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Laser Wakefield Acceleration (LWFA) is a promising technique for the development of com-

pact particle accelerators. The resulting electron beams have useful characteristics such

as short temporal duration and high brightness. LWFA can also generate x-ray radiation,

which can be tailored by properties of the interaction such as target density profile and laser

polarization.

This work will discuss the theoretical regime of x-ray driven WFA in a nanotube. In this

novel regime, the acceleration gradient is predicted to be on the order of TeV/cm and this

is confirmed by modeling x-ray pulses in a nanotube. In this work, we include the effects of

ionic motion explicitly and investigate the possibility that the lattice force could couple with

the formation of a stable wake structure. We show that wakefield formation and electron

acceleration processes are not influenced by the presence of polaritons. The present work

indicates the acceleration gradient on the order of TeV/cm, which agrees well with wakefield

theory and is consistent with previous findings without the lattice effect. This amounts to the

validation by computation of the concept of the solid state plasma wakefield in nanomaterials.

This thesis also includes experimental work designed to study the wavelength scaling of

LWFA as the wavelength is decreased. An experimental platform was built in a new labo-

ratory at UCI. The laser system is a commercial system with mJ scale energy and operates
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at kHz repetition rate. Generation of a sub-relativistic electron beam was confirmed by de-

tection of bremsstrahlung radiation. This platform can be used to study electron beam and

radiation generation with a near single cycle pulse as well as 2ω and 3ω of the laser pulse.

A series of LWFA experiments conducted using the HERCULES laser system are also pre-

sented. The results demonstrate that wakefield temperature and dynamics can be determined

by the soft x-ray spectra of the interaction. Plasma conditions, the signature of bubble for-

mation and electron injection are imprinted in the xuv data. A decreased self-injection

threshold was observed with a circularly polarized laser pulse revealing that self-injection

is polarization dependent. A different injection mechanism for a circularly polarized laser

pulse is discussed.
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Chapter 1

Introduction

1.1 Accelerators in society

One of the earliest particle accelerators was built about 90 years ago by Rutherford, Cockcroft

and Walton [1, 2]. Later, Ernest Lawrence built the first cyclotron inspired by the idea of

Rolf Wideroe [3, 4, 5]. This was the first compact accelerator as the particles were sent

through the same structure multiple times, gaining more energy each time. An excellent

overview of cyclotrons is given by Wilfred Basil Mann in [6]. The principle of these traditional

accelerators is to use the electric field to accelerate charged particles to higher kinetic energies

and use the magnetic field to steer and focus the resulting beam. It is worth noting that the

development of this accelerator technology was closely related to advancements in high-power

electrostatic radio-frequency (RF) and microwave source technology.

These devices rapidly grew to be an essential part of society as they offer a wealth of ap-

plications in discovery science, medicine, environment, industry, and national security [7].

Today, there are more than 30,000 accelerators operating worldwide. A small percentage

of these accelerators are used for fundamental science research. These types of accelerators
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generate more than 1 GeV energy particles, have km scale lengths and cost billions of dollars

to assemble and operate. Majority of accelerators are being used in medical applications

(∼ 45%), either for imaging diagnostics or radiotherapy, and in industry (∼ 40%) for surface

and bulk modification such as ion implantation. The rest are used for various other applica-

tions in material characterization, radioisotope production and low energy accelerators for

research [7].

The majority of current accelerators use Radio Frequency (RF) electromagnetic waves inside

a hollow cavity, a waveguide. The inherent limitation with these accelerators is the ioniza-

tion and material breaks-down at electric fields of about 100 MeV/m and in practice the

breakdown field is even smaller due to impurities inside the material. All material, except

plasma medium, will ionize and break-down. In order to achieve higher energy particles

required for some applications or basic research, these accelerators have to be built larger,

which makes them costly (and less available) as well.

1.1.1 Applications

The most well-known application for accelerators is their use in discovery science and fun-

damental research in High Energy Physics. The Largest accelerator in the world, and one

of the most complicated devices ever built1 is the Large Hadron Collider (LHC) in Geneva,

Switzerland. LHC is a synchrotron accelerator for proton beams with a 27 km circumfer-

ence, comparable in size to the city of Paris, which is 30 km in circumference. It is built

underground at a depth comparable to the height of a 30-story building, a common practice

in order to reduce background noise from cosmic rays and also a way of radiation shielding

for those who live nearby. LHC produces 13 TeV of energy in a collision between two proton

beams and has contributed to the basic understanding of the fundamental building blocks

1Along with the National Ignition Facility (NIF) and The Laser Interferometer Gravitational-Wave Ob-
servatory (LIGO)
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of matter and verification of the standard model. In 2012, LHC confirmed observation of

a particle with properties similar to the theoretical Higgs boson, a particle researchers had

been searching for during the past several decades.

One of the more relatable applications of accelerators is their use for medical therapy and

treatment of cancer by radiotherapy where radiation kills the cancer cells. Particle beams in

form of electrons and protons or an x-ray beam can be used to treat cancer. These energetic

beams can ionize matter which in turn damage the DNA. The cells with damaged DNA

are not able to reproduce and are eliminated through natural processes in the body. The

type of beam used depends highly on the size and location of the cancer being treated. For

example, x-rays and electrons deposit most of their energy in the surface layers and are not

ideal for deeper tumors. On the other hand, protons can be directed precisely towards the

cancer cells and deposit their energy at a specific depth due to Bragg peak phenomena [8, 9],

increasing their effectiveness for killing cancer cells and dramatically reducing the damage

to nearby healthy cells. Although proton beams are preferred for treatment of some tumors,

they are not widely available. In fact, there are only about 30 proton therapy centers in the

US and some states do not have access to one. It is generally more difficult to accelerate and

steer protons and since medical accelerators are currently based on traditional accelerator

technology, proton therapy centers are fairly large, very expensive and not widely available.

Patients are likely to not notice the large facility behind the treatment room that houses the

ion source, the cyclotron and various beam transport and control systems before entering

the gantry as shown in Figure 1.1 b and 1.1 c. Newer designs for commercial proton sources

with the accelerator on the gantry have become available in the past few years [10]. A typical

medical linear accelerator shown in Figure 1.1 a, generating electron and x-ray beams, cost

several tens of million dollars to purchase and has an annual operation cost of a few million

dollars.

Other notable applications include the use of accelerators as cargo inspection tools to strengthen
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the nation’s security and accelerator-driven transmutation to convert long-lived isotopes from

radioactive processes into more manageable isotopes for better waste-management and en-

vironmental safety [7].

(a) (b)

(c)

Figure 1.1: Medical devices for cancer therapy. a) A medical linear accelerator delivering an
electron or an x-ray beam is shown. An electron beam from an electron gun and a pulsed
radio frequency wave from a magnetron are synced and sent to a waveguide. The wave
accelerates electrons to a speed near the speed of light. Electrons can collide with a target
to produce an x-ray beam. b) A treatment room for proton therapy center is shown. c) The
facility behind the treatment rooms is shown. First, a cyclotron accelerates protons. This
proton beam is then sent to the waveguides to be directed to different treatment rooms.
Various devices along the path exist for energy selection, focusing and control of the beam
parameters. Image credit: Varian
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1.2 Advanced accelerators

As mentioned above, any material will eventually reach a break-down limit and this is

the limitation for how large the electric field can be in traditional accelerators. In 1956,

Veksler suggested an alternative acceleration technology, named “coherent acceleration”,

where the accelerating field is due to the collection of fields from individual particles rather

than externally imposed [11, 12]. Plasma is advantageous because it is already a broken-

down medium made up of positive ions and free electrons and it can sustain a large electric

field limited only by the plasma density, E = mecωpe/e = 96
√
ne[cm−3] V/m. Here, me and

e are the electron mass and charge, c is the speed of light in the vacuum and ωpe = ωp =√
(4πnee2/me) is the plasma frequency. ne is the electron density in a neutral plasma. This

electric field is on the order of 100 GeV/m for typically used plasma densities of 1018 cm−3,

three to four orders of magnitude higher if compared with the traditional accelerators. Due

to this increase in acceleration gradient, plasma accelerators have the potential to be several

orders of magnitude more compact compared to traditional RF accelerators with hollow

metallic cavities. The ramifications of this is considerable, e.g. medical accelerators used for

cancer treatment can become more compact, less expensive and much more accessible for all

clinics and hospitals.

In 1979, Tajima and Dawson proposed a laser-driven plasma-accelerator for accelerating

electrons [13]. They suggested the use of a high-intensity laser to generate a relativistic

longitudinal plasma wave capable of accelerating electrons. This is now commonly known as

Laser Wakefield Acceleration (LWFA)2 technique. In the original paper, the authors required

a laser intensity of ≥ 1018 W/cm2, which was not available at the time and there was no clear

path to its technology in the future either. Further, wakefield should be resonantly excited

for the optimal coupling of the laser energy into the wake, i.e. the laser pulse duration should

be about half the wavelength of the excited plasma wave. This requires a short pulse laser,

2This acronym is also used for Laser Wakefield Accelerator
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on the order of 100 femtoseconds (fs). To remedy this issue, Tajima and Dawson suggested

the use of two lasers with a beat-wave wavelength resonant with the plasma wave [13].

A few years later, the invention of Chirped Pulse Amplification (CPA) [14] enabled experi-

mentalists to have access to lasers at the high-intensity regime needed for implementation of

LWFA. It should be noted that generation of an accelerating plasma wave is not limited to

photons (a laser beam). The use of electron beams for this purpose was suggested in 1985

[15] and was experimentally verified at Argonne National Laboratory [16], before any LWFA

experiment. This was due to the available technology of ultrafast electron bunches (electron

beam with required parameters existed before high intensity lasers with suitable parameters

became a reality). Other particle species such as positrons and protons could be used too as

long as they move at velocities near the speed of light and can establish a charge separation

inside the plasma. The charge separation gives rise to a longitudinal plasma wave that can

accelerate electrons. In practice, a laser beam or an electron beam have been used widely

because of the available technology. Very recently, proton beams from the Super Proton

Synchrotron at LHC have been successfully used for plasma wave generation and electron

acceleration [17]. Thus, advanced accelerators use a high intensity particle beam to gener-

ate an accelerating field in a plasma medium, which can support 1000× higher acceleration

gradient.

1.3 Astrophysical relevance

Acceleration of energetic cosmic ray particles is usually described by the Fermi acceleration

mechanism [18], where charged particles are scattered by the magnetic clouds repeatedly.

However, the origin of ultra-high energy cosmic rays (UHECRs), on the order of E = 1020

eV, is still uncertain since it would be very difficult to accelerate particles to such energies

by the Fermi acceleration mechanism due to the large number of scatterings necessary and
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the energy loss by synchrotron emission. Ebisuzaki and Tajima proposed that a process

similar to LWFA is responsible for accelerating particles to these ultra-high energies in the

relativistic jets of a accreting blackhole [19, 20]. The basics of this scheme is shown in

Figure 1.2. The accretion disk of a supermassive blackhole undergoes transitions between

highly magnetized and weakly magnetized states and this generates relativistic Alfven pulses

traveling in the direction of the extragalactic jet. The ponderomotive force [21] of the Alfven

wave is capable of accelerating nuclei to ultra-high energies in the direction parallel to the

jet and without synchrotron radiation loss. Thus, a wakefield formation by Alfven waves

may explain the observation of UHECRs in astrophysics as well.

Figure 1.2: Schematic diagram of the production of intensive Alfven waves in an accretion
disk. A gas blob formed near the inner edge of the accretion disk severely shakes the magnetic
fields and excites relativistic Alfven waves, which propagate along the magnetic field lines of
the jet. Image credit: Ebisuzaki & Tajima (2014)

1.4 Laser technology advancement

The laser was first demonstrated 60 years ago [22] using a small synthetic ruby. Laser

peak power was soon improved by nearly 100 times with the use of electrical shutters, a
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technique known as Q-switching [23]. This enabled the operation of pulsed lasers (0.5-500

ns). Shortly after, mode-locked lasers [24] enabled the generation of femtosecond pulses.

The combination of mode-locking and Chirped Pulse Amplification (CPA) techniques with

the use of Titanium:Sapphire as the gain medium have made possible the high intensity,

ultra-short lasers that we use for LWFA.

1.4.1 Chirped Pulse Amplification

Figure 1.3: The fundamental concept of Chirped Pulse Amplification (CPA) technique is
shown. An ultra-short high intensity laser pulse is chirped using a grating pair. The chirped
pulse has a longer duration and is amplified inside the amplifier without causing any non-
linearity or damage to the system. A matched grating pair is used to compress the chirped
pulse to its original duration and producing an ultra-short and ultra-high intensity laser
pulse. Image credit: Wikipedia

Particle acceleration via laser-matter interaction (electron acceleration via LWFA and ion

acceleration via laser-solid interaction) is tied closely to advancements in laser technology,

similar to the dependence of traditional accelerators on the technology of high-power voltage

systems. The invention of CPA [14] was critical for experimental demonstration of these
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acceleration mechanisms. CPA works by first stretching an ultra-short mode-locked laser

pulse in order to avoid non-linear processes that would cause damage inside the amplifier

medium. The pulse is then amplified and compressed back down to its short duration as

seen in Figure 1.3. This results in an intensity increase by nearly 6 orders of magnitude [25],

making a femtosecond pulse with tens of Joules of energy possible. The focused intensity

of these pulses are > 1018 W/cm2 [26]. Figure 1.4 illustrates the increase in peak focused

intensity in the past several decades.

Figure 1.4: Evolution of focused intensity is shown as a function of time. The (λ3) shortcut
to the non-linear QED regime via pulse compression is also shown by a black dashed line.
The black stars mark a few events with historical importance: original idea of LWFA (1979),
invention of CPA (1985), first experimental demonstration of LWFA (1994) and production
of mono-energetic electrons via LWFA (2004). Image credit: Tajima & Mourou (2002)
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1.4.2 Single cycle x-ray pulse

The recently proposed technique of Thin Film Compression (TFC) [27] combined with the

relativistic compression (RC) technique [28] could generate a coherent single cycle x-ray

pulse. TFC technique could be used to compress a commonly existing 30 fs optical pulse

to a single cycle optical pulse (∼ 3 fs). The spectrum of the pulse is broadened via Self

Phase Modulation (SPM) as the pulse travels through a thin material. This pulse can be

compressed down to a shorter duration due to its now broader spectrum. This single cycle

optical pulse could then be up-converted to a single cycle x-ray pulse via interacting with an

overcritical target described by the Relativistic Oscillating Mirror (ROM) model [29]. This

single cycle x-ray could potentially have Joules of energy and duration of a few attoseconds

or zeptoseconds, translating to keV energy photons. This is a potential way to reach the

ExaWatt regime in the future [30]. If we are able to focus this single cycle x-ray pulse

to its much smaller diffraction limited spot size (on the order of nm), we could achieve

unprecedented intensities in the Schwinger regime of 1029 W/cm2 [31]. This evolution is

shown in Figure 1.4 by a dashed black line, a shortcut to this regime. Thus the combination

of TFC and RC techniques beautifully paves the path to a coherent single cycle x-ray pulse

as shown in Figure 1.5 with potential applications in LWFA [30, 32, 33] and ion acceleration

[34].

1.4.3 Coherent Amplification Network

Some applications need a high current beam requiring lasers to operate at tens of kHz

repetition rate with an average power of hundreds of kW. These features do not exist in the

current laser systems. However, the International Coherent Amplification Network (ICAN)

is working on a solution that involves coherently combining pulses from many fiber lasers.

Fiber lasers have a few advantages including a high average power (on the order of kW) and
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a high efficiency due to their material properties and fiber’s geometry. When the relative

phases of the the pulses are controlled and made to constructively interfere, a single high-

power output beam is produced [35, 36]. This is one way towards a truly compact accelerator.

Figure 1.5: Demonstration of the two-stage single cycle coherent x-ray production scheme.
TFC setup is shown on the left side where a 20 fs pulse travels through a thin piece of
material and is chirped (spectrally broadened) via SPM. Dispersion compensation mirrors
are used to undo the linear chirp and compress the beam to its now shorter duration due to
a broader spectra. This results in a single cycle optical pulse. The scheme for RC is shown
on the right, where this compressed optical pulse is focused onto a solid target. Surface
electrons are pushed in and bounce back toward the positive charges. This relativistically
compresses the optical pulse to an x-ray pulse. Image Credit: Wheeler (2016)
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1.5 A brief survey of LWFA development

The first experimental verification of plasma accelerators was performed at Argonne National

Laboratory Advanced Accelerator Test Facility with an intense 21 MeV electron bunch [16].

Shortly after implementation of CPA in laser technology, the first experimental verification

of LWFA was demonstrated. A series of proof-of-principle experiments were conducted by

different groups in the 1990s, demonstrating the concept of LWFA. Nakajima et al. first

demonstrated acceleration of electrons injected into a high amplitude plasma wave gener-

ated by the strong interaction of the the laser pulse and plasma in the Self-Modulated LWFA

(SM-LWFA) regime [37, 38]. First experimental evidence of trapped electrons, externally

injected into the wakefield generated by beating two laser pulses (10.28 and 10.59 µm), was

shown in UCLA [39], where a 2 MeV electron beam, collinear with the laser beams was

accelerated to 28 MeV. Acceleration of injected electrons in the wakefield of a single ultra-

short laser pulse was also demonstrated [40]. All of these pioneering experiments demon-

strated a few GeV/m acceleration gradients. First experiment to show efficient trapping of

the bulk thermal electrons was conducted using the high intensity VULCAN laser at the

Rutherford Appleton Laboratory [41]. This was done in the SM-LWFA regime and triggered

wave-breaking evidenced by the detection of large number of electrons and higher energy

electrons. Access to the wave-breaking regime provided ∼ 100 GeV/m acceleration gradient

for the first time. Although demonstrating such a high acceleration gradient is an important

milestone, all these experiments produced electron beams with a large energy spread. For

most applications, a narrow energy spread is one of the requirements.

A new regime of LWFA, called the bubble regime, was studied by 3D particle in cell sim-

ulations [42, 43]. In this regime, the laser pulse is ultra-intense to reach wave-breaking

limits and it is also ultra-short to match the resonant condition3 for optimal coupling. The

wakefield is a single cavity that traps a large number of background electrons and accelerate

3cτl ≈ 1
2λp
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them to high energies. Since the electron bunch is accelerated for the same length and all

the electrons see the same electric field, this regime produces a quasi-monoenergetic electron

beam. This was experimentally demonstrated in 2004 when three independent groups from

France [44], UK [45] and US [46] demonstrated generation of mono-energetic (< 10% energy

spread) electron beams with peak energies on the order of 100 MeV in the iconic “Dream

Beam” issue of the Nature journal.

One of the main challenges for LWFA is the control of the acceleration length, which will

be discussed in more details in ch. 2. To design a TeV accelerator, a few novel ideas have

been proposed. One such idea is the use of 100 acceleration modules, each with its own laser

(CAN lasers have been suggested [35]) to excite a wake and provide a 10 GeV energy gain

for the electrons [47] for a 2 TeV electron-positron collider. Electrons are trapped in the

first stage of the acceleration but there will be no more trapping in the subsequent modules.

This technique will require exceptional control over the process because the electron beam

would have to be injected in the accelerating phase of the wake in the next stage with fs

precision. The transverse spatial alignment should also be on the order of sub-micrometer

in order to maintain a high quality electron beam. The development of just a single stage

accelerator producing a 10 GeV electron beam has been in the making for the past decade.

The next milestone after the “Dream Beam” issue, was the generation of a GeV electron

beam by guiding the laser pulse in a plasma channel in 2006 [48] by a group at the Lawrence

Berkeley National Lab (LBNL). A ≥ 1 GeV beam was later reported [49] by combining

several concepts of matched beam size, self-guiding of the laser pulse and ionization induced

injection. A few years later, generation of a 4.2 GeV electron beam was demonstrated [50]

by LBNL, which held the world’s record for the highest energy electron beam generated via

LWFA until it was broken in 2019 [51] by the same group. To date, this generation of ∼ 8

GeV electron beam in a 9 cm capillary discharge waveguide, is the highest achieved energy

in a LWFA experiment and is closest to the candidate for a single module of a 100 modules,

2 TeV electron-positron collider [47].

13



The achievement of an 8 GeV electron beam was due to controlling and increasing the

acceleration length beyond its limiting factor by a clever design of capillary waveguide target

system [51]. It is worth noting that other clever concepts on controlling the dephasing length

are being explored [52, 53]. Although these concepts are not yet at the point of experimental

verification, they could introduce major breakthroughs in the future. The concept of a flying

focus [52], could potentially increase the acceleration length enough to make a table-top (∼ 5

m) TeV LWFA possible and is currently being studied via simulations [54] at the Laboratory

for Laser Energetics.

A TeV accelerator can also be reached by increasing the acceleration gradient by using an

x-ray pulse as the driver for generation of a wakefield in a solid medium [30]. The shorter

wavelength of an x-ray pulse increases the critical density of the laser and enables the use of

a higher density plasma. A portion of the work presented in this thesis explores this concept

by numerical simulations.

Since the “Dream Beam”, many more experiments demonstrated LWFA in different regimes

and the field has been growing steadily with novel ideas being explored at different institu-

tions.

1.6 Dissertation outline

This thesis describes the theoretical regime of x-ray driven WFA and its study via simula-

tions. It also includes experimental study of LWFA with an 800 nm laser in two different

facilities: the Dollar lab at UCI, which has a commercial kHz system with 7 mJ of energy

output and the CUOS, which houses the 300 TW HERCULES laser system with energy

output of 2 J.

Chapter 2 describes the necessary physics background for the topics discussed in this dis-
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sertation. Chapter 3 discusses the experimental setups, the main diagnostics and their

development. A brief description of Particle in Cell (PIC) codes is included in this chapter

as well. Chapter 4 examines x-ray WFA in a nanotube medium with a series of simulations

in 1 and 2 dimensions. Since a suitable x-ray source for LWFA is currently not available, 2ω

and 3ω of an 800 nm laser can be used to study the wavelength scaling (toward shorter wave-

lengths) of LWFA, which can be done with commercial lasers with small transverse profile.

Chapter 5 summarizes the preliminary results from experiments done at UCI with the goal

to study wavelength scaling and enhancement of betatron radiation. Chapter 6 discusses

a series of experiments done at CUOS with the HERCULES system with the addition of

an xuv spectrometer diagnostic system. Finally, chapter 7 contains concluding remarks and

related future work.
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Chapter 2

Theoretical Background

A thorough discussion of laser-driven plasma-based accelerators can be found in a number

of previously published review papers [55, 56, 57]. A review paper with an emphasis on

ultra-intense lasers and relativistic phenomena is given by [58]. Another review paper with

emphasis on the x-ray radiation generation via laser-plasma accelerators is given by [59].

A few short reviews on the different regimes and experimental development of the field are

also available in the following references [60, 61, 62, 63, 64, 65, 66]. This chapter provides

the detail of the background physics [67, 68, 69, 70, 71] necessary for understanding the

theoretical and experimental work described in the later chapters.

2.1 Plasma oscillations and waves

Plasma is a state of matter where electrons are separated from their parent ions by some

ionization mechanism. These charges are coupled to each other by their self-consistent

electromagnetic forces. This is a complicated system to solve analytically but fortunately it

can be greatly simplified by assuming a collisionless plasma. In a plasma, the electric field
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contribution is separated into two components with different spatial scales: electric field due

to the rapid microscopic motion of individual particles in a scale length smaller than the

Debye length, and the electric field due to the long-range electromagnetic force caused by

any deviation from charge neutrality over scales greater than or comparable to the Debye

length. This second field gives rise to the collective behavior in plasma. Plasma can be

assumed to be collisionless when the latter force is much greater than the former; therefore,

forces due to local motion and collisions can be ignored as they are negligible and collective

behavior dominates. Thus, plasma can be formally defined as an ionized substance with an

overall charge neutrality that exhibits collective behavior.

The Debye length is an estimate for the thickness of a charge cloud that would shield a

potential due to a local density spike. For charge perturbations with Boltzmann distribution

and potential perturbations small compared to the plasma temperature, it can be estimated

as:

rDe =

√
Te

4πnee2
, (2.1)

where Te is the electron temperature and ne is the electron density. The Debye length could

also be thought of as the characteristic length of the charge separation in a plasma. Electrons

oscillate about their unperturbed location at the plasma frequency, ωpe, defined as:

ωpe =
1

τ
=
vTe
rDe

=

√
4πnee2

me

, (2.2)

where τ is the characteristic time of the charge separation and vTe is the electron thermal

velocity. The principal reason for the charge separation is the thermal motion of particles.

In this thesis, unless otherwise noted, ions are assumed stationary due to their larger mass

while electrons can move inside a plasma medium. This is because the time scale for ion

motion in a gaseous plasma is on the order of a few picoseconds (ps) while the laser duration
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is ∼ 30 fs. In the case of an x-ray pulse and a nanotube target, the time scale for ion motion

is a few fs and the laser pulse is on the order of several attoseconds.

Figure 2.1: Longitudinal plasma modes when external magnetic field is not present is shown
for the case where ne = ni = 1024 cm−3. (ωpe = 5.64 × 1016 rad/s, ωpi = 1.32 × 1015 rad/s,
v2Te = 3.3× 1030 (m/s)2)

If the magnetic field is negligible, plasma can support two collective (electrostatic) modes,

an electron plasma wave (also known as the Langmuir wave) and an ion acoustic wave, where

the former is a high frequency density modulation wave and the latter is a low frequency

density modulation wave. The general plasma dispersion relation can be derived from plasma

species continuity equations and equations of motion (the zeroth and first moments of the

Vlasov equation), and Poisson’s equation. Small amplitude perturbation of density, velocity

and electric field is assumed in order to linearize the equations and Fourier theory is used to

write ∂
∂t

= −iω and ∂
∂x

= ikx. The plasma dispersion relation is given by:

ε(k, ω) = 1−
ω2
pi

ω2
−

ω2
pe

ω2 − k2v2Te
, (2.3)

with two solutions, ω2 = ωp
2
e + k2v2Te and ω2 = k2c2s, for the plasma oscillation mode and

ion acoustic mode respectively. These solutions are shown in Figure 2.1 for the case where

ωpe = 5.64 × 1016 rad/s, ωpi = 1.32 × 1015 rad/s, and v2Te = γTe/me = (3)(1)/9.1 × 10−31 =
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3.3 × 1030 (m/s)2. The Langmuir wave is the longitudinal wave that accelerates trapped

electrons in LWFA and heats the plasma.

2.2 Laser physics

The propagation of a laser beam can be approximated assuming it has an ideal Gaussian

profile or the theoretical TEM00 mode. Lasers are not truly Gaussian in reality and any

deviations from a theoretical Gaussian is described by a quality factor called M2, where

M2 = 1 is a true Gaussian. The transverse intensity distribution of a Gaussian beam is

given by:

I(r, z) = I0e
−2r2/w(z)2 =

2P

πw(z)2
e−2r

2/w(z)2 , (2.4)

where P is the total power in the beam and w(z) is the radius of 1/e2 contour after propa-

gating a distant z and is given by:

w(z) = w0

√
1 + (

λz

πw2
0

)2, (2.5)

where w0 is the radius of 1/e2 contour at the plane where the wavefront is flat. This is the

one place where the spot size is at a minimum and is known as the beam waist. A laser

beam is diffraction limited if the beam waist can be as small as theoretically possible by the

laws of optics, approximated by 1.22λf#.

A laser pulse with the shortest possible duration for a given bandwidth is called a Fourier

Transform Limited (FTL) pulse. Ultra-short pulses have many spectral components and

when all components have the same phase, the pulse has its minimum possible duration. For

a Gaussian pulse, the minimum duration-bandwidth product is 0.441.
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2.2.1 Dispersion

The temporal dependence of the electric field for a Gaussian pulse is given by:

E(t) = Et0e
−2ln2( t

∆t
)2e−i(ω0t+φ(t)) + c.c., (2.6)

where Et0 is the amplitude of the field, ∆t is related to the minimum pulse duration, ω0

is the carrier frequency and is related to the central wavelength of the pulse and φ(t) is

the temporal phase. This definition is intuitive; however, the electric field in the frequency

domain is more useful for calculations relating to the pulse dispersion in material. ∆t and ∆ω

are related by the uncertainty principle through ∆t∆ω = 4ln(2) = 2πCB, where CB = 0.44

for a Gaussian pulse. Electric field in frequency domain is given by:

E(ω) = Eω0e
−ln2( 2(ω−ω0)

∆ω
)2e−i(φ(ω−ω0)). (2.7)

It is common to Taylor expand the spectral phase, φ(ω − ω0), around the central frequency.

The first term adds a constant value to the phase, the second term introduces a delay to the

pulse and the third term is the variation of the group velocity with frequency or the Group

Velocity Dispersion (GVD) given by:

GVD =
d

dω

1

vg
=
d2k

dω2
, (2.8)

GVD =
λ30

2πc20

d2n

dλ20
. (2.9)

The first two terms do not change the shape of the pulse while GVD changes the temporal

pulse shape. GVD yields Group Delay Dispersion (GDD) defined by GVD × L, where L is

the length of the medium.
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2.2.2 Self Phase Modulation

When a very intense laser pulse propagates through material, the refractive index of the

medium will change in response to the applied electric field. This is known as the Kerr effect

and the intensity dependant refractive index is written as

n = n0 + n2I(t) = n0 +
χ3
eff

4n2
0ε0c

, (2.10)

where I(t) = 2n0ε0c|E0|2 and ε0 is the permittivity of free space.

Self Phase Modulation (SPM) is the change in the phase of a pulse due to the non-linear

refractive index of the material. With the assumptions that the medium response to the

electric field is instant (on the order of fs ) and the length of the medium is small enough

to avoid reshaping of the pulse due to dispersion in the medium, the only thing that can

happen is a change in the phase of the transmitted pulse, φNL. The expression for the phase

is given by:

φ(t) = ω0t−
ω0

c
(n0 + n2I(t))z, (2.11)

and φNL = −ω0

c
n2I(t)z.

The instantaneous frequency, defined as dφ/dt, is ω0 − ω0

c
n2

dI(t)
dt
z with the second term

representing the change in the instantaneous frequency. This change will not alter the

temporal profile of the pulse; however, it will add a positive or negative GDD to it depending

on the sign of n2. If the bandwidth increases and new frequency components are generated

due to SPM, the FTL value decreases. In the case of Spectral narrowing, the FTL increases

as the pulse propagates through the medium.
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2.3 Ionization

One of the main processes in laser-plasma interactions is the ionization of atoms in the

target material in order to create the plasma medium. In LWFA, the target material can

be a neutral gas plume from a gas-jet or neutral gas contained in a specifically designed

gas-cell or a capillary waveguide. In many experiments, the main laser beam is used for both

ionizing the target and subsequently interacting with the plasma to generate the wake. It is

also possible to use a different laser for ionizing the target prior to the arrival of the main

beam.

Atomic intensity is defined as the intensity that matches the binding energy of the electron

to the atom for a simple Bohr model [69]. This intensity is about 3.5× 1016 W/cm2. A laser

with an intensity greater than this value is guaranteed to ionize any target material. The

ionization could also happen at a lower intensity via Multiple Photon Ionization (MPI) and

Above Threshold Ionization (ATI). A single photon of λ = 800 nm will not be able to ionize

the target. However, a few of these photons can be absorbed by the atom simultaneously

to free an electron as is shown in Figure 2.2 a. In MPI, an electron with binding energy

Eion simultaneously absorbs n photons with energy h̄ω and is released from the atom with

minimal kinetic energy. The probability of this ionization process depends on the number of

photons involved in the process (the light intensity) and the ionization rate is given by:

Γ = σnI
n
L. (2.12)

The cross section, σn decreases with n but at a high enough intensity (> 1010 W/cm2),

ionization will eventually happen. An atom could also absorb more photons that are needed

to overcome the binding energy. In this case the electron is freed with a total kinetic energy

equal to sh̄ω, where s is the number of extra photons absorbed. This process is called Above

Threshold Ionization (ATI) and is shown in Figure 2.2 b.
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Figure 2.2: a) Schematic picture of Multiple Photon Ionization (MPI). b) Schematic picture
of Above Threshold Ionization (ATI). c) Schematic picture of tunneling or Barrier Suppres-
sion Ionization (BSI) by a strong, external electric field. Image credit: Gibbon (2005)

When the laser intensity is comparable to the atomic intensity, it can distort the Coulomb

field felt by the electrons. In a simple classical model, the modified potential can be written

as:

V (x) = −Ze2/x− eεx, (2.13)

and is shown in Figure 2.2 c. According to quantum mechanics, an electron may tunnel

through this barrier with a certain probability given by the Keldysh’s formula. At x ≥

xmax = Ze/ε, the modified potential is lower than the ionization energy and the electrons

will spontaneously escape the potential. This process is known as the Barrier Suppression

Ionization (BSI). The separation between multiphoton and tunneling regimes is given by the

γ parameter defined as:

γ = ωL

√
2Eion
IL
≈

√
Eion

Φpond
, (2.14)

where ωL and IL are the angular frequency and intensity of the laser and φpond is the pon-

deromotive potential of the laser field. A large laser intensity is needed for modification of

the Coulomb field; thus, γ < 1 is the tunneling regime and γ > 1 is the MPI regime.
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Current high intensity optical lasers can be focused down to µm sizes producing intensities

as high as 1022 W/cm2. A gaseous target is usually used in the form of a capillary gas-jet,

or a gas-cell to produce the desired density profile for the given laser parameters. As the

laser pulse focuses inside this gaseous target, the front edge of the pulse is intense enough to

free electrons and transform the gaseous material into a plasma. The peak of the laser pulse

then interacts with the plasma and generates a wakefield suitable for accelerating electrons.

2.4 Single electron motion in an electromagnetic field

2.4.1 Electron quiver velocity

Motion of a particle under the influence of an electromagnetic field, ~E and ~B, is described

by the Lorentz equation (eq. 2.15) and an energy equation (eq. 2.16).

d~p

dt
= −e( ~E +

1

c
~v × ~B), (2.15)

d(γmc2)

dt
= −e(~v. ~E), (2.16)

where γ = 1√
1− v2

c2

=
√

1 + p2

mec2
is the Lorentz factor and ~p = γm~v is the relativistic momen-

tum. The electric and magnetic fields of the laser can be written in terms of the scalar and

vector potentials:

~E = −∇Φ− ∂ ~A

∂ct
, (2.17)

~B = ∇× ~A. (2.18)
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The normalized electrostatic and vector potentials are given by:

φ = eΦ/mec
2, (2.19)

~a = e ~A/mec
2. (2.20)

We can consider an electron moving in a laser field, written as the product of a sinusoidally

oscillating part and an envelope function, ~E0(~r):

~E(~r, t) = ~E0(~r)cos(~k.~r − ωt), (2.21)

~B(~r, t) = ~B0(~r)sin(~k.~r − ωt), (2.22)

where ~B0(~r) = ~E0(~r)/c. An electron initially at rest will start to move due to the electric

force at first and as it picks up velocity, the ~v × ~B term becomes important. Taking the

first order approximation of eq. 2.15, md ~v1

dt
= −e( ~E1), and using eq. 2.21, we can obtain the

quiver velocity of the electron oscillatory motion,

vosc = eE/γmeω. (2.23)

The normalized vector potential of the laser, a0, can be written as a0 = γmevosc
mec

= eE/mecω

or a0 = γβ, where β = vosc/c. This is an important parameter in the discussion of intense

laser-matter interaction. For an a0 ≥ 1, the momentum imparted to the electron is equal

to or greater than mec, (γmevosc > mec). In more practical units, a0 can be written as a

function of laser intensity and wavelength as:

a0 =

√
2e2λ2I

πm2
ec

5
=

√
I[ W
cm2 ]

1.37
λ[µm]. (2.24)
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2.4.2 Ponderomotive force

We can derive an expression for the ponderomotive force by taking the second order approx-

imation of eq. 2.15, md ~v2

dt
= −e[ ~E2 + ~v1× ~B1] and averaging the motion over one laser period

to obtain:

Fp = − e2

4mω2
∇E2(x). (2.25)

Ponderomotive force results from the oscillation of particles in the electric field of a laser

pulse and it is proportional to the negative gradient of the laser intensity. Since the laser

intensity is higher near the axis, ponderomotive force will on average push the electrons

out and away from the central region. Ions can also experience the ponderomotive force;

however, the laser intensity needed to push heavier ions via ponderomotive force, is on the

order of 1025 W/cm2, which is not available with the current technology.

2.5 Laser Wakefield Acceleration

LWFA [13, 55] is a plasma-based accelerator, where a single ultra-intense and ultra-short

laser pulse is injected into an under-dense plasma and generates a plasma wave, which

accelerates electrons. The critical density of a laser depends on the laser’s wavelength, ncr =

ε0meω
2/e2 ∝ 1/λ2. For LWFA, plasma density, ne, should be less than the critical density

to allow the pulse to propagate through the plasma instead of being reflected back1. The

ponderomotive force of the laser pushes electrons out and away, creating a region of positive

charge behind the laser pulse, commonly referred to as the ion cavity. The ponderomotive

force pushes ions with the same force but the heavier ions do not move (unless the laser

intensity is increased to 1025 W/cm2). This is optimized if the pulse duration is matched

1This is in contrast with laser-driven ion acceleration where the target should be over-dense.
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to 1/2 of the plasma wavelength defined as λp = 2πc/ωpe restricting the pulse duration to

< 100 fs. The charge separation in plasma generates a wave with the plasma frequency

(ωpe =
√

4πn0e2/me) behind the laser pulse that co-moves with it, known as the wake. The

amplitude of this wave can reach and exceed the cold wave-breaking limit, which is sufficient

to trap background electrons. Electrons can either be injected into the wake or be trapped

from the background plasma. These electrons move with the wake and gain energy for some

length. Figure 2.3 illustrates the wakefield structure behind the propagating laser pulse. The

electric field inside the ion cavity is well suited for electron acceleration in the longitudinal

direction and transverse focusing.

Figure 2.3: Cartoon of a wakefield structure. Laser pulse is propagating through a plasma,
pushing electrons away from its path and creating an ion cavity surrounded by a sheath
of electrons. Arrows indicate the direction of electric field in both longitudinal and radial
directions. Trapped electrons feel an accelerating and focusing force at the end of the first
bubble. Since electrons get trapped with a non-zero momentum, they also undergo betatron
motion and generate betatron radiation.

The dispersion relation for an electromagnetic wave (in this case, a laser pulse) in a uniform

plasma is given by:

ω2 = ω2
pe + k2c2, (2.26)

where, ω is the angular frequency of the laser pulse and ωpe is the plasma frequency and is

the minimum frequency of a light wave that can propagate through the plasma. If ω < ωpe,
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the wavenumber k will be complex. The imaginary part of k will result in an attenuation of

the wave, and the wave becomes evanescent and will not propagate. For a LWFA, the plasma

medium should be under-dense (ω > ωpe) to allow the laser pulse to propagate through the

plasma medium and generate a wake continuously until its energy is fully depleted.

The ponderomotive force of the pulse results in a charge separation and generates a rela-

tivistic longitudinal plasma wave (the wakefield) behind the driving laser. An intense laser

pulse, a0 ≥ 1, is required in order to move the electrons relativistically. The produced

wakefield has a phase velocity equal to the group velocity of the laser pulse driving it,

vph = vgroup = c
√

1− ne/ncr. It is worth noting here that wakefield phase velocity is much

greater than the bulk thermal velocity of the electrons, vph ≥ vTe . Thus, wakefield is stable

and is not modifying the bulk plasma as instabilities and landau damping happen when

particles and waves can couple to each other (vph ∼ vTe).

The maximum amplitude of the wakefield is an important parameter. If the fluid velocity

of the plasma reaches the wake’s phase velocity, wake will lose its coherence as the electrons

cross the bubble sheets. This is the limit where the density distribution start to have sin-

gularities and the wave is said to “break”. For a cold plasma, the wave has a maximum

amplitude (wave-breaking limit) given by:

Emax =
mecωpe
e

√
2(γp − 1), (2.27)

Emax =
mevpωpe

e
, (2.28)

in the relativistic and non-relativistic regimes respectively.

Particles can be externally injected into the wake structure or be self-injected. Either way,

they can ride the wave and gain a considerable amount of energy. The acceleration gradient

can reach the non-relativistic wave-breaking electric field limit of ETD = mecωpe

e
, which can be

written as E0[V/m] ≈ 0.96
√
n0[cm−3] to show that it only depends on the plasma electron
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density. For a typical gas density of n0 = 1018cm−3, acceleration gradients of E0 = 100

GeV/m can be achieved. This is about three orders of magnitude larger than what is

possible with the traditional RF accelerators.

2.5.1 Energy gain

As discussed above, the wake produced behind the laser in a LWFA can reach a very high

amplitude, E0. The requirement for maximum energy gain is that the electrons interact with

this field for a long distance. The energy gain could be written as:

Wmax = |e|
∫ L

0

E0(z)dz, (2.29)

where L is the length of acceleration.

2.5.2 Limiting factors

One of the main issues in the design of laser-plasma accelerators to date is the limits on

the acceleration length which can be due to three factors: dephasing of electrons, depletion

and diffraction of the laser pulse. Acceleration length should be matched with the smallest

limiting length for an efficient accelerator design and a maximum energy gain.

It is possible that the accelerated electrons gain enough energy to move faster than the

wakefield itself, which is moving at a speed near the speed of light. If this happens, the

electrons will outrun the accelerating part of the structure and slip into the decelerating

region and start to loose their energy. This distance, known as the dephasing length, is

approximately λp/2 in the frame of the wakefield. In the lab frame, it can be calculated from

the time it takes an electron moving at the speed of light to travel λp/2 in a frame moving
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at vph:

tdp =
λp/2

c− vph
, (2.30)

Ldp = c× tdp =
λpc

2(c− vph)
=
λp
c

ω2
L

ω2
p

∝ ω2
L

ω3
p

=
ncr

n
3/2
e

. (2.31)

The laser pulse has a finite amount of energy and as it couples to the plasma, it loses energy

to it and eventually depletes and can no longer resonantly excite the plasma. This distance,

known as the pump depletion length, can be approximated (in the 1D regime) by setting the

energy stored in the laser pulse equal to the energy stored in the plasma wave. We assume

the resonant condition, cτL = λp/2, and a spot size of πr2 to obtain the following estimate:

1

2
εE2

L(cτL)(πr2) =
1

2
εE2

wake(Lpd)(πr
2), (2.32)

Lpd =
E2
L(cτL)

E2
wake

=
(meωLca0/e)

2(cτL)

(meωpec/e)2(a40/4)
=
ω2
L

ω2
p

λp
a20
∝ ω2

L

ω3
p

1

a20
. (2.33)

For a laser pulse with a0 ≈ 1, the dephasing and pump-depletion lengths are nearly equal.

In the case of a0 � 1 (a0 � 1), Lpd is smaller (larger) than Ldp.

A final factor limiting the length of the acceleration is the diffraction length. A focused

laser pulse will diffract within a Rayleigh length, ZR, which is the length that the spot size

remains small enough to have a high intensity. The radius of the spot size increases by a

factor of
√

2 and the intensity drops by a factor of 2 within the diffraction length defined as:

ZR =
πw2

0

λ
. (2.34)

For a very non-linear wake in a low density plasma, Ldp and Lpd will both be much longer

than the diffraction length. A natural process, called the relativistic self-focusing helps keep

the laser guided for a length > ZR. There are also methods to externally guide the laser

pulse for a length > ZR, for example via pre-ionized plasma in a capillary waveguide, where
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the electron density is lower on axis. This density gradient corresponds to a higher refractive

index near the axis; Thus, plasma acts to focus the beam (similar to a lens) and balances

diffraction.

The most fundamental limiting case is the dephasing length, which is usually the assumed

length for the calculation of the maximum energy gain. In the 1D linear case and the 3D

non-linear case, the maximum energy gain estimated with Ldp is given by:

Wmax =
π

2
mec

2a20
ncr
ne
, (2.35)

Wmax =
2

3
mec

2a0
ncr
ne
, (2.36)

respectively.

2.6 Laser energy consideration with shorter wavelength

One way to increase the energy gain in a LWFA is by using a driver with a shorter wavelength.

Optical Laser (800 nm) x-ray source (1 nm)
nc ∼ 1021 cm−3 nc ∼ 1027 cm−3

ne ∼ 1018 cm−3 ne ∼ 1021 cm−3

nc/ne ∼ 103 cm−3 nc/ne ∼ 106 cm−3

εe ∼ 1 GeV εe ∼ 1 TeV

Table 2.1: Comparison of the energy gain in a LWFA driven by an 800 nm pulse versus a 1
nm pulse.

Optical photons have energies on the order of eV while x-ray photons have energies on

the order of keV. If a0 is kept constant2, increasing the energy of photons by 3 orders of

magnitude means increasing the electric field of the laser by 3 orders of magnitude, which

2assume a0 = 3
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also means that the intensity will increase by 6 orders of magnitude as shown here:

Eoptical = a0
mec

e

2πc

λoptical
= 1.2× 1011 V/cm, (2.37)

Ex−ray = Eoptical × 103, (2.38)

Ioptical =
ε0cE

2
optical

2
=
ε0c(1.2× 1011)2

2
= 1.9× 1019 W/cm2, (2.39)

Ix−ray =
ε0cE

2
x−ray

2
=
ε0c(Eoptical × 103)2

2
= 1.9× 1025 W/cm2. (2.40)

Assuming a diffraction limited spot size of approximately 1µm and 1 nm for the optical and

x-ray driver respectively, we have:

Energyoptical = (1.9× 1019 W/cm2)
λoptical
c

(πw2
0) ≈ 1.6 mJ, (2.41)

Energyx−ray = (1.9× 1025 W/cm2)
λx−ray
c

(πw2
0) =

Energyoptical
103

≈ 1.6 µJ, (2.42)

This shows how the laser energy can be lower when a shorter wavelength is used for LWFA.

The total laser energy scales with the wavelength of the laser and can be 1000x smaller for

an x-ray pulse. The x-ray pulse we have used for simulations in chapter 4 (λ = 10 nm),

assuming diffraction limited spot size focusing ability, would have about 19 µJ of energy.

However, the energy might need to be higher realistically since focusing an x-ray pulse to its

diffraction limited size will probably be more challenging than doing so for an optical pulse

and considering the efficiencies in the process: RC is about 10% efficient in transmitting

energy while TFC can be as efficient as 90%.

32



2.7 Radiation generation

Figure 2.4: Cartoon of two principal LWFA-driven light sources. Top image: Betatron radia-
tion is shown due to transverse motion of trapped electrons. Bottom image: Bremsstrahlung
radiation can be produced when the electron beam is made to collide with a high Z material.
Image credit: Albert (2016)

2.7.1 Betatron radiation

Electrons can get trapped in the ion cavity with a non-zero transverse momentum. Further,

they get trapped away from the laser and plasma wave axis. Due to the transverse (Focusing)

force inside the bubble and their non-zero transverse momentum, they continue to oscillate

in the transverse direction and generate betatron radiation. The frequency of this oscillation,

the betatron frequency, is given by ωb = ωp/
√

2γ. This happens strongly at the two turning

points where bending and thus acceleration is at its maximum. This radiation is produced

in a narrow cone with a direction tangent to the motion of the electron and is categorized

into undulator and wiggler limits. If the maximum angle of the electron trajectory is smaller

than the radiation cone angle, the electrons radiate in the same direction at all times, which

describes the undulator limit with a narrow spectrum. On the other hand when the maximum

angle for electron trajectory is larger than the cone angle, different parts of the trajectory

will radiate in different directions and can be spatially decoupled [59]. This is the wiggler

limit, which has a broad synchrotron-like spectrum. The characteristics of the radiation in
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these different limits are discussed in more detail in [59].

The emitted intensity per solid angle per frequency can be written as:

d2I

dΩdω
=
e2ω2

4πc
|
∫ inf

− inf

~n× (~n× ~β)eiω(t−
~n.~r
c

)dt|2, (2.43)

and can be simplified further as shown in [72] for the synchrotron asymptotic limit. The

spectrum includes series of harmonics up to the critical frequency of ωcr. The radiated energy

decays exponentially for E > Ecr = 3h̄Kγ2ωb, where K = γrbωb/c is the strength parameter.

2.7.2 Bremsstrahlung radiation

The nucleus of an atom, specially a high Z atom, can deflect an incident electron due to

the Coulomb force. Since energy must be conserved, the energy loss from the decelerating

electron will be carried out with a photon. The highest possible energy of this photon is

equal to the kinetic energy of the incident electron in the case where it comes to a complete

stop. This is a continuum radiation and the energy of the incident electron beam determines

the intensity and peak of the distribution.
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Chapter 3

Methods and Capabilities

The experiments discussed in this thesis were conducted at a brand new laboratory at the

University of California, Irvine (UCI) and at the HERCULES laser facility at the Gerard

Mourou Center for Ultrafast Optical Science (CUOS) at the University of Michigan, Ann

Arbor. This chapter describes the laser systems, experimental configurations, relevant diag-

nostic systems used for laser and target characterizations as well as computational modeling

codes used to simulate laser-plasma interactions. The design and diagnostic systems for the

LWFA experimental platform in UCI, which was built from scratch is explained in detail in

this chapter.

3.1 CPA lasers

3.1.1 Solstice Ace laser system

The laser system at UCI is the commercial Solstice ACE one-stage amplification system

in one compact assembly. The system is composed of four main units: A mode-locked
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Ti:Sapphire pulsed laser to provide an ultra-short pulse (seed laser). A Q-switched frequency-

doubled neodymium doped yttrium lithium fluoride (ND:YLF) laser to provide the optical

energy for amplification of the seed laser in a regenerative amplifier. A regenerative amplifier

and a stretcher/compressor unit implementing the CPA technique to produce an intense

ultra-short laser pulse at a kHz repetition rate. This system has an M2 ∼ 1.1, very close to

the theoretical Gaussian mode.

Figure 3.1: Schematic diagram of the commercially available Solstice Ace laser system from
Spectra-Physics is shown.

3.1.2 HERCULES laser system

The HERCULES (High Energy Repetition CUOS LasEr System) is a Ti:Sapphire CPA laser

system [73]. The system consists of an oscillator, pre-amplifier, stretcher, pulse cleaner, a

regenerative amplifier, several multi-pass amplifiers and a compressor. The laser design has

been discussed in detail in the following references [74, 75]. The oscillator produces 12 fs

pulse with 0.5 nJ energy at a repetition rate of 75 MHz. The spectral bandwidth is ∼ 50

nm at the central wavelength of 790 nm. The oscillator is pumped by a Spectra-Physics

Millenia neodymium doped yttrium aluminum garnet (Nd:YAG) laser. The pulse is chirped

after multiple reflections from the surface of a grating and is stretched to 500 ps. The fluence

of the laser is then below the damage threshold of the amplifier. A regenerative amplifier

amplifies the pulse to 1 mJ at 10 Hz. A series of multi-pass Ti:Sapphire amplifiers amplify

the pulse to 0.6 J, 2 J and 18 J. The pulse is then compressed via reflections from a matched
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grating setup in a “Treacy” configurations [76, 77].

Figure 3.2: Schematic diagram of the HERCULES laser system at the University of Michigan
is shown.

3.2 UCI LWFA experimental setup

Solstice output is a ∼ 6.75 mJ, 35 fs pulse with λ = 800 nm at 1 kHz repetition rate. The

beam size is ∼ 11 mm when it exits the assembly box. The output laser pulse propagates

through ∼ 3-4 m of air on the optical table and is directed into the experimental chamber by

4 dielectric mirrors and 1 silver coated mirror. Among these mirrors is a 2x telescope with

a 1” silver coated convex mirror (ROC = +500) and a 2” dielectric concave mirror (ROC =

-1000). The pulse enters a small (8×17 in) rectangular vacuum chamber through a B-coated

BK7 window with a thickness of 3 mm. This is the post-compression box where the beam is

reflected from a pair of negatively chirped mirrors (−250 fs2) to compensate for the positive

GDD from dispersion and SPM incurred in air and the glass window. The post-compression

box is connected to the main experimental chamber (18× 30 in) with vacuum components.

The laser pulse stays under vacuum and is transported to the interaction region. A 1” gold

coated f/2 off-axis parabolic (OAP) mirror is used to focus the beam to ∼ 2 µm spot size

under a gas-jet with a continuous flow. The diagram of the setup is shown in Figure 3.3.
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Figure 3.3: Schematic diagram of the experimental setup at UCI.

3.2.1 Laser diagnostics

Pulse energy

The pulse energy out of the box is 6.75± 0.10 mJ. A power meter was used to measure the

pulse energy before and after each optic in the experimental setup. About 74% of the pulse

energy remained in the beam after the focusing OAP. The energy loss due to scattering from

the OAP was measured using a 50 µm pin-hole and a photodiode to be < 1.5%. The energy

within the Full Width Half Max (FWHM) was measured to be ∼ 30% using a variety of

Neutral Density (ND) filters to increase the dynamic range. ND filters are defined by their

Optical Density (OD), which indicates the energy absorbed inside the filter. The energy

transmitted through the filter is given by T (percent transmission) = 10−OD × 100%. At

λ = 800 nm, OD1 is 16% and OD2 is 5% transmissive. Figure 3.4 shows the focal spot

images with a variety of OD filters. Energy in the FWHM can be improved using newer
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optics with smaller surface roughness. The final energy within FWHM at the interaction

region was estimated to be 1.75± 0.2 mJ.

(a)

(b)

Figure 3.4: a) Focal spot images using a variety of OD filters are shown. The x and y
axes show the pixel values and the colorbar shows detected counts with an 8 bit camera.
A higher OD filter indicates a lower transmission while a lower OD filter transmits more
light, saturating the FWHM region. b) Lineouts of the focal spot images with different ND
filters after correcting for the absorption through the filter. This increases the accuracy of
the energy measurement by increasing the dynamic range. An estimate for how much energy
is contained within the FWHM, is given by the ratio of counts within FWHM to the total
counts.

Pulse duration and shape

A home-built [78] Frequency Resolved Optical Gating (FROG) [79] was used to measure

the pulse duration immediately outside the laser box and at the interaction region, after

propagating through several meters of air and a 3 mm thick B-coated BK7 window. The

pulse leaving the assembly is measured to be 36 ± 1 fs; however, it is measured to be ∼ 60

fs inside the vacuum chamber, after optimization of the compressor setting using the second

harmonic signal. This longer pulse duration is due to the combination of linear dispersion,

which we can correct with adjusting the compressor, and the non-linear addition of phase

due to SPM in the air and the BK7 glass window.
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SPM adds a positive GVD to the pulse if n2 > 0, which is the case for both air and BK7 glass

medium. Dispersion in these medium also adds a positive GVD to the pulse. In order to have

a short FTL pulse at the interaction region, we start with a positively chirped pulse coming

out of the laser box. The chirped pulse has a lower intensity, which means SPM effect is

somewhat reduced. In addition, a positively chirped pulse experiences spectral broadening,

which means the FTL is reduced. The combination of dispersion and SPM, in the air and the

vacuum window, adds positive chirp to the pulse. A pair of negative chirped mirrors (−250

fs2) were used inside the vacuum chamber to compress the pulse down to its FTL value.

The pulse propagates under vacuum thereafter. A small spectral broadening due to SPM in

the air and BK7 glass window was observed and the final pulse duration at the interaction

region was measure to be 30 ± 2 fs. Numerical simulation of light propagation in medium

was also performed [Matthew Stanfield] using the Python Non-Linear Optics (pyNLO) code,

a non-linear Schrodinger equation solver with a split step Fourier method, and the result

was in agreement with the measured pulse duration.

FROG is a robust technique to measure the duration of femtosecond pulses. The schematic

of a FROG setup is shown in Figure 3.5. The original beam is split into two identical beams,

where one of the beams is made to travel through a delay stage. Both beams are overlapped

inside a non-linear crystal (BBO). A second harmonic signal is present when the beams are

overlapped in both space and time. The delay stage moves in ∼ 1 µm steps and intensity

and frequency information is recorded at each step. The intensity information alone can

be used to calculate the pulse duration, when a pulse structure is assumed. The addition

of spectrum data at each stage position, enables a complete characterization of the pulse

intensity and phase structure without the need to assume a specific pulse shape. The second

harmonic generation FROG trace is given by:

I(ω, τ) =|
∫ +∞

−∞
E(t)E(t− τ)e−iωtdt |2 . (3.1)
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An iterative algorithm reconstructs the time-dependant electric field from the measured

FROG trace.

Figure 3.5: The basic geometry of a SHG-FROG is shown. Image credit: Rick Trebino

Laser focal spot

The laser focal spot is measured by a microscope objective lens and a BK7 plano-convex

lens, which imaged the light from the objective onto the camera. The energy of the laser

pulse was reduced before the objective lens, in order to avoid damaging it. This was done

either by using 1-3 glass wedges positioned at 45-55 degrees, near the Brewster’s angle, or by

operating the laser at the “shuttered” mode. The latter method blocks the oscillator output

from entering into the regenerative cavity and only the ASE signal is outputted from the

laser box. The comparison of the two measurements were nearly identical. Magnification of

the imaging system was calibrated by translating the objective lens ∼ 10− 40µm, recording

multiple images and calculating the ratio of the distance moved in µm to the corresponding

number of pixels. The OAP was manually aligned using this imaging system by correcting
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astigmatism when moving through the focus. Figure 3.6 shows an example of the laser focal

spot using an f/2 OAP. The OPA was aligned in air before the chamber was pumped down.

The focal spot was stable during the pump-down (moving on the order of < 1−2µm in both

x and y directions on the camera positioned about 1 m away from the interaction region).

Further, the focal spot could be corrected for minor motion under vacuum by adjusting the

last mirror before the vacuum chamber.

Figure 3.6: Image of a focal spot from an f/2 OAP. The FWHM is measured to be 2.07 ×
1.94 µm.

3.2.2 Target

For the experimental setup at UCI, a continuous flow gas delivery system was designed in-

spired by the high performance liquid chromatography technology commonly used in chem-

istry. A 1 cm long capillary with inner diameter of 76 or 127µm made from PEEK material,

which are able to sustain high pressure (up to 10,000 PSI), is connected to a gas cylinder via

1/4” plastic and copper tubing. Plastic tubing was used inside the experimental chamber for

ease of movement and control of the nozzle position. The nozzle was mounted on an XYZ

stage and moved with a computer program. The connection for the gas system is made by

appropriate Swagelok fittings and compatible ferules. The experimental chamber is pumped
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by a turbomolecular pump (Pfeiffer’s HiPace300) backed by a roughing pump (Pfeiffer’s

Adixen ACP28). The chamber can be pumped down to ∼ 0.5 mTorr. The chamber pressure

is increased to ∼ 5mTorr with a continuous flow of gas through the 127µm nozzle backed by

pressure of 350PSI. Available target material included Argon, Helium and Nitrogen and the

density was controlled by the backing pressure, which has a linear relation with the density.

Measurement of electron density

In the case where the magnetic field in the plasma is negligible, the refractive index is ap-

proximated by η =
√

(1− ω2
p/ω

2 =
√

(1− ne/ncr). Electron density of the plasma medium

can be calculated from the measured refractive index of the plasma. Measurements of the

refractive index of any medium is usually done by the technique of interferometry. An in-

terferometer is a device where two or more beams are made to interfere with each other by

the coherent addition of their electric fields. The modulated intensity pattern is then ob-

served on the plane of a detector. For the experiments in this thesis a folded Mach-Zehnder

interferometer, was used. The setup of our Mach-Zehnder interferometer on a removable

12× 12 in breadboard is shown in Figure 3.7.

A probe pulse is picked from the main driver pulse by reflection from a beam sampler

(10B20-01NC.2 from Newport or a 6 µm Mylar film from LGC). The probe pulse is steered

towards the experimental chamber by several 1” diameter silver coated mirrors and a delay

stage with ∼ 125 ps temporal range and a BBO crystal (12 × 12 × 0.2 mm), producing a

second harmonic signal with λ = 400 nm. The shorter wavelength probe produces thinner

fringes, and the phase difference through the plasma is larger due to the inverse relation

with the wavelength and the dependence of the refractive index on the wavelength. The

probe pulse then enters the vacuum chamber through an uncoated BK7 window and is

directed towards the interaction region (perpendicular to the main beam) by a 1” aluminum

mirror. The probe beam illuminates the interaction region and the vertical plane located
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at the main pulse propagation axis is imaged, through the interferometer, using a single

lens imaging system (focal length = 10 cm, f/8). Interferogram data, providing spatial

distribution information, is obtained by blocking one arm of the interferometer. Information

on the temporal evolution of plasma is obtained by moving the delay stage. The total phase

difference induced by the plasma is given by:

∆φ(y, z) =
2π

λ

∫
(1− η(x, y, z))dx, (3.2)

η =

√
1− ne

ncr
, (3.3)

where λ is the wavelength of the probe beam and η is the refractive index of the plasma and

it depends on both the electron density and the laser’s critical density as in equation 3.3.

To obtain the total phase difference, we integrate over the total length of the plasma that

the probe pulse propagates through.

Figure 3.7: Schematic of a compact Mach-Zehnder interferometer using a roof mirror is
shown. A roof mirror is used to flip one arm of the interferometer. When both arms
overlap, the portion of the beam that has propagated through the plasma is overlapped with
a reference portion of the beam, which has not propagated through the plasma. This is
possible since the beam diameter (∼ 11 mm) is much larger than the plasma region we are
imaging (100s of µm).
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Plasma density is not uniform through the entire length of the plasma. The laser pulse is

more intense near the center; hence, more electrons are ionized near the laser axis and the

density distribution has a Gaussian profile in x and y directions and it is assumed to be

cylindrically symmetric. The flow from the capillary and expansion in the vacuum also gives

a Gaussian profile to the target plasma in the z direction, the direction of laser propagation.

The 2D projection of phase information, ∆φ, and the cylindrical symmetry of the plasma

can be used to obtain a full 3D density map using the Abel inversion equation:

∆φ(r, z) =
1

π

∫ ∞
r

∆φ(y, z)

dy

dy√
(y2 − r2)

. (3.4)

Calculations of electron density via Abel inversion algorithm were performed using a code

written in Python. In order to test the accuracy of the code, fringe shift data was simulated

with varying densities and profile shapes. The error in calculation of electron density using

this code was < 2% for noticeable fringe shifts, for example for ne = 5×1019 cm−3. The error

increased for negligible fringe shifts; it was ∼ 10% for ne = 4.5× 1018 cm−3. An example of

simulated fringe shift and a map of the density profile is shown in Figure 3.8.

Numerical modeling of the density profile through the nozzle was also performed using the

COMSOL Multiphysics software and was in agreement with our measured data. Plasma

densities up to ∼ 5×1019 cm−3 with longitudinal Gaussian profiles of about 100-300 µm and

transverse dimension of ∼ 60 µm were produced with our experimental setup. An example

of the experimentally observed fringe shift is shown in Figure 3.9.
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Figure 3.8: An example of simulated fringe shift and the obtained density profile via Abel
inversion is shown. a) The simulated unperturbed fringe pattern when a beam of λ = 800nm
is overlapped with itself through an interferometer is shown. The magnification was chosen
to match our experimental imaging system. b) The simulated fringes shift due to propagating
through a cylindrical plasma with peak density of ne = 4.95 × 1019 cm−3 and a Gaussian
profile. c) The density profile obtained from simulated fringes via Abel inversion analysis.
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Figure 3.9: An example of the experimentally observed fringe shift due to a backing pressure
of 200 PSI is shown.

An example of the experimentally measured density profile with a 76 µm capillary nozzle

backed by 520 PSI is shown in Figure 3.10. The on-axis density profile is also shown (right

axis) with a peak value of ne = 3.1 × 1019 cm−3. Peak electron density as a function of

backing pressure for this capillary nozzle is shown in Figure 3.11, where the vertical distance

from the focal spot to the orifice was ∼ 100 µm for all data points.

Figure 3.10: The full density profile for a 76 µm capillary nozzle backed by 520 PSI is
shown. The laser focal spot is ∼ 100 µm above the nozzle. The on-axis electron density
profile is shown on the right axis. Peak inferred electron density from phase shift is ne =
3.1× 1019 cm−3.
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Figure 3.11: The peak electron density as a function of backing pressure is shown for a 76µm
capillary nozzle.

3.2.3 Detection

Electron detection

A scintillating screen paired with a dipole magnet is commonly used for electron detection.

An electron spectrometer is composed of a dipole magnet and a phosphor screen. Our

dipole magnet was built with two thin neodymium block magnets (a pair of either BZ0X82,

BZX0X02, or BZ0X02 from K&J Magnetics was used) epoxied to blocks of acrylic. The

design of the magnet as shown in Figure 3.12 allows for varying separation distance between

1 to 2.5” in order to control the magnetic field strength. The magnetic field was measured

using a Gaussmeter and the measured magnetic field was used to model electron trajectories

via COMSOL Multiphysics modeling software. The magnetic field map for a pair of BZ0X82
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magnets at various distances are shown in Figure 3.13. Geometry of electron deflection in

the magnetic field is shown in Figure 3.14. This geometry was used to calculated the range of

electrons that would be detected on the screen. The actual magnetic field was used to model

electron trajectories. The modeled electron trajectories are shown in Figure 3.15 where each

color represents the path for a different energy electron beam.

Figure 3.12: The dipole magnet with vertically adjustable mount allowing flexibility and
control over the magnetic field strength and the range of electron energy to be detected.

We used Carestream LANEX fine screen, a phosphor screen that converts energetic electrons

into green light. The composition of fine LANEX screen is 10µm of protective coating, 178µm

of plastic substrate, 84 µm of rare earth material, Gd2O2S, and a final 5 µm of protective

coating [80]. When energetic electrons interact with a phosphor screen, they excite electrons

in the screen. The electrons decay to their ground state and emit radiation at a wavelength

of ∼ 545 nm. LANEX screen is imaged by a camera through a BG-39 (Schott Glass) filter,

which transmits light in 400-550 nm range.
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Figure 3.13: The measured B-field of a dipole magnet (a pair of BZ0X82 magnets) is shown
at various magnet separation. The magnetic field is more uniform when separation is smaller.
This measured field was used for modeling the trajectory of electron beams with different
energy. At 1” separation, the range of electron energy is between 50 keV and 2 MeV.
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Figure 3.14: Geometry of an electron deflection in the spectrometer. The region with mag-
netic field is marked with colors. Electrons can enter this region through a 1 mm slit and
are deflected according to R = mec

qB

√
γ2 − 1.

Figure 3.15: Particle tracking via COMSOL Multiphysics software. The range of electron
energy shown here is between 2 and 16 MeV for a pair of BZ0X02 magnets at 1 cm separation.
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3.3 HERCULES experimental setup

The laser pulse (∼ 2 J, 35 ± 3 fs) propagates from the compressor to the experimental

chamber under vacuum. The beam is a quasi flat top with a 4” beam size. The focusing

optic is an f/20 OAP providing a ∼ 20 µm focal spot. The laser power is measured for

each shot with a photodiode behind a dielectric mirror that leaks 1% of the beam through.

Inside the experimental chamber, another leak through of the beam is imaged and used to

correct the beam pointing. To image and correct the focal spot, a motorized stage moves

two mirrors in the path of the focusing beam, which is then sent to an imaging system.

After removing these mirrors, the laser pulse propagates to the target and is focused inside

a variable length gas-cell. Gas-cells are used to provide a more uniform density profile

and improve the stability of the produced electron beams1. To facilitate ionization injection,

helium with a few % nitrogen is used where the density is controlled by the backing pressure.

Parameters such as compressor setting, gas-cell position and backing pressure are scanned

to optimize the produced electron beam. Target density is measured with a folded Mach

Zehnder interferometry system. Electron energy spectra is measured with a 15 cm long,

0.8 T dipole magnet and a (regular) LANEX screen that is imaged through a BG-39 filter.

Electron energy can be measured in the range of 40 to 600 MeV. The electron beam profile

can also be measured with placement of a LANEX in front of the beam.

3.4 Numerical modeling

Numerical modeling has proven to be of utmost importance for both design of experiments

involving laser-plasma interactions and understanding the result. These interactions involve

millions of particles that will move self-consistently according to the electromagnetic field

of the laser and plasma constituents. A true microscopic simulation for the motion of each

1Two stage gas-cells are specifically designed to separate the injection and acceleration stages.
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particle or even a subset of particles is not possible; thus, models usually use simplified

approximations. One of the most popular algorithms is the particle-in-cell (PIC) code. In

this approach, a collection of true particles called macro-particles are used, and the focus

is on the collective motion. Density and current are averaged over many particles, which

allows collisions due to the Coulomb force to be ignored. The simulation window is divided

into grids that must resolve the driving laser wavelength. The main code is a loop, shown

in Figure 3.16. The charge distribution within each grid is first mapped onto the grid and is

used to calculate the fields. The new velocity and position of the particles are then calculated

based on these fields. This iteration continues until the maximum time for the simulation,

set by the user, is reached. We have used the EPOCH and OSIRIS code for this work.

EPOCH [81] and OSIRIS [82] are both well-benchmarked relativistic electromagnetic PIC

code [83, 84] which uses the finite-difference time-domain technique to numerically solve

Maxwell’s equations and the leap-frog method with Boris algorithm to update the velocities

and positions of particles [85, 86]. They have 1, 2, and 3D simulation capability and are

parallelized for efficiency.

Figure 3.16: The main loop of a PIC code is shown. Initial particle position is scattered
onto the grid and charge density is calculated. This is used to calculate the electric Potential
(for example by the finite difference method). Electric field is then calculated and particles’
velocity and position are updated according to the fields (for example by the leap frog
method). Image credit: Douglass Schumacher
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Chapter 4

x-ray driven wakefield acceleration in

solid nanotubes

4.1 Introduction

The work presented in this chapter is motivated by the recent invention of Thin Film Com-

pression (TFC) technique [27] for lasers, that enables compressing an ultra-intense pulse

to as short as one optical cycle. This single cycle optical pulse can then interact with an

overcritical surface to produce a single cycle x-ray pulse. This is known as the relativistic

compression (RC) technique [28], which is based on the oscillating mirror model [29]. TFC

has a few advantages for the application considered. This technique can compress a large

energy pulse as high as 1 kJ to a few fs level in multiple stages. This is in contrast with the

previous methods using single mode optical fibers or fused silica hollow core capillaries filled

with noble gases. The latter technique is able to compress pulses on the order of a mJ. The

other advantage is the fact that TFC is a very compact setup. Here, the broadening of the

spectra due to SPM happens in a thin plastic medium ∼ 500 µm instead of few meters long
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capillaries. Further, TFC has an overall efficiency > 50%.

As mentioned before, conventional particle acceleration technology uses excited radio fre-

quency (RF) waves in vacuum surrounded by metal or dielectric waveguides and has an

acceleration gradient limit of approximately 1 MeV/cm due to material breakdown. Thus,

larger and more expensive accelerator facilities are necessary in order to obtain higher energy

particle beams. It is not clear if we can afford to build these structures larger in terms of

money and space. The alternative technique of LWFA, which uses plasma as the accelerat-

ing medium is capable of producing acceleration gradients three orders of magnitude higher

compared to conventional accelerators since plasma does not suffer material breakdown and

can sustain very large electric fields [12, 13]. More details on laser-driven plasma-based accel-

erators can be found in the following previously published review papers [62, 57, 58, 56]. In

LWFA, the ponderomotive force of an intense laser pulse with the appropriate length mov-

ing through an under-dense plasma causes electrons to oscillate at the plasma frequency,

ωpe ∝
√
ne, and excites a plasma wave (plasmon) that co-moves with the laser pulse. Elec-

trons trapped in this robust structure can acquire relativistic energies. Electron energy gain

in 1D LWFA is given by:

ε = 2a20mec
2(
ncr
ne

), (4.1)

The energy gain is proportional to the ratio of ncr, critical density defined by the laser

frequency, to ne, the plasma or electron density. According to the above equation, the

energy gain of particles is inversely proportional to the plasma density. Thus far, increasing

the energy gain has been carried out by decreasing the plasma density 1. However, the

acceleration length is given by:

Lacc = a0(
c

ωpe
)(
ωl
ωpe

)2 ∝ (
ncr

n
3/2
e

). (4.2)

1There is also a limit to how low the density can be before the threshold for self-injection is reached
(∼ 1017 cm−3)
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Hence, the acceleration length is inversely proportional to n
3/2
e and will increase as well

when ne is decreased, an inconvenient outcome when attempting to increase the energy gain

according to Eq. 4.1. Furthermore, when ne is decreased, it is necessary to increase the laser

energy as the volume occupied by the laser pulse increases proportional to the plasma skin

depth, (c/ωpe)
3 [13, 28].

Alternatively, energy gain may be achieved without decreasing the plasma density or even un-

der the appropriate increase of density making higher acceleration gradients possible within

more compact structures. This is possible by increasing ncr through increasing the laser

frequency. The original LWFA paper [13] assumed a laser technology that did not exist

yet. A suitable x-ray source to drive a wake does not yet exist either but may be available

in the future. For current optical lasers and gaseous plasmas, the typical ncr/ne ratio is

1021 cm−3/1018 cm−3 = 103. For an x-ray pulse with a wavelength of 0.1 nm and a solid

density plasma, we could for example have ncr/ne = 1029 cm−3/1023 cm−3 = 106, three or-

ders of magnitude higher. This corresponds to a million times higher acceleration gradient

compared to conventional accelerators and is a path towards TeV/cm accelerators.

Although x-ray acceleration had been considered before [87], the prospect for an adequate

laser driver did not exist. Recently proposed technique of TFC [27] is enabling the generation

of a suitable x-ray pulse by an optical laser in the single cycle regime. The RC method for

conversion into the x-ray regime can then be employed [28]. This combination, if realized,

enables both single cycle x-ray pulse and intense regimes. In TFC, the frequency bandwidth

of the pulse is broadened by SPM inside a thin material such as plastic. The laser pulse is

then compressed by chirped mirrors to its fundamental single cycle regime with nearly 10

times higher peak power. Multiple stages may be needed to achieve this. Up-conversion of

this single cycle optical pulse to an x-ray pulse via compression processes in an over-critical

solid target [28] provides an intense x-ray pulse. We note that single or sub-cyclic laser pulses

have been realized in attosecond science (although not intense) [88, 89]. We also note that
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a sub-cyclic particle accelerator has been explored [90].

These new advancements allow us to consider LWFA in the x-ray regime and with solid

densities [87, 30, 34, 31]. Solid densities are under-dense for an x-ray driver and the higher

density results in a higher electric field, and thus higher acceleration gradient. High energy

x-ray photons can directly interact with free charged particles or electrons in the outer

shells as if they are unbound or weakly bound electrons; therefore, solid materials such

as dielectrics or metals can be regarded as metallic plasmas at solid densities as the intense

ultra-short x-ray pulse passes through. To x-ray photons with keV energies, shallowly bound

electrons in a solid material are effectively free electrons and the electron motion may be

regarded as plasma-like in the timescale of the x-ray pulse (on the order of tens of attosecond)

while more strongly bound electrons remain intact. Electrons oscillate a relatively small

distance about their original location to produce the wakefield. If the wakefield reaches on

the order of Tajima-Dawson field [13], some electrons will be freed from the atoms and will

be accelerated. Furthermore, when we inject electrons into this structure in a controlled

manner, the produced wakefield will accelerate the injected electrons.

In order to minimize collisions between the accelerated electrons within the wake structure

and the electrons from the solid, it is suggested to use fabricated nanotubes [30]. Nanoporous

alumina (or Carbon) structures can be fabricated on quartz crystals [91, 92, 93, 94]. The

pore density and diameter of this highly regular pore structure can be controlled during

the fabrication to match the laser parameters to produce an optimized wakefield structure.

Figure 4.1 shows an example of this regular honeycomb channel structure and its dimensions

[92].

Recently, Zhang et al. studied the x-ray driven WFA in a solid density nanotube and the

appropriate scalings laws [32]. These simulations compared WFA driven by an x-ray pulse,

λl = 1 nm, in a nanotube with wall density of ne = 5 × 1024 cm−3; with LWFA driven by

an optical pulse, λl = 1 µm, in a nanotube with wall density of ne = 5 × 1018 cm−3. The
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Figure 4.1: SEM image of the top surface of a porous alumina fabricated on a QCM. Image
credit: Lazarowich (2007)

later case is not a physical nanotube since it has a lower density than solid material but

for the purpose of a fair comparison, it was modeled as a nanotube with a central vacuum

channel. In these simulations a0 = 10 was kept constant. This translates to an intensity

of 1.4 × 1020 W/cm2 and 1.4 × 1026 W/cm2 for the optical and x-ray pulse respectively.

Diameter of these nanotubes were chosen to be 5× λl corresponding to 5 µm and 5 nm for

the optical and x-ray case. These simulations confirmed an accelerating gradient of TeV/cm

when wakefield is driven by an x-ray pulse in solid density compared to GeV/cm when it

is driven by an optical pulse in gaseous material as shown in Figure 4.2. The wakefield

structure is preserved as wavelength is decreased because the ratio of ncr/ne is kept fixed

but the lengths are in nm instead of µm.
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Figure 4.2: Comparison between the x-ray regime and optical regime. Distributions of (a)
and (b) the longitudinal wakefield and (c) and (d) electron longitudinal momentum γvx
induced by (a) and (c) the x-ray pulse and (b) and (d) optical laser pulse in a tube when
a0 = 10. Image credit: Zhang (2016)

An additional set of simulations compared the x-ray, λl = 1 nm, driven WFA in a uniform

solid density with a nanotube case modeled with a central vacuum channel and solid density

walls [32]. In this case, ne = 5× 1024 cm−3 and a0 = 4 corresponding to 2.2× 1025 W/cm2.

Diameter of the nanotube was 5 × λl = 5 nm. The simulation results are shown in Figure

4.3, where the nanotube is seen to have a higher quality wake formation and the additional

advantage of guiding the laser. Laser was guided for 4500×λl in the nanotube case whereas

it was completely diffracted after 2000× λl in the uniform density case [32].
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Figure 4.3: Comparison of x-ray pulse in a hollow tube versus a uniform density. Distri-
butions of (a)(b) the laser field, (c)(d) electron density, and (e)(f) wakefield driven by an
x-ray pulse when the target is a nanotube (a,c,e) or a uniform density plasma (b,d,f). Image
credit: Zhang (2016)

An x-ray pulse can couple with ionic motions in solid material through optical phonon modes.

In the following sections the solid state effects (polaritons) [95] are included.

A solid is composed of individual atoms. The oscillatory motion of these atoms about their
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equilibrium position causes acoustical or optical lattice vibration. The present analytical

model is based on the dispersion relation of the bulk system of coupled phonon-plasmon in

solid state. The basic equations for this setup are the continuity and momentum equations

for both species and Poissons equation:

∂ne
∂t

+∇ · (ne(vD + vTe)) = 0,
∂ni
∂t

+∇ · (nivi) = 0, (4.3)

mene(
∂vTe
∂t

+ (vD + vTe) · ∇vTe) = neqeE −∇Pe, (4.4)

mini(
∂vi
∂t

+ vi · ∇vi) = niqiE −Ki(xi − xi0), (4.5)

∇ · E = 4πe(ni − ne), (4.6)

ξe =
eE

meω2 −mekxvDω − k2
xγTeω

ω−kxvD

, (4.7)

ξi =
−eE/mi

ω2 − Ki

mi

, (4.8)

where vD, vTe and vi are the drift velocity of electrons, thermal velocity of electrons and ions

respectively. E and Pe represent the electric field and electrons pressure and ξα(α = e, i) are

the displacements of charged particles. The lattice force is taken into account by addition of

Ki(xi−xi0) term in the equation of motion for ions, where Ki is the effective spring constant.

In a 1D framework, we use perturbation theory to write the equivalent 1st order equations

and use Fourier theory, assuming A = A0e
i(kx−wt) form for each perturbed quantity, to solve

for the perturbed positions. Substituting into Poissons equation, gives the dispersion relation

where ε(k, ω) is the relative permittivity (setting vD = 0),

ε(k, ω) = 1−
ω2
pi

ω2 − ω2
TO

−
ω2
pe

ω2 − k2xv2Te
. (4.9)

Therefore, this model is capable of including the important effects of ionic motions such

as the polaritons and collective modes at solid densities by including the transverse optical

phonon frequency, ωTO =
√
Ki/mi, in the dispersion relation [95]. In fact, this model was

61



previously applied to the plasmonic excitations such as plasmons and polaritons in the solid

bulk as well as in the surface of these material [95, 96, 97, 98, 99] driven by a laser or an

electron current. The solutions to Eq. 4.9 for a few different cases are shown in Appendix

A.

In Sec. 4.2, we provide an overview of the code and the modifications to model ionic motion,

we explain the initial setup and parameters of the LWFA simulations and present the results

indicating no noticeable deleterious effect or instability arising from the addition of ionic

lattice force. In Sec. 4.3, we use this modified code and present simulations of a current driven

instability in different regimes of high and low ionic frequency having distinct behaviors. In

Sec. 4.4 we discuss a few applications related to these findings and Sec. 4.5, contains

concluding remarks and a discussion of extension of this work in the future.

4.2 Wakefield simulations

We investigate the WFA process driven by an x-ray source onto solid density materials. A

1D simulation is performed of a high frequency laser, which interacts with a high density

plasma consisting of free electrons and a lattice of ions that feel the vibrational force from

their neighbor ions. We assume an isometric lattice structure and focus on the regime where

the laser pulse is within the accelerating region of the wake. We also assume that the

laser spot width is far greater than the x-ray pulse length. Therefore, we can perform the

simulation and analysis in 1D where the theory and scaling laws are very well known for the

purpose of benchmarking and further analysis. Our first goal is to study the ionic mode in

order to see if it has any affects on the wakefield formation or electron acceleration in the

longitudinal direction.
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4.2.1 Introduction of ionic motion at the solid density

Simulations for this work are conducted using the 1D version of the EPOCH particle-in-cell

(PIC) code [81] with the second order field solver. We modify several subroutines in this

code in order to manually load particles in a structured lattice and also include the effects

of the lattice force [100]. Major modifications happen in EPOCH’s pusher, where velocities

of particles are updated, by including the second term in the following equation in order to

model the lattice force,

dvn
dt
x̂ =

q

m
(E + vn ×B)x̂− Ki

m
(xn − xn0)x̂, (4.10)

where xn0 is the initial position of the particle at t = 0 and xn is its position at the current

iteration. This new term only affects the advancement of positive charges, and Ke is set to

be zero for negative charges at all times.

Table 4.1: Summary of LWFA simulation parameters

plasma density ne 1023 cm−3

laser wavelength λl 10−6 cm

laser intensity a0 3 -

FWHM λpe/4 2.65× 10−6 cm

grid size δx 10−8 cm

δt δx/0.95c 3.5× 10−19 s

The initial setup is composed of ions loaded uniformly into an ordered lattice structure and

of particles with negative charge loaded randomly. One positive ion is positioned exactly at

the center of each cell while multiple particles with negative charge, with the appropriate

charge (and mass) weight to ensure the overall charge neutrality, are distributed throughout
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each cell. Plasma density is ni = ne = 1023 cm−3 and ωpi/ωpe =
√
me/mi ≈ 1/43. Particles

are interpolated to the grid using a third order b-spline shape function. The simulation

domain is 1D in space (x̂-direction) with periodic boundaries at both ends. Each cell is 1 Å

in size similar to the average spacing in solids. Temperature is set to zero for both species.

A Gaussian electromagnetic wave-packet, polarized in the y-direction, with a FWHM equal

to λpe/4 and a0 = 3 is initialized and set to propagate through the initial plasma in the x̂-

direction. The carrier frequency of the pulse is 30 PHz (λl = 10−6 cm) corresponding to≈ 125

eV photons. The ratio of laser frequency to plasma frequency is ωl/ωpe =
√
ncr/ne = 10.5.

We collect data every λpe/2c step until the electron energy saturation is observed. Table 4.1

provides a summary of the parameters used in the simulation.

4.2.2 x-ray driven wakefield excitation in the solid

We conduct simulations with the specified parameters for several different values of effective

spring constant. The initial simulation sets Ki = 0 and is predicted to show a typical

wakefield evolution. We benchmark the modified code by comparing the result from this

run with another simulation conducted using the original code where lattice force was not

yet introduced 2. Figure 4.4 shows the results from this initial run. We are showing the

laser pulse as it travels through the plasma and the wakefield structure that forms behind it

(longitudinal electric field) at times 5λpe/c = 1.76 fs, 9λpe/c = 3.17 fs and 11.5λpe/c = 4.05

fs. Phase space is also shown for both species. Electric fields Ex and Ey are normalized by

the Tajima-Dawson field [13] Ecr
L = meωpec/e, momentum is normalized by mec and position

is normalized by λpe. As the pulse moves through the plasma, it expels electrons out of its

way and creates a region with positive charges; this region is approximately λpe
√
a0 wide

as seen in Fig 4.4. The excited longitudinal electric field is seen to attain amplitude on the

order of Ecr
L , consistent with the theory. This electric field results in an accelerating gradient

2The modified code was also benchmarked with well known examples such as two stream and Buneman
instability.
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Figure 4.4: Evolution of LWFA with ωTO = 0 at t/[λpe/2c] = 10 (panels a and b), t/[λpe/2c] =
18 (panels c and d) and t/[λpe/2c] = 23 (panels e and f) are shown. Panels (a), (c) and (e)
show electric field of the laser pulse, Ey, shown by blue solid line (right axis) and longitudinal
electric field, Ex, shown by black dashed line (left axis) normalized by Ecr

L . Panels (b), (d)
and (f) show the phase space for each species. Green stars represent simulation particles with
negative charge and red dots represent simulation particles with positive charge. Momentum
(right axis) is normalized by mec, and position is normalized by λpe. Image credit: Hakimi
(2018)
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Figure 4.5: Comparison of different lattice force strengths is shown at t/[λpe/2c] = 23 for
ωTO/ωpe = 0.10 (panels a and b), ωTO/ωpe = 1 (panels c and d) and ωTO/ωpe = 3.46 (panels
e and f). Organization and normalization is the same as described in Fig. 4.4 while the
amplitude of the ion mode is increased (by a factor of 3 in panels b and d and by a factor of
30 in panel f) with the intention to display it clearly. Image credit: Hakimi (2018)
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of eEL ≈ 1.4eEcr
L ≈ 0.4 TeV/cm in the wakefield, which matches the theoretical prediction

of eEcr
L = 0.3 TeV/cm. It is shown that electrons at the end of each bubble continue to gain

energy as the wakefield evolves and the pulse moves through the plasma. This is the limit of

plasma waves (plasmon) dominated regime of the collective modes in the solid state plasma.

The observed electron energy gain (even for the case of ωpe < ωTO, shown in Fig. 4.5(e,f))

is ε ≈ 100mec
2 ≈ 50 MeV while the 1D LWFA theory predicts the maximum energy gain of

≈ 900 MeV. Maximum electron energy is observed to be ≈ 340 MeV in later stages of the

simulation and is limited by the pump depletion length.

We then vary the strength of the lattice force by changing the effective spring constant. We

calculate the value of the spring constant, K, based on the relative strength of the transverse

optical phonon frequency compared to plasma frequency. For the case of ωTO/ωpe = 0.1,

K = 5 × 106 g/cm2 if mi = 1837 × me. The value of K for Carbon atoms linked to their

neighbors by covalent bonds in the diamond structure is calculated to be 1.3 × 106 g/cm2

[100]. Table 4.2 summarizes the different ratios we use to simulate these distinct cases.

Figure 4.5 shows the result of several simulations when transverse optical phonon frequency

is less than, equal to, and greater than the electron plasma frequency. We are showing the

result of each simulation at t = 11.5λpe/c = 4.05 fs. These figures can also be compared with

Fig. 4.4(e,f), corresponding to the case of ωTO/ωpe = 0 at this exact time. It is observed

that the wakefield or longitudinal electric field is not affected by the presence of ion modes

and negative charges bunched at the end of each bubble continue to gain momentum and

energy comparable to the base case with Ki = 0. A noticeable difference in these cases

compared to the base case is the presence of an ion mode related to the lattice frequency,

but the fundamentals of the LWFA is unaffected. Thus we show that the basic wakefield

(plasmons excited by the mechanism of the wakefield [13]) is only slightly affected by the

size of ωTO/ωpe. This is thus consistent with the earlier model of the wakefield formation

through solid densities [32].
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Further modification to the 2D EPOCH code confirms these phonon modes do not alter the

electron acceleration process [101] in a wakefield as shown in Figure 4.6 for t ∼ 2 fs. In this

simulation, an x-ray pulse λ = 10 nm, with a0 = 3 is traveling through a uniform plasma

with a density of ne = 1023 cm−3. The ratio of ωTO/ωpe = 3.46 and lattice force is only

acting in the x-direction (direction of propagation of laser). Figure 4.6 (c) can be compared

to Figure 4.3 (e,f) to see that in both 1D and 2D cases with the addition of lattice force

in x-direction, we observe TV/cm wake formation and an acceleration gradient of ∼ 0.5

TeV/cm.

Table 4.2: Different cases of LWFA simulation

Case
ωpi

ωpe

ωTO

ωpe

1 1/43 0

2 1/43 0.10

3 1/43 1

4 1/43 3.46

4.3 Simulation of beam-driven instabilities

Similar plasmons and polaritons (electron plasma waves and ionic plasma modes) can be

excited in a solid plasma system with the presence of an electron current. The dispersion

relations of the bulk modes with current and surface polaritons have been studied previously

[95]. We confirm the existence of the bulk modes excitation via simulations using the same

modified PIC code described above. More information on the theory behind these modes can

be found in references such as [100, 96, 97, 98]. If we assume that electrons have a constant

drift velocity and are moving through a 1D lattice of ions, Eq. 4.9 will be slightly modified
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Figure 4.6: 2D LWFA simulation with lattice force turned on in the x direction, the direction
of laser propagation. Here λl = 10 nm and a0 = 3, ne = 1023 cm−3, ωTO/ωpe = 3.46. Electric
field of the driving laser is shown in (a), electron density distribution is shown in (b) and
wakefield is shown in (c). Lineouts of the laser and wake fields are shown in (d) and phase
space for both species is shown in (e). Image credit: Hakimi (2019)
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[95] to:

ε(k, ω) = 1−
ω2
pi

ω2 − ω2
To

−
ω2
pe

(ω − kxv2D)2 − k2xv2e
. (4.11)

The initial setup for the simulation is similar to the previous section. Positive ions are

manually positioned at the center of each cell while negative charges are loaded randomly

throughout each cell. Plasma density is slightly higher, ni = ne = 1024cm−3. The simulation

window is 450 Å wide with 450 cells. Temperature is set to zero for both species. Electron

drift velocity is varied and the case of vD = c/2 is presented here. The modified code was also

benchmarked against the well-known Buneman case when Ki = 0. Here we show simulation

results from two distinct cases with different sets of parameters as summarized in Table 4.3.

Table 4.3: Different cases of beam-driven instability simulation

Case
ωpi

ωpe

ωTO

ωpe

high ionic frequency 1/2 3.46

low ionic frequency 1/63 0.11

4.3.1 High ionic frequency modes (polariton)

Equation 4.11 has four different solutions, two of which may be complex conjugate solu-

tions with one unstable solution. In the first case we study the ratio of ωpi/ωpe = 1/2 and

ωTO/ωpe = 3.46. This means that the frequency of the transverse optical phonon is much

greater than that of the plasmon. This is a low density regime and polaritons are destabi-

lized in this regime. All four solutions of the linear dispersion relation with these specified

parameters are plotted in Fig. 4.7 using a polynomial solver. Real frequency versus the
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Figure 4.7: Dispersion relation of the bulk modes with current, (low density case). ωpi/ωpe =
0.5, ωTO/ωpe = 3.46, vD = 0.5c. Panel (a) shows the normalized real frequency, ω/ωpe, vs.
normalized wavevector, kc/ωpe. The top and bottom branches are phonon-like and the two
middle branches are plasmon-like at lower wavevectors. The instability occurs when forward
propagating phonon branch crosses the negative energy plasmon branch. Panel (b) shows
the normalized growth rate, γ/ωpe, vs. normalized wavevector. The stars mark the values
of the growth rate found from the simulation data for several modes. Image credit: Hakimi
(2018)
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Figure 4.8: Time evolution of the unstable mode from simulation data for the case of high
ionic frequency is shown. Phase space for each species is shown where momentum is nor-
malized by mec plotted on the left axis. Horizontal axis shows the position of particles in
the simulation window normalized by the simulation grid size, 1Å. Green stars represent
simulation particles with negative charge and red dots represent simulation particles with
positive charge. The blue dashed line represent the longitudinal electric field plotted on the
right axis and normalized by Ecr

L . Image credit: Hakimi (2018)
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wavevector is shown in Fig. 4.7(a) and the growth rate versus the wavevector is shown in

Fig. 4.7(b). The real frequency and growth rate are normalized by ωpe and the wavevector is

normalized by ωpe/c. The top and bottom branches are phonon-like branches in the positive

and negative frequency. The middle two branches are plasmon-like at the lower wavevector

range. The instability is due to the charge bunching mechanism and occurs when the forward

propagating phonon branch meets the negative energy plasmon wave [95]. The unstable wave

has wavelength, λ = 2π/k = 37× 10−8cm where k = 4.46ωpe/0.5c = 8.9ωpe/c as seen in Fig.

4.7(a). Figure 4.8 displays the result of the simulation, studying their nonlinear behavior,

with the observed wavelength of the unstable mode being 35 × 10−8 cm matching the pre-

dicted wavelength (within 5 percent). The measured growth rate for this mode matches the

dispersion relation solution and is marked on Fig. 4.7(b). The growth rate is measured from

the slope of the logarithm of a Fourier component of the electric field in time. We are showing

the evolution of this instability and growth of this mode into a nonlinear phase. We observe

that the instability picks up growing linearly, Fig. 4.8(b), and eventually is non-linearly

modulated to form trapped electron orbital characteristic, Fig. 4.8(c), while ions display a

more harmonic behavior throughout. In the latest nonlinear stage, Fig. 4.8(d), electrons

show nearly closed trapped orbitals. The electron nonlinearities are similar to gas plasma

electron dynamics (with less chaotic elements), but ions do show a more harmonic behavior.

At the saturation, Fig. 4.8(c), acceleration gradient is eEx ∼ 0.1eEcr
L ≈ 100GeV/cm at

t = 1.2 fs.

4.3.2 Low ionic frequency modes (polariton)

In the second case we study the ratio of ωpi/ωpe = 1/63 and ωTO/ωpe = 0.11. This is a

high density regime. Solutions of the dispersion relation with these parameters are plotted

in Fig. 4.9. The real frequency versus the wavevector is shown in Fig. 4.9(a) and the

growth rate versus the wavevector is shown in Fig. 4.9(b). Normalization is the same as
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Figure 4.9: Dispersion relation of the bulk modes with current, (high density case). ωpi/ωpe =
0.016, ωTo/ωpe = 0.11, vD = 0.5c. Panel (a) shows the normalized real frequency, ω/ωpe, vs.
normalized wavevector, kc/ωpe. The top and bottom branches are plasmon-like and the two
middle branches are phonon-like at lower wavevectors. The instability occurs when forward
propagating phonon branch crosses the negative energy plasmon branch. Panel (b) shows
the normalized growth rate, γ/ωpe, vs. normalized wavevector. The stars mark the values
of the growth rate found from the simulation data for several modes. Image credit: Hakimi
(2018)

74



Figure 4.10: Time evolution of the unstable mode from simulation data for the case of low
ionic frequency is shown. Organization and normalization is the same as described in Fig.
4.8. Image credit: Hakimi (2018)
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the previous case. In these plots, the top and bottom branches are plasmon-like and the

middle two branches are phonon-like at the lower wavevector range. The instability is again

due to charge bunching and occurs at the crossing of the optical phonon and the negative

energy plasmon branch. The unstable wave has wavelength, λ = 2π/k = 152 × 10−8 cm

where k = 1.1ωpe/0.5c = 2.2ωpe/c as seen in Fig. 4.9(a). The simulation result, Fig. 4.10,

shows the observed wavelength of the unstable mode having λ = 150×10−8 cm matching the

predicted wavelength (within 2 percent) and the measured growth rate is on the same order of

magnitude as Eq. 4.11 suggests, marked on Fig. 4.9(b). We are showing the evolution of this

mode; however, this instability is so weak that we observe no electron trapping phenomena

similar to what has been observed in Fig. 4.8 or in the laser wakefield case, Fig. 4.4 and 4.5.

Simulations for both cases were conducted with varying velocities including lower velocities,

for example vD = 0.07c, showing the same typical results as discussed here.

4.4 Discussion

These x-ray driven wakefield accelerators at the solid density have been considered for future

high energy accelerators for electrons and perhaps ions [30, 34]. These works are further

extensions of laser wakefield toward future high energy electron accelerators [102, 46, 103,

104, 105, 106, 107, 108]; however, for the application to a high energy electron accelerator [57],

we suggested the adoption of nanotube materials to avoid high energy electrons scattering

from the electrons in the solid [109, 110, 111]. Using solid material has the advantage of

being compact and designed for controlled acceleration. Zhang, et al. have shown that the

wakefield in a nanotube is reasonable for electron acceleration [32]. In fact, the nanotube

wakefield is more ideal as its transverse structure is confining the laser energy and is more

regulated, and subsequent betatron motions are cleaner and thus provide superior beam

quality [32]. In addition, the nanotube structure is great for guiding and the repetitive
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honeycomb structure of these materials such as alumina nanotubes makes it possible to

raster repetitive pulse injection. It is evident that the present x-ray acceleration regime has

far higher accelerating gradients than that of the dielectric x-ray acceleration [112], this is

because the present x-ray can operate in the “plasma regime” (i.e. above the ionization

fields).

Further, we note that the timescale of the present ultrafast x-ray pulse (nearly one-cycle

regime) and its interaction with the plasmon (at the solid density) wakefield immediately

following the laser pulse occurs in a matter of hundreds of attoseconds. The above field ion-

ization and subsequent lattice movement time scales (such as potential melting) are far longer

than the physics we have discussed [113]. There is also a possibility of atom stabilization

due to the rapid laser oscillations [114].

The plasmon and polariton excitations in such a solid state materials by either an x-ray

source or drifting electrons should be of interest to recent plasmonics applications [115, 116,

117, 118, 119]. There is also an interest to use x-ray lasers as probes to time resolve surface

features in plasmonics [120, 121]. Earlier studies such as [96, 97, 98, 99] laid the foundation

of these developments. Particularly, the surface excitations [95] may be applicable to these

modes and their localized and controlled excitation with high intensity and ultrafast time

scales. The surface wake excitation in the above nanotube is also related to the surface mode

excitation and to the dielectric wakefield accelerator scheme [122, 123]. Their applications

to bioinspired nanomaterials (such as nano-capillaries) [124, 125, 126, 127, 92] may also be

of interest for our future investigations of excitation and monitoring of ultrafast modes in

bioinspired nano-capillaries, if these modes may be signals to diagnose what is happening.

Acceleration in a crystal channel was studied previously [110], although at that time it was

purely a theoretical consideration. In the light of recent realization of TFC and RC, we

are reconsidering this novel regime with a technology-based new entry. In fact experimental

pursuit of this route to x-ray pulse has already begun [128, 129]. Further, we can visualize
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solid state fabrication technology of these nanostructures as well. We note that beam-driven

solid-state tube acceleration is currently being studied as well [130].

The x-ray driven LWFA in solid nanotubes described here is a scheme for an ultra-compact

accelerator with an acceleration gradient nearly 6-7 orders of magnitude larger compared to

traditional accelerators. This is an improvement of 3 orders of magnitude compared to the

current LWFA with gaseous targets, a route toward a “TeV on a chip”. Multiple stages of

this TeV/cm chip can result in an even larger energy gain in a table top accelerator. This

could be an alternative and compact route to a TeV linear collider in the future. It is worthy

to consider a conceptual scheme of collider path based on this concept.

It is well known that accelerated electrons in a wakefield structure oscillate in the transverse

direction and produce x-ray and gamma radiation [72, 58, 131]. While electron acceleration

is scaled from optical to x-ray case, the radiation generated in these different regimes are

quite different as QED effects need to be considered. Photon emission is scaled with the real

electric field and can be 2-3 orders of magnitude higher in the x-ray case. Previous simulations

[32] show photon emission of hundreds of keV to MeV for the optical case and hundreds of

MeV in the x-ray case as shown in Figure 4.11. Nanotubes with periodic characterizations

(in the direction of propagation of the laser) could also serve as nano-undulators to control

the produced radiation. For example, we can envision a specific superlattice period for

a particular electron energy to produce a certain energy γ-photons as designed. Such a

design may be employed to test the hypothesis of 17 MeV observed γ-photon to be part of

the “fifth force” investigation [132, 133]. These nanostructures with additional periodicity

may be possible by methods such as superlattice of nanomaterial. It should be noted that

present day semiconductor technology enables the fabrication of these structures layer-by-

layer as specified by design. In this case, the nanotube is doing both the electron acceleration

and undulation and there is no need for a superconducting magnet or its cooling systems.

Therefore, x-ray driven WFA could be a new x-ray or gamma radiation source, far more
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compact in size and greater in photon energy compared to other schemes.

Figure 4.11: The energy spectrum and spatial distribution of photon emitted from the
wakefield driven by x-ray pulse and optical one. (a) and (b) Photon energy distributions
and (c) and (d) photon energy spectrum in the (a) and (c) x-ray driven case and (b) and
(d) 1 eV optical laser driven case in a tube. Image credit: Zhang (2016)

It is fascinating to think about the broad range of future applications beyond the high energy

physics collider and high energy x-ray FELs on a compact chip or chips. The conversion effi-

ciency of this scheme is not yet known and requires experimental investigation in the future.

Applications include: (i) the non-luminosity paradigm not resorting to the colliding beam

to detect high energy physics phenomena; (ii) a candidate for muon source and acceleration

[134]; (iii) Cancer radiotherapy using nanostructures as the accelerating medium [135]. For

example, one of the “non-luminosity paradigm” [136, 137] has been proposed to test the

texture of the vacuum in ultra high energy γ-photon. In that paper it was assumed to em-

ploy the largest energy laser available (Mega Joule lasers) for electrons to be accelerated by

LWFA toward PeV. High energy (PeV) γ-photons from these electrons may be used to probe

a possible deviation of photons in its ultrahigh energy limit due to the superstring theoretic

prediction of the vacuum texture being stringy. Now that the present x-ray acceleration
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in nanostructures allows TeV on a chip conditions, we imagine the proposed scheme may

become more affordable.

4.5 Conclusion

We have carried out simulations and analysis of an x-ray pulse interacting with solid state

media to elucidate the wakefield excitation process in this novel regime. This is an extension

of a previous suggestion [30] and the earlier simulation [32] by explicitly including the ionic

motion in these solid state materials. The present work validates the earlier work [32] by

showing the central wakefield dynamics has not been altered by adding the ionic kinematics in

terms of the wakefield of interest. In addition we have also investigated the collective modes

associated with these ionic dynamics such as polaritons and its surface analogue modes [95],

which may be excited either by a laser or by an electron current. The new laser compression

technique [27] along with the relativistic laser compression technique [28] can provide a

suitable x-ray source for this regime [30, 138] of wakefield acceleration [87, 109, 110, 111].

A similar concept in wakefield acceleration in nanomaterials driven by beams has also been

suggested [138, 139]. We have shown that such an x-ray pulse, if realized by TFC and the RC,

can in fact excite good quality wakefield and this is true even in the presence of the lattice

force. Once we enter this regime, of attosecond x-ray pulse, we anticipate the discovery of

the modes of the collective motion coupled with the laser. We can accordingly manipulate

these modes with such a laser pulse in a novel way.

This scheme has a wealth of applications in addition to producing high energy electrons from

a super compact accelerator such as muon accelerators [134] and endoscopic oncology [135].

Photon emission in this regime is in a much higher energy range [32] and could amount to

a compact and specifically designed radiation sources as well.
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The future high energy accelerator applications using nano-capillaries driven by an x-ray

pulses may become an attractive possibility. The developments should also open up new

applications to plasmonics and bioinspired nanomaterials research.
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Chapter 5

Wavelength Scaling of Laser

Wakefield Acceleration

5.1 Introduction

The main promise of LWFA is the reduction of size (and cost) of accelerators. This is possible

since the acceleration gradient is orders of magnitude higher compared to the conventional

accelerators. In LWFA, the length of the plasma (accelerating medium) is on the order of

millimeters to centimeters. The majority of laser systems used for LWFA so far, have been

large systems with a number of regenerative and multi-pass amplifiers. These systems take

several rooms of space (not exactly aligned with the idea of a compact accelerator yet).

They usually have a low repetition rate anywhere between one shot in every few hours to

a few shots per minute 1. This is because the energy delivered is on the order of tens of

Joules and it takes time for the heat absorbed in the crystal to be removed. Commercial

laser systems with sub-TW power have recently become available. The peak intensity of

1New PW systems such as HAPLS have higher repetition rate of up to 10 Hz.
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these systems can be > 1018 W/cm2 when focused with a small f# focusing optic. These are

tabletop systems (∼ 2×4 ft) and can fit in a small space. These systems have milli-Joules of

energy and operate at a high repetition rate2 with nearly a perfect mode (M2 ∼ 1.1). Using

a commercial laser systems is a more affordable3 way to make 100s of keV to 10s of MeV

energy electron beams for various applications in material science (e.g. ultrafast electron

diffraction imaging requiring 50-100 keV electron beams) and medicine (e.g. medical linacs

requiring 5-25 MeV energy electron beams). This could revolutionize particle accelerators

overnight when a robust way to generate electron and x-ray beams with control over their

parameters is demonstrated.

Figure 5.1: Solstice Ace High-Energy, Industrial one-box Ultrafast Amplifier produced by
MKS.

Operation of a LWFA at kHz repetition rate can have several advantages such as better

statistics, high signal-to-noise ratio, and improved shot-to-shot stability. The latter results

from the laser operating at a thermal steady state and being more stable. The energy

stability of the commercially available Solstice ACE system is less than 0.5% rms according

to its specifications. This can be compared to the HERCULES laser with energy stability of

5-10% [140]. In addition, optimization of the outcome (electron or x-ray beams) is possible at

2on the order of a kHz
3A compact wakefield accelerator with a commercial laser system might cost about $500k, whereas a

medical linac costs on the order of several millions.
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kHz repetition rate via active feedback control systems [141, 142]. Furthermore, a continuous

electron beam or a high flux is needed for many potential applications of LWFA, which

requires the repetition rate of the pulse to be increased.

One important characteristic of these lasers is their small beam size. In CPA systems, the

beam size is increased before the compression stage. For lasers with Joules of energy, the

beam size is on the order of 10s of cm whereas for milli-Joule systems, it is on the order of 10s

of mm. For example, the Solstice ACE system, shown in Figure 5.1, has a beam size of 10-12

mm. This enables the use of non-linear optics such as a BBO crystal4 to produce double

frequency (2ω) and triple frequency (3ω) pulses with shorter wavelengths. As mentioned in

the previous chapter, simulations have shown advantages such as enhancement of betatron

radiation as the laser wavelength is decreased [32]. For example, the (3ω) of an 800 nm laser

generates a more intense wakefield and increases the photon energy by at least a factor of 2

[32]. Experimental verification of such phenomena as well as a thorough study of wavelength

scaling (towards shorter wavelengths) of LWFA is possible with these commercial systems.

Generation of a near single cycle pulse via TFC has also been achieved [143] with the Solstice

system, making a suitable x-ray pulse for WFA in a nanotube a possibility in the near future.

As shown in Figure 5.2, the 35 fs output of the Solstice system was compressed to 7 fs after 2

compression stages and it could be further compressed to 4 fs with a third stage and broader

bandwidth chirped mirrors [143]. The quality of the original beam was maintained with only

∼ 7% drop in fluence per stage, which could be further improved with higher quality optics

[143].

4The maximum size of a BBO crystal is 1 in
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Figure 5.2: a) TG-FROG measurement after two stages of compression, with a pulse duration
of 7 fs, (2-3 cycles), compared to the predicted pulse duration of 6.5 fs. b) Power spectrum
and spectral phase of the reconstructed pulse. The additional phase oscillations are explained
by the phase oscillations introduced by the chirped mirrors. Image credit: Stanfield (2020)

5.2 Current progress on LWFA at kHz repetition rate

Home-built mJ laser systems have already been used to demonstrate the scaling of LWFA to

mJ regime [144, 145, 146, 147, 103, 148]. The energy of the produced electron beam could

be 100’s of keV to 10’s of MeV, which is suitable for applications with moderate energy

requirements such as ultrafast diffraction imaging [149] and radiolysis [150]. The original

work [144, 145] in this regime (less than 10 mJ energy and kHz repetition rate) was done

by rigorous parameter scanning and was followed by optimization of the electron beam by

genetic algorithms [141]. Electrons were injected in the wakefield by the density down-

ramp mechanism and acquired sub-relativistic energy and the beam had a low charge, ∼ fC.

Subsequent work [146, 147] demonstrated up to 10 MeV and higher charge electron beams

by using a near-critical density target in the self-modulated LWFA regime.

Another approach to increasing the electron energy from sub-relativistic to MeV range is

by using short pulses of near single cycle and simultaneously increasing the plasma density

[103, 148]. This is because the scaling law of the bubble regime requires that both pulse

duration and plasma wavelength be decreased by a factor of 10 when the laser energy is

85



reduced from J to mJ scale. In this case, the wakefield can be operated close to the bubble

regime and produce good quality electron beams of approximately 10 MeV. In this regime,

the laser carrier envelope phase and group velocity dispersion inside the plasma become

important. A review of this can be found at [151, 152].

Since mJ lasers need to be focused tightly in order to reach > 1018 W/cm2, the Rayleigh

length is very short (∼ 16 µm) and for an optimized coupling of the laser and plasma, the

density profile should be designed with caution. For example, ionization-induced defocusing

could be detrimental if the density gradient is greater than the Rayleigh length [148]. Clever

designs that offer stability and long-term operation have been studied [153].

None of the mentioned experiments were performed with a commercial laser system. Com-

mercial systems that are capable of producing the same parameters are now available and

can be used for generation of a wakefield and production of electron and x-ray beams. This

chapter discusses preliminary results showing evidence of electron acceleration via detection

of bremsstrahlung radiation. This was done in a brand new laboratory at UCI and with

the Solstice ACE commercial laser system. Future work related to this project is briefly

discussed at the end.

5.3 Simulation results

PIC simulations of the interaction show production of a low charge beam (∼ 1− 10 fC) with

a maximum energy ∼ 500 keV as shown in Figure 5.3. Simulation parameters were chosen

to match the experimental values with a 30 fs, 2 mJ laser pulse and a focused spot size of

2 µm corresponding to an a0 = 1. The laser pulse propagates through ∼ 200 µm of plasma

with a peak electron density of 3− 8× 1018 cm−3.
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Figure 5.3: Plot of electron momentum versus position at t = 1435 fs. Peak plasma density
is 8× 1018 cm−3. A small number of electrons are trapped and accelerated to ∼ 500 keV.

5.3.1 Monte Carlo simulations

TOPAS MC simulation code wraps and extends the GEANT4 simulation toolkit, which is

specifically used to study the passage of particles through matters for HEDP, nuclear physics,

accelerator physics, space science and medical science applications. TOPAS was used to

model the passage of an electron beam through the combination of an aluminum foil and the

LANEX fine screen5. Two 2µm aluminum foils were used to block any residual 800 nm light

from reaching the LANEX screen. Although one 2 µm aluminum foil would be sufficient to

block the laser light, two were used in order to block any existing pinhole. The LANEX

fine screen is made of several layers of scintillating material, plastic substrate backing and

a protective coating on either side. The exact composition and density of each layer can be

found in references such as [80]. The plastic substrate backing is the thickest layer and an

electron beam has to propagate through this layer before reaching the scintillating portion

and producing a signal.

5This is the thinnest LANEX available for purchasing.
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The geometry of the simulation is shown in Figure 5.4. The entire simulation box is a cube of

50×50×50 cm and the source of the electron beam is positioned at an arbitrary surface (the

left side as shown in Figure 5.4). The first foil, from left to right, is a 4 µm aluminum and

the second foil is a 140 µm carbon to model the plastic substrate backing of a fine LANEX

screen. The third medium is a virtual scorer. The red color is the trace of each individual

electron and the green color is the trace of secondary particles, which are photons produced

from electrons colliding with the material. The angular distribution of the beam was chosen

to fit the simulation box and it does not match the expected electron beam parameters from

the LWFA setup.

The transmission rate for a 150 keV electron beam is 12% and it decreases with the energy

of the electron beam as shown in Figure 5.5. For the expected ∼ 100 keV electron beam, the

transmission is less than 1%. This low transmission rate, in addition to quantum efficiency

of the LANEX screen, collection of green emission and camera sensitivity, necessitate a more

sensitive method of electron detection.

5.4 Experimental setup

The experimental setup at UCI is explained in detail in ch. 3. Here, one point of caution to

note is the use of a post compression system to ensure the pulse duration is minimized at the

interaction region. In contrast with other laser systems that have a larger beam diameter

after the telescope in the compressor, our laser pulse has a diameter of ∼ 10 mm when it

exits the assembly. This is a sub-TW pulse and it experiences non-linearity as it propagates

through air and the glass vacuum window. For higher power laser systems, the laser beam

is kept under vacuum after the final compression stage. The combination of dispersion and

non-linear SPM increases the pulse duration from 35 fs exiting the laser box to ∼ 60 fs at the

interaction region. As mentioned in ch. 3, this was corrected by adjusting the compressor
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Figure 5.4: Geometry of the Monte Carlo simulation. The source is an electron beam with
peak energy of 100 keV and a 10% energy spread with a total of 100 electrons. The foils
are a 4 µm aluminum and a 140 µm carbon modeling the plastic backing in the LANEX. In
this case none of the original electrons reach the virtual scorer positioned on the right edge
of the simulation box.

Figure 5.5: Transmission of electrons through a 4 µm aluminum filter and a fine LANEX
scintillating screen, modeled as 140 µm of carbon, as a function of electron energy. The
original beam has a 10% energy spread and a total of 1000000 electrons. Each point represent
the result of a separate simulation with the specified peak electron energy.
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setting so that the pulse leaving the laser box is positively chirped. Both the dispersion

and SPM in air and the glass window add positive GVD to the laser pulse, which is later

corrected inside the vacuum chamber with a pair of negative chirped mirrors. This setup

produces a slightly shorter pulse duration of 30±2 fs over the gas-jet due to a small spectral

broadening experienced by the positively chirped pulse.

5.5 Optimization of the gas-jet location with a PIN

diode

Silicon atoms in a PIN diode are connected to their neighbors by 4 electrons with covalent

bonds. Atoms of a different species can be added to silicon crystal as an impurity. If for

example these atoms have 5 electrons, one of the electrons is free to move and the atom left

is positively charged. This is an n-type doped material because it has negative charges freely

moving around. If the impurity is of a type with 3 electrons, one of the covalent bonds is

broken and represents a hole that can move from atom to atom. The atom is negatively

charged. This is a p-type doped material. When n and p type material are put together,

a p-n junction is formed. The free electrons from the n-type material move into the p-type

material and holes from p-type material move into the n-type material. This creates a neutral

region in the middle, known as the intrinsic or depletion layer. The ionized atoms in the p

and n type material will slowly set up an electric field that opposes the motion of electrons

and holes. An external electric field can be applied to reduce or increase the internal electric

field. If a positive voltage is applied at the p-type end, the electric field is reduced and free

charges can move again (current will flow in this configuration). If the positive voltage is

applied to the n-type end, the electric field is increased and no current will flow. This is the

reverse biased configuration as shown in Figure 5.6. In a reverse biased configuration, the

depletion layer is large. When energetic photons or electrons hit the PIN diode (if they have
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enough energy to reach the depletion layer), they break the electron-hole pairs and current

will flow. This makes a PIN diode a sensitive detector capable of producing a signal from a

low current electron beam.

Figure 5.6: Cartoon of p-n junction diode cross section operating under reverse biased con-
figuration showing how the intrinsic layer is formed.

The signal from PIN diode in a reverse bias configuration was used to optimize the gas-jet’s

location relative to the focused laser spot. To operate the PIN diode inside the vacuum

chamber, a custom circuit was built with connections through a KF pin feedthrough. The

circuit diagram is shown in Figure 5.7 and was based on circuit examples of OSI Optoelec-

tronics products. The diode is biased with 32 V. An RC low-pass filter exists to clean the

bias voltage. The signal from the diode is amplified by the charge sensitive pre-amplifier. We

use OP913WSL PIN diode and NTE858M op-amp in this circuit. The output voltage pulse

has a decay constant of τ = RfCf = 10 µs. The output voltage depends only on the charge

detected and the value of Cf , as vout = −Q/Cf for a charge sensitive pre-amplifier. For

example if 250 electrons hit the detector, a voltage reading of 0.04 mV should be observed.

In silicon, an energy of about 3.6 eV is needed to free an electron-hole pair and an incident

energy of ∼ 1000 eV is needed to free 250 electron-hole pairs. In other words the sensitivity

of the entire system, S = Vout/E = e
Cf δ

, is 0.04 mV per keV of energy incident on the diode.
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Figure 5.7: A home-built circuit with a charge sensitive pre-amplifier, operated in a reverse
bias configuration for a PIN diode.

5.6 Bremsstrahlung detection as evidence for electron

beam generation

The generation of an electron beam from this LWFA setup was confirmed by the detection

of bremsstrahlung radiation with an Andor x-ray camera. The camera and a plot of its

quantum efficiency curve is shown in Figure 5.8. An aluminum or a steel6 puck were used

as the converter of electrons into bremsstrahlung photons. This is a highly sensitive indirect

electron detection method as the x-ray camera is capable of detecting a small number of

photons when it is properly light shielded.

A thorough scan of relevant parameters was performed. These included the gas-jet density

controlled by adjusting the backing pressure, the laser compressor setting that adjusts the

compressor grating position and modifies the pulse duration, the Ascend pump laser setting,

6Higher Z material would have been more desirable but not available at the time of this experiment.
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Figure 5.8: An iKon-M Andor camera was used to detect bremsstrahlung photons produced
by the LWFA electron beam. The quantum efficiency of the camera is shown on the right,
where the dashed green line (BN) corresponds to the camera used for this setup.

which changes the energy of the laser and the position of the gas-jet in x, y, and z directions (x

and y are the transverse directions and z denotes the longitudinal direction or the direction of

the laser propagation). A few example images are shown in Figure 5.9, where the density has

changed. The top image corresponds to the optimized density for this setup ne = 6×1018cm−3

and the bottom image corresponds to a situation where the density is not enough to produce a

wakefield. The optimized signal from the PIN diode and the x-ray camera were in agreement.

A summary of this parameter scan is shown in Figure 5.11. The counts in the vertical axis

refer to the number of pixels with counts above a certain threshold averaged over 3 shots with

the same conditions. The optimized density of ne = 6×1018 cm−3 matches with the resonant

condition, τ = 1
2
λp, and previous experiments in this regime [149], where an electron beam

was observed at a density range of 4-9×1018 cm−3.

The optimized compressor setting corresponds to a pulse duration of 30 ± 2 fs, the short-

est pulse duration, which was also verified by the second harmonic signal of a BBO and

FROG measurements. The energy scan shows an increase in the signal as the laser energy

is increased and suggests the need for higher quality focusing optic to minimize energy loss.
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Figure 5.9: Images taken by the Andor camera during a pressure scan. The top image is
from a case where density is optimized for LWFA conditions and the bottom image is from
a case where plasma density is not sufficient to generate an electron beam.
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Figure 5.10: A histogram of the bremsstrahlung photon counts is shown. The x axis is 100
evenly spaced bins indicating photon energy in keV and y axis is the number of photons
observed at these energies.

95



Figure 5.11: Optimization of the bremsstrahlung signal with various parameters is shown.
a) Scan of backing pressure, which relates to the plasma density. The peak is at 128 PSI,
corresponding to a plasma density of 6×1018W/cm2. b) Scan of compressor position, relating
to the pulse duration. Optimized location corresponds to the shortest pulse duration at the
interaction region, which is ∼ 30 fs. c) Scan of Ascend pump laser setting, relating to the
pulse energy. d-f) Scan of nozzle position in 3 dimensions. Signal is optimized when the the
nozzle is positioned at the down-ramp of target’s Gaussian profile.
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Position scan shows a narrow peak where the nozzle is positioned at the down-ramp of tar-

get’s Gaussian profile. This is also in agreement with the wakefield theory and previous

experiments [149]. Signal drops at a larger distance above the nozzle since the density is

decreased but it is not very sensitive to the transverse position in x direction.

A histogram of the data for an optimized case is shown in Figure 5.10. The x axis is 100

evenly spaced bins indicating photon energy in keV and y axis is the number of photons

observed at these energies. Photons with 20-80 keV energy were observed; however, the

efficiency of the x-ray camera is less that 5% for 20-30 keV photons. The efficiency data for

higher energy photons is not available. We infer that detecting any photons in this energy

range means that we are producing sufficient number of these photons corresponding to

electrons with 50 to 100 keV energy.

5.7 Conclusion

An experimental setup to study LWFA was designed and developed in a new lab at UCI.

The driving laser is a commercial system with mJ energy and a kHz repetition rate. This

regime of operation can have advantages such as shot-to-shot stability and high flux electron

beams and is gaining attention in the community. The laser and target diagnostics were

developed as well as electron and x-ray detectors. We were able to confirm generation of a

sub-relativistic electron beam by detecting bremsstrahlung radiation in the range of 20-80

keV.

The experimental platform is developed and several studies are planned for the future. In

order to improve the current setup and reduce energy loss, higher quality optics with smaller

surface roughness should be used. An obstacle may be added in front of the nozzle to

improve injection due to a high density gradient (shock injection) [154]. Target density
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profile manipulation (e.g. double capillary nozzle) may be explored further in the future as

well as development of small gas-cells to improve the stability of the electron beam.

The newly achieved compressed pulse of 7 fs (via two stages of TFC) with nearly 4 times

higher intensity can be used for future LWFA experiments at UCI. If this compressed pulse

is used with a higher density target ∼ 1020 cm−3 (The highest density achieved at the lab is

6×1019cm−3 and is currently limited by the maximum delivery pressure of the regulator), we

could operate near the bubble regime and generate a mono-energetic electron beam with 5-10

MeV energy. Betatron radiation has not been investigated in this regime. With manipulation

of the parameters, we could generate betatron radiation in the range of 1-150 eV.

This 7 fs pulse can be further compressed with a third stage of TFC to near a single cycle

pulse, which can then interact with an over-critical target to produce an intense single cycle

x-ray pulse. This will enable the experimental study of x-ray driven WFA in crystals and

nanotubes as discussed in the previous chapter. The ultimate goal is to use an x-ray pulse;

however, we can start to conduct proof of principle experiments to study the scaling laws

as laser wavelength is reduced with use of a non-linear crystal to produce 400 nm and 267

nm wavelength from the current 800 nm laser pulse at UCI. Betatron generation can be

enhanced with these shorter wavelengths [32]. This may be a simple way of increasing the

radiation energy for various applications. For example, the above photon energy may be

enhanced to ∼ 300 eV, which is in the water window range and is useful for imaging organic

molecules.
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Chapter 6

Plasma Temperature Correlation with

Electron Acceleration Processes in

LWFA

6.1 Introduction

In LWFA, in the bubble regime, the ponderomotive force of the laser pushes electrons away

from the regions of highest intensity and creates a bubble of positive charges called an ion

cavity. Some of these electrons travel to the back of the bubble and are pulled back into it by

the attractive Coulomb force of the ions. If these background electrons gain enough velocity

(≥ vph) to slip across the electron sheet and into the bubble, they are self-injected into the

accelerating part of the wakefield structure. The threshold for injection depends on the

normalized vector potential of the laser and on the wake velocity [155], vph = c
√

1− ne/ncr.

Assuming a fixed laser wavelength, decreasing the electron plasma density increases the

wake’s velocity, thus making it more difficult for the electrons to be self-injected. On the other
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hand, energy gain in the bubble regime is inversely proportional to the density. Lowering

the self-injection threshold by a novel method is a straight forward way of achieving a higher

energy gain in a single stage of a laser-plasma accelerator. Various injection schemes based

on shaping the density profile [156, 157, 158, 154, 159, 160, 161], ionization [162, 163, 164],

multiple laser pulses [165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175] and even magnetic

field control [176] have been suggested.

Self-injected Electrons have a non-zero transverse momentum and they continue to oscillate

transversely as they are longitudinally accelerated. This leads to the betatron motion of

electrons and betatron radiation; thus, LWFA is also known to be a promising novel light

source. The produced radiation has a high brightness and short duration [177] with a variety

of applications [72] in high resolution imaging [178], radiation therapy [179, 180] and cargo

scanning [181]. The critical photon energy is related to the maximum energy of electrons

and is given by E[eV] = 5.24 × 10−21γ2ene[cm−3]rβ[µm], where γe is the Lorentz factor for

accelerated electrons, ne is the background electron density, and rβ is the amplitude of the

betatron oscillation, which can be approximated by the bubble radius, rb = 2
√
a0/kp ∼ 1/ωp

[43]. The wavelength at which these particles radiate is given by λ = 2πc/γ2eωb, where

ωb = ωpe/
√

2γe is the betatron frequency.

The hot electron temperature in the plasma can be approximated by the experimentally

obtained scaling law [182, 183, 184] to be Te[eV] = 0.01 × ( Iλ2

1015 W
cm2 µm

2 )0.30±0.05 for Iλ2 ≥

1015 W
cm2µm2.

Presented in this chapter is a study of xuv radiation from a LWFA. Plasma conditions and

signature of the bubble formation are imprinted in the xuv data and we can potentially use

an xuv spectrometer to diagnose how well laser energy is coupled into the wake. We see

that by increasing the density, coupling and wake formation changes. Experimental results

and further simulations that discuss the influence of the laser polarization on the LWFA

dynamics [185] are also discussed. The ponderomotive force responsible for generation of the
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wake is polarization independent; however, the ionization dynamics and injection process

is affected by the polarization of the laser pulse. The use of a circularly polarized pulse is

shown to reduce the self-injection threshold by approximately 20 %. The total beam charge

is enhanced by an order of magnitude due to ATI heating and the higher temperature is

confirmed by the soft x-ray spectra of the plasma emission [185].

6.2 Experimental setup

These experiments were performed at the HERCULES laser facility [186, 75, 73] at the

Center for Ultrafast Optical Science (CUOS) at the University of Michigan. The laser pulse

with λ = 800 nm, pulse duration of 35 ± 3 fs and an average power after compression of

PL = 50.4 ± 5.4 TW, where the error represents the standard uncertainty combining the

uncertainties in laser energy and pulse duration, was focused onto a 3D printed gas-cell with

variable length [187] filled with Helium + 3% Nitrogen to enable ionization injection [164].

The laser pulse was focused by an f/20 OAP focusing optic to a spot size of 26± 0.8 µm, at

1/e2 in intensity, providing a peak intensity of 6.5 × 1018 W/cm2 at the interaction region.

This intensity corresponds to a normalized laser intensity a0 = 1.8 for the linearly polarized

laser pulse, while a0 is a factor of
√

2 smaller for circularly polarized pulse at the same

intensity. To switch between linear and circular polarization, a 1/4 λ mica wave-plate of

thickness 40 µm was placed into the beam path before the OAP. By rotating the axis of

the plate, the polarization can be switched without affecting the laser intensity and focus

quality.

The plasma density was characterized using a Mach–Zehnder interferometer. The plasma

density is calculated from Fourier Transforms method [188] and Abel inversion technique and

can be expressed as ne[1018 cm−3] = 0.05 × P [PSI] − 0.16, where P is the backing pressure

and was varied between 10 and 80 PSI.
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Relativistic electrons generated from the interaction are deflected by a dipole magnet (15 cm,

0.8 T) onto a LANEX screen imaged by a CCD camera through a BG-39 bandpass filter. The

dispersion of the electron spectrometer was determined by a particle tracking code using the

measured magnetic field [189]. To determine the electron beam charge, the LANEX signal

was calibrated by using a Fuji BAS-MS image plate [190] which gives 2.9 × 10−6 pC/count

[191]. The schematic of this setup is shown in Figure 6.1.

XUV detector

Radiation produced from the interaction travels straight and into an xuv spectrometer box

[192] consisting of a gold-coated concave diffraction grating and an x-ray camera. The grating

is a Hitachi aperiodic 1200 l/mm flat-field concave with variable line spacing to diffract and

focus the radiation onto the camera (1024×1024 pixel chip of size 25×25 mm). The detector

chip is planar but the image plane is circular. This results in a spectral broadening of less

than one third of a pixel for 5 < λ < 35 nm . The camera can be moved to intercept

the image plane at different locations in order to detect a different range of wavelengths.

The gating angle can also be adjusted by a couple degrees to vary the range of wavelengths

detected. The grating and associated filters are positioned in a light tight housing and the

zeroth order light is blocked. This xuv spectrometer is suitable for detection of soft x-ray

and ultraviolet radiation in the range of 5− 100 nm (12− 250 eV) from a hot plasma. The

resolving power of the spectrometer is approximately 1100 in the region of interest around 50

eV. Two 200 nm aluminum filters were used to block the residual 800 nm light from reaching

the camera. This filter also blocks some of the xuv radiation as shown in the Figure 6.3. The

desired location of the camera was calculated with the grating equation, nλ = d(sinθ±sinθ′),

where n is an integer representing the order of diffraction, λ is the diffracted wavelength, d

is the distance between slits, θ is the angle of the incoming light relative to the normal of

the grating and θ′ is the reflected angle. This geometry is shown in Figure 6.2.
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Figure 6.1: Schematic diagram of the HERCULES LWFA experimental setup. The main
pulse is focused with an f/20 OAP onto a gas-cell. 4% of the main pulse is reflected from
a pellicle and used to measure the density with an interferometer. Electrons are deflected
toward a LANEX by a dipole magnet and the produced radiation propagates forward to an
xuv spectrometer.

Figure 6.2: The grating equation was used to calculate the first order angle of diffraction for
a range of wavelengths and determine the camera position. The grating angle, α, was set to
4 degrees. The actual image plane was circular.
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Figure 6.3: Filter transmission curve for a 400 nm aluminum filter in the wavelength range
of 5− 100 nm from the CXRO database.

6.3 Experimental Result

After scanning various input parameters to optimize the electron beam, electron energy

spectra and xuv spectra were collected as the density was varied. Xuv spectra reveals three

distinct categories. Bright emission lines and a continuum are observed at the low density

regime with an increase in brightness when an electron signal is present. Emission lines

and a noticeable slope near λ = 23 nm are observed at the intermediate density regime. A

continuum is observed at the high density regime with a correlation to the electron signal.

Figure 6.4 shows examples of these xuv spectra at various densities. To identify the observed

emission lines and estimate the temperature of the plasma left behind after the interaction,

FLYCHK code was used to reconstruct the spectra of the target gas for a range of temper-

ature and density values. Figure 6.5 shows a series of these simulated spectra for helium,

nitrogen, carbon and oxygen. Carbon and oxygen are found in the walls of the gas-cell.

Figure 6.6 shows correlated electron and xuv spectra data from 80 shots as a function of

density. The vertical bands represent a different shot where the top panel shows electron
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Figure 6.4: Example xuv spectra are shown at different densities of 3.4 × 1017 cm−3, 8.4 ×
1017 cm−3 and 2.8 × 1018 cm−3 from top to bottom. Plasma emission lines disappear and a
continuum appears as density is increased. The overlying line in red is the vertically binned
counts before correcting for filter, grating and camera efficiencies.
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Figure 6.5: Simulated spectra of N, He, O, and C at T = 110 eV and n = 8 × 1018 cm−3

using FLYCHK. The target gas was helium with 3% added nitrogen. Carbon and oxygen
are found in the walls of the gas-cell. These simulations were used to identify the observed
emission lines.

spectra and bottom panel shows xuv spectra for the same shot. The density is increasing

from left to right by adjusting the backing pressure. The data is separated into 3 sections

of low density backed by 10− 20 PSI, intermediate density backed by 20− 40 PSI, and high

density backed by 40−80PSI. The high density section corresponds to the conditions for the

bubble regime where the pulse duration is less than half of the excited plasma wavelength.

As the plasma density at the interaction region is increased, a transition into the stable

bubble regime is observed. Here, a stable bubble regime refers to the regime where the

wakefield or the bubble is formed consistently. This is a clear, yet abrupt transition from

the linear to the non-linear regime of LWFA. This transition is present in the xuv spectra,

where the low density shots clearly show a different signature compared to the high density

shots. The xuv spectra from the low density shots are dominated by line emission. At

this density regime, only about 20% of the shots produced a measurable electron beam.

These shots have xuv spectra with a higher photon count. It should be noted that the

lower limit of the electron spectrometer is 40 MeV and an electron beam with lower energy
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could be generated but not observed on the LANEX. At the intermediate density regime,

∼ 3.5× 1017− 2× 1018 cm−3, the plasma emission lines are suppressed and an electron beam

is present in nearly 40% of the shots. At even higher densities, ∼ 2 − 3 × 1018 cm−3, an

electron beam is consistently measured with a peak energy of ∼ 150− 250 MeV and a beam

charge on the order of 10s of pC. The xuv spectra shows a broad continuum from the 17 nm

aluminum edge to λ = 23 nm.

Figure 6.6: Experimental result from different shots with similar parameters is shown. The
density of the target is increasing from left to right. In low density shots, the number of
photons are increased when an electron beam is present. Plasma emission lines are suppressed
as the density is increased. The high density regime corresponds to the bubble regime
condition and produces an electron beam consistently. The xuv spectra shown is corrected
with filter, grating and camera efficiencies.

6.3.1 The effect of laser polarization on the LWFA dynamics

Electron beam charge as a function of density for both cases of a linearly polarized pulse

(LP) and a circularly polarized pulse (CP) at the same laser power are shown in Figure 6.7
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Figure 6.7: (a) Electron beam charge as a function of plasma density with LP (blue circles)
and CP laser (orange squares) with the same power P = (50.4±5.4)TW. Error bars represent
the 2σ uncertainty. (b),(c) Spectra of 35 consecutive shots at ne = (3.8 ± 0.4) × 1018cm−3

[shaded region in (a)] for CP and LP, respectively. Image Credit: Ma (2020)

a. In these shots, the target gas was pure helium. The self-injection threshold density is

3.2 × 1018 cm3 for LP and 2.7 × 1018 cm3 for CP. This means the threshold ratio of laser

power to critical power for self-guiding, P/Pcr, is lowered from 5.5 for LP to 4.6 for CP,

where Pcr = 17.4(ncr/np) [193]. The electron spectra for 35 consecutive shots with CP and

LP is also shown in Figure 6.7 b,c for an electron density of (3.8 ± 0.4) × 1018 cm−3. A

comparison of Figure 6.7 b,c shows that for a CP case, reproducibility of an electron beam,

the electron beam charge and energy are higher, which suggests a dependence of trapping

threshold on the polarization of the pulse.

6.4 Discussion

A clear transition from a region that does not satisfy the wakefield conditions into the stable

bubble regime is seen in the xuv data. The spectra are dominated by plasma emission

lines at the low density regime, indicating a lower plasma temperature, and transition into

a broadband spectra. The disappearing of emission lines may indicate that electrons are

freed; however, the more likely case is that because of the higher temperature and the
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more efficient coupling of the laser energy into the plasma wave, electrons are excited to

higher energy states and the emission lines have moved to a different wavelength range. The

broadband xuv spectra at the high density range indicates the regime of bubble formation

and self-injection. The intermediate density regime may correspond to the stable bubble

regime where a wakefield structure capable of accelerating electrons is formed. A stable

bubble formation is independent from self-injection of electrons into the bubble. An xuv

spectrometer may be used as a diagnostic to identify when a stable bubble is formed. This

could potentially be very useful for designing staged accelerators where the secondary stages

should operate at the lowest density in order to have higher energy gain and without further

injection of electrons.

There is evidence of betatron radiation generation as well. This is specially noticeable in

the lower density regime as shown in Figure 6.8 where presence of an electron beam leads

to a brighter xuv spectra. The reason this is not noticeable in the higher density regime

could be due to the fact that higher density plasma quickly becomes opaque to radiation in

this regime. At plasma density of ne = 2.8× 1018 cm−3, 55-71 MeV electrons would produce

betatron radiation between 24.8 and 16.9 nm (50.1-73.2 eV). Electrons of this energy range

were detected as seen in Figure 6.6 at these plasma densities and it is likely that the detected

continuum is betatron radiation [194]. Higher energy electrons (175-270 MeV) would produce

betatron radiation in the water window range (282-533 eV). These high energy electrons were

also detected; however, the xuv spectra was not aligned to detect this wavelength range.

The correlation between electron and xuv spectra shows that plasma conditions and the

signature of the bubble formation are imprinted in the xuv data and an xuv spectrometer

may diagnose how well the laser energy is coupled into the wake. This was shown in studying

the effects of laser polarization in LWFA dynamics [185].
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Figure 6.8: A summary of the xuv spectra is shown. The underlying continuum and the
emission lines are separately plotted. The x axis is the backing pressure, which determines
the target density. The y axis is the wavelength range from 17-24 nm and the z axis is the
photon counts after correcting for the filter, grating and camera efficiencies. The top row
shows xuv spectra from shots that generated an electron beam and the bottom row shows
xuv spectra from shots that did not generate an electron beam. The xuv spectra plotted
at each pressure is an average of multiple spectra from shots with the same experimental
conditions. The main observations are the higher counts in the continuum when an electron
beam is present, which is more noticeable at low backing pressure, and the suppression of
emission lines as the backing pressure is increased.

6.4.1 Self-injection enhancement with a circularly polarized pulse

In a strong laser field, ionization happens through the ATI mechanism [195]. Electrons gain

residual transverse momentum, p⊥ = mecai, as well as longitudinal momentum, p‖ = meca
2
i ,

where ai is the normalized vector potential at the moment of ionization [196, 197, 198]. This

initial momentum gain at the time of ionization (before the peak pulse arrival) is the reason
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for the observed difference between the LP and CP case.

Electric field and vector potential of a laser pulse, are related by ~E(~x, t) = −∂ ~A(~x,t)
∂t

. The

electric field for an LP and CP laser propagating in the z direction can be written as:

~E(~x, t)LP = E0(z)cos(kz − ωt)ŷ, (6.1)

~E(~x, t)CP = E0(z)[
1

2
cos(kz − ωt)x̂+

1

2
sin(kz − ωt)ŷ], (6.2)

producing the following vector potential for LP and CP lasers:

~A(~x, t)LP =
E0(z)

ω
sin(kz − ωt)ŷ, (6.3)

~A(~x, t)CP =
E0(z)

ω
[
1

2
sin(kz − ωt)x̂− 1

2
cos(kz − ωt)ŷ], (6.4)

In the LP case, ionization dominantly happens when the electric field is at or near the

maximum. At this time, the normalized vector potential is nearly zero, which leads to

vanishing residual momentum and energy at the time of ionization for the LP case. In

contrast, for the CP case, the amplitude of the electric field is constant and follows the pulse

envelope with components in both x and y directions. The electric field continuously ionizes

the neutral target gas and the magnitude of the normalized vector potential is non-vanishing,

leading to a significant momentum and energy gain at the time of ionization in the CP case.

A simplified plot showing the relation between ~E and ~A for both LP and CP cases is shown

in Figure 6.9 leading to a difference in the initial momentum and energy gain of electrons.

Electrons that are freed by ATI at the front of the laser pulse, flow along the bubble sheet.

If the longitudinal velocity of an electron near the back of the wakefield structure is larger

than the phase velocity of the wake, it can be trapped and accelerated by the wakefield. The

small initial transverse momentum from ATI can slightly alter the trajectories of electrons

around the bubble sheath and introduce an asymmetry to their orbits. Some electrons, which
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Figure 6.9: The ~E and ~A for both LP and CP cases are shown. In the LP case, when the
electric field is at a maximum, ~A = 0. Electrons are ionized with vanishing momentum gain.
In the CP case, ~E follows the pulse envelope and ~A 6= 0 and electrons are ionized with a
non-vanishing initial momentum gain.

start at the correct azimuthal angle where the laser vector potential points inward, will be

trapped more easily [185].

The initial position of trapped electrons was studied with 3D PIC simulations [185] shown

in Figure 6.10 a. In the CP case, trapped electrons originate from a spiral structure at the

evolving ionization front and the projection in the transverse plane is a ring with a width

of approximately 1 µm. In the LP case, trapped electrons originate from only two specific

angles in the polarization plane. Figure 6.10 b shows at a certain time, the initial positions

of the trapped electrons are all located within a small azimuthal angle where the vector

potential points toward the axis.

The difference of the residual momenta, and hence kinetic energies with different laser polar-

ization, will eventually lead to higher plasma temperatures for CP [199, 200]. Measurements

of the time-integrated xuv spectra, shown in Figure 6.11 a, and atomic physics simulations

with the code SCRAM [201], shown in Figure 6.11 b, confirm higher plasma temperature

by increased emission in CP case. The SCRAM calculations used a thermal plasma that

was allowed to cool by radiative emission, with the initial temperature corresponding to the

same average energy per electron as the LP and CP distributions. The decrease of measured

emission as the gas pressure increases is thought to be due to the reduced transmission of
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Figure 6.10: (a) Ionization location of injected electrons in the comoving frame. For a CP
laser, electrons born at any phase in the ionization front can be injected if the laser vector
potential points toward the beam axis. For an LP laser, only those born in the polarization
plane can be injected. The color map represents the transverse laser field of Ex in the (x, z)
plane and Ey in the (x, y) plane, respectively. (b) Particle tracking with static fields from
PIC simulation in the CP laser case. The white dots represent the initial positions for the
trapped particles. The orange arrow represents the direction of the vector potential at the
starting point of the trajectories. The color scheme represents the longitudinal momentum
gain for the tracked electrons along their trajectories. The gray scale plots on the two
transverse planes show slices of the plasma density. Image credit: Ma (2020)
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light in this region when density is increased in the centimeter scale gas cell.

Figure 6.11: (a)Experimentally measured xuv spectra for various helium backing pressures
(i.e., plasma densities). (b) xuv spectra from SCRAM atomic physics simulations with a
thermal electron energy distribution with the same average energies as the electron spectra
from a 1D PIC simulation. Image Credit: Ma (2020)

6.5 Conclusion

Soft xuv spectral measurements were made alongside electron spectra and inferences to

the LWFA process were discovered. It was experimentally observed that by increasing the

density, energy coupling and wake formation underwent changes. This is reasonable since

electric field, resonantly exciting the wake and injection mechanisms depend on the plasma

density. Xuv spectra may be used to diagnose the conditions of wake formation and injection

mechanisms in the future. This may be a useful diagnostic for multiple-stage accelerators

where a stable bubble should form but without further injection of electrons.

The observed continuum at 17-24 nm is likely betatron radiation. In the future experiments,

more data should be taken in the low density regime since the high density plasma is re-
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markably absorptive in this wavelength range. Further, camera position should be varied to

study the emission lines (this requires the use of appropriate filters for the wavelength range

of interest). Soft x-ray radiation, specially in the water window, may also be detected with

different filters and positioning of the camera.

We can also conclude that self-injection dynamics and hence LWFA is polarization depen-

dant. Circular polarization leads to significant differences in self-injection because it modifies

the initial conditions for the electron trajectories and trapping is extremely sensitive to the

details of the trajectory. The keV/c level momentum gain due to ATI at laser pulse front

leads to a new injection mechanism for a laser pulse with a circular polarization with reduced

threshed for density and higher charge beams. This injection mechanism is closely tied to

the ionization processes before the arrival of the peak of the pulse. This is fundamentally

different with the ionization injection mechanism, where more tightly bound inner shell elec-

trons are ionized behind the pulse and inside the wakefield structure. Further, we may be

able to produce a circularly polarized x-ray beam using LWFA, driven by a CP laser.
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Chapter 7

Outlook and Conclusion

7.1 Future outlook

With the development of new laser systems, we are entering an exciting era for LWFA

experiments. Researchers around the world are working to answer fundamental questions

about this non-linear interaction as well as perfecting the implementation of this technique

for various applications. For example, the new Zettawatt-Equivalent Ultra-short pulse laser

System (ZEUS) at the University of Michigan will be one of the highest power laser systems

worldwide. It will enable new studies such as pump-probe experiments with femtosecond

x-rays to study ultra-short timescale material dynamics. Extreme Light Infrastructure (ELI)

will soon be operational as a user facility with multiple sophisticated lasers. TFC technique

can be used on these PW lasers with flat top profiles to produce single cycle pulses with 10s

of Joules of energy. This will enable the experimental exploration of x-ray driven WFA in

crystals and nanostructures. The High-Repetition-Rate Advanced Petawatt Laser System

at ELI will deliver 30 Joules of energy in less than 30 fs with an unprecedented repetition

rate of 10 Hz enabling real time optimization of the laser and resulting electron, ion and
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x-ray beams.

7.2 Electron acceleration in crystals and nanostruc-

tures

Some aspects of crystal acceleration can be tested with the existing facilities such as FACET-

II at SLAC, FAST at Fermilab, BELLA at LBNL and AWAKE at CERN. A comprehensive

discussion of future experimental campaigns relating to this topic can be found in “Beam

Acceleration in Crystals and Nanostructures”, a summary of the first workshop on the subject

held at Fermilab in 2019.

In the meantime, work is in progress on achieving a single cycle x-ray pulse through TFC

and RC techniques. TFC technique was originally proposed to compress PW lasers with flat

top profiles such as CETAL at the Institut National de Laser and lasers at ELI facilities.

The concept of x-ray driven WFA in solid nanotubes can be tested after production of a

single cycle x-ray pulse.

7.3 Commercial kHz LWFA

A near single cycle pulse has been achieved at UCI with a mJ energy scale laser operating

at a kHz. This pulse can be converted to a single cycle x-ray pulse via RC. This could be a

suitable x-ray source for generating a wakefield in nanostructures with TeV/cm acceleration

gradient. The energy in the pulse will be small but as discussed before, a large energy may

not be needed in this regime.

On another related note, proof of principle experiments to study wakefield generation with
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shorter pulses can soon be conducted using the second and third harmonics of current

Ti:Sapphire laser systems. Commercial kHz lasers can be used for these studies because

of their small beam size. Electron beam characteristics and enhancement of betatron radia-

tion generation can be experimentally studied at UCI as laser wavelength is decreased.

The compressed pulse at UCI (∼ 7 fs1) has a peak intensity of ∼ 1019 W/cm2 and can be

further increased to > 1020 W/cm2 with higher quality optics. This high-intensity short

pulse propagating in a near critical density target can produce ∼ 10 MeV energy electrons.

In order to improve the electron beam quality, specifically designed gas-jets or gas-cells to

control the profile of the target for density down-ramp injection and shock injection may be

necessary.

In general, LWFA currently produces beams of lower quality compared to traditional accel-

erators. Improvements in terms of energy spread, total charge, divergence, emittance, and

shot-to-shot stability are necessary before LWFA can be used for everyday applications.

LWFA involves a set of initial laser and target parameters. In addition, these parameters

evolve with time according to various non-linear phenomena that affect the outcome. The

consequences of subtle variations to some of these parameters such as laser wavefront has

previously been studied in some experiments and simulations. However, a comprehensive

scan of all the parameters has not yet been done. Machine Learning (ML) algorithms could

be used to uncover the details of the complex laser-plasma dynamics and find patterns and

relations between various laser and target parameters, their evolution, and the acceleration

process. Generating a large set of experimental data is not yet feasible since high power

lasers used for LWFA usually operate at a low repetition rate, anywhere between one shot

every few minutes to couple shots per hour. Commercial kHz lasers recently have had success

with accelerating electrons; however, generating a large experimental dataset will have its

challenges since it involves simultaneous diagnostics for various parameters and saving the

1∼ 4 fs with broader bandwidth chirped mirrors
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data for each shot at a fast pace. A large set of simulated data, carefully designed to mimic

real experimental conditions including the imperfections and fluctuations might be a good

place to start. The use of ML algorithms is particularly great here to look at a massive non-

linear parameter space where humans generally fail to make the connections due to their

biases. Any inherent grouping in the data or association rule that is discovered this way will

have direct impact on bringing LWFA to real applications. This might enable researchers

to identify factors that have a negative impact on the acceleration mechanism and possibly

even improve the energy efficiency of the process.
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Appendix A

Derivations

A.1 Dispersion Relations

Derivation for the dispersion relation is shown here. For simplicity, let us assume that all

vector quantities are in the x direction and perform the derivation of the dispersion relation

in one dimension only. We will also assume that electrons have a constant drift velocity and

are going through a solid medium. Starting from the continuity equation and using small

amplitude perturbation theory to linearize the equations we write:

∂ne
∂t

+∇ · (neve) = 0, (A.1)

∂(ne0 + ne1 + ...)

∂t
+∇ · (ne0 + ne1 + ...)(ve0 + ve1 + ...) = 0, (A.2)

Equating the 1st order terms from above and using Fourier theory we obtain:

∂nα1
∂t

+∇ · (nα0vα1 + nα1vα0) = 0, (A.3)

− iωnα1 + ikxnα0vα1 + ikxnα1vα0 = 0, (A.4)
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where α = e, i and vi0 = 0 since ions are assumed to be immobile due to their larger mass.

Starting from the general equation of motion for electrons and ions and only keeping the

first order terms, we obtain:

mene(
∂ve
∂t

+ (ve) · ∇ve) = neqeE −∇Pe, (A.5)

me(ne0 + ne1)(
∂(ve0 + ve1)

∂t
+ (ve0 + ve1) · ∇ve) = (ne0 + ne1)qe(E0 + E1)−∇Pe, (A.6)

mene0(
∂ve1
∂t

+mene0ve0 · ∇ve1) = ne0qeE1 −∇γne1Te0, (A.7)

−mene0iωve1 +mene0ve0ikxve1 = −ne0eE1 − ikxγne1Te0, (A.8)

mini(
∂vi
∂t

+ vi · ∇vi) = niqiE −Ki(xi − xi0) (A.9)

From Maxwell’s equations, we have the Poisson equation ∇ · E1 = 4πe(ni1 − ne1) and by

definition we have expressions for particle’s velocity in terms of position ve,i = −iωxe,i. The

dispersion equation is obtained by simplifying the above 7 equations:

ε(k, ω) = 1−
ω2
pi

(ω2 − ω2
TO)
−

ω2
pe

(ω − kxvd)2 − k2xv2e
= 0, (A.10)

where ωTO =
√
Ki/mi is the phonon frequency and vd is the drift velocity of the electrons.

If ωTO and vd are set to zero, we will obtain the general dispersion relation with the plasma

oscillation and ion acoustic modes as solutions. If ωTO is not negligible, the ion acoustic

mode will be modified to ω2 = k2c2s + ω2
TO. If vd is not zero, we will obtain the Buneman

instability. These different cases are shown below.

General dispersion relation

ωTO = 0, vd = 0
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Figure A.1: ne = 1 × 1030 cm−3, ωpe = 5.64 × 1016 rad/sec, ωpi = 1.32 × 1015 rad/sec,
v2e = 3.3× 1030 (m/s)2

General dispersion relation modified by addition of lattice force

ωTO = ωpi, vd = 0

Figure A.2: ne = 1× 1030 cm−3, ωpe = 5.64× 1016 rad/sec, ωpi = ωTO = 1.32× 1015 rad/sec,
v2e = 3.3× 1030 (m/s)2

Buneman instability

ωTO = 0, ve = 0
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Figure A.3: ne = 1 × 1030 cm−3, ωpe = 5.64 × 1016 rad/sec, ωpi = 1.32 × 1015 rad/sec,
vd = c/3 m/s

Buneman instability with addition of lattice force

ωTO = ωpi, ve = 0

Figure A.4: ne = 1× 1030 cm−3, ωpe = 5.64× 1016 rad/sec, ωpi = ωTO = 1.32× 1015 rad/sec,
vd = c/3 m/s

ωTO = ωpe, ve = 0
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Figure A.5: ne = 1× 1030 cm−3, ωpe = ωTO = 5.64× 1016 rad/sec, ωpi = 1.32× 1015 rad/sec,
vd = c/3 m/s

ωTO > ωpe, ve = 0

Figure A.6: ne = 1 × 1030 cm−3, ωpe = 5.64 × 1016 rad/sec, ωTO = 10 × ωpe, ωpi = 1.32 ×
1015 rad/sec, vd = c/3 m/s
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