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S y m m e t r y Detectio n an d th e Perceive d Orientatio n o f  Simpl e Plan e Polygon s 

Paul Kube 

Institute of Cognitive Studies 

and th e 

Departmen t  o f  Electrica l  Engineerin g an d Compute r  Science s 

Universit y o f  California ,  Berkele y 

1.  Introductio n 

Recent  advance s i n th e computa -

tiona l  theor y o f  visio n hav e bee n impres -

sive .  However ,  som e simpl e an d basi c 

aspect s o f  huma n visua l  performanc e hav e 

yet  t o b e explained .  Fo r  example ,  th e 

detail s o f  huma n performanc e i n seein g 

slante d isolate d textureles s plan e 

polygon s a s slante d plan e polygon s ar e 

not  predicte d b y an y curren t  theory . 

Below ,  five  constraint s o n an y correc t 

theor y i n thi s domai n ar e extracte d fro m 

psychologica l  experimen t  an d contraste d 

wit h prediction s o f  thre e o f  th e bes t 

curren t  computationa l  theories ;  n o theor y 

meet s the m all .  A  detecto r  mode l  i s  pro -

pose d whic h ca n qualitativel y accoun t  fo r 
th e evidence .  Th e mode l  i s on e obtaine d 

by simpl e elaboratio n o f  a  symmetr y 
detectio n mode l  introduce d b y Palme r 

[15 ]  t o accoun t  fo r  a  numbe r  o f  othe r 
perceptua l  phenomen a i n a  unifie d way . 

2.  W h a t  experimen t  say s 

The stud y o f  th e perceptio n o f  th e 

perspectiv e projectio n o f  simpl e polygon s 

date s fro m befor e th e classi c monograp h 

of  Stavriano s [16] .  B y 196 6 th e literatur e 

was fairl y larg e (see ,  fo r  example , 

Freeman' s bibliograph y [10]) ,  an d contin -

ued t o gro w int o th e earl y seventies . 

Most  studie s i n thi s traditio n wer e res -

tricte d t o stimul i  perceptuall y indistin -

guishabl e fro m rectangle s centere d i n th e 
lin e o f  sigh t  an d rotate d o n a n axi s paral -

le l  t o on e side ;  i.e. ,  stimul i  whic h woul d 

projec t  unde r  perspectiv e int o th e fronta l 
plan e a s isoscele s trapezoids .  Dat a fro m 
th e presentatio n o f  othe r  kind s o f  contou r 

stimul i  i s  virtuall y absent .  However ,  i t 

appear s tha t  fact s abou t  th e perceptio n o f 

eve n suc h simpl e object s ar e har d t o 

accoun t  fo r  i n a  simpl e theory . 

Dat a fro m thi s bod y o f  wor k 

disagre e o n som e point s (concerning ,  fo r 

example ,  ho w tigh t  th e couplin g i s 

betwee n a  figure's  perceive d shap e an d 

perceive d slant ,  o r  ho w th e accurac y o f 
slan t  judgment s varie s wit h stimulu s 

size) ,  bu t  ther e ar e a t  leas t  tw o unequivo -

cal  result s wort h noting .  A s summarize d 

by Floc k e t  al. ,  "th e singl e untexture d 
rectangula r  shap e whe n viewe d monocu -

larl y withou t  paralla x constitute s to o 

grea t  a  degre e o f  impoverishmen t  t o elici t 

accurat e slan t  judgment s fro m th e huma n 

visua l  system .  .  . "  [ 9 p .  58 ]  Tha t  is , 

human viewer s aren' t  ver y goo d (mea n 

regressio n n o bette r  tha n abou t  0. 7 i n th e 

reporte d experiments )  a t  seein g th e pre -

cis e slan t  o f  slante d rectangle s whe n out -

lin e i s th e onl y cue .  O n th e othe r  hand , 
the y ar e fairl y  likel y t o se e slante d 

rectangles,o r  figures  whic h projec t  out -

line s indistinguishabl e fro m slante d rec -

tangles ,  a s slanted ]  se e [5] .  Thes e simpl e 
fact s impos e tw o constraint s (C l  an d C2 , 

below )  whic h mus t  b e me t  b y an y candi -

dat e theor y o f  huma n vision . 

T wo exception s t o th e isosceles -

trapezoid-stimulu s traditio n yiel d thre e 
additiona l  constraint s (03 ,  0 4 ,  an d 0 5 

below) .  A n experimen t  reporte d b y 

Attneav e [1 ]  feature d th e solicitatio n o f 

slan t  judgment s fro m subject s upo n view -

in g frontal-plan e parallelogram s o f  vari -

ous shape s an d orientations .  Rectangle s 

at  mos t  orientation s an d aspec t  ratio s 

showed grea t  resistanc e t o bein g see n a s 

slante d i n dept h a t  all .  Highl y nonrec -

tangula r  parallelogram s wer e relativel y 

easy t o se e a s slante d figures.  I n a  pilo t 



stud y a t  th e Berkele y ICS ,  subject s ar e 

s h o w n outlin e quadrilateral s lik e thos e i n 

Figur e 1 . 
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tio n o f  a  squar e slante d wit h respec t  t o 
th e fronta l  plane ;  th e subjec t  i s  aske d t o 
repor t  whethe r  o r  no t  sh e see s th e figur e 
as flat  an d slante d (i.e. ,  lyin g i n a  plan e 

no t  paralle l  t o th e fronta l  plane) .  Prelim -

inar y result s ar e s h o w n i n Figur e 2 ,  wit h 

th e vertica l  axi s indicatin g increasin g eas e 

i n seein g th e figure  a s a  slante d plan e 

polygon .  S o m e projection s ar e consider -

abl y easie r  t o se e i n thi s w a y tha n others , 

thoug h al l  ar e equall y correc t  projection s 

of  slante d squares . 
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Figure 2 

Relativ e "goodnes s o f  dept h illusion "  fo r  th e seve n 
stimul i  show n i n Figur e 1 .  Goodnes s o f  illusio n in -
crease s upwar d alon g th e vertica l  axis . 

Figur e 1 ,  »- g 

A serie s o f  seve n perspectiv e projection s o f  a  squar e 
i n a  plan e wit h slan t  ct  =  6 0 an d til t  t  =  9 0 de -
grees .  Th e -t-' s ar e no t  par t  o f  th e stimulus ,  the y 
merel y mar k her e th e origi n o f  th e imag e plan e fo r 
each projection .  Whe n a  figure  i s foveate d wit h th e 
cente r  o f  th e len s abov e th e origin ,  an d suc h tha t 
th e figur e subtend s fifteen  degree s o f  ar c vertically , 
th e retina l  imag e approximate s viewin g th e outlin e 
of  a  meter-squar e tabletop ,  wit h nea r  edg e paralle l 
t o th e imag e plane ,  a t  a  distanc e o f  abou t  tw o me -
ter s (O f  course ,  thes e reproduction s nee d t o b e 
scale d befor e bein g use d a s experimenta l  stimuli ;  a t 
th e sii e reproduce d here ,  th e focu s i s onl y abou t  4 
cm.  abov e th e pag e ) 

O ne o f  th e figures  a t  a  t im e i s  m o n o c u -

larl y presente d t o a  subjec t  s o tha t  th e 

contou r  fallin g o n th e retin a i s th e projec -

T h u s ,  fro m experimenta l  results , 

ther e ar e a t  leas t  thes e five  straightfor -

w a r d constraint s tha t  an y theor y o f 

h u m a n visua l  capacit y m u s t  meet : 

Cl. Viewers are fairly bad at judging the 

precis e slan t  o f  slante d rectangles , 

eve n w h e n the y k n o w the y ar e view -

in g slante d rectangles . 

C 2 .  Figure s whic h projec t  isoscele s tra -

pezoid s int o th e fronta l  plan e ca n b e 

easil y see n a s plan e figures  slante d i n 

depth . 

C 3.  Figure s whic h projec t  rectangle s int o 

th e fronta l  plan e ar e ver y har d t o 

se e a s slante d i n depth . 

C 4 .  Figure s whic h projec t  highl y nonrec -

tangula r  parallelogram s int o th e 

fronta l  plan e ar e eas y t o se e a s 

slante d plan e figures. 



C5.  O f  th e actua l  perspectiv e projection s 

of  a  slante d rectangl e a t  variou s 

orientations ,  som e ar e mor e difficul t 

t o se e a s slante d plan e figures  tha n 

others . 

3. What theory says 

Followin g year s o f  concentrate d 

wor k i n th e developmen t  o f  polyhedra l 

scen e understandin g system s (fo r  exampl e 

11]  [8 ]  [14] )  whic h ha d nothin g t o sa y 

abou t  th e perceptio n o f  th e orientatio n o f 

isolate d surfaces ,  recentl y ther e ha s bee n 

a flowering  o f  interes t  i n th e constructio n 

of  computationa l  theorie s whic h demon -

strat e how ,  unde r  plausibl e assumptions , 

dept h informatio n ca n b e extracte d fro m 

retina l  images ,  an d whic h sometime s d o 

hav e consequence s fo r  th e perceptio n o f 

slan t  o f  simpl e isolate d polygons .  T o 

thei r  credit ,  thes e theorie s typicall y ai m 

fo r  considerabl e generalit y an d hav e thes e 

consequences ,  i f  the y d o hav e them , 

among man y other s o f  interest .  Th e one s 

whose prediction s wil l  b e examine d belo w 

wit h respec t  t o th e experimenta l  lesson s 

of  th e previou s sectio n ar e al l  expression s 

of  one  sor t  o r  anothe r  o f  kin d o f  principl e 

of  Pragnanz :  the y predic t  tha t  a n imag e 

wil l  b e interprete d a s havin g bee n pro -

jecte d b y th e objec t  which ,  o f  al l  possibl e 
projectin g objects ,  bes t  meet s som e cri -

terio n o f  simplicity. ^ 

Severa l  recen t  theorie s o f  thi s sor t 

ar e no t  ope n fo r  consideratio n becaus e 

the y ar e no t  eve n well-define d fo r  polygo -

nal  stimuli .  Witki n [19] ,  fo r  example , 

propose s tha t  th e chose n interpretatio n o f 

a projectio n shoul d b e th e on e tha t  max -

imize s th e uniformit y o f  distributio n o f 

orientation s o f  contour s i n th e scene ; 

however ,  hi s mathematic s requir e tha t  th e 

contou r  orientation s b e statisticall y 
independent ,  whic h i s certainl y no t  th e 

^  Or ,  a t  least ,  som e criterio n tha t  i s 
correlate d wit h simplicity .  Stev e Palme r  ha s 
suggeste d t o me that ,  fo r  example ,  th e area -
divided-by-squared-perimete r  measur e o f 
Brad y an d Yuill e (se e below )  shoul d no t  b e 
seen a s a  simplicit y measur e itself ,  bu t  rath -
er  a s a  measur e th e maximizatio n o f  whic h 
happens ,  i n a  rang e o f  cases ,  t o pic k ou t 
simpl e figures. 

cas e fo r  simpl e polygons .  Barro w an d 

Tenenbau m [4 ]  sugges t  tha t  th e contou r 

whic h minimize s th e integra l  o f  th e 

squar e o f  it s  curvatur e ove r  it s lengt h 

shoul d b e chose n a s th e interpretation ; 

but  curvatur e i s eithe r  infinit e o r 

undefine d a t  eac h verte x o f  a  polygon , 

and zer o everywher e else ,  s o i t  fail s  t o dis -

tinguis h betwee n an y alternativ e projec -

tions .  Barnar d an d Pentlan d [3 ]  propos e 

tha t  th e selecte d interpretatio n b e on e 

compose d o f  circula r  arcs ,  an d the y offe r 

an ellipse-fittin g algorith m tha t  achieve s 

suc h a n interpretatio n i n som e cases ;  bu t 

i t  fail s  o n polygons .  Thre e theorie s whic h 

do mak e prediction s fo r  th e perceptio n o f 

simpl e polygon s ar e considere d below . 

3.1 .  K a n a d e 

A bilaterall y symmetri c figure  i s on e 

whose shap e i s invarian t  ove r  reflectio n 

abou t  a  line ,  th e axi s o f  bilatera l  sym -

metry .  Consequently ,  suc h a  figure  i s 

compose d o f  pair s o f  point s whic h li e a t 

equa l  distance s i n opposit e direction s 
fro m th e symmetr y axi s o n line s tha t  al l 

meet  th e axi s o f  symmetr y a t  a  9 0 degre e 

angle .  I f  a  figure  i s bilaterall y symmetric , 

any affin e transformatio n o f  th e figure 

wil l  b e skew-symmetric :  paire d point s i n a 
skew-symmetri c figure  li e o n line s (th e 

skew-transvers e axes )  whic h al l  mee t  th e 

skew-symmetr y axi s a t  som e arbitrar y 

angle ,  no t  necessaril y  9 0 degrees .  Sinc e 
orthographi c projectio n i s a n affin e 

transformation ,  bilatera l  symmetrie s i n 
th e scen e wil l  become ,  unde r  orthographi c 

projection ,  skewe d symmetrie s i n th e 
image .  Thi s fac t  i s  exploite d b y Kanad e 

[12 ]  [13] ,  t o deriv e constraint s o n per -

ceive d objec t  orientatio n upo n detectio n 

of  imag e skewe d symmetry ,  unde r  th e 

Pragnanz-l'ik e assumptio n tha t  th e per -

ceptua l  syste m shoul d prefe r  t o se e bila -

tera l  symmetrie s wheneve r  possible . 

To se e ho w thi s constrain t  o n orien -

tatio n fro m skewe d symmetr y i s suppose d 
t o work ,  conside r  th e polygo n i n Figur e 3 

wit h it s indicate d ske w symmetry .  I n thi s 

case ,  eithe r  dashe d lin e ca n b e take n a s 

th e skewed-symmetri c axis ,  an d th e othe r 

as a  skewed-transvers e axis .  Th e Kanad e 



Figur e S 

A ikew-tymmelri c polygon .  Duhe d line s sho w axe s 
of  skewe d symmetry . 

assumptio n i s tha t  a  skewe d s y m m e t r y 

observe d i n a n imag e w a s projecte d b y a 

rea l  s y m m e t r y i n th e image d scene ,  an d 

s o th e axe s o f  skewe d s y m m e t r y i n th e 

imag e ar e projection s o f  th e axe s o f  bila -

tera l  s y m m e t r y i n th e scene .  Bu t  axe s o f 

bilatera l  s y m m e t r y mee t  a t  righ t  angles ; 

9o th e assumptio n constrain s th e orienta -

tio n o f  th e plan e containin g th e bilatera l 

s y m m e t r y t o b e suc h tha t  line s lyin g i n i t 

an d meetin g a t  righ t  angle s coul d hav e 

orthographicall y projecte d th e observe d 

axe s o f  skewe d s y m m e t r y i n th e image . 

K a n a d e hat s show n tha t  thi s i s no t 

suflBcien t  t o fix a  uniqu e interpretatio n fo r 

th e orientatio n o f  th e viewe d figure; 

instead ,  th e angl e forme d b y th e skewed -

symmetr i c an d skewed-transvers e axe s 

determine s a n orientatio n whic h m u s t  li e 

on a  hyperbol a (or ,  i f  th e angl e i s 9 0 

degree s an d s o th e imag e i s alread y bila -

terall y symmetric ,  a  pai r  o f  perpendicula r 

lines )  i n gradien t  space .  (Here ,  gradien t 

spac e i s a  two-dimensiona l  spac e i n whic h 

eac h poin t  represent s th e orientatio n o f  a 

plane ,  an d eac h o f  a  se t  o f  paralle l  plane s 

m a ps t o th e s a m e point .  T h e m a p p i n g i s 

standardl y define d as  follows .  Le t  ther e 

be three-dimensiona l  cartesia n coordi -

nate s i n spac e suc h tha t  th e imag e plan e 

(e.g. ,  th e 'plane '  o f  th e retina )  satisfie s 

z = 0 .  N o w a n arbitrar y plan e i n spac e 

wil l  satisf y a n equatio n o f  th e for m 

px^q y +  d = z ,  fo r  s o m e valu e o f  p ,  q ,  an d 

d;  an d th e equatio n o f  an y plan e paralle l 

t o thi s on e wil l  diffe r  onl y i n th e valu e o f 

d,  s o specifyin g p  an d q  suffic e t o specif y 

th e orientatio n o f  th e plane .  T h e poin t 

(p,f )  i s  the n th e m a p o f  th e plan e i n gra -

dien t  space .  Alternatively ,  th e 

arctangen t  o f  th e lengt h o f  th e vecto r 

<P. 9 >  give s th e slan t  a  o f  th e plane ,  an d 

th e angl e o f  th e vecto r  clockwis e f ro m th e 

p-axi s give s th e til t  t ;  tha t  is ,  t o tal k o f 

orientatio n i n term s o f  slan t  an d til t  i s 

jus t  t o impos e pola r  coordinate s o n gra -

dien t  space. )  I n th e presen t  case ,  th e 

skewed-symmetr y axe s s h o w n i n Figur e 3 

constrai n th e objec t  plan e t o hav e a n 

orientatio n lyin g o n th e hyperbol a i n Fig -

ur e 4 . 

*t  q 

- 4 - 3 - 2 -y-- ' 

Figur e 4 

Gradien t  spac e constraint s o n th e plan e containin g 
th e skewe d symmetr y show n i n Figur e 3  (soli d hy -
perboli c curve )  an d i n Figur e 5  (dotte d orthogona l 
lines) . 

T h u s K a n a d e woul d predic t  tha t 

becaus e o f  th e detectio n o f  th e indicate d 

ske w symmet ry ,  Figur e 3  wil l  b e see n a s a 

rectangl e ( a parallelogra m contralatera l 

bisector s mee t  a t  righ t  angles )  whos e 

orientatio n lie s o n th e hyperbol a i n Fig -

ur e 4 ;  an d K a n a d e [12 ]  suggest s furthe r 

that ,  i n th e absenc e o f  furthe r  con -

straints ,  th e perceptua l  syste m shoul d 

selec t  th e leas t  slante d o f  th e orientation s 

tha t  ar e possibil e give n a  s y m m e t r y con -

straint ,  i .  e. ,  a n orientatio n o n on e o f  th e 



apexe s o f  th e hyperbola :  i n thi s case ,  a 

slan t  o f  abou t  6 5 degree s i n th e directio n 

of  on e o r  th e othe r  o f  th e Necker-reversa l 

tilts . 

This result seems plausible, but 

ther e ar e inadequacie s wit h th e approach . 

Not e tha t  th e parallelogra m o f  Figur e 3 

has anothe r  pai r  o f  skewe d symmetr y 

axes ,  a s show n b y th e dashe d line s i n Fig -

ur e 5 . 

Figur e E 

Anothe r  skewe d symmetr y fo r  th e polygo n i n Figur e 
3 

Thes e happe n t o b e axe s o f  tru e bilatera l 

symmetry ,  s o the y requir e tha t  th e plan e 

of  th e projectin g objec t  hav e a n orienta -

tio n tha t  fall s  o n on e o f  a  pai r  o f  perpen -

dicula r  line s i n gradien t  space ,  which,  fo r 

thi s example ,  ar e th e broke n line s o f  Fig -

ur e 4 .  Th e theor y doe s no t  explai n ho w 

th e constraint s fro m thes e tw o skewe d 

symmetrie s shoul d b e combined ,  an d n o 

reasonabl e combinatio n seem s t o b e con -

sisten t  wit h al l  o f  th e experimenta l  con -
straints : 

I f  minimizatio n o f  slan t  i s  t o coun t 
more heavil y tha n reconstructin g al l  pos -

sibl e symmetries ,  the n th e angl e bisecto r 

axe s o f  Figur e 5  shoul d b e th e one s tha t 

th e Kanad e constraint s ar e mean t  t o 
appl y to ;  thi s give s th e predictio n o f  see -

in g th e figure  i n th e fronta l  plane ,  i.e. ,  a t 

zer o slant .  Bu t  thi s woul d violat e con -
strain t  C4 . 

Perhaps ,  instead ,  th e theor y shoul d 
be understoo d a s predictin g tha t  al l  possi -

bl e symmetrie s wil l  b e reconstructed ,  an d 

tha t  a s a  resul t  th e figure  wil l  b e see n a t 

an orientatio n tha t  simultaneousl y 

satisfie s th e constraint s impose d b y bot h 

pair s o f  axes .  Thi s woul d correspon d t o 

th e intersection ,  i n th e p, q plane ,  o f  th e 

curve s give n b y th e tw o skewe d sym -

metries ;  se e Figur e 4 .  I n thi s example , 

thi s give s th e sam e predictio n a s minimiz -

in g ove r  th e rang e o f  slant s permitte d b y 

th e contralatera l  bisecto r  symmetr y 

alone ,  whic h wa s a  reasonabl e prediction . 

But  thi s suggestio n fail s  o n othe r 

examples .  An y parallelogra m i n th e 

imag e plan e ha s tw o pair s o f  skewe d sym -

metr y axes ,  on e pai r  connectin g th e mid -

point s o f  it s  side s an d th e othe r  connect -

in g it s vertices .  N o w th e skewed -

symmetr y assumptio n i s tha t  a  skewe d 

symmetr y i n th e imag e wa s projecte d b y 

a tru e bilatera l  symmetr y i n th e scene ; 

and s o th e skewed-symmetr y axe s mus t 

hav e bee n projecte d b y perpendicula r 

axes .  Bu t  takin g th e intersectio n o f  th e 

constraint s impose d b y bot h pair s o f  aixes , 

thi s implie s tha t  th e figure  projectin g a 

paralellogra m mus t  b e a  conve x quadrila -

tera l  whos e diagonals ,  an d whos e 

opposite-sid e bisectors ,  mee t  a t  righ t 

angles :  i.e. ,  th e projectin g figure  must ,  i n 
eithe r  case ,  b e a  square . 

Figur e 5 

Thi s rectangle ,  wit h it s tw o skewe d symmetrie s a s 
shown,  ha s th e sam e slan t  constraint s a s th e paral -
lelogra m i n Figur e 3 

So,  i n avoidin g a  violatio n o f  C 4 ,  th e 

Kanad e assumptio n seem s force d t o 
predic t  seein g ever y nonsquar e parallelo -

gra m a s a  squar e a t  som e nonzer o slant . 

Thi s violate s constrain t  C3 ,  a s ca n b e 

see n b y considerin g Figur e 6 ,  a  figure 



whose tw o pair s o f  skewe d axe s ar e thos e 

jus t  thos e o f  Figur e 3  rotate d i n th e fron -

ta l  plane .  A s a  result ,  i t  ha s orientatio n 

constraint s identica l  t o thos e show n i n 

Figur e 4  u p t o a  rotatio n i n th e p, q plane , 

and s o th e sam e slan t  constraints ;  bu t  i t 

i s  no t  naturall y perceive d a s a  slante d 

squar e i n th e manne r  o f  Figur e 3 ,  bu t 

rathe r  a s a  rectangl e i n th e fronta l  plane . 

I f  instea d (and ,  s o fa r  a s I  ca n see , 

withou t  motivatio n fro m th e theory ) 

opposite-sid e bisecto r  symmetrie s ar e 

take n a s imposin g th e importan t  orienta -

tio n constraints ,  Figure s 3  an d 6  n o 

longe r  provid e counterexamples .  How -

ever ,  th e theor y woul d stil l  violat e experi -

menta l  constrain t  C 2 .  Conside r  th e pro -

jecte d isoscele s trapezoi d i n Figur e 1.1 ;  i t 

has onl y on e pai r  o f  ske w symmetr y axes , 

whic h ar e als o bilatera l  symmetr y axes , 

and s o th e figur e shoul d b e see n onl y i n 

th e fronta l  plane .  Ther e i s nothin g i n 

Kanade' s theor y t o accoun t  fo r  it s  bein g 

eas y an d natura l  t o se e a s a  slante d rec -

tangle . 

3.2. Brady and Yuilie 

Brad y an d Yuili e [6 ]  hav e propose d 

tha t  a n imag e plan e polygo n b e inter -

prete d a s havin g bee n projecte d b y th e 

objec t  which ,  o f  al l  possibl e projectin g 

objects ,  maximize s th e rati o o f  are a t o 

perimete r  squared .  Thi s measur e tend s t o 

favo r  compact ,  nonelongate d figures,  an d 

i s maximize d b y square s withi n th e clas s 

of  quadrilaterals ,  s o thei r  theor y entail s 

th e perceptio n o f  a  squar e wheneve r  pro -

jectivel y possible .  But ,  sinc e thei r 

mathematic s i s develope d unde r  th e 

assumptio n o f  orthographi c projection , 

thi s (a s fo r  Kanade )  lead s t o a  violatio n 

of  constrain t  C 3 whe n applie d t o Figur e 

6.  Also ,  i t  i s  eas y t o sho w tha t  (unde r 

orthography )  ther e i s a  famil y o f  image -

plan e isoscele s trapezoid s whic h ar e self -

maxima l  ove r  thi s measure ;  fo r  thes e tra -

pezoids ,  th e preferre d projectin g figure  i s 

i n th e fronta l  plane ,  violatin g C2 .  Weiss , 

i n a  recen t  pape r  [18] ,  propose s a n 

improvemen t  o n th e Brad y an d Yuili e 

measure ,  bu t  i t  als o assume s orthography , 

and i t  violate s C3 . 

Althoug h th e mathematic s becom e 

mor e difficult ,  i t  i s  conceptuall y simpl e t o 

conside r  Brad y an d Yuili e measur e max -

imizatio n unde r  perspective ,  instea d o f 

orthographic ,  projection ;  the n i t  woul d 

predic t  tha t  al l  imag e plan e figures  whic h 

ar e perspectiv e projection s o f  square s wil l 

be see n u s squares .  Bu t  thi s fall s  subjec t 

t o th e sam e criticis m w e sugges t  fo r 

Barnard' s approac h i n th e nex t  section -

tha t  is ,  i t  woul d violat e constraint s C l 

and C5 . 

3.3. Barnard 

Barnar d [2 ]  suggest s tha t  angle s i n 

an imag e plan e quadrilatera l  b e inter -

prete d a s righ t  angle s wheneve r  possible , 

and show s a  wa y t o obtai n thi s interpre -

tatio n unde r  perspectiv e projection .  Th e 

proble m o f  thi s approach ,  roughly ,  i s  tha t 

i t  work s to o well ;  hi s Figur e 12 a (repro -

duce d her e a s Figur e 7 )  i s on e tha t  sub -

ject s find  difficul t  t o se e a s a  slante d 

plan e figure,  wherea s Barnard' s metho d 

flawlessly  extract s th e projectivel y dic -

tate d interpretatio n o f  i t  a s a  slante d rec -

tangle .  Th e mathematic s i s impressive , 

but  a s a  candidat e psychologica l  theor y i t 

violate s bot h constraint s C l  an d C5 . 

Figur e 7 

A perspectiv e projectio n o f  a  rectangle ,  fro m Bar -
nar d [2 ; 



4.  A  propose d detecto r  mode l 

I f  th e point s mad e i n th e previou s 

section s ar e correct ,  n o single ,  simpl e 

Pragnam-lik e accoun t  o f  goodnes s o f 

interpretatio n o f  polygona l  stimul i  sug -

geste d i n th e literatur e ca n accoun t  fo r 

eve n a  ver y modes t  rang e o f  result s fro m 

psychologica l  experiment .  Som e reason s 

why thi s migh t  b e s o ar e discusse d i n th e 

fina l  sectio n o f  th e paper .  I n thi s section , 

a syste m o f  detector s i s describe d whic h 

woul d exhibi t  performanc e consisten t 

wit h constraint s C l  -  C5 . 

Not e tha t  C l  -  C 5 ca n reasonabl y 

clai m t o al l  b e satisfie d b y a  theor y whic h 

at  leas t  qualitativel y predict s th e 

difficult y distributio n (graphe d i n Figur e 

2)  fo r  th e stimulu s sequenc e o f  Figur e 1 , 

sinc e thi s sequenc e contain s bot h 

isosceles-trapezoida l  (Figur e l.a )  an d 

(approximately )  ske w symmetri c (Figur e 

l.g )  stimuli, ^  a s lon g a s i t  i s  abl e t o 

independentl y mee t  C3 .  Thi s suggest s a 

detecto r  architectur e i n whic h a t  leas t 

some skewe d symmetr y an d perspectiv e 

gradient s — th e dept h cue s whic h see m t o 

be presente d b y nonrectangula r  parallelo -

gram s an d isoscele s trapezoids ,  respec -

tivel y — ar e detecte d independentl y an d 

combine d t o yiel d a  judgmen t  o f  slant . 

Palme r  [15 ]  ha s argue d tha t  a  wid e rang e 

of  phenomen a i n th e psycholog y o f  huma n 

visio n ca n b e accounte d fo r  b y appea l  t o a 

processin g mode l  whic h detect s sym -

metrie s ove r  member s o f  th e Euclidea n 

similarit y grou p exhibite d i n th e stimulu s 

array ,  certai n relation s amon g thes e sym -

metries ,  certai n furthe r  relation s amon g 

thes e relations ,  an d s o on .  Th e mode l 

sketche d her e ca n b e see n a s a n extensio n 

of  Palmer' s Euclidea n symmetr y detec -

tio n mode l  t o incorporat e higher-orde r 

detector s fo r  som e skewe d symmetrie s 

and perspectiv e gradients. ^ 

'  Figur e l. g b  eve n close r  t o a  tru e 
skew-symmetric& l  retina l  stimulu s tha n i t 
may appea r  i n th e reproduction ,  sinc e wit h 
th e cente r  o f  th e len s a t  th e foca l  poin t  o n 
th e imag e plan e z-axi s an d th e figure  foveat -
ed,  th e retin a i s slante d wit h respec t  t o th e 
imag e plan e b y abou t  4 5 degrees . 

3 Compar e Clark ,  e t  al.' s  |7 ]  "retina l  gra -
dien t  o f  outline" . 

Th e presen t  mode l  suppose s thre e 

layer s o f  detectors .  Th e lowes t  leve l  i s  a n 

arra y o f  first-order  analyzer s (i n th e sens e 

of  Palme r  (15]) ,  whos e pattern s o f  sensi -

tivit y t o feature s o f  retina l  stimulatio n 

can b e relate d t o one  anothe r  b y transfor -

mation s fro m th e Euclidea n similarit y 

group .  Fo r  example ,  eac h ca n b e take n a s 

detecting ,  fo r  som e locatio n o f  interes t  o n 

th e retina ,  th e presenc e o f  lin e segment s 

of  a  certai n restricte d rang e o f  length s 

and orientations .  (Obviously ,  suc h 

analyzer s ar e interrelatabl e b y transla -

tion ,  rotation ,  an d dilatio n transforma -

tions. ) 

k 
\ - - - - i ; 

\ : > " - : ^ ^ 

Figur e 8 

A translational symmetry detector element (TDE). 

The second level consists of arrays 

of  tw o kind s o f  detecto r  elements ,  eac h o f 

whic h i s constructe d b y simpl e intercon -

nection s betwee n tw o first-order 

analyzers .  A  translationa l  symmetr y 

detecto r  elemen t  (TDE )  i s show n i n Fig -

ur e 8 .  Suc h a  detecto r  b  parameterize d 

by th e retina-relativ e locatio n o f  it s 

cente r  (represente d b y th e ope n circle) , 

th e lengt h an d orientatio n (X .  an d p , 
respectively )  o f  it s  constituen t  first-order 

analyzer s (wit h receptiv e fields 

represente d b y th e ellipses) ,  an d it s o w n 

widt h an d orientatio n (u > an d a ,  respec -

tively) .  A  reflectiona l  symmetr y detecto r 

elemen t  (RDE) ,  show n i n Figur e 9 ,  i s 

define d b y th e sam e se t  o f  parameter s a s 

a T D E ,  bu t  it s constituen t  first-order 

analyzer s ar e relate d t o eac h othe r 

differently :  viz .  b y a  reflectio n abou t  a 

lin e throug h it s cente r  an d perpendicula r 

t o it s orientation ,  instea d o f  a  translation . 

At  th e thir d level ,  TDE' s an d RDE' s 

ar e connecte d t o construc t  skewe d sym -

metr y an d perspectiv e gradien t  detector s 

-  SSD' s an d PGD's ,  respectively .  A 
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A rcflectioDkl >ymmetry detector clement (RDE). 

constant-width SSD is shown in Figure 

10.  It s constituen t  TDE' s diffe r  fro m 

eac h othe r  onl y b y a  translatio n paralle l 

t o th e favore d directio n o f  thei r  consti -

tuen t  first-order  analyzers .  A  bilaterall y 

symmetri c P G D ,  a s depicte d i n Figur e 11 , 

i s  compose d o f  RDE' s whic h diffe r  onl y b y 

a compositio n o f  a n appropriatel y relate d 

translatio n an d dilation . 

A 

-- 1 

, - a 

\ i  " 

A 

A detecto r  d  ha s associate d wit h i t  a 

leve l  o f  activatio n A{d )  whic h depend s o n 

th e activation s o f  it s  constituen t  detec -

tor s (or ,  i n th e cas e o f  first-order 

analyzers ,  directl y o n pattern s o f  sensor y 

stimulation) .  Le t  th e activatio n o f  a  T D E 

or  R D E d  h t  a .  suitabl e nonlinea r  functio n 

of  th e activatio n o f  it s  associate d first-

orde r  analyzer s  / j ,  ft -

A{d ) 

A(/, )  +  X(/, ) 

0 

-k/,)-Mft ) 

i f  A(/,)> e an d A(/,)> e 

i f  A(/,)<e»n d A(/,)< e 

otherwiie , 

wher e 6  i s a  suitabl e threshol d value . 

(What' s importan t  i s tha t  evidenc e for , 

evidenc e against ,  an d th e absenc e o f  evi -

denc e fo r  o r  agains t  th e existenc e o f  a 

symmetr y eac h b e encodabl e i n a  second -

leve l  detector' s activity. )  Le t  th e activa -

tio n o f  a  S S D o r  P G D b e a  monotoni c 

functio n (say ,  th e sum )  o f  activation s o f 

it s  constituen t  detecto r  elements . 

, ^ 

Figur e 1 0 Figur e 1 1 

A constant-widt h skewe d symmetr y detecto r  (SSD ) A bilaterall y symmetri c perspectiv e gradien t  detec -
to r  (PGD) . 

N ow th e pattern s o f  activation s o f 

SSD' s an d PGD' s ca n giv e ris e t o orienta -

tio n judgment s consisten t  wit h con -
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straint s C l  -  C 5 a s follows .  Suppos e th e 

SSD o r  P G D wit h th e highes t  activatio n 

level ,  i f  i t  exceed s som e threshold ,  i s 

take n a s encodin g th e viewe d figure's 

most  likel y orientatio n i n depth. ^  Th e til t 

directio n suggeste d b y tha t  detecto r  i s 

the n jus t  t  i n Figure s 1 0 o r  11 :  th e bisec -

to r  o f  th e angl e betwee n th e SSD' s axi s 

and th e favore d directio n o f  it s  consti -

tuen t  TDE' s first  orde r  analyzers ,  o r  th e 

axi s o f  th e P G D.  Slan t  i s a  no t  suc h a 

simpl e functio n o f  detecto r  parameters ; 

thoug h i t  is ,  unde r  reasonabl e assump -

tions ,  monotoni c increasin g fro m zer o a s 

^  i n th e Figure s move s awa y fro m 9 0 

degree s fo r  bot h kind s o f  detectors .  (Thi s 

i s suggestiv e o f  Stevens '  [17 ]  findings  indi -

catin g tha t  til t  judgment s ar e mor e accu -

rat e tha n slan t  judgments. )  Thi s give s 

th e desire d results :  C l  i s  explained ,  sinc e 

slan t  i s onl y imprecisel y correlate d wit h 

detecto r  activation ;  C 2 an d C 4 ar e 
satisfied ,  sinc e PGD' s an d SSD' s ar e suit -

abl y activate d b y isoscele s trapezoid s an d 

nonrectangula r  parallelogram s i n th e reti -

nal  image ,  respectively ;  C 3 i s met ,  sinc e 

th e mos t  activ e detector s unde r  stimula -

tio n b y fronta l  plan e rectangle s wil l  b e a 

SSD o r  P G D wit h p  =  9 0 degrees ;  and , 
sinc e fo r  projection s intermediat e betwee n 

th e shape s favore d b y th e tw o type s o f 

detector s ther e ma y b e n o detecto r  ver y 
activated ,  C 5 i s accounte d for . 

5.  Discussio n 

We hav e extracte d fro m th e report s 

of  psychologica l  experiment s five  uncontr -

oversia l  fact s abou t  huma n performanc e 

i n th e perceptio n o f  simpl e polygon s 
slante d i n depth ,  an d argue d tha t  n o 

curren t  theor y o f  orientatio n fro m con -
tou r  i s consisten t  wit h al l  o f  them .  W e 

hav e propose d a  detecto r  mode l  whic h 

woul d exhibi t  performanc e consisten t 
wit h th e constraints . 

The model ,  however ,  i s  no t  a  com -
putationa l  theory ;  i t  i s  a  proces s mode l 

whic h i n fac t  depend s fo r  it s intelligibilit y 

on computatioDa l  theor y (withou t 

Kanade' s theorem s abou t  skewe d sym -

metr y an d fact s abou t  perspectiv e projec -

tion ,  th e correlatio n betwee n 3  i n Figure s 

10 an d 1 1 an d detecte d slan t  woul d b e 

unexplained) .  I t  succeed s wher e th e 

reporte d theorie s fai l  simpl y becaus e i t 

embodie s a n interactio n betwee n dbtinc t 

kind s o f  evidenc e fo r  orientatio n i n depth . 

But  thi s succes s say s somethin g abou t 

vision :  th e generatio n o f  orientatio n judg -

ment s o f  simpl e figures  i s no t  simple .  Th e 

computationa l  theorie s discusse d i n thi s 

pape r  are ,  individually ,  inadequate ;  bu t 

als o th e elementar y two-facto r  mode l  pro -

pose d her e i s grossl y inadequat e a s a  gen -

era l  accoun t  o f  vision ,  o r  eve n a s a n 

accoun t  o f  th e monocula r  perceptio n o f 

simpl e plan e figures.  I t  fail s  o n nonqua -

drilatera l  polygon s an d ellipses ;  i t  say s 

nothin g abou t  orientatio n effect s (rectan -

gles ,  fo r  example ,  presen t  somewha t 

bette r  dept h illusion s whe n thei r  side s ar e 

not  aligne d wit h environmenta l  horizonta l 
and vertical) ;  it' s  silen t  abou t  ho w com -

plexe s o f  polygon s migh t  b e perceive d a s 

thre e dimensiona l  solids ,  an d eve n abou t 
ho w a n isolate d polygo n ca n b e see n a t 

differen t  orientation s i n dept h a t  differen t 

times .  Bu t  it' s  unlikel y tha t  al l  th e 

phenomena o f  monocula r  visio n ar e goin g 
t o b e subsume d b y a  singl e computationa l 

principle .  What' s neede d i s a  theor y o f 

what  underlie s eac h o f  them ,  an d a  theor y 

of  thei r  interaction . 
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