold for

the closed-loop system H,,. We formally present such a result as follows.

Theorem 6.3.9 (pointwise minimum norm state-feedback laws for robust con-
trolled forward invariance) Consider a hybrid system H, ., as in (L2) satisfying
conditions|(A1, (A3, ) in LemmalG0.6. Suppose there exists a pair (V,r*) that

defines a robust control Lyapunov function for forward invariance for H, ,, as in
Definition[6.37. Let r < r* satisfy (6.150)-[CI8), ©, and ©4 be given as in (6.26])
and 6.14), respectively. Furthermore, suppose conditions [6.3.5.1) and [6.3.0.2]
in Theorem [6.3.3 hold. Then, the state-feedback pair (KI*, k') given as in (6.27)
defined using S, as in (©.28)) renders the set MY in (5.2)) robustly controlled for-
ward invariant for H,., if condition [LLI.4) in Proposition holds for the

closed-loop system H,,. Moreover, ' and K]} are continuous on set M, and M,

as in (©21)), respectively.

We omit the proof here as it resembles the one for Theorem [6.3.8 Note that
the design results (Theorem [6.3.8 and Theorem [6.3.9]) in this section naturally
apply to hybrid systems without disturbances.
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Chapter 7

Applications of Invariance-based

Control

In this chapter, we illustrate the analysis and control design tools developed
in previous chapters to several engineering applications. Relying on these tools,
we complete tasks that are recast as forward invariance inducing problems. We
motivate and explain the hybrid nature for each system. Moreover, their imple-
mentations focus on the importance and applicability of forward invariance tools
developed in this thesis. Among these applications, we pay special attention to

two power conversion problems; see Section and Section [T.3]

7.1 Applying Forward Invariance Tools to Power

Conversions in Smart Grids

Under the name “smart grid,” future power generation and distribution systems
ought to provide efficient, reliable and environmental-friendly power generation,
conversion and transmission to customers. In particular, advanced power conver-
sion methods from renewable energy sources are required. The newly developed

hybrid system tools have the potential to address such challenges; see examples
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in [75H80]. Tools for hybrid systems in [61] can be applied to the modeling,
controller design, and analysis of these power conversion systems. In particular,
controllers are designed and mathematically analyzed for the two design prob-
lems using forward invariance properties. We show that the application of hybrid
system theories to power conversion not only provides implementable controllers,
but also are useful in highlighting the robustness introduced by such (hybrid)
feedback.

In the following sections, two feedback control design problems for power sys-
tems, one pertaining to DC/DC conversion and the other to DC/AC inversion,
are presented for the use of tools for hybrid systems in power conversion. The
single-phase DC/AC inverter circuit, a switching system, is capable of transform-
ing a DC input voltage into an AC output voltage. As shown in Figure [7.1al
(see Chapter for notations), by controlling the positions of the four switches
of the inverter, the sign of the input DC voltage to the RLC filter changes, and
when appropriately controlled, the voltage across the capacitor and the current
though the inductor can evolve almost sinusoidally. Similarly, the DC/DC boost
converter circuit in Figure [L.1Dl (see Chapter for notations), also a switching
system, is able to convert a lower DC voltage input to a higher DC voltage output
by switching the switch on and off based on control logics.

Typically, both circuits are controlled using Pulse Width Modulation (PWM)
techniques [81,82]. The PWM-based controllers change switch configuration of
the circuits based on the sign changes in the difference between a carrier signal,
usually a triangular wave, and a reference signal. The performance of PWM-based
controllers has been thoroughly studied in literatures [83H85]. Critical issues in
power conversion have led to the development of new control algorithms relying
on recent advances in the theory of switching and hybrid systems [77,86,87]. For
example, in the control of inverter, one of the shortcomings of the PWM-based
controllers is that the control of the output voltage magnitude is not robust to

changes of the input DC voltage. Without a DC voltage regulator at its input, the
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(b) DC/DC boost converter.

Figure 7.1: Circuit diagrams for power conversion control design problems.

“sinusoidal” output would be significantly affected, while the proposed controller
using forward invariance tools for hybrid systems manages to maintain a consistent
sinusoidal-like output.

The systems involved in these problems have the following challenging features,
which make tools for hybrid systems very fitting (if not mandatory) for their

analysis and design:

e Systems involve nonsmooth dynamics under constraints due to the presence
of switches and/or diodes. Most power conversion circuits include some sort
of switching mechanism as well as passive components for filtering. The
switching mechanism typically introduces changes in the dynamics, which

define different modes of operation and associated discrete dynamics. The
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passive components for filtering and other analog tasks introduce continuous
dynamics into the system. In this way, depending on the configuration of the
switches and /or diodes in the circuit, the system operates at different modes
and switches between them. By controlling the configuration of the switches
with an appropriate algorithm, the closed-loop system generates desired
output signals. Popular control algorithms for such purpose are designed
using pulse width modulation (PWM), which is a technique that changes the
configuration of the switches by comparing a carrier signal (e.g., a triangular
signal for DC/AC inverter) and a reference signal (e.g., a sinusoidal signal

for DC/AC inverter).

Due to the switching nature of these power converters/inverters and the asso-
ciated continuous dynamics, systems have nonsmooth dynamics, which can
be modeled as differential equations/inclusions with constraints as in [61].
For example, the single phase DC/AC inverter with H-bridge in Fig. [.Tal
has three operation modes, and each mode corresponds to a vector field that

is described by one set of differential inclusions; see Section [T.2]

Stabilization goals require recurrent switching. Unfortunately, the desired
output of these systems cannot be generated by choosing a single mode of
operation for all time. In fact, for each fixed configuration of the switches,
the resulting system has an equilibrium point that does not represent the
desired output. More precisely, for example, for the circuit in Fig [[.Tal in
which i; and ve represent the current though inductor and voltage across
the capacitor, when S; = S3 = ON and S, = S, = OFF, the resulting
equilibrium is for i;, = 0 and v = Vpe, while, when S; = S3 = OFF and
Sy = Sy = ON, the equilibrium condition is i;, = 0 and v¢ = —Vpe (other
equilibrium points can be computed similarly). Due to this, a control algo-
rithm that changes the configuration of the switches recurrently is required
to achieve the desired AC output for the inverter. Similarly, algorithms with

the same feature are required for the DC/DC boost converter in Fig. [7.1D)]
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where the control algorithm needs to switch between two operation modes

to generate an approximate DC output signal.

o Systems have state perturbations and unmodeled dynamics. In addition to
stability properties, the hybrid analysis tools from [61] allow us to conclude
robustness properties of the power conversion systems. In particular, having
the closed-loop systems with designed controller to satisfy conditions in [61],
Assumption 6.5 directly leads to robustness to small state perturbations
and unmodeled dynamics. Moreover, these tools also benefits the modeling
and analysis of hybrid systems that require periodic-like solutions, which

can be studied using the forward invariance for sets.

Both power conversion systems are modeled as hybrid systems, i.e., H in (21).
Control algorithms that leads to desired output signals, which use hybrid feedback
control scheme, are presented in the following sections with analysis featuring
forward invariance properties of sets. Simulations for both problems confirm the
usefulness of hybrid systems methods in power conversion. The detailed work in
Section [(.3] and Section are presented in [88] and [89], respectively.

In addition, to allow simulation-based quantifiable performance comparison
between our control algorithms and others, we propose benchmark tests that
focus on switching properties of these power systems. In particular, the proposed
benchmark tests are relevant when assessing durability of the switching devices
used in hardware/software implementations. For the DC/DC boost converter
controller with spatial regulation, we study the number of switches per second
during its “steady state”; see Section [[.3l For the DC/AC inverter controller, the
benchmark tests consists of determining the number of switches per period of the
generated sinusoidal-like signal; see Section [.2l Furthermore, we indicate that
both control algorithms have the flexibility of changing how often the switches

happen by adjusting a corresponding controller parameter.
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7.2 A Single Phase DC/AC Inverter

In this work, we consider a single-phase DC/AC inverter circuit that consists

of a full H-bridge connecting to a series RLC filter, as shown in Figure [[.Tal

Vin R L

Vbe

- S2 Sg

<+

Figure 7.2: Single-phase DC/AC inverter circuit diagram.

In particular, we design a controller for the plant with an external time varying

(positive) input signal Vj,s, which is a perturbed DC signal that is given by
t— Vius = Vo + dv(t), (71)

where Vpe is the constant nominal voltage of signal Vi, and the term d,(t) € R
is 0 for all £ > R, when no disturbance is present and a function of ¢ otherwise.
Moreover, the inverter plant has the voltage across the capacitor C, denoted
by ve, and the current through the inductor L, denoted by iy, as its output
signals. Specifically, in this paper, we design and validate a controller that selects
the operation configurations of the full H-bridge such that the generated output
ve approximates a sinusoidal signal with desired frequency and amplitude by
appropriately toggling the switches. The presence of the full H-bridge, i.e., the
switches S7 — Sy, in the circuit introduces non-smooth dynamics. By controlling
the position of the switches at every t, to either “ON” or “OFF” position, we
consider the operation modes where the input voltage to the RLC filter, i.e., Vj,,

is either Vius , —Vius, or 0. More precisely, we study the system with dynamics
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given by

—%iL — Ly 4+ Y when S; = S; = ON and S, = S, = OFF;

L L
ip = —%iL — %vc — V"L"S when S7 = S3 = OFF and S5 = S, = ON; 72)
—By Ly when S = S, = OFF and S, = S5 = ON
1.
Vo = =1
c =gl
where R, L,C are parameters of the circuit. Let z := (if,vc) € R? and ¢ be

a logic variable that describes the operation configurations of the full H-bridge.

Then, ¢ € @ := {—1,0,1} leads to the compact form of (7.2]) given as

R 1 ‘/bus
. =7l — glc + =g
z:fq(z,t) = [ - f g

oL

. (7.3)

Remark 7.2.1 Note that the full H-bridge may present other operation configu-
rations in between switches among the ones that correspond to q € (). We address
these “transient” operation modes as unmodeled system dynamics in robustness
analysis for the closed-loop system in Section [Z.2.3.1. In addition, we explore

robustness to stability under the presence of measurement noise of state z € R2.

7.2.1 State-dependent Control Law

Our control objective is to design a control law for the inverter system in
Figure [7.Tal such that the output vc approximates a sinusoidal signal with desired

frequency and amplitude. In this paper, we consider the reference signal given by
t— V,.(t) = bsin (wt + 0) (7.4)
where b is the targeted magnitudes, w > 0 is the targeted angular frequency and 6

is the initial phase By Kirchoft’s law, v¢ and iy in the RLC filter always satisfy

relationship

ielt) = Zinlt),

I'Note tracking phase of reference signal is out of our project scope.
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hence, when ve approximates signal given by (7.4)), i, approximates the signal
t— I.(t) = Cwbcos (wt + ). (7.5)

Following the exosystem approach, the signals given in (7.4]) and (7.22]) can be
generated by

. |0 —Cuw? o 0) = Cwb cos(0)
g = [% NS +(0) bsin(6) ] (7.6)

Let a = Cwb, on the (ir,vc) plane, the z,. trajectory describes an ellipse with
semi-major axis a and semi-minor axis b, and aspect ratio § = Cw. Referred to
as the reference trajectory on the (i, vc) plane, such an ellipse is give by

sﬂ:{az(%§2+(%ﬂ2:1}. (7.7)

For every z € R?, we define
N2
B ve?
vgy_(a> + (%) (7.8)

Then, taking advantage of the function V'(z), we provide an alternative control
strategy with arbitrary precision to the traditional PWM techniques. More pre-
cisely, rather than using a PWM-based controller to generate switching signal V'
to the RLC filter, our control law properly assign ¢ € @) to the H-bridge based on
spatial feedback logics that uses a tunable neighborhood, which is referred to as
the invariant band, around the S,. Given the design parameters ¢; € (0,1) and

¢, > 1, the invariant band is given by
K, ={zeR?:¢; <V(2) <c,}. (7.9)

The proposed control law guarantees solutions to the resulting closed-loop system
converge to the set K, in finite time, and after that, stays within it for all future
time. For this purpose, Section [[.2Z.T.1] introduces a switching logic that guaran-
tees forward invariance of K, and after that, a global convergence controller is
provided in Section [[2ZT.2l The supervisor controller presented in Section
provides the logic to determine the appropriate controller in the loop for the full

closed-loop system.
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A sample solution to the full closed-loop system with the proposed controller
is shown in Figure On the (ir,vc) plane, the invariant band K, has outer
boundary S* = {z € R? : V(2) = ¢,} (the outer green dashed line) and inner
boundary S} = {z € R? : V(2) = ¢;}, (the inner green dash line). The reference
trajectory (the blue solid line) is enclosed by the invariant band K,. As Figure[7.3]
depicts, the solution trajectory initialized within K, represented by the red solid
line on the (ir,vc) plane, remains in the invariant band K, for all time and
“approximates” the reference trajectory; while the output signals 7;, and ve are

“periodic-like.”

ir, | H\ﬂH m il M HMWW\MIM .um‘tmﬁ(\ﬁ”” "Hl 2
W w‘\ H ‘W \ ‘} ‘\‘M‘JV“‘W”J\‘\W ‘\‘h 2
o 1
m wmww T I 100
ve | {‘ “WH‘ ‘\H‘H “\ ‘ ‘HJ‘““H‘M\\‘H‘\‘\‘\HHH\‘\H“H\\“\“H ““ I MH‘JH\‘LO
Mw‘uwwwm»u)‘l‘.‘wmm\w“w“ IR oo
2 0 2 t

Figure 7.3: A sample trajectory resulting from using the proposed control law
with circuit parameters as R = 1), L = 0.106H, C' = 66.3uF, V,., = 220V,
b=120, w =1207,c; = 0.9 and ¢, = 1.1.

To ensure existence and completeness of solutions under the presence of small
noises, we “inflate” the boundary sets S; and S, outside of the invariant band K.
More precisely, consider a small inflation factor & > 0, the sets S} and S} are

redefined as

S;={2€R*:¢; = < V(2) < ¢i} (7.10)
and

Syi={2€R*:¢, <V(2) <, + 6} (7.11)

Note that when 6 = 0, .S; and S, becomes the sets S} and S, respectively.
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7.2.1.1 Control Logics within the Invariant Band

In this section, we present the control logic induces forward invariance of the
invariant band K, for the closed-loop system by switching ¢ € ) appropriately.
More precisely, such control logics ensures every maximal solution initiated within
K, stays in it for all future time. To this end, given the design parameters ¢, and
a positive design parameter ¢, we define special “buffering” regions on the outer

boundary of K, which are given by
My ={z€85,:0<1i, <kevc>0};
My={z€85,:(k—1)e<ip<0,uc>0};
My={z€S5,: —ke <ip <0,vc <0};
My={z€5,:0<1i, <(1—-k)e,vc <0},
where, with o = LOw? — 1,
1 ifa<0,

k= (7.12)
0 otherwise

Then, the proposed control algorithm for forward invariance switches ¢ according

to the following rules:
1. if z € S;N (R>p x R) and ¢ # 1, switch ¢ to 1;
2. if z € S;N(Rey x R) and g # —1, switch ¢ to —1;
3. if z € (S, \ (MaUM;)) N (Rep x R) and ¢ # 1, switch ¢ to 1;
4. if z € (S, \ (M1 U My)) N (Rsp x R) and g # —1, switch ¢ to —1;
5. if z € My U M, and ¢ = 1, switch ¢ to 0;
6. if z € My U M3 and ¢ = —1, switch ¢ to 0,

The values of k decides whether M;, M3 or My, My are in active for switching rules
iii) - vi). In particular, when system parameters are such that a < 0, the sets M;

and Mj are used for “buffering”; while sets M, and M, are in use when a > 0.
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Such switching dynamics are designed to ensure solution trajectories always stay

within the invariant band K, given in (7.9) on the (iz,vc) plane.

(Ve iV), M1

iii), My uc

Figure 7.4: Switching regions of proposed control law.

Figure [[ 4] illustrates the switching regions on the (ir, vc) plane following rules
i)-vi). In particular, to ensure trajectories remain in K, the blue colored region
calls for ¢ = 1; while the red colored region calls for ¢ = —1. Then, depending
on the sign of «, different green colored regions are in active for rule iii) and iv),
which call for ¢ = 0. Let Vs, := ming{ Vjys}, we define the set

F={2eR?: Vi < —Rip + ave < Viin}-

The forward invariance of K, induced control logics i) - vi) builds on the following

properties of the plant vector fields.

Lemma 7.2.2 (inner product properties) Given positive system constants R, L, C,

W, Vinin, b, the followings hold:

1. For every (¢,z) € ({1} x ('N (R<p x R)) U ({—1} x (I' N (R x R)),
(VV(2), fo(2)) <0

2. For every (q,z) € ({—1} x (I' N (R<p x R)) U ({1} x (I' N0 (R5p x R)),
(VV(2), fo(2)) = 0;

3. When a <0, for every z € (Rsg x R>o) U (R<g X Reg), (VV(2), fo(2)) <0;
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4. When a > 0, for every z € (Rsg X Reg) U (R<g x Rxp), (VV(2), fo(2)) <0;

Proof The inner product between the vector field f, in (7.2]) and the function V'

in ((C.25) is given by
2iL —RiL el —+ meq 21)0 iL i
(VY o) = 25 (T 20 (1) — o, 2,
where, for every (q,z) € Q x R?,
2 .
o.(2) = ﬁ(—RZL + ave + Vining)-
Since a and L are all positive constants, for every z € I', we have

o1(z) > 0and 0_1(z) <0.

Hence,

o1(2)i <0  VzeI'Nn(R< x R),when g =1,
1) (VV(2), fo(2)) =
o_1(2)ip <0 VzeI'Nn(RspxR),when g = —1;

o1(2)i >0  VzeI'Nn(RsgxR),when g =1,
2) (VV(2), fo(2)) =
o_1(2)ip >0 VzeI'Nn(R< x R),when g = —1;

Item 1) leads to claim a), while item 2) leads to claim b).

Next, when a < 0, we have the followings:

3) When i, > 0,vc > 0, 0o(2) <0, and (VV(z2), fo(2)) = go(2)ir < 0;

4) When iy, < 0,vc <0, 0g(z) > 0, and (VV(2), fo(z)) = oo(2)ir <0
Therefore, item c) holds. Similarly, when o > 0, item d) holds. m]

The sign properties listed in Lemma indicate the proposed control law
leads to forward invariance of the set K, for the closed-loop system, which we
will formally characterize in Section [7.2.2l The design parameters ¢; and ¢, allow
tunable “tracking” precisions of the resulting signal compared to the references
(74) and (7.22). Note that, according to Lemma [(.2.2] the design of ¢, and §

need to be such that S, C I'. It is obvious when ¢, — ¢; — 0, solution trajectories
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are “periodic-like” and “imitate” S, in (7.24]) on (i1, vc) plane, while the H-bridge
switches arbitrarily fast.

The regions M; - M, are designed to avoid the fast switchings at the in-
tersection points of S, and i;—axis, from where, when ¢ € {—1,1}, 2 points
“horizontally” (to the left or to the right) on the (ir,vc) plane. Moreover, with
careful designs, appropriate value of ¢ avoids solution trajectory stuck near these
intersection points; see details at Section [[.2.4.1] For every explicitly given set of
system parameters, i.e., b, ¢;, Co, Vinin, w, R, L, and C', the exact lower bound for ¢
can be determined by the critical point from intersecting the boundary S’ and a
critical solution of the system controlled by rules i)—iv)Jj The explicit expression
of such a bound is complicated, though, one can use the conservative choice of
e = a\/c, — ¢;. In addition, irregular designs of SF and S, i.e., having varying ¢;
and ¢, rather than keeping them constants, may reduce the possibility of solution
trajectories stuck near (0,+b).

The presented control law is formulated in the hybrid inclusions framework
introduced in [61]. With state ¢ € Q and input z € R?, the forward invariance
controller, denoted by H ., has data (Cry, ffw, Pfw, G fw), Which is given by

q :ffw(q7z> =0 (q,z) ewa
qt € Gru(q, 2) (¢,2) € Dyu,
where the flow set Cy,, is defined asH

Moo

wa = (Q X KZ)U ({0} X (Ml UMQUMgUM4))U
{(g,2) € @ xS, 110 <0,q # 0} U{(q, 2) € @ x Si+ing = 0,970},

In particular, if o < 0, the critical points near (0,b) or (0,—b) present on S? and are in
the first or the third, respectively, quadrant of the (i1, vc) plane. When z is initialized at such
points, the resulting solutions pass though (0, by/c;) or (0, —b,/c;), respectively, after exactly one
jump. Similarly, if & > 0, the critical point near (0,b) or (0, —b) present on S* and are in the
second or the fourth, respectively, quadrant of the (ir,vc) plane. Solutions pass though these
points when z is initialized at (0, b\/c;) or (0, —b\/c;), respectively.

3When 6 = 0, we have Crw=Q x K.
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the jump map Gy, is defined as

p

—1 if ¢ #—1,((z € So \ (M1 U My),ip, > 0)
or (z € S;,ip <0));

0 if lig] #e,((¢g=1,2 € (MU My))
or (g =—1,z € (MyU My)));

Gru(g,2) =41 if ¢ #1,((z €5\ (MyUM;),ip <0)
or (z € Si,ir > 0));

{0,1} ifgq=-1,2€8,,i, = —¢,vc > 0;

{—1,0} ifg=1,2€ 85,1, =¢,vc <0

{-1,1} ifq=0,z€5;,i,=0;
\
where k is given as in (Z12)), and the jump set Dy, is defined as
wa :{(QVZ) € Q X So . ZLq Z OaQ#O}U{(qaZ) € Q X Sz . ZLq S an%o}

({0} x S)).

For the ease of forthcoming analysis in Section [[.2.2] we introduce the closed-loop

system H;fw with controller H ¢, in the loop. The output of Hy,,, i.e., ¢, is the input

to the plant given in (.3]), while the output z from the plant becomes the input to

Hw. Hence, H§, is autonomous with state variable £ := (g, 2) € @x (S;UK,US,),

and it is given by

L gl o =
el § = fu(€) = (0, fo(2)) § € Cru (7.13)

&t € G, (8) = (Gru(§),2) € €Dy

7.2.1.2 Control Logics for Global Convergence

When solutions are initialized outside of the invariant band K, the controller
introduced in this section guarantees global convergence to K, in finite time. The

following control logics are considered:
vii) if 2 € {z € R?: V(2) > ¢,} and ¢ # 0, switch to g = 0;
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viii) if 2 € {z € R? : V(2) < ¢;} and ¢ = 0, switch to either ¢ =1 or ¢ = —1.

More precisely, the vector field fo(z) of (T3] steers solutions to S, from set {z €
R?: V(z) > ¢,}; while f_;(2) and f;(z) steer solution to S; from {z € R?*: V(z) <

¢;}. We dedicate the following result to capture such properties.

Lemma 7.2.3 (convergence properties) Given positive system constants R, L, C,

W, Vinin, b and ¢; < ¢, such that Vi, > by/c,, the followings hold:

e) Every solution to 2 = fo(2) initialized in {z € R? : V(2) > ¢,} converges to
Sy in finite time;

f) Every solution to z = f1(z) and every solution to 2 = f_1(z) initialized in

{2 e R?:V(2) < ¢} converge to S} in finite time.

Proof We rewrite (Z3)) in a compact form as

2= f,(2) = Az + By,

0

==

where A =

—
I

] , and B = (Y22 0). Then, solutions to z = f,(z) is given
C
by

t
o(t) = exp(At)p(0) + / exp(A(t — 1)) Bdr. (7.14)
0
The matrix A has eigenvalues given by
2
-5+ /B - &

CL
2

Since R, L,C' are all positive constants, \; 2 have negative real part.

Ao =

When ¢ = 0, the origin is asymptotic stable for 2 = fy(z), the solution has
explicit expression ¢(t) = exp(At)¢(0) from (TI4). Let ¢ € Si—py(r)({z € R? :
V(z2) > ¢,}) and T = supdom ¢. We show 7' < oo for item e). By definition of
S,, for every t € [0,T),

[6()] = |¢(t)]s, + minfa, b} /¢, > minfa, b}/c,.
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Then, pick n%ax} Re(A;) < B < 0, there exists v > 0 such that, for every ¢t € [0,7),
ie{1,2

|6()] = | exp(At)p(0)] < [exp(At)[|¢(0)] < yexp(Bt)[4(0)].
Hence, for every t € [0, 7)),

min{a, b}/, < [6(1)] < v exp(Bt)|p(0)].
Since f < 0,7 > 0 and |¢(0)| > 0, we have, for every ¢t € [0,7),

min{a, b}/,

0< <exp(ft) <1,

710(0)]
thus,
1 min{a, b}\/a)
<7< g (MHEGYE) <o

When ¢ = 1 (or ¢ = —1), the varying equilibrium (0, Vi) (or (0, —Vpys)) is
asymptotic stable for 2 = f1(2) (or 2 = f_1(2), respectively). Since Vi, > b/Co,
(0, Vius), (0, =Vius) ¢ {2z € R? : V(2) < ¢;}. Hence, following similar arguments
above, every ¢ € Si—p,»({z € R? : V(2) < ¢;}) (or ¢ € Sicy ({2 € R? :
V(2) < ¢})) with T'= supdom ¢ has T' < co. Therefore, item f) holds. O

We model the controller as a hybrid system with state ¢ € Q and input z € R2,
denoted by H,, which has flow map f,(g,2) := 0 defined for every point on the
flow set

Coi=({0} x {zeR*:V(2) 2 o) J{-1.1} x {z e R*: V(2) < ei}),
and jump map
0 if V(z) > ¢,
Gy, 2) =
{-1,1} ifV(2) <g,
defined on the jump set

Dy=({-L1} x{zeR*:V(2) 2 ¢, }) | J{0} x {z e R*: V(2) < &i}).

Remark 7.2.4 In fact, Lemma implies the set K, given in () is uni-
formly globally pre-attractive when controller H, is active according to [61), Defi-

nition 3.6]. Such a property is important to establish the global asymptotic stability
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in Section[7.2.2.

7.2.1.3 Supervisor Controller

With appropriately chosen parameters for controllers Hy, and H,, we can
globally “track” any reference trajectory (I,(t),V,(t)) described by (7.24). For
this purpose, we introduce a hybrid supervisor controller denoted H, that uses
information of the location of z and switches between controller Hy,, and H, to
guarantee global convergence and forward invariance of the invariant band K.

Figure shows the feedback control architecture.

_RrR 1] Vous ||,
A 1L Ll s+ | L |lg
& 0 | 0
q e
¥ q H,
p
Hs

Figure 7.5: Full closed-loop system with H,, H,, and H .

The supervisor Hs = (Cs, fs, Ds, gs) has state p and input z. The state variable
p takes values from P := {1,2}, which denotes the following:

1 indicates Hy,, is in the loop,
p =
2 indicates H, is in the loop.

The dynamics of controller H is given by

p=fipz):=0 (pz)€Cs
pr=g:p,2) =1 (p,2) €Dy :={2} x K,

Hs
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with flow set defined as
Co=({1} x (SUK. US,)) {2} x ({z € R?: V(2) > ¢}
J{zeR:V(z) <a})).

Remark 7.2.5 Note that we constraint the definitions of Cs and Dy such that
Jumps from p = 1 to p = 2 are not allowed. This is because once Hy,, is active,
the preferable action is to keep Hy,, in the loop for all future time. We formally
characterize these properties in Section[7.2.2. Such a design also avoids Zeno be-
havior on the boundaries of the invariant band K,. However, under the presence
of disturbances on z, nontrivial solution may fail to exist due to the fact that p
cannot be switched from 1 to 2. The controller design with 6 > 0, which induces
some robustness properties, ensures existence and completeness of solutions from
the set (Q x K,)+0B. We formally characterize the properties in Section [Z.Z.31.
When 6 = 0, a temporal reqularization of the controller using appropriately de-
signed timers can be implemented to ensure the jumps do not happen consecutively,

for which we can allow p jumps from 1 to 2.

7.2.2 Properties of the Full Closed-Loop System

In this section, we analyze the properties of the full closed-loop system H that
combines the dynamics of the plant in (7.3]) controlled by the proposed controllers
Hsw, Hy and H,. The closed-loop system is autonomous and has state variable

r:=(p,q z) € P xQ xR2 Its hybrid model is given by

" T =f(x) z€C (7.15)
xt e€G(x) €D

where the flow map is given as

f(@) = (0,0, fo(2)),
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the flow set C is given as
¢ ={1} x Cr | J{2} x C,,

the jump map is given as
(1,Grulg,2),2) if (¢,2) € D
(2,Gy(q,2),2)  if(¢,2) € Dy,p =2,

G(z) =

and the jump set is given as

D={zePxQxR’:(p2)e D} J{1} x D, | J{2} x D,.
In fact, the closed-loop system H satisfies the hybrid basic conditions intro-

duced in [61], Assumption 6.5].

Lemma 7.2.6 (hybrid basic conditions) The hybrid system H satisfies the basic
hybrid conditions, i.e., its data (C, f,D,G) is such that

(A1) C and D are closed subsets of P x Q x R?;
(A2) f:PxQxR?— PxQxR? is continuous;

(A3) G : P xQ xR?2= P xQ xR? is outer semicontinuous, nonempty-valued
and locally bounded relative to D.

Proof The item (Al) and (A2) are obvious by design. The map Gy, is outer
semicontinuous since Dy, = dom Gy, is closed and @) x K, is closed. Hence, item
(A3) holds. O

Then, according to [61, Section 6.1], the full closed-loop system H = (C, f, D, G) is
a well-posed system, which implies the forthcoming stability properties and their
robustness with respect to small perturbations.

Next, we present the main properties of H that validate the proposed con-

troller. To this end, we define the se

K:=PxQxK.. (7.16)

4The projection of K on the (ir,vc) plane is the invariant band K.
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In particular, we establish the forward invariance and asymptotic stability of K

for H.

Proposition 7.2.7 (forward invariance of K for H) Given positive system con-

stants R, L,C', w, Viuin,€,b and ¢; < ¢, such that K, C I, K s forward invariant

for H given in (TI5).

Proof The set K CCUD, KNC = K is compact and the flow map f is locally
Lipschitz continuous by construction. According to Lemma [T.2.6] H satisfies the
hybrid basic conditions. Hence, we make the proof applying Theorem T4

The jump map G maps p to 1 and its ¢ component to set () by design, while
the iy, and vc components remain the same before and after jumps. Thus, con-
dition BT 4T)l in Theorem E1.4] holds. According to Lemma [7.2.2], by definition
of tangent cones the set K "M = P x (Cs, N Dy,). Hence, condition 2.3) in
Theorem [A.1.4] holds. Then, we show that for every z € K \ M, i.e., for every
x € P X (Csy \ Dpw), f(x) € Tine(x), which is equivalent to f(x) € Tk (z) since
K NC = K. In particular, we have the following properties

1. For every x € K such that z € intK,, Tx(z) = 0 x 0 x R?, hence, f(x) €
TK(SL’)
2. By definition of tangent cone, item a), ¢) and d) in Lemma [7.2.2] imply that
for every x € P x ((Q x S}) \ D), f(x) € Tk(z).
3. Similarly, for every x € P x (Q x SF) \ Djy, according to item b) of
Lemma [[22] f(x) € Tk(x).
O

Then, together with the properties e) and f) from Lemma [[.2.3] we present
the global asymptotic stability of K for H.

Theorem 7.2.8 (global pre-asymptotic stability of K for H) Given positive sys-
tem constants R, L, C', w, Viyin, €,b and ¢; < ¢, such that K, C I' and Vi, > by/co,
the (compact) set K is globally pre-asymptotically stable for H given in (T.15).
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Proof Firstly, Proposition [[.2.7] established forward invariance of K. Then, be-
cause H, is designed such that e) and f) in Lemma [7.2.3] hold for every solution
initiated outside of K, it is the case that K is globally uniformly pre-attractive for
‘H. By an application of |61, Proposition 7.5, since H satisfies the hybrid basic
conditions according to Lemma [[.2.6] the set K is globally pre-asymptotically
stable for H. m|

As discussed in Remark [7.2.5] due to the design of the supervisor controller,
i.e., p=1jump to p = 2 is not allowed, some initial conditions to the full closed-
loop systems H only have trivial solution. However, every nontrivial maximal
solution to H is complete. In particular, complete solutions are guaranteed to
exist for initial conditions within {2} x @ x R? and {1} x Q x (S;U K, U S,), for

which we introduce the next result.

Corollary 7.2.9 (completeness of solutions from H for certain initial conditions)
Suppose positive system constants R, L, C, w, b, Viyin, € and ¢; < ¢, such that K, C
I' and Vipin > by/c,, every ¢ € Sy satisfies exactly one of the following conditions:

g) ¢ is trivial, when ¢(0,0) € O := {1} x Q x (R*\ (S; UK, US,));
h) ¢ is complete, when ¢(0,0) ¢ O.
Proof Item g) directly follows from the dynamics of H,. According to Proposi-

tion [[.2.7], every ¢ € Sy (K) is complete, then, we show h) holds true by showing

every maximal solution is complete when ¢(0,0) ¢ (O U K). In fact, for every
€ Su((PxQxR?)\ (OUK)), it is one of the following cases:

1. if $(0,0) € {2} xC,, item ¢) and f) in Lemma [Z.2.3] shows solutions converges

to K by design of Cy4, hence, every maximal ¢ enters K and is complete;

2. if ¢(0,0) € {2} x D,, map G, maps the ¢ component to ), while p and
z remain the same, hence, solutions can be extended further by flow and

converge to K in finite time according to Lemma [7.2.3}
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3. if ¢(0,0) € P x Q x ((S;US,) \ K,), items a) - d) in Lemma [7.2.2] implies
that solutions either jump in component ¢ or flow towards set K, which also

leads to complete solutions in K eventually.
O

In fact, properties g) and h) in Corollary [.2.9imply that hybrid system H given in
(CI5) is pre-forward complete by [61, Definition 6.12], i.e., every maximal solution
to H is either bounded or complete. Furthermore, together with Theorem [7.2.§]
item h) in Corollary indicate the set K is globally asymptotically stable for

‘H when solutions are initialized outside of O because of the design of H.

7.2.3 Analytic Validation of Proposed Algorithm

The supervisor controller H, is designed such that, Hy,, is in the loop even-
tually for every initial condition that leads to a complete solution. When Hy,, is
in the loop, the closed-loop system ’Hffw given as (ZI3) generates sinusoidal-like
solutions. Hence, we validate the resulting solutions to the closed-loop system
H given in (I5]) always “approximate” the reference trajectory given in (Z.24))
by studying H§,, given in (ZI3) with § = 0. As (¢;,¢,) = (1,1), the outer and
inner boundaries of K, i.e., Si and S}, get closer to each other, and become
the set S, when (c¢;,¢,) = (1,1). Since S and S} are the switching boundaries
on the (ir,vc) plane, the amount of flow time in between jumps goes to zero as
(¢i,¢o) = (1,1). When (¢;,¢,) = (1,1) and 6 = 0, the sets Cy,, and Dy,, overlaps
and become () x S,, while the switching of ¢ is arbitrarily fast and the solutions
are pure discrete. In the case of limit (c;,¢,) = (1,1), H%, behaves as a switch-
ing system with sliding mode control, where, instead of three individual switched
modes correspond to ¢ € (), the flow map is generalized as the convex hull of all

available vector directions at every z € S,.. We denote such a system at limit of
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(¢iyco) — (1,1) as H*, which is given by

L JEEF© gect=qxs, —
el (&) £eD i=Q xS,

where the flow map is defined for every & € C*, and is given by

(0,e0{f1(2), fo(2)}) if z.€ My U Ms,
F() := ¢ (0,e0{fo(2), f-1(2)}) if z € My U My,
(0,c0{ f1(2), f-1(2)}) otherwise.

In the next result, we establish important solution properties of the limiting system

H*.

Proposition 7.2.10 The hybrid system H* given in ({I7) satisfies the hybrid
basic conditions. Suppose ijw is such that S, C I' and Vi, > by/co. For every
£€Q XS, every ¢ € Sy+(&) is complete. Moreover, from every £ € Q X S,,

i) there exists a Zeno solution; and

j) there exists a pure continuous solution and is such that ¢(t + kA) = ¢(t) for
every t € dom ¢ and k € N, where A = 2T,

w

Proof Following the same steps in Lemma [[.2.0] it is obvious that H* given in
(7.17)) satisfies the hybrid basic conditions. Then, we apply [61, Proposition 6.10]
to show every solution to H* is complete. Since C* = D* by construction, (VC)
holds trivially for every & € C*\ D*, and there exists a nontrivial solution to H*
from every £ € C*UD* = @ x S,.. Item (b) in [61, Proposition 6.10] does not hold
since the set C* is compact; while item (c) does not hold by construction of jump
map ijw and set D*. Hence, for every & € Q X S,, every ¢ € Sy+(§) is complete.

Item i) directly follows from the fact that G, (D*) = D*. To establish item j),
we show that when selecting the vector field f.(§) € F*(&) for every £ € @ x S,

following appropriate rules, there exists a complete pure continuous solution to
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f = f-(&) with period A = 27” More precisely, for every & € Q) x S,., we show that

(€)= (0, ~Cuuc, i) (718)
is such that f,.(§) € F*(¢). The first and third component of f,. are 0 and %iL,
respectively, which are the same as F*. Hence, by definition of convex hull of
two vectors, we show that for every z = (ip,vc) € S,, the term —Cw?ve can be
expressed as a convex combination of the first component of fi(z) and fo(z), or

of fo(z) and f_1(2), or of fi(z) and f_1(z). Such a claim is equivalent to finding
a constant A € [0,1] such that

Ctue = Myz) + (= N fy (), (719)
with ¢,¢ € Q and ¢ # ¢'. Then, (T.I9) leads to

/ Vmin
+ (1= Xq¢ —9) T

—R’iL — Vo
L

—Cwve =
ie.,
—Rip + (LCw? — Dve = (1 = X¢' — 0))Viin,
Since z € S, C I', by definition of I', we have
~Viin < —Rip + (LOW* — Dve < Vigin.

With Vi > 0, we have 0 < A(¢" — ¢) < 2. Hence, A € [0, 1] for each possible
combination of ¢,¢ € @ and ¢ # ¢'. We rewrite the map f,. given in (ZI8) in

compact form as

00 0
E=fE) =10 0 —Cu?|&, (7.20)
05 0

which has the z component matching the linear oscillator system in (7.6)). Such a
system has eigenvalues 0 and +wi. Hence, all solutions to (Z.20) are continuous,

complete and is periodic with A = %’T O

Without losing generality, we assume ¢; + ¢, = 2 and define 0* := 1 —¢;. Then,

building on Proposition [.2.10, the next result characterize the property of every
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solution to ijw “tracks” one solution to H* by showing the closedness of solutions

to ‘H* and solutions to its 6*—perturbed system.

Proposition 7.2.11 (consequence of well-posedness of H*) Given §* > 0, hybrid
system ”H;lw given in ((I3) and H* given in ([LIT), there exist e* > 0 and 7" >0
with the following property: for eveﬁ (NS SH;lw(Q x K,), there exists a ¢ € Syx
such that ¢ and ¢ are (7*,€*)-close

Proof Since 0* =1 — ¢; and ¢; + ¢, = 2, we have that K, = S, + 0*B. Then,
to show the relationship between ¢ € SHj}w(Q x K,) and a solution to ”H?w, we
construct the *—perturbed system of H* as follows. With the same flow map F*
and jump map fow, the hybrid system Hj. has its flow set and jump set given by
Cs := Q@ x K, and Dj. := ) x K, respectively.

By Proposition [[.2.10] H* is nominally well-posed and pre-forward complete.
Such properties are inherited by Hj., i.e., Hj. is nominally well-posed and pre-
forward complete from the set ) x S,.. Then, by an application of [61, Proposition
6.14|, given 6* > 0, there exist a pair of ¢* > 0 and 7" > 0 such that for every
¢s+ € Sz, (@ x K), there exists a solution ¢ € Sy, (Q x S,) = Sy~ such that
¢s and ¢ are (7%,¢*)-close. This establish the result since, by definition of ”H;lw
and Hj., SH;lw(Q x K.) C Sz, (@ x Sy). O

The (7%, e*)-closeness property presented in Proposition [I.2. TTlindicate that, given
a 0* > 0, the every solution generated by ’H;lw stay close to one of the maximal
solutions to the limiting system H* graphically. In particular, every ¢ € SHffw (Qx
K,) tracks one ¢ € S+ when projected on the (i, ve) plane.

7.2.3.1 Robustness of H

The proposed controllers guarantee robustness with respect to perturbations

of the full closed-loop system. We formally characterize these properties in this

®See formal definition of (7,¢)-closeness in [61, Definition 5.23].
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section. In particular, we consider the following types of disturbances in H given

by (ZI15):

1. A varying Vj,s input signal given as in (7.I]) rather than a constant DC

voltage input;
2. Measurement noise of the output z € R?;

3. Unmodeled dynamics of the closed-loop system introduced by transition

modes during switches of ¢;
4. State variable noise on z caused by non-ideal electronic components.

Firstly, Theorem [.2.§ implies the globally pre-asymptotically stability of K is
robust to variations in the input voltage Vj,s described in item NII) as long as
Vinin > by/Co. Then, according to Lemma [7.2.6], the closed-loop system H satisfies
the hybrid basic conditions, the global pre-asymptotic stability of K asserted by
Theorem [7.2.§ is robust to small state perturbations. Such perturbations may
include measurement noise d; € R? as described in item N2) and unmodeled
dynamics dy € R? as described in item NBJ). Hence, we consider the plant in (7.3)

with perturbations modeled as
2= fy(z+dy) + da.

Let d; = (0,0,d;) for i € {1,2,3} with d3 € R? as described in item NZ). The
perturbed system H, denoted by 722, with state z := (p, ¢, z), has dynamics

i =fx+d)+dy z€C

zt e G(v) x e D,
where C = {z € PXQxR?: 2+ds € C} and D = {x € PXQxR?: 2+ds € D}.
The next result establishes the robustness property of stability of K for H.

Theorem 7.2.12 Suppose H given as in (ID]) satisfies assumptions of The-
orem and the positive constant § is such that (S; U K, US,) C T' and
Vipin > bv/co + 0. Then, the followings hold:
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k) there exists B € KCL such that, for each e > 0, there exists 5 > 0 such that for
any three measurable functions c?h 672, 673 :Rso — gIB%, every solution ¢ € Sg
is such that its z := (i, vc) component satisfies

[2(t, ). < B(1=(0,0)|x..t +) +E V(t,j) € dom,

where € =0 if ¢(t,7) € 1 x Q X K;

l) given 6 > 0, and any three measurable functions 6?1,672,673 :R>g — 0B, the
set P x Q x (S; UK, US,) is forward invariant for H.

Proof Since for every ¢ > 0,dy(t), da(t), d3(t) € 0B, the perturbed hybrid system
H can be rewritten as
t=f;(x) xeC;
zt e Gi(x) xeD;
where
f5(x) == @F((z+B)NC)+ B
Gi(z) = {77 €g+0B : geG((z+B)ND) }
C; = {x (x4 0B)NC#£D }
D; = {x  (z+0B)ND £ }
Then, by application of [61, Theorem 7.12|, the globally pre-asymptotic stabil-
ity and compactness of K imply the set B is open and that K is L pre-
asymptotically stable on B%.. Then, applying [61, Lemma 7.20], K is semiglobally
practically robustly KL pre-asymptotically stable on Bj.. More preciously, ac-
cording to [61, Definition 7.18|, item (b), with w(z) := |z|x defined for every
r € P x Q x R?, for every compact subset of Bf., there exists E € ICL such that,
for each £ > 0, there exists § > 0 such that every ¢ € 8 satisfies

6t )i < B(16(0,0)|x,t +j) +E V(t,j) € dom ¢.
Then, item k) holds because K = P x ) x K, and for every (t,7) € dom ¢,
|¢(t7j)‘K:‘Z(t7j) KZZOWhen ¢(t7.]>€PXQXKz

k. and |z(t, 5)
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Then item 1) directly follows from the convergence properties presented in
Lemma [7.2.3] the forward invariance proved in Proposition [[.2.7 and item h) in

Corollary [[.2.9] |

In addition to the nominal robustness induced by the well-posedness of H pre-
sented in k) of Theorem [[.2.12] item 1) asserts the robustness with respect to
noise type N2J), NB)) and type NdI) for forward invariance of K. More precisely,
the design parameter 0 introduced in (ZI0) and (ZI1]) allows maximal solutions
to the perturbed system H to be complete when |d;(t)| < § for all ¢ and every
i € {1,2,3}. In fact, with 6 = 0, the completeness of solutions would fail for
the perturbed system for the similar reasonings mentioned in Remark The
“d—inflation design” of S} and S to S; and S,, respectively, preserve the forward

invariance property of K for the perturbed system by guaranteeing existence of

solutions from the set P x @ x ((S; U S,) \ K.).

7.2.4 Simulation Validations and Discussions

In this section, we present numerical simulations of the closed-loop system
with proposed controllers, which is implemented via MATLAB Hybrid Equations
Toolbox (HyEQ); see details at [90]1 Note that unless specified otherwise, all
simulations in this section uses the following parameters: R = 1), L = 0.1H,
C =66.6uF, Vys =220V, b =120V, w = 1207, ¢; = 0.9,¢, = 1.1 and ¢ = 0.05.
Simulations with above provided set of system parameters have o < 0, for sample

results with o > 0, please see simulations in preliminary work [89,[9T].

7.2.4.1 Properties of M, for H

The next few simulations of the closed-loop system H validates the important
properties of the set M, numerically. In particular, the first set of simulations

have z initialized inside the interior of the invariant band K; while the second

6Code available at https://github.com/HybridSystemsLab/SinglePhaselnverter.

136



set of simulations have zy ¢ K,. Both sets of results indicate that, when p is
initialized appropriately, solutions to the closed-loop system are complete and
eventually only evolve within K, on the (if,vc) plane. Then, a simulation to

show the significance of design parameter ¢ is presented.

1. Figure shows the solutions to the closed-loop system #H given in (7.15])
with zg = (bCw,0) = (3.013,0) and ¢ as either —1,0 or 1, where all three
trajectories stay within the projection of M, onto the (i, vc) plane, i.e.,
K,.

-150

Figure 7.6: Simulations of H with initial z = (3.012,0), and different initial values
of q.

2. Figure [[7] shows solutions to the closed-loop system H given in (Z.I5) with
xo = (2,1,0,0) and xy = (2,0,0,150), where both trajectories converge to

and stay within K, on the (ir,v¢c) plane.
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Figure 7.7: Simulations of H with zo = (0,0) and z, = (0, 150).

3. The next simulation uses ¢ = 0.871, which is not large enough to prevent
solution trajectory to stuck near (0, —b) as shown in Figure [[.8 In partic-
ular, starting around ¢t = 0.2s, the trajectory evolves at the bottom of K,
(see the zoom in view at bottom right of Figure [[.§]), while stay within K,
until it reaches M3 defined by a not large enough ¢, where ¢ is switched to

q=0.

100
Vco

-100

100

Vco §

-100

Figure 7.8: Simulations of H with ¢ = 0.871.

7.2.4.2 H with Perturbations

The next few simulations validate results from Section [7.2.3.1] where each
of the four considered type of noises, i.e., NII)-NHJ), generated within range, is
implemented for H. For the input noise type NII), we consider the input voltage
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Vius given as in (1)) has Vpe = 220V and d,(t) = d.(t) + ds(t), where t — d.(t)
is a sinusoidal signal given by d.(t) = 2sin(4007t), and ¢ — ds(t) is a signal with
multiple step changes that is given by

(

0 ifte[0,0.1)

—18 ift€[0.1,0.2)
ds(t) = < :
30 ift €10.2,0.3)

\O if t € ]0.3,00)
Note that this input signal has V,,;, = 200V, and with given system parameters,
this simulation confirms that the proposed controller is robust to input noise type

NII), which is a key robustness property of our controller.

250 -

%us

220

202 -
0 0.1 0.2 0.3 0.4 0.5

120
'UCO,

-120 +

t[s]

Figure 7.9: Simulations of H with given Vj,.

As shown in Figure [Z9] the generated ve signal is sinusoidal-like without
significant transient behavior at 0.1, 0.2 and 0.3 seconds, where step changes are
present in the input voltage Vj,s. The amplitude of vo remain within the expected
10% tolerance of b. The FFT analysis for this simulation suggest the fundamental
frequency of the resulting output signals, i.e., i, and v, are 60Hz with THD of
% and %, respectively.
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7.2.4.3 Benchmark tests

Above simulations show that the proposed controller is able to generate AC
output with desired frequency and amplitude that is robust to the variations in
DC input voltage. In addition, decreasing the width of the “tracking band” forces
the output trajectory to be closer to the idea trajectory on the R? plane, but
results in higher number of switches within a unit of time. Thus, we propose
a benchmark test for control algorithms of a single phase DC/AC inverter that
focuses on the switching properties of the designed controllers. More precisely, we
are interested in the average number of switches during one “period” of the output
sinusoidal-like signal, ve, from the closed-loop system. In this benchmark test, for
different sets of ¢; and ¢, values, we record the average number of switches during
a time period of %’T after the “transient” stat&H of solutions from five different
initial conditions. In addition, we also compute the average number of switches
and its standard deviation (Std) for three different widths ¢, — ¢; of the tracking

band. The numbers of switches per period are rounded.

"By “transient” we mean the time after trajectories enter the set 7.
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Table 7.1: Benchmark test for single phase DC/AC inverter

Average number
¢ & ¢, 20 of switches Average & Std
per period
(0.1,0.009) 31
¢ = 0.9 (0.15,0) 30
¢, = 1.1 [(0.005,0.0119) 30 %Vgageog%o
co—¢c; = 0.2 (0.08,0.01) 30 -
(0.14,0.004) 30
(0.1,0.009) 60
¢ = 0.95 (0.15,0) 60 B
¢y = 1.05 | (0.005,0.0119) 60 %Vtzragemﬁo
¢y —c; =01 [ (0.08,0.00) 60 -
(0.14,0.004) 60
(0.1,0.009) 301
¢ = 0.99 (0.15,0) 301 B
¢y = 1.01 [ (0.005,0.0119) 300 Ag:gage 0*9330
¢y —c; =0.02 [ (0.08,0.01) 209 '
(0.14,0.004) 301

Table [T shows that with smaller width of the tracking band (namely, higher
precision), the switching is more frequent, which is expected. Furthermore, the
number of switches varies with different initial conditions, but the average and
standard deviation results reported in Table [[.T] imply that by tuning the value
of ¢, and ¢;, it is possible to control the number of switches per “period”. The
resulting data also gives a general guideline for choosing appropriate ¢, and ¢;

values for given system parameters.

7.2.5 Hardware Implementation

A design project to develop a hardware prototype of this hybrid control algo-
rithm is currently undergoing. An undergraduate design team, with team mem-
ber Ryan Rodriguez and Benjamin Chainey and financial support from CITRIS

and Dr. Ricardo G. Sanfelice, is working towards the goal of implementing the
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algorithm on a self-designed circuit board with the Texas Instruments C2000 mi-
crocontroller. The resulting product ought to convert the DC power output by
two photovoltaic panels into the 120Vrms power using the proposed hybrid control

algorithm. A block diagram showing the complete system configuration is shown

in Figure [Z.I01

High
Voltage
Panel Voltage L
DC Bus AC
MLASL-L L — )
DC to DC .
Converter Hybrid Qutput
+MPPT Inverter Filter
Control
ov AC
— )
N
Solar
Panels PWM PWM ADC
: ADC ADC
i Low Voltage
il Power Texas Instruments
Supply DsSP

Figure 7.10: Design Block Diagram

The DC power source, two Sharp solar panels, has varying voltage and current
output capabilities depending on lighting conditions. According to team research
data, the maximum output power for the 170W panels occurs at Vjgne = 34.8V
and Iygne = 4.9A, which has a highly nonlinear relationship between the current
and voltage. Therefore, based on the design parameters and assumptions in The-
orem [(.3.6] an upper limit buffer set of 200 W power from the power source is set.
In addition, a DC/DC boost converter in Figure [[.11]is designed for maintain the
lower limit of voltage input to the inverter circuits.

Currently, The team has accomplished the design and building of the hardware
configuration shown in Figure [[.10l In addition, the PWM controller that will be
used in comparison with the hybrid algorithm is implemented successfully on the
Texas Instrument microcontroller. The current project progress is at the stage of

debugging and program the hybrid controller into the hardware prototype.
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Boost  (Step-Up) Converter
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Figure 7.11: DC/DC Boost Converter Circuit Design for Hybrid Control of a

Inverter

7.2.6 Control of DC/AC Inverter with Resistive Load

Unlike the control design proposed in previous sections for the inverter without

load, the inverter system illustrated in Figure [[.Tal has dynamics given by

p=fyn) = <% ! CLR’“’) oo <1% i L%> ve 1V . (721)
cle
which has a resistive load Ry < oco. Note in this case, we study a system with
state variable (ic,vc) instead of (ir,vc). The state variable ic is equal to if
in the case studied in previous sections, where its dynamics are given by (7.21])
with R% to zero, since it is equivalent to infinity resistive load R,. The proposed
control law in previous sections cannot be directly applied to the inverter plant
in Figure [T.1al due to the presence of the resistive load R, < co. However, we can
modify the control logic to achieve the control goal of appropriately toggling the
switches in the full H-bridge such that the inverter with resistive load converts
the input signal Vj,, into an sinusoidal-like output, namely, ve.

The reference voltage signal for v in this design problem is given by (7.4])
with b as the targeted amplitude, w > 0 as the targeted angular frequency, and 6

as the initial phase. Then, since the state variables v and i in the RLC filter
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always satisfy

ie(t) = Hiclt)

Then, when ve approximates V,.(t) as in (4]), ic approximates the signal

t s I.(t) = CV,(t) = Cwbcos (wt + ). (7.22)
In fact, with ¢ — I,(t) given as in (Z22), V,(¢) in (74) satisfies V,(t) = —w?V,(t).
Hence, a reference trajectory (I,(t), V,(t)) in coordinates (i, v¢) is generated by

an exosystem with dynamics

jr - _CW2V;“>
. 1
V,=—=1I,.

C

The exosystem is formally defined by by the state-space model with state z, :=
(I,,V,) € R? and dynamics

0 —Cu? Cub cos (6
5 = Sl o= |0 (7.23)
& 0 bsin(0)

This system is a harmonic oscillator that generates solutions ¢ — (I,.(t), V(1))
given as in (7.22) and (7.4]) from initial conditions (Z,.(0), V;.(0)) = (Cwbcos (0), bsin(h)).
Let a = Cwb, on the (i¢,ve) plane, a solution to ((L.23]) describes an ellipse with
semi-major axis a, semi-minor axis b, and aspect ratio { = Cw. Referred to as
the reference trajectory on the (ic,vce) plane, such an ellipse is give by the set of

S, = {z €R?: (%)2 + (Z—b2>2 - } (7.24)

For every z € R?, we define

V(z) = <%C)2 + (%)2 (7.25)

Then, taking advantage of the function V', we provide a novel control strategy

points

with arbitrary precision compare to the reference (I, V). Given design parameters

¢; € (0,1) and ¢, > 1, the invariant band is given by

K, ={zeR?:¢;<V(2) <c,}.
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Note that S, C K, regardless of the choice of ¢, and ¢;. Moreover, for ease of
representation, we denote the outer boundary of K, as S} := {z € R? : V(2) = ¢,}
and the inner boundary as S} := {z € R? : V(2) = ¢;}. To ensure existence and
completeness of solutions under the presence of small state noises, we “inflate”
the boundaries S and S} outside of the invariant band K, with a small inflation

factor 6 > 0. More precisely, we consider sets
S;ii={2€R*:¢; =6 <V(2) < ¢}
and
S, ={2z€R*:¢, <V(2) <c,+ 6}

It is obvious to see when 6 = 0, sets S; and S, become the sets S and S,
respectively.
With the proposed controller, solutions to the inverter with resistive load start

within the invariant band and stay within it for all future time.

7.3 A DC/DC Boost Converter

The DC/DC Boost converter is shown in Fig.[Z.1bl It consists of a DC voltage
source Vpc, a capacitor C', an ideal diode d, an inductor L, a resistor R, and an
ideal switch S. The voltage across the capacitor is denoted v¢, and the current
through the inductor is denoted i,. The presence of switching elements (d and
S) causes the overall system to be of a switching/hybrid nature. The purpose of
the circuit is to draw power from the DC voltage source, and supply power to the
load at a higher DC voltage value. This task is accomplished by first closing the
switch to store energy in the inductor, and then opening the switch to transfer
that energy to the capacitor, where it is available to the load. Depending on the

(discrete) state of the diode and of the switch, one can distinguish four modes of
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operation, see details in [76]:
mode 1: (S =0,d=1) mode2: (S=1,d=0)
mode 3: (S =0,d=0) mode4: (S=1,d=1)

Using the ideal diode model, we have

conducting (d =1) : iqg > 0,3 =0

blocking (d =0) : 1qg=0,v3 <0
while using the ideal switch model, we have

conducting (S =1): vg =0

blocking (S =0) : ig = 0.

With these conditions, we derive the differential equations for each mode using
state variable x := (v¢, i), along with the specific values of S and d. After further
analysis, see [88] for details, the system will take the form of a switched differential

inclusion with constraints, namely
i€ Fg(z) x€ Mg (7.26)

where S € {0,1} is the position of the switch S, and for each S € {0,1}, Fg(x)
is the Krasovskii regularization of the vector fields and Ms is the corresponding
regularization of the sets capturing the regions of validity for each mode. Then,
the four operation modes can be combined, and expressed by two differential

inclusions, as follows:

e For each x € ]\% := My U Ms, we have

¢
—R—lcvc—l-%iL
if o e W\ T,

Fy(z) = —1yo + e

{~Aste} x [~Loo+ e, o] ifee
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where
M, ={x €R? i, >0}U{z € R :vg < Vpe, ir =0}
and

M3:{$€R21U0>VD0, ’LLIO}

e For cach z € M, = {z € R? : vo > 0}, we have
-

A@) = [~dzvo %=

Notice that the switching variable S can be either 0 or 1, representing different
vector fields, which, at every instant, depends on the choice made by the controller.
This promotes the use of hybrid system analysis and controller design tools.

The goal of the controller is to approximate a DC output with given v and 7},
which represent the desired voltage cross capacitor and current through inductor,
respectively. The equivalent design goal is to design a controller that guarantees
asymptotic stability of set A, x {0,1} for the closed-loop system, where z* =
(v&, 1) and

A, i ={z e R*: x = z*}).

In addition, we conclude that A = A, x {0,1} is forward invariant for the closed-

loop system with designed controller.

7.3.1 State-dependent Control Law

In this design problem, we present results on a CLF (control Lyapunov function)-
based hybrid controller to achieve the desired DC voltage output. To this end,

consider the Lyapunov-like function

V(z) = (x —2")" Pz —z%), (7.27)

where P =
0 pa2o

0
= ] . For each S € {0, 1}, let

Ys(z) = §gg;lfgc)<v‘/(x),£>-
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Then, the following lemma establishes an important property of the functions
vs(x) that leads to the key stability result in later section. The constraints M, s
in (7.26]) on the switching are not taken into account at this point, but are incor-

porated again later (see Proposition [7.3.5] below).

* 2
Lemma 7.3.1 Let R, Vpc,pi1,paa > 0, BE = 22 ¢ > Vpe, and @ = 59—

RVpc”
Then, for each x € R*\ A,, there exists S € {0,1} such that
vs(x) <0

Moreover, {x € R?* : ~v5(z) =0, S € {0,1}} = A,.

Proof Consider the functions g, S € {0, 1}, using the relationship & = 222 we

can rewrite yg(z) = 0 as

Yo(z) = 2(Agv¢ + Bove + Coir, + Do) (7.28)
Y (z) = 2(A1wE + Broe + Cyig + Dy) (7.29)
where the coefficients, Ag through Dy and A; through D; are defined as
Ay = _% A= %
O, — _PuCT’Jc n p22ZDC o — P22Zbc
Dy = _p221LLVDc D, = _p2212VDC

To guarantee that for every (vg,iz) € R? \ A, there exists an S € {0,1} such
that vs(x) < 0 and that {x € R? : y5(z) =0, S € {0,1}} = A,, we consider the
sets g := {x € R? : ~vg(x) < 0} for S € {0,1}. We will also use the boundaries
of the sets I's given by Qg := {x € R? : ~g(x) = 0} for S € {0,1}, which are
parabolas. We first derive explicit expressions for I'g, S € {0, 1}, next.

1. For x € Ty, we have Agv% + Bove + Cyir, + Dy < 0. Substituting the

coefficients Aq through Dy, using P4 = 22 and vf > Vpc gives

) 1 1 2 . .
1y, > m <E'U% - (EC + ZL) Vo + ZLVDC) (730)
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2. For x € T'y, we have Alv% + Byve + Chiip + D1 < 0. Substituting the

coefficients A; through Dy, using again P4 = P2 gives
1 v¢
02 c

. o
S RYVe €T RVpe

ve + i (7.31)

This gives the expressions

: : 1 1 VG "
F(): {('UC’,ZL) €R2 Ll > m <§Ué— <EC+ZL) UC+ZLVDC)}
, , 1 Ug "
and similar ones for Qg, S € {0,1}. Both parabolas §2g, S € {0, 1}, have their axis

of symmetry parallel to the i;-axis. Hence, we have to show now that I'y UTy =
]R2 \ Ax and Q() N Ql = Ax

To shows this, note that ———
(Vbe Uc)
parabola (it has a maximum in i,-direction) and I'y is the region above it. Sim-

_1
RVpeo

< 0 indicating that € is a “downward”
ilarly, since > 0, ) is an “upward” parabola (it has a minimum in iz-
direction) and T'; is the region below it. See Figure [[.12 for an illustration. If we
now can show that Qy N Q; = A,, then it follows that I'y UTy, = R*\ A, as in
Figure [[.12] and the proof of the lemma is complete.

yl(x) =0

i T

Figure 7.12: An example of a possible sign distribution for the two parabolas

Yo(x) = 0 and v, (z) = 0.

149



To show that Q5 N Qy; = A,, we observe that if (ve,ir) € Qo N Q; we must
have that the right-hand sides of (Z.31]) and (7.30) are equal, which leads to

1 2 UE’ % - 1 1 2 U(*J <k

- < — 3V - _ —C om— it

< va+ <R +ZL) Vo — 1, Dc) Voo — 05 Ja DCUC+ 7 DCUC iy
(7.32)

* 2
. . v,
Since i}, = g7, we have
*
Yo

 RVpc
which has a unique solution ve = v, and implies that QoM is indeed {(v, i} )}

(v& — 2v5ve + (v5)*) =0,

This completes the proof. O

The property in Lemma [7.3.T] shows that V is a CLF-like function in the sense
that

i VV(z),€) <0 Ve e R?2\ A, 7.33
SB B (TV(0) <0 - ek .

This condition is used to derive the suitable stabilizing hybrid control law.

7.3.1.1 The hybrid controller

The condition obtained in (7.33]) naturally leads to the following selection of
the input S, which is a nonlinear system with discontinuous right-hand side (if we

forget for a moment the constraints on the switching in ([7.26))):

S =argmin max (VV(x),¢) (7.34)
5e{0,1} §€Fs/ (@)

However, the direct application of (.34]) as the switching law, leads to a discon-
tinuous control law and results in chattering, which is undesirable in practice.
Therefore, we will propose a modified logic-based control law (and a correspond-
ing regularized closed-loop system), which is practically feasible. In fact, for the
resulting (regularized) controller various robustness properties can be derived and
proved mathematically based on the hybrid system setup particularly chosen for
this purpose.

Let ¢ € {0,1} be a logic state indicating the value of the actual input S. The

envisioned logic-based control law will select the input according to the current
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active input ¢ and the value of the state, namely, when certain well-designed
functions v, become zero. These functions 7, are control design parameters that
are related to the functions v, in (Z28)) and (Z.29) and will be chosen as in the

following lemma.

Remark 7.3.2 The functions v, are not chosen exactly equal to vy,, because mode

1 would have an equilibrium (ve,ip) = (VDC, VLRC) exactly at vo(x) = 0. This

would prevent to achieve global asymptotic stability of the desired set point

* 2

. v,
Lemma 7.3.3 Let R,Vpc,pi1,p2 > 0, Bt = 22, v, > Vpe, and i}, = Bho-

For each q € {0,1}, let 5, be given for x € R? as

Fo(z) = o(x) + Ko (ve — v5)° (7.35)
(@) = m(z) + K1 (ve = v5)” (7.36)
and Ko € (0,24), K; € (0,2). The following hold:

1. For q € {0,1} and x ¢ A, we have that 7,(x) > 0 implies Y1_,(x) < 0;
2. For q € {0,1} and x ¢ A, we have that 5,(z) < 0 implies v,(x) < 0;

3. For x € R? it holds that

BEENT ~ — L — X ; - —
COKlim_ Yo(x) clKhm Y1 () v ve + 2ip, lim Fo(z) = o(2),

Proof To show (b), note that we can rewrite (7.38]) and (7.36]) as

Y0(@) =Fo(2) — Ko (ve — ve)*

ni(@) =i(2) — K (ve —vg)*
Because Ky, K1 > 0, 3,(z) < 0 implies v,(x) < 0 if ve # v§.
If ve = v} and iy # i} (as otherwise z = x*), we have 7,(x) = v,(z) < 0.

However, we know that 7,(z) = v,(x) = 0 cannot occur, as together with ve = v
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this would imply 7;, = 4}, which would be a contradiction. Hence, also in this case
q(x) = 7,4(z) < 0, and the proof of property (b) is complete.
The proof of (a) follows analogously to the proof of lemma [.31] First define

Fo(z) = 70(z) + Ko (ve — vE)? = 70(x) + Kodo(ve) (7.37)
F1(z) = 71(z) + K1 (ve — v8)? = 7(z) + K161 (vc) (7.38)
we consider the sets fq ={zxeR? : j,(x) <0} for ¢ € {0,1}. We will also use
the boundaries of the sets I, given by Q, := {z € R? : 7,(x) = 0} for ¢ € {0,1},
which are parabolas. Now define fo and Iy by deriving (7.37)) and (7.38)) in similar

forms as before

FO ==
(v i)€R2'i >¥ lvz— %+i* ve + 11 Vpe + Kodo(ve)
CHtlL <UL VDC_UE RC’ R L C LVDC odo\vC
(7.39)
~ , , 1 Vg L+ Ki01(ve)
I, = R? : iy < 2 _ _¢ A A A 7.40
1 {(Uc,ZL) € i RVDCUC RVDcvc—l—zL + Voo (7.40)

and similar ones for ﬁq, q € {0,1}. Both parabolas Qq, q € {0, 1}, have their axis

of symmetry parallel to the iz-axis. Then, because (V?l_v) < 0, Kodp(ve) > 0,
~ C

and () is a “downward” parabola, we know that () is also a “downward” parabola

(it has a maximum in i -direction) and Ty is the region above it. Similarly, since

d K161(ve)

Voo~ 0, we have {2 is also an “upward”

), is an “upward” parabola an
parabola (it has a minimum in i -direction) and I, is the region below it. If we
now can show that ﬁo N (21 = A,, then it follows that fl U fg =R?\ A,.

To show that @0 N @1 = A, we find out the v¢, i;, value for the intersection of
the two curves € and ;. When the right-hand-side of the inequalities in (7.39))

and ((T40) equals to each other, we get a similar expression to (7.32):

1 1 x 3 3
<—v2 (U—C + ZL) ve + 11 Vpe + K050(vc))

Ve —vs \R ¢ \ R

o, vE L Kidi(ve)
— V2 — vo 4 it 4 SO 7.41
RVpe ¢ RVpe ¢ F7 Ve (7.41)
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Then, we can rewrite (L4]) in quadratic form, and find its simpliﬁed discrim-

. Therefore

* 2 2
-k 2 : -k
inant A to be ( s ) — 17, which equals to zero because i} = RV

((C41)) has a unique solution. We can find the unique solution by solving ve from
(41)), and the result is

1 Vpo—vc* 2K1(Vpe—v}) « .
(o o ) )

Vo = =
¢ QM___K+M ¢
RVpc 0

while i, = i%. This implies that o N €, is the set-point {(v{,4})} and therefore
completes the proof of property (a).

Property (¢) can be shown by explicitly computing the limits. For finding
the limit of the first two equations, we can rewrite the formulation of v,(z) with

q€{0,1} as
Yo(z) = (1 = q)v0(z) + g7 ()
= —a(ve —v5)? + (Bg + Cy) <—

%’%’g, B =71 “;*C and C} is given in the proof for Lemma [7.3.1] Then,

2%
Loye + 2¢L)
e

where a =

we get an expression

7o) = (K, — a)(ue — v8)? + (B + Co) (—

We discuss the following cases when K, — a,

” %k

2
Ly + 2¢L) (7.42)
el

e if ¢ = 0, we have the limit of (.42]) expression as

i 2401 (222

Ko—)a C

* %k

e if ¢ =1, we have the limit of (T.42]) expression as
21
*L Vo + 2iL)
v

Jm ) = (3 ) (-2
_ puVpeo ([ 2if
C v

:C1< 24% )
ve

Thus, we complete the proof for the first two limits, and the last two limits follow
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naturally from the expression 3,(z) = v,(z) + K,(ve — v§)?. O

Based on the properties derived in the lemma above we can define an appropri-
ate (robustly) stabilizing control law. In fact, the control law makes sure that for
the current value of ¢ and z it holds that 7,(x) < 0, which implies by property (b)
that as long as x ¢ A,, we have that v,(x) < 0, which, in turn, implies that the
CLF V in (7.27) is decreasing. Once 7,(z) becomes 0, a switch occurs from ¢ to
1—¢q, and, due to property (a) in the above lemma, we have then that ¥,_,(z) <0
if x ¢ A,, and hence, the switching is well defined. The constants Ky and K;
control the shape and position of the switching boundaries, which are parabolas
in the (ve,ip) plane. In fact, according to property (¢) of Lemma [7.33] as K
and K approach zero, the switching boundary approaches the zero level set of

Yo(z) and 7, respectively. Moreover, as Ky and K; approach 2}1’3’—101, the switching
2%
7

Therefore, the closed-loop system with proposed controller can be expressed

boundaries approach the line given by the points x such that —=£vs + 2i;, = 0.

as in (Z1)) with state variable z = [z ¢]T and dynamics

Ze Fqéx) =: F(x,q) (x,q) €C
(7.43)
2t = 6.(2) =: G(z,q) (x,q) € D

where

Cz{z:xé]\%, Yo(z) <0, qu}U

{z:xel\z, %(m)SO,qzl}

D:{z:xelf\%, %(:L’):O,q:O}U

{ZZZL’GMM ’71(1’)20, q:l}

and, for each z € R? x {0, 1}, the ¢ is given by

{0} if ¢g=1
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Sample contour plots and switching boundaries v,(x) = 0 and 7,(z) = 0 of the
proposed controller for a particular set of parameters (z* = (7, 3.27), Vpe = 5V,
R = 3Q, C = OlF, L = 02H, P11 = %, P22 = L

5, and varying K, and K,) are
shown in Figure [[. 13

5

4

Figure 7.13: The switching boundaries 7,(z) = 0 and 7,(x) = 0 with different

values for Ky and K.

By varying the constants Ko € (0,%2%) and K; € (0,24), the shape and
the position of the switching boundaries can be controlled. Some examples are
shown in Figure[7.13l Note that the switching boundaries can also be modified by
changing system parameters R and Vpo (because of uncertainties in supply and

demand of renewable energy sources).
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7.3.1.2 Properties of closed-loop system

First, note that system data of H to satisfy the hybrid basic conditions.

Lemma 7.3.4 The closed-loop system H given by (LA3)) satisfies the hybrid basic
conditions given by (A1)-(AS3) in [61, Assumption 6.5].

Proof (A1) follows from the continuity of 7, for each ¢ € {0, 1} and the closedness
of My and M. Next, (A2) follows from the Krasovskii regularization. Lastly, (A3)

follows from the fact that the jump map is continuous. O
Then, we show that the solutions to the closed-loop system H are complete

by applying [61, Proposition 6.10].

Proposition 7.3.5 For each & € CUD, every mazimal solution x = (x,q) to the
hybrid system H = (C, F, D, G) in (L43) with x(0,0) = & is complete.

Proof We apply [61, Proposition 6.10]. First we check the viability condition
(VC), which requires verifying that for each (x,q) € C\ D, there exists a neigh-
borhood U of (z,q) such that

FE,qnTe(z,9) #0 VY(z,9)eUnNC (7.44)

In fact, note that if (x,q) € C\ D, then for any sufficiently small neighborhood U
of (z,q), it holds that (Z,q) € U N C implies (z,q) € C \ D due to continuity of
s, S € {0,1}. Therefore, it suffices to show that (we dropped the bars in T, q)

F(l’,Q)ﬁTc(l’,Q)%w \V/(l',q)GC\D

To do so, we will first compute the tangent cones T¢(x, q) for the set C for (z,q) €
C\D:

e ¢=0, i, >0: Te(x,q) = R? x {0}
e =0, i, =0: Te(x,q) =R xRy x {0}
e ¢=1, vo>0: Te(x,q) = R? x {0}
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e =1, vg =0: Te(z,q) =Ry xR x {0}
Using these calculations, we have the following:

1. For (z,q) € C\ D such that ¢ =0, iy, > 0, (C.44) trivially holds.

2. For (z,q) € C\ D such that ¢ = 0, i, = 0, we have to distinguish two
cases based on different set-valued vector fields depending if z € M; \ M3
(i.e. Vo < VDC) or r € Wg (1e Vo > VDC)-

(a) If z € M, \ M3 and thus ve < Vpe, we have the vector field

1 1,
fa(z) e el
( E ) = | —gre+e | € Te(aq)

0
because —%vc + VLLC > 0.

(b) When z € M3 and thus vo > Vpe, we have a set-valued vector field

1 1 Vbe
{—%UC} X |:—ZUC + T, O:| X {0}

Since (—5=vc,0,0) is an element of the set above and also lies in

Tc(l',(]), (m) holds.

3. For (x,q) € C\ D such that ¢ = 1, ve > 0, (C44) trivially holds.

given by

4. For (z,q) € C\ D such that ¢ = 1, vc = 0, the vector field is given by
Fy(z)x{0} that only contains the element (0, Y2, 0), which lies in T¢(z, ¢) =
R, xR x {0}. Hence, (.44) holds.

In summary, for each £ € C \ D, there exists a neighborhood U of ¢ such that
((C44) holds. Thus, according to [61, Proposition 6.10], there exists a nontrivial
solution x to H for points in C U D.

Now, to show that every maximal solution yx is complete, we prove that cases
(b) and (c) in [61), Proposition 6.10| cannot hold, and hence, only case (a) can be

true.

157



Case (b) (finite escape time) cannot happen due to the fact that every maximal
solution x is bounded. Indeed, using lemma [.3.1] and property (b) of lemma
33, the function V in (C27), along a maximal solution y, has non-positive
derivative for flows and non-positive changes at jumps. Since V is quadratic it
upper bounds the norm of the state (relative to the desired set point) and has
compact sub-level sets. Therefore, lim; 7 |x(¢,7)] < M < oo for some constant
M and T = sup,domy.

Case (c¢) (solutions jumping outside C U Zﬁ) can be excluded as well, because
below we will show that G(D) C C, and thus G(D) C CUD.

In fact, to complete the proof we establish now that G(D) C C and we consider
two situations: I. z € D and ¢ =0, and II. x € D and ¢ = 1.

1. Let x € D and g = 0, and thus Jy(z) =0 and = € M, (i.e. i, > 0). We will
first show that this implies that € M; (i.c. ve > 0), i.e.

Yol(@) =0 } = v >0 (7.45)

1, >0
This latter implication will follow from the fact that € := {z € R? |
Yo(z) = 0} is a downward parabola and the fact that the minimal root
min{ve | € Q, iy = 0} is non-negative. Indeed, since € is a downward
parabola, these two facts would give

min{ve | z € Qo,ir, > 0} = minfve |z € Qo,if, = 0}
>0

which is equivalent to (7.45]).

To compute the minimal root, we can use the expression in (7.35]), showing

that the points = = (ve, i) with Jo(z) = 0 (z € Q) and i, = 0 satisfy
A, By Dy

—avc—avc—azo

where ;{0 = Ay + %, EO = By — Kyvg, and 150 = Dy + %062, which can

i, =

8Note that flowing outside CUD is not possible due to the closedness of C and D as formulated
in the hybrid basic conditions.
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be rewritten as

B\ D B\
Vo — —_ = —— 4+ —_——
2A, Ay 2A,

Then, the roots vey 2 of the function Jo(x)|;, —o are given by

~ ~ ~ 2
B D B
’UCLQ = ——0 :l: TO + <——0)

24, \ A, 24,
pi + &g — ROKo\ |
-\ —2p, 1 ROK, )'°

+ &Lz, — RCK, ?
()2 + (_ (pn Voo Ve 0) vé)
—2p11 + RCK,

in terms of system constants. Because v}, > Vpe > 0 and K, € (0, 224),

; RO
. p11+ ‘f“ vE—RCKy
min{vcy, vee} > 0 as long as —(vE)? + | — RO, ve | > 0.
The left-hand side of the inequality can be rewritten as
pu (1 _ Y%
RC Vpco %2
Ko — 2p11 e
0™ RC
which is always positive since conditions v, > Vpe > 0 and Ky € (0, 35 ).

This establishes (7.45]). Using now property (a) of Lemmall.3.3 and 7p(z) =
0, we know that 7;(z) <0 and thus G(z,0) = (x,1) € C.

. Let 2z € D and ¢ = 1, and thus 7, (z) = 0 and z € M (i.c. ve > 0). Similar

to case I. we will first show that this implies that x € M, (i.e. i, > 0), i.e.
N(@) =0 } =i, >0 (7.46)
ve >0

To show this we compute min{i; | 71(z) = 0,vc > 0} and show it is non-

negative. First we observe that € := {z € R? | 3;(z) = 0} is an upward

parabola. Using the expression in (.36]), the points x = (v, i) satisfying

1(z) = 0 are given by

A, B D
c, ¢ o ,

i, =
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where ;fl = A1+%, El = B, — Kyv{, and 131 = D1+%v(*}2. The minimum

value if, min := min{iy, | 7;(x) = 0} results in two cases, namely

ming = A i > 0, K (0—) 7.47
11 min,1 1ALC UC min, 1 1 € RC ( )
D 2
UL min2 = —Fla Ucmin2 = 0, K; € {%7 %) (7.48)
1

where iy i, is found by either the vertex of the parabola or at vg = 0
due to the constraint ve > 0, respectively. Substituting the expressions of
Ay, By, D; into the right-hand side of (C47) and (48], we have
E% — 421151 (6p11 — 4K RC) véz
14,0 ApuRVoe (2pn — KiRC)
Dy _ (2pn — KiRO)vg?
Ch 2p11RVpe
Since R, C,Vpc, vE, pii > 0, we obtain

1L min,1 =

1L min,2 = —

z.Lmin >0

and thus min{iy | 71(x) = 0,vc > 0} > min{iy, | Y1(z) = 0} = ipmm > 0.
This establishes (Z46]). Using now property (a) of Lemma 33 and 7, (z) =
0, we know that 7(z) < 0 and thus G(z,1) = (z,0) € C.

This completes the proof. O

Using these properties, we are now ready to establish the following theorem,

which states global asymptotic stability of the compact set A for the hybrid system
H.

Theorem 7.3.6 Consider the hybrid system H in (C43) with ¢, L, R, Vpc, Ko,
K, > 0. Given a desired set-point voltage and current (v, i), where v5 > Vpo

* 2
and i} = RUVLDC, then the compact set

A=A, x {0,1} (7.49)

15 globally asymptotically stable for H.
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Proof Consider the function V given in (Z27) and define V(z,q) = V(z) for
all (z,q) € CUD. Note that V(z,q) = 0 when z € A, and V(z,q) > 0 for all
(z,q) € (R* x {0,1}) \ A,. From the computation of the inner product between
VV and the direction belonging to Fs, for each (x,¢q) € C (see Lemma [7.3.1]), we

have

uc(z,q) = Sg%@xq)W‘N/(x, q),€)

(ve — vg)(—Fve +ir) + (in — i) (—ve + Vbe) = () <0 if ¢ =0,
(ve —vg) (—5ve) + (ie —i3)Vpe = 1a(x) <0 ifg=1
q

and, for each (x,q) € D, we have

uq(z,q) = (lax V(€) —V(z,q) =0

Then, by [61, Theorem 3.18], the set (7.49]) is stable.
To show attractivity, we apply the invariance principle in [65, Theorem 4.7].
To this end, we compute the zero level set of uec and uy defined above. It follows

that
uc'(0) = {(z,q) €C : uc(w,q) =0} =D
ug'(0) ={(z,9) €D : ug(r,q) =0} =D
Then, each complete and bounded solution (x,q) to H converges to the largest

weakly invariant] subset of the set
{(x, q) €CUD : V(iz,q)=r } N (ug'(0) U (ug'(0) N G(ug(0)))) (7.50)
for some r > 0. With the definitions above, the set of points (Z.50) reduces to

{(z,q) eCUD : V(z)=r}nND (7.51)

9For the set of hybrid trajectories S, the set M C O is said to be weakly invariant (with
respect to §) if it is both weakly forward invariant and weakly backward invariant; see [65]
Definition 3.1, it is weakly forward invariant (with respect to S) if for each 20 € M, there
exists at least one complete hybrid trajectory = € S(2°) with z(¢,j) € M for all (¢,5) € domz.
It is weakly backward invariant (with respect to S) if for each ¢ € M, N > 0, there exist 2° € M
and at least one hybrid trajectory z € S(2°) such that some (t*,j*) = ¢ and z(¢, j) € M for all
(t.4) < (t*,4°), (t.§) € domz.
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Note that the only invariant set for H within (7.51]) is A since solutions cannot
stay in (7Z5I) unless ve = v§ and i, = i} (i.e.,, 7 = 0). In fact, solutions to
the hybrid systems H in (T43]) cannot stay in a constant level set of V' since the
equilibrium points of the vector field F' do not belong to C ND and, for points in
C \ D, the derivative of V' is negative for each ¢ € {0,1}. m

Theorem implies all solutions (including solutions start from .4) converge
to A. In addition, Proposition implies all solutions are complete. Thus, we
can conclude solutions start from A are complete and always stay in .A. Therefore,
A is forward invariant for close-loop system . In fact, the asymptotic stability of
a set for a system general implies forward pre-invariance of a set due to the stability
part of definition. However, solutions to system are required to be complete for

an asymptotic stability set to be forward invariant to system.

7.3.1.3 Robustness to general perturbations

In addition, the construction of the proposed controller is such that the closed-
loop system H has data satisfying the hybrid basic conditions given by (A1)-(A3)
in [61, Assumption 6.5]. With these properties, we have that the asymptotic
stability property is robust to small perturbations; see [88, Theorem IV.6]. More

precisely, we consider the following model of the plant with perturbations:
T e FS(ZL' + dl) + do (752)

where d; corresponds to state noise and dy captures unmodeled dynamics. Then,
defining d; = (d;,0), the closed-loop system H results in the perturbed hybrid
system, which is denoted by ”ﬁ, with dynamics

ieF(z4dy) +dy 2+d eC
e G(z) z+dy €D
The following result establishes a nominal robustness property of H.

Theorem 7.3.7 Under the assumptions of Theorem [7.3.6, there exists E e KL
such that, for each € > 0 and each compact set M, C R?, there exists § > 0 such
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that for any two measurable functions 071, 52 :Rs>g — 0B, every solution X = (7, q)
to H with X(0,0) € M, x {0,1} is such that its T component, namely, (vc,ir),

satisfies

F(t, /)|, < BUFO,0)]a,,t+ ) +E V() € domy

The proof is given in [88, Section II1.C].

Unlike previous results in the literature, this robustness property implies that
our controller is robust to small measurement noise and unmodeled dynamics. In
addition to the robustness to general perturbations shown above, the asymptotic
stability of A is robust to slow variations of the system parameters, such as input
voltage Vpe and load R. Such a result follows from a direct application of [61]

Corollary 7.27].

7.3.1.4 Robustness to spatial regularization

In addition to robustness to small perturbations, the fact that (Al)-(A3) are
satisfied imply that the closed-loop system is robust to spatial regularization,
which can be employed to alleviate possible arbitrarily fast switching. More pre-
cisely, we use the condition 7,(x) = p rather than 7,(x) = 0 as switching bound-
aries at the controller level, where p is a small positive constant. The motivation
for such a modification on the controller is to reduce the number of switches and
enlarge the time between switches by allowing a neighborhood around x* between
the two switching boundaries, rather than having them intersect at the point x*.

The regularized system is denoted as
HP = (C,, F,D,,G) (7.53)
which share the same flow and jump maps as in H, while the switching boundaries
Yo(x) = p

are used to define the flow and jump sets.
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ie.,
T F(x
_[ B
q 0
where, now, the flow set is replaced by
Cyp={(w.0) 1w € My, Fo(w) < p, g =0} U{(w,0) s € M, Fi(2) < p, g =1}

Furthermore, the jump map is given by

(x7Q) S CP

xt = w
gt € Gylz)
where, now, the jump set is given by
D, = {(x,q) tx € My, Folz) =p, qZO}U{(JE,q) €M, Fiz)=p, q= 1}

and

(I,q) S DP

{1} if ¢=0, Y(z) = p
Go(x) = {0,1} if y(x) > p, 1) > p
{0y if ¢=1, W(z) 2p
Under the given assumptions, it can be shown that the solutions satisfy a
practical XL bound for any solutions, namely, for every ¢ > 0, the such that
solutions to the closed-loop system converge to a neighborhood of A, after finite

hybrid time (that depends on ¢).

Theorem 7.3.8 Under the assumptions of Theorem [7.3.0, there exists f € KL
such that, for each ¢ > 0 and each compact set M, C R?, there exists p* > 0
guaranteeing the following property: for each p € (0, p*] every solution x = (z,q)
to HP with x(0,0) € M, x {0, 1} is such that its x component satisfies

|2, 7). < B(|2(0,0)|a,, t + )+ V(2 j) € domx

The proof follows analogously to the proof of Theorem [.3.7] A similar result can
be obtained using temporal regularization.
For the spatially regularized control algorithm, no Zeno behavior occurs and

certainly no “eventually discrete” solutions (in the sense of the solution that after
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some time ¢ only jumps) exist due to the uniformly finite (nonzero) separation
between the flow and jump sets—this property follows from [65, Lemma 2.7] since

the closed-loop system satisfies the properties listed in Proposition [7.3.5

7.3.2 Simulations Validations and Discussions
In this section, simulations of the closed-loop system H and its variations are
c
s 0
2 ] , and

x* = (7, 3.27). We used the Hybrid Equations (HyEQ) Toolbox via Simulink (see

[90]) for performing the simulations.

performed using Vpo = 5V, R =30, C = 0.1F, L = 0.2H, P =

7.3.2.1 Simulations of the closed-loop system H

The simulation results for the closed-loop system H are shown in Fig.[[.14l As
can be seen, the solution components (v¢, i7,) converge from both initial conditions
to the set A, in correspondence with the globally asymptotic stability property of
the closed-loop system. Here we use Ky = 0.05, K; = 0.12, and ¢ is only drawn

for the simulation using xo = (0, 5).

ir

o P N W b O o N ©

o

Figure 7.14: Simulation results for the closed-loop system H with initial conditions

Ty = (075>7 do = 0 and To = (57())7 do = L.

165



7.3.2.2 Simulations of robustness to perturbation

The perturbed closed-loop system H with § = 0.5, Ky = 0.28, and K; = 0.23
is simulated, as shown in Fig. [[.I5] and a sinusoidal perturbation injected in the
state x, resulting in d; = 0.5sin(500¢) and ds = 0 in (7.52). The Boost converter
reaches a neighborhood of x* and remains fluctuating due to the presence of the

perturbation.

5

4.5r

at

LL3s

3t

2.5¢0

0
2 T T T
il
q
. . 1 . . .
8 ) 10 0 05 1 15 2
t [sec]

Figure 7.15: Simulation results for the perturbed closed-loop system H for initial

conditions xy = (8,5), qo = 1.

7.3.2.3 Simulations of robustness to regularization

Simulation results are shown in Fig. for the spatial regularized system H,
with p = 0.2, Ky = 0.28, and K; = 0.12. ¢ is only drawn for the simulation using
xo = (5,0). As suggested by the plot of ¢ v.s. ¢, the number of switches is reduced
significantly with the regularized system #,, which is preferred for the purpose of

hardware implementations.
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Figure 7.16: Simulation results for the spatially regularized closed-loop system H”

for initial conditions z¢ = (0,5), ¢o = 1 and x¢ = (5,0), o = 0.

7.3.2.4 Simulations of robustness to changes in supply and demand

The input voltage Vpeo and load R are now varied to assure the robustness
to such changes. In the next simulation, Vp¢ is increased from 2.5V to 5V and
afterwards R is decreased from 32 to 2Q2. By doing this, ¢; varies as well and also

the switching boundaries change during process.

=
o

9
8
7
. 6
1
i |
4 0 . . . . .
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2
2
1
1 | T [
0 _— N N N
0 2 4 6 8 10 12 0 1 2 3 4 5 6
Ve t [sec]

Figure 7.17: Simulation results for a varying input voltage Vpc and a varying load

R with p = 0.5 for initial conditions zo = (0,5), ¢o = 0.

Figure [[.17 shows a simulation where Vpe is increased after 2 seconds and
R is decreased after 4 seconds. It shows the boundaries for the three different
situations. As it can be seen, a neighborhood of v, is reached in three situations,
which means that the controller is able to cope with variations in the supply Vpe

and demand R.
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7.3.2.5 Benchmark tests

Using the regularized system in (Z.53]), we propose the following benchmark
test for the DC/DC boost converter. Given a constant e representing the maxi-
mum deviation of the output range v from vf, we determine the average number
of switches per second for five different initial conditions after the system reaches

its steady state region, i.e., when solutions reach the set

{zeR*x {0,1} : Jvec — vi| < €}
and remain in it. Moreover, we also compute the average number of switches
and its standard deviation (Std) for three different values of e. We use the same
system parameters and the relationship ¢ ~ 1.3p from [88, Table II| for this

benchmark test. In addition, for each value of ¢, we present the average dwell

time for switching. The number of switches per second reported are rounded.

Table 7.2: Benchmark test for DC/DC boost converter

Average number Nverame duell time
‘ " of switches Average & Std l;/etrwgen :Vwitcﬁgg
per second
(0,5) 1467
0.01 Eg’gg ig;g Average = 1587 | S =ON:9x 107%s
. ; 3¢ ) | 's
(3.8) 1592 Std = 61.21 S =O0FF :3.6x10%s
(5,0) 1625
(0,5) 343
. ; 3¢ a | s
(3,8) 355 Std = 4.37 S =O0FF :1.6x1073s
(5,0) 359
(0,5) 179
01 Eg’gg 1;8 Average = 179 S =ON:8x103s
. ) o _ . -3
(3.8) 179 Std = 0.075 | S = OFF : 3.1 x 10735
(5,0) 179

The numerical results in Table indicate that, for smaller e values, switching
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happens more frequently. While the number of switches varies with the initial
condition, the standard deviations suggest that the dispersion around the average
is small. In addition, the average dwell time results indicate that the switch stays
at the “ON” position longer than at the “OFF” position, which is expected, but
more importantly, indicate that the time between consecutive switching times has
a reasonable lower bound. The smaller time duration between the two, when
switch is “ON” and when it is “OFF”, can be used as a factor to determine how

fast the switch happens during the “steady state”.

7.4 A Constrained Bouncing Ball System

We demonstrate our main results in a constrained mechanical system with
control inputs; namely, a bouncing ball moving vertically that is controlled by
impacts on a controlled surface at zero height. In addition, we attach one end of
a nonelastic string with length hp,.. to zero height and the other end to the ball;
see Figure [C.I8 for system configuration. Compared to a typical bouncing ball

€Ty = hmax

T hmin

_String

Figure 7.18: Bouncing ball system configuration.

system [61, Example 1.1], the model considered here has an additional “pulling
phase” when the ball reaches the height A, with possibly nonzero velocity. The
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possible pulls from the string at height hy,.« and the impacts between the ball and
the controlled surface both lead to jumps of the state. In addition to assuming
unitary mass of the ball and negligible weight of the string, forces, and friction,

we consider the following:

C1) at impacts with the controlled surface, the uncertain coefficient of restitution

is within the range [eq, es], where 0 < e; < eg < 1;
C2) the string breaks when the ball pulls with velocity larger than vyay;

C3) at pulls of the string, the restitution coefficient is e, € (0, 1].

With x = (21, 22) € R?, 2, and 25 model the height (position) and velocity of
the ball, respectively. Then, with gravity constant v > 0, the flow map is defined

on Rsg x R and is given byt

f(z) = (%2, —7).
To formulate the flow and jump set, we define a function £ : R?> — R that

describes the total energy of the system
2

Xz

According to the string remains attached to the ball when z; € [0, hpay] and
To < Unmax, 1-€., B(2) < Epax With Epax = E(hmax, Vmax ). After impacts with the
controlled surface, the ball position z; remains unchanged, while the velocity
is updated to a function of the disturbance wy € W, := [ey, 3], which represents
the uncertain coefficient of restitution, and input ug € Uy := [0, Umax] With Upax =
V2E ax, Which represents the velocity change caused by the controlled surface.

Hence, we model impacts between the ball and the controlled surface as 1 = 0 as
G1($,Ud,wd) = ($1, Ug — wdSCz)

when x5 < 0. Before every impact x5 is nonpositive, after each impact the ball

velocity is updated according to GG;. Then, with a small positive constant ¢, <

10Note that since there are no disturbances and inputs for flow, we omit the subscripts for f
and C' in this model.
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Umax, the map
Ga(x) == (21, min{—e,xo, —0,})

models the pulls between the ball and the string when 7 = hy. and xo €
[0, Umax]. Since before every pull x5 is nonnegative, after each pull the ball velocity
reverses its sign and updates according to GGo. Note that since closed jump sets

are preferred as suggested in of Definition 2.0.8] our model only allows the

xo component to jump to a strictly negative value that is lower bounded (and
controllable) by —d,.

Then, the hybrid system Hy . = (Cuws Fuws Duw, Guw) With control input g
and disturbance wy has state x and dynamics on space X = R? x Uy x W, that is
given by

T = f(z) z € C, (7.54)
" = G, ug, wa) (2, g, wa) € Dy,
where the flow set C' is given by
C:={r€R?:0<2; < hpay, £(2) < Enax }
and the jump set D, ,, is given by D, ,, := Dy U Dy with
Dy = {(z,ug,wq) € X : 21 = 0,29 € [—\/2Emax, 0]},
D2 = {(I,Ud,ﬂ]d) e X: 1 = hmax>I2 S [Oavmax]}>

where the jump map G, ,, is given by

Gl(I,Ud,Wd) if (I,Ud,ﬂ]d) € Dl
Gu,w (I7 U, wd) =

Go(x) if (x,uq, wq) € Ds.

We have the following control design goal: under the presence of disturbances
wg, control the ball at impacts so that when the ball is starts from z(0,0) =
(1(0,0),22(0,0)) such that z1(0,0) € [Amin, hmax] and E(z(0,0)) € [0, Frax), the
string remains attached to the ball, and the peak height of the ball after each
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bounce is at least hy;,. This objective is achieved by rendering the set
MY = Ly (—=7hmin) N (C UILy(Dy ) (7.55)
robustly controlled forward pre-invariant for H,, ,,, where V (z) := —E(z) for every
reCuU Hd(wa).
Given system parameters ej, €2, €, Umax and Amax, we choose system parame-
ters My such that |/~ (hmin + %) < e1vV Fmax and with € > 0,

(1 + €1 — 62)2

Y(Pmin +€) < Eax (7.56)

Since the control input appears in the map G only, for every = € Il;(D;), ac-
cording to (6.14), the set O, in (6.I4) is given by

O4(z) = [0, v/2Enax + €222].
In fact, ©4 collects all control input values uy such that Gi(x,uq, wy) € C U
I14(Dy) for all wy € [e1, ea]; i.e., every such ug is such that E(0, Gy (z, ug, e2)) <
Emax- Then, since My = {0} X [=v/2Fmax, —V7hmin) and W% (z) = Uy, 6.3311) in
Theorem holds for H,,,. Now, consider the constant r* = —(hpyy, — ) and

the function p,; defined as py(x) = e for every x € Ly (r). We show that the pair
(V,r*) defines a RCLF-FI as in Definition [6.3.11 First, (5.11) and (5.17) hold on C

since, for every = € C,

(VV(2), f(x)) = —22(—7) — y22 = 0. (7.57)
Then, we show the pair (V,r*) is such that (6.18]) holds for constant r = —yhyi, <

r*. Moreover, for every x € Ly (r) N IL;(D;), we have

min  max V(Gi(x,ug, wy))

ug€0q(x) wy€ler,ea]
2
. (g — wqzs)
= min max e

ug€0,(x) wy€ler,e] 2

(\/ 2Emax + €919 — 61.]72)2
2
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Since 23 € [—v2Fmax, —V27hmin] and condition ((Z.50]), we have

min ~ max V(Gi(x,ug,wg)) + pa(x)
udGGd(gc) ’wde[el,eg}
o (V2 + (62— ) (~V2))’
- 2
(1 -+ €1 — 62)

2
= —- 9 Erax + ve < _’yh'min =r

For every o € Ly (r) N114(D2), we have zo € [0, Umayx| and

o 512
min  max V(Gg(ﬁv)):—(mm{ p2 ~0p}) — Yhmax <71 (7.58)

ug€O¢(w) wy€ler,ez] 2

+ pa()

Hence, the pair (V,r*) defines a robust control Lyapunov function for forward
invariance for H,,,, according to Remark and Definition

Next, following the steps in Section [6.2.1], we construct the regulation map I'y.
Since there is no control input during flows, we omit defining I'.. Moreover, the
input u, is only active when (x, uq, wq) € Dy, we define the selection map I'y based
on G; only. Then, for r = —yhyi, and for every (z,ug) € {(z,uq) € R? x Uy :

(x,ud,wd) c (Lv(’/’) X Uy X Wd) N Dl}, with ¢ = %, I'yis given by
x
La(z,uqg) = max V(Gi(z,uq,wa)) + pal)
wq€ler,ez] 2
(ug — €179)? <z—:
i Py hmin) .
SERRAC
Item [6.3.312)] in Theorem [6.3.3] holds since the function ug — [4(z,ug) is convex

on O4(z) for each x € M,. For each x € R? the map S; in ([622) is given by

{tg € Oa(x) : V(5 + humin) — =525 < 0}
Sa(z) = if z € Ly(r)N1Ily(Dy), (7.59)
R™d otherwise.

In addition, H, ., given in (7.54]) satisfies conditions|(A1’,)|-|(A3’,)|in Lemmal6.0.6]
According to Theorem [6.3.3] there exists a state feedback k4 : R? — R that is

continuous on M. In particular, such a feedback is selected from the closure of

173



map Sy given in (7.59), which reduces to an interval:

S_d(l') = {max { \/2’}/ <% + hmin) + €112, 0} sV 2Emax + 621’2:| . (760)

One such continuous selection is

< + hmin
Kq(x) == %Ig + \/27 <% + hmin). (7.61)

Since Corollary [6.1.5] provides conditions guaranteeing robust controlled for-

ward invariance for hybrid systems without a Lyapunov function, we verify that
our design of k4 in (.6]]) indeed renders M} robustly controlled forward invariant
for H,, .. To this end, first, MY is a subset of CUIL;(D,, ), F' is Lipschitz and F'(z)
is convex on C' by construction and [G.L.5L4) holds since M¥NC' is compact. Then,

item G511 and E.T.5L5) hold true trivially; while item [B.I.5.3) holds since (7.57))
and item 1) of Lemmal[A.0.15 Finally, for the closed-loop system with u, replaced

by kg in ([L.61]), we check the extreme cases for every € MY N1l,;(D;) and every
x € MY NIL;(Ds). More precisely, the worst case for impact with zero height is
Ty = —+/27hmin before the impact and x5 is updated by map G1(x, kq(x), e1), i.e.,

= hmin
Gl(l’, Iid(l’), 61) = MQJQ + \/2’}/ (% + hmin) — €1X2

max

- \/27 (5 + huin) + 7(5;—}““) —e1 | (—v/27hmm).
which is greater than 4/2vy (% + hmin) since 4/ (% + hmin) < €1V Fmax. Then,
BIE2) holds for every z € MY N I4(Dy) since (T5S)).

Simulations are generated to show solutions to #,,, controlled by 4 in (7.61])
with system parameters v = 9.81, hnin = 10, hpax = 12, 0max = 6y/7,61 =
0.8,e2 = 0.9,e, = 095, = 0.1, and 9, = 0.01 Over the simulation horizon,
the disturbance w, is randomly generated within interval [eq, es] after each im-

pact. One solution that starts from the initial condition for x given by (11,0)

1Al simulations in this section are generated via the Hybrid Equa-
tions (HyEQ) Toolbox for MATLAB; see [90]. Code  available at
https://github.com/HybridSystemsLab /InvariantBoucingBall.
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is shown in Figure Figure [[.T9(a) presents the randomly generated wy dis-
turbance for H, .. Moreover, even under uncertain disturbances, the peaks of
the resulting height reach values larger than h.;, and smaller than Ap., as Fig-
ure [[.I9(a) shows. Figure[.I9(b) shows, on the (x1, z2) plane, that solution stays
within the set M, which is the region bounded by dark green dashed line.

s Sl hmax 25
- MR e

min

e NN NN NN NENR NN
T2o0 T2
15 NNN NN NNNNNN NN

0.9 I I I €2 .
wa w 15| |
e1 :,:,,,
5

Lom
25k 1 L
15 20 0 6

0 10
t [sec]

(a) Ball position and velocity and wy. (b) Solution on the (z1,z3) plane.

Figure 7.19: Simulation of #,,,, controlled by x4 in (7.61).

Next, using the results in Section [6.3.2] a control law with minimum point-
wise norm rendering the set MY in (Z.55) robustly controlled forward invariant
for H,, . is provided. Such a feedback is given by

Ky (x) = arg min |ugl,
ug€Sq(z)

where Sy(z) is as in (.60]) and it leads to the continuous feedback law

Ky (r) = max {\/27 (% + hmin> + e1x9, 0} , (7.62)

for every x € MY N11,(D;). Following same steps as above, it can be shown that

M in (7.55)) is robustly controlled forward invariant for #H,, via k] applying
Corollary

Simulations are generated for H, ., controlled by &' given as in (7.62]) with
the same system settings as above. One solution that starts from the same initial
condition z = (11,0) is shown in Figure As shown in Figure [[20(a), the

peaks of the height in between impacts are between h;, = 10 and hy. = 12,

175



while on the (x1,x9) plane, the trajectory stays within the set MY, which is the
region bounded by dark green dashed lines.

As expected, compared to Figure [[19(a), we observe that there are only 7
impacts with the controlled surface within the time span of 0 to 20 seconds in
Figure [[.20(a); while there are 14 impacts in Figure [[[T9(a) and every impact is
followed with a pull. This indicates that less energy is used to bounce the ball at

the controlled surface to maintain peak position within range [Amin, fmax)-

- hmax Pt —.
hmin T S—— .

AOOODDNN] e

| €1 =
5

i 15 20 O |
t [sec| : 6 |

(a) Ball position and velocity and wy. (b) Solution on the (z1,z2) plane.

Figure 7.20: Simulation of H,,, controlled by ' in (7.62).

7.5 An Estimate of Weakly Forward Invariant Sets
using Lyapunov-like Functions

We dedicate results in this section to applying

In [49, Section IV], the authors introduce the concept of viability kernel (re-
spectively, invariance kernel) for a given set that is not viable (respectively, invari-
ant) to the given hybrid system in the impulse differential inclusions framework.
An iterative algorithm to find such set(s) is presented by using a specifically de-
fined set operation. For the purpose of invariant-based hybrid controller design,
we adapt the concept of viability kernel and invariance kernel for estimating the

weakly forward invariant set to a given hybrid system in (2.I). To this end, first,
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we characterize the forward invariance properties of sets that are sublevel sets of

Lyapunov-like functions.

Proposition 7.5.1 (Forward pre-Invariance of Sublevel Sets) Consider the hy-
brid system H = (C, F, D, G) in (Z1)). Let ¢ > 0 and W : R™ — R be continuously
differentiable on an open set contamm C N Ly (c) and such that it satisfies

(VW (z),n) <0 Vz € CN Lw(c),n € F(x), (7.63)
Wi(n)—W(z) <0 Ve € DN Ly (c),n € G(x), (7.64)
G(z) Cc M, Ve € DN Ly(c), (7.65)

where M, = Ly (c)N(CUD). In addition, let the set M, and H = (M,NC, F, DN
M., G) satisfy Assumption[{.1.1 Then, the set M, is forward pre-invariant for
H.

Proof Let ¢ € S7(M,). Pick any (¢,j) € dom¢ and let 0 =5 <t; <t; < ... <
tj11 =t satisfy
J
dOIl’lQb N ([Ovt] X {07 L, 7]}) = U ([tkutk-l-l] X {k}) :

k=0
For every k € {0,...,7} and almost all s € [tg, tx41], ¢(s,k) € C' N Ly (c). Then,

(C.63) implies that, for each k € {0,1, ..., 7} and for almost all s € [ty, tx11],
d

—W k)) <0.

S (0(5,h)) <

Integrating both sides, we have that for each k € {0,1,...,j}

W (¢(ter, k) < W(o(0,k)). (7.66)

Similarly, for each k£ € {1,2, ..., 7}, we have ¢(tx,k — 1) € DN Ly (c). Thus, we
obtain from (7.64)) that for each k € {0,1,...,7}

W(o(tr, 7)) < W(o(ty,0)). (7.67)
With W (¢(0,0)) < ¢, ([C66) and (T67) yield
W(o(t,5)) < W((0,0)) < ¢

12The c-sublevel set of the function W : R" — R is denoted by Lw (c) = {x : W(z) < c}.
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for all (¢,j) € dom¢. Consequently, every solution ¢ € Sz(M.,) stays in Ly (c)
for all (t,7) € dom¢. In addition, solution ¢ is not allowed to jump outside of
D because of the assumption on G in (Z.65). Also, by (S1) of Definition 2.0.4]
¢ does not escape C by flow. Thus, ¢ stays in M, = Ly (c) N (C U D) for
all (t,7) € dom¢. In other words, M, is forward pre-invariant for the system
H=(M,NC,F,M,ND,G). m|

Proposition [[.5.1] establishes a forward pre-invariance property of sublevel sets
of Lyapunov-like functions for a modified version of a hybrid system H, namely H.
In particular, H has the same flow and jump map as the original system H, but
its flow set and jump set are intersected by the sublevel set Ly (c). We provide

sufficient conditions for the set M, to be forward invariant for 7 by applying
Theorem .14l

Proposition 7.5.2 (Forward Invariance of a Sublevel Set for ’;f[) Consider a hy-
brid system H = (C,F, D,G), ¢ > 0, and W (as well as M.,.) be such that the
conditions in Proposition [7Z.5.1] hold. Then, the set M,. is forward invariant for

H=(CNM,, F,DNM, G)if at least one of the following condition holds:
o For every ¢ € S7(M,), case (b.2) in Proposition 206 does not hold;

e Fither M, N C is compact or F is bounded on M, NC.

Proof Proposition [[.5.1] implies that the set M, is forward pre-invariant for the
hybrid system ”ﬁ, i.e, for each x € M,, every maximal solution ¢ € Sz(M,)
stays in M, for all hybrid time. Thus, by proving that all maximal solutions are
complete, we complete the proof.

Since G(D N Ly (c)) C M, case (c) in Proposition 2.0.6] does not hold. Then,
the tangent cone condition guarantees solutions will not end on the boundary of
M, NC by flow, thus, case (b.1) in Proposition does not hold.

In addition, with given assumptions on ¢ € S;(M,), i.e, case (b.2) in Proposi-
tion 2.0.6] does not hold, we conclude that all solutions ¢ € Sg;(M,.) are complete.
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Therefore, M, is forward invariant for H. When M, N C is compact or F' is
bounded on M, N C', solutions of H do not escape to infinity in finite time for all
x € M, NC, which excludes the case (b.2) in Proposition 2.0.60 Therefore, it also
leads to completeness of all solutions ¢ € Sz;(M,) from every point in M, to H.

O

In addition to the results from Proposition [T.5.1], Proposition [7.5.2] states that
if every solution ¢ € S;(M) is complete, the set M is forward invariant for the
modified hybrid system H. With these results, we provide a result that can be

used to estimate weakly forward invariant sets of the original hybrid system H.

Theorem 7.5.3 (Weak forward invariance of a set for H) Consider the hybrid
system H in 2.1)). For each i € {1,2,..., N}, let ¢; and M, satisfy the conditions
in Proposition [7.5.2 some function W;. Then, the set
w= |J M
i€{1,2,....N}

1s weakly forward invariant for H.

Proof For each 7, the set M; is forward invariant for 7:22-, which implies that,
for every x € M,, every solution ¢ € Sz () is such that rge¢ C M,;. Because
this property holds for every M, i € {1,2,..., N}, we know that there exists at
least one solution ¢ € Sz(W) that is complete and rge¢ C W, where H =
WnNC, F,WnN D, G). This property extends to the original hybrid system . In
fact, the data of H has C=wWnCcCandD=WnNDC D, and share the
same flow map F' and jump map G with H. As a result, the existing (complete)
solutions ¢ € S;(W) are also solutions to the original system #H. Therefore, there
exists at least one complete solution ¢ € Sy (W) that satisfies rge ¢ C W for every
xr € W, ie., W is weakly forward invariant for H. O

Remark 7.5.4 Note that Sy (W) may include more solutions than ) Sz (M),
i€{1,2,..,N}

due to C; = M; N C and D; = M; N D for each i, where H; = (M;NC, F,M;N
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D, G). These extra solutions may be allowed to flow or jump outside of W, there-
fore, we cannot guarantee forward invariant of the set W for H. On the other
hand, if every ¢ € Sn(W) is unique, Sy(W) is equal to | Sz (M;) and

i€{1,2,....,N}
we can conclude that W is forward invariant for H.

The following example illustrates Proposition [7.5.11

Example 7.5.5 (Forward pre-Invariance of M) Consider the hybrid system
H=(C, f,D,qg) in R? given by

f(z) = Az =

-2 1
x Ve e C:=B,
1 -2

2v ifzxe D :={reR?:z¢B}
g(x) = Ve € D := Dy U Ds,.
—z ifz€Dy:={reR?:2y=0,|x| <1},
First, we note that the matriz A is Hurwitz, so the origin is a stable focus, i.e.,

solutions to & = f(x) spiral toward the origin.

xq

0.793

Figure 7.21: Sublevel sets of proposed Lyapunov functions Example [7.5.5]

We consider the function Wy (z) = x" Pz, where P, =

0
] . Then, we have,
1
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for each x € C,

(VWi (x), f(x)) = 4o (=221 + 22) + 229(11 — 225)

= —82% + 61179 — 475 (7.68)
23 3 ?
= —Zatf —4 <ZI1 — :1:2) ,

which is quaranteed to be less than or equal to zero for every x € R%. We con-
sider the largest sublevel set of Wy within C' = B, which is Ly, (c1) with ¢; = 1
and is shown as yellow dashed line in Figure [ZZ1. In addition, g(z) = —x gives
Wi(g(x)) — Wi(x) = 0 for every x € Ly, (c1) N D. Thus, according to Proposi-
tion 751, My = Lw,(c1) is forward pre-invariant for H, = (MinC, f,Mi N
D,g).

Now we apply Theorem[].1.4) to check the forward pre-invariance property. By
observing system data, we know My ND ={z:x, € [—@, @],@ =0}, and for
every x € My N D,G(z) = —x, therefore, (M1 N D) = My ND, ie., item 4.1)
in Theorem[].1.7) holds. Next, for closed set My N C = Ly, (1), the tangent cone
Tryno(z) = R? for every interior point in Ly, (1), i.e., f(x) € Thync(x); also,
Tryne(x) includes all vectors that are tangent to or pointing inward to the level set
Wi(x) = ¢ for every point on the boundary of Lw, (1), the result in (T68]) implies

f(x) € Thvmyne () for these boundary points, and item 4.2) in Theorem[].1.) holds.

2 05
05 1|

Thus, My s forward pre-invariant for ﬁl.

Similarly, we consider the function Wy(x) = x7 Pyx, where Py =

Then, we have, for each x € C,
(VWa(x), f(x))
= (41 + 22) (=221 + 22) + (222 + x1) (21 — 222)
= 727 — 323 + 2x129
= —627 — 273 — (11 — 29)?,
which is guaranteed to be less than or equal to zero for all points on R?. Again,

we consider the largest sublevel set for Wy within C' = B, which is Ly, (c2) with
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co =~ 0.793 and is shown as green dash line in Figure [7.21. Similar to the case
for Wi, g(z) = —x gives Wa(g(x)) — Wa(z) = 0 for every x € Lw,(c2) N D.
Thus, according to Proposition [0, My = Ly, (ca) is forward pre-invariant for
Hy = (ManC, f,MsND,g). This property can be verified using Theorem[{.1.4)

Following the same procedures, we can find more forward pre-invariant sets M

to the corresponding H based on different Lyapunov-like functions that satisfy the

conditions in [[.63) and (.64). AN A

In the following example, we explain the importance of (7.65]) in Proposi-

tion [7.5.1]

Example 7.5.6 (Data restrictions on system in Proposition[7.5.1]) Consider the
hybrid system Hi = (C1, f1, D1, 1) in R given by

fi(z) = —x Vee Cp:={1}, ¢gi(x):=0 Vo € Dy = {1}.

We use quadratic function Wi (x) = x2. It follows that W1, c; = 1 and given system
Hi satisfies conditions in ([[63)) and ((.64]) since for x = 1, (VWi (z), fi(x)) =
—2x < 0 and Wi(g1(x)) — Wi(z) = —1 < 0. However, because gi(z) = 0 and
My = {1}, system H;i does not satisfy condition (L.6H). As a result, the only
nontrivial solution ¢1(0,0) = 1,¢1(0,1) = 0 jumps outside of My, i.e, jumps
inside Ly, (c1), but outside of Cy U Dy. Thus, the set My is not forward pre-
invariant for Hy. Therefore, without guaranteeing ([[65), we cannot conclude

forward pre-invariance of My for H,.

91@ a
0 -~ - fl?@ 1
|£ - b > o

Cy =D,

Figure 7.22: System H; in Example [(.5.6]
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Then, consider the hybrid system Ho in R? given by

folx) =21 —20]" Vo€ Cy:i=[-2,2] x[-2,2]\ {z € R?: 2 < 1};

g2(z) =10 0]" Vo € Dy:={z e R*: 2* =1}.
We choose quadratic function Wy(x) = x2. It follows that Wy, ¢y = 4 and given
system Hy satisfies conditions in (L63) and ([L64]) since for every x € C'N Ly, (¢2),
(VWa(z), fo(z)) = =2(z3+23) < =2, and for every x € DN Ly, (ca), Wa(ga(x)) —
Wa(z) =0— (22 4+ 22) = —1 < 0. However, because go(x) = [0 0]" and the origin
x = (0,0) ¢ My, system Hy does not satisfy condition ([{6H). As a result, all

mazximal solution ¢ € Sy,(Msz) jump outside of Ms, i.e, jump inside Ly, (c3),

but outside of CoUDy. Thus, set My is not forward pre-invariant for Ho. Similar
as the one dimension case above, the jump map G mapped solution out of Ms,
while (T.63)) and ((.64) are satisfied. This is because the Lyapunov like function
condition only stated the fact that solution will jump towards smaller sublevel sets,
which will not lead to weak forward pre-invariance only, when the smaller sublevel

sets are excluded from the interest set M.

AT2

-2

Figure 7.23: System H; in Example [7.5.6
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Proposition [T.5.1] establishes a forward pre-invariance property of sublevel sets
of Lyapunov-like functions for a modified version of a hybrid system H, namely H.
In particular, H has the same flow and jump map as the original system H, but
its flow set and jump set are intersected by the sublevel set Ly (c). We provide
sufficient conditions for the set M to be forward invariant for % by applying
Theorem (A.1.41

An example illustrating Theorem [7.5.3] is presented next.

Example 7.5.7 (Estimating Weakly Forward Invariant Set) Consider the
hybrid system H = (C, F, D, g) in R? given by

- .
_1'2 .
ifzy >0

r1 — 05_
F(z):=14[0 —05]7 ifa =0 VYoreC:=((0,05)+05B)| J((0,-0.5)+0.5B)

if[L’l <0
L _ZL’l—|—0.5_
;-
1—5(31
ifIL’eDl
0
g(x) =< - Ve € D = Dy U Dy,
—1—1’1
ifoDg
L 0

where Dy = {x € R? : 29 = 0,21 > 0.5} and Dy :={x € R? : 25 = 0,2; < —0.5}.

184



Figure 7.24: Possible solution trajectories configuration of Example [7.5.7]

It is not possible to include every point in C' using a single sublevel set of a
Lyapunov like function. However, it is possible to use two different functions W
and Wy such that every point within C' is captured in the union of two sublevel sets.
We propose two candidates W (z) = (21 — 0.5)°+22 and Way(zx) = (21 + 0.5)°+232.
For each x € {x € C : x1 > 0}, the inner product between F and VW is
(VWi (z), F(z)) = (221 — 1)(—22) 4+ 222 (x1 — 0.5) = 0;
for each x € {z € C : x; <0},
(VWy(x), F(x)) = (221 + 1)(—22) + 229 (21 + 0.5) = 0;
and at the origin: (VWi (x), F(x)) = (VWy(z), F(x)) = 0.
Then, we check W at jumps. For every point in Dy we have
Wi(g(z)) — Wi(z) = (0.5 — 21)* + a2 — (¢, — 0.5)> — a2 =0,
and for every point in Dy, we have
Wa(g(x)) — Wa(z) = (—0.5 — 21)* + 2% — (21 — 0.5)* — 23 = 0.
We choose My = Ly, (¢1) and My = Ly, (c2), which are subsets of C, for H
with ¢, = ¢ = 1. Then, according to Proposition [7.5.1, M, is forward pre-
wmvariant for 7:21 =M NC,F, M ND,g), and My is forward pre-invariant for
Hy = (MaNC,F, MynN D, g). We verify that My and My are forward invariant
for 7221 and 7:22, respectively, by applying Proposition[7.5.9. According to the data
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of ﬁi,z' € {1,2}, solutions to 3{21 and ﬁg can always be extended, respectively, by
either flowing or jumping on My and Ms, respectively.

In addition, as shown in Figure[7.2]], solutions starting from the origin (z = 0)
can either flow into the left circle or right circle according to F. Therefore, we
know neither My nor My is forward invariant set for the given H. On the other
hand, Theorem[7.5.3 implies that the sets My, My, and W = M1UM, are weakly
forward invariant for H. A A

Without completeness of each ¢ € Sz (M;) for every i € {1,..., N}, when
extending the solutions to the original system H, ¢ € Sy (W) may be allowed to
flow outside of W due to the changes of dom F' and (or) dom G. An example to

illustrate the idea is as follow.

Example 7.5.8 Consider hybrid system H = (C, f, D, g) in R given by
flz):=1 Vexel =R, g(x) =0 VzeD:=40.

Consider sets M; = [0,1] and My = [1,2]. My is forward pre-invariant for
H, = (MiNC, f,Mi1ND,g) and My is forward pre-invariant for H,y = (M N
C, f,MsND,g). By observing, we know solutions to 7—71 and 7—72 are not complete,
but rather stop at the right boundary of My and My. Since f(x) for H are allowed

to flow continuously on R, set W = MU Mas is not weakly forward invariant for

H. A A

Next, we propose an alternative construction for the restricted hybrid system
in Proposition [.5.1] that does not require (7.63]) to hold for the jump map G and
jump set D.

Given H = (C,F,D,G) in R® and M C R", let the hybrid system H =
(5, F,D, é) be given by

_|zeC ieF()
H _ N (7.69)
xeD ateG(x),
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- - ~ ~ G(z) if G(z) N M #
where C' := CNM, D := dom G, and G(z) := Vo e

1] otherwise

R"™.

Lemma 7.5.9 IfC C dom F and D C dom G, then C cdomF and D C domG.

Proposition 7.5.10 Let W : R — Rxq be continuous and ¢ > 0. Pick M =
{z € R" : W(x) < ¢} and let the data of H in (T69) be generated with such a
choice of M. Define K := M N (6’ U 15) If K is forward invariant for H then it

15 also weakly forward invariant for H.

Proof From the definition of K, we know that K C CUD. Since C C C and
DcC D, K C C'UD. By definition, K being forward invariant for H means the
following: for every point in K, there exist at least one solution ¢ to ’;fl, and all
solutions to H are complete and stay in K for all hybrid time. Because both
#H and H share the same flow map £, and jump set G for H is given by G on
{zx e R": G(x) " M # 0}, we know that Sz (K) C Sy (k). Thus, for every point
in K, there exist at least one complete solution ¢ € Sy, (K) that stays in K for all
hybrid time. O

Remark 7.5.11 Proposition only guarantees a weak forward invariant
property for the set K. This is because when D = {z € D : G(z) N M # 0}
and K C M, for every x € D\ D we have G(z) N K = 0. As a result, some
¢ € Sy (K) will jump out of K by G. In other words, when (C\ D)ND # 0, we
have Sy (K) \ Sg(K) # 0.

The invariance principle introduced in [61, Theorem 8.2] requires the com-
putation of (the largest) weakly invariant sets (inside some particular set) to
characterize the set to which solutions that are bounded and complete converge.
Theorem can be helpful in such computation, in particular, to determine
weakly forward invariant sets. The following example illustrates such an applica-

tion of Theorem 1.9
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Example 7.5.12 (Determining Largest Invariant Sets) Consider the hybrid
system H = (C, f, D, g) in R? given by

fla)=| 7 Vo€ C =R x [0,4+00),
- xl -
L

g(x) = Vo € D :=R x (—o0,0].
L xl -

Figure 7.25: Possible solution trajectories configuration of Example [7.5.12]

To determine where solutions to H converge to, using [61, Theorem 8.2/, we
take the Lyapunov-like function W (z) = Sxi+123, and define the functions uc(z)

and up(x) as

(VW (z), f(z)) =0 ifzeC
uc(z) ==
—00 otherwise

Wi(g(z)) —W(z)=0 ifxeD
up(x) =
—00 otherwise

Then, following [61, Theorem 8.2/, we compute the zero level set of uc and up
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defined above. It follows that

uz'(0) = R x [0, +00) up'(0) = R x (—o0,0].
Furthermore, we have

9(up}(0)) = [0, +o0) x .
Thus, [61, Theorem 8.2] implies that every mazimal solution to H approaches the
largest weakly invariant set given by
W=Hr) NR* N [(R x [0, +00)) U ((—00,0] x (—00,0])].

Then, given an arbitrary choice of r, this set can be rewritten as

K={zeR*: |z|=r2, >0} U{z cR?: 2| =r 2y > 0}.

The set K is weakly forward invariant according to Theorem [{.1.2. In fact, con-
dition 3.1) holds since for every point in K N D, the jump map returns a point
in K, and for every point in K N (C'\ D) the linear oscillator dynamics permits
flowing within the flow set. Condition 3.2) holds due to the properties of the flow
map. A
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Chapter 8
Conclusion and Future Work

In this dissertation, the forward invariance properties of a set are thoroughly
investigated. We present a summary of major content and several potential future

research directions in this chapter.

8.1 Conclusion

The hybrid inclusions is a modeling framework that models a wide range of
dynamical systems, for example, pure continuous-time systems, pure discrete-time
systems, and hybrid systems. This modeling framework also allows for nonlinear
set-valued system dynamics, presence of disturbances, and overlaps between the
flow and jump sets. Overcoming these complex characteristics, we provide a
systematic approach to analyze forward invariance properties of sets and synthesis
control designs that induce these important properties.

For starters, notions of nominal and robust forward invariance of sets for au-
tonomous hybrid systems are formally provided. The notions are established
based on solution (or solution pair) properties. In particular, we characterize the
property of whether a solution (or a solution pair) starts from a set stays in that
set for all future time. Moreover, the completeness of solutions (or solution pair)

is also considered as key feature to differentiate the notions.
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To prepare for the analysis effort in Chapter [, the result [61, Proposition
2.10] is extended to hybrid systems with disturbances. It provides an in-depth
understanding on existence of nontrivial solution pairs to hybrid system #,_,, and
their behaviors based on their domains. For each type of forward invariance,
a set of sufficient conditions is presented for verifying such property for generic
sets. These conditions include a jump related condition, which ensures solutions
(or solution pairs) jump back to the set of interest, a flow related condition,
which ensures solutions (or solution pairs) flow in the set of interest, and a finite
escape time condition, which, together with the two other conditions, leads to
completeness of solutions (or solution pairs). Among these conditions, for some of
the notions, locally Lipschitzness and a uniform property on disturbances during
flows are enforced to guarantee every solution (pair) satisfies the desired invariance
property.

When provided a Lyapunov-like function V' for the system, conditions pre-
sented in Chapter 4l can be modified to derive invariance properties for the sublevel
sets of V', namely, M, (or M¥). In particular, during flow, solutions (solution
pairs) cannot escape the sublevel sets because the non-increasing properties of
the Lyapunov-like function V' along solutions within a thin band outside of the
sublevel sets. Such a property guarantees all solutions initialized within M, (or
M) stay in it by absolute continuity of the solutions (solution pairs) during flow.
During jumps, the Lyapunov-like function V' ought to remain less than the value
that defines the sublevel set such that the solutions (solution pairs) do not jump
to higher level sets. Then, we modify a condition from Chapter 4 to ensure so-
lutions (or solution pairs) always jump back to the union of jump and flow sets
on the state space. As a result, one achieves forward pre-invariance, which does
not require completeness of solutions (or solution pairs), of the sets M, (or M¥).
In addition, to guarantee existence of nontrivial solutions from every point in the
flow set intersected with M, (or M), a set of conditions that involve the flow

set, flow map and the Lyapunov-like function V are derived. These conditions
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explore the tangent cone properties of intersected sets, in our case, the flow set
and the sublevel set of V. As a result, (robust) forward invariance notions that
require completeness of solutions (or solution pairs) are achieved according to the
modified result of [61, Proposition 2.10].

Using a variation of proposed Lyapunov conditions for (robust) forward in-
variance in Chapter Bl control Lyapunov functions are defined for forward invari-
ance purposes, namely, CLF-FI for H,, and RCLF-FI for H, ,,. Then, regulation
maps are built to include all possible inputs that induce forward invariance of
the sublevel sets of CLF-FI (or RCLF-FI). More precisely, these maps collect all
H,—admissible (or H,,—admissible) inputs during flows and jumps such that
the closed-loop systems satisfy the flow and jump conditions derived in Chap-
ter Bl Then, to ensure the closed-loop systems satisfy the hybrid basic conditions
for robustness with respect to small state perturbations, continuous control feed-
back laws are constructed using these regulation maps. The existence of such
continuous feedback selections is established by checking a few mild conditions on
system data that induce the lower semicontinuity of the regulation maps. Finally,
building on the existence results, we present a constructive state-feedback design
that features a minimal norm selection scheme.

We also provide several engineering applications to illustrate the analysis and
control design tools developed in this dissertation for hybrid systems modeled as
hybrid inclusions model. Among these applications, (robust) forward invariance
properties are crucial to achieve analysis and control goals for each design problem.
In particular, for a DC/AC inverter control design, forward invariance of a band
around the reference trajectory on the state space for the closed-loop system
implies the resulting solutions evolve near the reference trajectory for all time.
Together with a global convergence property, the closed-loop system generates the
desired output sinusoidal-like signal. Then, for a DC/DC converter, by rendering
forward invariance of a small neighborhood around the set point on the state

space, a switching control law is derived to guarantee the DC-like output with
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higher voltage. Such a property is also crucial to achieve asymptotic stability of
the set for the closed-loop system. Then, state-feedback control laws are derived
for a constrained bouncing ball system with uncertain coefficient of restitution,
so that the peak height after each bounce remains within a desired range. This is
achieved by rendering robust forward invariance of the intersection of the flow set
and the sublevel set of a RCLF-FI, which is defined based on the energy level of
the bouncing ball system. Finally, we adapt our results to the use of estimating

the largest weakly invariant set for invariance principle of hybrid system.

8.2 Future Directions

Forward invariance properties for hybrid dynamical systems have great po-
tential in many motivational applications as presented in Chapter [/l Possible
future developments on theoretical analysis and invariance-based controls with

applications arises in the following topics.

e A Differential Game using Forward Invariance of Hybrid Systems
The pointwise minimal norm selection scheme presented in Section
features a invariance inducing control strategy that requires minimal control
effort. In fact, the constructed feedback laws are suboptimal with respect
to some meaningful cost function for a zero-sum hybrid game. Inspired by
[73, Chapter 4.2], the cost function include a quadratic cost component that
evaluates the cost during continuous evolution of the solutions for each initial
conditions. In addition, a cost component that characterizes the cost during

jumps can be established in similar forms.

In [3, Chapter 14|, the optimality of a differential game is considered in the
sense of “playability” that is derived from forward invariance properties that
come from feedback control designs. One can derive the similar concept for

the hybrid inclusions.

e Safety and Control Barrier Functions for Hybrid Systems
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As mentioned repeatedly in this dissertation, forward invariance of sets are
widely considered to represent “safety” specifications for control systems.
For hybrid automata, Tomlin and co-authors established in-depth work to
formulate “safe” sets at forward invariant sets, [8]. Moreover, these “safe” sets
are computed numerically via reachability analysis [43,58]; while controller
guaranteeing the “safety” specifications for hybrid automata are designed by

solving hybrid games [44].

In addition, extending [9,138], control barrier functions defined for safety
guarantees for hybrid inclusions are under development using the tools pro-
posed in this dissertation. In particular, such functions surpass the tra-
ditional control Lyapunov functions in safety applications, since they are
often defined by the “boundaries” of the safe sets [46,47]. A popular ap-
proach to solve for control barrier function based designs is to formulate it
to quadratic programming problems [39]. Our results for hybrid inclusions

can be extended in these directions.

Forward Invariance in Model Predictive Control of Hybrid Sys-
tems

Similar to the “playability” in [3, Chapter 14|, for model predictive control
(MPC), forward invariant sets that satisfy control constraints are consid-
ered to be the feasible regions where feedback laws are selected from. For
instance, in [6,[11], forward invariant sets, which are characterized by con-
trol horizon, prediction horizon and terminal constraint, are used to design
a MPC controller for nonlinear systems. In [I0] and [12], forward invariant
sets featuring “safety” specifications based on environments are used to as-
sess the thread during a semi-autonunous driving scenario and to guarantee

safety in traffic networks, respectively.

Motivated by these applications, MPC feasibility problems for a wide class of
systems can be formulated as solving the controlled forward invariance sets

for hybrid systems. Such an algorithm can be computational challenging due
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to the use of tangent cone properties and defining the appropriate control
Lyapunov functions. For starters, one can extend the MPC algorithm in [6]

for computing the maximal controlled invariant set to the hybrid inclusions.

e Event-triggered Control for Forward Invariance in Hybrid Systems
As an efficient control implementation strategy, event-triggered control that
achieves stability draw increasing attention in the research community. This
is due to its nature of reducing the need to periodically update the control
input by triggering the updates only when necessary, i.e., a control condition
is violated. Among these, our recent effort in the modeling and analysis of
event-triggered controlled systems for hybrid inclusions [92] calls for in-depth
analysis of forward invariance inducing control implementations. Such result
has the potential to tackle the Zeno solution behavior near the stabilization

sets for event-triggered controlled systems in general.

e Hybrid Basic Conditions for Forward Invariance in Hybrid Sys-
tems
In [61], robustness of asymptotic stability of compact sets are guaranteed
by enforcing a set of conditions call the hybrid basic conditions; see Defi-
nition 2.0.8. Outside of the context of asymptotically stability of compact
sets, the sublevel sets of control Lyapunov functions for forward invariance
in Chapter [0l has the potential to achieve stability properties in a neighbor-
hood of itself. Such a property can be achieved by studying contractivity
of invariance sets for hybrid inclusions. Moreover, by clarifying the effect
of hybrid basic conditions on the forward invariance properties of sets, we
can better understand the connection between robustness of stability and

robust forward invariance of sets.

Other areas of science and engineering that would benefit from the theoretical and
practical results in this dissertation include several problems in biology, economics

and social science. For instance, according to Darwinian’s natural selection, sys-
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tems and organisms in nature evolve in nondeterministic ways; while the nature,
through physical constraints, “selects” the species that have better “survival" po-
tentials based on their abilities to “fit in" the environment. The concept of forward
invariance for hybrid systems with disturbances and constraints can be extended
to describe such behaviors. More precisely, the evolution history of the “survival"
species can be seen as solutions to the natural system that start within the sets,
which describe constraints like temperature, humidity, and pressure, and stay
within it for all time during their existence. Similar practices appear in economics
and social science, where the time span of system evolution is significantly shorter
than the classical “natural selection” problem. For example, determining implicit
evaluation of the volatility of portfolios and management of renewable resources
[93, Chapter 7 and Chapter 15| can be solved using forward invariance tools.

We believe this dissertation contributes both to the theory and applications
of hybrid control systems by introducing new analysis, and design tools that are

useful for the control community and other related fields.
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Appendix A
Set-valued Analysis Tools

Definition A.0.1 (local boundedness) A set-valued mapping M : R™ = R" is
locally bounded at x € R™ if there exists a neighborhood U, of x such that M (U,) C
R" s bounded. The mapping M s locally bounded if it is locally bounded at each
x € R™. Giwen a set S C R™, the mapping M 1is locally bounded relative to S
if the set-valued mapping from R™ to R™ defined by M(z) for x € S and O for
x1 € S is locally bounded at each x € S. O

Definition A.0.2 (outer semicontinuity of set-valued maps) A set-valued map
S ¢ R* =% R™ is outer semicontinuous at x € R™ if for each sequence {z;}°,
converging to a point x € R™ and each sequence y; € S(x;) converging to a point
y, it holds that y € S(x); see [94, Definition 5.4]. Given a set K C R", it is outer
semicontinuous relative to K if the set-valued mapping from R"™ to R™ defined by

S(x) for x € K and ) for x ¢ K is outer semicontinuous at each x € K. O

Definition A.0.3 (Lipschitz continuity of set-valued maps) Given a set-valued
map F : R" x W, = R", the mapping x — F(x,w) is locally Lipschitz uniformly

m w at x, if there exists a neighborhood U of x and a constant X\ > 0 such that
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for every £ € U
F(z,w) C F(&,w)+Az —¢|B
Vw e {weW,: (UxW,.) Ndom F}.

Furthermore, x — F(x,w) is locally Lipschitz uniformly in w on set K C dom F

when it is locally Lipschitz uniformly in w at each x € TI(K). O

Definition A.0.4 (lower semicontinuous set-valued maps) A set-valued map S :

R™ = R™ is lower semicontinuous if for every x € R"™, one has that liminf S(z;) D

Ti—x
S(x), where
liminf S(x;) :={z :Va; = z,32z;, = 2z s.t. z; € S(x;)}
Ti—T
is the inner limit of S (see [94, Chapter 5.B]). O

Corollary A.0.5 ([71, Corollary 2 of Theorem 2.9.8]) Let Cy,Cy C R™ and that
x € C; N Cy. Suppose that
T01 N iIltT02 (ZL’) 7é @,

and that Cy admits at least one hypertangent vector at x. Then, if Cy and Cy are

reqular at x, one has

TC'l N T02 (ZL’) = TClﬂC'Q (l’)

Proposition A.0.6 ([73, Proposition 2.11]) Let set-valued maps H, L : R" = R™
be such that gph L C gph H. If H(x) is lower semicontinuous and gph L is open

relative to gph H, then, L is lower semicontinuous.

Corollary A.0.7 ([73, Corollary 2.13]) Given a lower semicontinuous set-valued
map W and an upper semicontinuous function w, the set-valued map defined for

each z as S(z) :={2' € W(z) : w(z, ') < 0} is lower semicontinuous.
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Theorem A.0.8 (Michael’s Selection Theorem, [73, Theorem 2.18]) Given a
lower semicontinuous set-valued map S : R™ = R™ with nonempty, convex, and

closed values, there exists a continuous selection s : R™ — R™,

Theorem A.0.9 ([95, Theorem 4.1]) Given a closed set A C R™ and a continu-
ous map s : A — R™. Then there exists a continuous extension s : R" — R™ of

s. Furthermore, s C ©o(s(A)).

Proposition A.0.10 (Minimal Selection Theorem [13, Proposition 2.19]) Let the
set-valued map S : R™ == R™ be lower semicontinuous with closed graph and
nonempty closed convex values. Then the minimal selection m : R™ — R™, which
15 given by

m(z) :=argmin {|z] : 2 € S(x)},

18 locally bounded and gphm is closed and continuous.

Definition A.0.11 (Hypertangent) A vector v € X is said to be hypertangent to
the set C' at the point x € C if, for some € > 0,

y+tweC forallye (x+eB)NC,wev+eB,t € (0,¢).

Proposition A.0.12 ([73, Proposition 2.16]) Let W : R™ = R™ be locally Lip-
schitz continuous with convex values. Let r : R" — Rog and € : R" — (0,1) be
locally Lipschitz continuous, and suppose we have W(x) Ne(x)r(x)B # O for all
x € R*. Then, S : R" = R™ defined by S(x) := W(z) Ne(x)r(x)B is locally

Lipschitz continuous.
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Proposition A.0.13 ([73, Proposition 2.14]) Given a locally Lipschitz set-valued
map W with nonempty compact convex values. Let w be locally Lipschitz continu-
ous and such that the mapping z' — w(z, z') is convez for each fixed z. Then the
set-valued map defined by S(z) := {2 € W(z) : w(z,2") < 0} is locally Lipschitz

continuous on dom S.

Proposition A.0.14 ([73, Proposition 2.20]) Given a locally Lipschitz set-valued
map S : R" = R™ with nonempty, closed, convexr values. Then, there exists a

locally Lipschitz selection such that s : R™ — R™.

Lemma A.0.15 ([71, Theorem 2.9.10]) Given a set S := {x : h(x) < 0}, suppose
that, for every x € {x : h(x) = 0}, h is continuously differentiable at x with
0 ¢ Vh(z) # 0 and the collection of vectors Y := {y : (Vh(x),y) < oo} is
nonempty. Then, the set S admits a hypertangent at x and

1) y € Tg(x) if (Vh(z),y) <O0;

2) Jy € intTs(x) NintY such that (Vh(z),y) < 0.
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