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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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€24 .. sAn Analytical Method for the Calculation o T
C of Radiation Dose Rates Due to Protons® : :
- Rubin Goldstein °

; Department of Nuclear Enginecering, College of Engineering.
and Lawrence Radiation Laboratory
University of California, Berkeley, California

January 34, 1964

The problem of determining an analyv.xcal expression for the calculation of
radiation dose is examined. We attempt to evaluate the primary dose rate

“due to an arbitré.ry spectrum of high-energy protons incident on a space

s L

- vehicle. This problem was recently examined by Evans. 1
o The diameter of the vehicle is assumed to be much greater than the
- raxige of the high-energy protgns and the curVature of the wall, therefore, .
N Imay be neglected.. Consequently the theory will be developed in terms of
: i } particles incident on a planar surface. |
| For the calculation of the depth dose, Evans presents a graphical'
method involving considerable labor. He also gives a c:u&e Iappfoximate
| '>depth~dose theory, . the results _ofw:hich do not a.gx;ee very well with those -
obtained by the .more accurate gr#phica.l method.
We present an analytical method, the results of which agree very well
" with those obtained by the g.raphical method and yet involve iittle 15bor. With

a simple two-term formula, the dose as a function of depth may be evaluated -

in a.matter of minutes, - The a.pproximations in this fqrmula. are discussed .

2
"y

and the results are compared with the graphical method.
o We _formulate the problem_'in terms of the a.ngularv flux, ¢(£, E,Q), of
barticles incident on a planar surface. The quantity ¢(£. E.ﬁ)dE ai gives

~ the number of particlea per crxiz' per éecond at the pdint r: having the
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vvector Q within the solid angle dﬁ Thus if x is the location of a surface

‘element dS with an inward normal unit vector &, then ¢(z, E, ) - Gasama

S gives the number of particles per aecond passing through the area element

"o multilayer systems.) . We wish to evaiua.te the energy deposition in a volume o

’ ’_Furthermore, cmly those particles within the cone of incidence given’ by the == . e

~ dS in the direction 8 within df and having energy E within dE. - This

' 'conatituteei the surface source of particles incident upozi the space vehicle.

Consider a vehicle composed‘of a thin outer shell of thickness a,

| surrounding a second medium whose arbitrary depth y is measured from the.

.inte'rface_df'the’ two media. . (If desirable, the analysis can easily be extended '

: .element dV = dA dy located at depth y and having a surface area dA.

Only those incident particles having the:direction & headed toward

| the volume element dV ¢an contribute to the primary dose rate in dV. Iii

- other words, if w is the cosine of the angle between the point on the surface =

'under consideration and the normal to the area dA, then . ﬁ must equal [UR. w

solid angle dQ. p.dA/ r” can enter dV from the point r. G
- . The energy of incident particles arriving at dV  has been reduced in
transit, by ionization and excitation. of the atoms of the media. Let:

2(y.E. i) be the energy. of the protons in medium 2 upon arrival at av; E, -

. _‘.‘ is a function of the depth Yo - the incident energy E. and the direction of

s Aincidence given by l-'--

- If the specific energy ioss is given by dEz/dr. then the energy de~

posited in traveling through dV . in the directxon Q is given by _
P (dEz/dr)(dY/M) If»the density of medium Z is pz.' then the mass contain_ed”_»-» ‘

,J:v'.in dV is pde psz dy. Therefore. the dose rate from ali pomts on the

s surface due to an arbitrary incident spectrum is

N
A

- 41_5 dEz . Lo
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‘Let the surface element dS be desxgnated by the angles » and @

with respect to the' origin at dA. The dose rate therefore may also be written . "

o o a8 n i . o . ri e . : I A
T o Dly) === | dD J du dE¢(r. N N LR

Equation (1) is the moet general form of the primary dose rate due to a flux

- of arbitrary direction and energy incident ona planar surface.

For ‘the special case of a uniform isotropic monoenergetic fiu.x of

»

protons of energy Eo' equation (1) simplifies to

. A dEz(Y'Eonp-) S L

O where the conatant o gives the number of particles of energy E per c:mz
:  ‘.per second. independent of direction._‘ - . ‘ | ‘
CorreSponding to the energy Ez(y. ' p), the proton has a residual
o :-_:_j.";’.rang‘e R(EZ) = R(y, E 0r p.) Let p. be the effectWe inverse linear relative |
/ ‘ "-":istopping power of medium 2 thh respect to medium 1, Since p. is known |
:‘f;‘l-to have a weak energy dependence. it ia taken to be approximately independent

: :'3 of energy.- If R. (E ) and RZ(E ) are the ranges of a proton of energy E

R ;when entirely in medium i or 2 then p- RZ(E )/R1(Eo) iThe residual |

"'vb’iprange in medium 2 is thus given by

,:f. R(EZ) = R(y. o.p.) = RZ(E ) | -Y; I;

xe

U i we'défine v

RV g S SR N C
R RptBe)




-de | o ‘UCRL-10'988 Rev.

;-

Note that the residual range R must be greater tha.n or equal to zero.

N whzch means tha.t only those particles w1thm the cone given by

L Pab(Y)zl*min‘“ 1 L (5)

can contribute to the dose rate,
" One may now grbaphica.lly evaluate the dosé rate given by eque,tion (2)
" by making use of expression (4) and the appropriate range-energy and specific

- energy-loss curves. The recipe for thie graphical approach is given in

! 'To obtain an a.na.lytic representation of the dose rate, we ha.ve to
o assume an a.nalytical form for the range-energy relation. The approxzmate SR

, analytical form

: i
~

where p anc_ll q are empirical constants giving the ordinate interceptand = . '
| _v'vslope oflog Rvslog E. . - ’ '

Since the proton ie assumed to expenence at most sma.ll-angle elastic

vecattermge, thé path 1ength and the range are approxxmately equal.‘

e Therefore.

Pzdr q Psz(E ) [ bly) ).~1 {/q o e s T

)

Fi’om equai:ions"(z). (5); and v(7)-;">'the dose rate is theni' given by

S ) . E oAl L S :
| D(Y) zq Psz(E ) . b(y) [“"""‘"'E"""'( ]Q B A8

| The integra.l 1n equatxon (8) cannot be evaluated exactly, HoWever; '

since the values of ik in the integral are sueh that b(y)/ # £ 1, one may

S - straight-line behavior of a log-log plot of R(E) vs E implies the appm"imate e

R pE® e
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£ iexpand the integrand in a power seriee. and then evaluate the 1ntegra1 term ‘_ f :

| - To zeroth order. [1 b(y)/p.] - %1, the corresponding dose rate.
,"D(")(y) would be i | ‘

Q:

RO

[1 b(v)l oy

Equation (4 0) ie essentially the result of the approximate theory of Evane; 1
.apart from a factor of 1/q, which seems to have been omitted. Note that thrs

zeroth order approximation neglects the y and p dependence of the integra.nd.

- and it yields a linear dependence of the,dose rate D on the depth y. ;'ll‘he res i

'snlts obtained by the linear approximation are not very aceurate in comparison . -

i = with those obtained with the "exact" graphical method. (Cf‘ ¥ ig. P-7, p. 31 Of

- Ref. 1.)

7" the dose rate is

L To the next order of approxunation

T .
I £ B

|

(1), B r L
p (y)- . -a-z-'-ﬁ:zgi b(y)+obty) logw

" This improves the theoretical dose rate and the ‘log termv introduces the

necessary nonlinearity in the expression. However, a caref'ul 'e'xamination v

reveals that these auccessive orders of approximatmn converge rather slowly.

t

The reason for this is that the maJor contribution to the integral m equatxon (8)
'_vcomes when the denorninator of the integrand 13 small i ey when B is close

‘ ‘.f'l.'tO b(y) ‘But it is just in thia limit that the series representation given by

.'_"equation (9) convergee very alowly.
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- With this change of va.riables. equation (8) becomes B
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To overcorhe this difficulty, we introduce a new 'va_'riabie‘x.‘ '

i'-'-l‘2 xao
p_

B, 1-bly)

_‘l’_, R 'b(x). o
& 24 p,R,(E,) T J, x*(1-x)
Since b(y) is never zero, x ‘is always less than one, and we may now expand
(i-x) in -a power series Furthermore. the major contribution to equation
(12) occure when x is close to zero, and the series expansion is particularly

good in this limit. Hence, we may rewrite the integra.l in equation (12) as

g ~b(y) y T
f | dx (i-b) m+1“i-o. (1- b) _' | (13)
o % (1-x) m+1-o. L L EE

Let Rn” he the re'niainder of the series in:'(13) after"‘ n 'ter'nié: T,

=ty ._‘_.2._.. (1 b)““ . i

R 1.o d : . "ln
‘ ‘_ n-_i-I_ ) T n+2-

‘R =

*

Notmg that 0 < a < i. ‘one sees that the coefficients c oflée'e:c‘h”of the terms

inR are bounded as £ollows. RS S

e “Therefore,

o fsn e " fea (1 «b)®

: a ST .

' Equation (14) gives upper and Vlov&‘er bounds to the rerri_ainde,i':, of_th_e series. f _' _

| In the limit of large n, the two bounds coa,lesce. '

e :‘3 O R

LI
R

B As a.n approximation to the remainder. we choose the arithmetic mean;

of the upper ‘and lower bounds: b o



- pdepth. which we have sought.

‘ -given by equation (16) with the graphical method for the case treated by o

'betWe_en'-COpper and stainless eteel' 1;’9;:’:;11;) . ; ':'

The dashed curves represent the results of the graphical method. There is L ‘

'1,
’

o a. certain arbztra.riness in the: rounding off of peaks in the graphical method. -

“Te ’, - UCRL-10988 Rev.

R_= (1-a)-(——-L- N ’

n n+l -a
It turns out that R.1 is a good approximation to the senes remainder

after the first term, Usmg equatxons (13) and (‘15) in (12). we have, in thxs .

".a.pproximation._ P . - R A R -
D) oo (1ot [<3q+1>+(zq+ )(q- 1)bm] 16)
. _‘5 .- 42p2R2(E ) 2q(q+1) . ,

Equation (16) is the analytical expression for the dose rate as a function of

We compare’ the analytical result for the depth dose rate per unit flux

£ Eva.ns‘_1 Thisi-is the problem of a uniform isotropic- monoe_nergetic flux of
»'40-MeV protons incident on liquid hydrogen enclosed in a copper shell 30 lv
mils thich. (Evans treated a etamless steel shell. but we use copper because - :
" jﬂfexact range-energy data are available for copper and we avoid the interpola.-*."' ’

o :tion between curves necesaary for'stainl_essb svteel.' At any rate. “the d;fference

I‘he basic data are: BT

-0 MeV_ . p(y) =0.2640.10%; . q=1.8.
PaR2(Ee) g/em® A

.f‘or this cas'e equation (16) becomes

\” " D) (21 9+1. 15y)(0 74 0,40 >y)

v_Q_ _ | g/cm

The solid curve in Fig. 1 15 the graph of the analytxcal expression (17)

2 The uncertainty in this rounding off is a crude approximation to the error ‘. DL :

1/1.8 _Mev
/18 MY, . um

e
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involved in the neglect of the smearinge«out effect of proton straggling. - This v

e _.uneertainty due..to proton Bt_raggling. ie‘_‘e‘videnced by two curves. Theiupp-e.r‘ -

" within the envelope formed by the curves of the graphical method in Fig. 1.
" Aside from the uncertainty due,to proton straggling, the agreement is quite

fyzgoodl'*v"(

The ana.lytical result given by equa,tion (16) or (17) is seen to fall mcely S

:and 10Wer'da8hed curves thus form an envelope within which the exact curve S

" The basic epproximations in -ex'pree sio'n (16) ere the'a.pprozdmate range - :':*j- -

" ‘energy relation given by equation (6) ‘and the series remainder approxxmatron

o -given by equation (15). ' The former ma.y ‘be improved by choosmg different

constante p and q for different energy ranges. while the latter may be S

: improved by using a.dditionai t}erms in the serxes (13) and the remainder

"’E"R for o >1 o , : L ‘

' _'_advantages of equation (16)
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Although these improvements may increase the accuracy .of the analytrca.l‘».',_'b":':'vl.~',“"'if

- l"-"'rnethod. they come at the expense of eimplicxty. which is one of the great EE
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained 1in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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