UC Riverside
UC Riverside Previously Published Works

Title

A generalized free-solvent model for the osmotic pressure of multi-component solutions
containing protein-protein interactions

Permalink
https://escholarship.org/uc/item/9932205p
Journal

Mathematical Biosciences, 253(1)

ISSN
0025-5564

Authors

McBride, Devin W
Rodgers, VGJ

Publication Date
2014-07-01

DOI
10.1016/j.mbs.2014.04.002

Peer reviewed

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/9g32205p
https://escholarship.org
http://www.cdlib.org/

Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 253 « July 2014 ISSN 00255564

Mathematical

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/authorsrights


http://www.elsevier.com/authorsrights

Mathematical Biosciences 253 (2014) 72-87

journal homepage: www.elsevier.com/locate/mbs

Contents lists available at ScienceDirect

Mathematical Biosciences

Mathematical

A generalized free-solvent model for the osmotic pressure

CrossMark

of multi-component solutions containing protein-protein interactions

Devin W. M“Bride, V.G.]. Rodgers *

B2K Group (Biotransport & Bioreaction Kinetics Group), Center for Bioengineering Research, Department of Bioengineering, University of California, Riverside, Riverside,

CA 92521, United States

ARTICLE INFO ABSTRACT

Article history:

Received 30 August 2013
Accepted 4 April 2014
Available online 21 April 2014

Keywords:
Free-solvent model
Osmotic pressure
Multi-component
Crowded protein
Ion binding
Hydration

model are discussed.

The free-solvent model has been shown to have excellent predictability of the osmotic pressure for single
and binary non-interactive proteins in aqueous solutions. Here the free-solvent model is extended to be
more generalized by including the contributions of intra- and inter-protein interactions to the osmotic
pressure of a solution in the form of homo- and hetero-multimers. The solute-solvent interactions are
considered to be unique for each homo- and hetero-multimer in solution. The effect of the various
generalized free-solvent model parameters on the osmotic pressure are examined for a single protein
solution with a homo-dimer, a binary protein solution with no protein-protein interactions, and a binary
protein solution with a hetero-dimer. Finally, the limitations associated with the generalized free-solvent

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The non-ideal osmotic pressure of proteins at high concentra-
tions has been a source of significant interest for many decades.
While clearly concentrated solutions may exist in many separa-
tions processes, even in the cell, concentrations of crowded pro-
teins (multiple species) can be as high as 400 g/L [1,2]. While
many models have focused on protein-protein interactions to fun-
damentally explain this phenomena but with little success. The
majority of these models use a virial expansion model which is
based on McMillan-Mayer Theory [3]. Once more, these models
lack physically realistic parameters and are unable to confidently
predict the osmotic pressure of concentrations near-saturation.

More recently, we have reexamined a free-solvent model to elu-
cidate the physics of these systems. Briefly, the original free-sol-
vent model was developed by van Laar [4]| and further by Lewis
and Randall [5]. van Laar [4] proposed that solvent-solute interac-
tions are coupled to the observed non-ideal behavior of the osmo-
tic pressure and he argued that the mole fraction is the appropriate
concentration variable to describe osmotic pressure. Recently, You-
sef et al. [6,7] revised the free-solvent model to include protein-ion
binding. Further, the revised free-solvent model [6,7] describes the
solute as a hydrated macromolecule, which contains a monolayer
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of water and bound ions, and, upon correcting the mole fraction
for these interactions, provides excellent predictions for the
observed osmotic pressure of single and binary non-interacting
protein solutions. Once more, the free-solvent model is based on
two independently measurable physical parameters, protein
hydration and protein-ion binding, [8-12].

While previous developments of the free-solvent model have
fully described the solutions modeled (ie. pH and salt(s)), a
generalized free-solvent model in which intra- and inter-protein
interactions occur does not exist. Therefore, a more generalized
free-solvent model should provide a more physically realistic
model of the osmotic pressure of interacting proteins in aqueous
solutions. Here, the generalized free-solvent model is developed
for multi-component solutions which protein-protein interactions
can occur in the form of homo-multimers (intra-species interac-
tions) and hetero-multimers (inter-species interactions).

2. The generalized free-solvent model

2.1. Development of the free-solvent model to include protein—protein
interaction

The free-solvent model has been described in detail elsewhere
for non-interactive protein solutions [6,7]. The following is the
development of the generalized free-solvent model which
accounts for protein hydration and ion binding as well as
protein—protein interactions.
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Nomenclature

Ihomo-multimer  NUMber of homo-multimers formed
Ihetero-multimer  NUMber of hetero-multimers formed
lhetero-multimers NUMber of hetero-multimers forming the h

multimer
Nf initial number of moles of species i in compartment k
N* initial total number of moles in compartment k

Ni mo-mulimers Moles of protein forming homo-multimers
(intra-protein interactions) in chamber Il
N ero-mulimers Moles of protein forming hetero-multimers

(inter-protein interactions) in chamber II

N,

NI omers Moles of protein remaining as free (unbound)
monomers in chamber II

R ideal gas constant

T temperature

V; specific volume of species i

Greek

%z fractional amount of protein j forming the homo-multimer
of Z units

Biaan fractional amount of protein j forming a hetero-multimer
with protein a containing A units of protein j and B units of
protein a

Biabasc fractional amount of protein j forming a hetero-multimer

with proteins a and b containing A units of protein j, B
units of protein g, and C units of protein b

i size of the h multimer (i.e. #,=2 for a two protein
species interactions, 73 =3 for a three protein species
interactions, etc.)

Vij net number of moles of solvent component i interacting
with protein j

ViaAB moles of solute j bound to the hetero-multimer between
proteins j and a with A units of protein j and B units of
protein a.

Viabagc Mmoles of solute j bound to the hetero-multimer between

proteins j, a, and b with A units of protein j, B units of
protein a, and C units of protein b.

Viiz moles of solvent species i bound to the protein j homo-
multimer with Z units

Viiz moles of protein j forming a homo-multimer with Z
units

Vija,A:B moles of solvent species i bound to the hetero-multimer
between proteins j and a with A units of protein j, and B
units of protein a

Viabapc Moles of solvent species i bound to the hetero-multimer

between proteins j, a, and b with A units of protein j, B

units of protein a, and C units of protein b
Vsolvent/homo-multimer M0l€S of solvent bound to the homo-multimers
Vsolvent/hetero-multimer  Moles of solvent bound to the hetero-multimers
Vsolvent/monomer Moles of solvent bound to the free monomers

YN o multimers  MOles of diffusible species (water and salt) bound
to the homo-multimers
YN} etero-multimers Moles of diffusible species (water and salt)

bound to the hetero-multimers

VNI omers Moles of diffusible species (water and salt) bound to
the free monomers

T osmotic pressure

Superscripts

I compartment I (solvent)

Il compartment II (solution)

Subscripts

1 solvent

2 — (p+1) proteins

(p+2)—n salts

h type of multimer (i.e. h=2 for a two protein species
interactions, h =3 for a three protein species interac-
tions, etc.)

individual species

individual monomeric protein species

compartment of the osmometer

number of individual species

number of individual monomeric proteins

= = K‘" —.

For a two-chamber osmometer, with the chamber containing
the proteins in aqueous solution denoted as compartment I and
the chamber containing only the solvent and diffusible ions (pro-
teins are absent) denoted as compartment I, the free-solvent
model, with the mole fraction chosen as the appropriate composi-
tion variable, describes the osmotic pressure, 7, as [6]

m—=—In-L (1)

where the free-solvent mole fraction, xq, is the remaining moles of
solvent that are not bound to the protein.

For a solution containing n distinct species with p proteins,
where species 1 is the solvent, species 2 through (p + 1) are the
proteins, and species (p + 2) through n are the remaining diffusible
solvent components, the initial total moles of the solution in com-
partment Il is 3>, N, where i denotes each individual species.

The final total moles of solution in compartment II, after solute-
solvent and solute-solute interactions occur, is

n

1l 1l 1
Z Ni + Z Nhomo—multimers + Z Nhetero—multimers +ee

i=1
i#2—p+1

1l 1l 1l
+ E :Nmonomers - Z VNhomo—multimers - Z VNhetero—multimers
1l
- Z VNmonomers (2)

where the first term is the moles of solvent and salt species, the sec-
ond term is the moles of protein forming homo-multimers (intra-
protein interactions), the third term is the moles of protein forming
hetero-multimers (inter-protein interactions), the fourth term is the
moles of protein remaining as free (unbound, non-interacting)
monomers, and the fifth, sixth, and seventh terms are the moles
of diffusible species (water and salt) bound to the homo-multimers,
hetero-multimers, and free monomers, respectively.
The moles of proteins forming homo-multimers is given as

p+1
1l _
E Nhomo-multimers -

ST N 3)
j=2 z=ii
where N}I-l is the moles of protein species j in solution initially and
oz is the fractional amount of protein j forming the homo-multimer
of Z units.

The moles of solvent bound to the homo-multimers are

n p+l

> D> Viz%zNj )

=1 =2 Z=ii
i#2—p+1

11
E VNhomo—multimers =

where v;;z is the moles of solvent species i bound to the protein
Jj homo-multimer with Z units.

The moles of monomeric proteins forming hetero-multimers is
given as
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p_pt
Z Z ﬂja,A;BN;I NI
j=2a=
ZNhetero multimers — I 1 p pe
Z 2 ZZZZ@-M{N}‘ oo
j=2asjnd A i B=i C=i

()

where N}' is the moles of protein species j in solution initially, fjoa:s
is the fractional amount of protein j forming a hetero-multimer
with protein a containing A units of protein j and B units of protein
a, and Pjapa:p.c is the fractional amount of protein j forming a
hetero-multimer with proteins a and b containing A units of protein
J, B units of protein g, and C units of protein b.

Here, Eq. (5) only accounts for the protein hetero-multimers in
which two and three unique protein species form hetero-
multimers. The first term is the moles of the hetero-multimers
formed from two unique protein species. The second term is the
moles of the hetero-multimers formed from three unique protein
species. Each term includes the hetero-multimers in which multi-
ple molecules of protein j bind to multiple molecules of another
protein(s) to form hetero-multimers of various homo-multimers
(ie. jjaaab is a hetero-multimer formed by a homo-dimer (jj), a
three protein species homo-trimer (aaa), and a monomer (b)).
Additional terms can be included in Eq. (5) to account for
hetero-multimers of any number of unique proteins. For all
hetero-multimers, solute-solvent interactions need to be included
(Eq. (6)) and the moles of these hetero-multimers need to be
removed from the available monomers (Egs. (7) and (8)).

The moles of solvent bound to the hetero-multimers are

E VNhetero multimers

p+l

Z Z Z ZZVUGABﬁJaABN +-

'#24””1] 2 a=j+1A=i B=i

n p-1 p p+l

AN I SIS ViaascBivancNj +-

—j+1b=j+2
Maqj =2 a=j+1 iaAIBICI

(6)

where V4.5 is the moles of solvent species i bound to the hetero-
multimer between proteins j and a with A units of protein j, and B
units of protein a, and Vjjgpa:p:c is the moles of solvent species i
bound to the hetero-multimer between proteins j, a, and b with A
units of protein j, B units of protein a, and C units of protein b.

The moles of monomeric proteins which remain in solution as
free monomers (not forming homo- or hetero-multimers) is given
as

1- ZVﬁ,zOCj_Z +---
Z=ii
p+l

i
PZ %;;VJGA 8Bjaast - NJ]-]

=2 p+1p+1

T ZZZZZVJ‘ab,A:B:CﬁjabAB;c +ee

a=2 b=2 A=i B=i C=i
a#j b

b#a

E NITIOI‘IO!TIEI‘S

(7)

where vj;7 is the moles of protein j forming homo-multimers of Z
units, vjg4:5 is the moles of protein j interacting with protein a with
A units of protein j and B units of protein a, and Vjq a:p:c is the moles
of protein j interacting with proteins a and b with A units of protein
J, B units of protein g, and C units of protein b.

The remaining moles of monomeric protein j is calculated by
subtracting the moles of protein j forming homo-multimers

(second term) and hetero-multimers (third and fourth terms) from
the initial total moles of protein j monomers added, N;'.
The moles of solvent bound to the free monomers are

z VN, monomers

1= viztz+--

Z=ii

p+1
1 — - 8
D R S woo®
ieaperd =2

L 3 4.

a-2p+1 p+1 8
a%j Z'EZZ Z/Li ZL; Zm Viab A:C Fjab a.c
#i
bza

where v;; is the moles of solvent species i bound to protein j.
The final moles of free-solvent in compartment II is

1l 1l
N] - E vsolvent/homo-multimerNhomo.multimers +
1l
T E Vsolvent/hetero—multimerNhetero_mummers + (9)
1
T g Vsolvent/monomeeronomers

where N! is the initial moles of solvent. The second, third, and
fourth terms are the moles of water bound to the homo-multimers,
hetero-multimers, and free monomers, respectively, and are given

by Eqgs. (10)-(12)
p+1
1l
Z Vsolvent/homo multlmelNhomo multimers — sz]j,zaj,ZNj (10)
j=2 Z=ii
11
Z Vsolvent/hetero—multimerNhetero—multimers =
p+l
ZZZBW%M+
)2a1+1AlBl (11)

p+1

o Z Z ZzzzvllﬂbﬁBCﬂjabABcN +-

)2a1+1b12A131C1
b#a

i
Z vsolvent/monomeeronomers -

1- Zvﬂ.z%‘,z + -
]
p+1
ptl = VieasBjaas +
= Vij %;; ! I\I]II (12)
=2

p+1p+1

T Zzzzzvjab.A:B;CﬁjabA:B:C +oe

a=2 b=2 A=j B=i C=i
a#j  b#j

b#a

where vy; is the moles of water bound to monomeric protein species

The mole fraction of free-solvent in compartment II is

1l Il
N] - Z Vso]vent/homo—multimerNhomD.multimers +oe

1 i
1l = Vsolvent/hetero- multimerNhetero multimers — > vSOlVEﬂt/mﬂnﬂmETNmonomers

gl 11 1 1l
E Ni + Z Nhomo multimers + Z Nhetelo multimers + Z Nmonomers to

-t

il
- E VNhomo-multimers

Z VNhetero multimers Z VNmonomers

(13)
In compartment I, the total moles of solvent is Zi i INE, thus
the mole fraction of free-solvent in compartment I is
Nl
| 1
Xl = —I
Z =1 " Nl'

i#2-p+1

(14)

Inserting Eqgs. (13) and (14) into Eq. (1) yields the generalized
free-solvent model for any number of proteins which have
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solute-solvent interactions and may participate in solute-solute
interactions in the form of homo-multimers and hetero-multimers.
It is important to note that this development of the free-solvent
model does not consider protein homo-multimers and protein
hetero-multimers as unique and individual protein species (i.e. a
dimer is not considered as one of the protein species j, but rather
(acj,iiN}I) is the dimer species); since the homo-multimers and
hetero-multimers have unique hydration and ion binding values,
they are unique hydrated macromolecules.

2.2. Determining the physical parameters of the free-solvent model

The number of physical parameters (i.e. hydration, ion binding,
protein—-protein interactions, and fractional amounts of the homo-
and hetero-multimer forms) which are required in the free-solvent
model are a minimum of 2p for p proteins if only monomers are
considered (ie. no homo-multimers or hetero-multimers are
formed).

For protein solutions containing protein-protein interactions in
the form of homo- and/or hetero-multimers, the number of phys-
ical parameters required to describe the crowded protein osmotic
pressure via the free-solvent model are

2(p + lhomo-multimer + lhetero-multimer) + 2(lhomo-multimer

+ lhetero—multimer.h nh ) ( 1 5)
h=2

where p is the number of protein species, lhomo-muitimer 1S the
number of homo-multimers formed, lhetero-muitimer 1S the number
of hetero-multimers formed, lhetero-multimers 1S the number of
hetero-multimers forming the h multimer (i.e. h = 2 for two protein
species interactions, h = 3 for three protein species interactions, etc.),
and 7, is the size of the h multimer (i.e. #, = 2 for a two protein species
interactions, #3 = 3 for a three protein species interactions, etc.).

The total number of hydration and ion binding parameters are
each given by the first term,

(p + lhomo-multimer + lhetero-multimer)

and the total number of protein-protein interactions and fractional
amount parameters are each given by

(lhomo—multimer + Zlhetero—multimer,h ”h)
h=2

Thus in order to utilize the generalized free-solvent model for
predicting the osmotic pressure of crowded protein solutions,
methods, independent of the crowded protein osmotic pressure,
need to be used to determine the hydration and ion binding of
the unique species, as well as the protein-protein interactions
and fractional amount of proteins forming homo- and hetero-
multimers.

2.2.1. Protein hydration

The methods for determining protein hydration have been
reviewed in literature [ 13-16]. Briefly, many methods are available
which attempt to quantify protein hydration, such as 1’0 NMR, yet
it is difficult to determine exact values due to the variety of meth-
ods and the associated errors [14-17]. Nevertheless, the consensus
is that a globular protein contains about 1 g H,O/g protein [16]. If
this value of hydration is utilized in the free-solvent model, the
prediction of the osmotic pressure at near-saturation concentra-
tions will result in a deviation of the predicted and experimental
values. Thus, a more exact value for protein hydration is required
to ensure that the predicted osmotic pressure is nearly identical
to the experimental measurements.

An alternative method of calculating the hydration of a protein
which yields a more accurate value is to utilize the solvent

accessible surface area (SASA) of the protein. This method requires
that the molecular structure has been deposited into the Protein
Data Bank (PDB) or can be determined using either NMR or X-ray
crystallography. It has been previously shown that the hydration
of a protein directly correlates to a monolayer of water, specifically
15.2 £ 0.5 molecules of water per nm? of SASA, and thus, if the
SASA is known, the protein hydration can be determined [18,19].

2.2.2. Protein-ion binding

Various methods exist for determining the ion binding to pro-
teins, such as the electromotive force (EMF), distribution method,
and isopiestic method, which have been reviewed in literature
[20-27]. These methods have been used to quantify the number of
ions interacting with proteins in various solution properties includ-
ing salt types, salt concentration, pH, and protein concentration.

2.2.3. Protein—protein binding and fractional amounts of homo- and
hetero-multimers

To determine the presence and quantity of the number of pro-
teins interacting to form homo- and hetero-multimers which are
in a given multi-component solution, methods such as HPLC and
light scattering can be used.

For the fractional amounts of homo-multimers, it is important
to note that the fractional amount of each homo-multimer is
restricted to 0 < oz < 0.5. The maximum is 0.5 since if a homo-
dimer is the only homo-multimer and the entire solution is
homo-dimers (i.e. no monomers exist in solution), when the frac-
tional amount is 50% of the monomeric protein, every mole of
the monomeric protein is consumed. The sum of all fractional
amounts of each protein j forming homo-multimers is also
restricted to 0 < Y, ;; oz < 0.5.

Similarly, the fractional amount of each hetero-multimer is
restricted to 0 < B < 1 since if a single hetero-multimer is formed,
and the entire solution is hetero-multimers (i.e. 100% fractional
amount), every mole of the monomeric protein is consumed. The
sum of all fractional amounts of each protein j forming homo-
multimers is also restricted t0 0< Y, > 5 i Biaas + 2oasi Db
> ceiBiavasc + - < 1.

For a given single protein, j, and a known molar ratio of mono-
mer:homo-multimer, ;7 is calculated for each homo-multimer by

1= iViz%z+
1
s Zgjz Y oaciDopi ViaasBiaas + -

#j
p+1 p+1
D oaci Dopi 2oc—i ViabABCBjabagc T

e — P i
a#j b#j
b#a

= |,
Oizliz i

(16)

where o;;];, is the fractional amount of the homo-multimer at a
specific homo-multimer, Z, for protein j and ®|;; is the molar ratio
of the monomer to the specific homo-multimer, Z, for protein j for a
specific homo-multimer. The hetero-multimer terms (terms 3 and 4
in the numerator of the left hand side) are evaluated for protein j
only.

For the fractional amounts of hetero-multimers, the two protein
hetero-multimers are given by

1= i Viztiz + -

1
= Yy YA Y VieasBiaas + -

a#j

p+1 p+1
T E‘f&? b2 D Ai DBi Dcei ViabA:B:C Bjab ag:c + -
b#a

=T ‘ja,A:B

(17)

ﬁja,A:B |jaA:B

and for three protein hetero-multimers,
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1= 7 Viz%z + -+

1
Zp+ ZA ]ZB 1VJUABﬁ]aAB+

g 1
ZN Zw D ai 2opi 2oc—i ViabaBBjabanc +

= F‘jab,A;B;c
(18)

where fjq a:5lja.a:5 is the fractional amount of the two protein hetero-
multimer at a specific hetero-multimer, ja, fjaba:8:cljaba::c i the
fractional amount of the three protein hetero-multimer at a specific
hetero-multimer, jab, I'|j,4: is the molar ratio of the monomer to
the specific two protein hetero-multimer, ja, and I'|jgpa:p:c is the
molar ratio of the monomer to the specific three protein hetero-
multimer, jab.

Eqgs. (16)-(18) need to be solved for each protein, j, in solution. If
more than 1 multimer forms, the system of equations must be
solved to obtain all oz, fjqa:s Biaba:B:c: €LC.

Bjab a:Bicljab aB:c
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and
N N;
X = 3]1: 1 11 (20)
2N Ni+N;
The terms in Eq. (19) are
3 1l 11
ZNhomo multimers — ZZ“],ZNJ' = 02,iN; (21)
=2 Z=ii
Z VNhomo multimers — Zzzvu 2% ZN = Z VNhomo multimer
! 1 Jj=2 Z=ii
= Vi2,i02iiNy + V3202iNy (22)

2

1l 1l
=33 Vijz%zN} = VigictiNg

=2 Z=ii

o N!
Vsolvent/homo—multlmer homo-multimer

For example, if a single protein solution forms a homo-dimer (23)
(v224i = 2 mol monomer/mol dimer) and homo-trimer (V2= 3 -
mol monomer/mol trimer), and if the molar ratio is 3:1:2 for the 2
monomer:dimer:trimer (|, = 3/1 and @|,;; = 3/2), Eq. (16) yields ZN'n'nommers = Z <1 - Zvﬁlzocj.z> N}I =(1- vzz_jioczlii)lel (24)
two equations j=2 Z=ii
1205 — 30 _3 .
%aii 1 Z VNgmnomels ZZVU (1 - ZW]’,Z“]’,Z) N
and 1 j=2 Z=ii
1— 205 — 3o, _ 3 = > VNhonomers
Pz 2 = Via(1 = Va2t )NG + V32 (1 = vyjicai)Ny  (25)
which yields fractional amounts of o, ; = 0.091 and o 5 = 0.182. and
3. Case scenarios Z Vsolvent/monomer monomers ZVU (1 - ZVJJZ% Z)
Z=ii
Here, representative examples of how the generalized free- — vio(1 — Vg 302N (26)
solvent model (Eq. (1) with Egs. (13) and (14) substituted) can be - 22ii%2i1) 72
X = NY = (Viziittzii + Vi2(1 — Vaii0ta;i) )Ny (27)
NY + Nj + (0 + (1 = vaziiaii) — (Vizii + Va2ii) 02 — (V12 + V32)(1 — Va2,i02i) )N}

used are shown. In each case, the model is reduced to include only
relevant parameters. All cases consider only a single monovalent
salt species. Cases 1, 2, and 3 reduce the generalized free-solvent
model for single protein solutions, Cases 4, 6, and 7 reduce the
generalized free-solvent model for binary protein solutions, and
Cases 5 and 8 reduce the generalized free-solvent model for
ternary protein solutions.

3.1. Case 1: single protein forming a homo-dimer

Given a solution with a single protein (p = 1, n = 3), A, that only
forms a homo-dimer (i.e. AA). The free-solvent mole fractions
(Egs. (13) and (14)) are

11 11
I _ N Z Vsolvent/homo—multimerNhomo-multlmers —

1l
Z Vsolvent/monomerN monomers

Substituting Eqs. (21)-(26) into Eq. (19) and reducing yields

For this case, p =1 and lyomo-multimer = 1, thus there are a total of
6 parameters (Eq. (15)) in order to predict the osmotic pressure for
this solution: 2 hydration, 2 ion binding, 1 protein-protein interac-
tion, and 1 fractional amount of protein.

3.2. Case 2: single protein forming a homo-trimer

Given a solution with a single protein (p = 1, n = 3), A, that only
forms a homo-trimer, the free-solvent model mole fractions (Egs.
(13) and (14)), after substitution and reduction, are

X
1 11 1l
Z' 1 N + Z Nhomo multimers Z N Z VNhomo multimers

monomers

(19)
Z VNlrLonomers
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11 I
1 Ny — (Mzgiii%,iii + Vi2(1 — V22;i02;iii ) )N,

Xl = (28)
NY + N5 + (i + (1 = Vagjii0aiit) — (Vizjii + Vaziii) i — (Viz + Va2)(1 = Vazjiita;ii) )N3
and i L& O I
I Z VNhetero-multimers = ZZ Z ZZVUHA:Bﬁja,A:BNj
I Ny 29 51 J=2 a=j+1A=i B=i
X = N +Nl (29) .
1 3 = Z VNhetero-multimers
Identical to the free-solvent model solution for the homo-dimer = V12351Bo3 NI + Vazs.1iBos i N! (35)
case, p=1 and lhomo-muitimer = 1, thus there are a total of 6 parame- '
ters with 2 hydration, 2 ion binding, 1 protein-protein interaction, "
and 1 fractional amount of protein. Z Vsolvent hetero-multimerNhetero-multimers
2 3
3.3. Case 3: single protein forming a homo-dimer and homo-trimer = Z Z szljaA:Bﬁja.A:BN]l'l
Jj=2 a=j+1A=i B=i
For a solution containing a single protein (p=1, n=3), A, that = > Vsolvent/hetero-multimerNhetero-muttimers = V123.ii823.1iN3 (36)
forms a homo-dimer and a homo-trimer, the free-solvent model
mole fractions (Egs. (13) and (14)) are
N NY — (Viiitji + Vizgittaiii + Via(1 — Va2 — Vaiii02it) )Ny
1 [N“ LN LN (062,1‘1' + 0 + (1 — Vozii0ii — Voziii®%iii) — (Vizjii + Va2iii)O2ii + - )} (30)
PR = (Vi Vaziii) 2 — (Viz + Va2) (1 — VaziiOlai — VaoiiiOaii)
and 3 3
I 1
N ZNmonomers = Z 1- ZZZVjGA:Bﬁja,A:B Nj
xll = 1 - (31) j=2 Céif A=i B=i
N; + N 1l
o . ﬁ ZNmonomers
Here, p =1 and lhomo-multimer = 2, giving a total of 10 parameters I "
where 3 are hydration, 3 are ion binding, 2 are protein-protein = (1= v23;iBa3ii )Ny + (1 — V32,321 )N3 (37)
interactions, and 2 are fractional amounts of protein.
4 3 3
| _ . _ ) ) 11
3.4. Case 4: two proteins forming a hetero-dimer Z VNmonomers = Zz;vv 1 Z;;VJMB@M:B N;
it n3d™ oy A1 B
For a solution contfiining two proteins (p=2, n=4), A an.d B, = Z YN s = (V2 4 Va2) (1 = Va3 B3 10 )Ny
that form a hetero-dimer, AB, the free-solvent mole fractions 1
(Egs. (13) and (14)) are + (V13 + Va3)(1 — V32, 32,11)N3 (38)
i i 1
X“ _ N] - Z Vsolvent/hetero—multimerNhetem_multimers - Z vsolvent/monomeeronomers (32)
17 0 T ] T 1T
Ziﬁiilp“ Ni + E Nhetero-multimers + Z Nmonomers - Z VNhetero-multimers - E VNmonomers
and and
i
: NI] NI] (33) Z Vsolvent/monomeeronomers
X, = =
"SR N N N, s s H
- =2 0| 1=2-0°0 VieasBiaas |N;
= 2 A~ B

The terms in Eq. (32) are
11
= Z Vsolvent/monomeeronomerS

2 3
1 1 1t
ZNheterOfmultimers = Z Z ZZﬂiﬂArBNj = P3N (34) = Vi2(1 = Va33iBa310)N; + Vis(1 = Va2iiBspia)N3 39)

j=2 a=j+1A=i B=i
Substituting Eqs. (34)-(39) into Eq. (32) and reducing yields

N NY = Vi235iBa31iNy — Vi2(1 = Va35iBaz )N — Vis(1 — V321iB301i)Ns
! NI]I + NH + (Bozii + (1 - V23,i:i/323.i;i))lel +(1- V32,i:iﬁ32,i:i)NI31 +ee (40)

= (Vi3 + Va23ii)Bosii + (Viz + Va2) (1 — Va35iBasii) N3 — (V13 + Vas)(1 — V325iB30.15)N3
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Here, p= 2, lhetero-multimer = 1, lhetero—multimer,2 =1, and N2 = 2, thus
there are a total of 10 parameters (Eq. (15)) where 3 are hydration,
3 are ion binding, 2 are protein-protein interactions, and 2 are frac-
tional amounts of protein.

3.5. Case 5: three proteins forming a hetero-trimer

For a solution containing three proteins (p =3,n=5),A, B, and C,
that form a hetero-trimer, ABC, the free-solvent mole fractions
(Egs. (13) and (14)) are

M N

Similar to the hetero-dimer case, (p = 2, lhetero-muitimer = 1, lhetero-
multimer.2 = 1, and 77, = 2), there is a total of 10 parameters: 3 hydra-
tion, 3 ion binding, 2 protein-protein interactions, and 2 fractional
amounts of protein parameters.

3.7. Case 7: two proteins forming a hetero-dimer of a homo-dimer and
monomer

For a solution containing two proteins (p=2, n=4), A and B,
that form a hetero-dimer, AAB, of a homo-dimer, AA, and a mono-

X = Z:5[71 N = N &N (41) mer, B, the free-solvent mole fractions (Eqs. (13) and (14)), after
is-4 ! ! > substitution and reduction, are
N N = VizsiiiBasieiNy — Viz(1 = VaziiiBasiia)Ny — Vis(1 = VaziiiBii)N3
! NY + Ny + (Boziii + (1 = Va3iiBaziii))N3 + (1 = Va2 Bagiii)N3 + - - (45)
= (V123 + Vazsiii) Bz + (V12 + Va2) (1 = Vasiiifasiia) )Ny — (Vi3 + Vas) (1 — Va2giiBsaii)N3
Egs. (34)-(39), rather than being for the hetero-dimer, are in the and
hetero-trimer form, and when combined with Eq. (32) and L N'l 46
reduced, becomes = Nl1 +N£1 (46)
{N? - V1234.i:i:iﬁ234,i:i:iN121 - vi2(1 - V234.i:i:i5234,i:i:i)N[21 +
X <= V3(1 - V324.i:i:iﬁ3z4,i;i;i)lel +—via(1 - V423‘i:i:iﬁ423,i:i:i)N2
1
NY + NS + (Bozagii + (1 — Va3aiiiBasaiai))N3 + (1 = VaoaiiiBaoa )N + - (42)

< (1= Va3 iiiBagaiii)Ng + -

oo = ((Vi234ii + V5234 ) Pazaii + (Viz + Vs2)(1 — V234,i:i:iﬂ234,i;i;i))NIzI + e
s = (V13 4 V53) (1 = V32450 B3244)N3 — (Via + Vsa) (1 = VaziiiBazs i) Ny

where p=3, Ihetero-multimer = 1, lheterofmultimer,B =1, and N3 = 3, which
yield a total of 14 parameters: 4 hydration, 4 ion binding, 3 pro-
tein-protein interactions, and 3 fractional amounts of protein.

3.6. Case 6: two proteins forming a hetero-dimer of homo-dimers

For a solution containing two proteins (p=2, n=4), A and B,
that form a hetero-dimer, AABB, of homo-dimers, AA and BB, the
free-solvent mole fractions (Eqs. (13) and (14)), after substitution
and reduction, are

Similar to the hetero-dimer case, (p=2, Ilhetero-multimer= 1,
Ihetero-muitimer.2 = 1, and #, = 2), there is a total of 10 parameters: 3
hydration, 3 ion binding, 2 protein-protein interactions, and 2
fractional amounts of protein.

3.8. Case 8: three proteins forming a hetero-trimer and two hetero-
dimers

For a solution containing three proteins (p=3,n=5),A,B,and C,
that form a hetero-trimer, ABC, and two hetero-dimers, AB and AC,

It It it 1l
" N — Vi23jiiiiB23iiiN2 — V12(1 — Va3jiisi Baziiii) Ny — V13(1 — V32iii 32,1t ) N3

X =
NY + Ny + (Bas i + (1 = VasiiiiBoz iai) )N + (1 — Vszii:ii532,11;11)1\113I +oe
= ((Vasiidi + Vazsiiai) Baziai + (Viz + Va2) (1 = Vasiii ozt ) )N3 —

and
M

X =1 44
"N 4N, (44)

1 1n
N — (V123,Bo3 i + Vi2aiiPoaii + V123aiiif3aiii) Ny + -+

"
s = V12(1 = Va33iBasii — VaaiiPrais — V23aiiiP3aiii) Ny +

I I
n_ < = V13(1 = Va2iiPBaaii — V32aiiiPaoaiii N3 — V1a(1 — VaziiBaaii — VasiiiPazziii ) Na

(43)

(V13 +va3)(1 — V32‘ii:iiﬁ32,ii:ii)NI3[

the free-solvent mole fractions (Eqgs. (13) and (14)) are

i 1 i
N3 4 N5 + (Bosii + Boaii + Posaiii + (1 = Va3iifasii — Voaiibaaii — Vasaiiifrsaiii) )Ny + -+

(47)

1l 1t
cA (1= Vapiifii — Va2aiiiPa2aiii)N3 + (1 — Vaziifazii — VazsiiiPaziii)Ng + -
Il
s = (Vi3 + Vaz3ii) Pz i + (Viz + Vs2) (1 — Va3ifaz i — VaaiiPaaii — VasagiiPazaiii) )Ny + -+

il il
w0 = (V13 +53)(1 — V324iBaaii — Va24iaiBa2aiii)N3 — (Vi3 + Vs3)(1 — VaziiBazii — Vaz3iiiBaz3iii)Na
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Fig. 1. Osmotic pressure vs. concentration for a theoretical single protein solution, in 0.15 M NaCl, with the formation of a homo-dimer: the effect of changing the hydration
and SASA. The generalized free-solvent model is plotted when only the monomer is present with solute-solvent interaction parameters of v; = 1.177 g H,0/g monomer and
V3 = 8.81 mol NaCl/mol monomer (solid curve). When a homo-dimer occurs and forms at a ratio of 3:1 monomer:dimer (o = 0.2 and v, = 2 mol monomer/mol dimer),
with the monomer maintaining its hydration and ion binding, the free-solvent model is plotted for changes to the homo-dimer SASA which affects the homo-dimer hydration
at a fixed ion binding (where Vdimer-ion = 2(Vmonomer-ion) OF V32 = 17.62 mol NaCl/mol dimer): (1) the homo-dimer has no change to the hydration, v, = 1.177 g H,0/g Dimer
(dotted curve); (2) the homo-dimer has a SASA that is 80% of 2 times the monomer SASA (thus v, = 0.942 g H,0/g dimer) (dash-dot curve); and (3) the homo-dimer has a
SASA that is 10% more than 2 times the monomer SASA (thus vy ;; = 1.295 g H,0/g dimer) (dash-dot-dot curve).
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Fig. 2. Osmotic pressure vs. concentration for a theoretical single protein solution, in 0.15 M NaCl, with the formation of a homo-dimer: the effect of changing the ion binding.
The generalized free-solvent model is plotted when only the monomer is present with solute-solvent interaction parameters of v;,=1.177 g H,0/g monomer and
V3 = 8.81 mol NaCl/mol monomer (solid curve). When a homo-dimer occurs and forms at a ratio of 3:1 monomer:dimer (o = 0.2 and v, ; = 2 mol monomer/mol dimer),
with the monomer maintaining its hydration and ion binding, and the homo-dimer having no change to the SASA (SASAdimer = 2(SASAmonomer) therefore vy = 1.177 g H,0/g
dimer), the generalized free-solvent model is plotted when: (1) the ion binding of the homo-dimer is 2 times that of the monomer, v ;i = 17.62 mol NaCl/mol dimer (dotted
curve); (2) the homo-dimer ion binding value is 1.5 times that of the monomer, v35; = 13.22 mol NaCl/mol dimer (dash-dot curve); (3) the homo-dimer ion binding value is
the same as the monomer, vs;;; = 8.81 mol NaCl/mol dimer (dash-dot-dot curve); and (4) the ion binding of the homo-dimer is 3 times that of the monomer, v3;; = 26.43 mol
NaCl/mol dimer (dashed curve).
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Fig. 3. Osmotic pressure vs. concentration for a theoretical single protein solution, in 0.15 M NacCl, with the formation of a homo-dimer: the effect of increased homo-
dimerization. The generalized free-solvent model is plotted when only the monomer is present with solute-solvent interaction parameters of v;, = 1.177 g H,O/g monomer
and vs3; = 8.81 mol NaCl/mol monomer (solid curve). The homo-dimers (v, i = 2 mol monomer/mol dimer) have solute-solvent interaction parameters of v;5; = 0.942 g H,0/
g dimer and vz = 17.62 mol NaCl/mol dimer in all cases. The generalized free-solvent model is plotted for various fractional amounts of homo-dimerization: (1) 3:1
monomer:homo-dimer, o = 0.2 (dotted curve); (2) 1:1 monomer:homo-dimer, o5 = 0.33 (dash-dot curve); and (3) 1:3 monomer:homo-dimer, o5 = 0.43 (dash-dot-dot

curve).

Table 1

Physical parameters used in the generalized free-solvent model for a single protein solution forming a homo-dimer.

Protein Molecular weight,  Hydration Solvent accessible  Ion binding (mol  Fractional amount Protein-protein binding,
M, (kDa) (g H,0/g Protein)  surface area (A2) Salt/mol Protein)  of homo-dimer, ¢25 V22 (mol Monomer/mol Mulimer)

Monomer (A) 66.43 1177 28,553 8.81 N/A N/A
Homo-dimer (AA)  132.86 Varied: Varied: Varied: Varied: 2

1.177 57,106 17.62 0.20

0.942 45,705 13.22 0.33

1.295 62,832 8.81 043

26.43

Table 2

Physical parameters used in the generalized free-solvent model for a binary protein solution forming a hetero-dimer.

Protein Molecular Hydration Solvent Ion binding Fractional amount of Protein-protein binding, v23 i, V32,i:i
weight, (g H,0/g accessible (mol Salt/mol hetero-dimer, (mol Monomer/mol Mulimer)
M, (kDa) Protein) surface area (A?) Protein) Bosicir P3aici
Monomer (A) 66.43 1.177 28,553 8.81 N/A N/A
Monomer (B) 155 1.110 62,830 24.30 N/A N/A
Homo-dimer 221.43 0.904 731,001 28.20 Varied: 1
(AB) 0.09
0.23
0.33
0.50
and 4. Theoretical effects of model physical parameters on osmotic
NI pressure
Xll Y : 1 (48) . . . . .
Ny +N; 4.1. Single protein solution with homo-dimers

where p=3, lhetero—multimer =3 (Ihetero-multimer,Z =2and lhetero—multimer,3 = 1)v
n,=2,and n3 = 3, which yield a total of 26 parameters: 6 hydration,
6 ion binding, 7 protein-protein interactions, and 7 fractional
amounts of protein.

The free-solvent model for a single protein solution, and a
monovalent salt, in which a homo-dimer forms (Egs. (20) and
(27) substituted into Eq. (1) is plotted for various homo-dimer



D.W. M*Bride, V.G.]. Rodgers/Mathematical Biosciences 253 (2014) 72-87 81

SASA and the corresponding homo-dimer hydration value (Fig. 1),
various dimer ion binding values (Fig. 2), and various dimerization
ratios (Fig. 3). For all three cases, v, =2 mol monomer/mol
dimer, and the first two cases have a constant a ratio of 3:1 mono-
mer:homo-dimer (o; = 0.2) (see Tables 1 and 2).

Fig. 1 shows the effect changing the SASA, upon homo-dimer-
ization of a protein, has on osmotic pressure. When there is no
change to the SASA upon dimerization (i.e. the SASA of the dimer,
SASAdimer, 1S two times the value of the monomer SASA,
SASAmonomer), and if the ion binding is twice that of the monomer,
such as occurs if dimerization has no effect on the net charge, the
osmotic pressure is nearly identical to the osmotic pressure of a
purely monomer solution. The lack of a SASA change for the dimer
(i.e. SASAdimer = 2(SASAmonomer)) iS typically observed the protein-
protein interactions are weak.

If there is a reduction in the SASA of the dimer (ie.
SASAdimer < 2(SASAmonomer)), the osmotic pressure of the solution
decreases, while if the SASA of the dimer increases (i.e.
SASAdimer > 2(SASAmonomer)), the osmotic pressure of the solution
increases (Fig. 1). The former case occurs in the majority of strong
protein-protein interactions as solvent is displaced and replaced
by electrostatic or van der Waals interactions. The latter case can
occur if the protein—protein interaction causes a conformational
change in one or more of the proteins.

Fig. 2 shows the effect changing the ion binding, upon homo-
dimerization of a protein, has on osmotic pressure. When the
hydration values are keep constant for the dimer, the loss of ions
(reduction in ion binding, Vdimer-ion, COMpared to twice that of the
monomer, Vmonomer-ion) UpON dimerization results in an increase
in the osmotic pressure, while an increase in the ion binding of
the dimer (i.e. Vdimer-ion > 2(Vmonomer-ion)) Yields a decrease in the
osmotic pressure. When a protein-protein interaction occurs, there
is typically an effect on the overall net charge of the dimer which
causes a shift in the amount of ions bound. However, at the

140

isoelectric point of the protein, the ion binding value of the
homo-dimer may be unaffected (i.e. Vdimer-ion = 2(Vmonomer-ion))-

Fig. 3 shows the effect increasing the amount of dimers in solu-
tion (i.e. oy increases) has on osmotic pressure. The osmotic pres-
sure, as the fractional amounts of dimers increase, reduces the
osmotic pressure, assuming that the hydration is the same
(SASAdimer > 2(SASAmonomer)) and the ion binding value is twice
that of the monomer (Vgimer-ion = 2(Vmonomer-ion))- This effect is
due to the mole fraction of water for homo-multimers being closer
to unity compared to the mole fraction of water for the pure mono-
mer solution. As the total protein concentration, in grams per liter
solution, increases, the moles of monomer increase more rapidly
than the moles of homo-multimers.

4.2. Binary protein solution

4.2.1. Only monomers are present

The free-solvent model for a binary protein solution, and a
monovalent salt, in which only monomers are present (Fig. 4) is
modeled. The free-solvent model for a binary protein solution of
pure monomers was developed previously by Yousef et al. [12].
As the molar ratio of protein A to protein B is changed, the osmotic
pressure is affected such that the greater the molar ratio in favor of
protein A (i.e. moles A is greater than moles of B, (A/B) > 1), the
osmotic pressure closes in on the osmotic pressure of the single
protein A monomer solution as B — 0. Conversely, when the moles
of protein B are greater than the moles of protein A ((A/B) < 1), the
osmotic pressure closes in on the single protein B monomer
solution osmotic pressure as A — 0.

4.2.2. With the formation of hetero-dimers

The free-solvent model for a binary protein solution in which
hetero-dimers occur, given by substituting Eqs. (33) and (40)
into Eq. (1), is modeled (Fig. 5). As the fractional amount of
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Fig. 4. Osmotic pressure vs. concentration for a theoretical binary protein solution in 0.15 M NaCl: the effect of changing ratio between the two proteins. The generalized free-
solvent model for each single protein solution is plotted: protein A with v;, = 1.177 g H,0/g Protein A and v, = 8.81 mol NaCl/mol Protein A (solid curve) and protein B with
v12 = 1.110 g H,0/g Protein B and vs3, = 24.30 mol NaCl/mol Protein B (dotted curve). The generalized free-solvent model for various molar ratios between protein A and
protein B is plotted: (1) 1:1 A:B (dash-dot curve); (2) 3:1 A:B (dash-dot-dot curve); and (3) 1:3 A:B (dashed curve).
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Fig. 5. Osmotic pressure vs. concentration for a theoretical binary protein solution in 0.15 M NaCl with the formation of a hetero-dimer: the effect of increased dimerization.
The generalized free-solvent model for a 1:1 A:B binary protein solution is plotted when the solute-solvent parameters are v, = 1.177 g H,0/g Protein A, v, = 8.81 mol NaCl/
mol Protein A, vi2=1.110 g H,0/g Protein B, and v3, = 24.30 mol NaCl/mol Protein B (solid curve). When a hetero-dimer (v,3;.; =1 mol monomer A/mol dimer AB and
v32;:i = 1 mol monomer B/mol dimer AB) occurs with solute-solvent parameters of vi»3;.; = 0.904 g H,0/g dimer and v.,3;:; = 28.02 mol NaCl/mol dimer, the free-solvent
model is plotted for various fractional amounts of hetero-dimerization: (1) 10% hetero-dimerization (A:AB=9:1), f3i:i= f32i:i=0.1 (dotted curve); (2) 30%
hetero-dimerization (A:AB=7:3), B23;:i = B32.:i = 0.3 (dash-dot curve); (3) 50% hetero-dimerization (A:AB=1:1), Ba3;:i = B32:i = 0.5 (dash-dot-dot curve); and (4) 100%

hetero-dimerization (A:AB = 0:1), f23:i = f32.i:i = 1.0 (dashed curve).

dimerization, fs3;, increases, the osmotic pressure decreases
when all other parameters are held constant.

5. Discussion
5.1. Weak protein-protein interactions

Weak protein—-protein interactions are considered to be those
for which no (or minimal) solvent is displaced from the proteins’
surfaces (negligible loss in solvent accessible surface area) by the
interaction. An example of this is albumin [28,29].

For the scenario when weak protein-protein interactions occur,
the free-solvent model can be developed with the assumption that
only monomers exist in solution (given that Vgimer-ion = 2(Vionomer-ion))-
While this assumption is not physiologically true, the displace-
ment of no, or minimal, solvent allows for the hydration value of
monomers and homo-multimers to be nearly-identical (if consid-
ering the units grams of water per gram of protein). This effect
on osmotic pressure is shown in Fig. 1 by comparing the solid
curve (which is the pure monomer solution) and the dotted
curve (homo-dimer solution with SASAgimer = 2(SASAmonomer) and

Vdimer-ion = 2(Vmonomer—ion))-
5.2. Strong protein—protein interactions

Strong protein-protein interactions are considered as all inter-
actions which displace solvent from the surface of each protein,
resulting in a change in the SASA for the multimer (i.e. the multi-
mer has a binding interface that does not contain solvent). The
binding interface between the proteins forming a multimer can
be driven by electrostatic or van der Waals interactions.

For any solution in which strong protein-protein interactions
occur, the free-solvent model, developed herein, can be used after

making the appropriate reduction in terms (similar to the case sce-
narios presented). Each of these interactions will have unique
hydrations, ion binding values, and fractional amounts of protein
which need to be considered.

5.3. Robustness and limitations of the generalized free-solvent model

5.3.1. Osmotic pressure prediction

Given that the values of hydration and ion binding are available
for all proteins in solution, and that the amount of proteins partic-
ipating in protein-protein interactions is known, the free-solvent
model can provide excellent predictions of the crowded protein
osmotic pressure [6,7,30].

While a solution with n species and p proteins can be modeled,
there is a limit to the predictive power of the free-solvent model;
there will be a point at which the inclusion of additional parame-
ters will have a negligible effect on the predicted osmotic pressure
due to the sensitivity of each parameter being reduced.

5.3.2. Osmotic pressure regression

The free-solvent model has also been shown to provide infor-
mation about the protein, such as hydration, ion binding, and SASA,
when concentrated osmotic pressure data is regressed on
[6,7,18,19,30-33]. However, with the development of the general-
ized free-solvent model which considers protein-protein interac-
tions comes some limitations to the ability of the free-solvent
model for osmotic pressure data regression. The free-solvent
model may have limited success when regressing for multi-compo-
nent protein solutions due to the large number of parameters
which may need to regressed on. This may cause the regressed
parameters to have a high covariance and thus remove physiolog-
ical significance from the values of the parameters. However, if the
values of most of the physical parameters are known for the
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macromolecules in solution, the regression power of the free-sol-
vent model on the remaining parameters will increase and may
yield physiologically meaningful values of the regressed
parameters.

5.3.3. Truncating the free-solvent model

In order to recover some of the robustness of the free-solvent
model for predicting osmotic pressure or for regressing on osmotic
pressure data to determine the values of the physical parameters,
the free-solvent model may need to be truncated to remove some
of the higher order multimers. This should be done with caution;
experimentally determining the values of the hydration or the frac-
tional amounts of the homo- and hetero-multimers can be useful
when determining the appropriate terms to remove in order to
maintain the robustness of the free-solvent model. Alternatively,
a sensitively analysis of the terms in the free-solvent model (mole
number, hydration, ion binding, and fractional amount) can be per-
formed to determine the appropriate terms to neglect for truncat-
ing the generalized free-solvent model.

6. Conclusions

The free-solvent model is an excellent predictor of the osmotic
pressure for concentrated single protein solutions. Here, a general-
ized free-solvent model for multi-component solutions in which
protein-protein interactions occur has been developed. This gener-
alized form of the free-solvent model considers both intra- (homo-
multimer) and inter-protein (hetero-multimer) interactions.

Given that the physical parameters are available, experimental
data for the osmotic pressure of crowded multi-component protein
solutions no longer needs to be obtained because the free-solvent
model allows for excellent predictability. This methodology can be
extended to even predict the osmotic pressure within a biological
system, such as a cell, given that the hydrations, ion binding values,
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and the fractional amounts of protein are known for each
macromolecule.
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Appendix A. An example of the generalized free-solvent model
considering seven monomeric proteins in solution forming
homo- and hetero-multimers

Consider a multi-component protein mixture, containing seven
monomeric proteins, in aqueous solution with a single monovalent
salt in which homo-multimers and hetero-multimers are observed.
For illustration purposes, let the monomeric proteins be labeled
protein A-G. The following homo-multimers are formed in solu-
tion: AA, BBB, EE, and FFFFF. The hetero-multimers formed are:
BCC, CCDD, EF, ABE, BEFG, and ABCDEFG.

A.1. Free-solvent in compartment II

In this solution, the total number of monomeric proteins is
seven (p =7) and the total number of species is nine (n=9). The
solvent and salt are species 1 and 9, respectively. The proteins
are species 2-8.

For the solution in compartment II, the solvent bound to the
proteins and their interactions are
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The above equations reduce to

I I I 0 I
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Then moles of free-solvent then becomes
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A.2. Total moles in compartment Il

The total moles of proteins and the bound solvent in compart-
ment Il are
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The free-solvent model for such a solution is Eq. (A.1) divided by
Eq. (A.2).

Assuming that the number of moles of each monomeric protein
species is known, there are 82 unknowns, all of which are physi-
cally realistic and independently measurable. Of these unknowns,
17 are hydration values, 17 are ion binding, 24 are protein—protein
interactions, and 24 are fractional amounts of the monomeric
proteins.

References

[1] RJ. Ellis, Macromolecular crowding: obvious but underappreciated, Trends
Biochem. Sci. 26 (2001) 597.

[2] A.P. Minton, The influence of macromolecular crowding and macromolecular
confinement on biochemical reactions in physiological media, J. Biol. Chem.
276 (2001) 10577.

[3] W.G. McMillan, J.E. Mayer, The statistical thermodynamics of multicomponent
systems, J. Chem. Phys. 13 (1945) 276.

[4] J.J. van Laar, On the exact formulas for the osmotic pressure, for the changes to
the solubility, for freezing point - and boiling point - changes, and for the
solutions - and dilutions — warm with bodies dissociated in solution, Z. Phys.
Chem. 15 (1894) 457.

[5] G.N. Lewis, M. Randall, Thermodynamics, McGraw-Hill, New York, 1961.

[6] M.A. Yousef, R. Datta, V.G.J. Rodgers, Free-solvent model of osmotic pressure
revisited: application to concentrated igg solution under physiological
conditions, J. Colloid Interface Sci. 197 (1998) 108.

[7] M.A. Yousef, R. Datta, V.G.J. Rodgers, Understanding nonidealities of the
osmotic pressure of concentrated bovine serum albumin, J. Colloid Interface
Sci. 207 (1998) 273.

[8] M.A. Yousef, R. Datta, V.G,J. Rodgers, Free-solvent model of osmotic pressure
revisited: application to concentrated igg solution under physiological
conditions, J. Colloid Interface Sci. 197 (1998) 108.

[9] M.A. Yousef, R. Datta, V.G.]. Rodgers, Understanding nonidealities of the
osmotic pressure of concentrated bovine serum albumin, J. Colloid Interface
Sci. 207 (1998) 273.

[10] M.A. Yousef, R. Datta, V.G.J. Rodgers, Confirmation of free solvent model
assumptions in predicting the osmotic pressure of concentrated globular
proteins, J. Colloid Interface Sci. 243 (2001) 321.

[11] M.A. Yousef, R. Datta, V.G.J. Rodgers, Monolayer hydration governs nonideality
in osmotic pressure of protein solutions, AIChE J. 48 (2002) 1301.

[12] M.A. Yousef, R. Datta, V.G.]J. Rodgers, Model of osmotic pressure for high
concentrated binary protein solutions, AIChE J. 48 (2002) 913.

[13] L.D. Kuntz, T.S. Brassfie, G.D. Law, G.V. Purcell, Hydration of macromolecules,
Science 163 (1969) 1329-1331.

[14] LD. Kuntz, W. Kauzmann, Hydration of proteins and polypeptides, Adv. Protein
Chem. 28 (1974) 239.

[15] G. Otting, E. Liepinsh, K. Wuthrich, Protein hydration in aqueous solution,
Science 254 (1991) 974.

[16] J.A. Rupley, G. Careri, Protein hydration and function, Adv. Protein Chem. 41
(1991) 37.

[17] B. Halle, T. Andersson, S. Forsen, B. Lindman, Protein hydration from water O-
17 magnetic-relaxation, J. Am. Chem. Soc. 103 (1981) 500.

[18] D.W. McBride, V.G.J. Rodgers, Obtaining protein solvent accessible surface area
(SASA) using osmotic pressure, AIChE J. 58 (2012) 1012.

[19] M.A. Yousef, R. Datta, V.G.J. Rodgers, Monolayer hydration governs nonideality
in osmotic pressure of protein solutions, AIChE ]. 48 (2002) 1301.

[20] G. Scatchard, I.H. Scheinberg, S.H. Armstrong, Physical chemical of protein
solutions. IV. The combination of human serum albumin with chloride ion, J.
Am. Chem. Soc. 72 (1950) 535.

[21] C.W. Carr, Studies on the binding of small ions in protein solutions with the
use of membrane electrodes. I. the binding of the chloride ion and other
inorganic anions in solutions of serum albumin, Arch. Biochem. Biophys. 40
(1952) 286.

[22] C.W. Carr, Studies on the binding of small ions in protein solutions with the
use of membrane electrodes. II. The binding of calcium ions in solutions of
bovine serum albumin, Arch. Biochem. Biophys. 43 (1953) 147.

[23] CW. Carr, Competitive binding of calcium and magnesium with serum
albumin, Proc. Soc. Exp. Biol. Med. 89 (1955) 546.

[24] G. Scatchard, ].S. Coleman, A.L. Shen, Physical chemistry of protein
solutions.VII. The binding of small anions to serum albumin, J. Am. Chem.
Soc. 79 (1957) 12.

[25] H.B. Bull, K. Breese, Protein hydration. I. Binding sites, Arch. Biochem. Biophys.
128 (1968). 488-&.

[26] M.D. Reboiras, H. Pfister, H. Pauly, Activity-coefficients of salts in highly
concentrated protein solutions. 1. Alkali chlorides in isoionic bovine serum-
albumin solutions, Biophys. Chem. 9 (1978) 37.

[27] M.D. Reboiras, H. Pfister, H. Pauly, Activity-coefficients of salts in highly
concentrated protein solutions. 2. Potassium-salts in isoionic bovine serum-
albumin solutions, Biophys. Chem. 24 (1986) 249.

[28] R.F. Atmeh, .M. Arafa, M. Al-Khateeb, Albumin aggregates: hydrodynamic
shape and physico-chemical properties, Jordan J. Chem. 2 (2007) 169.

[29] Y. Wang, Electrostatic Contributions in Binary Protein Ultrafiltration,
Bioengineering, University of California, Riverside, Riverside, 2008.

[30] M.A. Yousef, R. Datta, V.G.J. Rodgers, Model of osmotic pressure for high
concentrated binary protein solutions, AIChE ]. 48 (2002) 913.

[31] Y. Wang, V.GJ. Rodgers, Free-solvent model shows osmotic pressure is the
dominant factor in limiting flux during protein ultrafiltration, J. Membr. Sci.
320 (2008) 335.

[32] Y. Wang, V.GJ. Rodgers, Determining fouling-independent component of
critical flux in protein ultrafiltration using the free-solvent-based (FSB) model,
AIChE ]. 56 (2010) 2756.

[33] Y. Wang, V.G.]. Rodgers, Electrostatic contributions to permeate flux
behavior in single bovine serum albumin ultrafiltration, J. Membr. Sci. 366
(2011) 184.





