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A NONLINEAR PLANCHEREL THEOREM WITH APPLICATIONS TO

GLOBAL WELL-POSEDNESS FOR THE DEFOCUSING
DAVEY-STEWARTSON EQUATION AND TO THE INVERSE
BOUNDARY VALUE PROBLEM OF CALDERON

ADRIAN NACHMAN, IDAN REGEV, AND DANIEL TATARU

ABSTRACT. We prove a Plancherel theorem for a nonlinear Fourier transform in two di-
mensions arising in the Inverse Scattering method for the defocusing Davey-Stewartson 11
equation. We then use it to prove global well-posedness and scattering in L? for defocusing
DSII. This Plancherel theorem also implies global uniqueness in the inverse boundary value
problem of Calderén in dimension 2, for conductivities o > 0 with logo € H'. The proof
of the nonlinear Plancherel theorem includes new estimates on classical fractional integrals,
as well as a new result on L2-boundedness of pseudo-differential operators with non-smooth
symbols, valid in all dimensions.
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The Davey-Stewartson equations are a family of nonlinear Schrédinger (NLS) type equa-
tions in 2+ 1 dimensions, which model the evolution of weakly nonlinear surface water waves
traveling principally in one direction [19]. A rigorous derivation from the water wave prob-
lem in the modulational scaling regime is provided in [I8]. Depending on two sign choices,
one classifies the Davey-Stewartson systems as elliptic-elliptic, hyperbolic-elliptic, elliptic-
hyperbolic and hyperbolic-hyperbolic. Within each class there are two nontrivial choices of
parameters to be made.

In this paper we are interested in the Cauchy problem for the specific case known as the
defocusing DSII problem. This model belongs to the hyperbolic-elliptic family, with a special

1



choice for the parameters. The equations have the form
i0q +2(* +0%)g+q(r +7) =0
(1.1) or+0(lql*) =0
q(0,2) = qo(2).
Here and throughout the paper we use the notation
Z =T+ 1T

for points in the plane, and

= 170 0 1,0 0
1.2 0=s(-tiz—),  0=5(7-—iz—).
( ) 2 8%1 +28I‘2 2 8x1 Zal’g
This system (as well as all other DS systems) is mass critical, i.e. the L? norm of the
solution (the mass) is invariant with respect to the natural scaling associated to it,

q(t, 2) = M(\’t, \z).

Local well posedness in L? and global existence for small initial data have been established for
the general family of Davey-Stewartson equations in [22], [33], [26] using dispersive methods.
However, the large data problem has yet to be understood in general.

The defocusing DSII model considered here has the feature that it is completely integrable,
as found in [4]. In this paper we use the Inverse Scattering method to investigate the Cauchy
problem in L? for large initial data.

Precisely, our main goal here will be to prove a Plancherel theorem for a two-dimensional
nonlinear Fourier transform (known as the Scattering Transform) associated to this system.
We then use this result to show global well-posedness and scattering for for any initial
data in L?(R?), i.e. in the mass-critical case. Furthermore, the method yields a precise
description of the large-time behaviour of the solutions for any initial data ¢ in L?(R?) in
terms of its Scattering Transform. The Plancherel theorem implies completeness of the wave
operators (in the sense of nonlinear scattering theory).

In a different application, we show how this nonlinear Plancherel theorem also implies
global uniqueness for the inverse boundary value problem of Calderén in dimension 2, for
conductivities o > 0 with logo € H'. We will briefly recall some of the background for these
problems below.

1.1. The Scattering Transform. We start with a quick formal definition of the scattering
transform. Given a function ¢(z) on R? ~ C and k € C, solve the two equations
(1.3) 0 te_qimE
: —my = te_xqm
oz = kg4
with m(z, k) — 1 as |z| — co. (We use the notation ej(z) = e/**+2%) first introduced in
[38]). The scattering transform of ¢ is then defined as

(1.4) Sq(k) = % /R? e;&z)@(mﬁz, k) +m_(z, k))dz,

where dz = dx,dxy denotes the Lebesgue measure on R%. Note that different authors have

slightly different conventions.
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As seen in (1.3)), a key step in the analysis is to be able to invert d-bar operators L, of the
form

Lyu=0u+qu

under only the assumption that ¢ € L2. Using the Sobolev embedding H 3 C L%, it is easy
to see that L, has the following mapping property:

L,: H: 5 H _%,
where H* is the homogeneous fractional Sobolev space of order s € R, defined as
e =P fO)e2 < oo}

Then it is natural to consider the solvability question for the corresponding inhomogeneous
problem

(1.5) Lqu = f

~

{f € #"|f is a measurable function with || f|

in the H2 — H 2 setting. Our main result on this problem is as follows:

Theorem 1.1. Let ¢ € L?. Then for each f € H~2 there exists a unique solution u € H3
of the inhomogeneous problem (|1.5)) with

(16) el 3 < a1y

A key point here is that the constant depends only on the L? norm of ¢. This will later
allow us to show that the solutions of are bounded by constants that depend only on
the L? norm of q.

The above theorem is proved in Section . To show we will borrow techniques
developed in the modern treatment of nonlinear PDEs in critical cases: induction on energy
and profile decompositions, in order to deal with the lack of compactness ([27],[21], [8] )-
The novelty here is that these ideas will be used in a nonstandard fashion and on the static
equations , rather than on the nonlinear flow .

In Section [4] we will show how to use the above result in order to construct my and Sgq
assuming only ¢ € L?(R?).

The Scattering Transform can be viewed as a nonlinear Fourier transform, and it shares
many of the same properties. The linearization of S at ¢ = 0 is essentially the Fourier
transform:

(1.7) Sq(k) = 4(k) + O(¢*)
where
(1.8) i =" /R el

We will use the normalization (|1.8]) for the Fourier transform throughout the paper (except
in Section [2)).
Writing s := S¢, and setting
1 -
(1.9) ny = §<(m++m_)i6_k(m+—m_)>,
3



it turns out that the functions ny(z, k) solve equations in k& which are the same as those
solved by m4(z, k) in z, with ¢(z) replaced by s(k):
0

(1.10) —ngy = te_pShiy

ok

with ny(z,k) — 1 as |k| — oo. The Inverse Scattering transform of s is then defined as

(1.11) Zs(z) L /R2 ekm<n+(z, k) 4+n_(z, k))dk

271
Note that ny, +n_ = my + m_ and under appropriate conditions on ¢, one can show
that ¢ = Z(s). Thus, with the above notation conventions, the scattering transform is an
involution 8 = 1.
If we now evolve the potential ¢ according to the DSII equation , the corresponding
scattering data evolves (as was shown in [10]; see also [40]) according to:

(1.12) %S(t, k) = 2i(k2 + & )s(t, k).

Thus, the Cauchy problem for the nonlinear equation ((1.1)) may be solved in a manner
analogous to the use of the Fourier transform for linear PDEs, by performing forward-
scattering on the initial data gy then evolving the scattering data linearly in time according
to and then performing Inverse Scattering to determine ¢ at time ¢, namely

so(k) = Sq(k)
. -2
(1.13) s(t, k) = 2R HF)g (k)
q(t,z) =I(s(t k))(2).

This Inverse Scattering approach to the solution of the DSII equations dates back to
Ablowitz and Fokas ([I], [2] and [3]) and Beals and Coifman ([9], [10] and [I1]). Beals and
Coifman showed that for initial data in the Schwartz class, (|1.3) and ((1.10)) are solvable, and
the corresponding scattering data is also in the Schwartz class. They also proved that for

potentials in the Schwartz class, the scattering transform satisfies the nonlinear Plancherel
identity

(1.14) / 4(2)Pdz = / s(k) Pk,

and is a symplectomorphism.

Sung ([43], [44], [45]) carried out the analysis of the scattering transform and its inverse to
solve the defocusing DSII for initial data gy € L*N LP for some p € [1,2) with gy € L' N L.
Brown and Uhlmann [I3] proved that for ¢ € L? where p > 2, the scattering data s € L2
Tamasan [47] proved that for ¢ € WEP, where ¢ > 0 and p > 2, the scattering data s € L"
for each r > 2/(e +1). Brown [12] proved the Plancherel identity and Lipschitz continuity of
the scattering transform for ¢ € L? of sufficiently small norm. Brown estimated directly the
series expansion of s in multi-linear terms in ¢ (see also [39] for such estimates). He stated
as open questions whether one can remove the smallness assumption and whether solutions
to ([1.1) can be constructed when ¢ is in L?. We will address these questions in this paper.

There has been significant recent progress on the problem of the validity of the Plancherel
identity without a smallness assumption. Perry [40] proved that for ¢ in the weighted

Sobolev space H'! the scattering data s € H'!'. In addition, he proved local Lipschitz
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continuity of the map & : H%' — H!. He used these results to show global well-posedness
for defocusing DSII for initial data in H%!. Astala, Faraco and Rogers [5] sharpened part
of Perry’s proof to show local Lipschitz continuity of the scattering map S from H®* to L?
for s € (0,1) thus extending the Plancherel identity to this space. Perry, Otto and Brown
[14] then showed that the scattering transform maps ¢ € H*? to s € H*® for a, 3 > 0 thus
establishing further precise analogy between the properties of the scattering transform and
the Fourier transform.

In this paper we prove the Plancherel theorem for the Scattering Transform for general ¢
in L*(R?). To do so, we need new bounds on d~! (or, more generally, fractional integrals),
which, in the presence of an oscillatory term (see ([1.3)) allow us to capture the behaviour of
the functions my(z,k) — 1 as |k| — oo without assuming any smoothness on ¢. As well, in
order to make sense of the formula ((1.4)), we will need a new result on the L?*-boundedness
of pseudo-differential operators with non-smooth symbols. In Section [2 we give proofs of
these bounds valid in any dimension, as they may be of independent interest.

We are now ready to state precisely our Plancherel theorem.

Theorem 1.2. The nonlinear Scattering Transform S : q — s is a C' diffeomorphism
S : L*(R?*) — L?(R?), satisfying:

(1) The Plancherel Identity:

(1.15) ISallx = llale>
(2) The pointwise bound:
(1.16) Sq(k)] < C(llgllz2) Mq(k)

for a.e. k, where M denotes the Hardy-Littlewood Mazximal function.
(8) Locally uniform bi-Lipschitz continuity:

1
(1.17) 5”‘9‘11 =S|l < |lan — @22 < C|Sq1 — Sqal| 12
where

C = C(lla1lle2)C (g2l z2)-
(4) Bound on the derivative:

(1.18)

1., < Clldlzs).

oq

L2—12
(5) Inversion Theorem:
S'=8.
(6) S is a symplectomorphism E| for every q,q1,q € L*(R?)

oS oS
1.1 = e _
( 9) wz( 5q ‘q(h, 5q ‘qQQ) Wl(Ch, (]2),

IWe are grateful to the anonymous referee who suggested that we should also prove this additional
property for the Scattering Transform.
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where wy, wy are the symplectic forms

wi(q1,q2) = _%/%(Z)flz(z)d% wo(ty,t2) = _%/%@(/ﬂ)dk-

We will in fact prove an identity more general than (1.15]) (see Corollary which shows
to what extent S departs from being an isometry. Furthermore, explicit formulas for the
derivative %5 and its inverse are given in Lemma .

5

dq
As a consequence of properties (1), (2) and (5) above, we note the following pointwise
bound on ¢ in terms of the Fourier transform of its scattering transform.

Corollary 1.3. If g € L*(R?) and s = S(q) then for a.e. z we have:
9(2)| < C(llqllr2) Ms(z).

1.2. Global Well-Posedness for the Defocusing DSII Problem. One immediate ap-
plication of Theorem will be to show global well-posedness of the Cauchy problem for the
defocusing Davey-Stewartson equation for arbitrary initial data in L*(R?). In particular, the
above Corollary will yield pointwise control of the solution to DSII by the maximal function
of a solution of the linear flow and thus will allow us to transfer Strichartz estimates on the
linearization of to bounds on the nonlinear flow.

We recall the formulation of as an integral equation (|22]). The Cauchy problem
has a corresponding linear flow

10,4+ 2(0? + 02§ =0
{ q(0,2) = qo(2).

Let U(t) be the solution operator to the linear problem
Ut)qo :=q(t,-) = eQit(62+g2)q0

Using Duhamel’s principle, (1.1)) can be written as the following nonlinear integral equation
for q(t) =: q(t,")

(1.21) q(t) = U(t)qo + Alq)(t)
with

(1.22) Alg)(t) =i /0 Ut —s) (q(s)(éa*+a<§*1)\q(s)|2)ds.

Ghidaglia and Saut [22] proved that for any gy € L?(C) the problem ((1.21)) has a unique
solution in the Strichartz type space

Xr = C([0,T], L(C)) N L; .([0,T] x C)

(1.20)

for some T which depends on ¢; they also showed that for ¢ with sufficiently small L? norm
this holds for all T'. Using the Inverse Scattering method, Perry proved global well posedness
for general initial data gy € H>'. Our Plancherel Theorem yields the following:

Theorem 1.4. (Global well-posedness for defocusing DSII on L?) Given qo € L?, there exists
a unique solution to the Cauchy problem in the sense of equation such that:
6



(1) Regularity:
dft,2) € CRIX(O) N LL R x ©).
(2) Uniform bounds: conservation of mass ||q(t,-)||zz = ||qo||zz for allt € R and

/ lg(t, 2)*dzdt < C(lqoll2)-
R JR2

(8) Pointwise bound:
la(t, 2)| < C(llgoll2)Mq™(t, 2)
where L
¢ (t,-) = U(t)Sqo.
(4) Stability: if ¢1(t,-) and qa(t,-) are two solutions corresponding to initial data q;(0,-)
and q2(0,-) with ||g;(0,-)||r2 < R then
lar(t, ) = ao(t, e < CR@(0,) — o002 for all t €R.

We remark that much of the conclusion of this theorem closely resembles the conclusion
of Dodson’s result [20] for the two dimensional cubic defocusing NLS problem

iy + Au = ulul?,
(see also the prior work [28]). Written in a similar format, the DSII problem has the form

_Di-D;

ig: + (07 — 03)q = qL(|q]?), L(D) = D2y D2

Whereas the small data theory for the two problems is completely similar from a dispersive
stand-point (i.e. perturbative, based on Strichartz estimates), the large-data approach in
the present, completely integrable case and in Dodson’s work are completely different. The
large data problem for the other, non-integrable cases in the same DS family remains open
at present. This includes for instance the problem

iq + (07 — 93)q = qlq|*.

The next theorem provides one more convincing motivation for the study of the Scattering
Transform, if one seeks to understand the large-time behaviour of the solutions to the DSII
equation. We first recall the definition of the wave operators, in the sense of nonlinear
scattering theory.

Definition 1.5. Let gy € L*(R?) and let q(t, z) be the solution to the Cauchy problem .
Define W, qy = q4 if there exists a unique q, € L*(R?) such that

lim lg(#,-) = U(t)g+ [l 2@2) = 0.
— 00
Similarly W_qo = q_ if

lim [q(t,-) = U(t)g-||2@2) = 0.

t——o0

We can now state the following further consequence of the Plancherel theorem:
7



Theorem 1.6. (Wave operators and asymptotic completeness for defocusing DSII)
a) The Wave operators Wy for the defocusing DSII equation are well defined on every qy €
L?*(R?) and

Wiqo = Sqo.
b) The Wave operators Wy are surjective, in fact norm-preserving diffeomorphisms of L?.

Perry [40] established the same large-time asymptotic behaviour in the L> norm, for initial
data in H»' N LY. Kiselev ([29], [30]) had similar results under more restrictive assumptions.

An interesting consequence of Theoremis that the temporal scattering operator W, (W_)~!
for the defocusing DSII equation (i.e. the operator which sends ¢_ to ¢, ) is equal to the
identity.

1.3. Application to Inverse Boundary Value Problems. We next discuss the applica-
tion of our Plancherel theorem to the Inverse Boundary Value Problem of Calderén. Let 2
be a simply connected domain in R? ~ C with C*! boundary 9€2. We denote by v the outer
unit normal to 02 and 7 the unit tangent in the counter-clockwise direction. Consider the
Dirichlet problem

(1.23) { V- (oVu) =0in Q

u‘ag -9

The Dirichlet-to-Neumann map is defined as

ou
(1.24) Aog=os| .
with u the solution to (1.23)). The function o models the inhomogeneous conductivity of 2,
and A, represents the information observable by voltage and current measurements at the
boundary. Calderén posed the problem of establishing whether ¢ is uniquely determined by
A, and, if so, of finding a way to calculate o from knowledge of A, .

There is by now an extensive literature on this and related problems. See for instance
[6] for a recent review. We only briefly recall some of the pertinent results. The first
global uniqueness theorem was proved by Sylvester-Uhlmann [46] for smooth conductivities
in dimensions 3 or higher. A reconstruction method was given in [36]. In three dimensions
or higher, uniqueness has been shown for Lipschitz conductivities close to the identity in
[25]; the smallness condition was removed in [15]. In dimensions n = 3,4 Haberman [24] has
proved uniqueness for conductivities in W (Q).

In two dimensions, the first global uniqueness and reconstruction result was obtained in
[38] for conductivities in W?2P(Q) with p > 1, by connecting A, to a scattering transform for
a Schrodinger equation. This was refined to W1P(Q) with p > 2 in [I3] using the scattering
transform studied in this paper. In [7], Astala and Paivirinta succeeded in proving uniqueness
for general L> conductivities bounded below. In [6], uniqueness is extended to a larger class
of conductivities that allow some ¢ which need not be bounded from above or below. In a
recent paper, Carstea and Wang [16] have shown uniqueness for conductivities o in W2(£2)

which are bounded from below assuming ||V log o|| 2 sufficiently small.
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Here we use Theorem [I.2) to prove global uniqueness for conductivities ¢ > 0 a.e. with
the property that

(1.25) logo € H'(Q), o =1 on 0.

This is in line with the sharpest results known in higher dimensions, mentioned above ([24]).
Notably we do not assume any L* type bounds on ¢ from above or below E| As examples,
consider the conductivities o,(z) = (—log|z|)*, for any a € R, on the domain Q = {z :
|z| < e '}. We have |Vlogoa(z)| = —|a|/|z|log|z| € L*(Q), hence logo, € H'(Q). For
a < 0 these conductivities degenerate at the origin, while for a > 0 they are unbounded; as
well, for large « they are not covered by the uniqueness results in [6] (Theorem 1.9) or [16].
We first need to make sure that the Dirichlet problem (|1.23]) is solvable.

Theorem 1.7. Assume that o is as in (1.25). Then for every g € HY(OQ) there exists
a unique solution w to the Dirichlet problem with o2Vu € H%(Q). Furthermore,
Ou/Ov € L*(99).
In particular this insures that A, is a well-defined operator
Ay s HY(OQ) — L*(092).
Now we can state our main result on the Calderéon problem:

Theorem 1.8. Assume the conductivity o > 0 is such that logo € H. We also assume,
for simplicity, that o =1 on 0. Then we can reconstruct o from knowledge of A,.

We will obtain Theorems and [I.8 as consequences of corresponding results for pseudo-
analytic functions, which are also of interest.
More precisely, a standard computation shows that if u is a real-valued solution for ([1.23)

then the function v = o2 du solves the equation

(1.26) Ov —qv =0 in
with
1

(1.27) q= —iﬁlog o.
Moreover, on the boundary 92 we have (using (|1.2]) and the assumption o = 1 on 092):

0
(1.28) T — 9R(vdu) = 2R(v0)

v
and

ou

(1.29) i —23(vou) = —23(vv),

T
where we interpret the outer normal also as a complex-valued function v = vy + ivs on 0f2.
In particular, given g = u|go we can determine I(vv) = —%g—f on 0f2. We are thus led to

study the following boundary value problem of pseudo-analytic function v:

2However, for any 1 < p < 00, we do have o and o' in LP, as follows from the Poincaré inequality
applied to log o and Theorem 7.21 in [23].
9



(1.30) {8v—qz7:0 in

S(vv) = g9  on 09,

for go € L*(00Q) with integral zero, and to define an associated Hilbert Transform type
operator on Jf) as:

(1.31) Hqag0 = R(vv).
For then, in view of (1.28) and (1.29)), we will have the following relation:
0
1.32 A = w2
( ) Hq or

so that the Dirichlet-to-Neumann map A, for will determine the boundary operator H,
for . In turn, #H, will be shown to determine the Scattering Transform of ¢ (extended
to be zero outside 2) thus allowing the use of Theorem (5) to complete the solution of
the inverse problem. We will first prove the result on the solvability of the forward problem

(1.30)).

Theorem 1.9. Assume that ¢ € L? is given by (1.27) with o as in (1.25). Then for
each real-valued gy € L?(0SY) with integral zero the problem (1.30) admits a unique solution

v € Hz(Q). Furthermore, v € L*(89) and

(1.33) 10113 0y + Wl z200) < Cl@) 190l 2200 -
Thus H, is well-defined as a bounded operator on L?(99):

(1.34) L? 2 S(vv) = go — Hego := R(vv) € L%

Our main reconstruction theorem for (1.30]) states that one can recover ¢ from this boundary
operator. One may consider it as analogous to the result in [7] where the Hilbert transform
for a Beltrami equation is shown to determine the corresponding Beltrami coefficient.

Theorem 1.10. Assume that q € L?* is given by (1.27) with o as in (1.25). Then we can

reconstruct q from knowledge of H,.

We will in effect consider these last two theorems as the main ones, with the results for
the Calderon problem as straightforward consequences.
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2. ESTIMATES ON FRACTIONAL INTEGRALS AND PSEUDO-DIFFERENTIAL OPERATORS

This section is devoted to the proofs of new boundedness theorems on fractional integrals,
pointwise multipliers in negative Besov spaces and pseudo-differential operators with non-
smooth symbols. These results will be crucial in the rest of the paper. The proofs in this
section are valid in all dimensions.

Recall that the Hardy-Littlewood Maximal function is defined for locally integrable func-
tions f : R" — C as:

M — )|d
f(r) il>110)\3337”|/m y)|dy

and yields a bounded operator on L? for 1 < p < oo (see, for instance [42]). Also recall the

mixed LP norm:
[ fllzare = (/ (/|f($,y)|pdx>gdy>;.

We have the following pointwise bound on fractional integrals:

Theorem 2.1. For0 <a<mn, f€ LP(R"),1<p<2

a) ‘(—A)’%f(:cﬂ < Cna <)\”’°‘Mf(0) + )F“Mf(:c)) for any A >0

DAY @) < e (MFO) (MF@)

Proof. First we note that the restriction on f along with the Hausdorff-Young inequality
assures that f and f are locally integrable and so M f and M f are well defined. To simplify
notation, we will use < in place of < ¢, ,. Using the Littlewood-Paley decomposition, we
write

mé

|€|“

with ¢;(§) = ¥(£/27) supported in 2971 < || < 271 Fix jo, for now. We estimate the
terms in (2.1]) with j < jo using

/Ié e < e f(0)

(2.1) (—A) " f(a (£)dg

]_OO

(22) > [ e s S 2emfopn

j:—oo j:foo

< 2j0(n—a)Mf(0)7
since a < n. We bound the terms in (2.1) with j > jo by

Z/ K ()| f @ — )| dy,

J=Jjo
11



with

iy (2m)" / b€ |§j

The integral kernel K; can be estimated by
(2:3) 15 ()| S Jy =2t

for any integer N > 0. This estimate is obtained, as usual, by writing

POSRE NE Sy T2 P
B0 = Gy @ fejee @Y

and integrating by parts N times. We write

K T —y d_ T — d
[ Vs = iy Z/| WIf @ - ldy

< 3 gl / @ — y)ldy

= 21<|y|<2tt!

(using (2.3)) with N > n)

< Z 2j(n—a—N)2—lN2(l+1)an(x)
=i
S 2j(n7a7N)2n27j(n7N)Mf<x)
(2.4) <279 M f ().

For |y| < 277 we use (2.3) with N = 0:

/| IS =)y 520 / 1w —)ldy

ly|<2—J
< YOI f (x)
(2.5) = 279°M f(x).

The inequalities (2.4) and ({ . 2.5)) yield

o0

Z DIf(x—y)ldy S Mf(x) Y 279% S 2770M f(x).

n -
J=Jjo R J=Jo

Returning to (2.1)) and also using (2.2), we obtain:
[(=A)7% f(2)] £ 20 MF(0) + 27 M f(x)
for any jo. This proves inequality a). Inequality b) then follows by optimizing over \. U

We state explicitly the special case of the above in the form which will be used in subse-
quent sections. These estimates will allow us to obtain precise control of m(-, k) and s(k)

for large k without any smoothness assumptions on gq.
12



Corollary 2.2. For q € L*(C)

0 107 @) 5 (Mak))* (Ma@))

8) 107 e-s)lle S lall 3 (Math))

N |=

Proof. Assertion a) follows directly from Theorem b) with « = 1, n = 2 and p = 2.
Assertion b) follows from assertion a) and the boundedness of M on L. 0

We next use Theorem to prove L? boundedness for a class of pseudo-differential op-
erators with non-smooth symbols (See the monograph [I7] for an extensive investigation of
such problems). The result we need here does not appear to be available in the literature.
It will allow us to show that the scattering transform is well defined and in L? as a function
of k.

Theorem 2.3. Let 0 < o < n. Suppose a(x,§) satz’sﬁesﬁ
i) / !a(x,f)‘%dfdx < oo and
n R

i) ||(—A§)ga(iv,€)|ng2ﬁl eLi".
Then the pseudo-differential operator

(2.6) a(z,D)f(x) :=

is bounded on L* with

(2.7) la(z, D) fllzz < canll fllzll(=A¢)2a(a, Ol zn an .

L=« Lg”“

o [, el (€

Moreover, we have the pointwise bound

(2.8) a(z, D) f(2)] < can(MF@)™"[(=Ae)2ala, ), 2 112"
for a.e. x.

Proof. The case a = 0 follows by Cauchy-Schwartz. To investigate the case 0 < a < n,

e 2n
suppose first that f is in Schwartz class. Let b(z,§) = (—A¢)za(x,§). Since a € L»-«, then
a(z,€&) = (—A¢)"2b(z,€) and we have

<271T>n /R (=272 (e7<1(©))] [pe,0)|dc.

la(z, D) f(z)] <

By Theorem
(2075 ()| S (r)F (Mfe) .

3Assuming that a decays in € at infinity, the condition (i) follows from (ii) by Sobolev embeddings, but
is written separately for reference purposes.
13



Hence,

(e, D)f(2)] S (M f(@)* / (M) b(x,o\ds
S (M @)% (oG, )| 2o, | (M) *H 2
< (M@)o, )] 2o |12

for a.e. x. This proves (2.8) for f in Schwartz class. We may then extend by continuity to
f € L?. Therefore, we have
2n

la(z, D) f(z)|> S

SIMFl N (-2 %all =

SI(=2¢)%

1o
o || fll2"
171lp"

Ln aLn+oc

on || fl L2

cx n+a

O

We conclude this section with an estimate on pointwise multipliers which will be needed
in the proof of Theorem in Section . First note that if 0 < r < 5 and ¢ € Lz then
multiplication by ¢ vields a bounded operator from the homogeneous Sobolev space H” (R™)
to its dual H~"(R"). (This follows easily from the boundedness of the Sobolev embedding of
H'(R™) in L%). For the concentration compactness arguments in Section |3| we will need
an extension of this result to a larger space of potentials ¢, with negative regularity index.
Classes of pointwise multipliers between Sobolev spaces have been extensively studied (see
for example [34], [32] and further references given there).

We show that multiplication by any ¢ in the union of the homogeneous Besov spaces

.oy ] ) . .
By P with2<p< n/r yields a bounded operator from H"(R™) to H~"(R™). We use the
following notation for the norm of the homogeneous Besov space:

175z = (@ 1ReA))

keZ

where P are the Littlewood-Paley projections, 1 < ¢,p < oo and s € R.
Theorem 2.4. Let 0 < r <n/2 andp € [2,n/r). Then the following bilinear estimate holds:
(2.9) lqull @y S llall gz -2ms g, N0l )

Proof. We use a dyadic Littlewood-Paley decomposition
1=) P
keZ

where P, are the standard dyadic Littlewood-Paley operators, which are localized in the
frequency regions A, = {£ : 281 < |¢] < 21}, We will show that the dyadic components
Pr.(qu) of qu satisfy the correct bound with off-diagonal decay,

(2.10) 1P (qu)ll g < Nldll 2 MZ? PN Podl ey >0

k//
14



This in turn easily implies (2.9)).
To prove (2.10) we write
Py(qu) = Py (PuqPyru),
(K',k") € Ay,
where the sum is taken over the set
A, = {(k’l, k”) c7?: AN (Ak/ + Ak//) 7é (Z)}
Then we have
(2.11) 1Pelqw)l g S Y 27| Pu(PoqPoru)|| 2.
(k' k") € Ap

To estimate the terms in the above sum we use Bernstein inequality applied to the Littlewood-
Paley projections:

(2.12) | Py f|pe < 2knt/s=1/1)
for 1 < s <t < oo. We consider the three cases in the Littlewood-Paley trichotomy:
(i) Low-high interactions, |k” — k| < 2, ¥’ < k 4 2. Here we estimate

22rk’

1 Peglioe < 2% lal a0

and thus
1Pe(ProgPrra)ll - S 27 g g3 [ Perll e
where the &’ summation is trivial.

(ii) High-low interactions, |k’ — k| <2, k" < k + 2. Here we set
2
p—2
and use Bernstein to place Pyru in LP, estimating

[ Pi(PyrgPrra)l| - S 27 || Porg P 2
S 27| Pugl oo || Pyl s

< 2ty G g .n-»,p(Rnﬁ(g P2 P

_n k//
S A P ) 2

~ TR

- 2n .
D= 2<——<p< o0
n-—r

as needed since r < %.
(iii) High-high — low interactions, |k’ — k"| < 2, k < k' + 2. Here it is more efficient
to use Bernstein for the product,
|1 Pe(PorqPeru) || g S 2_kT||Pk(Pk’qu"u)||L2
< 2578 Pug P
S 2578 Pugl| o || P 2

) (k—k'
SR e 1

which again suffices. This concludes the proof of (2.10) and thus the proof of the theorem.
15



3. CONCENTRATION COMPACTNESS AND A D-BAR PROBLEM

In this section we prove Theorem 1.1} To recall the set-up, we seek to show that the d-bar
operator L, defined by

Lyu = Ou + qu, Lq:H%%H’%
is invertible for all ¢ € L?, and further that its inverse satisfies the locally uniform bound
(3.1) 1L st < Cllldllze).

We remark that the main novelty here, and the difficult part, is the fact that we can bound
the norm of Lq_1 uniformly for ¢ in a bounded set in L2. In turn, the key ingredient in the
proof is a non-standard use of the method of profile decompositions, as introduced in [21].

We begin with several preliminaries. We first recall some basic properties of the solid
Cauchy transform 0~!. For a proof, see for instance [38] [Lemma 1.4].

Lemma 3.1. o) Ifhe L, 1 <p<2and 1/p* =1/p—1/2 then
(3.2) 107 2l o < epll]| o,
b) If f € LP* N LP2, with 1 < py; < 2 < py, then the function u = 0~ f satisfies
[ullzee < cprpo (1 o + 11f12r2),

2

[u(z21) — u(2)| < cpylor — 20| 72| £ 12
and limy.| 0 u(z) = 0.
Next we prove a qualitative result, which asserts that Lq_1 is a well defined operator from
L3 to L*:
Lemma 3.2. Let ¢ € L2. Then for any f € L%, the equation
(3.3) Lu=f

has a unique solution u € L*.

Proof. Write ¢ = q,, + q5, where ¢, € LP* N LP> with 1 < p; < 2 < py and ||¢s||z2 small (see
(3.7) below). Given a solution v € L* of (3.3), we define

(3.4) V= 65_1(%%) if u0
1 if u=0.

Then v and 1/v are in L™, in view of Lemma . So uv € L*. Further, since v € WP for
p € [p1, p2] then we may apply the Leibnitz rule:

(3.5) I(uv) = (Ou + gu)v = (—q.u + f)v.
Thus, using we have

(3.6) [uv]|ps < ellgsllc2lluvlls + el £l gl ]| e
To prove uniqueness for , let f = 0 and choose ¢, with

(3.7) lgs|lz2 < 1/2c,

16



Then (3.6) yields

1
luvllze < Slluvles,

so u = 0.
To show existence, we write (3.3]) as
(3.8) Bu=0"%, B=1+0"q").

The operator 0~'(¢~) is compact L* — L* (see Lemma [7.1). It follows by the Fredholm
alternative that B is invertible in the L* — L* topology, and we can solve for u = B~19~'f
in L2, U

We continue with an easy extension of the previous Lemma.

Lemma 3.3. For each q € L?, the operator L, : Hz — H2 is invertible and

(3.9) ILg fll 3 < C@OIfIl,- 3
Proof. Multiplication by ¢ maps Hz to H _%, and we may rewrite 1} as
(3.10) Bu=0""'f

where B = (I +07(q)) : Hz — Hz. Since, Hz C L*, injectivity follows from Lemma .
It remains to prove surjectivity. Let f € H =2, Then O~'f € H2 C L*, so the proof of
Lemma [3.2] yields a solution u € L* of Bu = 07 f, i.c.

w=—3"\(qu)+ S
Since qu € Li C H‘é, we have 07! (qu) € H3 hence also u € H? and Lyu=f. O

By the last lemma, the best constant C'(q) in ([1.6) is well-defined and finite for each
q € L. The next step is to study the dependence of L, and of C(q) on ¢:

Lemma 3.4. The operator L;l depends smoothly on q € L?, and the best constant C(q) in
(1.6) has a local Lipschitz dependence on q. More precisely, given qq € L* there exists € > 0,
depending only on C(qp), so that within the ball B(qo,€) the map

~1
q— L,
15 analytic, with a uniform Lipschitz bound
(3.11) ILe" = L -3 3 < Clao)*llar — gollze
as well as
(3.12) [C@) = Cla)| £ Clao)*llar — goll 2
Proof. For q € B(qo, €) we rewrite the equation
Lyou=f
as

Lyu= (g —q)u+f
and further as
uw=L,'f+ L, (9 — q)0).
17



If ||g — qollz2 < C(go)~" then the above equation can be solved by a Neumann series. In
particular we obtain the analytic dependence of v on ¢, as well as the bounds

3 S Cla)lfl,y
and
lu =L fll3 S Clao)llao — allz=lfll s
The latter leads to the desired Lipschitz bound for L;l, by repeating the same argument
with ¢, qo replaced by ¢, ¢ in the same ball. U

It remains to prove that the C(q) bound is uniform for ¢ in a bounded set in L?>. We
denote by
C(R) = sup{C(q); llgllz= <R},  C:R* = [0,00],
We need to prove that C(R) is finite for all R > 0. This is the case for R small, as can be
seen from the proof of the previous lemma by taking ¢o = 0. We also have:

Lemma 3.5. The function C(R) is nondecreasing and continuous.

Proof. The monotonicity is obvious. The continuity is due to the uniformity in the previous
lemma. Precisely, if C(R — 0) = lim, g C(r) is finite then for ||go||,2 < R, the ball size € in
the previous lemma depends only on C'(R — 0). This yields a uniform Lipschitz constant for
C(q) in B(0, R+¢), and the desired continuity (indeed local Lipschitz continuity) follows. [

To prove that C'(R) is finite for all R we argue by contradiction. Choose Ry > 0 minimal
so that

Then for R < Ry we have C(R) < oo, and, by the continuity property,
lim C(R) = oc.

R— RO

Thus there exists sequence ¢, so that
Ro > ||qn||L2 — Ro

and
HLq:l1|’H—%_>H% — 0.
If we knew that ¢, converged (say on a subsequence) to some q € L? then we would have
Il st = WL oy g1 # 00
which would contradict the minimality of Ry.
However, there are two obvious obstructions to compactness arising from the symmetries

of the problem, namely translation and scaling. Any such symmetry can be described using
a positive scale factor A and a translation distance y. We introduce the notation

S\ y)a = MMz —y)).
Then
Clq) = C(S(\ y)q).
In view of this fact, one might try to show that we have compactness up to symmetries, i.e.
that (on a subsequence) there exist A, y, so that

Sy Yn)Gn — q in L2
18



Since the constant C'(q) is easily seen to be invariant with respect to symmetries, this would
again lead to contradiction.

This seems to be still too much to ask. We will prove instead a weaker compactness
statement, which will nevertheless be sufficient to establish the finiteness of C'(R). As an
intermediate step in establishing a compactness property, we first note that, in view of
Theorem [2.4] we can extend the perturbative theory to a larger space, namely

.13
q€ Bx*".

The exact exponents for the Besov space are not important, just the fact that this space
has negative Sobolev regularity and the same scaling as L?, and in particular we have the
Sobolev embedding

L*c Bx.
We note below a special case of Theorem [2.4}
Lemma 3.6. The following bilinear estimate holds:
(3.13) lqull -3 < llall g llull 13-
Proof. See Theorem [2.4] O
Using this we obtain the following extension of Lemma [3.4}

Lemma 3.7. Given qy € L* there exists € > 0, depending only on C(qo), so that within the

ball
lg — qDHB;%,a <k
the map
-1
q— L,
15 analytic, with a uniform Lipschitz bound
(3.14) 120t = LMyt S Callar — aell_y
as well as
(3.15) Cla1) = Cla)| S Clao)llar — a2l 3.5

_1
Boo?

The proof is identical to the proof of Lemma |3.4] and is omitted. This property shows
that it would suffice to establish the weaker convergence property

1<
SN, Yn)Gn — ¢q in Boog”s.

Now we return to our compactness question. The discussion above suggests that we
should look at compactness modulo symmetries. The last lemma tells us that we only

L1
need convergence in the weaker B..* ? topology. Still, for an arbitrary sequence ¢, which is
bounded in L? even this is too much to hope for, as the ¢,’s may be split into pieces which
are driven by different symmetries. The situation is very accurately described using a profile

decomposition, see [2I] and also [41]:
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Proposition 3.8. Let g, be a bounded sequence in L?. Then up to the extraction of a
subsequence, it can be decomposed in the following way:

l
(3.16) VIEeN, g, =) SN, uh)d" +d,
k=1

where the functions ¢’ are in L* for all j € N, and the remainders ¢, are uniformly bounded
in L? and satisfy

(3.17) lim limsup ||¢.|| . _1, =0,
l—00

1
S5
n—o0 Boo

and where for any k € N, (\F yF) is a sequence in RT x R? with the property that for every
j # k we have either

N
or
(3.19) N,= A Tim g — iV, = oo
n—oo

Furthermore, for each | we have

l
(3.20) lanllZe = 3 g 122 + gk 122 + o(1)
k=1
as n — Q.

We remark here that this is the elliptic version of the profile decomposition, as opposed
to the wave equation version [§] or the Schrodinger version [35].

We also remark that the original elliptic profile decomposition of Gérard [21] is for Hs
functions with 0 < s < 1. The transition to the statement above is straightforward, simply
by choosing s = % and applying a ]D\% operator.

We apply this decomposition to our sequence ¢, and will distinguish two scenarios:

e Exactly one profile. Then up to symmetries we have
L1
qn — q1 in Bso? 3

and, according to the prior discussion, the proof of Theorem [I.1]is concluded.
e more than one profile. Then in view of (3.20) we must have

(3.21) sup ||¢*|l.2 = R < Ry.
k

Hence in this case we control the operator norms HL;}H associated to each profile

uniformly, and we will use this to control ||L_||.

n

To eliminate the case of multiple profiles we will use the solutions to the L, equations to
construct a solution to L,,. Precisely, in order to complete the proof of Theorem it

suffices to prove the following:
20



Proposition 3.9. Let ¢, be a bounded sequence of L? functions with a profile decomposition
as above, so that (3.21)) holds. Then we have

(3.22) lim sup C'(g¢y,)

n—oo

< C(R).

~Y

Proof. For f € H~2 we seck to solve

L,u=f.
By Lemma , the tails ¢!, play a perturbative role in this analysis. Precisely, by choosing
[ large enough and n large enough we can insure that

||Q£L||B_%,3 <¢mrp) 1

and thus neglect them. Thus, for the rest of the proof we simply fix [ and assume that
I

an = ZS<)‘k>yn)

k=1

Here its components S(A\F,4*)¢* are localized around y* at frequency scale A\F, and are
separating as n — oo. To take advantage of this we also split f in a linear fashion as

f=2 fi+ R

so that f¥ will primarily interact only with S(A% yF)¢*, and fo* does not interact with any
of the S(A\F yF)¢*. Then we seek an approximate solution of the form

us out k —1 k out out
W=D un Un = Lgag gt T o'/
Thus we have

anuzpp = ZS 7yn q uj _'_ZS 7yn)qu’OUt _'_f
ki
To succeed, we need to insure that we have the followmg properties:

(P1) Almost orthogonal decomposition for f,
(3.23) 1202+ ST Ly S ARy +oaDIFIE,
k

(P2) Almost orthogonal decomposition for u?*?,

(3.24) 1123 S g1y + D sl + on(WIFIZ,
k

P3) Negligible off-diagonal interactions
( glig g ,
ISy d wdll oy = onDIIfll oy k#J,
out _
1S ym)a"us [l -y = on(VII fIl -3

Here we remark that all implicit constants should be universal. However, all expressions
o, (1), which decay to zero as n — oo, may have a decay rate that depends on all parameters
in our problem, namely ¢*, \* and y* (but not on f). It is for this reason that the o,(1)

term is not included in the first term on the right in (P1).
21
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We first verify that these three properties (P1), (P2) and (P3) suffice in order to prove
Proposition . To see that, we observe that in view of (3.21)), the approximate solution
ulPP = yP( f) satisfies

a1l s S (CR) + on(W)If g0 Nguun®™ = fll -y S on(DIf -1

If n is large enough then the error can be made arbitrarily small, therefore a simple reiteration
scheme would allow us to pass from an approximate solution to an exact solution. Thus
Proposition [3.9 is proved.

It remains to construct a decomposition with the above properties. In order to construct
the decomposition functions f,, we introduce a family of truncation operators T#(\, y), where
(A, y) are associated to our symmetry group and g > 1 is an additional dimensionless scale
parameter. Precisely, we set

T'u()‘a y) =X (”_2)‘("}: - y)) P[/\/,u,)\u]

where x is a Schwartz function with compactly supported Fourier transform, and so that
near zero we have

1= x(z) = O(|z|").

The role of the support assumption is to insure that our operators T"(\,y) are frequency
localized in the region

A< €] < Ap
With this notation, the components f* of f are defined by

fo =T (N yn)f

using a slowly increasing sequence ji,, — co. Here the meaning of slowly is taken relative to
the growth rates in , . The reason we let p, — oo is so that in the limit this
localization captures the effect of all of ¢*.

In order to prove that the functions f* and ¢* have the desired properties we first consider
some simple properties of the operators T#(\,y). The first set of properties involve a single
scale:

Lemma 3.10. The operators TH(\,y) have the following properties uniformly in (\,y) €
RT x R2:

(i) They are bounded in H* for |s| < %, uniformly in p > 1.

(i) We have the decay property

(3.26) 1= T (0 )T (\, )
(iii) For q € L* we have the bound

(3.27) Jlim SO y)a(t =Tyl -y =0

—N
Hesirs S M

(iv) For q € L? we have the commutator bound

(3.28) Jim [|Zsope T 93, 5
22
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Proof of Lemma[3.10. We first note that all of the properties in the lemma are scale and
translation invariant, therefore we can simply set A = 1 and y = 0 and drop them from the
notation.

Next, we note that the projector part of T* selects the frequencies [~!, u], whereas the
multiplication part is localized at frequency p~2 which is much smaller. This implies that
T* maps every dyadic frequency shell into a slight enlargement of itself. Because of this it
suffices to prove the bounds in part (i) and (ii) for functions in a fixed dyadic shell, and the
output will also be localized in a double dyadic shell. But on a fixed dyadic frequency shell
the H® weights |€|° have a fixed size. Consequently the H*® bounds in (i) and (i) are all
equivalent uniformly in x> 1, and we can simply set s = 0.

The L? boundedness of T* is trivial, uniformly in p. Given the frequency localization of
the multiplicative part we have

(1= T")T" = (1= x(™"2) Ppu—2)x (17°2) Py g = (1= x(u*2))x (n7°2) P )
so (ii) also follows.

For (iii) we write

g1 =T") = (1= P _y 3)a(l = Puoryg) + B oy 30000 = Puorg) +q(1 = x(u2)) Py

[ 2,p2
and use the multiplicative property L? - Hz C H™ 2. The first and the last term decay since
(1-— P[u_% M%])q and ¢(1 — x(u~2r)) decay to zero in L2 The middle term decays due to
the increasing frequency separation between the two factors. Precisely, by a careful use of
Bernstein’s inequality we have the dyadic bound

A1 Ay

1
2
|PugPrul, s Smin{A—Q,A—l} 1Pl Proedl,

which after dyadic summation yields
1
1Py 311 = Pty S 5 aleull

For (iv) we treat separately the d and the ¢ part of L,. For the g part we disregard the
commutator structure and write

[q, T"] = q(T" — 1) — (T" — 1)q

where the first part decays due to (iii) and the second term is quite similar. For the 0 part
we write

[0,T"] = p=2(9x) (™ 22) Py
which acts separately on each dyadic frequency. The H 3 — H~2 norm of P-1 ) is p, which
is more than compensated for by the ;=2 factor. This completes the proof of Lemmam OJ

The next lemma is related to the scale separation properties:

Lemma 3.11. In the setting of Proposition|3.8, assume that p, — oo slowly enough. Then
we have:

(3:29) T [ DT (M, 42) DT (A ) DI [ are =0, j £k, sisats5=0

and the similar result with either T** replaced by (T"")*.
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Proof of Lemma[3.11. Denote
Q™ = [DI T (X, y) | DI T (A, )| DI
We consider the two scenarios in (3.18)) and (3.19)). In the first case, for large enough n the
operators TH» (M y7) and T+ (A\F y¥) have disjoint frequency localizations so Q7% = 0.
In the second case we have \¥ = M := \,. Further, all operators in Q% act separately on

different dyadic shells, so by orthogonality we can fix the input frequency and insert dyadic
frequency localizations in all multipliers. Thus it suffices to consider operators of the form

Q™ = Ryx ("M@ — y)) BAx (1 * A — 1) RS
where RS are smooth bounded multipliers localized at a frequency A € [, '\, pnAn] (Which
also depends on n). The condition s; 4+ s + s3 = 0 guarantees that the Sobolev weights
£1]°11&2]?|€5]% cancel out if |¢;| ~ A. This applies equally whether we work with the opera-
tors TH(N  yJ) or with their adjoints. Set

fi ' A= 1Ay i € [pn, 23]
We can rescale to set A = 1, with y* rescaled accordingly. Then Q7% become
Q™ = Rix(jiy (v — yo)) R*x(f, ' (x — i) R
where fi,, € [pin, 3] goes to infinity slowly enough, so that also
i [y — ya| = oo
Then the operators R’ have uniformly bounded Schwartz kernels, so the desired conclusion

follows from the spatial separation of the two bump functions. This completes the proof of
Lemma [3.171 O

It remains to use the two lemmas above in order to prove the three properties (P1), (P2)

and (P3).

For (P1) it is easily seen that the operators >, 7" (A% y¥) are bounded in H~2, uniformly
for large n, therefore it remains to show that in the limit f* are almost orthogonal,
Tim (fy, f) oy =0, k#j
To see this we write ' L )
(fa: f2) -3 = (IDI72QYID|"2 f, f)
where
QY = DI (T (N5, yi) DI T (X, )| DI

Then it suffices to show that

lim ||ij||L2—>L2 =0

n—o0
which follows from ([3.29)).

Now we consider the property (P2), for which it suffices to show that u* are almost
orthogonal in the limit, '
lim (uﬁ,u%)H% =0, k#3.

n—oo
Unfortunately u* no longer share the sharp localization of f*. However, the bulk of u* does.
Precisely, we split

(3.30) uf = T (A Yk 4 (1 — T (AR, yf))ul.
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For the first term the same argument as the one used above for f* applies, except that we
need to use the operators

QY = | D[S TH (N, )| DT (A, )| DI %
and show that ~
hm ”ij||L2—>L2 = 0
n—oo

This again is a consequence of ((3.29)).
The second term, on the other hand, converges to 0. To see that we compute

2
LS(/\ﬁ,ny)qk<1 - TM%()\:?L? ?JE))U]:L = (1 - TM%()\fm yfb))Tﬂn()\Z’ ys)f - [LS(Aﬁ,yﬁ)qu Tun(Afw y’s)]ug

where we want to show that both terms decay to zero in H ~2. But this follows from (13.26))
for the first term, respectively (3.28)) for the second.

Finally we consider the last property (P3). First we use the same decomposition (3.30]) as
above for uf to write

SNyl g ul = SO, 42 )g? (1 — T (N8 yf )k 4+ SO,y )? T (A, y2 ) T (AE Yk
+ SOy (1 — THR (O, yl ) T (A, g )uk

The first term decays to zero since its second factor (1 — T+ (X, y/#))u¥ decays to zero in
H %, as established above. For the second we need to show that

S IIDIZTY5 (A, ) T (X, g | D] 72|22 = 0, J#k
which is a consequence of ([3.29). For the third we need
(3.31) lim ||| D72 S(X, y3)q’ (1 = T (X, y3))| D] 2 || 2y 12 = 0.
n—oo

which follows from (3.27)).
Finally for the outer part we write

up = 07N (L =T L y)) f = Y07 T (N m) -
Jj#k

The summand in the second term is nothing but u/, evaluated in the special case when ¢; = 0.
Hence, it is covered by the prior analysis. For the first term we write

O~ (L =T (N yn))f = (1 =T (A5, yn)) ' f + 07 [Lo, T (A, 40 .

For the first term we get decay when matched against ¢*, by (3.27). For the second we
disregard ¢* and use instead the commutator bound (3.28)). This completes the proof of
Proposition [3.9 Il

4. THE SCATTERING TRANSFORM
The equations (|I.1]) arise as the compatibility condition of the Lax pair
Iml 2
(4.1) N
(0 +ik)m* =gm
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and

(4.2) { iOm* + 0*m' + 2ikom' — gOm? + dgm? + 4gm* =0

i0,m? + 0*°m? — ikOm?® — gOm* + ogm' + 4gm? = 0.
The construction of the Scattering Transform only involves solutions of the Dirac system

4.1). The equations (4.2) are used afterwards, in order to establish its time evolution
1.12)).

Assuming ¢ is a Schwartz function, Beals and Coifman [10] studied Jost-type solutions to
(4.1) with boundary conditions

(4.3) {m1—>1as |z| = o0

m? — 0 as |z| — oc.
With the substitutions
(4.4) me =m' £e_ym?

they obtained the decoupled pseudo-analytic equations ((1.3]) which we introduced in Section
[l They also established the dual set of equations

—m = e_psm?

(4.5) o

—m?=e_;sm!

ok
which is equivalent to (|1.10]).

Throughout this section we will use both m! and m? as well as the functions m.. defined
in Section [II We have

1 1
mt = S(my +m_) = S(ny +n_)
2 2
(4.6)
m? = 1e_k(er —m_) = l(m_ —n_).
2 2
For the Scattering Transform ([1.4)) we will also use the expression
(4.7) Sq(k) = —i/ en(2)q(z)m! (2, k)dz.
T JRrR2

Our goal is to solve ([1.3)) for ¢ € L? and show that the corresponding scattering data s is
in L2. To get started we rewrite the equations ([1.3) in terms of the functions m. — 1, which
have the virtue that they decay at infinity:

0
55

The L* solvability for equations of this type is considered in the next lemma.

my — 1) = e pq(Mmz — 1) £ e_q.

Lemma 4.1. Suppose q € L. Then for any f € L? and any k € C such that Mf(k) < 00,
there is a unique solution u(-, k) € L* of

(4.8) Ou + e_pqi = e_f.
Moreover
(4.9) Ju(- B)llzs < Cllgllz2) |07 (erf) s < C(Hqu)HfHLz(Mf( ))?.
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Proof. The uniqueness follows from Lemma [3.2l To prove existence, we first recall that in
view of Corollary 2.2b), 0~'(e_1f) € L* for a.e. k. Write

(4.10) u=uv+0 e_rf).
Then u is a solution of (4.8)) if and only if v solves
(4.11) OV +e_pqv = —e_,q0 " (erf).

The term on the right is in L3 for a.e. k. More precisely, by Corollary we have
— 1 AL
le-kad@ ™ (exF)Il 4 < cllallizll fII72 (M f(k))>.

L3 =
Thus, by Theorem there is a unique solution v € H > C L4 for (4.11). Hence the function

u defined by (4.10)) solves (4.8) and satisfies (4.9)). O
We are now ready to construct the Jost solutions my for ((1.3)):
Lemma 4.2. (Jost Solutions) Suppose that q € L?, then:

a) For almost every k there exist unique solutions my(z, k) of with ma (-, k) —1 € L4
and moreover,

(4.12) lms (- &) = lza + " (- &) = Ulza + [m* (- B)l| s < C(llglz2) (M(k)) >

In addition we have

N

(4.13) Ime = lpas + [m* = Ulpaga + [1m?| s < C(llgllz2),
as well as

_ 1
(4.14) [0m* (- B)[l 4 < C(llallz2) (Mq(k)) >

b) The maps ¢ — mx, ¢ — m' and ¢ — m? are locally Lipschitz from L* into the topologies
in (4.13)), (4.14). Precisely, given q, and gy in L* we have the difference bounds

(4.15) l6malpaps + [[0mH | ars + 10m?[|2aze < Cllaull2)C (g2l 2) 10 2
as well as
(4.16) ||55m1||L4Lg < C(llallz2)Clg2llz2) 6|l 2

k z

Remark 4.3. If we use the first part of (4.9) in the proof below then we obtain the more
refined bound

(4.17) Im* =l paps + m?lpans + 10mH 4 < Clllallz2)ll0~ (ex@)ll g s-

AL
Proof. a) We define

(4.18) re( k) =my(- k) — 1.

Then m4 solve if and only if r4 solve

(4.19) Ory = te_qrz £ e_4q

and so by Lemma there exist unique solutions to (4.19)) with

1
(4.20) [ (, R)lle < Cllallz2) (Ma(k)) >
Now the bound (4.12)) for m4, m* and m? follows from (4.20)) and (4.18).
27



The inequality (4.13)) then follows by integrating (4.12)) in k£ and using the mapping prop-
erty M : L? — L?. Finally, for (4.14) we use the first equation in (4.1) combined with the

m? bound in (4.13). This completes the proof of a).
Part (b) is easily obtained by repeating the same arguments in part a) for differences of
Jost functions. The details are left for the reader. 0J

Next we turn our attention to the scattering transform s of ¢, which is defined by (4.7]).

Lemma 4.4. The scattering transform s(k) is well defined for a.e. k in C and satisfies

(4.21) Isllz2 < C(llgllz2)
as well as the pointwise bound
(4.22) [s(k)| < C(llallz2) M (k).

Remark 4.5. Using the slightly stronger bound (4.17)) in the proof below yields the following
slight improvement over (4.22)):

(4.23) Is = (k)2 < Cllgllz2) 107" (exd)| e
This will be useful later on in order to provide a self-contained proof of the characterization

of the wave operators for the DSII problem.
Proof. We write s(k) in the form

(4.24) is(k) = %/ekqdz + 1 /eka(ml —1)dz.

The first term is simply the Fourier transform of g € L? which obeys (4.21]) and ( For
the second term, we apply Theorem |2 - 3l with n = 2 and a = 1 for the symbol m (z k)

and f = g (so that f = q), k playing the role of z and z playing the role of £. Hypothesis 1)

of Theorem [2.3|is satisfied by (4.13]). To see that hypothesis ii) is justified, recall from (4.14])
that

L\)\»—A

lom! (- k)l 5 < Cllgllze) (Mq(k))>.

Hence,

1 < Cllall) IMam] s < Clallz2)

Thus, hypothesis ii) holds by the boundedness of the Beurling transform 90~ on L for
1 <p<oo.
It follows that s is well defined and is in L2. In addition, from ,

(4.25) [s(k)| < Cllallz2) (Md(k))2||om’ (-, k)| 4 sllallz> < Cllallo2)Ma(E).

[o(m" = 1)]|

O

So far we have constructed the Scattering Transform Sq for a fixed ¢ € L?2. Our next
goal is to establish that & is a locally Lipschitz map. One can already view this as a
consequence of the locally Lipschitz property for the Jost functions in Lemma 4.2 but the
next lemma provides elegant difference formulas from which we will also obtain additional

properties of the Scattering Transform and its derivative. These formulas (more precisely
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their consequences stated as Lemma 4.8 a) and ¢)) are generalizations of facts proved in [10]
on tangent maps for potentials in Schwartz space and extended in [40] and [44].
We'll denote by (-, -) the usual inner product on L*:

(f.9) = /79-

Lemma 4.6. (Difference Formulas) a) Given any two potentials q; and go in L*(R?) with
scattering transforms sy, respectively so, we have:

(4.26) s1— 82 = T, 40 (@1 — o)
where the linear operator Ty, 4, 1s given by

l

(4.27) T f(k) = ——(/ek(z)ma(z, k)dz — /ek(z)f(z)b(z, k;)dz)

T
with

(4.28) a(z, k) = ml(z, —k)ym] (z k)
(4.29) b(z, k) = m2(z, —k)ym (z, k)
The integrals are well defined for f € L? and

(4.30) 1Tqq0ll 2522 < Clllaal|22)C (Mg 22)-

b) With the same functions a(z, k) and b(z,k) (defined in terms of g1 and qz) as above we
also have

(4.31) @1 — G2 = Wy, g,(81 — 82)

where the linear operator Wy, 4, is defined as:

430 W) =~ ( [ eegPate Rk~ [ e-i(2)g(k)iRd).

™

The integrals are well defined for f € L? and

(4.33) IWar,02ll 2222 < Clllanll22)C ([l g2l 22)-
c) For the operators T, ,, and Wy, ,, we have the identity:

(434) <ga qu]zf) - <fa th#}zg) = S<gv TCI1,¢12f>a

valid for any f,q,qi,q € L*, where

(439 Ty (4) === [ ()M R

Proof. a) First we will prove (4.26) formally. We will then show that the integral exists in
L? and prove the bound (4.30)).
From the definition (4.7)), we have
7
S| — Sy = —;(/ek(ﬁ — @)méldz + /ek@(m;1 — m;)dz>
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where méi solve with boundary conditions , or in integral form
My (k) = 1= (I = Ay )™ Ag (1)
where
Aux(t) = 07 e_kq0 " (exq ).

For the second term, we have by the resolvent identity

1

My, — [(I th k)il - (I - Atp k)il]AQLkl + ([ - Aq27k>71<"4(]17k1 - AQ2J€1)
(I -qu k) 1{[(I qu k) (I - -Ath,k)](I - A(Il»k)_lAfIhkl + Aql,kl - qu,kl}
=~ Ay, k)~ (Aql kE— qu,k)mél
= (I = Agpi) (D1 + D)
where
Dy = 0 (e-rg20 " (ex(q — @)my,))
Dy =0 'e—k(q1 — ¢2)0 ' (exqimy,))-
Then

/ek@(mél — m;Q)d (I = A )~ Ye_1q2, D1 +Dy) = (e,kqgml%(‘, —k), Dy + Ds).
Now,

<€_k(]2m;—2(', _k)>D1> = <~Aq2 km ( k) ek(a_@)méJ
- / ex(2)mL (s k) (@ (2) — (@), (2, k)da

- [ e @l = e m, (2. k.

In addition,

(e_kgamg;(-, —k), Do) = —(0 " (e—kgamgy(-, —k)), e—k(qr — q2)0 " (exqmy, )
_ / ex(2)mZ (7 —R) (@ (2) — ()2, (=, k) d.

Combining the terms, we obtain (4.26]). To prove (4.30]), we write

Ty ef = —%<P1f(k) + Py f(k) + Psf(k) + Py f(k) +P5f(k)>
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where

For the term Ps, we have by Lemma
Im (. —k)mg, (k)2 < [mg (-, =k)l[zsllmg, (-, k)l s

(4.36) < O(llgzl2) (M@(=k)) *Cllal| 2) (M@ (k))

Hence,

D=
N

I1Pu e < ([ et~y - k) o)1

< Clllanll2)C gzl o) 1M (= I M@ G121 f 1 2o
< Cllaall2)Cllgzll )N 1] 2

where the last inequality follows from the mapping property of the maximal function M :
L? — L?. In similar fashion, we obtain

1Piflle2 < Clllanllz2)Cllgall ) 1] 22

To investigate the term P f, we will apply Theorem [2.3]with n = 2 and a = 1 for the symbol
mél(z, k) — 1, and f replacing f in the Theorem, k playing the role of x and z playing the
role of £&. The hypotheses of the theorem are satisfied in view of the bounds (4.13) and (4.14])
in Lemma . It thus follows from ({2.8)), that
1
11172

[P f (k)] < Cllarllz2) (M F (k)2 10(my, - DI, 4

< Ol lle) (M F (k) (M (k) 2112

Hence
I1Ps e < CClanlen)( [ 1070000 ak) 171

~1 1 1
< Cllalle2) 1M FI 1M Z11 712
< Clllal[z2)lIf 2

Likewise, for P, we have
1Pl < C(llaallz2) [ £l 22

Combining the four terms, we obtain (4.30)).
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b) Because of the symmetry between the forward and inverse scattering, (4.26) also yields:

?

430 0 -0 =~ ([ almb R i) — s, (. bk
/ LBz R) (1) — salk))m? (=, K)dk ).

where, by (4.6)

1
ml = gt n_g) = m]
(4.38)
s L e — e
ms = 2e,k Nys—MN_s)=e_pm;
Now, consider the scattering problem for g =: @3. For the corresponding scattering

transform we have (cf. [10]):

s2(k) = —sa(—Fk)

Hence,

0
P (2, —k) = tep(2)s2(k) nyg (2, —k).

Comparing with the corresponding equations for s; we conclude from the uniqueness in
Lemma [£.2] that

nis(—2,k) =ng gz, —k).
It follows (using (4.6))) that
ma(—z,k) =mg (z,—k) =m

Substituting in (4.37]) we obtain:

?

1(2) — 2(2) = —;(/ek(z)mé(% —k) (s1(k) — Sz(k’))m;(za k)dk—

/ e,k(z)m%(z, k) (s (k) — sa(k))2, (=, Rk

which proves (4.31)). The bound (4.33) is obtained in similar fashion to (4.30)).
¢) Since Ty, 4y, Wy .o and Ty, 4, are bounded oerators on L?, it suffices to prove (4.34) for
f, g of compact support. In view of (4.27 - and (| - we have

(9 T o f) — (s War,029) // f(2)a(z, k) —er(2) f(2)b(z, k)
//f ) (z,k) — e_k(2)g(2)b(z, /f))dk:dz

= 2(<9, wasf) — m)

which proves (4.34). O
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So far, we have established that S is a Lipschitz map from L?(R?) to L?(R?). The next
step is to show that the properties (1) and (5) in Theorem also hold. In part a) of the
following Corollary, we first use (4.34) to obtain a generalization of the Plancherel identity
(T.15):

Corollary 4.7. a) For any q1,q2 € L*(R?) we have
(4.39) ISa = Saullz: = llar — gallZ2 + (St — Sz, Ty o (a1 — a2)),

with Ty, 4, as defined in )

b) The Scattering transform S satisfies the Plancherel identity ||Sq|lr2 = ||¢|lr2 for all
q € L*(R?) , as well as the identity S* = 1.

Proof. a) Apply with f = ¢ — g2 and g = Sq; — Sqo and use (4.26| and (4.31)).

b) The Plancherel Identity is a special case of when ¢ = 0, as then b(z,k) = 0
so T,,0 = 0. Tt also follows by an extension by continuity argument from the Plancherel
identity for potentials in Schwartz class in [10], together with the (locally) uniformly Lipschitz
continuity of & which is based only on part a) of Lemma . Likewise, the identity S? = I

was show in [I0] for Schwartz potentials and now extends to all of L? in view of part a) of
Lemma [£.6] O

We have shown that S is Lipschitz and also that S™! = S, therefore S is a bi-Lipschitz
homeomorphism of L2.

In order to complete the proof of Theorem it remains to show that S is continuously
differentiable and is a symplectomorphism.

Lemma 4.8. a) The map q — S(q) is a C*-diffeomorphism from L*(R?) into L*(R?), and
its differential is given by

0S| . -
(E qQ> (k) :="T4qq
with Ty, as defined in .
b)
0S|\t 1
<5_q q> B Tq’q = Wao

with W, as defined in .

c) For any q,q1, ¢ € L*(R?) we have

oS
(3a

0S8

4.40 S —
(4.40) Kl

qQ2> = %<Q1aQ2>

Proof. a) Given two potentials ¢; and g2, we need to estimate the difference

0Ps =g, — 8, — (E 5q>
q1

oq

in terms of ¢ = g2 — ¢q;. It suffices to show that

(4.41) 16|22 < Clllarllz2)C gzl z2)l1dq]|Z-
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Using the formula we write
(4.42) 6¥s =Ty, 50(02 — q1)
where ,

Tysof = %(/ek(z)féa(z,k)dz — /ek(z)féb(z, k)dz)
with

da(z, k) = 5mm;(2, k) +

8b(z, k) = om2(z, —k)m2 (2, k) +
Now the bound is a consequence of

I Towsallizzz < Clllanll2)Clga l22) gl 2.

This in turn is proved in the same manner as , but using the difference bounds in part
(b) of Lemma[4.2]

b) This follows from the arguments above, using with ¢ = ¢+ ¢eq and ¢ = q.

c¢) This symplectomorphism property is another application of our identity . Since
the right side of is real-valued, we have

(4'43) %<g’ Tfil,ti2f> = %<f= Wtil,iizg)?

for any f,g,q1, G2 € L*(R?). We use this with ¢ = G» = ¢, f = ¢z and g = ‘;—‘3 ¢1. Then, in
q
view of part b), W, ,g = ¢: and (4.40) follows. O

5. APPLICATION TO DEFOCUSING DSII

In this section we use the properties of the nonlinear scattering transform S in Theorem [I.2]
in order to prove the results on the defocusing DSII problem in Theorem as well as
Theorem [I.6] We first review the Inverse Scattering based construction of solutions to the
DSII system ({1.1]). The steps are as follows, see :

(i) We define the initial data for the scattering transform,
S0 = Sqo
(ii) We compute the linear evolution on the scattering transform side
S(t, k’) _ €2i(k2+152)tso(k)
(iii) We return to the physical space via the inverse transform S~ = S,
a(t) = Ss(t).
Our starting point is the classical work of Beals and Coifman [9], [I0] and [I1], who show
that if ¢ € ., then sg € . and further that ¢(t) € . is the unique classical solution to

(1.1). Our goal, on the other hand, is to show that the above algorithm is equally valid for
all L? initial data. We begin by examining the presumptive data-to-solution map

(5.1) Qo — q(t,)
Lemma 5.1. The data-to-solution map (5.1)) has the following properties:

(i) Conserved mass:

HC](t, ')HL2 = HQOHL2-
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(i1) Continuity in time:
L* 3 qo — q(t,) € C(R, L?).

(111) Lipschitz property: for two L? solutions q; and g we have

lai(t,-) — q2(t, )|l 2 < Cllgor||2)C(||qozll22)|q01 — Goz| 12

for all t.
(iv) Pointwise bound:

lat, 2)| < C(llaollz2) Mq™(t, 2)
where L
¢ (t,) = U(t)Sqo.
(v) L* bound:
lallz: . < Clligollz2)-
Proof. (i) This is immediate from the Plancherel identity ((1.15]).
(ii) This is a consequence of the Lipschitz bound (1.17) combined with the L? time conti-
nuity of e +5%)ig,
(iii) This is also a consequence of the Lipschitz bound ((1.17]).
(iv) This follows from Corollary [L.3] noting that the (inverse) Fourier transform of (L.13)
1s:
s(t,) = U(t)so = ¢""(t.).
(v) From the Strichartz estimate for the linear flow we have
lg"™llzs . < Cllsollz2 = Clisollz2 = Cllgoll e,

using the Plancherel identity ((1.15)). The bound (v) now follows from (iv) above and the L*
boundedness of the Maximal function. O

This lemma shows that the L? presumptive solutions can be viewed as the unique uniform
limits of Schwartz solutions. However, it does not yet prove that these are actual solutions
to . Our next step is stated separately as it no longer relies on the scattering transform,
but rather on perturbative dispersive analysis:

Lemma 5.2. The data-to-solution map (5.1)) satisfies the Lipschitz bound
g1 — %HL;{Z < C([lg01]12)C (Il g0zl )1l q01 — qo2|| 2

Proof. By the property (iii) in the previous lemma and a density argument for the embedding
% C L2, it suffices to prove this for Schwarz data goi, go2. The advantage then is that we
know in addition that ¢; and ¢y are classical solutions for (|1.1)), which we rewrite as

ig +2(0° + 8*)g = N(q) == qLlq|”

where L is a zero order multiplier, which is bounded in all LP spaces for 1 < p < co. Then
we can apply Strichartz estimates on any time interval I = [0, 7] for the difference of the
two solutions to obtain

g — Q2||L§’ZHL§°L§[I} < llgor — qozllz2 + [[N(q1) — N(‘h)HL%m

S llgor — qozllr2 + [lan — 92|\L§zm(HQ1H%gzm + Hfhﬂi;{zm)
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If we have the additional property
(5.2) H%HL;{z[m HQ1HL;{Z[1] <1

then we can absorb the second term on the right into the left hand side to obtain
g1 — CJ2||L;{20L§°L§[I] S llgor — qozl|z2

To use this property we take advantage of the L* bound in part (v) of the previous lemma
in order to divide the real line into subintervals R = U;c 7I; so that the property ({5.2) holds
for all intervals /;. The number of such intervals is at most

IT1S Clllanllzs,)CIgallzs ) S Clllgorllz2)C(llgoz ]l )

Then we apply the above argument successively on all these intervals in order to obtain the
conclusion of the Lemma. OJ

The L* Lipschitz bound can now be used in order to show that the Inverse Scattering
construction yields solutions to (|1.1)).

Lemma 5.3. For each qo € L* the function q(t) is a solution to (1.1)) in the sense that

(1.21) holds.

The proof is straightforward, based on the Strichartz estimates for the linear flow.
This concludes the proof of Theorem We now turn our attention to Theorem [I.6] We
begin with a slight improvement of Lemma [5.2}

Lemma 5.4. The map
L29q0—>q€Lf,z
s smooth.
Proof. This is a standard perturbative argument which we only outline. Given a solution ¢;

to DSII with initial data qo; € L2, we seek to solve the DSII with initial data qgy sufficiently
close to qo;. Since ¢ € L}, we can divide the real line as in the proof of Lemma into

t,z)
finitely many subintervals [; so that |[qi[[,s |7 is small.

Then we construct the solution ¢y successively in each subinterval by reiterating the
Duhamel formula (1.22)). This converges due to the Strichartz estimates. O

The next lemma establishes the existence and regularity of the wave operators W_.:
Lemma 5.5. The wave operators Wy are well defined and locally Lipschitz in L?.

Proof. We begin by using the Duhamel formula to compute
t
U(=t)alt) = a(0) + | U(-9)N(a(s))ds
0

Since g € L} _, it follows that N(q) € L3. Then by Strichartz estimates the above expression

t,2)
converges in L? as t — 400, and we have

g = lim U(~0)q(t) = 4(0) + /0 " U(—5)N(q(s))ds.

The map gy — g+ is smooth in view of the previous Lemma and Strichartz estimates. U
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To see that Wiqy = gg% , and thus complete the proof of Theorem we can now argue
by density. It suffices to know that this is true for ¢y € .. This was already proved in [10],
but for the sake of completeness we provide a self-contained argument below.

If o is Schwartz then s, is also Schwartz (see[I0]), and s(t) = 2 *+)g) In view of the
bound , applied with the roles of ¢ and s reversed, it suffices to show that

(5.3) lim (|3, (e2e® +s0) | 14— 0.
Indeed, a direct computation shows that

10, (e, W HFIs )| < 73 (14 |K|) N (1 + ¢72 |2 — 2tk])
which has an L4 norm of size t~1. This completes the proof of .

6. APPLICATION TO TwoO INVERSE BOUNDARY VALUE PROBLEMS

In this section we prove Theorems [I.7] [I.8] [I.9] [[.I0} We begin with the results for the
boundary value problem ([1.30)), which we recall here:
Oov—qv=0 1inQ
S(vv) =go in 0N
The motivation for the study of this problem was given in the Introduction. We start with
the solvability result for this problem.

Proof of Theorem[1.9 We consider several increasingly difficult cases:
Case 1: ¢ =0, [ go=0. Then v is holomorphic in  so we can express it in the form
v =0u
with u real valued in €2. Then u must solve the Laplace equation

{ Au =0 in

(6-1) = —2go on 0f).

87’
Here 7 = (—14, 1) denotes the unit tangent vector to 02 in the counterclockwise direction.
This Dirichlet problem is uniquely solvable modulo constants if and only if [ gy = 0, and

yields a solution u € H 3 with g—:f € L2

Case 2: The inhomogeneous problem. Here we consider the inhomogeneous problem

ov = fo in
(6.2) { S(vv) = go on OS2

with fo € L3(Q) and claim that we can solve it if and only if

1
(63) /%f()dz = —/ godS.
Q 2 o0

Indeed, extending fy by zero outside Q we can solve Au = 4f; in all of R?, obtaining a

solution vy = du € W ’3 , which is easily seen to have an L? trace on the boundary. Now we
are left with the homogeneous problem, which is solvable provided that gq is in a codimension
one affine subspace. This constraint is easily seen to be (6.3 by integrating the equation

(6.2) over Q and using the divergence theorem. We can restate the result as follows:
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Lemma 6.1. For cach fy € L3() and real-valued gy € L2(0S) the problem

ov = f in €
(6-4) { S(vv) =go+c¢ on 0N

admits a unique solution (v,c) € Hz x R. Moreover, we have:
(6.5) ||U||H%(Q) + ||U||L2(aQ) < C(||f0||L%(Q) + ||90||L2(89))-

We will write
v="Tfo+ Bgo
where
T:L3(Q) —» H2(Q), B:L*0Q) - H2(Q).
Note that ¢ can be explicitly determined from fy and go.

Case 3: ¢ small. We first solve the counterpart of (6.4]), namely

ov — qv = f in Q
(6.6) { S(vv) = go + ¢ on 09

This we can rewrite as
v="T(q0) + T fo+ Bgo

which is solved by a Neumann series in H 3,
Now we set fo = 0 and assume that [ gy = 0. The solution we obtain above does not a
priori have ¢ = 0, which is why we need to prove that a posteriori. Precisely, integrating by

parts against 0”2 and using q = —%81053;0 we obtain

_ ~ 1 1
0= S/(@v — q@)a_%dz = —%/ vdo" + o 2qudz + —/ S(vv)ds = —cL
Q Q 2 Joa 2

where L is the length of 0€). Therefore we conclude that ¢ = 0.

Case 4: ¢ large. We solve again . The problem is written as

The operator v — T'(qv) is compact in H %, as it is bounded, linear in ¢ and compact for
smooth ¢, so by the Fredholm alternative it remains to show that the homogeneous problem

v=T(qv)

admits no nontrivial solution.
Such a solution would solve

(6.7) {51}—(117:0 in

S(vv) =c¢  on 0N
The constant ¢ must be equal to zero, as in the previous case.

From here we proceed as in the global 0 problem. We split ¢ into ¢ = Gsmooth + Gsmaii- We
seek to eliminate ¢gno0tn Dy a gauge transformation ¢ which solves

~ v
8(]5 =Tri= _; Gsmooth
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Here we need to insure that ¢ is real on the boundary. So we need to solve

dp=r in§
(6:8) { Sp =0 on 90
Solving the inhomogeneous problem we are left with

Jdp=0 inQ
(6.9) { Sé = f on 00

where we solve first for S¢ and then R¢ is uniquely determined modulo constants.
Now we set

u=e%v
which solves

OU = Qe in
(6.10) { S(vu) =0 on 02

We are now in the small ¢ case so u = 0 follows. The proof of Theorem [1.9]is concluded. [J

As discussed in the introduction, the above proof allows us to define a Hilbert transform
operator associated to the d problem in {2 as

L? > 3(vv) = Hev = R(vv) € L2
Next we show that the boundary data H, uniquely determines g.

Proof of Theorem[1.10, The proof below is in the spirit of [36] and [38], also inspired by
some arguments in [31] and [47]. Let ¢ € L?(R?) be defined by zero extension outside €2,

[ —30logo in €2
1= 0 in R2\ O

We will show that s = Sq can be constructively determined from knowledge of H,. The
potential ¢ can then be recovered from s using the inversion Theorem (5).

For k such that M{(k) < oo, let my(-, k) be the Jost solutions of constructed in
Lemma [£.2l We have

s(k):%m,/we 220) (e )+ m_(B)
- [ o) (. 8)
- [ (k) — ()

Thus, it will suffice to show that one can compute the traces of m (-, k) from knowledge of
H, on 0N2. Let

(6.11) Vi(z, k) = emy(z, k).

The following lemma shows that we can obtain the trace ¢, (-, k) - from H,.
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Lemma 6.2. Let ), o, q be as in Theorem and k as above. Then the function 1, (z, k)
restricted to z € C\$Q is the unique solution of the exterior problem

() Oy =0 in C\Q )
(6.12) (i) (e k)e ™ —1e LHC\Q) N W}
(i) Ris| ) = Hol(S| )

[%}9]

Proof. The main issue is to prove the uniqueness. Suppose uniqueness does not hold. Then
there exists a function h with e=%**h € L*(C\ Q) so that Oh = 0 and

R(vh) = Hy (S(vh)) in 0€2.
Using the solvability result in Theorem we solve the problem
{ ov = qu in
S(vv) = S(rvh) on 0N,
Then in view of the definition of H, we must have also
R(vv) = R(vh) on 0.

(6.13)

Now let

vin Q
6.14 = _
(6.14) ¢ {h in C\Q.
Then m = ¢e~** € L*(R?). We have shown that ¢ (hence m) is continuous across 9. In
view of (6.12])(i) and (6.13)), m is a weak solution of
(6.15) om —e_rgm =0
in all of R?. Lemma now shows that m = 0. This proves uniqueness. It is also clear
that 1, (2, k) restricted to C\Q is a solution of (6.12). This completes the proof the the

Lemma. ]

For computational purposes one can use layer potentials to reduce (6.12)) to a problem on
0. We will not pursue this here.
O

Finally we return to the original Calderén problem with logo € H'. We begin with the
solvability question.

Proof of Theorem[1.7]. Without loss of generality, we may assume ¢ is real-valued. In com-
plex notation, the equation ([1.23)) takes the form

d(o0u) + d(cdu) = 0.

For real valued u, the standard substitution v = o20u then yields a solution of 1.26) with q
defined by (1.27). Thus, in view of (1.29)), v solves the boundary value problem ((1.30) with

go = —%%. But this problem is uniquely solvable by Theorem . Consequently o2 du is
uniquely determined. This immediately yields u. We also have (see (1.28)):

0

a—z = 2R(vv) € L2(09),

and (1.32)) holds on H'(99). O
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Finally, Theorem on the Calder6én problem is now an easy consequence of the previous
results.

Proof of Theorem[1.8 Given A,, we use (1.32)) to determine H,. From Theorem we
have a method to reconstruct ¢ = —%8log o. Since log o is assumed known on 0f2, and we
have determined its gradient, we can recover this function inside 2. 0

7. APPENDIX

The following is a restatement of Lemma 4.2 in [37]. It is reproduced here with the proof,
for completeness:

Lemma 7.1. Ifa € L?(C) then the operator f + 0~ (af) is compact on L"(C), 2 < r < 0.
Proof. By duality, it suffices to show that ad ! is compact on LP, 1 < p < 2. We have

(7.1) la0 =" fllze < llallz2llo ™" fllo < cllallzel fllze-

First suppose a is a C' function with compact support in, say, a disk D. Then by the
boundedness of the Beurling transform on LP:

IV(@d = H)llee < IVallz2|0 ™" fll o + lall= VO~ fllzr < el flzr-

Thus, the image under ad ~! of the unit ball in L? lies in {u € LP(D) : |jullz» < ¢, ||Vullzr <

c}, which is compact. Now let a be arbitrary in L?(C) and let {a;} be a sequence of C*

functions of compact support converging to a in L?. The corresponding operators ajﬁ_l are

compact and norm convergent by (|7.1]), hence their limit, too, is compact. 0]
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