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1. UCRL-10813
ELASTIC K ~PROTON SCATTERING AT 916 MeV/c.
POLARIZATION OF THE KECOIL PROTONS
Verner Hirsch
La&rence<Radiution Laboratory

University of California
Berkeley, California

ABSTRACT

The Berkeley 30-in. propane bubble chamber was used to study the

. + ; . . ; .. . ‘s
clastic K ~proton interaction at 910 MeV/c, in the region of traneition

from the isotrOpy in angular diétribution found below 810 MeV/c to. the
rapidly inCréasiﬁg anisotropy above i BeV/c.

Results based on 1154 events show that the series (l'+ a cos eim)
can fit the angular distribution with a = 0.18 * 0.05.

Polarization was measured on the secondary proton by using proton-

proton and proton-carbon recoils in the liculd of the chamber.

A likelihood function using 53 protom-proton and 1 proton-carbon

interactions gave these vélues for the polarization:

, B (0% < 05 2 70°%) = - 0.60 £ 0.80
" . )
< Gim < 100%)= - 0.74 = 0.45

ﬁ B(1oo® « eim < 140%)= + 0.55 £ 0.93

\ B(1so° < é;m

The results of a phase shift analysis incorporating these polari-

< 160°)= +°0.70 £ 0.93

zation data are presented.
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THTRODUCTION
The purpose of this eXperiment-is'to investigate K%~prot0n elastic
scattering in en intermediate energy region, between thé isotropy that

1,2,3
252 and

seems to characterize the angular distribution below 610 MeV/c
the rapidly increasing anisotropy iound to exist above 1 BeV/c .
e f : PRI S . N

- The work of Coldhaber ét al.” indicates that the very low energ
-+ .
K =~ P interaction s characterized by an isotropic sngular distribution,
by constructive intérference between nuclear and Coulomb interactions
(therefore by a repulsive nuclear force), and by an S-vave phase shift
the magnitude of which increases linearly with momentun st least as
far as the 640 MeV/c region. A description of the scotitering in terms

2k

cf & P, interaction, or a mixture of P.,. and P_,. states, which can
1/2 1/2 3/2 ’

enersy behavior and the constant character of the angular distribution
(o] <o

over this whole momentum region. These results are not in disagreement

D

o]
. 1 . . o P
witn the earlier work of Kycia, Kerth and Baender . At 810 hev/c

lgotropy is still a possible description of the observed angular dis-
tribution.

The results of Cook et ﬂi,u’B at 976, 1170, and 1970 MeV/c show
that some anisotrepy appeers definite at around 1 BeV/c, increasing
rapldly in importance. Their 1970 MeV/c data i1s dnterprsied with an
Optical‘model approach becauce most of the angular distrivution here
looks like predominantly a diffraction interaction.

Our present experiment is to measure the aﬁgular distributicon in

the region of transition, at 910 MeV/c, to try to determine, with

the aid of polarization measurements on the recoil proton, the nature



totes dnvelved in the interacticn. If good
pelarizavion data are aveilable, it is, in principle; poésible to
distinguish between pﬁre angular momentua states and mixtures.

Sines proton-carbon scatters have high analyzing power, 1t was
advantageous to conduct the experiment in propane (CSHB).

The experimental arrangement6 showvn in Fig. 1 was used to lead
‘910 MeV/c K+ mesdns from the Bevatron target to the Powell-Birge
BO—in. propane bubble cham.ber7 with which k2,500 pictureé weré taken.
A scan of 19,750 picfures for two-prong scatters yielded 4982 caﬁdi;
date events of the type shown in Fig. 2. These were measured on
digitized miéroscopes and- constralned in energy and momentum:to be
elastic Kf - Proton interactions.

| 0f the 4982 events, 1905 had readily identifiable scattered prongs;

in that a) the proton came to rest in the liquid ofvthe bubble cﬁamber,
ox b) the K" decayed after scattering, or ¢) the K went in a back-
ward diréction with respect fo the incoming beam particle. For other
events a scan table comparison of predicted and observed lonization
density and &-ray formation gave the correct identity of the scattered

prongs.

1154 events were included in the anguler distribution after con-

straint to elastic K - Proton scattering (See Fig. 3).

7’5 obtain maximum effectiveness_from phase shift fitting,'the‘
" polarization of the recoil proton was measured by second scattering
4n the liquid of the bubble chaumbecr.

For this purpose all 42,000 pictures were scanned‘for good K% - P
elaéﬁic scatters that were follbwed by interactions of the recoil
protons either on hydrogen or on carbon (Fig. 4). Good P—hydiogen
events had to be coplanar and have 90o opening angle between the

scattered protons. Good P-ccrbon events had to lie in the acceptable



~bo
region of a modified Fowler-Birge  plot and to show no evidence for
an energy loss greater than 50 MeV.
There were 94 events that met all these criteria (41 P-carbon

-and 53 P-hydrogen evenfs).

Q.

The polarization information was used, with the measuréd‘angular
distribﬁtion, to obtain the best sets of phase shifts to describe
K& - Proton elastic scattering (Table I and ¥ig. 5).

The following equations, which are discussed in détail in appendiceg
A and B, were used to analyuzc dur data. |

(1) The angular distribution is given by:

%% = lb]2 [h{ » where

&= iy LEOE! S Lo+ ) A et LAL, - 1/2 Y (6)
: ﬁ'w uﬂ ® / i f

ho= 5% Lio‘f AL L+1/2 " P, L= /20 Y (6)

where 6 is the scattering anglé; L is the angular momentum; k is pro-
portional to the incoming momentum; and where we have set

- 20,5
AL,J = e 2 1

Céulomb scattering causes a modificafion of theze equations, as is shown
in the references 4, 5, and 16. This hasfbeen‘taken into account in the
ekperiment
(2) The polarization of the recoil proton at the first scatter is
PO<9) 2 Re PhA

BES

and is-directed along the normal to the first scattering plane.

‘

(3) The differential cross-section for protons at the second scatter is

.

gg (1 + PP, cos 9)
where P. is the analyzing power at the second scatter and ® is the angle

"1
between the first and second scattering planes,

4 The data in this reference, as greatly expanded by V.Z. Peterson, describe
elastic P-Carbon interactions and degrees of inelasticity of P-carbon -
interactions up to a proton energy loss of 50 McV.
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EXPERIIVIEN&_L‘AL PRODEDURE
I. 'Abparatus
The beat tranSporﬁ equiﬁment designed by Goldhaber; et‘al.6
prov1dc& a momcntum—analyZud and velocity-separdted beam‘oL K (Fig 1).
Protons implnged on a target in one of the Bcvatron otralght sections.
'Eartlcles-travelllng at 27.5 to the clrculatlng proton beam were
alloved to enter the beam transport channel after passing through a
collimator to reduce the vertical size df the image; Momentum analysis
took place’ at a'bending magnet and momentum selection in a horizontal
eollimator beﬁind the-magnet; vThisvcollimator and tﬁe focuésing Prop~
erties of the frmgmg field of the ending magnet created a par’all.ell beam
.which was passed through“a tenffoon,crossed-fleld Velbcity spectfométer
%o éﬁuse a VertiCal'displaCement of(n+ ande+ images.v Thesé_were
focussea'by a twb~eiemenﬁ quadrupolé-magnef-on a slit which'was so.>
piaced as'éo_admit @referenﬁiélly K+.' Tﬁe‘fésf of the beam vas a
mi:rof image.of vhat has‘been‘described.so far,»fofming & final imege
at é secéﬁd s1it. Behind thiSFWa‘xplaced ﬁhe.SOfin. propane bubble.
chamber. Ixtra maneﬁverability vas obtained.by a small C‘maénettin
front of ‘the £irst si'ifc. A horizontal coliimstor was pleced within
. the first quadrupoie.magnet to keep the beam offvthe vallé of the second
,velocity spectrometer. . |
"Separatlon curves" (Flg. 6) were run by tuning both spectro-
i meters.for<K ; then vary;ng tﬁe magnetic flcld 1n20ne to sweep over
é broad region around the best'K+ operatingbpoint.
H The PowallaBirge 30?in, heavy-liquid'bubble chamber7 was filled
with pfopane (C3H8; denéiﬁy = 0.415 érams/cc) and placed in a.l3;OOO>

gauss magnetic field. It was equipped with two cameras horizontally
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separated by 22.9 cm and situated lMQ cm abovevthe prdpane vessel dteclf,
The traéks.WGre measured by.makingv(X}Y) coordinate observations

with'digitiﬁed:micrOSCOPGS in both étereo views at intermittent points .
aiqng the track lengfh‘ Computation consisted of spacial reconstruction
of trdcks, evoluation of momenta, angles, and error estiﬁatés, calculation
of derived quantitieé‘(i,e; enerpics, center of mass values of the para—‘
meters, etc), -and constraint of all measured.quantities to fit the
hypothesis of elastic K+ ~ P scattering. ALlL these functions were

perfdrmed by the FOG-CLOUDY-FAIR data reduction sysﬁem9.v



II. Scanning

Scanning instructiofs specified:

a) that an event have two and only two oﬁtgoing prongs;

b) that the incident X' enter the bubble chambelr within 10° of the
average beédm direction, and that it have no other lnterdctlon
prior. to the two-prong scatter;

e) that both scattered prongo not ll@ to 'one side of the incident
track in both views; that both : cattercd prongs not go backward
with respect to the 1n01dent track; :

. ‘ %
d) that the scattered‘prongs obey the 'scissors test!

e) that a truck coming to rest in the. llqu1d of the chdmber,
without decaying, be labelled ”proton 3 '

£) that a track whose ionization becomes less dense abruptly,
accompanied by & scatter at this point, be labelled "Kt decay"”
unless the kinematics violate this hypothesis;

g) that a track scattered backward with respect to the incident
track be labelled "K*”, and, finally,

h) that all &=rays on any prong be noted.
Instrﬁctioh (a) is intended to eliminate a,portion.df thé.inelastic
ititeractions on hydrogen or carbon. Item (b) fequifes that théviQm
mom@ntﬁm<be up‘ﬁo the average, since ﬁracks scattered on the beam tréms-
'port équipm@nt or in the propane itself wili‘have a reduced moméﬁ%gﬁ.-
'Ztéms_(c) and (d) are rough elasticity dnd c@planarity tests, .Items (e),
(f),»énd.{g) take advantage of the known CndruCuerinlCS of K 's and
protons to help identify the scattered prongs. Item (h) is used for
subsequent identification of prongs ;- uéing the measured momenﬁum‘value
one éan &ifferemtiate frequently between K+ and proton on the basis

. o o SR R
of d-ray formation. This is alsc a method of removing n contamination,

% ‘The "scissors test" is a rough indicotion of the covla naxlty of all
three tracks at an origin: one ctoalesces both images of the beam track
on a scanning projector. Then, rapid switching from one projected view
to the other will cause the scattered tracks to appear to move back and -
forth like a palr of scissors il the event is coplanar. I, however,
one prong goes backward with respect to the beam particle then the track
images will appear to move in the same direction rather than in opposite-
- directions for coplanar tracks. Either criterion could be obeyed.
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since the K+ cannot make o-rays of greatar,energy'thﬁn 5 MeV.

Tracks less than 3 mm in léﬁgth wvere rejeétéd.

Out of 19,750 pictufes scanned withvthése instructions, MQSQ candi -
dates for Kf - Proton élastic scatlering were obéex&ed and measﬁred.

For the second ?ortipn of_tﬁis experiment, the measurementlof the '
recoil proton poiarizafion, an instruction Was.givcn to note all inter-
actions on scatteréd pTOngs.' Another 22,750‘éicturGSFWefe sc&nhéd only
for suéh second scatfers.» The whole film yieided 1757vof thése events.

The'fihal éngular distfibutioﬁ_dontains'evenﬁs gnly from tﬁe fully
séanned.lQ,YSO picture sample, whereas the polarization meésufementé_USG
all the available film: The fully scanne&brolls of film aré interépersed
witﬁin the.total footage to ensure proper Sampling.

Of the 4982 canaidate events for the angular distributiéh;‘l905 fell
under scanning instfgctions (e), (£), and (g) aﬁdAfhus had their scattered
prOngé identified. Thé remaining 3077 events had to be constfained to
two elasticity hypotheses corresponding to the.p0$éible idenfity per-

mutetion of the scattered tracks ( (X , P and



III. Selection Criteria’
LA, Elasticity Criterie
fElastic seattering experimentsibn hydrogen in a proPéne chamﬁer
are éharactérized by high backgﬁound §iﬁce only one third of the
possible'interactiens take place on-free protons. We have three
mcmentum and one energjbconéervation cenditions on nine measured
varisbles (one nomentum and_twb énglesvdefine eéch‘track). Using the

method -of Lagrange undetermined multipliers as it is described in

0

Berge; Solmitz and Taft,l & Dest Tit to the elasticity hypothesis

.2 . n i e
and & x goodness of fit estimate ere obtained.

A .
) = 0.0%; Fig. 7).

. 2 N oL AF !
Vie chose a x~ cut off of 10 (P! X
Two tests were made to show that this cut off was Justifiable.

Fig. 8 shows the distribution of "quasi-elastic" events, defined

2

as those which had 10 < x° < 40 and also fulfilled the comservation

equations after constraint. These are interzctions with peripheral
protofis in carbon. Comparison with the elastic distribution shows

~that, within statisties, both have the same angular distribution.

.y ; - or e L2 n ; % e e
Thus, choosing our eut off at x~ = 10 does not introduce a Dbias in

the angular distribution.

Fig. 9 shows a plot of the Q value of the scattered ?rongs
1/2

(vhere Q= ['(% Ei)2’~ (? ?;)2] - % Mi) for events With'xg > 10.

These aré overwhelmingly carbon events; although a few inelastic and '

* The-meas’ured’x_2 distribution in bubble chamber data is often found
to be of correct shape but displaced too far toward higher values of
x2. This is due to a general underestimation of measurement errors,
and must be corrected before a cut off limit can be meaningful. Our
errors were underestimated by a Tactor of 1.22.
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élastic K% - P interactions are included. The histogram shows vhat
may be called the "carbon phase sPace.”. From an experiment of
K" +n —939 + P, cOndﬁcted:at'770 MeV/c in propane, ve have a Q value
diétribution of the two outgoing.prongs, This distribﬁtion, nbrmalized
to our data and showm in a solid line in Fig. 9, is from an inter-
actiqﬁ which mgst have taken pléce in carbon., It provides a test to see
whether the réjected events with xg > 10 really are carbon scatters.

As is seen, our histogram_fitsf&'”cdrbbn phase space' very well, except
for an enhancement in the rggion of 3OO MeV. This is due to those
L% (or abouﬁjéo évents) of elastic scatters with x2 > iO, vhich lie
in the tail of the y2 distribution. | |

vHaving chosen our x2 cut off, we then went back to the scan
table and looked at those eventé with X2 < 10 where scattered prongs
had not p;eviously beéﬁ identified. Using the computed moméntwn from
curvature, andvcomyensating.for tﬁg dip anglés of the tracks, e
compared predictéd and obgef§ed fonization densitié; to Gifferentiate
betweer the scattered X from the proion..

théneVer-pOSSiﬁle we uséd thé 6§~&ys to a;duﬁs,"aaray fofmétioﬁ,
'ié-a funetibn of Veioéity'ahd therefére’a‘Kf 6f given momeﬁtum will
form more than ajproton_éf the bame momentum.  The‘maximﬁm énergy of -a
Beray aiso.is velbcity dépendent{v For ﬁOmenta below 600 Mev/c, for
example, a proton will not créate"6~fays of sufficient énergy to be

visible in propane. At 910 MeV/c protons can give S-rays of 0.97

%  This minimum 8aréy energy i8 approximately 0.k MéV, though
straggling.may causevVariation_in this. In propane an electron of
energy greater than 1.0 MeV will lose 1 MeV per centimeter.
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»,'. 14 g r+ . o+
MeV wvhereas K can produce &-rays of up to 3.5 MeV,

In some cases it was possible to use range~-curvature to pick out

A '
the K .

+ -

- Proton background interactions can also ¢rcqucntlj be detected
by using these methods

BJ uulng “these uhrcu tccnnlqucu (ionization, &= -rays, and ronge-
cUrvature) ve ‘were able to identify 90 to 95% of suattered tracks.  The
remainder consisted of: 1) Those better sulted, by observation; to be

oo F 4 . o , N . ;
n than X' end 2) those events whére lrdacks were so poor in quality as

to be unidentifiablé. In the lotter clags were very steep tracks

vhere ionizatlon density was unreadable, much kinked treacks whele

momentun ox range wcrg umm“”surublc , and lastly, events falling in

reglons where temperature gra Ccaused distortions in the media
between the cameras and the chamber,

o 2., .. et . g . . ;
The x~ test after counstraint of measured variables is meaningiul

N

He)

i

[Q]

only if the constraints have indecd Bcen satisfied thiough ©
adjustitent. Thus we regquired that the energy conservation eguation

balence to witain 5 MeV, <hut longitudinzl and transverse moments

- palance tO within 5 'eV ¢, and that LhuL“m~”:t valance to within 17
1 J p)

Salla
‘ (3

ninutes of arec.  Actuzlly, all these qpaﬁtitleé should, after con-
sﬁraint, balance exactly; yet, rounding errors end the finite number
ofICOmputation iterations performed To achieve convergence can cause
some apparent.imbalance. Just one more iteration m.guu have caused

complete convergence, then the imbalance would be a reflection of

nathematical rather than physical limitation and the event ought to

% Since there are four constraint equations, we can deliberately omit
nmeasuring the momentum of a bad track, use a constraint to supply it
and still have three conditions left to impose on the event.
' N - . L
%% The coplanarity is (K, P . K ] and 1s re-
T POnarity L( 1n01dent rec01l) . scatt. -
quired to balance within 0.005 in the cosine of the 4ot product

angle.
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be labelled as "good". Out of the 4902 cendidate events scent to the
computer, 1448 or 29¢% passed the combined x2 and "converged constroints”

tests.
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3. = contamination
. . o, + .+ ‘ . o
The contamination of n and p was measured by use of d-rays.
o - . 1L . ; "
T'irst a special scan was made of film from another experiment with
i .
knovn n flux in the same energy region. A count was made of bean
track d-raysg with more than 5 MeV, and -- separately -« of beam track
interactions, These &-rays muuh come from n or i, while the inter-
actions must come from m slone. By comparing this with -results from
our experiment, we concluded that the combined n and p background was
(8.9 0.5)%, on the basis of 307 H-rays greater than 5 MeV on G735
meters of beam track., The n contamination alone is (5.9 + 1.2)% on
the basis of 23 d-rays greater than 5 MeV found on tracks that sub-
sequently interacted.
To ascertain the maximum possible contamination of our firal,

selected sample of data, we plotted theoretical curves of @,, the

k')

§d " : P A P e ,
laboratory scattering angle of the K , versus Op, and of Qw versus Qp,Flg

A o . ' ' ) .
Good elastic K = P scattering events were placed (before constraint)
on this scatter diagram. Their displacemerts from the

(Gk VS, GP) curve and from the (& ve. aj) curve were each plotted in
< s k

histograms showa in Fig. 10L and 10c. Iperimental measurement errors

Py

in angles are less than 1.0°. (See Fig. 11).
The displaced peak indicates indeed that these events are better

fitted to K - P then x - P scattering. Yet there is a region, for

émall Gk_or G%,'Where the theore@ical curves approéch each other to

an angulaf separation that is of the order of magnitude of the errors.

In this repgion some overlap is found, and this gives the upper limit

-+ . . ; . Y
+o the actual n contamination of our final data.

10



1o
¥e have divided the events into those which lie in the ragion of
possible overlap and those which do not. The latter invariably liec
: o ' ' . .
at least 1 farther from. the (x, p) curve than the (K, p) curvc. In
. . + S ; . - : . - o
other words, st contamination is rejected in scamning aud by the
constraint program, and where no overlap should cxist; we have found
1 : :J.] ) . : e + e . can® il . .
none. Thus the backgrowid of = - P events must exist golely within
the overlap region.
If we say that any event, lying in the overlap region and within
o o ‘ L + e 4
1~ of.the (Gﬁ VS QP).curve, could be a n - p scattering event, and
if we further say that the maximum x contamination of any given set of
scattering events is given by the 5.9 = 1.2% "  determined above, then

we find a maximum 5 contamination of our Tinally selected data of

0.5%. We estimate that this is well withiir the errors due to statistics.

¥ + . - :
This assumes that the angular distribution of (x , p) is similar to

that of (X%, P). Actually the («*, p) distribption is peaked
forwvard more than the (K7, P) at this energy.<® Compensation for .
this brings the maximum x* contamination up from 0.5% to 1.0%.
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C. Beam Momentum

In Fig. 12 we show a plot of measuréd beam momentum along with a
fitted Gaﬁssian curve. The value 910 £ TO MeV/c was obtained. A

12 i
study of T decays™ gave a result (also averaged over the length of
the»chamber),of 910 * 60 Mev/c. wThe momentﬁm-loés of the K+ over
the length of the bubble chambef gives a minimun momentum spread.of.
x 50 Mev/c; these errors are not much wider than this.

Frequently, in experiments with well-analyzed beams of particles,
one is able to "edit" the measured value of beam_moméntum;vthat is;
one constrains it to be the value fixed by the ﬁagnets and collimators
of the beam transport equipment. This was not possible here hecause
the beam wes really designed to operate at about 700 MeV/c, and all
parameters were strained veyond original intention to achieve the
present momentum. All alterations were performed on the equipment as
it sat ~ar‘aligned =» 0n the bevatron, floor and no extra wire oroits
were run on the magnets or quadrupoles. Thus it was dmpossible to

dict, exactly, what the actual momentum in the bubble chamber

@

pr
would be.

The K+ -~ P angular digtribution is known to vary only slowly with
mOmentumvin this region. WNevertheless gome cut off limits are neceséery§

We chose 910 + 100 MeV/c, about 1.5 standard deviations.
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D. Azimuthal Angle

. + - ; . e : e .

The X' - P interaction, assuming a sphericelly symmetric potential,
must be invariant under the rotation of coordinate axes sbout the in-
coming (beam) direction. To test this, in Fig. 13 the azimuthal eangle,
@, was plotted. It shows a generally isotropic distribution except

) . O [e] . e RO . ‘ . ‘ e

for regions at 0 , 1807, and 350 . [These are the angles of particles
heading almost straight up or down in the chamber. These tracls are
hard to see and hard to measure, and we are biased against them. To
correct for this, we dmpose the following acceptable regions. on the

azimuthal angle (0N

190° < o < 340°

These limits were imposed after a detailed study'of Fig. 13 and

similar graphs..
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L. Other Selection Criteria
There was, ih addition, a fiduciai,regioﬁ c?iterion'sd that all
events would lie in easily visible regions of the'bubble.chaﬁber.
This ensured that scanning c¢flficicncy would not vary téo rapidly with
the position of the interaction vertex.

A last criterion specified that the error (after constraint) in

cm

. . — o . ;
6 the center of mass scattering angle of the K ,be small enough to

minimize the chance of events overlapping into adjoining angular
e . . ) . \ o .
distribution boxes. This required an error of less then & in Oﬁm.

Only four eVenté vere affected.
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IV. Angular Distribution

.In Fig. 3 wé show the an"ular distribution of the 1154 events
that met the selection eriteria. This was snalyzed with @ likelihood
Tunction ﬁo obtain best fits with a varying number of terms in a
cosine series.

A plot of the number of degrees of freedom, n, versus Chi-
squared divided by n * (Fig. lh) chows that either

do

T oC 1+ (0.18 £ 0.05) cos o L @)
or
%%C-C.’ 1+ (0.20 £ 0.05) cos 97 + (0.18 * 0.12) cos” 0" (2)

will satisfy the angular distribution. The former is more satisfactory

, - 2 ,cn o , : o
because the addition of the cos @P term does not change the coclfficient
N

em o s . I e
of the cos Qk term appreciably; on the other hand, +the coefiicient of
~is subject to a standard deviation almost ss large as itself.

2
cos Ok

% The plot of (n) versus / ) is based on the fact that the average
value of < is n. Thus we C/pect that a distribution that is well
fitted by 3 ecoefficients will pget a very high y% value when fitted

with one coefficient, a lower valu; with 2 cocfficients and approximately
1l with 3 or more coeff1c1ento.
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V. Polarization

From the unknown polarization (PO) induced in a direction 7, at

1
the first vertex, the known analyzing pover (Pl) in dircction'ﬁé at
the second vertex and cos @, defined as the projection of'ﬁl on'ﬁ?,
the following likelihood function was constructed:

) k
A e
Ao (P Yo (L + P P, cos &)
o 5 o "1y 1

The product is over the k second scattering events to be used in

various phases of this analysis. The bazig for thiz likelihcod

(1)

function dis that the differential crogs-section at the second scettering

vertex is

dol . . )
mo—(1 4+ PPy cos @),

as is proved in Appendix A.
The proportionality sign is used dn %Bq. (1) aebove becsuse meny

factors not depending on P nhave been omitved. These sexve only ho

change the arbitrary scale of the iikeldinood function, neither
aitTecting its shape nor the locaticn ¢l ito miiinum when plotied as
& function of P_. Since the Iuncticn is o preduct of

O

probabilities, it actually includez the total
. Y,

the 17 event scattered through {@l , 0. ) oat

. , e Li '

undeflected to vertex 2, and scattered there through (7, . 7, ).

A sct of input values Po’ then gives a curve wich & maxinwm

that defines the most probable value of P o7 averaged over the data

under crisideration, and a width that defines the uncertainty in this

\

value.

For later combinatica with a phese shift analysis we have used

3 -~
I

- cn .
A5 to find a value of P, in four intervals of uk‘, the center of

mass scattering angle of the K
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Selection Criteria‘for the events to be included in this anaiysis

are discussed in the following sections. 9k évents were selected: 41

P-carbon and 53 P~hydrogen scatters. They are shown plotted in Fig. 17.

The ordinate is to be interpreted as the "equilvalent number of events
i v L1 . " ' 5. ) - . .

of unit analyzing power"; it is the sum 7 (P, cos @,) for all events

i -li i

cm . » L o
. This corrcsponds to counting

falling into the same interval of Ok

up the total effective analyzing power in that interval. It might
also be thought of as the number of events that an equivalent counter

l.OO)mighf_have

experiment (of such geometfyvthat cos @{% l.and Plfg
vrecorded. :
In Fig. 17 we have geparated the two classes of second scatters,
P—cérbon and P-hydrogen. Itlwill be noted that the P-carbon events
cm o]

tend to cluster in the region Qk < 90" (forward scattered K and

backward scéttered proton) while the P«hydrogenveVents tend to lie
in the'bthér center of mass hemisphere. This means that, in the latoratory
P-hydrogen stcatters tend t6'0ccur to the fastéf protons, whefeas
P-carbon scatters tend to be found oh the slowver proéons.
Though the P-P cross section is ncarly éonstant throughout this

)

energy regidn (70 to 500 MeV), the P-P scatters tend o ccour on the
faster protons because these lie forward ih the chamber and have .uch
longer'paéh lengtlis. with greater likelincod o©f interaction. P-C
scatters, on the other hand, rapidiy become inelastic at higLer ehérgies;
The maximum angle of scattéring of elastic events of higher energy sirinks
©10% Unless such a small scatter is nearly horizontal
it may not be visible.

We have fever PﬁC events‘than P-P though the P-C cross sectiOnvis

larger because:
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1. There is 8/3 as much hydrogen as carbon in propane.

2. There are more channels for inelastic P-C than for inelastic
P-P collisions.

3. P-C scatters tend tp be small in angle and hard to detect.

Eq. (1) cannot be used for bubble chamber events without including
a geometric correction factor. Since the existence.mf this facltor was
Tirst called to our attentiop by Dr. Malcolm WhatleylS, ve shall hence-
forth refer to it as the Whatley Correction. 4 detailed explanaticn
1s complicated and is left Lo Appendix D.

Tor the purposes of this section, we need only point ocut that
since the meaéurement of polarizaﬁion is based on an azimuthal asyumelry
at the second scattering vertex, we nust be able to detect, for given
scattering angle, all azimuthal directions. In other words, protons,
scattering in a cone of half angle (X about the direction of the in-
cident pro@on, must all be visible. If the second scatter occurs near
the top or bottom of the bubble chamber, for some azimuthal directions
the protons may leave projected track lengths toé shért to be seen in
the photographs. This forms a2 biasz in polarization measurement. Tach
event must be corrected individﬁally. 12% of our events were affected.

We now state the results of the spplicciion of Bg. (1), as modi-

)

. o . . A aCI1
fied by the Whatley correction, to the four intervals of & = chosen on
- . K

the vasis of the distribution shown in Fig. 17:

P (Lo° < n::'f;n < 70°) = - 0.80 + 0.80
B (70% < o™ < 100°) = - 0.7k & 0.15
P (100° < 0" < 1407) = + 0.55 % 0.93
P (140° £ 6" < 1607) = + 0.70 £ 0.93

: 7
The corresponding curves, with the logarithm of L (PO) plotted

versus'PO, are shown in Fig. 18.
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VI. Second Scattering Selectioh Criteria

A. Genéral Remarks S - e

To Be useful for polarization measurements; second scatters‘muét
fulfill two conditions: a) they must occur on proton recoils from sn
elﬁstié'first'scatter, and b)‘fhéy must be interactions for which
polarization measurements have been carried out in some previous
experiment. .

Conditionb(a) 1s necessary so that a well-defined polarization
state exists. Condition (b) requires that the aralyzing power a£ the
second scatter VPe krown. The analyzing power is équal;to the state
of polarization that would be induced by suéh a scatter on an un-
vpoiarized Beam of‘protons of the same momentum.

Elastic proton-hydrogen interactions have previOUSiy had
analyzing poﬁer recorded over a large eneﬁgy region; Prbtonacarbon
scatters hav§ been investigated in the fegion from perfect élastiéity
to an energy ;oss of 50 Me'v.8 |

. The morentiun bf‘the'incident'ﬁfdton at fhe seeond vertex was
well known because this proton had,preQiOUSly'béen'constrained at
the first Verteka‘ The momenta of the scattered tracks at the secgnd
vertex are often hard to measuré because the tracks are steep. The:
angles of such tracks, however, can still be well-measured.

By ¢0nvention, the éngle of scattering referred to in P-P.
interactions is the.smalier of the %wo scattefing angles, éofrgsPonding

to the forward hemisphere in the center of mass.
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B. Proton Hydrogen Interactioﬁs
Second scatters with two visiblé cutgoing prohés’wéré tested in two
ways as being possiblé eléstic P-P scattersi
First; all three tracks were required to_be.eoplanar'withih cerfain
limits. Thcsé cut off points were chosen after inspection of ig. 15a
where the vglue of the triple product of the mo@entum vectors has been
plotted. This centers at zero (perfect coplanarity).
The second'requirément vas that the labbratory opening angie of
“the_ﬁw§ outgoing protons be wisnin the linits shown in Fig. 155. This
_ nearly _
angle is / congtant fer a given incoming momentum. The spread shown
is QUtho the spread in this momentum, as well asg to measurenment error.

R i . ) - . o
Bvents which met these two tests and which algo were good K -~ P

. s . . 'x. . 3 .
glastic scatters at the first vertex were given appropriate analyzing

9]

i - . o]
power from the graph in the Fowler-Birge paper .

% Six requirements have been mentioned for inclusion of an event in the
angular distribution. Of these, only the elasticity and becm momentuin
restrictions were kept for polarization candidates., The other requirements
deal with scanning and graphing biases which are not applicable to the
likelihood function approach used in thils analysis,
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C. IProton-Carbon Interactions

2-C scatiers was that they
should be elastic to within 50 MeV. This information was obbtained
from a (modified) Fowler-Birge plot8 of incoming proton momentum
versus scattering angle.

The curves that ylelded the analyzing power were divided into
several categories of increasing inelasticity, with decreasing snalyuing
power.. Therefore we next studied the photographs using oll available
information, such as momentum, dip angle, measurement error, and
ionization density to estimzte the amount of energy loss.

There were a few recoil protons that came to rest in the chamber.
Their momentum was known to 3% and their energy loss could be asccurately
determined. Other events, if obvicusly inelastic, also received a

e}
lowered analyzing power. In most cases, however, the amount of in-
elasticity could not be established.. Such events were arbitrarily
labelled "elastic". This is reasonable because of the very high
(300 mb.) cross section for elastic scattering.

If an event fell in a region where the analyzing power had not
been measured, or could not be Found by é.short extrapolation, we did
not use it. 41 events were finally used.

A bias is introduced by the fact that some of the P-carbon
scatters at small angles are.really P-hydrogen scatters with proton
recoils too short to be seen in propane. The maximun P-P analyzing
power of 45% is only half the maximum P-C analyzing power.

To resolve this bias, we plotted the laboratory angular distri-
bution of P-C end P-P scatters as shown in Fig. 16. The P-P

angular distribution (when plotted in terms of cosine) is
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isotropic at our energies.lu We found that portion of our distribu@ionvv
which is indeed a straight line and extendéd it to a cosine value of
l.O{ to estimate the number of missing P-P scatters.

Not all the P-C scatters in the angular region of the egtrapolated
line could be P-P, since some configurations would have préduced visible
recoils. | |

We estimated that there were 9.8 hidden P-P events in Sk elastic
and inelastic P-C scatters. Therefore each P-C'evenﬁ,'if used for the

polarization, was assigned a mixed analyzing power,.(BQ% [P—CJ + 189 [P-P] ).
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D. Cosine ¢ Determination
The analyzing power asgsigned in the preceding sections must he
multiplied by the coslne of the angle between the normals to the first
and second scattering planes. These normals are defined by the cross

products: _

P . xP P xP
) Kin pol ) po2 Pye | |
n, = — — ; n, = . ; cos & =n. -1, (1)
* iPl(in * Ppo | ° Ppo * Pp I ' -
1 2 sC

This assumes that nelther the proton's veloclty nor spin has been

disturbed between scatters. n

1 and ﬁg are defined in terms of the momenta

+ 3

of the incident K ‘PKin!’ of the recoiled proton at the first scatter
t i
(P 1, of the incident proton at the second scatter |P } , and of the
vo, | S 1" po, .
scattered proton at the second scatter 'P - ‘nl and 1, are the
. [
Poe

orientations along which polarizing and analyzing of the proton spin
can occur. Cos 9 gives the projection of‘ﬁl on'ﬁé.

Generally Ppol is set -equal to Pp02 since both quantities refer
to the same particle, but we must consider the effects of the magnetic
field and of the medium (propane) on the spin orientation of the proton
before we can do this.

The magnetic fieldhﬁ causes spin precession separately about the
direction of'%'and about the velocity direction,'V. The vector v itself
changes orientation at the cyclotron frequency as the proton moves in °
the field.

The medium slows down the proton and also may cause some de-
polarization. Thevslowing down affects both the spin precession and
the rotation of the velocity vector. It also affects the analyzing
power éince this is momentum dependent.

A detailed discussion of the relative importance of these factors

is found in Appendix C. We here only state the results.
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the precesslon angle.

28

The spin precession formula is due to G. W. Fordlsa

O e [2rG-00] -F o0 & [ [])

f
|

" We have neglected thé'second term, the precession’component about

veldcity, and have thereby introduced an error of_@t most £ 12% in
]
i

There is also at most é-‘iio% variation in the magnitude of B

over the bubble chamber; which gives rise to & similar error in the

precession angle.
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precession causes an underestimation of precession angle by at most

12%.

Depolarization of protons'does occur to some ex_tentl'LL but no

¢

complete information covering a wide range of energies and angles is

available. (Triple scattering experiments are needed to give this

information) We have not included this correction, and have there-

fore underestimated the polarization by some unknown factor.

—

The .rotation of v between first and second scatters is

compensated by a rotation of the coordinate system at the second
mp

scatter about the field direction.

The analyzing power is adjusted to the calculated momentum loss.

All neglected known corrections can add to give a 34% uncertainty.

in the precession angle. This corresponds to a 9O uncertainty in 9.

The effect of this on the polarization is well within the statistical

uncertainties.

|9
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VII. Phase Shift Analysis

The analysis of our anéular'diétribufioﬁ into phése shift solutions
incorporating the polarization data was'pérfdrmed by a computer progrem
called KAPANAL, written by Dr. J. H. Féote and thoroughly described
in his thesis.16

This program was a least squdres grid search system to find a
set of phase shifts that will give a minimum value of x2 for the
experimental data,starting from a set of random numbers. One can
start the.minimization'proéedure over and over again with new sets of
random numbers, thus eventually covering most of the x2 surface. The
program has been adapted by Dr. Victor Cook, as is described in his
thesish, and in the work of Cook et §£;5

In the input data, other than the random numbers that form the
starting point of the calculation, the following must be included: the
ten differential cross section peints from the angular distribution
(Fig.'3), the four measured values of the differential polarization,
?;(Q)Em , a total cross section estimate, and a total elastic cross
section normalization estimate.

The last two items were obtuined from other experiments in
3,k
neighboring energy regions~’ Dby interpolation. No exhaustive attemptl
was made to measure cross sections, though two means vere adopted to
see that our data corroborated the conclusions of the other experiments.
: . : , - 12 O : S
The first involved a tau decay scan which gave the K beam flux and
showed that our total elastic cross section was within one standard
deviation of the extrapolated value used in the program. The second

method used a beam track, study in somple film 10lls to give a result

about one and a half standard deviations away from the extrapolated value.
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“The cross sections used were:

= 147+ 1.3 mb.; o =11.8 + 1.9 mb.

o} .
(total) (total
elastic) .

From the cosine series it to the angular distribution (Figs. 3

D

S . . ' . . cm .
and 14) we see that the term of highest degree is cos 0y or, posuibly,
2 cn ‘
cos Gk . Thus, one would expecl P-wave to be the highest onpgular

momentum state needed to degcribe.the interaction.
Yet. T ine the Teasonine of Cook ot a1 10 oued To
Yet, Tollowing the reasoning of Cook et .el.” , we allowed for

)
N

a Dg/g interaction since this ¢orreeponds to a possible N formetion
channel:

A+ >

K +P=»>K+HN =KX+ N+nx
(Threshold momentum: 880 MeV/c.) If one assumes the N production

+ spin-parity

P

ﬁ)lw

to take place in an orbital (K+, N ) 5 state, the

. * . . +
assignment of the N requires the (K , P) system to have been in a

D state.

3/2
60%

There is evidence ifrom the woric of Stubbs

of the inelastic .interactions at a lower momentum (810 MeV/c¢) do
take place through the reuaction

o)
K +p—->K +xa +wp.

kS

ecay of an N is

oY

Whether the (% , p) syatem can be de

seribed s

not.clear. Although an attempt to cscertadn this at our energy has
) 12 i e m 4
been carried out™ , no conclusions are available at this tine.
‘We made several attempts to inmciude the absorption, in all momentum

channels and found in each cage, however, that the clustering of

s : s ‘ : 1 o “ i
solutions (on which we depend to discern the shape of the x~ surface)
is: smeared into a broad,. general bacuprownd. The same phenonenon,
thouph less severe, occurred upon inclusion of the absorption in

only two channels. Therefore,. we decided that the problem was over

'
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determined in the following‘senée. ”Each angﬁl&r momentum channel tends
to have définite solution clﬁsfers if'only'the real part‘of a given
phase‘shift is included. vaone asks for a fit of both;thé real and
imaginary pérts, these clusters tend to smear out. .

It was'decided, theréfore,‘to limit absorption to=§ne channel,
though giving each channel the Qamé number of rundom trials. BStubbs,
et §£.3 had made the same decision and had found the results incensi-
tive as to which channel was chosen,

Tour hundred sets of solutions were obtained. There were 300
trials in the "8 and P" category (100 for each of the three ways of
including the absorption) and 100 trials of the ”S_P_D3/2” category.
The first 50 trials in each category gave us ncsrly all the solutions;
the last 50 brought these out again plus only two new ones, whiéh
were the sign changed solutions of some that had appeared previously.
We concluded, therefore, that nearly all solutions had been found.

We obtained a chi-squared distribution whose shape fitted a
theoretical curve very well, except that there seemed to be a lack

- 5 E .
of the very lov chi-squared valueg | P (% ) > 0'755" YWe chose a
cut off at P (xg) = 0,0lL.

To test the validity of this cut off we went back to the like-

lihood function given in gection V, &s modified in Appendix Ds

P / o, T
: . ioeg . .

Jo(P J)esZIl 0 (L + PP cos @)/ . 1 +PD® cos ¢) ddi.

AJ(O) ) (L o 1. : 1b J ey ( o 1, s ®) :
- 1 / i 1

In detérmining the polarization we‘maximized~(£QPo) by inserbing

a range of values for PO in this equation. We now changed this
procedure in the following way. We Tirst identified all the clusters
of similar eolutions from the phase shift fitting program, regardlessv

of their X2 probability. Every solution predicts a polarization
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em
k
.

«.. 94) ite value of [PO

function PO(G ). We. then inserted for each of the 9 events (i = 1,2,

emy ]
j (eki)J
(3 = 1,2, ... 52). Then Jz bgcgme the relative prqbability for the

jth solution:

; as predicted by the jth‘solution

(1 + P {Gimj P

cog )
L 1
j .

by

ﬂv( ‘ N
oL (5,5 g e )0l
SJ, pl/QJ .

=

G, ] ’ )
ot er, (7], v o0
1 <

Likelihood rejection ratios can be set up. We considered that a
ratio of 250:1 was sufficient to dismiss a particular solution, |

This procédure ié not. independent of the KAPANAL progran since the
same’ polarization ihformation is used in both; yet, there is a 4if-
ference. KXAPANAL uses a”lumpedl’vl ﬁdlarization E; over an angula& region.
The likelihood method, on the other hand,vuses coch event individually.
The sensitivity of theée methods is different.  We therefore used the
one as a check on the other.

All of the solutions rejected by x2 consi&efations were. also re-
Jected under our 250:1 likelihood rejection ratio. This is an indi-
cation that our-x2 cut—off did not alloﬁ spurious solutioné to enter.»
On the other hand, two or three solutions well within our likelihood
tolerance were rejecﬁed by X2- In such cases we let xe decisions
prevail. |
| There were 37 solutions left after the xgvtest.- Next, error'v
estimates were sought to detect OVeflap of solutions.

As explained in Footé’s thesislé, an error matrix involving the
real parts of the_phase'shifts'can'be'caiculated by the KAPANAL
program. This 1s based on)an expansion of tﬁe x2 equation in a

Taylor series at a minimum point where the first derivatives with

- : . -1
respect to the parameters are zero. The inverse, G 7, - of the
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2] o]
. . . ..IA(_ . [
matrix formed of second derivatives (Gij =-(l/2) ;~~X. ) iu then shown

to be the variance-covariance matrix., This assumes thot higher terms of
the Taylor series can be neglected, thus making %~ a quadratic function
of the phase shifts near the minimum. Then
Axg (B, «v.8.) = .0, G.. AB. AR
' 1 v S s T 0 R
A set of small variations in the phase shifts then gives Gij from the
. 2 ¢t . .
changes In X . These variations, whose size can be set to any value,
are made both in positive and negative directions (6i + Aﬁi). The
value of Gij is the average over the changes made. This renders Gij
less sensitive to the quadratic behavior assumption.
Another procedure used in KAPANAL is denoted as AUX by Foote. It
is an auxilliary method of determining theé variances and serves as a
check on the error matrix calculation. Only one phase shift is varied

at a time. The other phase shifts then adjust to obtain a new mini-

2 : . . .
mum of ¥ . From one such variation in 61 one can determine the value

>
3N B T T T . L et e &S e mn
oL o, 10T Ticn Y e LAV 2IZII U7 Tle LT, LD L ETCnnze
. . 2 -~ .
pL.oLann = L B . T e L PR e A
18, - 51 i is shovn ©o correspond vo the B, variance calcu-
i ; 3

!

lated from the error matrix. The value of this method is that it
. . . bt 2 e e
gives a geometrical interpretation to the ¥ minimizetion process as

(s . .16 . : S
motion inside a quadratic well . This also, however, mages the

nrethod much more sensitive to the quadratic hypothesis.

clusters of solutions we hed Tound previously and Qsteranined whe

variation among the same phase shifts in a given cluster. This

relies on the real meaning of deviation as linked to the repetition
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of the szme experiment a large number of times.

L T T} . RS | ~ N vde Yo aq ] el Lo 2 a7
ALl thyee za2theds coxroborated each other’s results. Te adosted
Lt n e P S R R pac e R - - eyt e ’ V
cne velues of deviatilons given by the evror matrix because we found : .
e
- s . —- - U R, I - P R, et w P “ s .
TeE3@ TO @ Lngensivive Uo whg ensit 3lce of The 4t), svns tasen.
e

Having found the r.m.s. errors in the phace shifts, we then
clininated the large amount of overlap in our 37 uolu£ ons, ‘ITwo
solutions wefe considered to be overlapping if thej fell within two
standard deviations of each other. ,

Anotﬁer vhenomenon had to be eliminated. ESeveral strings of
iinked solutions, each about one standard deviation away fron itsI
neighbvors, were found. They generally tended to some beﬂ*” solution
et a low value of xz.' In such cases, only the "best” solution, toward
vhich ell the others tended, wasuchosen._ The linked chain vas talken
to deséribe a déép, but rough well, on the walls of which many
BDUI‘ZLOUS relative minima might appear r,

Our final results coneist of ten S and P wave solutions &nd

six (8, P, wave solutions. These are presented in Tavle I.

D
3/2)
. . . ciy . cIa
The curve of predicted polarization P(@kh) versus 6,
. X

for each
of these solutions, along with the location of the four P measure-

nents, is shown in Fig. 5.
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VIII. Discussion

Three things have been accomplished here,

1. The angular distribulion of ¥. - P scattering has heen mezsured
for 910 MeV/c and lg presented in Mg, 3 with the best cosine
series fitse.

2. The polarization of the rccoll proton has been measured from
P-hydrogen and P-carbon scotters in the liguid of the chamber,
and is presented in Mgs. 5 and 18.

.3. A phase shift enalysis incorporating the polarization and angular
distribution data has been undertaken, and the resulting soluticns
are showm in Table T.

As regards the angular distribution, it secems to sghow, =zs might be

expected, a behavior mid-vay between the near-isotropy of Stubbs et al.”

l;, 5

at 810 MeV/c and the more pronounced forward peaking of Cook et al.
at 970 MeV/c. In thils sense  the three experinments, combined with the
55 ¢ 1170 .
work of Cook et al. at 1170 and 1970 MeV/c form a continuous series
of transitions with increasing momentumn.
As far as the polarization measurements are concerned they are
mainly hampered by a lack of events. That propane is a good analyzing

o
medium was shown by Fowler and BirgeU and by Whatley

13 ,
“, yet the present

experiment has attempted to present in some detail all the reievant
steps, including corrections and approximations, that are to be con-
sidered when polarization measurements aré undertaken in a bubble
chamber.

Turning now to the phase shift se®s of Table I, we consider first

the S-P solutions. Set (A%, A7), &_(? - P3/2) mixture, was also

t "y + -
found by Stubbs et 3133 and by Cook At-al.L’b. Set (B, B, B') re-

; . L. N
presented our dominant S-wave solutionz. S. Goldhaber et al.” found
that negative S-wave phase shifts described their data, from 140 MeV/c

o
et least as far as the 640 MeV/c region. &, decreased from - 10~ at

=]
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140 MeV/c linearly with momentum to -~ 36° at 6h2 MeV/c. A &, of - L7®
was also one of the results of Btubbs gﬁ_g£.3 '

We found the fdllowing'situation with respect to golutions with
large negative 55, There were numerous-solutions of ﬁhis tyje, but
they all overlapped with & separation of ohe or,bat most, two stendard
deviations. The solution labelled A+, and inéluded as a‘(Pl/2 ~ P3/2)
mixture, was actually the golution of low x2 tovard wlicn all the linked
solutions with negative e tended. The opposite end.of the chain 1is
typified by solution B~ with its large errors. On the other hand, B!
represents a solution that lies in the mid—poin£ of the chain.

What this probably means is that the solutions with dominant (-% )

&)

lie in a broad, deep, rough depression in the xg surface with minimum
at as = 0. The conclusion might be drawn from this that the K+ - P
interaction is no longer dominated by a repulsive S-wave phase shift,
though we are prevented, probably by our large polarization errors,

from seeing more positive indication of this.

+ - . + - . . N : .
Sets (C C C') and (D D are various dominant & soluticns.;
) J p ) - D
. /2 -
Some of these may be Minami ambiguities™ of the B set, thougn ambiguitigls

2 N

do not remain clearly ideantifiable in the presence of nhsorption. It is;
hard to link up these solutions with the low energy beicvior, thougn ‘
. . o 3 L5
gimilar sets were found by Stubbs et al.” and Cook et al.

s

The D-wave solutions are preéented in the second portion of Table I,
o linking of chains of similar solutions was obgerved. Thevfollowing
- o~ ‘ N ’ l"JS. k in +- ) -
were also found by Cook et al. : B, ', H- ana H .
In summary, then, the added polarization information raises a
possibility that the dominant S-wave beuhavior of K - P elastic

e N sede . i —
scattering might have been superseded by a (11/2 P3/2) mixture

+



-37~
Cn the other hand a D-wave solution such as F offers a way of linking
more easily to results at lower energy.
The disappearance of the dominant S-wave solution would be
_ surprising but 1t appears.gs a very 1;k¢}y int;rprQ§a£ion of this

experiment.



. : : : 2
Desig- ) B &) 1 o, . P(«")
nation s Py/2 » Pafo ' inel :

+ ‘ B

A 0.6 -17.1 29.8 n. = 0.80 1.8 mb 0.50
2.0 +1.8 +0.8 ® '

A” -5.5 20.3 -29.0 . n =0.90 1.9 0.01
+1.5 +2,2 +1.0 Ps/o

+ .

B hh 6 -12.9 2.5 n.o= 0.77 k.1 0.22
+3.8 +7.4 £3.1 Pa/p

B- -41.2 6.8 13.1 no= 0.77 k.1 0.22
' 22k, 5 +28. 4 196 .2 Pa/2

s’ -27.0 -19,1 22.1 no= 0.75 k.k 0.25
+13.3 +11.8 +3.6 - P3/o

+ ’ -

C -2.7 L8.0 3.0 n, = 0.67 2.8 0.07
2.5 +0.9 +1.0 "

C- -5 -L6 .2 5.5 n = 0.85 2.6 0.1k
£1.8 +1,2 +1.9 P/

] ~ ) )

c 9.4 =57.9 15.2 n, =0 50 3.9 0.63
2.0 +7.0 3.2 21/2 :

D" 8.3 4.8 5.5 7= 0.5 3.8 0.45 -
+1.7 £2.9 +1.6 i/

D-  -5.6 62.7 1 n ; 0.65 2.9 0.05

1/2

+1.9 +1.8 - #1.8

Solutions Involving & and P Waves

TABLE I



P(x°)

(o2

o

-
&

P3/p D32

-

1.2 -23.1 0.67 5.5mb  0.29
0.9 1.4 .'

18.9 : -k.o 0.8 2.6 0.58
> .

2.2 -27.4 0.77 ha 1 0.50

I
|_l
(O8]
-+
no
w

5 9.3 0.59 0.2 0.01
£1.9 +0.9 :
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APPENDICES
A; Angulér Distribution and Polarization Formaliém
A general presenﬁation of spin 1/2 scattering formalism will be

given in this section. ~The derivation follows closely that given in

Q
N . 10 Y . »
thie vook by Pethe and Morriseon” . Reference is elso made to the
A, - A~ e P S - e ey W e ey oy e B v e - T n e e '19 N
STUCy Ol DPOLECriIZatlon in genelds. LuTrdlilons oy J. DuTion and to

the article by Wolfenstein ~.
) R , :
We can consider the K - Proton Jnuerq&ilon o8 an example of

center.

0
e
~
de
o
C"\

a wave with spin impinging on a spinless

Such a wave can be denoted by the wave function
\
/a \
V. =l L= a o +a. o
1a," 1, - 2 2’
{2
N

i
] :
1 O ) PR ey P PO U SR S |
where ¢, = (O) nd 0, = (Y) are the two pessible spin orientations
o~
along some arbitrary axls; and a and &, -are unspecified amplitude

and phase factors.

The intensity of the wave is gilven by suining over the spin

orientations
T - |f+ L R ( 2 . | 2
= > ! r, == IS4 e &,
= Vi My 1 o

i= 1,2

The degree of polarizavion ¢long of quantization is defined

the net fraction of in this direction

ot N
up OV

We now introduce the density matrix delined as:

w X

f 8. a S, 8 v

h l;..l . L'»lg :

v P o

T T T
ij i3 \lugdl ‘&’12‘“2 H

Then we can write:

o - N o
I = trace (p); 1z trace (p)



where we can also define Px and Py‘in a similar way..

A more general case is given by n incident waves where now o

| L
is the average over the n density matrices each with ils own weight.

i

Any (2 % 2) matrix can be cxpanded as. g linear combination of thne unit
: . , v v -

— ' . H
matrix, 1, and the three Pauli operators. - f

NI | = . A
p-zI (T+F -0
<o
wnere
—x IZ i oo ool
P o =P o +P o +P 0o
‘ X X Uy oy 4

To verify that coefficicnts of the four mutrices are indeed as given

in Ba. (6) cavry out the operations of Lg. (5), remsmbering the pro-

perties of products of Pauli matrices: (with. cyclical rotation of sub-

seripts)

= - O = 10 3
. yoox Z
o.o0,=1
xx
A genexal spin l/2 wave, represented as a wo elanent columm 5
vector, can be operated on by 2 5. In parvicular we may
represent the scattering of such a wave as
Vs = S
S VJ
wikere v.. and vs are incicent and scatiered waves, and S is the scattering
s .

matriz. (Then, onitting the vector =.d matrix designations)

©
It

. R
i I!1\’1 4

o+ - +o 1 : +
o= A =3y, V., 5 = 5n.S
Pt 's¥s uq1¢1 st (
therciore we can write
-+
. 3 - . —_— = AR oo
Ii = Lr(Pl)J If = tr (%ﬂiu )

The scattering matrix is an operator acting on an incident plane
wave to produce an outgoing wave whose intensity is a measurable

function of some chosen angles. Therefore, the scattering matrix

-

\0



teelf must contain the angular dependence
wave does not. Thus If has an implicit an@ular_dependenée.

ratio of outgolng flux per solid angle to unit incoming flux is the

differential cross section.

If
T Therefore,
i .
do
QQ

The scattering matrix, 5, i

~

-Mr-.

This can be expressed by the fraction

(OFW )
'T“‘)"

Lrip

s (2 x 2) and can be expsnded

T+ (n) o

g must be a scalar or pseudo-scalar to preserve the (2 x

pphaN

matrix form of S. h must be a vector or axial-vector because

form of the (1) * 0 term.

The present experiment deals with strong interactions in

arity 1s conserved, therefore we demand that
)

r

4

P Eb(x)YJZ)i = 5(-x,
Scalars and axial-vectors are even, while pseudo-gcalars

are odd, under the parity opera

Consider now Eq. (11).

parity operation. o, the

nature of angular momentum and is an exlal vector. 3ot!

~¥,~2)

o4

S(,y,2)

tion.

spin matrix, on the other hand, has

must be even under parity operations. Therefore h must e a

vector and g must be a scalar.

The scattering is completely defined if we give the incident and

outgoing momentum vectors in the system in which the target i

rest. Therefore, in gencral, botl terms in S will depend on

tvo pileces of information. We now form wu scalar and an axial vector

from Pincident and P

outgoing:

since the incident plane

The

and vectors

0)

(10)

(11)
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O ¥ A -h - Y ve aW

o . o PR
Chal Pin Pout’ h "lin * Pout

Thus g .and Iﬁl are both functions of the magnitude of the two

momenta and the scattering anglé. -
Y ' - e
'r_'-_\ _— _r‘ : > ' y - Kl .l ‘ W nr”.. 150
8= g(Py sy Py 8) 1+ 0P, P o, 0)0 (12)
' ~ in xfout o :
wvhere n = TR, the normal to the scattering plane defined
[“in * “out] ‘

by the momentumn vectors,
We now have all the equations needed to formulate the problewm.

Consider an incident wvave along the +Z axis. (P_.lr b Pout) mesh
in

therefore be a vector in the (x,y) plane, and ve place it eloag the y
axis for convénience. Thus © = §. TFurther assume that the incident
spin 1/2 wave 1is unpolarized. The assumption of stationary target is
made in the usual phase shift analyses. The scattering angle, ¢, is
the same &as in the center of mass syﬁtem ?rovided that the scatitering
center remains stationary throughout the interaction like & static
potential weéll.

The density matrix ., of the incident wave is then from So. (&
s Pay ‘ 28

(omiteing vector and tensor signs);
1
.= 5 11
Py 72
The scattered matrix, Py
+ l . e )

Py = SpiS =3 I(g 1+ hn - g) (g 1+ hn o

From Eq. (10):

Cdo _ tr(spys’)

_ 5 o . ,
T = |g|” + |n] - | (13)
. ) iy ) _
because ]hfg (n'c)i(ﬁfg/%'z_]hie lqyig'oyoyx - e s

and because the trace of any of the Pauli matrices is

I
®
=
G

From Eq. (5):

-

P-P - tr lpr o) ,Eﬁ§igfﬁ.o | |
o + o[- .
trlpg) i ! (1)
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as can be seen by direct substitution in the relevant equations.
Thus we conclude that if polarization is induced in the first
scatter, it must be in a direction normal to the scattering plane. . Wé

‘now Tind the expected angular distribution after second scattering,

dg'  tr(p.)
an - 'br(p:?;.y

i
where
!
Pi = Pr
s' =g'i+nn o
o l‘+
of =5 py 8

Here we have put n’ as the normal to the second scattering plane,.

The angular distribution at the second scatter is
o

-

[ | 1% |
do’ 112 "ne 2 Re g h roo |
o1 e

The first bracket gives the angular distribution ét the second scatter
for zn unpolarized incident beam. The second bracket is readiiy
identified as (1L + P+ P) where P’ - P is the dot product of the polari-
zation vectors at the two scatters. P and P are directed along n and
n’, respectively, the normals to the first and second scattering planés.
Eg. (15) is usually written as

dg’

2o

- (1 + PP, cos o) . | (16)
a

unpol
where PO is the polarization induced at the first scatter; Pl is the
analyzing power of the second scatter; and cos ¢ is the angle between

the normels to the two planes of scattering. Eq. (13), (1k), end (16)

form the basis for the analysis of the present experiment.
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B. Phase Shift Relations

Vie will now interpret the amplitudes g and h of equations (13)

and (14) of Appendix A in terms of phase shifts. A good treatment
of this subject will be found in Ashkin.El |

Again ve assume an incident plane wave carrying a spin of % and
moving along the +Z axis, the axis of quantization. We also assume a
static spin zero potential well (a particle of spin zero moving along
the negative Z axis gi&es the same results in terms of the scattering

angles 0 and @).

This motion is described by the wave function

ikz 1 .
%nc=e E(O) : )

where we have assumed a (+ %) spiln projection. The scattering con-
serves the total angular momentum, J, in magnitude, ]Jl, and direction,
mJ'

orbital angular momentum, L. The total SPin,VS, is conserved because

~Parity is also conserved, which here implies the conservation of

only the proton carries spin.

The scattered wave, as r —»« (which is the experimental limit),
is assumed to be sinﬁsoidal. In order to have the propert& that the
number of scattered particles per unit area decrease as rdg
the wave must have an rfl‘defendence. The assumption 1is ﬁade that as
f,~>w thg only observable difference between scattered and unscattered
waves is a shift in phase (provided.the scattering is elastic off a
static potential well, since the wave length, or energy, in such a
case cannot change),

The incident wave moving along the axis of quantization must

have m the L projection, equal to zero. Since m,, tie spin pro-

jection, is taken as + % in Bq. (1), m (which is conserved) must

»
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also be + L. The scattered wave then must have
2

. 1 1
= - = (=) = + =) = .
mo=my o= (3) - (*3) =01
Since the orbital angular momentum L 1s conserved, we expand

(l) in a complete set of partial waves each an elgenfunction of

some L state. Then to each I, state correspond the two total angular

momentum states J = L % %{, which are conserved separately.

This 1s done with-: the aid of Clebsch-Gordon coeff1c1ent522
mL..—

Ve =00 () = L>_:_ a(e) vt (o, 9) (3)

vhere AL = \/hﬂ(QL + l) i jL(kr), (kr), a Bessel function, becomes

sin (kr - EE)
2,

Tr

Moo 2 WIE Iy 1+ Ly 1
L “EFT {J=L+'—2~; J=L-5
i
Thus _

V.o o= & A (r) _4L (VI ¥ T /T !
inc L y y ;
L=0 ek ol J=L+% 71
2 2]1

Each J state of the incident wave can be formed in only one way

because m and m have been uniquely chosen. For the scattered wave,

1 ] 1.
hovever, m = O or 1, and m, = E 5 . Thus, for my = t 55 each J
. : 1
state can be combined from two separate. states: (mL = 0, m, =+ 5 ),
and(mL =1, m s ) Again we use Clebsch~Gordon coeffwcienbs

by T = 0 .
Iy = L+l \FLkl!\/L+lY ()*WYmL g)]
L

-1
1 v YZL (5) ~LFT YIEL (1)l

N oL+ 1L

Yr=1L -1
5

The scattered wave function beyond the potential well is given by the

difference between the total wave function and the undeflected part.
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_ * _
The undeflected part ie given by Eg, (3) . The total wave function
is required to differ from Eq. (3) only in phase, therefore, we

multiply all the terms in the summation by

eziaL’ﬂ
L J
We set
213 .
L, }
e ~1l] =
o 1
¥ = 2 A (r) | ' (/L +1 y ‘
tt, Y &Y / A
sca 1=0 » 2L+ 1 ! L,J=L+-]21 J =L+
+/1 1
SR S S SR
re T 2 -
where r A
| ke | T T
A(r) = 18| [he 2L + 1
L I . ~ )
r ! 2 ik
L. s
88 T —>o,
We can su bstitute BEq. (4), which applies to the scattered wave,
into Eg. (5). Then we separate f(e, ®), that portion of Woogtt, THET

does not depend on r, because we want

L Fe,0?

the angular distribution of scattered particlesg3.

e, e ey ’ ‘ o
” AL(r) in Eq. (3) as r—>o becomes \'Eﬂig%ig~£l ot KL (“l)Lei ikr)

The second term in the parenthesis, representing an incoming wave at

infinity is not physically meaningful, and is omitted. AL(r) then has the

required form.
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Then, on arranging these terms we get

= |a(e,0)]% + |n( ,<p)l | 6)

vhere 3
Vi 1 - 0
g(6,0) = 5= I ——— (L + 1 L N
s 2 ik L=o;x/é£f;'iw l ) AL, L+ % AL, L - %] YL(G,@) (O)
Ve -
. i L+ 1 : (7)
n(0,p) = [paea) o ; 1 0
’ ) 2 ik T O\/ oT, + 1 l AL) L+ _é‘ AL) L - _é; YL(SJCP) (l)

That this procedure is valid for relativistic particles obeying the
pirac equation hasg been shown by Ashkingl.

Coulomb scattering has not been included here. It has been treated in
detail by Dr. J. H. Foote'. .

That g(9,9) and h(6,p) are indeed the g and h of Appendix A is shown
as follows:
= (eI +nw - ) ()
This was the form of the scattering matrix used, where n is é vector

normal to the plane of scattering, and liee therefore in the (x,y) plane.

We assumed , n = j, that T lay along the y-axis., Thenn * 0 = o0_.

N
s<2;>=';g< 0 en @ h G -8 } Ay = (5
This cen be written )
5(3) = &(3) + m(}) (8

g is the non-spin-flip term, and h is the spin~flip term. ’Thus Eq. (6)
has thé‘same significance as Eg. (13) of Appendix A.
The spherical harmonics Yf are expressible in sinusoidal functions.
Thus Eq. (6) can be expanded in a cosine series: A + B cos 6 + C cos® 0 +..
The experimental procedure is to mggsure'the angulér distribution of

scattered particles,then to fit the data with a cosine series. From
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the degree of the terms one can roughly estimate to what order in L
the series of Eq. (6 ) 1s to be carried.

Aﬁy dynamical theory of ﬂhe k' - P interaction that arises must

then be tested by being able to reproduce this set of phase shift.
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C', Spin Precession

We wish to measure the spin polarization induced on the recoil
proton at thé first (K* - P) vertex, in a direction normal to the
plane of scattering. The.relativistic precegsion of this gpin component,
a8 the proton moves in the magnetic field of the bubble chamber to the
second (analyzing) vertex, is composed to two parts. The spin pre-
cesses simultaneously about the direction Of the magnetic fileld and about
the direction of the velocity. Since the proton velocity vector,'Qj
itself curves in the field at the frequency{wc = 7%%2 , this precession
about the “velocity is a continuously va;ying qua;tity. The pre-
cession apout the magnetic field, E; will also vary continuously if the
magnitude and direction of.E?are not constant over the trajectory. In
addition, both components are affected by a continuous decrease in the
magnitude of the velocity, |v|, as the proton moves in the propane. In
general, then, the total angle of precession for a given trajectory
must be denoted by en integral over all these quantities.

For the purposes of this experiment it is sufficient to use an
epproximate formula since we can neglect all effects that aré small

compared wilth the uncertainties due to our relatively low statistics.

We use the formula derived by G. W. FordlS and adapted by Fowler

and BirgeB. | \
—t - ! — | S SR I |

W = 8B (& LY g [ leB 'l
o ] 4 (2w 1 - - 2 om] et SR

- — -3
Where W, is the vector sum of the precession about B and v; % is the

charge to mass ratio for the proton; y 1s the relativistic contraction
2 1
factor (1 - —) "2 ; £ =y = 2.79 is the magnetic moment of the
c

proton; and ¢ 1s the speed of light.
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First; we consider the sizé of the second term, the precession
about the velocity, in relation to the first. We rewrite Bq. (1) in
terms of the magnitudes of the vectors, calling'fhe first ﬁérm'ag and
the sacond term'a;.

— 2 — 2 -2 e e . — =S
512 = 512 + [o,]% + 2lGy| (5] cos 1 (7, B)
28
ol =" at]
where B is the precession angle.

4
Setting the factor (B 'r:,) in Eq. (1) to its maximum value,
v

I I |
R " -{-__..____._7 2 1.000 ¢, and (k)
B 7+ 0.559 | | !
i = |
IABOJ = gl + R2 4 2R cos m;;( v, B)g [AﬁBl ' : (5)
| 4

The maximum proton momentum at the first(K+ - P)elastic scatter
puts an upper limit on R such that Re is always less than 0.077. The
term |2 R cos J:(Vﬁﬁ)] has a maximum value of 0.20 at a momentum of
900 MeV ¢ and | -J (¥, B)| of 60°. Therefore

1884 | e

1.13 |agy| for (v, B) = 120°  (6a)

[
il

1t

log |, = 0.94 |ap,| forj (v, B) = | 60° (6D)
If the direction of B is vertical, Eq. (6a) and (6b) refer to particles
scattered downward and upward by 300, respectively, from the hori-
zontal. |
I now, we neglect the lAﬂvl contribution to the precession, we
set
|ap, | = o8]

We then find that the percentage error is

(
o (las 1)1, 11.5%

§
=/

a8, | |- 6. ~ (7)
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As our next step we consider the magnetic field uncertainty.
We find

62 (Iﬁﬁol) =§J§L s

|28, | 3]

from the known characteristics of the bubble chamber magnet. The
direction Of.E?iB found to e very nearly constant.

Finelly, we consider the effect introduced by the proton's energy
loss in propane between first and second scatters. Assuming the pre-

cession component about v to have been neglected, we have from £q. (3)

jop, | = S5 (1 + 1.797) (at)

This time, At, spent in moving between first and second scatters is

where I 1s the distance travelled.

Then |AB_| = eBL ( me  1.79)

m02 P Bv
where P is the momentum of the proton and BV = % .
Using the equalities
P = vamc,
1
B ° ’
v 1 + m2c?
2
P
B, \.lﬂ“p i P
1
m2c2 -
we find
1
1+ 1. : —_
5. (lag_]) 97 TR .
3 2 = = nece 2P

IABol ' 1+ 1.79 o

(9)

(10)
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If instead of using the initial value of momentum, we had used the
average value as a better approximation, at worst the changé would
have been 11.5%. | !
From Eq. (7), (8), aﬁd (10) we find that -- should 8,, 8,, and
53 operate in the same direction -~ our maximum precession angle error
would amount to about 33%. A corresponding error would be introduced

in the value of cos ¢.

Let us estimate the maximum precession angle from Eq. (9)

2 .
€BLy % me + 219

lAﬁo,max P)
mc ¢ B
min Vmin

m02 r 1.7

The maximum values of the terms |I___(~—)| and|L 112
max:®. |"max B

4 . e v

min- L min

occur for essentlally the same values of the parameters, namely:

Loox = L cm, Poin = 600 Mev. Then
108

Thus, our maximum error, due to the omission of the corrections dis-

= 0.7 = 27°

olmax radians

cussed earlier, will be less than 90. As defined in the text

cos o =’ﬁiiﬁé. 'ﬁi is the precessing vector. The error is Aﬁ will
have maximum effect if the preeeséion axis 1s normal to the ’\i,ne)
plane. Then
) (Aﬁo) = 80
If & =0, the 90 error will introduce a change of 0.012 in cos 0.
If @ =‘9OO, the change in cos ¢ is 0.155. This can give

SPO
—= 24+ 0,20
P .

(¢]
max

+

The smallest polarization error quoted in this experiment is * 0.45.

justified omission of the corrections discussed in this appendix.

T

This
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D. The Whatley Correction

The purpose of this correction has been explained in the text. The
procedure will be discussed here.

The situation, briefly, ie this. Assume aproton. recoiled from
the K+ ~ P interaction moving toward one of the surfaces (top or bottom
glags plates) of the bubble chamber. Shortly before it would have left
the chamber, it interacts again and scatters off at angles (X ,p. Tor
polarization measurements the azimuthal angle B(measured about the.
direction of the incident proton at the second interaction
determines the orilentation of the second scattering plane relative to
the first. ‘It is an asymmetry in B that indicates that the proton was
polarized. Therefore, all E orientations must be visiblé. Some B
directions may be obscured in the sense that a proton scattering
through an angle ¢C near the top plate may be deflected downward back
into the chamber (to leave a long, eésily seen track), or upward out
of the chambex (leaving an invisibly,short\track). Such invisible
regions of scattering will give a false asymmetry. In the likelihood
function described in the text, where (1 + POPl cos @) is computed
individuslly for each event, we must also individually correct each
event for these invieible B regions. Wg now consider a geometrical
way of dolng thig. In Flg. 19 where the following series of steps
is 1llustrated: |

'Oﬁ tracing paper make & scale drawing‘of a vertical section through
the bubble chamber.

Plot on this the position of the second scattering vertex.

Place a Wolfe chart beneath the tracing paper, centered at the

vertex point. A Wolfe chart is a two dimensional representation of
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of a sphere with‘lbngitudes and latitudes marked off. The outline of
one guadrant of such a chart is included ih Flg. 19. The abscissa is
marked off in longitude from 0° to 90°and from 270° to.360° denoting
the.back and the front 6f the sphere, respectlvely. The chart is
so aligmed that 90° dip and 0° or 360° azimuth point in a direction
pqrallel to the top glass of the bubble chamber.

Plot the angular position of the vectors'corresponding to the
proton PO and of the scattered proton Psc on fhe Wolfe chart.

Find the space angle,‘d;(PoPsc), between PO and Pic by rotating
the Wolfe chart ebout its center so that these two points lie on the
same great circle arc. Thils great circle arc may pass over the pole
if PO and Psc lie on opposite sides of the sphere.

ind the locus of all points (leaving Py stationary) that lie as

far away in angle from PO as Psc does. This involves passing successive
great circle arcs through PO. The locus of these ﬁoints form the
crescent in TFig. 19.

The locué Just drawn is the intersection of a cone of half angle

<L (P, Py.) with the Wolfe chart sphere. It represents all
possible azimuthal orientations of the scattered proton. Ve must now
decide what projected length would be too short to be seen in the
photographs. This variés with the regién of the chamber, with azimuthal-
-orjentation, and with the angle of scattering. Since we‘find many

P-C evénts with small scattering angles where PSc must be rather long
to be detected, we choose a cut off length of 9 mm.

We now draw a line tbrough the vertex point (x,z) and through the

).

If no part of the locus lies to the right of the line just drawm

. ! . ! =
point (X =X+ 9 mm; Z Ztop glass

“

all orientations for this event will leave x projections greater than 9 mm.
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Yet, even if the x projection is less than 9 mm., the (%, y) plane
projection may be of acceptable length. To find the shortest (x, )
plane projection, find the point on the locus that corresponds to

the most nearly vertical dip angle, ™. Then

-

min

min
L(x,y) Zt0p glass Zvertex) ton &

Ir L( ) <7 9 mm, we must find the limits of the visible
%39 Jnin

portion of the locus. We find the steepest dip angle Qdip that still
glves visible tracks:
tan edi _ 0.9 cm )
(2 -2 )
top glass vertex

We then follow the parallel of latitude at the value of Gdip until it

intersects the locus. There are usually two such intersections, which

are labelled X, and X2 in Fig. 19. 7The portion of the locus lying

1
between X, and X, and to the right of the line drawn from (x,z)
to (x + 9 mm, ZJCop glass) 1ls the regilon of invisibly short projections.

We now congider the connection between the invisible region and
the likelihood function. For this we must find the normal to the
scattering plane at the first vertéx.

Place the angular coordinates of the incoming K+ labelled Kin
in Fig. 19 on the Wolfe charta* Find the normal to the first scatter-
ing plane ?%_Ocﬁzn xﬁf;). |

A crogs product vector can be found by placing the points Kin and
PO on ‘the same great circle arc. This great circle is the intersection
of the plane defined by'K;n and‘ﬁo with the Wolfe chart sphere. 'ﬁi is

RS

then normal to this, at the vertex -- that is,‘hl lies + 90° away

% It is assumed that the curving of P, in the magnetic field and the
spin precession have been compensated for by changing the Ky, azimuthal
position. :
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from the great circle, in azimuth, and at the position of the equator

in dip, both being referred to that position of the Wolfe chart in

which K, ~and P lie on the same great circle arec. The () sign en-
—N\ — —— —
ables us to locate either (Ain x Po) or (PQ x Kin)’

In the likelihood function, cos ¢ is defined as the projection of

s

n, on the normal to the second scattering plane W,.

1 2
To find the invisible reglons of cos ¢ take the cross products

~ I W . PN — ——n — ———

o ) - .+ fapa
n, (p, x Xl) and n, Cx_(PO P X2) where X, and X, are the two inter
sections described above. Since ﬁl, ﬁz andfﬁ3 are normal to-Eg, they

will all lie in the seme plane, and hence on the same cirle arc. Rotate

the Wolfe chart until this 1s seen to occur. Then define . asg the

1
@i(ﬁi, ﬁe) and ¢, as the-q:(ﬁl,‘ﬁ3). These two values of the angle @
will delineate the limits of the visible region

It may ﬁappen occasionally that the actuai point Psc Wi;l fall in
the éo—called invieible reglon. This will indicqte that the 9 mm cut-
off, for instance, is too large. Yet, it is almost impossibie, con=
sidering all possible positions and orientations of tracks, to find an
absolute cut-off limit. All eventé that fall in the invisible region
must %e rejected.

About 4% of the events considered for the Whatley correction fell
in this category.

We now discuss the correction of the likelihood function

Consider first the case of an event that does not need the correction.
Since all azimuthal orientations of Psc wlll be detected, this event

has no bias. An event with an dnvisible ¢ region, however, must be

assigned less of a role in the polarization determination since a
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scattering in another azimuthal direction would have been missed. The
fact that Psc was seen 18 useful knowledge, but less useful than had all
orientations been visible.

On the other hand, since with an invisible region the probability
of seeihg Psc at all is less than for normal events, the fact that
we actually observed it must be given greater absolute welght.

Thus an event with some orientations obscured must be given greater
absgolute welght for having appeared at all, yet it must receive less of
a role in the polarizatiou determination.

These two things can be done simultaneously because of a property
of the likelihood function already déscribed in the text. We can
multiply it by any constant probability factor we choose without
affecting 1ts behavior with respect to the polarization. Multiplying
an event by some large factor does not preclude that this event will
nevertheless have less of a role in the polarization determination.

The final form of the likelihood function is

k [ 1+PPy. cos &y - \ ,
L (et |— e = (1)
L2 1y pp cos<I>)d<I>/
J@ © li
1,
1

where the integral ranges over the visible region.
This form has the two properties discussed above. In the limit

of shrinking visible region,

o

(@2 - @l.) =00, = 0,

i i
the term for the ith event becomes:

rfi’"’ (L + PoPy1y cos 94) m -t 5 woas A(Di - 0.

o (1L+PP, cos0,)f 2 a0 AD

. o) li i j o i
-l
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It has been assumed here that the integrand 1s consgtant over the small

Interval A® Thus the 1T event (&f,i) multiplies -/ by a nearly

1°
infinite scale factor, yet Jz 5 is totally insensitive to the polari-
zation and contributes nothing to its determination. |

Thié states, alsQ; the known fact that a scintillaﬁion counter
experiment with only one detection position cannot measure a ﬁolari—
zation. The scattered proton must have an alternative of scattering
into more than a single azimuthal direction. |

BEq. (l) is the corrected form of the likelihood function used

in this experiment.
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Fig. 1(a). Experimental beam arrangement.
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Fig. 1(b). Vertical lens and focussing diagram.
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ZN-3822

Fig. 2. An example of K+—proton elastic scattering.
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Fig. 3. Experimental angular distribution at 910 MeV/c based
on 1154 events. Fit "A" is (1 +a cos og™). Fit "B" is
(l +b cos 6 + c c:os2 0™) where a = 0.18+0.05;
= 0. 20:!:6<06 c=0.18£0.12.
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P elastic scattering followed by a

P-hydrogen elastic scatter
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Fig. 5(a). Differential polarization curves for solutions in
‘Table I with measured values of polarization superimposed.
The P(Xz) probabilities of Table I reflect goodness of fit
both polarization and angular distribution data._ The effect
of the polarization data is shown in the low P(XZ) values
assigned, for instance, to solutions A", G, and H .
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Fig. 5(b).. Differential polarization curves [see caption of

Fig. 5(a)].
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Fig. 5(c). Differential polarization curves [see caption of
Fig. 5(a)].
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Fig. 5(d). Differential polarization curves [see caption of
Fig. 5(a)].
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Fig. 5(e). Differential polarization curves [see caption of

Fig. 5(a)].
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Fig. 6. Typical m-K separation curve at the second slit. The
abscissa is in units of shunt voltage for the magnet of one
of the spectrometers.
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Fig. 7. XZ Distribution for K'p scatters. The abscissa scale

has been adjusted as explained in the text.
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Fig. 8. Comparison of elastic and quasi-elastic scattering.
The elastic data is the same as given in Fig. 3.
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Fig. 9. Q value for inelastic K -P events with superimposed
carbon phase space curve.
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Fig. 10(b) and (c). Perpendicular distance—in degrees—from
(b) the o, vs 6p theoretical curve.
(c) the G, vs G'P theoretical curve.
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Fig. 11(a). Measurement error in the azimuthal angle for recoil
protons at the first scatter.. This angle lies in the horizontal
{x, v) plane of the bubble chamber.
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Fig. 11(b). Measurement error in the dip angle for recoil protons
at the first scatter. This angle is measured from the vertical
(z) chamber axis.
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Fig. 11(c). Measurement error in the momentum for recoil
protons at the first scatter.
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Fig. 12. k' beam momentum with fitted Gaussian curve.
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Fig. 13. Azimuthal angle of the scattered K+ at the first vertex.
This angle is measured about the direction of the incident K .
N denotes an average number of events per box in the stated
angular region.
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Fig. 15(a). Coplanarity test of P-P scatters.
(b). Opening angle between the scattered protons to test
for P-P scatters.



-89.

&

P ~-C Scatters -

10 4.
L
& 5 ]
o
s (o] L ! 1
T T 1 T
g’ ( Cos & [« (FB,PSC)] <
S P~ P Scatters
z 10 N (for 0.74 € Cos § < 0.94)
=4.8
(o} |- ]
IO 09 08 0.7 0.6 0.5

Cos & [ Cos of the smaller AE(P,P“)]

MU-30655

Fig. 16(a). Angular distribution of the scattered proton in P-C
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Fig. 18(a). The logarithm of the likelihood function,of(PO) Vs PO
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-

mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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