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EFFECTIVE SINGLE-PARTICLE MAGNEI'ICMOMENTSAROUND 208Pb* 

M . t K" N k .tt J R L . h R M D' d d ~ s St h K. H. a1er, .. ·~a a1 , ... e1g, .. 1amon, an .t<. • ep ens 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 94720 

October 1970 

An effective magnetic moment operator is empirically derived for shell 

model .states around 208Pb. It reproduces all 8 measured moments to a few 

tenths of a nuclear magneton, but predicts too high a hindrance for !IU-

transitions. 

I . STATIC MOMENTS 

The well known failure of the. shell model to predict the experimental 

208 magnetic moments around Pb, a region where it i~ particularly successful 

otherwise, has stimulated much theoretical work to explain the deviations [l-8]. 

The rriain point common to all this work is to consider core excitations caused 

by the residual interaction in which a nucleon is excited from a filled level 

in the core to its empty spin-orbit partner orbital [9]. As the effect is 

linear in theamplitude of the admixture of these core excitations, even small 

admixtures, hardly detectable in other experiments, can produce significant 

deviations of the g-factors. This is especially true in the case of the 
208

Pb 

core which contains 26 particles in the 7T h
1112 

and "V i
1312 

orbitals that can 

* Work performed under the auspices of the U. S. Atomic Energy Commission. 

t-NATO fellow on leave from Hahn-Meitner-Institut, Berlin. 

·~t . 
Present address: N. Bohr Institute, Ris¢, Denmark. 
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be excited to the empty 7T h912 and v i 1112 levels. Taking these core 

excitations into account, one can express the magnetic moment for a single 

particle in the orbital j = ~ ± 1/2: 

g ( ( i 
2Y

2
a ) ) + X 

p 1 
(1) 

Here X stands for complicated contributions from exchange integrals, while the 

other terms constitute the direct part. The theoretical studies done so far 

have calculated the moments starting from a number of residual interactions, but 

even the most recent and refined calculations [5,7] have not quite succeeded in' 

reproducing the magnitude of the deviations from the Schmidt values~ although 

the trend inward from the ,latter was always reproduced. Now, however, with the 

results of the g-factor measurements of Yamazaki, et al. [10-12] on Po isomers 

[ ] - 206 and of ours 13 on the 7 level in Pb and of that of the 21/2~ level in 

207Bi available, in addition to earlier work, we can try to check the validity 

of the form of this expression and the importance of the terms in it against 

the experimental data. 

Table 1 (upper part) summarizes the measured magnetic moments of good 

208 shell-model levels around Pb. The dominant configurations are given in 

column 3, and for the sake of definiteness we will consider only these 

• 

II' 

configUrations, as any admixtures should be small and are not known well enough a,. 

to allow reliable corrections. The lower part of the table contains the'other 

measured moments that lend themselves only with limitations to this treatment, 

206 210 ' as they are either based on a Pb or , Po core or serious doubts exist on 

the purity of,the wavefunctions. This will be discussed later. 



• 

1. 

-3- UCRL ... l9593 
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The first point we can check concerns the importance of the exchange 

terms (X in eq. (1)). While the direct part obeys the same algebra [14] as 

the simple single-particle operator, the exchange terms do not [5]. The 8+ 

~0 . 2~ 
level in Po is·composed of two h912 protons ( Bigs), the 17/2- level in 

209Po can be considered as derived from the 8+ level in 210Po and one p112 

neutron ho1·e (207 Pb gs), and the 21/2 + level in 207 Bi (ref. 15) can be thought 

f h t d th 7- level 1'n 206Pb. o as one 912 pro on an e The g-factors of these three 

states have been measured. Column 6 of the table gives their moments calculated 

from the !Ueasured values of their constituents according to the rules of the 

single-particle operator, and hence assuming the dominance of.the direct terms. 

In all three cases, this gives the measured moments within the experimental 

error of 1, 6, and 2%, respectively. So the exchange terms are probably 

unimportant, and we will neglect them in the following. 

This leaves us with a simple formula containing the parameters og , 
s 

ogl' and gp; these, however, might be different for protons and for.neutrons 

and might depend slightly on the radial wavefunctions. For further analysis 

we follow the works of Bodenstedt and Rogers [3] and Bohr and Mottelson [4,6], 

who, in agreement with the conclusions drawn above, omitted exchange terms. 

Furthermore, they assumed that the only interaction of importance affecting 

g-factors is of the type (ai ·aj )(1
1 

·Tj). This interaction polarizes the 

neutrons and protons of the core oppositely to each other, so that due .to their 

opposi t.e sign of g , the effects from neutrons and proto·ns add. For a force of 
' s 

the type (cr1 ·a j) that should be of similar strength, the contributions of 

neutrons and protons are opposite in sigr.;, leading to a ten ti:mes smaller 

effect on the moment. Bodenstedt and Rogers I3] furthermore assume a long~ 
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range interaction so that the differences in the radial wavefunctions of the 

single-particle become unimportant. Thus they get an effective magnetic-

moment operator involving only the two parameters ogs and g . They shQuld 
p 

be equal in magnitude for·all levels around one core but opposite in sign for 

neutrons and protons, as the smplitudes of the admixed wavefu.nctions diffel' 

only in their sign. 

The chosen force cannot produce any deviations of g
1

. However, 

Yamazaki, et al. [12] determined 6g
1 

= +0.09 ± 0.02 for the proton from a 

measurement of the g~factor of the I 'IT h
912

, 1T 1
1312

; ll-) level in 210Po, as 

the g-factor of this state should be essentially equal to (g
1 

+ og
1
). We, 

therefore, include a term in og
1

. This can be causedby other types of 

residual interactions [5] and by mesonic effects [12], so that no simple 

relation between 6gln and og
1

p can be assumed a priori, and both parameters 

must be considered. We now can write the magnetic moment of a single-particle 

or hole state around the 208Pb 

protons: ~ = j { 

neutrons: 

core, j = £ ± 1/2, as 

(g - ag ) - (g£ + og~P) ± sp s p _ 

(g + 
sn 

2£ + 1 

j ~ > < j j 10 I . j j > 

·[l + (-l}j-£+1/2 (j + ~)] 

} - gp ( ( i 2y 2s ) 1 ) 

(2) 

(3) 

'( 4) 

• 

.\' 
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If we neglect 6gln at first and take the value of oglp = 0.09, we have 

only the two parameters g and og free to fit 5 single-particle moments, 
p s 

three of them being measured directly, and two deduced from the measured 

moments of a two-particle level and that of the other particle. In view of 

the fact that the additivity of the moments seems to be really fulfilled, 

these two should be reliable as well. 

The result of a least-square fit is og = +3.14 nm and g = +3.27 nm s . p 

in agreement with estimates given by Bohr and Mottelson [4,6] and Bodenstedt 

and Rogers [3,16]. The magnetic moments derived in this way are shown in 

column 7 and reproduce all of the measured moments in column 4 within a few 

tenths of a nuclear magneton. This agreement is very unlikely to be accidental, 

especially as we did another fit in which ogs' gp, og~p' and og.R.n were allowed 

to vary simultaneously without any restraints. The result is og = +3.~5, s 

gp = +~.20, og.R.p = +0.09, and ogtn = -0.03 (all in nm). The fact that. ogtp 

turns out exactly as determined by Yamazaki ~ al. [12] in a direct way is 

expected since the same primary data are used; it is however still significant 

as it shows that this 4-parameter fit gives reasonable results. The results 

for the other three parameters are reasonable, too. The change of 10% in ogs 

and 25% in gp versus the values found for og~n = 0 indicates the accuracy with 

which these parameters can be determined from the present data. As og~n is 

·. 206 -
almost exclusively determined by the moment of the Pb 7 level its value 

depends heavily .on the purity of the we.vefunction of this state. So we must· 

ascribe a rather large error to it that certainly includes the possibility of 

og~n = 0. The magnetic moments resulting from thi's fit do not differ 

significantly fr.om those given in column 7. The agreement with the measured 

values is in both cases better than one might expect from such a simple model. 
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If we now look at the lower part of the table, we find agreement for 

the 8+ levels in 208Po and 212Rn. The 1/2+ groundstate of 205Tl and the 

+ . 205 13/2 level ~n Pb are reasonably close to the predicted values while they 

are· far from the Schmidt values. These two levels are based on a 
206

Pb core 

so one might expect some deviation. In addition it is known that only 70% of 

the wavefunction of the 205Tl gs is exhausted by the configuration of an s
112 

proton hole coupled to the 206Pb ground state [17]. Indeed, Azziz and 

Covello [17] reproduce the measured magnetic moment exactly with a better 

wavefunction and using gs eff = 3.45 which is close enough to our value. 

Neutron pickup experiments [18,19] indicate that the 13/2 
+ 

level in 205Pb is 

less pure than the 7 level in 206Pb. Based on this, and since the 13/2+ l13vel 

in 205 . 
Pb belongs to a 206Pb core rather than a 208Pb one, we used the moment 

of the il3/2 neutron derived from the 206Pb 7- level for the fit. The energy 

- . 210 
all shell-model of the 1 ground state of Bi poses problems in nearly 

calculations. indicating impurities of the wavefunction. The main component 

of the wavefunction (;r h
912

, v g
912

) gives a magnetic moment about 5 times 

smaller and of opposite sign to that of the most likely admixed components. 

Therefore this moment cannot be reliably predicted. The measured moment of 

6- . 206 the level in Pb has the wrong sign for a shell-model level under any 

reasonable assumption, so that the workers [20] concluded that this level 

involves proton excitations. 

Thus, it is possible to account for all the measured magnetic moments 

\ 208 
of good shell-model levels around Pb using a surprisingly simple effective 

·Operator with a few reasonable parameters. This in turn means that the 

assumputions involved are likely to be valid. They are: (i) The wavefunctions 

• 
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of the levels considered are quite pure, ( ii) the exchange terms are unimportant, 

(iii) the interaction causing the polarization of the core is predominantly of 

the type (cri.crj)(Ti·Tj) and of lo~ rang~. The open question now, of course, 

is how to explain theoretically this empirically-found operator and the 

magnitude of the parameters involved. .More measurements to further test this 

expression are certainly indicated, and it would be of interest to have enough 

data near other doubly-closed shell nuclei, for ~nstance 56Ni, to check if this 

approach would hold there as well. 

II. .Ml-TRANSITIONS 

It is interesting now to consider allowed (Lt9. = 0) .Ml-transitiorts 

briefly. The wavefunction of a single particle or hole, j, with the admixtures 

of importance for .Ml-properties can be written (ref. 7) 

I j > ( 5) 

Here j' is the spin-orbit partner of j and the 1+ level in 208Pb has the 

structure (vi
1312

-l, v i
1112

) or (rr h
1112

- 1 , 7T h
912

). In first order, the 

second term leads to the deviations of the static moments without affecting 

transitions, and only the third term is effective for Ml-transitions :t:,ro.m j 

to j' or vice-versa. That is, applying the sing1e'-particle .Ml-operator to the 

first two terms of eq. (5) and calculating E:~ in perturbation theory from the 

assumed residual interaction yields just the effective operator we have used 

so far (except for og
1

) ,[3). For Ml-transitions, the same has to be done for 

the first and third terms. 

It might seem that different operators result for the static case and 

for transitions, since the relevant admixtures of the wavefunction are 
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different. However, doing the calculations explicitly, as Harada and Pittel 

have done [7], results in very similar operators. Inserting their eq. (7) 

into their eq. (8) for moments and into eq. (9) for transitions shows the two 

correction terms proportional to ( s ) and ( i 2
(Y

2
s)

1
), re~Jpectively. The 

factors in front of these two matrix elements in eq. (8) are equivalent to the J 

ogs and gp that we have empirically determined. If one now looks at transitions 

(eq. (9) of ref. 7), one finds by evaluating E~, that except for slightly 

different energy denominators, these factors are identical. Therefore if the 

approach used so far is really valid the same operator should describe the 

transitions too if one sets 

!::,2 
og (trans) = ~--------

s !::,2- t::,~.J' 

2 
og (stat) and g (trans) = --6

---
s p !::,2 - t::,~,J' 

g (stat) p .• 

Here !::, is the e.nergy difference between the 1 + and 0 + levels in 
208

Pb which is 

about 5-8 MeV and t::,j,j' can be taken directly from the spectrum and is smaller 

than 2 MeV for the cases to be considered below. Therefore ogs and gp should 

only be increased by a few percent for transitions. 

For a transition between single-particle levels from J
1 

= Jl.. + 1/2 to 

J2 = Jl.. - 1/2 the B(Ml)-value calculated with the effective operator becomes 

(inunitsof~ (eh )2 ): 
L+TI 2Mc 

B(M,l, Jl.. + l ~ Jl..- l) = 
2 2 (2t + 1) f (g + og ) - (g + og ) + ___1_ 

{ s s J/., J/., 4v'21T gp 
( 6) 

The sign in front of Qgs and gp has been chosen for neutrons; for protons it 

has to be reversed. For the unperturbed operator the same equation holds with 

fti 
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og = og 0 = g. ::: 0. Contrary to the static case in which og and g give s )(., p ' s p 

contributions of opposite sign, here they both decrease B(Ml), in agreement 

with the calculations of ref. 1. Using og = 3.14 run and g = 3.27 run as 
s p 

before, the B(Ml)-values fcir the f 712 -+ f
512 

and p312 ;+ p112 transitions in 

207Pb are reduced by a factor of more than lbO relative to the s.p. value, 

.. while experimentally these factors are only 4 (ref. 21) and 3 (ref. 22), 

t • 1 n th 1+ 0+ t 't' . 206Pb h ' t 1 d t' respec 1.ve Y• .ror e -+ rans1. 1.on 1.n , t e exper1.men a re uc 1.on 

is 2 to 3 (refs. 23,24). Mottelson [4] has pointed out already that the 

measured lifetime [25] of the 208Tl 4+-+ 5+ transition, which shows no hindrance 

at all, poses a severe problem to the core-polarization picture. This 

difficulty now seems to be more general and might indicate the limits of this 

rather simple model. Of course, it should be pointed out that if B(Ml) values 

had also been used in the original parameter determinations, poorer fits would 

have been achieved for the static moments, but better fits to the transition 

moments. 

We want to thank Dr. J. Quebert for his help and Drs. M. Weigel and 

M. Redlich for very valuable discussions. 
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Table I. Magnetic moments of shell-model states around 
208Pb. All moments are given in nuclear magnetons. 

Col. 4 gives the experimental values and the errors exceeding 3%. Col. 5 shows the predictions of the shell­
model for the configuration of cpl. 3 using the free nucleon moments. The values of col. 6 are obtained 
using the formalism of the single-particle operator from the measured values of the configurations constituing 
these levels. ·· Col. 7 shows the predictions for the P.ffective operator (Eq. 2-4) with the 
contributions from the terms in og ' g ' and ogo given in co. 8-10. s p . ~p .. 

Le+el :E 
X 

MeV 

9/2- 209Bi gs 

l/2- 207Pb gs 

5/2- 207Pb 0.570 

- 206 7 Pb ?.200 

8+ 210Po I "' l. 50 

11 210Po 1 '"" 2. 8 

17/2- 209p0 l '"" 1. 50 

Dominant 
Configuration 

1T h9/2 

-1 
v pl/2 

v f' -1 
~ 5/2 

-1 
v i13/2 

1T 113/2 

-1 -1 
v il3/2 ' v pl/2 

(n h9/2) 
2 

1T 113/2' 1T h9/2 

2 -1 
(n h9/2) 8+, v Pl/2 

w 
~ ~ W . Core 

Experiment Schmidt added exci­
tation 

+4.o8a 

a +0.59 

2.62 

0.64 

+0.65(5)b I 1.37 

(-0.75)c 

(7.9)d 

-0.15e 

-1.91 

8.79 

-1.26 

3.98 

0. 57 

0.63 

-0.62 

8.03 

-0.05 

7.30f 4.66 I 7.261 1.07 

12.0g 10.66 12.0 

7.48(43)h 4.9 7.89 7.64 

21/2+ 207Bi . •· -1 . -1) TI h 2.102l(v 1 1312 • v P1/2 7-, 9/2 3.41e 1.15 3.39 3.39 

( < 

Contributions from 

ogs gp ogtp 

1.28 -.37 .44 

- .52 .45 0 

-1.12 .38 0 

1. 57 -.27 0 

-1.57 .27 . 54 

\continued) 

~ (, 

I 

~ 
I 

c:: 
~ 
t-1 
1 
f--' 
\0 

~ 
w 



Level 

.·. + 
1/2 205Tl 

13/2 
+ 205Pb 

- 210Bi 1 

6- 206Pb 

8+ 208Po 

8+ 21~ J_n 

( 

E 
X 

MeV 

gs 

( 

l. 0138 

gs 

2.385 

..... l. 532 

~ 1.690 

Table 1. (continued) 

Dominant 
Configuration 

(v Pl/2)-2, (rr sl/2)-1 

(v Pl/2)-2, (v il3/2)-l 

; 

rr h9/2' v g9/2 

(v Pl/2)-1, (v 113/2)-1 

I )2 ( ) -2 
~TI h9/2 ' V pl/2 

( 4 
TI h9/2) 

l1 
Core 

l1 l1 l1 • , . exc~-

Experiment Schmidt added t t• a ~on 

+l.63a 2.79 +1.22 

-0.98i -1.91 -0.62 

± .o4a + .08 + .38 

+ .13(07)j - .41 - .18 

7.22k 4.66 7.26 7-07 

7 .05i 4.66 7.26 7-07 

aC. M. Lederer, J. M. Hollander, and I. Perlman, Table of Isotopes. 

b Ref. 16. 

i ~ 

Contributions from 
6gs gp og~p 

----

-1.57 0 0 

1.57 -.27 0 

-

cDerived from the measured values of the l/2- 207Pb gs and the 7- 206Pb level assuming a pure configuration. 

~erived from the measured values of the 9/2- 209Bi gs and the 11- 210Po level assuming a pure configuration. 

e Ref. 13. 

f Ref. 11. 

~ef. 12. 

~ef. 10. 

1K. H. Maier, J. R. Leigh, R. M. Diamond, and F. s. Stephens, to be published. 

j Ref. 20. 

ks. Na.gamiya, T. Nomura, and T. Yamaza.ld, Nucl. Phys. Al59 ( 1970) 653. 
-~~~..,....,...,...._,~ ..... ---.---------- -~-~ ,-= ., '.-
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