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Abstract
Some results on arithmetic aspects of K3 surfaces and abelian varieties
by
Anningzhe Gao
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Martin Olsson, Chair

The thesis is divided into three parts. We consider the essential dimension of alge-
braic stacks, and compute the essential dimension of moduli stack of polarized K3
surfaces in part 1. In part 2 we concentrate on the period index problems. More
precisely, we show that if C' is an algebraic curve of genus 1 over a field k of char-
acteristic 0 then the index of C', defined to be the greatest common divisor of the
degrees of its closed points, is equal to the index of the Brauer class defined by the
Gy-gerbe given by the Picard stack of degree 0 line bundles on C'. We also relate
this number to the essential dimension. In the last part we give a new proof of the
finiteness of abelian varieties over finite fields using the Tate conjecture. This result
was first proved by Zarhin.
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Chapter 1

Introduction

The thesis is divided into three parts: In part 1 we consider the essential dimen-
sion of algebraic stacks, in part 2 we consider the period index problem of abelian
varieties and in part 3 we consider the finiteness of abelian varieties over finite fields.

1.1 Essential dimension of algebraic stacks

The essential dimension was first proposed by Buhler and Reichstein in [6], who
defined the essential dimension of an algebraic group. Then in [30] Merkurjev gener-
alized it to any functors from the category of field extensions to the category of sets.
We will recall the basic properties of essential dimension in part 1 and compute the
essential dimension of the moduli stack of polarized K3 surfaces.

Roughly speaking, the essential dimension of an algebraic object is the minimal
number of parameters needed to describe it. In the following discussion we will use k
to denote a given base field. Given an object defined over a field extension K of k, one
can ask whether this object can be defined over some subfield of K, in particular, we
might hope to have a minimal subfield K’ of K over which the object can be defined.
It turns out, however, that considering the minimal field does not lead to the good
definition. Rather, one should consider the minimal transcendental degree of a field
of definition (see [38, Section 1] for discussion). Let Field/k be the category of field
extensions of k. Given a functor F' : Field/k — Set, and an object n € F(K) for
some field extension K, we may consider the smallest transcendence degree over k
of a subfield over which 7 is defined. This is called the essential dimension of the
object, denoted by edi(n). Taking the supremum over all pairs (K,7) we get the
essential dimension ed; F' of the functor F'.

For an algebraic stack X /k, define the functor Fy : Field/k — Set by sending
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a field extension K /k to the isomorphism classes of objects in the category X (K).
The essential dimension of the algebraic stack is defined as the essential dimension
of the functor Fy, and we use ed, X instead of ed; F'y to denote it.

To motivate why we consider algebraic stacks, consider the following example
from [3, Proposition 8.3]. Assume the characteristic of k is 0, and consider the
moduli stack of elliptic curves over k. It is known that any elliptic curve can be
defined by a Weierstrass equation Y2 = X3 + aX + b for some a,b € k. Therefore
the curve is defined over Q(a,b) C k. This implies that the essential dimension of
the moduli stack of the elliptic curves is less than or equal to 2. Combining with the
genericity theorem (see [3, Theorem 4.1]) the essential dimension of the moduli stack
of elliptic curves is 2. This may at first seem counter intuition: The moduli stack
is of dimension 1 and the essential dimension of a scheme or a space is the same as
its usual dimension. The stacky nature of the moduli stack introduces a difference
between the usual dimension and the essential dimension. We will discuss this in
more detail later. Hence to get interesting results, we need to consider algebraic
stacks.

We will concentrate on the essential dimension of algebraic stacks in this part,
in particular Deligne-Mumford stacks. Brosnan, Reichstein and Vistoli developed
many aspects of the theory for algebraic stacks in [3]. In particular, they proved
the genericity theorem of the essential dimension of Deligne-Mumford stacks, which
is the most important tool in our computation. They also discussed the essential
dimension of some gerbes. In [10, Section 1], the following conjecture is proposed:

Conjecture 1.1.1. ([10]) Let & be a field of characteristic 0 and n € Br(k) be a
Brauer class. Let n be the index of . Let n = p}*...p%* is the prime decomposition of
n, and let X — Spec(k) be the pu,-gerbe corresponding to the Brauer class . Then
we have

edX =pi' +py + ... +p —s+1

The conjecture has been proved in the case when n is a power of a single prime
([3, Theorem 5.4]) and when n = 6 ([10, Theorem 1.3]).
The main result we will show is:

Theorem 1.1.2. ([15, Theorem 1.1 and Theorem 1.2] ) Let k& be an algebraically
closed field. Let My be the moduli stack of polarized K3 surfaces of degree d over
k. Then

(1) If k is of characteristic 0, the essential dimension of M, is 20 when d = 2 and
19it d > 4.

(2) If k is of characteristic p for some p > 22, then the essential dimension of M,
is 19 when d > 2.
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In Chapter 2 we recall the basic properties of the essential dimension of algebraic
stacks. In Chapter 3 we give the proof of Theorem 1.1.2. The proof is based on the
genericity theorem (Theorem 2.3.2). It says that for an integral Deligne-Mumford
stack, the essential dimension of the stack is determined by the usual dimension of
the stack and the essential dimension of the generic gerbe. In Chapter 3 we will show
that the moduli stack M, is generically a scheme when d > 2, then by the genericity
theorem the essential dimension of M, is the same as its usual dimension. When
d = 2 we will show that the stack is generically a trivial Z/2 gerbe, then we apply
the genericity theorem again to prove the theorem.

1.2 The period-index problem

In this part we consider the period index problem for elliptic curves. The classical
paper about the period index problem is [26], and there are also several results in [9]
and [29].

Let A be an abelian variety over k. An A-torsor is a pair (T, f), where T is a
non-empty k-scheme and f : T'x A — T is a morphism, such that the following
conditions hold:

(1) The following diagrams commute:

TXAXA&)TXA

ol

TxA—7T o7

T A

9%

Here m : A x A — A is the addition morphism and € : Spec(k) — A is the unit
of A.
(2) The morphism
T'xA—=TxT

(t,a) — (t,ta)
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is an isomorphism.
It is well known that the isomorphism classes of torsors are classified by the first
cohomology group.

Theorem 1.2.1. ([19, Chapter 3, Remark 3.5.4], [35, Corollary 12.1.5]) Let A be an
abelian variety over some field k, then there is a bijection

{Isomorphism classes of A-torsors over k} «» H'(k, A)

Given a torsor T of an abelian variety A over k, the period of T, denoted by
per(T), is the order of the cohomology class [T] in the first cohomology group
H'(k,A). The index I(T) of T, is defined to be the greatest common divisor of
the degrees of closed points of 7. We have the relation between these two numbers
per(T)|I(T)|per(T)*, where g is the dimension of the abelian variety A. Details can
be found in the first two sections of [9].

We also need the definition of gerbes.

Definition 1.2.2. (|27, Definition 3.15]) Given an algebraic stack X', an algebraic
space X and a morphism 7 : X — X. We say X is a gerbe over X if the two
morphisms 7: X - X and A : X - X xx X are both epimorphims.

Let G be a sheaf of abelian group over k. A gerbe banded by G, sometimes referred
to as a G-gerbe, is a gerbe X over k equipped with an isomorphism Gy ~ Zy between
G x X and the inertia stack of X. Concretely this means that for every object
n € X(S) over a k-scheme S we are given an isomorphism Autg(n) ~ Gg and these
isomorphisms are appropriately functorial. A G-gerbe is trivial if it is equivalent to
the classifying stack BiG. Similar to the isomorphism classes of torsors, we have the
following theorem:

Theorem 1.2.3. ([19, Chapter 4, Theorem 3.4.2], [35, Theorem 12.2.8]) Let X be
an algebraic space over k, GG is a sheaf of abelian groups. Then there is a bijection

{Isomorphism classes of G-gerbes over X} +» H*(X,G)

We are interested in the case of dimension 1. Let E be an elliptic curve and
let C' be an E-torsor. Let PicY, Ik be the moduli stack of degree 0 line bundles on
C, and let PicY, be the Jacobian of C. Then Picd is a G,,-gerbe over Picl, and,
using the canonical isomorphism E ~ PicOC7 we can view this as a G,,-gerbe over E.
Restricting to the function field K of F we obtain an element of the Brauer group

Br(K). However we know that the set of isomorphism classes of G,,-gerbes over
Spec(K) is just H*(K,G,,), and the latter one is just the Brauer group Br(K) of K.
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We define a new constant i(C') to be the index of the Brauer class Pic%/k — Spec(K)
in Br(K), called generic index. The main result of this part is the following:

Theorem 1.2.4. ([16, Theorem 1.1]) With the notations defined as above, we have
(€)= 1(C)

The reason we consider i(C') is the following: Similar to the case of Deligne-
Mumford stacks, we also have the genericity theorem of G,,-gerbes. The Picard stack
Pic, Ik is a G,,-gerbe over the Picard variety Pic% /k> and the generic index is just

the index of the generic gerbe in the Brauer group H?(k(Picd /1) Gim). Combined
with the Conjecture 1.1.1, we can see the result is related to the essential dimension
of Pic), Ik We will discuss this in Chapter 5.

1.3 The finiteness of abelian varieties

Let A be an abelian variety over k with dimA = ¢g. Choose [ a prime number
with [ # p. We know that if (p,n) = 1, the morphism n : A — A is a separable
isogeny of degree n%, denote A[n] = Ker(n : A — A), then A[n](k) = (Z/nZ)*.
The Tate module is defined as

T(4) = lim A")(F)

In [42, Section 1], Tate proved the following famous theorem

Theorem 1.3.1 (Tate). Let & =T, be a finite field where ¢ is a power of a prime p.
Let A, B be two abelian varieties over k. Let G = Gal(k/k) be the absolute Galois
group of k. If [ is a prime and [ # p, then we have the isomorphism

Homyv (A, B) ® Z; = Homg,()(T;(A), Ti(B))
Here 7T; is the Tate module of an abelian variety.
The key ingredient in the proof is the following result:

Key Ingredient. Fix an integer d, a prime [ and an abelian variety A over k. Then
the number of isomorphism classes of abelian varieties which admits a polarization
of degree d? and an isogeny B — A of degree " for some n is finite.

In fact, a stronger statement is true. Namely, for a given dimension g there are
only finitely many abelian varieties of dimension g over a given finite field. In part
3, we will show this stronger statement is, in fact, implied by the Tate conjecture.
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Theorem 1.3.2. Let k£ be a finite field. The Tate conjecture of abelian varieties
over k implies that there are only finitely many abelian varieties of dimension g over

k.

This result is first proved by Zarhin [46, Theorem 4.1]. We will give a different
approach to this result.



Part 1

The essential dimension of
algebraic stacks



Chapter 2

Essential dimension and algebraic
stacks

In this chapter we review the definitions and facts we need in our discussion.

2.1 The essential dimension of a functor

We refer to the survey article [1] for basic material of the essential dimension.
Let k be a field. We use Field/k to denote the category of field extensions of k with
morphisms the obvious inclusions and Set the category of sets. Given a functor

F: Field/k — Set

for an element n € F(K) for some field extension K/k, we say an intermediate
field £k € L € K a defining field of n if there is an element ' € F(L) such that
7|k € F(K) is just n under the inclusion. The essential dimension of n, which is
denoted by edyn, is defined by

edyn = mingtr.deg(L/k)

where L runs over all the defining field of . The essential dimension of the functor
F', which is denoted by ediF', is defined by

edpF' = maxyepxyedin

for all field extension K /k and all elements in F(K).

From the definition we can see that the essential dimension of a functor can be
infinity.

Here are some interesting examples:
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Example 2.1.1. Let G be a group variety over k. Define a functor F":

F :Field/k — Set
K/k — HY(K,Gg)

sending K to the set of isomorphism classes of G-torsors over K. In this case we
usually denote the essential dimension of F' by ed;,G. This is a numerical invariant
of the group variety G. This invariant gives us the information about how many
parameter we need to describe a torsor of the group variety.

Example 2.1.2. Given an integral variety X/k, consider the following functor:

F :Field/k — Set
K/k — X(K)

We can compute the essential dimension of F' in this case. For any field extension
K/k, an element in n € X (K) is just a morphism

Spec(K) — X

but any morphism from a point to a scheme can be factored through some point on
X, i.e. it can be factored through

Spec(K) — Spec(k(z)) = X
for some point x € X. Then we have
edyn = tr.deg(k(z)/k)
So we have
ed,F' < mazxgextr.deg(k(x)/k) = dimX

On the other hand, the generic point of X has essential dimension dimX. So we
have
edipF' = dimX

For an integral algebraic space X, we can always find a stratification of it and
each strata is a scheme. So by definition if we define a functor F' as above, we still
have

edipF' = dimX

so there is no much interest for algebraic varieties or algebraic spaces. The situation
is much more interesting for algebraic stacks.
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2.2 The essential dimension of algebraic stacks

We refer to [35] and [44] for more details of algebraic stacks. Let S be a scheme.
We denote Af fs the category of affine schemes over S. A stack over S is a stack over
Af fs. That is, a fibered category over Af fs satisfying the Definition 4.6 of [44].

Definition 2.2.1. ([35, Definition 8.1.4] ) A stack & over a scheme S is called an
algebraic stack if it satisfies the following two conditions:
(1) The diagonal
X =X xgX

is representable, separated and quasi-compact.
(2) There is an algebraic space X and a morphism X — X which is surjective
and smooth.

Now let the base scheme S be Spec(k) for some field k, and X — Spec(k) an
algebraic stack over k. Consider the functor

Fy :Field/k — Set
K/k — {Isomorphism classes of objects in X(K)}

The essential dimension of X" is just the essential dimension of this functor Fl.
Usually we use edy X instead of edyFy to denote the essential dimension of an alge-
braic stack.

This is a natural generalization of the case of algebraic varieties or spaces. Unlike
the previous two cases, the essential dimension of algebraic stacks can be really
complicated. We consider the following examples.

Example 2.2.2. Let G be a smooth algebraic group, and X = BG the classifying
stack of G. In this case we know that the set of K points of the classifying stack is
just the set of isomorphism classes of torsors of GG. So ed, BG = ed;. GG, as we defined
in Example 2.1.1. We refer to [3] for more results on classifying stacks.

Example 2.2.3. ([3, Theorem 1.8]) Assume the base field k& has characteristic 0.
Let M, ,, be the moduli stack of n pointed curves with genus g. Then we have

edk./\/lop = edk./\/ll,l =2

edk./\/lm = edk./\/lo,g =0
edk/\/l170 = 400
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edkMQ’() =35

otherwise we have
edyMgn =39 —3+n

We can see from these examples that the essential dimension of algebraic stacks
are usually complicated, it can even be infinity.
We need some basic facts about the essential dimension of algebraic stacks.

Proposition 2.2.4. ([3, Propositon 2.12]) Let X' /k be an algebraic stack over k and
K/k a field extension. Then we have

edKXK S ede

Proof. Let L/K be a field extension, then we have the map Xy (L) — X(L) is an
equivalence. Pick some element £ € Xk (L), and suppose M /k is a field of definition
of £ € Xk(L) =2 X(L). Then any field containing M and K will be a defining field
of £ € Xx(L) (as an object in Field/K). So we may pick some composition field
N of M and K and we can see that tr.deg(N/K) < tr.deg(M/k), hence we have
edi (&) < edi (), hence

edKXK S Gde

]

Proposition 2.2.5. ([3, Proposition 2.24]) Let X and ) be two algebraic stacks,
then we have

6dk(.)( Xk y) < €de + edk)/

Proof. This is almost by definition. We refer to [27, Chapter 2, 2.2.2] the construction
of fiber products of fiber categories. Let K/k be a field extension. Pick an object
(n,€) in (X X V)(K), then we may choose k¥ €& F C K to be a defining field
of n with tr.deg(F/k) < ediX and k C L € K to be a defining field of ¢ with
tr.deg(L/k) < edy). Then any composition field of F' and L is a defining field of
(n,€). So we must have edy(n, ) < edpX + edi). Since this is true for all elements,
so we have

€dk(.)( Xk y) < €de + edk))
O

Remark 2.2.6. The equality doesn’t hold in general. For example, if X = Buy and
Y = Bus, the base field k is algebraically closed, then we have

edkBug = 1, edkBug =1

while
edk(B,ug Xk B,ug) = edkBuﬁ =1
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2.3 The genericity theorem

In this section we will introduce the genericity theorem proved in [3, Theorem
4.1] and generalized in [5, Theorem 6.1]. An algebraic stack X is called a Deligne-
Mumford stack, if in the condition (2) of Definition 2.2.1, we can find an algebraic
space X and a morphism X — X which is etale and surjective. We will use DM stack
instead of Deligne-Mum ford stack in the thesis. Now suppose we have a DM stack
X. The inertia stack of X is X X yxx X, we use Zy to denote it. We say the DM
stack X admits finite inertia if the canonical morphism

Iy > X
is finite.

Definition 2.3.1. ([35, Definition 11.1.1]) Let X be an algebraic stack, X an alge-
braic space with a morphism 7 : X — X. We say X is a coarse moduli space of X
with respect to the morphism 7 if the following two conditions are satisfied:

(1) For all algebraically closed field K, the morphism 7 induces a bijection of
points |7| : |X(K)| — | X (K)|. Here for an algebraic stack X and a field K, |X'(K)]
means the set of isomorphism classes in X'(K).

(2) 7 is universal for all morphisms from X’ to an algebraic space. That is if there
is another algebraic space Z and a morphism ¢g : X — Z then there is a morphism
f: X — Z such that g = fr.

By the Keel-Mori theorem (see [11] for the statement and the proof), if X is a
DM stack locally of finite type over k with finite inertia Zy, then X admits a coarse
moduli space. Now we can state the genericity theorem:

Theorem 2.3.2. ([3, Theorem 4.1], [5, Theorem 6.1]) Let X be a smooth integral
tame connected DM stack locally of finite type. Let U be any open substack of X
with finite inertia, and by Keel-Mori theorem, I/ admits a coarse moduli space U.
Denote the function field of U to be K, and Ux = U Xy Spec(K ). Then we have

ede = dimU + EdKUK

Remark 2.3.3. In [3, Theorem 4.1], the theorem is proved in the case when the
base field k is of characteristic 0. In [5, Theorem 6.1], the authors proved a general
statement for positive characteristic base field and the algebraic stack X is integral
and smooth (not necessarily with fintie inertia). Also a proposition they used in that
paper is incorrect, but they gave a correct version in [4, Theorem 1.2]. Please check
these papers for details.
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We have two direct corollaries.

Corollary 2.3.4. Let X be a DM stack satisfying the properties needed in Theorem
2.3.2. For any open substack U of X', we have

edp X = edi,UU

Corollary 2.3.5. Let X be a DM stack satisfying the properties needed in Theorem
2.3.2. If the generic point has a trivial automorphism group, then

edip X = dimX

Example 2.3.6. The tameness here is really important. We can consider the follow-
ing example: Set G = Z/p"7Z for some odd prime p. Then by Lemma 3 in [40] we can
construct a smooth curve X over F, with a smooth G fixed point. Set X = [X/G].
Then X is a smooth DM integral stack locally of finite type over F,,. But it is obvious
that

edy, X > edp,Z/p"Z

And Ledet conjectured in [28, Remark in page 4] that
edp,Z/p"Z = 1

So if the conjecture holds, we can see that the essential dimension of X can never be
controlled by its generic point.

A naive question is the following: Give a DM stack 7 : X — X which is a smooth
map, and X is smooth integral tame, X is integral and regular, then for any point
r € X, we have a stack X, then we may ask how the essential dimensions of this
family of stacks change. Or more precisely, does the function

f(x) = edyz)Xe

have some good properties? The following example shows that this function is not
locally constant.

Example 2.3.7. Consider the affine line C' over [F),, where p is a prime. Choose some
q a prime number such that ¢|p — 1 but ¢* { p — 1, for example p = 29, ¢ = 7. Then
consider the trivial gerbe X = X x B(Z/q"Z) for some r > 1. We need to use [14,
Theorem 4.1]. We can see the essential dimension edy, X, = ¢"~!. Then suppose the
function defined above is locally constant, then there exists an open subset U € C
such that for any u € U, we always have

r—1
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Let’s prove this cannot happen. From elementary number theory we can always
find an integer ¢ such that ¢"|p* — 1. Suppose C' — U = {z1, z3, ..., T, }, we set

N = max<i<ndeg(k(z;)/F,)

We may choose an irreducible polynomial f(x) of degree tN in F,[z]. Then the
canonical quotient morphism F,[z] — F,[z]/f(x) = F gives us a natural closed
point

x : Spec(F) — C

and the image of z must be in U. Then we have k(x) = F,v. And we have ed,) X,
is just the essential dimension of the constant groups scheme over F'. But then by
Theorem 4.1 of [14], we can see that edy(,) X, < ¢ (here we cannot apply the theorem
directly but at least the inequality holds). Which is a contradiction.

2.4 The essential dimension of gerbes

We can see that to compute the essential dimension of a DM stack X', by Theorem
2.3.2 we just need to consider the generic gerbe of it (lots of stacks coming from
moduli problems satisfy the conditions we need in Theorem 2.3.2). Then we need to
consider the essential dimension of gerbes.

Definition 2.4.1. (|27, Definition 3.15]) Given an algebraic stack X', an algebraic
space X and a morphism 7 : X — X. We say X is a gerbe over X if the two
morphisms 7 : X — X and A : X - X xx X are both epimorphisms.

Remark 2.4.2. This is a formal definition. There is another concrete explanation.
Since we will mostly consider gerbes over fields, so we just give this description in
this case, for details, please check [35, Chapter 12]. Let X be a stack over a field k.
We say X — Spec(k) is a gerbe over Spec(k) if the following conditions are satisfied:
(1) There exists a field extension k’/k such that X'(k") is non-empty.
(2) Given an affine scheme S over k and two objects 7,& € X(5), there exists a
fppf cover {S; — S} such that the pullback ng, and g, are isomorphic in X'(S;).

We call X is a trivial gerbe (or neutral gerbe) over Spec(k) if X' (k) is non-empty.

Let G be a sheaf of abelian group over k. X is a gerbe over k. X is called a
gerbe banded by G, or simply a G-gerbe, if for any affine scheme S and any object
n € X(S), we have an isomorphism Gg = Aut,(n) compatible with pullbacks, here
Autg(n) is the group scheme of automorphisms of n over S. A G-gerbe is trivial if
and only if it is equivalent to the classifying stack B;G.

The following theorem is well known.
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Theorem 2.4.3. ([19, Chapter 4, Theorem 3.4.2], [35, Theorem 12.2.8]) Let X be
a algebraic space over k, GG is a sheaf of abelian groups. Then there is a bijection

{Isomorphism classes of G-gerbes over X} +» H*(X, Q)

We will concentrate on pu,,-gerbes and G,,,-gerbes. As the previous theorem shows
they are just H?(k,p,) and H?*(k,G,,). We know that H?(k,G,,) is canonically
isomorphic to the Brauer group Br(k) of k, the equivalent classes of central simple
algebras over k. By Wedderburn’s theorem, any central simple algebra over k is
isomorphic to a matrix algebra M, (D) for some division algebra D. For any Brauer
class a € Br(k), there is a matrix algebra M, (D) representing «, the index of
a, denote it by ind(a), is defined as the square root of the dimension of D, i.e.
/dimg (D). Also the period of «, denote it by per(«), is defined to be the order of
a in Br(k). For details of the Brauer group over fields we refer to [18].

For future use we need an explicit way from a cohomology class to a central simple
algebra. The construction is as follows: Given a cohomology class o € H?(k,G,,),
this is represented by some cycle, that is a map

f:GxG—Ek*
satisfying the relation:

flo,mv)f(r,v) = flor,v)v(f(o,T))

Here G is the absolute Galois group of k. Choose some finite Galois extension k'/k
such that ay is trivial in H?(k',G,,), and write G' = Gal(k'/k) the Galois group.
Then « is equivalent to a map

f:G xG —k*
satisfying the same relation. Now we can construct an algebra as follows: Let A be
a k' vector space with basis labeled by G’, i.e. A is a vector space spanned by z,, for
o € G'. We equip A with the following product rules:
Lolr = :Ean(o-a T)
Ty = To0(c)

We can show this is a central simple algebra, so we get a Brauer class represented
by A. We will need this construction in Chapter 4.
There is an short exact sequence of group schemes:

1= pn = Gy =5 G,y — 1
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which induces a morphism:
H*(k, j1,) — H*(k,G,,)[n]

So we can see that H?(k, j1,,) corresponds to n torsion elements of the Brauer group.
Now we need a technical theorem.

Theorem 2.4.4. ([5, Theorem 4.1]) Assume the base field has characteristic 0. Let
d > 1 be an integer. Let o € H?(k, uug) be a cohomology class and 5 € H*(k,G,,)
be its image under the above map. Let X be the ug4-gerbe associated to o and Y the
G-gerbe associated to 3, then we have

edipX = edi)y +1

In Conjecture 1.1.1 it is conjectured that the essential dimension of p,-gerbes is
closed related to the index of its associated Brauer class. The conjecture has been
proved in the case when the index is a prime power.

Theorem 2.4.5. ([3, Theorem 5.4]) Let X be a gerbe over k banded by g, for some
prime p. Then we have
edpX = ind[X]

where [X] means the Brauer class of X' in Br(k).
With these preparations we can prove:

Theorem 2.4.6. Let X be a smooth integral variety over some field k£ of charac-
teristic 0. Let X — X be a G,,-gerbe. Denote K the function field of X, then we
have

edipX = dimX + edg Xg

Here Xx means the base change of X’ along the generic point Spec(K) — X.

Proof. Since X is smooth, the canonical inclusion Spec(K) — X induces an injec-
tion H*(X,G,,) = H*(K,G,,), which implies that H?*(X,G,,) is torsion. So the
cohomology class [X] € H*(X,G,,) lies in the image of H?*(X, u,) — H*(X,G,,) for
some n. Write Y — X the ju,-gerbe such that its image in H?(X,G,,) is just [X].
Then we have

ed X = mazpex{edyp) X, + tr.deg(k(p))}
= mazpex{edyp)Vp + tr.deg(k(p))} — 1
=dimX + edx Vi — 1
= dimX + edg Xk
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where k(p) is the residue field of p € X and &), is the restriction of X to p, similar
for V,. The first equality is by definition, the second is by Theorem 2.4.4, the third
is by Theorem 2.3.2, the last is again by Theorem 2.4.4. O]

This implies for G,,-gerbes over smooth varieties, we still have the genericity
theorem. This fact is known to experts, for example see [39, Chapter 2].
We also have a small lemma.

Lemma 2.4.7. Given a G,,-gerbe X over some field k of characteristic 0, then we
have ed; X = 0 if and only if X is the trivial gerbe.

Proof. If X is the trivial gerbe then obivously we have edyX = ed;G,, = 0. Let’s
prove the other direction. Suppose ed, X = 0. Let ) be a ug4-gerbe for some d and
(V] maps to [X] in H?(k,G,,). By Theorem 2.4.4, we have ed;,) = 1. Write

indY] = pi'..py
the prime decomposition of the index of [Y]. Then we have
edyy > pi*

by Theorem 2.4.5. Hence we must have r; = 0. This is true for all prime factors, so
we have X is the trivial gerbe. O]
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Chapter 3

Essential dimension of moduli
stack of polarized K3 surfaces

In this chapter we will discuss the essential dimension of the moduli stack of K3
surfaces. The proof of d = 2 case was given by Angelo Vistoli through an email with
the author. The material in this chapter is more or less the same as [15].

3.1 The case when d =2

A K3 surface X over k is a smooth proper variety over k with trivial canonical
line bundle and H'(X,Ox) = 0. For a line bundle L on X, L is called primitive if
there exists no line bundle M on X such that L = M®9 for some d > 1. A polarized
K3 surface of degree d is a pair (X, L) with X a K3 surface and L a primitive
ample line bundle with L? = d. Note here d must be an even number.

We will omit the details for the moduli stack (space) of polarized K3 surfaces of
degree d, for details, see [23] and [41].

We use M, to denote the moduli stack of polarized K3 surfaces with degree d.
We have

Theorem 3.1.1. ([41, Theorem 4.3.3]) The moduli stack M, is a connected smooth
DM stack with finite inertia locally of finite type.

So we have a coarse moduli space M. It is integral of dimension 19, but it is not
smooth.

Next we consider the case when d = 2. We first list some properties of polarized
K3 surfaces (X, L) with degree 2 as an example here.
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Example 3.1.2. Given a polarized K3 surface (X, L) with (L?) = 2. Then we know
that the global sections of L give a double cover m : X — P2, and 7 is ramified
along a smooth curve C' € P? of degree 6. And we know that a general curve of
degree 6 in P? has trivial automorphism group. Then by the standard description
of double covers we know that a general polarized K3 surface (X, L) of degree 2 has
automorphism group Z/27. So we know that in this case if we denote the field of
rational functions of My by K, then the fiber product Mg g = My X, Spec(K) is
a 7/27 gerbe over K.

With the previous example and Theorem 2.3.2 we see to find the essential di-
mension of My over k we just need to consider the essential dimension of My g over
K, then by Theorem 2.4.5 we just need to find the index of the class of [Ms k]| in
Br(K).

Theorem 3.1.3. ([15, Theorem 3.2] ) The gerbe Mo i is a trivial gerbe, so it has
index 1, hence ed, My = 20.

Proof. From Example 3.3.4 we know that the moduli space M, is just the quotient
of the space of smooth curves of degree 6 in P? by the PG L3 action. So there exists
a Brauer-Severi surface P over K and a degree 6 curve C' € P such that the generic
gerbe is just the stack of the double covers Y — P which ramified over C'. To prove
the gerbe is trivial it suffices to show My x(K) is non-empty. But by the description
of double covers we just need to find a square root of O(C'). Then since Pic(P) = Z,
we just need to find a line bundle of degree 3. But the inverse of the canonical line
bundle has degree 3, so the gerbe is trivial, we finish the proof. O

This gives the answer in the case of d = 2.

3.2 The case when d > 2

Next we consider the case when the degree is greater than 2. We first assume
k = C. We need a technical lemma.

Lemma 3.2.1. Let X be a smooth connected DM stack with finite inertia locally
of finite type over k. If there exists a k point x on X such that the automorphism
group G, is trivial, then there exists an open dense substack U of X such that for
any point on U, it will have trivial automorphism group, hence the generic point has
trivial automorphism group.
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Proof. The automorphism group G, is the pull-back
Gm s Spec(k:) Xx IX

where Zy is the inertia stack of X. We pick some etale cover U — X of X', then we
have U is smooth. Then there exists a k£ point v on U such that the composition

u—U—X

is just the given k point (here we use the fact that k is algebraically closed). We may
choose an affine connected open neighborhood of u, also denoted by U. Write

GU:UXXIX

Since Zy is finite over X', by definition Gy is also an affine scheme over k. Also we
know for any dense open subset of U its image in X will be a dense open set. So we
just need to prove that there exist an open dense subscheme W of U such that for
any point of W the fiber is just Spec(k).

Let’s denote the morphism Gy — U by m, and the point with trivial automor-
phism group by x. Write Gy = Spec(B), U = Spec(A), the maximal ideal corre-
sponding to by m, then we have B/mB = k. Consider the sheaf associated to B
on U, we call it . Then F is coherent. We have

But by [21, Ex. 5.8] on page 125, the function
o(u) = dimF, ® Op,/my

is an upper semi-continuous function. Since the fiber over any point is non-empty,
SO
W =A{ue Ul|p(u) =1}

is an open subscheme of U. Since U is integral, W is dense.

By the same exercise, since U is integral, so on W, Fy is a line bundle. Then we
may choose an open subscheme of W (just shrink W, so we still use W to denote it)
such that on it we have Fyy = Oy . Then on this subset, it is obvious that every point
has fiber Spec(k). This dense open subscheme satisfies the properties we want.  [J

By the above lemma, since My satisfies all the property we need, if we find a
polarized K3 surface with a trivial automorphism group, then the generic point must
have trivial automorphism group. But we know there must exist a polarized K3
surface with Picard number 1 of any degree, then by the following theorem, we can
get our result.
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Theorem 3.2.2. ([23, Corollary 12.2.12] ) If X is a complex projective K3 surface
with Pic(X) = ZH and (H?) > 2, then Aut(X) = id.

For proof, see [23, Corollary 12.2.12].

Combine this theorem and the above technical lemma and Theorem 2.3.2, we can
see that if the base field is the field of complex numbers, then the theorem is true.
For the general case, we know that M, is defined over Q. By [3, Proposition 2.14]
we have

edgMyg = edy Mg = edcMyc

So we have:

Theorem 3.2.3. Let k£ be an algebraically closed field of characteristic 0. The
essential dimension of M, is 19 when d > 2.

3.3 The case of positive characteristic

By [3, Proposition 2.14] , we may assume that the base field k = F,, for some
p prime. We will consider the moduli stack of polarized K3 surfaces when the base
field is of (large) positive characteristic in this section. Actually we will only consider
the K3 surfaces over IF, the algebraic closure of [F,, for some prime p > 23 and p 1 d.
The idea is to apply the deformation theory of K3 surfaces and the result we got
above. We first collect some results we need.

Recall that actually to compute the essential dimension of some DM stack with
finite inertia actually we just need to consider the general case, so it suffices to
consider the ordinary K3 surfaces. It suffices to find one point in the stack with
trivial automorphism group, so let’s concentrate on the K3 surfaces with height 1
and Picard number 20. Over C, K3 surfaces with Picard number 20 can be classified
by the transcendental lattices, which have rank 2. More precisely, let S, denote
the set of positive definite even lattices with rank 2 such that the discriminant is a
non-zero square mod p. Given any positive definite, oriented even lattice M of rank
2, there exists a unique complex K3 surface X, with its transcendental lattice is
just M. Such X is defined over Q. The reduction of X over F is a K3 surface with
Picard number 20 (for details see the discussion in [25, Section 3] ). This gives us
a morphism from the set S, to the set of isomorphism classes of K3 surfaces with
Picard number 20 over F. We have the following:

Theorem 3.3.1. ([25, Theorem 3.7]) The morphism defined above is a bijection.
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For an ordinary K3 surface over F with Picard number 20, it has a unique Neron-
Severi preserved lifting, which is just the canonical lifting [34, Definition 1.9]. We
have the following theorem comparing the automorphism group of the K3 surface
itself and the Neron-Severi preserved lifting.

Theorem 3.3.2. ([24, Theorem 3.7]) Let X be a weakly tame K3 surface over F,
then there exists a Neron-Severi group preserving lifting X /W, where W is the Witt
vector of F, such that the reduction map Aut(X® K) — Aut(X) is an isomorphism.

For the proof and the definition of weakly tame, we refer to [24, Theorem 3.7].
Recall that if p > 22, then every K3 surface of finite height is weakly tame. And
by the standard argument we can show that in this case Aut(X ® C) = Aut(X) and
NS(X®C) = NS(X) canonically.

Now let’s return to the polarized case. Given the moduli stack M, of polarized
K3 surfaces over F, let’s assume the degree of the polarization is greater than 2. By
Lemma 3.2.1, if we can find a point on M, with trivial automorphism group, we can
show the generic point has trivial automorphism group.

We next need to use the theory of period domain. We suggest [23, Chapter 6] for
the basic facts and properties. We have the following theorem:

Theorem 3.3.3. We fix the ground field to be C. In the moduli stack My, the set
of K3 surfaces with Picard number 20 and the discriminant of the transcendental
lattice is a non-zero square mod p form a dense subset of M (C).

Before we start our proof, let’s first recall some basic results about the period
domain. Set the lattice Ay = Z(—d) ® UP* & Eg(—1)®? and (—, —) the quadratic
form on it, where U is the hyperbolic lattice and Ejy is the lattice associated to the
Dynkin diagram Eg. This is the lattice orthogonal to the lattice generated by the
ample line bundle of degree d we choose in the standard K3 lattice, see [23, Chapter
6).

So we have the period domain of marked polarized K3 surfaces with degree d,
which we denoted by Dy. D, is a subset of P(Ayc). The group of orthogonal matrix
O, has a natural action on Dy, and we know that the coarse moduli space M, is
just an open subset of the quasi-projective variety Dy/Og4. So to prove the above
theorem, we just need show the points on D, corresponding to the mark polarized
K3 surfaces with transcendental lattice having discriminant a non-zero square mod p
is dense in D,. But since D, is diffeomorphic to the set of oriented planes in Ay ® R
such that the restriction of the quadratic form on the plane is positive definite ([23,
Proposition 6.1.5] ), and the set of positive definite planes is an open subset of the
set of all planes, we just need to prove the following theorem. For simplicity, we call
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the property of a lattice with discriminant a non-zero square mod p just property

R.

Theorem 3.3.4. The set of rationally generated planes in A;®R satisfying property
R forms a dense subset of the grassmannian Gr(2, Ay ® R).

Proof. Choose an open subset of Gr(2, A;@R). We first choose a rationally generated
plane H € U. And we notice that actually to check property R, it suffices to check
the discriminant of a rational basis of H N A;. The reason is that the discriminant
of such basis only differ with the discriminant of the integral basis by a square, so if
the discriminant of a rational basis is a non-zero square mod p, the same is true for
the integral basis. Also, when we write % € Z/p for some p t N, we just mean the
inverse of N in Z/p.

Assume H N A, is rationally generated by wy,ws in Ay. We first need to do some
reductions:

Step 1. We may assume (wy,w;) # 0 in Z/p. If not, we can consider the element
d € Ay satisfying (0,0) = —2. Of course § in not in H. Then consider the plane H’
generated by (w; + %(5, wy). For N large enough, H' is in U. And

(w1 001 0) = (w1,01) + 1, 8) + 105(6.0)

since (6,8) # 0 € Z/p, there must exist some N such that (wi,w;) + 2 (wi,d) +
+2(0,8) # 0 in Z/p. We we can replace H by H’ to assume that (wi,w:) # 0 in Z/p.

Step 2. We may assume disc(wy,ws) is non-zero mod p. Consider H’ generated
by (wi,ws 4+ +0) with any (4,8) # 0 in Z/p. Then we have disc(wi,ws + +0) =
(W, w1) (wa, wa) = (Wi, w2)?) + R (Wi, wi) (wa, ) = (wr, 0) (Wi, wa)) + 5 ((wr, wi) (6, 6) —
(w1,0)?). By the same reason, we just need to find some ¢ such that the leading
coefficient (wy,w1)(d,d) — (w1, d)? is non-zero in Z/p. We prove the existence of such
d by contradiction. Assume for any (d,9) # 0 in Z/p, we have (w1, w;)(d,0) — (wy, d)?
is zero in Z/p. Since A4 contains Eg(—1), so we can find 01, 0, with (d1,d2) = 0 and
(0;,0;) = —2 for i = 1,2. We have

(wi, w1)(03, ;) — (w1, 6;)?
is zero for both 4, and (wy, w1 ) (81 + 2, 61 +d2) — (w1, 61 +2)? is zero, we may conclude
<W17w1)<51752) = (W1,51)(W1,52)

in Z/p. But (41,92) = 0, so we may assume (wy,0;) =0 in Z/p. But then

(wi,w1)(01,61) — (w1, 61)% = (w1, w1)(61,61)
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which is non-zero, which is a contradiction. By replacing H by H’, we may assume
the discriminant is non-zero.

Step 3. We may assume there exists a n € A; orthogonal to H and (n,n) is non-
zero in Z/p. From the previous two steps, we may assume H is rationally generated
by wy,ws with (w;,w;) # 01in Z/p for i = 1,2 and (wy,wz) = 0 (just by diagonalizing
the matrix). Pick any 0 € A4, we have

(W175> Wy — (w275) Wo

(w1, w1) (wa, wy)

o —

is orthogonal to H. And

(wlva) Wy — (w276)

(wi,wr) (wa, wy)

(wb 5)2 (w27 5)2
(Wlawl) (W2,w2)

If for some § the above number is non-zero in Z/p, we are done. If not, let’s
choose a n orthogonal to H, also let’s assume 7 is primitive. Then H’ defined by
(wr,wa + %n) also satisfies the assumption we made in step 1 and step 2. If for this
plane, we also have every § orthogonal to H' has (d,0) = 0, then we have

wa, 0 — (1,9) wy — (. ) wa)

(Wb wl) (w2, Wz)

(0 —

= (8,6) —

P B R

(w1, wr) (wa, wo)

is zero in Z/p. Comparing with the previous equation we get

(n,0) =0

for any 6. But this makes 7 is divided by p in Ay, which is a contradiction to the
primitivity of 1. So by replacing H by H' we may assume there is a 1 orthogonal to
H with (n,n7) # 0 in Z/p.

Step 4. We finish the proof in this step. So far we have a plane H € U rationally
generated by wy,wy with (w;, w;) # 0 in Z/p and (wy,wy) = 0. Set A = disc(wy,ws).
Then A # 0 in Z/p under the reduction of step 2. If A is already a square, we are
done. If not, by step 3, we choose n orthogonal to H and (n,7n) # 0 in Z/p. Consider
H’ generated by wq, ws + %n for large enough N. Then

1 1
disc(wy,wy + Nn) =A+ m(wl,wl)(n, n)
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Denote B = —(wy,w1)(n,n), then B is non-zero in Z/p. And
: 1 2
disc(wy,ws + Nn) =A- By

Here y is the inverse of N mod p and can be 0, which means H = H’. We just need
to show for some y, A — By? is a square mod p. We separate the problem into 2
cases:

(1) If B is a square mod p, consider the set S = {0,1,2, ..., 7%1} Then for any
y1,92 € S, A— By} # A — Bys mod p unless y; = y». But A — By? cannot be 0

in Z/p since A is not a square. But we only have 2-L pon-squares mod p, and S

2
S 1%1 elements. So there must be some y that makes A — By? a non-zero

contain
square.
(2) If B is not a square, then A/B is a square. We prove by contradiction. If for any
y, A — By? is zero or not a square mod p, then for any v, % —y? is a square (maybe
0), hence 1 — y? is a square for any y. The following is a little tricky: We notice —1
cannot be a square, or y? — 1 is a square then by induction every element in Z/p is
a square, which is not true. Then 2 cannot be a square, otherwise 1 —2 = —1 is a
square. Then —2 = —1 X 2 is a square. So 1 — (—2) = 3 is a square. On the other
hand, yiz — 1 is a square for any y # 0, in particular —2 — 1 = —3 is a square, this

makes —1 = %3 is a square, which is a contradiction. We finish the proof. O]

So by the above theorem, and Theorem 3.2.2, we can find a polarized K3 surface
over C with trivial automorphism group such that the transcendental lattice 7' is
in S,. It’s reduction is a polarized K3 surface (X, L) over F. Then from Theorem
3.3.1 and 3.3.2, we can conclude that Aut(X, L) = {id}. Then by Lemma 3.2.1, we
can conclude that the generic object of M, in characteristic p case also has trivial
automorphism group if d > 2.

In [13, Theorem 2.1], it is proved that if p > 11, then every automorphism of
a K3 surface with finite order is tame. In particular, that implies in this case the
moduli stack M, is tame, so apply Theorem 2.3.2, we have

Theorem 3.3.5. Assume k is an algebraically closed field of characteristic p for
p > 23. Then the essential dimension of My with d > 2 and p 1 d is 19.
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Chapter 4

Period-index problem of elliptic
curves

In this chapter we consider the period-index problem of elliptic curves. We will
see in the next chapter how this topic is related to the essential dimension of algebraic
stacks. We refer to [9] for details.

4.1 The general setting of period-index problem

In the general case, fix a base field k, and we denote G = Gal(k*? /k) the absolute
Galois group. Let M be a G module, write n € H*(k, M) a cohomology class of M.
The period of n, which is denoted by per(n), is the order of n in H'(k, M). A field
extension [ /k is called a splitting field of n, if the restriction n|; is trivial in H*(l, M).
The index of n, denote it by I(n), is defined as the greatest common divisor of the
degrees of finite splitting fields of 1. The basic properties of per(n) and I(n) are
collected in the following:

Proposition 4.1.1. ([9, Proposition 9]) Let n € H'(k, M) be a cohomology class for
some 7 > 0.

(1) per(n) divides I(n) and they have the same prime factors.

(2) If [ /k is a field extension with degree prime to per(n), then we have per(n) =

per(nl) and I(n) = I(n).

A natural way to relate an abelian variety to Galois cohomology theory is the
theory about the torsors. Let A be an abelian variety over k. An A-torsor is a pair
(T, f), where T is a non-empty k-scheme and f : T x A — T is a morphism, such
that the following conditions hold:
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(1) The following diagrams commute:

TXAXA&)TXA

)

TxA—7' op

Here m : A x A — A is the addition morphism and € : Spec(k) — A is the unit
of A.
(2) The morphism
T'xA—=TxT

(t,a) — (t,ta)

is an isomorphism.
Similar to gerbes banded by some group scheme, we also have a similar description
of torsors.

Theorem 4.1.2. ([19, Chapter 3, Remark 3.5.4], [35, Corollary 12.1.5]) Let A be an
abelian variety over some field k, then there is a bijection

{isomorphism classes of A-torsors over k} <+ H'(k, A)

We give a concrete construction here for future use. Given an abelian variety A
over k, T is a torsor of A. By the condition (2) of torsors, we can see that after we pass
to the separated closure k%P, Tjsep is isomorphic to Agser. We choose an isomorphism
T Thser — Apser. Fix any k*P point ¢ on Tyser, then for any o € G(= Gal(k*?/k)),
there is a unique element o(t) — ¢ in A(k*?) such that f(¢, (o(t) —t)) = o(t). Then
we have a map g : G — A(k*P). It is straightforward to check this is a cocycle,
which is the cohomology class in H*(k, A) representing this torsor.

Now for any torsor T of A we can associate a cohomology class [T] € H'(k, A).
So we can define its index and period as above. We use per(7T) and I(T") to denote
them. In this special case we have a better relation between them.
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Theorem 4.1.3. ([9, Corollary 11]) Let A be an abelian variety of dimension g over
k, T is a torsor of A, then we have

per(T)|I(T)|per(T)*
Before we prove it, we need a lemma.

Lemma 4.1.4. ([9, Proposition 10]) Let M be a finite G module with n elements,
and n € H'(k, M) a cohomology class, then we always have

I(n)|n

Proof. Let £ : G — M be the 1 cocycle representing the cohomology class. Define
H to be the subset of G consists of elements o € G with {(c) = 0. We can check H
is a subgroup (not necessarily normal). Then we have an injection of sets

¢:G/H— M

Let [ be the fixed field of H by Galois theory, then we can see that [ is a splitting
field of n. This proves the lemma. 0

Now we go back to the proof of the theorem. We have the Kummer sequence (see
[32, Example 7.9])

1 — A(l)/nA(l) — H'(, Aln]) — H'(I, A)[n] — 1

for any number n and field extension [/k. Pick n here to be the period of T, then
the cohomology class of T lies in H'(k, A)[n]. By the exact sequence to split T it
suffices to split its lift £ € H'(k, A[n]). So we have I(T)|I(¢). But we have A[n] is a
finite module with n?9 elements. Then by the previous lemma we have

I(T)|1(8)[per(T)*

4.2 Picard stacks of curves with genus 1

In this section we will consider elliptic curves. In the previous section we can see
if F is an elliptic curve over k, C' is a torsor of £ (We use C instead of T' cause C'
stands for curves), then we always have

per(C)|1(C)|per(C)*
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We first introduce a new invariant of C'. In the rest of the chapter we will assume
the characteristic of the base field k is 0. The reason why we don’t consider the
positive characteristic case is because we need to apply Theorem 2.4.6. In the proof
of the theorem if the base field is of positive characteristic, then we don’t have the
tameness of the DM stack ).

Definition 4.2.1. Let C be a curve of genus 1. Then its Picard variety PicY, /i 1S an

elliptic curve. We use E to denote it. Then C'is a torsor of £ (C' = Piclc/k and the
latter has a natural action of F). The Picard stack, the moduli stack of line bundles
on C' with degree 0, we use Pic, /i O denote it, has a natural morphism

makes Picl, /i & Gm-gerbe over Picl, - Write K the function field of E. Restrict to
the generic point we have a G,,-gerbe

Pic%/k]K — Spec(K)

this corresponds to a Brauer class in Br(K). We define i(C') to be the index of this
Brauer class.

In some references the authors call this number i(C) the index of the G,,-gerbe
Picl, Ik We first consider the G,,-gerbe PicY, Ik One easy observation is that when C'
admits a k rational point, then it is a trivial F torsor, and in that case since we have
the Poincare bundle on C' x Picy, Jk> SO Pic, /i 18 a trivial Gy,-gerbe. The converse is
also true.

Theorem 4.2.2. ([20, Section 10.1.7]) Let E/k be an elliptic curve over some field
k with characteristic 0 and C' is a torsor of E. Then C'is a trivial torsor if and only
if Picl, /i 18 a trivial G,,-gerbe over E.

We summarize the basic facts of these three values in the following lemma.
Lemma 4.2.3. The numbers per(C), i(C), I(C) have the following relations:
per(C)[i(C)
i(a)(C)

Proof. The inclusion Br(E) — Br(K) is injective (see [32, Example 3.2.22]), so we
can see that per(C) = peT(PicOC/k|K), hence we always have per(C)|i(C). Also we
know that suppose C' is a torsor splitting over some finite field extension L with
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degree d, then we know C' admits a L point, so Pic%L/L is a trivial gerbe over E,
hence K ®y, L is a splitting field of the Brauer class Pic2, s lic, s0i(C)|L, which implies
i(C)1(CO). m

In Chapter 5 we will consider the relation between the essential dimension of the
Picard stack Pic, Ik and the index of C'. The purpose of this chapter is to consider
the period and the index. The question is whether we always have per(C) = I(C)?
This is true in some cases which we list below:

Theorem 4.2.4. ([29, Theorem 1]) Let E is an elliptic curve over k and C'is a torsor
of it. If we have Br(k) = 0, then we have

per(C) = 1(C)

Theorem 4.2.5. ([29, Theorem 3]) Let F is an elliptic curve over a p-adic field, C
is a torsor of E, then we have

per(C) = I(C)

Remark 4.2.6. We can see that this period-index problem can be considered for
any abelian varieties. Please see [26] and [9] for more details.

However, this is not true in general. The following example is given by Cassels
[7].

Example 4.2.7. Let E be the elliptic curve given by
X2 — Y2 - T2
72 =Y*+T?
for any m,n,(, we have a torsor (), ; defined by
mnX?=nlY?—T?

miX? =nlY? + T2

Using the construction we given (from torsors to H'(k, E)) we can see that per(Cp, 1) =
2 for any m, n,l. And in [7] it shows that for infinitely many (m,n,l), [(Cp.n) = 4,
for example (m,n,l) = (3,1, —11)

We will consider this problem by using Pic% s First we need some preparations.
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4.3 Canonical decomposition of Br(FE)

We give the following geometric interpretation of the Br(E). The decomposition
is well known but the author didn’t find references for this theorem, so we give a
proof here.

Theorem 4.3.1. Given an elliptic curve E. We have a canonical decomposition
7: Br(k)® H'(k,E) — Br(E)
defined as below: For any G € Br(k) and torsor C' of E
m(G,C) = [*G + Picg
where f: E — Spec(k) is the structure morphism.

Proof. This is a direct consequence of the Leray spectral sequence of the morphism
[+ E — Spec(k). We first show that 7 is an injection. Suppose 7(f*G + Pic%/k) =
0 € Br(E), then f*G + Pic%/k restricts to the identity of F is a trivial gerbe, but
the restriction of Pic% s TO the identity is always trivial since we always have the
structure sheaf, so G = 0 € Br(k). Now Pic%/k is a trivial gerbe over E then by
Theorem 4.2.2 we must have C' is a trivial torsor. So 7 is injective.

For surjectivity, we have the exact sequence

0 — Br(k) — Br(E) — H'(k,E) = 0

induced by the Leray spectral sequence, and the Picard stack Pic?, i € Br(E) maps
to C € H'(k,E). So for any X a G,,-gerbe over E, define C € H'(k, F) to be the
image of X. Then we have X — Pic%/k maps to 0 under the morphism Br(FE) —
H'(k, E). So X—Pic},,, = f*G for some G € Br(k). This proves the surjectivity. [

4.4 2-torsion elements of Br(FE)

We need to following useful description of the 2-torsion elements in Br(E) for
an elliptic curve F given in [8]. For any field L, two elements a,b € L*, we use the
notation < a,b >€ Br(L) to denote the quaternion algebra generated by 1,1, j,ij
with relations

*=a,j° =b,ij = —ji

We first set up the notations. Let E/k be an elliptic curve over some field k with
characteristic 0, and suppose that the 2-torsion points of E are defined over k. We
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use o, T, w to denote the three non-trivial 2-torsion points of F, e the identity point of
E. We denote f,, the rational function on E with double zeroes at o, double poles
at e. Moreover, if we denote Op . the local ring at the point e, and 7 an uniformizer
of it, then we need 7%f,, € Og,/mOg, a square in k*. We can define f,,, fo, .
similarly. In the case when the elliptic curve is given by

y'=(z—a)(z—b)(z—0)

the three non-trivial 2-torsion points are (a,0), (b,0), (¢,0), and in this case we can
set fUJ:x_aa fT7T:$_bv fw,w:$_c-

Theorem 4.4.1. ([8, Theorem 3.6]) With the notations defined as above. All ele-
ments in H'(k, F)[2] € Br(FE)[2] € Br(K)[2] can be written in the form:

< foor 7 > @ < frr 5>

Also all biquaternion algebras of this form arise from some torsors. And such a
biquaternion algebra is trivial if and only if it is similar to one of the following three

types:

(a) < foo,u—b>® < fr,,u—a > where u is the x coordinate of some points
in E(k) with u # a,u # b.

(b) < frora—b>® < frr,(a—b)(a—c) >

(¢) < foo,(b—a)(b—c)>® < frr,b—a>

With these tools, we can begin our discussion.

4.5 A computation of [(C) for 2-torsion elements
in Br(FE)

In this section we will discuss I(C') in details. We will first fix our field to be k
of characteristic 0. We assume the elliptic curves we consider admits full 2-torsion
points, that is E[2] are all k rational points. So the elliptic curve can be written as:

¥ = a(z — a)(w — b)
and K its functional field, e the identity point. We fix the following notations:
fa,a =T —a

fT7T:$_b
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The general theory about the case when /(C) = 2

By Theorem 4.4.1, elements in Br(K) come from Picg, , with per(C) = 2 if and
only if it can be represented as:

< foo0r M >® < fr, N >

for some A, B € k. Denote C' the torsor corresponding to this Brauer class. We will
describe the case when I(C) = 2.

We need some computation on elliptic curves. We suppose 1(C') = 2, and that
means C' admits a closed points with degree 2, say C'(k(y/«)) is not empty for some
« non-square in k. Set G, = Gal(k(y/a)/k), and g the only non-trivial element. So
[C] € H'(k, E) is represented by a 1 cocycle

0:9 — pg
1—e

for some point p, € E(k(y/a)). The case when p, is a 2-torsion point on E is easy to
control, so we assume 2p, # e. Since 0 is a cocycle, we must have p, + gp, = €, so we
must have p, = (A, \/A(A — a)(A — b)) and a/A(A — a)(A —b) is a square for some
A € k. We use m to denote p,/2 (choose either one). By the standard calculation
we have m = (Z,,, Ym) Where

T = A+ /(A —a)(A—b)+/AA —a) +/AA D)

Ym = (22, — ab)/2VA
So we can see that if we set L := k(2, Ym) = k(VA, VA — a, /A = b), then we have
the following three cases, [L : k] = 2,4 or 8. The first two cases are really similar to

the last one, so we only discuss the case when [L : k] = 8:
If [L : k] = 8. Then we consider the following three elements in Gal(L/k):

g:\/Z—>—\/Z
VA== VA=
VA—a—VA—a

ﬁ:\/Z—>—\/Z
VA—b— VA=
VA—a—VA—a
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v VA = —VA
VA—b—>sVA-D
A—a— —

Then g, 5,7 are generators of Gal(L/k) and 3, fix the field k(y/«). By definition,
the following two cocycles are same:

m g — Dy
b —e
v —e

M2:9 — Pg +gm—m
B —e+pm—m
Y —e+ym—m

We can see that 7, is just 6 under the obvious restriction. Also 7y can be regarded
as elements in H'(k, F[2]). Since the action of Gal(k/k) on E[2] is trivial, n; is
just a group homomorphism, and the kernel is generated by g + v + 5. Denote
F =k(\/A(A —a),\/JA(A —b)). Define u,v € Gal(F/k) where p sends \/A(A — a)
to —/A(A — a) and v sends /A(A — b) to —\/A(A — b). We can see that g+ =
and g+ B = v in Gal(k(\/A(A — a) \/A —b)) /k We have e+ (g+vy)m—m =0
and e + (g + f)m —m = 7 by dlrect calculation. So define:

N — o
vV—T

We can see that n and « are the same if we restricts to H(Gal(L/k), E). So [C] €
H'(k, E) is also represented by 1. That means, the Brauer class

< froo: M > ® < frr, N >
has index 2 if and only if it is isomorphic to

< fooy A(A—a) >® < fr, A(A—=D) >
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and the splitting field is k(\/A(A — a)(A —b)). The cases when [L : k] = 2,4 are
the same. From Mordell-Weil theorem we know that E(k)/2E(k) is a finite set. By
the exact sequence

E(k)/2E(k) — H'(k, E[2]) — H'(k, E)[2] = 0

There is a finite set of pairs of integers P = {(B1,71), .-y (Bn,7n)} with elements in
k*/(k*)? x k*/(k*)? such that

< forr M > < frr) N> fo,, M >® < fr;, N' >

if and only if (M M', NN') € P (Since everything is in k*/(k*)? x k* /(k*)* so M/M' =
MM'). So we have

Theorem 4.5.1. Let E/k be an elliptic curve over k with characteristic 0. Given
some element
< foo M >®@ < frr, N >

coming from some torsor C' of E. Let P = {(B1,71),---s (Bn,7n)} be the set of pairs
of integers coming from FE(k)/2E(k). Then I(C) = 2 if and only C is not trivial
and for some A € k, we have (M A(A —a), NA(A — b)) € P, or the Brauer class of
Pic%/kh( is isomorphic to < fo,, A >, < fr,,A > or < f, ., A > for some A € k.

The theorem seems hard to control, but we will see in the next section that in
specific cases it is really clear.

A concrete examples for the elliptic curve y* = z(z? — 1)

In this part we concentrate on the elliptic curve E defined by
y* =@ —1)

over k = QQ. The discussion in this part can be easily generalized. It is easy to see
that all 2 torsion points are defined over k£ and they are all k points of E£. So by
Theorem 4.4.1,

< foor M > < frr,N >

is trivial if and only if (M, N) = (1,1), (1, —1),(2,2), (2, —=2) in k*/(k*)* x k*/(k*)2.
Suppose we have some torsor C' with Picg /k] K 1s represented by

< foo M > @ < fr7, N>
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Denote P = {(1,1),(1,-1),(2,2),(2,—2)}. Then by Theorem 4.5.1 we know that
I(C) = 2 if and only there exists some A € k such that (M A(A—1),N(A+1)) € P.
Let (MA(A—1), NA(A+1)) = (1,1) in k*/(k*)? x k*/(k*)*. Then we have equations:
A(A—1) = Ma?
A(A+1) = Ny?

for some z,y € k. Take the sum we have 2A? = Mz? + Ny?. This is the same as
< 2M,2N >=1 € Br(k). On the other hand, suppose we have < 2M,2N >= 1,
this means there exists some rational numbers .,y € k such that Mz? + Ny? = 222
Take r = (Ny* — Mz?)/2. Define
A=
,
We can see that A satisfies equations:

A(A—1) = Mz?s*/r?
A(A+1) = Ny*s®/r?
so (A(A—1),A(A+1)) = (M,N) in k*/(k*)*> x k*/(k*)%. We can check other three

cases similarly. So we have proved:
Theorem 4.5.2. Let £/Q be the elliptic curve defined by
y* = x(2x? — 1)

then the Brauer class
< foo0r M >® < fr, N >

has index 2 if and only if it is non-trivial and at least one of the following quaternion
algebras
<M,N><M,—N > <2M,2N >, < 2M,—2N >

splits.

Remark 4.5.3. The theorem can be generalized to any elliptic curves directly. Set
E/k defined by y* = z(x — a)(z — ). If we denote P = {(B1,M1), -, (Bn, W)} as
usual, then we can see that

< foo0r M >® < fr;, N >
has index at most 2 if and only if one of the following quaternion algebras:
< —(a —b)bMpB;, (a — b)aN~; >

for 1 < ¢ < mnis trivial.
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Remark 4.5.4. The integers M, N are not symmetric since for example we have
< frr,—1 > is trivial while < f,,, —1 > is not.

From the theorem we can give infinitely many torsors C' of E with per(C) = 2
but 7(C') = 4 concretely. For example, we pick (M, N) = (—1,7), then we can see in
this case the index is 4. This generalizes Cassel’s construction [7].

Another example of per(C) < I(C)

In this part we give another example.
We set k = Q(ty,ta, t3,t4). Here actually Q can be replaced by any field of char
0. We define an elliptic curve E/k by

y? =z —ty)(z —ty)
By Theorem 4.4.1, the central simple algebra
A=< fo5,t3 > @ < frr,ts >
comes from some torsor C'. We have per(C) = 2. Now we have the following:

Theorem 4.5.5. The central simple algebra A has index 4 in Br(K).

Proof. By [18, Theorem 1.5.5], A has degree 4 if and only if the equation
fO’,O’u2 + t3U2 - t3fo‘,ow2 = fT,TT2 + 25432 - 254.][.7',7']92

has no non-trivial solutions. Now we have f,, = z, f,, = x — t1, and we know
K = k(2)[y]/(y* — x(x — t1)(x — t3)), so every element in K can be written in the
form fy + g where f, g are rational functions of x. Then we write every element
in the equation in the explicit form, the equation is the same as the following two
equations:

TU Uy + L3103 — t3xwiwy = (T — Ly)r17o 4 145152 — ta(x — t1)p1p2
v(uiz(z—t))(x—ty) +u3) +ts(viw(z—t1)(z—ty) +v3) — tsx(wiz(z—t,)(z —ty) +w3)
=(x—t)(riz(z — t)(x —to) +13) + ta(siw(x — t1)(z —t3) + 53)

—ty(z — t1)(pPia(z — 1) (z — t2) + p3)

We may assume that all things appear in the equation are polynomials of x. We
will use infinite descend to get a contradiction. For simplicity, we will use the same
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notations when we consider things modulo some element. In the following proof,
we will concentrate on the second equation, cause the first one will be satisfied
automatically. Suppose we have a non-trivial solution, we may assume that the sum
of their degrees (as polynomials in k[z]) is minimal.
Let x = 0, we have
tavs = —t17r5 + 1485 + tat1p5

Here vy, 19, $9, po means their values at © = 0, same for the following discussion. We
show that this equation has only trivial solution, in other words, we must have

55’1)2, T2, 82, P2

in the original equation.

Assume this is not true. Since vy, 79, So, po are rational functions in tq, to, t3, t4,
we can regarded them as polynomials in ¢4 and coefficients in Q(¢y,t2,t3). We may
also assume not all of them are divided by t4. If t4 1 vy or 1o, then set t; = 0 we will
see that —tit3 will be a square in Q(t1, to,t3), which is not true. So t4|ve, 5. Write
Vg = tqvh, T9 = ty41, we have

tatgvf = —tityri? 4+ 52+ t1ps

By our assumption one of s, ps cannot be divided by ¢4, this implies ¢; is a square in
Q(t1, to, t3), which cannot happen. So we have x|vq, 79, 2, po in the original equation.
Write vy = zv), 19 = a1}, 59 = x5hpe = xpy. We have

(uiz(z —t))(z —to) +ul) +ts(vi(z —t)(x —t) +205) — ty(wiz(z —t))(z —to) +w3)
= (x —t)(r?(x — ) (2 — to) + 2rf) +tu(s3(x — 1) (2 — to) + 255)
—ta(z —t1)(pi(z — t1)(z — t2) + 2p)
We let x = 0, then we have
U2+ gt tagv? — taws = —t3tort + titotyst + itotyp?

Same as before we will show that this equation will only have trivial solution, which
means
x’“’?? U1, W2,71,51,P1

in the original one. We can consider us, vy, ws, 71, S1, p; are polynomials in ¢4 with
coefficients in Q(t1, to, t3), and not all of them are divided by t4. If one of uy, vy, ws, 7
is not divided by t4, by letting t4, = 0, we have

Ug + tltgtg’l)% — tgwg = —t%tg?“%
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where ug, vy, we, 71 € Q(t1,ts,t3) and not all of them are zeroes. Then we may
consider them as polynomials in ¢3 and coefficients in Q(¢1,t3). Similar as before we
may assume not all of are divided by t5. If t3 doesn’t divide one of us, r1, modulo t3
will lead to —t9 is a square in Q(¢1,t3), which is a contradiction. So t3|ug, . Divide
ts and since t3 doesn’t divide one of vy, ws, this leads to tits a square in Q(t1,ts),
which is a contradiction. So we must have

t4|U2, U1, W2,7T

Divide ¢4 since t4 1 s1 or t4 { p1, this implies ¢; is a square in Q(ty, to, t3), which is a
contradiction. So we must have

x|ug, vy, we, r1, $1,P1
Write ug = zub, vy = v, wy = 2w}, = 21, 51 = ), p1 = xP}, we have
(ui(z —t)(z —to) +auy) +t3(vPa(z — 1) (x —to) +v5) — ty(wi(z —t1)(z — t2) + 2wy)

= (z —t)(rPa(z — 1) (@ — to) +75) + ta(sPx(z — 1) (z — t2) + 55)
—ti(z — 1) (pPa(e — t)(x — t2) + py)

The following argument is really the same. We can conclude that x|uj,w;. Write
uy; = zu}, w; = zwj, then

/ / / / / / / / / / / /
u17u27vl7v27w17w27rlar27 517527p17p2

form a new solution of the original equation with smaller degree in z, which is a
contradiction. So we can see that

A=< fo5,l3>® < frr,ty >

is a division algebra, hence i(C') = 4. O
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Chapter 5

The relation between two indices
and the essential dimension of

- 0
Pice Ik

In this chapter we will concentrate on the relation between the two indices and
the essential dimension of Picard stacks. Through this chapter the base field will be
of characteristic 0.

We first show that

Theorem 5.0.1. Let C' be an algebraic curve of genus 1. We always have

Then we have the result about the essential dimension of Pic, I By Theorem
2.4.6 we have:

Lemma 5.0.2. Let C' be a curve of genus 1 over k, let K be the function field of
Pic%/k, then we have
edkPicoc/k =1+ edKPiCOC/k|K

The restriction Picg/kh( is a G,, gerbe over Spec(K). From Conjecture 1.1.1 we
can see that its essential dimension is closed related to its index, so it reasonable
to consider i(C). Our purpose in this chapter is to prove i(C') = I(C'), so we can
see that the essential dimension problem and the period-index problem are closed
related. However, we have an easy corollary.
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Corollary 5.0.3. We have
edyPicy, =1

if and only if C' is a trivial torsor.
Proof. This is a direct consequence of Lemma 5.0.2 and Lemma 2.4.7 [

We need some preparations.

5.1 Fourier-Mukai transforms

We need the basic properties of Fourier-Mukai transforms in this part, so we give
a brief introduction. We refer to [22] for details. Let X,Y be two projective smooth
varieties over k, D°(X), D’(Y) the derived category of coherent sheaves on X, Y.

Definition 5.1.1. ([36, Chapter 1]) Let X,Y be two smooth projective varieties
over k. P € D°(X x Y) an object in the derived category of coherent sheaves on
X XY. Denotep: X XY — X and ¢ : X XY — Y the two projections. The
Fourier-Mukai transform with kernel P is defined as follows:

dp :DP(X) = DY)
F — Rq.(p"F ® P)

We can see that the Fourier-Mukai transform gives a morphism of derived cate-
gories. The following theorem gives an answer to the other direction:

Theorem 5.1.2. ([36, Theorem 3.2.1]) Let X, Y be two smooth projective varieties
over k. Let F': D°(X) — D(Y) a triangulated equivalence between them. Then F
is isomorphic to a Fourier-Mukai transform ®p for some kernel P € D°(X x Y'), and
P is unique up to isomorphism.

This theorem is really powerful. It gives us a concrete way to describe the equiv-
alences between derived categories of smooth projective varieties. Orlov’s result is
more general where he doesn’t require F' to be an equivalence but with other weaker
conditions. See [36, Theorem 3.2.1] for more details.

Remark 5.1.3. The projectivity of X, Y is essential here. If we want to consider
proper smooth varieties, then we need to use differential graded categories, see [43]
for details.

We concentrate on the Fourier-Mukai transform between abelian varieties.
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Theorem 5.1.4. ([33], [22, Theorem 9.19]) Let A be an abelian variety over k of

~

dimension g and A its dual abelian variety. Let P be the Poincare line bundle on
A x A. Then the Fourier-Mukai transform with kernel P € D*(X x Y))

®p: DP(A) — D'(A)
is an equivalence. Moreover, the composition
DP(A) 25 Db(A) 225 DY(A)
is isomorphic to i*[—g], here i : A — A is the inverse of the dual abelian variety.

With this we can prove the following lemma. The author didn’t find the references
but this lemma is well known to experts. We give a proof here, there are also some
discussions in Bhatt’s note [2, Lemma 18.1].

Lemma 5.1.5. Let A be an abelian variety over an algebraically closed field £ of
dimension g, A its dual abelian variety. Choose z € A(k) a point and M, € Pic’(A)
the corresponding line bundle. If F' € D’(A), there is a canonical isomophism

RI'(A, F ® M,) = ®p(F)|,
Similarly, for some G € Db(g), there is a canonical isomorphism
RI(A,@p(G) @ M,) = G[—g]|a
Proof. By taking G = ®p(F') then with the above theorem we can see that the

second statement is the same as the first one. We have the fiber diagram

Axer —— Ax A

[

L

r———— A

Then by the flat base change theorem, we have
Cp(F)l. =" Rp.(¢"F ® P) = Rp, (" (¢"F @ P)) = RI'(A, F @ M,)

Remark 5.1.6. Take x to be the identity in the second statement we have
RI'(A, ®p(G)) = G[—gle

which we have
X(2p(G)) = (=1)7rk(G)
Here x is the Euler characteristic and rk(G) is the rank of G.
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5.2 The relation between I(C) and i(C)

From Theorem 5.0.2 we have the following theorem if the Conjecture 1.1.1 holds

Theorem 5.2.1. Assume Conjecture 1.1.1 holds. Let C/k be a curve over k with
genus 1. Write

iW(C) = pr'pa*
the prime decomposition. Then we have

ed;ﬂ?ic%/k =p'+...+p—s+1

Since the Conjecture 1.1.1 has been proved in the case when s = 1, so the previous
theorem is always true in this case.

Usually the value i(C) is not so easy to control but /(C) is easy to estimate in
particular when the curve is given by some functions. So it’s reasonable to consider
the relation between them. Actually we have:

Theorem 5.2.2. Let C' be a curve of genus 1 over a field k& of characteristic 0. Then
we always have

i(C) = 1(C)

Proof. We have seen that i(C') < I(C'), so we just need to show the other direction.
Recall we use E to denote the Picard variety Pic, s and K its function field. Since
Picoc/k|K € Br(K) has index i(C'), so there is a finite field extension L/K of degree

i(C) such that Picg/kh € Br(L) is trivial. Then there is a projective smooth curve
D with a commutative diagram

Spec(L) —— Spec(K)

| |

D—F

See [21, Chapter 1, Corollary 6.12] for details. We use 7 : D — C to denote the
morphism, and we can see that this is finite flat. Since the image of Pic, i € Br(E)
is 0 under the composition of morphisms

Br(FE) — Br(D) — Br(L)
and the morphism Br(D) — Br(L) is injective, so we can see the fiber product

Pic%/k xg D — D
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is a trivial G,,-gerbe. This implies Pic, /k(D) is non-empty. From the definition of
Picard stacks, there is a universal line bundle V on D x C. Let p: D x C' — C be
the projection, we claim that

deg(Rp.V) = —i(C)

To prove it, since the degree doesn’t change under the field extension, so we may
assume k is algebraic closed. Then C' is isomorphic to E. Denote ¢ : D x C — D
the first projection and P the Poincare line bundle on C' x E. We have that

V=¢Me((rx1)"P
for some line bundle on D. Write p’ : Ex C — C and ¢ : E x C — FE the two
projections. Now by the flat base change and projection formula we have
Rp.V = Rp.(¢"M ® (m x 1)*P)
~ Rp.R(m x 1).(¢"M @ (7 x 1)*P)
~ Ry (R(m X 1),¢"M ® P)
= Rp;(q/*ﬂ'*M ® P)
= (DP(W*M)
where the third equality is given by the projection formula and the fourth is given
by the flat base change. Since 7 : D — E is flat and finite of degree i(C'), we have
rk(m M) =i(C). Then by Lemma 5.1.5, we have
X(Bp.V) = x(@p(M)) = rk(m.M) = —i(C)
hence we have
deg(Rp.V) = x(Ep.V) = —i(C)
by the Riemann-Roch theorem.
However for curves of genus 1 we have

deg(det(Rp,V)™") = —deg(Rp,V) = i(O)

So we get a line bundle of degree i(C') on the curve C. Then by the definition of
I(C) we get I(C)|i(C), which proves the other direction. We finish the proof. [

With this theorem and curves given by equations we can estimate the essential
dimension of its Picard stack easily.

Remark 5.2.3. By a really similar idea we can see for any torsor 7" of an abelian
varietiy of dimension g we always have

H(T)[i(T)g!
The question whether I(7') = i(T)g! seems unknown.
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Part 111

The Tate conjecture and finiteness
of abelian varieties over finite fields
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Chapter 6

Tate conjecture and finiteness of
abelian varieties over finite fields

6.1 Introduction

Through the chapter, k is a finite field of characteristic p and k means the alge-
braic closure of k.
In this chapter we will prove the following theorem.

Theorem 6.1.1. The Tate conjecture of abelian varieties over k implies that there
are only finitely many abelian varieties of dimension g over k.

This result is first proved by Zarhin in [46, Theorem 4.1]. We will give a different
approach to this result.

Notations: We will use k to represent a finite field of characteristic p, k its
algebraic closure, G = Gal(k/k) the absolute Galois group. o is the Frobenius
element. For a projective variety X over k, we use mx to denote the Frobenius
morphism of X.

6.2 Some basic facts about abelian varieties

In this section we recall the Tate module of an abelian variety and the p-divisible
group.

Let A be an abelian variety over k& with dimA = ¢g. Choose [ a prime number
with [ # p. We know that if (p,n) = 1, the morphism n : A — A is a separable

isogeny of degree n?, denote A[n] = Ker(n : A — A), then A[n](k) = (Z/nZ)*.
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The Tate module is defined as

T(4) = lim A")(F)

We know Tj(A) = Z;9 non-canonically. The Galois group G acts on Ty(A) in a
natural way. This action is continuous, since the Frobenius is a topological generator
of GG, so the action of o determines the action of G. The Frobenius morphism
w4 A — Ais a morphism in Homyy (A, A), and the image of 74 under the natural
morphism

HomAV (A, A) (029 Zl — HOH’IZZ G (Tl (A), ﬂ(A))
is o.
In [42, Section 1], Tate proved the following famous theorem

Theorem 6.2.1 (Tate). Let k =, be a finite field where ¢ is a power of a prime p.
Let A, B be two abelian varieties over k. Let G = Gal(k/k) be the absolute Galois
group of k. If [ is a prime and [ # p, then we have the isomorphism

HOHIA\/(A, B) (%9 Zl = Hole[G’} (E(A), T}(B))
Here T; is the Tate module of an abelian variety.

For 74, we define a function P, ,(n) = deg(n — m4), then P, is a polynomial of
degree 2¢g with Z coefficients. It is the same as the characteristic polynomial of o
on Vi(A) = T)(A) ® Q. In particular the characteristic polynomial of o on V;(A) is
independent of [. We will use several properties of the characteristic polynomials,
we refer to [17, Chapter 16] for details.

In the case if [ = p, since now p : A — A is not separate, things are a little
different. We use the p-divisible group in this case. It is defined as

A[p™] = lim A[p"]

To introduce the Tate p-conjecture, we need to use the definitions and properties
of Dieudonne ring and Dieudonne modules, for details, see [45, Chapter 1] and [37,
Section 23].

Let Dy, be the Dieudonne ring of &, it is a non-commutative associative W (k)—algebra
(W (k) is the ring of Witt vectors) with two generators F,V satisfying the following
conditions:

FV=VF=p
F(c) = 6()F
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cV =Ve(c)

for any ¢ € W (k). Here ¢ is the automorphism of W (k) induced by the automorphism
x — 2P on k. So if k = F,, then Dy, is commutative.

By the standard procedure (see [37, Section 23]) we can associate A[p™] with a
Dy, module M(A). It is a free W (k) module of rank 2g. Its D action is uniquely
determined by the action of F' (or V'), then Tate proved

Theorem 6.2.2 (Tate). For two abelian varieties A, B over k, with the above nota-
tions, we have a natural isomorphism

Homyy (A, B) ® Z, = Homp, (M (B), M(A))
This theorem can be found in [45, Page 4]. In particular, we have
Homy (A, A) = Homp, (M (A), M(A))

In this case, if we denote 0,4 is image of m4 (The Frobenius morphism of A) under
this isomorphism, then o4 = F if k = F,m. And the character polynomial of o4 is
just Pr,.

6.3 The finiteness of isogeny classes

In this section we will prove that there are finitely many isogeny classes of abelian
varieties over k of dimension g. We first recall the isogeny theorem.

Theorem 6.3.1. ([42, Section 3, Theorem 1]) Given two abelian varieties A, B over
k, then
A and B are isogenous

— P, =P,
— TI(A)@Q, =T)(B)®Q as Q[G] modules

So to consider the isogeny classes we just need to consider the characteristic
polynomials of the Frobenius. But we have the following big theorem.

Theorem 6.3.2. (Weil Conjecture, see [12, Theorem 1.6]) Let A be an abelian
variety over k with dimension g, then Py, is a monic polynomial with coefficients in
Z with degree 2¢g, and if o is a root of Py, then for any Galois embedding n: Q — Q

over Q, we have |n(a)| = /g, here ¢ is the number of elements in .

With these two theorems, we can state
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Corollary 6.3.3. There are only finitely many isogeny classes of abelian varieties
over k of dimension g.

Proof. By Theorem 6.3.1, it suffices to prove there are only finitely many character-
istic polynomials. Suppose k = F,. If

P(z) = X2 a;2%97"

is the characteristic polynomial of some abelian variety, and oy, s, ..., agq are roots
of P(z), then by Theorem 6.3.2, |a;| < /g, so we have

|a5| = |21§i1<i2<...<is§2gaz‘1 7N |

S El§i1<i2<---<i5§29|ail"'ais
S
< Yi<iy<io<..<is<2gV/q
< Mg

for some M. So we know all a; are bounded by some number which only depends
on the field k£ and the dimension g. But we know all a; are integers, so we only
have finitely many choices, so there are only finitely many polynomials can be the
characteristic polynomial of some abelian varieties. So there are only finitely many
isogeny classes. O

So to prove there are finitely many isomorphism classes it suffices to show that ev-
ery isogeny class of abelian varieties only contains finitely many isomorphism classes.

6.4 Some calculus of the Tate module

In this section we fix an abelian variety A over k of dimension g. w4 will de-
note the Frobenius morphism of A, P, is its characteristic polynomial. Let C
be the isogeny class containing A. We will also use 74 to denote the element in
Homz, ¢(T;(A), Ti(A)) under the Tate’s isomorphism, which can be regarded as a
2g X 2g matrix with element in Z;.

The main proposition of this section is:

Proposition 6.4.1. With the above data, there exists a positive integer N which
only depends on A (we will see from the proof N only depends on C), such that
for any B € C and | > N, T)(B) = T;(A) as Z;|G] modules, and for [ < N, the
set {T}(B)|B € C} (consider as Z;[G] modules) is a finite set (we include the case
[ = char k, in which case we consider Dieudonne modules as in Section 6.2).
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Before the proof, we first notice that we must have 7;(A) ® Q, = T;(B) ® Q,
as Q[G] modules. As we discussed, the G action on the Tate module is uniquely
determined by the action of the Frobenius. So we can see T);(A) = T)(B) as 7G|
modules if and only if 74 and 75 are conjugate by some matrix in GLgy(Z;) (not
GL2y(Qy), they already conjugate by some matrix in G'Lo,(Q;) by Tate’s isogeny
theorem).

We separated the proof into two parts, consists of the following two lemmas.
They are all purely linear algebra things.

Lemma 6.4.2. There exists a positive N such that for any abelian variety B which
is isogenous to A, and [ > N, we can find basis of 7;(B) and T;(A) such that the
matrices of m4 and mg will be the same.

Proof. We know A is isogenous to A x A% x ... x A’ where all A; are simple, non-
isogenous with each other. We know for a simple abelian variety A;, the characteristic
polynomial P, of the Frobenius is a power of an irreducible polynomial, so P ,

7 A K3

i

is also a power of an irreducible polynomial. The characteristic polynomials Py ,
A"L

should be coprime with each other, let K; = I, P; b Then by Bezout’s theorerﬁ,
A
J

there exists g; € Q[z] such that

i 19i(r)Ki(z) = 1

Then choose Ny be a positive number such that if [ > Ny, then all g;(x) € Z;[z]
(i.e. I doesn’t divide any denominators in g;). And denote M; = K;(7)T;(A). Then
since all g; € Z[x], so if | > Ny, T;(A) = ®M;. And this Ny only depends on the
chosen isogeny class C. On each M;, the characteristic polynomial of 74 is P”Abi’

which is a power of an irreducible polynomial. Then we will concentrate on one Ml,
i.e. we just assume M; = T;(A), and we can see the similar procedure can be applied
to all 2 <i < s and prove the lemma in the general case.

We know 7,4 is an invertible matrix with coefficients in Z;. Let {ay,...,az} be
the roots of Py,, then we have P, = ((r — ay)...(x — oy))® for some e and Q(z) =

II!_,(z — oy) € Z[z] is irreducible. Then we define

Pi(z) = Wjzi(x — ay)
for 1 < i < k. Since they don’t have common factors, so we may choose h;(z) € Q[x]
such that

YhiP=1
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Choose N; such that if [ > N, then we have h; € Z[z]. Then we can see for any
v €T (A), v=3hi(ma)P;(ma)v. Also it is easy to check

Li = Py(ma)Ti(A)

lies in ;-eigenspace (consider this over Zl). Let L; be the Z; linear expansion of L; in
Ti(A) ® Zy. Since every eigenspace of different eigenvalues are linearly independent,

so we have B B
TI(A)®Z =L,

Define D = II;4j(c; — )%, then D € Z. We pick uy, ..., u. to be an integral

basis of L; over Z;, such that uy,...,u, can be represented by u; = Py(ma)(w;) for
Wy, ..., w, in Tj(A) (This is true by linear algebra and the definition of L;). Define
v; = X Pj(ma)(w;). Then we have v; € T)(A). We prove if [ > max(Ny, N1, |D|), then

{v1,ma(v1), ooy T H01), V2, o, T H(WV2), oy Ve oy Ty (06) }

is an integral basis of Tj(A). Since v = ¥h;(ma)Pi(ma)v, so it suffices to show
Pi(ma)(v) can be represented over Z; by these elements. From the Galois theory
P,(z) = ¢(Py(z)) for some ¢ € Gal(Q;/Q;). By definition of wj,

Pi(ma)(v) = B6;Pi(ma)(wy)
for some B3; € Z;, so we have
Py(m4)(v) = Zo(B;) Pi(ma) (w;)

Then we just need to show P;(74)(w;) can be represented over Z; by these elements.
This is solved by considering the system linear equations:

v1 = X P(ma)(wr)

Ta(v1) = Yoy Pi(ma)(wy)

Ty (v1) = Baj Pi(ma)(wn)

Then the matrix of this system of linear equations has determinant D, so by definition
of [ and the Crammer’s rule, P;(m4)(w;) can be represented over Z; by these elements.
So

{vi,ma(v1), ..., 71'2_1(2}1), Vg, ey 7rf4_1(v2), ooy Vs eeny ﬂz_l(ve)}
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is an integral basis of T;(A) (Here we only proved every element can be represented
integrally by these elements. But we have te elements here and te = 2g = dimT;(A)®
Qy, so they must form a basis). And the matrix of 74 under this basis is uniquely
determined by Py, just denote this matrix by C. So if we set N = max(Ny, Ny, |D]),
then for [ > N, we can choose a basis as above such that the Frobenius acts on 7;(A)
is represented by the matrix C'. But this is independent of A, so we can do the
same thing for B, so the matrices of m4 and mp are the same. For the general
case, we can find N; for each M;, they are all only depend on P;,, so just choose
N = maxz(Ny, Ny, ..., Ng), then from the above procedure, we can choose basis such
that m4 and mp have the same matrix when [ > N. We proved the lemma.

O

Lemma 6.4.3. With N defined as above, for [ < N, the set {T;(B)|B € C} (consider
as Z;|G] modules) is a finite set (we include the case | = char k, in which case we
consider Dieudonne modules as in section 2).

Proof. We use the same idea and notations as in Lemma 6.4.2. We collect them

here.

Let P., = II;_, P, , where P, , is a power of an irreducible polynomial. Set
At At

K; =114 P, b for 1 <i<s, then these K;(x) don’t have common factors. So we
A .

have g;(x) € @[m] such that
Yigi(0) Ki(x) = 1

Fix some [ < N. Define M; = K;(m4)T;(A). If we set s; to be the smallest integer
such that [*'g;(z) € Z[x], then we have
I TY(A) € @M, C Ty(A)

Notice that this s; only depends on P;, and [. Then m4 acts on M;, and its charac-
teristic polynomial is just P , . Write Py , = (II;_, (x — ay;))®. Define
At At

Py =z(r — ain)

for 1 <i < sand 1< j<r. Then by Bezout’s theorem, we may find h;; € Q[z]
such that
N7 hy Py = 1

Define
Lij = Pij<7TA)Mi
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and L_ij be the Z; expansion of L;; in T)(A) ® Z;. Then L_ij is a free module of rank
e;. Choose {wj1, ..., wie, } such that Py (m4)(w;;) 1 < j <'e; is an integral basis of L;;.
Define

Vi = S0 P (ma)(wij), 1<i<s5, 1<j<e¢e

Define N; to be the submodule of M; generated by

{Uz‘b 7TA(’UZ‘1), cevy 7T2i_1<1]1'1), ..... s Uiegy ooy WX_1<Uiei)}

Let D = (TI'_ I < per, (i — aug))?Fe2t+e) - and choose sy to be the smallest
number such that .

[
lSthj € ZZ[QZ'], 5 & Z
Then similar to the proof in Lemma 6.4.2 we can see
I**(®M;) C ®N; C &M,

Then we have
®N; CTi(A) C I 2@ N,

Note that the matrix of 74 on @N; is only determined by P; , in the chosen basis. Also
the action of m4 on Tj(A) is induced from [7*172(®N;). But (I7°1~52(aN;))/(®N;)
is a finite set, so we proved the finiteness of {T;(B)|B € C} if | # p.

The [ = p case is similar as we can see we can do the similar calculus for W (k)
module M (A) with the action 74 = L™ if k = F,m. Then we can see that the set of
M(A) with the action of 74 is finite, but for fixed 74, there are only finitely many
choices of L since they must be semi-simple. So we have the set of M(A) with Dy,
action is a finite set. O

By Proposition 6.4.1, to prove the finiteness of isomorphism classes of abelian
varieties, it suffices to show for a fixed abelian variety A of dimension g, the set

{B|B is an abelian variety, T)(B) = T)(A) as Z|G] modules for all prime [}

is a finite set. Here we include the case [ = p, which we consider the D, module
M (A). We will show this in the next section.

6.5 Proof of the main theorem
In this section, we will show the set in the previous section
{B|B is an abelian variety, T;(B) = T;(A) as Z;|G] modules for all prime l}
is finite with the fixed A.
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Lemma 6.5.1. For a prime [ # p, if T)(A) = T;(B) as a Z;|G] module, then there
exists an isogeny 7 : B — A with (degm,l) = 1.

Proof. From the Tate conjecture, we have the following isomorphism
Hom v (B, A) = Homg,¢)(T1(B), Ti(A))

If o : T)(B) — T;(A) the isomorphism, then since Z is dense in Z;, so we may find
an isogeny 7 : B — A such that the image of 7 is close to o. So the image of 7 is
also an isomorphism. Then set N = Ker(m), so we have the exact sequence

0—T(B)—T(A) —- N =0

here N; means the sylow [ group of N, see [17, Proposition 10.6]. Since 7 induces
isomorphism between Tate modules, so we must have N; = {0}, so (degm,l) = 1. O

Lemma 6.5.2. The same holds for [ = p case.

Proof. The proof is really similar, the exact sequence is
0— N, = B[p™] = Ap™] =0
see [17, p. 10.17] O
We can conclude the previous two lemmas into one property:

Proposition 6.5.3. Fix an abelian variety A. If there exists an abelian variety B
such that T)(B) = T;(A) for [ # p and M(B) = M(A) as Dy modules, then for any
prime [, we have an isogeny 7, : B — A such that deg() is coprime to .

We need a technique lemma.

Lemma 6.5.4. Assume there exists two abelian varieties A and B and two isogenies
m B — Aand my: B — A. If we have two integers my, mo such that (ms,mg) =1
and (my,degm) = (msg,degmy) = 1, then we have an isogeny 7 : B — A such that
(degm,mimsy) = 1.

Proof. Set m = mgym + mymy. First we show 7 is an isogeny. Pick some [ | my,
then consider the image of m in Homg,¢(T1(B), T;(A)) under the Tate isomorphism.
We can see by condition mym; under this isomorphism induces an isomorphism since
(madegmy,l) = 1, and 7 and maym; are differ by [ times some homomorphism, so we
have 7 is an isomorphisms of Tate modules, so 7 is an isogeny.
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If (degm, mims) # 1, then there exists some x € Ker(mw) N Blmyms|. Then by
replacing z by some multiple, we may assume there exists some prime factor [ of
mime, just say a prime factor of my (the case of my is the same), such that = # 0,
lx =0 and z € Ker(r). But then we have

0 =m(x) = mami(x) + mima(x) = mam(x)

so x € Ker(mam ), so z € Ker(mgm )N BJ[l] = {0}, which is a contradiction. So this
7 satisfies our requirements. ]

Now we come to the next lemma.

Lemma 6.5.5. Fix an abelian variety A. If there exists an abelian variety B such
that T;(B) = T;(A) for | # p and M(B) = M(A) as Dy modules, then B is a direct
component of A x A. Here direct component means we have an abelian variety C
such that BxC X=X Ax A

Proof. Choose any isogeny 7 : B — A, then by Lemma 6.5.4, Prop 6.5.3 and the
induction procedure, we may find an isogeny my such that (degmy, degmy) = 1, then
we have an embedding

g:B—>AxA
b — (m1(b), (b))
Then we may find isogenies ¢; : A — B and ¢5 : A — B such that

o1m1 = degm

Pomy = degms

Since (degmy,degmy) = 1, so there exists s,t € Z such that sdegm + tdegmy = 1.
Define
f:AxA—B

(a1, a2) = s1(ay) + toa(as)
Then we have fg = 1g, so B is a direct factor of A x A. m

Now we can finish our proof.
Theorem 6.5.6. There are only finitely abelian varieties of dimension g over k.

Proof. By [31, Theorem 18.7], for a fixed abelian variety, there are only finitely many
direct components, then the theorem follows from Corollary 6.3.3, Prop 6.4.1 and
Lemma 6.5.5. [
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