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ABSTRACT OF THE DISSERTATION

On Blowup of Jang’s Equation and Constant Expansion Surfaces
by
Kai-Wei Zhao
Doctor of Philosophy in Mathematics
University of California, Irvine, 2022

Professor Richard M. Schoen, Chair

In 1978, the physicist P.S. Jang introduced a quasilinear elliptic equation in an attempt to
generalize Geroch’s approach to the positive mass conjecture of general relativity. The first
existence and regularity result of Jang’s equation was obtained by R. Schoen and S.-T. Yau
through the capillary regularization procedure and stability-based a priori estimates. Yet,

the solutions produced by this procedure may blow up in some black hole regions.

Schoen—Yau showed that the graph of a blowup solution to Jang’s equation is asymptotic to
cylinders over apparent horizons. J. Metzger showed that such cylindrical asymptotics are
exponential, and he estimated the asymptotic rate by certain spectral properties of apparent
horizons, followed by Q. Han, M. Khuri, and W. Yu. Their estimates involve delicate barrier
construction and require the assistance of regularized solutions. We provide a simple proof

of the sharp estimates that also apply to general blowup solutions.

We prove the first analytic and geometric result of regularized solutions to Jang’s equation
in black hole regions by applying two natural geometric treatments: translation and dilation.
First, we show that the graphs of properly translated solutions converge subsequentially to
constant expansion surfaces. Second, we characterize the limits of properly rescaled solu-
tions. Third, we investigate the structure of black hole regions that arise in the Schoen—Yau

regularization procedure. Finally, we discuss a special case of low-speed blowup behavior.

viii



Chapter 1

Introduction

1.1 Geometry of spacetime

In special relativity, a flat spacetime is modeled by Minkowski spacetime R'? endowed with

the non-degenerate symmetric quadratic form
3
gy = —dt* + Z(dm’)2, (1.1.1)
i=1

where t = 20 is the temporal coordinate, and z%’s are the spatial coordinates for i = 1,2, 3.
Since the metric gy has one negative eigenvalue and 3 positive eigenvalues, we say that g
has signature (—,+,+,+). In view of this structure, we have the following decomposition

of the tangent space of R'3. Let v = (v°,v!,v?,0v%) € RY3 be a vector.

1. If go(v,v) < 0, then v is time-like, and is interpreted as the 4-velocity of a massive

object.

2. If go(v,v) = 0, then v is null or light-like, and is interpreted as the 4-velocity of a

light ray (photon).



null

space-like

Figure 1.1: Light cone with examples of time-like, null and space-like vectors.

3. If go(v,v) > 0, then v is space-like , and is interpreted as a tangent vector of a

Riemannian submanifold of spacetime.

Furthermore, the light cone, a 3-dimensional hypersurface comprising all null vectors, de-
composes the set of all time-like vectors into two open connected subdomains, called the
future (with v > 0) and the past (with v° < 0). This gives the spacetime causal structure,

which Riemannian geometry does not possess.

In general relativity, a curved spacetime is modeled by a 4-dimensional Lorentzian manifold
(S,g), where S is a smooth 4-dimensional manifold and g is a nondegenerate symmetric
quadratic form with signature (—, +, 4, +). At each point p € S, there exists a ”orthonor-
mal” basis e, €1, €3, e3 with respect to g for the tangent space T,S such that g(eg, eg) = —1
and g(e;,e;) = 1 for ¢ = 1,2,3. Analogous to Minkowski spacetime, any tangent vector
is time-like, null, or space-like. Likewise, we call a submanifold N* of spacetime (S,g)
time-like, null, or space-like if all tangent vectors on N* are time-like, null, or space-like,
respectively. Finally, we always assume that a spacetime (S,g) is time-orientable; that
is, there exists a global continuous unit time-like vector field 7, i.e., g(n,n) = —1, which

designates causal relations (the future and past light cones) at every point in the spacetime

(S, 8).



(S'g)

peapab v

Figure 1.2: Time-like curve 7 and space-like hypersurface M in spactime (S, g) oriented by
time-like vector field n

Let us recall the basic Riemannian geometry constructions which apply to the Lorentzian
setting. Let (S, g) be a 4-Lorentzian manifold. For simplicity, we also denote the Lorentzian
metric g by (-,-). We assume that the indices 1 < 7,5,k,¢ < 3 and 0 < a,b,¢,d < 3. In
addition, we take Einstein summation convention, i.e., when an index appears twice in a
single term, it automatically implies summation of that term over all the values of the index.
First of all, the metric naturally extends to all tensor bundles. For instance, if S, T are
(0, 2)-tensors, then

(S,T) = g"g"SyTea.

The metric g uniquely defines a torsion-free and g-compactible affine connection D, called

o)
ox?

0 3

for

the Levi-Civita connection. In local coordinates z°, 2!, 2%, 23, we write 9, =

simplicity. We define the Christoffel symbol I, by

Daa 81) — ngac,



where one can compute

1 cd(ﬁgad 4 0ga _ 3gab)_

|
ab 2g Ox? oz Oz

The Riemann curvature tensor is defined as for any vector fields X, Y, Z,
RxyZ =DxDyZ —DyDxZ — DixyZ,
where [X,Y] = XY — Y X is the Lie bracket. In coordinates, we write
Ro..0,00 = R0,
where one can compute
R = 0.0, — 0alg + (Tg T — ToTg,).

We define the contractions of the Riemannian curvature tensor:

Ricci Tensor :  Ric(dy, 04) = Ricyy = R4,

Scalar Curvature : R = g"Ricy,.

1.2 Theory of General Relativity

Einstein’s general relativity is a theory of gravity compatible with special relativity. Unlike
Newton’s theory, gravity is a consequence of the curvature of the spacetime rather than
being considered as a force. There are three fundamental hypotheses in the theory of general

relativity (cf. [44] Section 4.3).

(H1) The spacetime is a 4-dimensional time-orientable Lorentzian manifold.



(H2) A freely falling test massive body travels along time-like geodesics.

(H3) Einstein’s equation holds:
) 1
G = Ric — §Rg =8nT, (1.2.1)

where G is called the Einstein curvature tensor, and T is a symmetric (0, 2)-tensor,
called the stress-energy-momentum tensor, representing a continuous matter dis-

tribution in the spacetime.

When T = 0, (1.2.1) is called the vacuum Einstein equation, and can be reduced to
Ric = 0. Historically, Einstein discovered the vacuum equation before writing down the full

equation.

1.2.1 Dominant Energy Condition

For any observer in the spacetime with future-directed time-like 4-velocity u, —T (u, -)¥ rep-
resent the energy-momentum 4-current density of matter as seen by the observer. Here
the musical isomorphism (-)¥ : T*S — T'S is computed with respect to the Lorentzian metric

g. In a local orthonormal frame u = eg, e1, €5, e3 where the observer is stationary,

3
—T(U, ')ﬁ = Tooeo — ZTOiei;

i=1

where T, = T(eq, €p) for any 0 < a,b < 3. In particular, the component T (u,u) represents
the energy density of matter and the component —Tj;e; represents the momentum den-
sity of matter in e;-direction measured by the observer. We say that (S,g) (or T) satisfies

the dominant energy condition if for any time-like vector u, —T(u, -)* is a future-directed,



null or time-like vector, i.e.,

(1.2.2)

This means that the speed of energy flow of matter is always less than the speed of light.
We can see from Einstein’s equation (1.2.1) that the dominant energy condition is a certain
positivity condition on the Einstein curvature tensor G. There are other energy conditions
which are usually considered in different contexts involving pressures of matter, e.g., weak
energy condition, T(u,u) > 0, and strong energy condition, T(u,u) > —%trgT for any

future-directed time-like vector u (cf. [44] Section 9.2).

1.2.2 Schwarzschild Spacetime

A few months after Einstein published his vacuum field equation (with T = 0), the solution
corresponding to the exterior gravitational field of a static, spherically symmetric isolated
body was discovered by Karl Schwarzschild. The Schwarzschild solution is an important
example to consider when discussing the notion of (total) mass and its related properties,

e.g., the positive mass theorem and Penrose inequality.

For m > 0, define the Schwarzschild spacetime with mass m to be

(8:=Rx By x 87, g 1= —(1- Iy 4 4 (1 2Tm)_1dr2 crtdgh),  (123)

r

where dﬁgg denotes the standard round metric on S?. Note that 7 should be regarded as a
radial coordinate rather than a distance function to the singularity at origin in any sense. In
the weak field regime (r — o00), the behavior of a test mass in the Schwarzschild spacetime
(S,gm) agrees with the behavior of a test mass in the Newtonian theory of gravity of an
isolated point mass m at the origin (cf. [44] Section 6.2). Thus, we interpret the parameter

m as the total mass of the Schwarzschild spacetime (S,g,,). If m < 0, the metric g, is



incomplete; if m = 0, g, = go is simply the Minkowski metric, which can be viewed as a

special case of the Schwarzschild solution.

Under the coordinate transformation r = p(1+ 2%)2, the Schwarzshild metric can be written

as a warped product

2
1—2m m\*
8m = — ) dP+ (14— ) (dp” + p°d&s). (1.2.4)
Note that dp? + p*d&Z, is the Euclidean metric in spherical coordinates. The induced Rie-
mannian metric g,, on the time-slice {t = 0}, often called the Riemannian Schwarzschild
metric, in isotropic! coordinates (¢, z!, 2%, 2%) takes the form

4
O = (1 i %) 5jda’da? (1.2.5)

Thus, Riemannian Schwarzschild metric g,, is conformally flat.

1.3 Initial Data Sets

1.3.1 Initial Value Problem for General Relativity

Let (8%, g) be a time-orientable spacetime governed by Einstein’s equation (1.2.1). Suppose
that there exists a space-like hypersurface M? C S which intersects every inextendible
time-like curve, interpreted as a maximal worldline of a massive body, exactly once. Such
hypersurface M is called a Cauchy surface and is thought of as a "snapshot {t = ty}”
of the spacetime (S* g). A spacetime (S,g) that possesses a Cauchy surface is said to

be globally hyperbolic (cf. [44] Section 8.3). In fact, we can foliate globally hyperbolic

1Refer to [44] p. 93 in Section 5.1 for definition.



Figure 1.3: A Cauchy surface in spacetime. 7 is a unit time-like normal vector field and e;
is a tangential space-like vector field.

(S,g) by Cauchy surfaces, M;, parametrized by a global time function ¢ with My = M (cf.
[44] Theorem 8.3.14). Thus, there exists a global unit vector field n (i.e., g(n,n) = —1) in
spacetime normal to the hypersurfaces M;, interpreted as the "flow of time” experienced by

a stationary observer.

In a well-posed initial formulation of general relativity, one is interested in finding the unique
solution (S, g), called maximal Cauchy development, to Einstein’s equation (1.2.1) sat-
isfying certain suitable initial conditions imposed on a given Cauchy surface M. Einstein’s
equation (1.2.1), in certain choice of gauge, i.e., choice of coordinates, is a quasilinear wave
equation (cf. [44] Section 4.4). In the initial value problem of linear wave equation, one
places initial conditions on displacement and velocity. In analogy, in initial value formula-
tion of general relativity, where the gravitational field is represented by g, given a Cauchy

surface M as the initial time-slice, one places the initial conditions on gravitational field g:
gl,, =g (initial "displacement”), (L,g)|,, =2k (initial "velocity”). (1.3.1)

Here L, denotes the Lie derivative along 7, and k& = g(D(.yn, ) denotes the second funda-
mental form of M with respect to n where D is the Levi-Civita connection with respect to

g. Note that ¢ is a Riemannian metric and h is a symmetric (0, 2)-tensor on M.

Definition 1.1. A triple (M, g, k) is called an initial data set if M is a complete smooth

8



3-manifold without boundary, equipped with a symmetric positive-definite (0,2)-tensor g
as Riemannian metric and a symmetric (0, 2)-tensor k representing the second fundamental

form of M in the maximal Cauchy development (S,g).

Pick a Lorentz frame adapted to M, i.e., eg = 1 a unit time-like normal to M, and ey, es, €3
tangent to M. As before, indices i, j, k, ¢ range from 1 to 3. Note that the tensor k£ and
the index k that appears in subscript or superscript carry totally different meanings and
should be treated individually. Let R’;;; and R';;; denote the Riemannian curvature tensor
of (M, g) and (S, g), respectively. Let V denote the Levi-Civita connection of (M, g). The

Gauss-Codazzi equations on the initial data set (M, g, k) provide the following relationships:

(Gauss Equation) Ry, = Ry + kiky — kykjy,

(Codazzi Equation) V;k% — kaij = Rink‘

Taking trace of the Gauss equation with respect to g twice, we get

R + (tI'g |k|2 Z RZ]Z]
4,j=1
3
(Z Rzgz] + Z gOOROJOJ) - ZgOOROjOj
t,j=1 j=1

Here R denotes the scalar curvature of g on M. Taking trace of the Codazzi equation, we

have

Vi (K — try (k)" ) = Ricoy.

Not every initial data set (M, g, k) gives physically suitable initial conditions for general



relativity. Recall that we always assume the dominant energy condition defined in Section
1.2.1 holds for the matter T in the right hand side of Einstein’s equation (1.2.1). Since we
assume that the Cauchy surface M is embedded in (S, g), the Gauss and Codazzi equations

on M together with Einstein’s equation (1.2.1) give constraint equations:

1
(Hamiltonian Constraint) T(n,n) = p = 16_7T(Rg — [k + (trgk)?), 152)
) 3.
(Momentum Constraint) T(n, )}M =J:= gdiv(k —try(k)g),

Here the scalar function p agrees with the local mass density of matter T and the vector
—J* agrees with local current density of matter T observed by a stationary observer in
the initial data set (M, g, k). Thus, if T satisfies the dominant energy condition (1.2.2), then

in particular on initial data set (M, g, k)

1> |l (1.3.3)

By slight abuse of language, we still say that the initial data set satisfies the dominant

energy condition if (1.3.3) holds true.

An important special choice of initial data set satisfying the dominant energy condition is
when the Cauchy surface M is totally geodesic, i.e., k = 0. Then such M is called a time-
symmetric slice, since time reflection about M is an isometry of the maximal Cauchy
development (S, g) generated by (M, g). Furthermore, the dominant energy condition (1.3.3)

becomes a positivity condition on scalar curvature

R, > 0. (1.3.4)

10



1.3.2 Asymptotic Flatness

Since gravity is attractive, it is physically reasonable to believe that matter is concentrated
in some bounded regions, e.g., galaxies. When we study the structure of a galaxy distance
from others, we may approximate it by an isolated system. Asymptotic flatness characterizes
the property that in an isolated system the gravitational field becomes weak and thus the

spacetime is asymptotic to the flat Minkowski spacetime near infinity.

Definition 1.2 ([39]). An initial data set (M, g, k) is asymptotically flat (with ¢ ends)
if there is a compact subset K C M such that M\ K consists of finite number of connected
components My, ..., My, called infinite ends, each of which is diffeomorphic to R*\ B for a

closed ball B in R? such that under these diffeomorphisms

3
gij — 03 = O*(|x|™"), ki € O*(|x™®), ) ki = O(|2 %),
i=1
and

Ry = O' (™).

Here by f = O*(|z|™) we mean that

k
sup » |20, f] < oo,
M\K T=0

where Or = 0, Oyis - - - 0,i; for multi-index I = (iy,4s, .. .,%;) and |z| = \/27 4+ 23 + 2} is the

Euclidean distance in these coordinates.

For instance, the time-symmetric slice {t = 0} of Schwarzschild spacetime in Section 1.2.2

is asymptotically flat.

11



1.3.3 Mass

Defining an energy satisfying a conservation law in general relativity is very different from
pre-relativistic theories. The strategy of integrating local energy density over the background
space no longer works. The primary reason is that gravitational field g describes the spatial
property as well as the dynamical aspect of the spacetime (S, g). While Einstein’s equiv-
alence principle asserts that there is no observer who can be insulated by the influence of
gravity, and thus there is no canonical gauge-free decomposition of g into a background part
and a dynamical part. This leads to lack of local energy in general relativity. Moreover,
integrating the local energy of matter T over a space-like hypersurface is not enough, since
the gravitational field also contributes to the total energy. For instance, T is everywhere
zero in time-slice ¢ = 0 of Schwarzschild spacetime with metric g,, defined in (1.2.5), but the
total energy should be m. However, it is possible to define the notion of total energy of

an isolated system measured by an observer at infinity.

Motivated by the comparison between Schwarzschild spacetime and Newtonian model in
weak field regime, if the Riemannian metric g on time-slice is asymptotic to Schwarzschild

at an infinite end, i.e.,

4
- ma s -2
a5 = (14 501 ) 8-+ 0(al ™), (135)

one may expect the total energy measured at this infinite end to be m. More generally,
for an asymptotically flat initial data set (cf. Definition 1.2) R. Arnowitt, S. Deser and
C.W. Misner [5] introduced the total energy at any infinite end M,, now often called the

ADM-energy, defined by the flux integral over a coordinate 2-sphere near infinity

3 .
1 . x’
EADM(Mpa g) = — lim Z /|| (8ngw — ngg“) m d/HQ
=1 T|=Tr

N 167 r—o00 &
17]

The ADM-formulation coincides with the weak field approximation in the asymptotically

12



Schwarzchild case.

Proposition 1.3. If (M, g) is asymptotically Schwarzschild, i.e., (1.5.5) holds, then E = m.

Proof. Write
4
m
9ij = (1 —+ m) 5@‘ -+ €ijs

where ¢;; = O'(|z|™?). Then

(— :E ) 6ij + c%aij,

) 5@1 + 813511

3

m

Opigis =41+ 2
9 <+2|as|>

3

m

Opigii =4 | 1+ 57—
9 (*mr)

Therefore, the integrand becomes
> gy g T =am (14 2 (1) < o)
wiGij — Oigii) 77 =4m [ 1+ ) ( )+ x
ij=1 ’ || 2|z| |z]?
Integrate over the sphere |x| = o, we have
3

) i x_J 2 _ 3 i -3 2
3 /| _ (0ugiy = ug) [ M —{4m (1+35) (02) +0(o )}4m

3,j=1

m\ 3
=16 (1 —) O(cY).
mm ( 1+ 5o +0O(c7)
Finally, let 0 — oo and divide 167, we get £ = m. O]

Furthermore, the ADM-energy is gauge invariant [7]|. Likewise, the ADM linear momen-

tum
871' r—00

Pipu(M,, g) = — lim Z/ |~ (27K — 2'kY) dH?,
|z|=r

is well-defined [33]. The ADM 4-energy-momentum vector (Pgpy) = (Eapm, Papy),

treated as a 4-vector in Minkowski spacetime, is invariant under coordinate transformations
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preserving asymptotic flatness. Finally, we define the ADM mass mapy by

MADM = \/_PKDM(PADM)UL-

We will refer to the positivity of mass as Eapy > |Pipul, 1.6, —Pipy(Papa)a > 0, and

refer to the positivity of energy as Eapu > 0.

The following density theorem allows one to conformally deform the initial data set, taking
an arbitrarily small cost of the ADM-energy, such that the dominant energy condition holds

strictly.

Proposition 1.4 (Density theorem, [39] Lemma 1 cf. also [40]). Let (M, g, k) be an initial

data set. Given € > 0, there is a function u > 0 on M such that
A
u=1+24002), |0u=0@r"2), |00u]=0r?)
r

on My and Ay, < € so that (M, u'g, u?k) is an initial data set with mass density fi and current
density J satisfying

> |J|

1.3.4 Null Expansions and Trapped Surfaces

Following the settings in the beginning of Section 1.3, suppose (M, g, k) is an initial data set
in spacetime (S,g) carrying a future-directed normal 1 of M in S such that g(n,n) = —1,
and such that at any p € M, k(X,Y) = g(Dxn,Y) for all X,Y € T,M. Let Q> C M be
an open region in M (not necessarily bounded), ¥? = 9Q be a smooth embedded two-sided
surface, and let v be the unit normal vector field on ¥ pointing out of €2 in M. Let h denote
the second fundamental form of ¥ in M with respect to v so that h,(X,Y) := g(Vxv,Y)

for all X,Y € T,% for all p € 3, and let H denote the mean curvature with respect to v.

14
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52 v

Figure 1.4: Two canonical null normal vector fields n* on X.

Now we think of ¥ as a space-like 2-surface embedded in S. There are two independent
canonical future-directed null normal vector fields n* :=n+vandn™ :=np—von X in S
(see Figure 1.4). Then we can define the null second fundamental form h* of 3 in S with

respect n* by hX(X,Y) := g(Dxn*®,Y) = (k£ h)(X,Y) for all X,Y € T,X, p € .

Definition 1.5. We define the outward(+)/inward(—) null expansion to be the mean

curvature of ¥ with respect to n*,

0F[X] = trsh = K[X] + H[Y], (1.3.6)

where K[X] = trgk is the trace of k restricted on ¥ and H[X] = divyr is the mean curvature

with respect to the outward unit normal v on .

Recall that mean curvature is the first variation of volume form. Thus, the null out-
ward /inward expansion, respectively, measures the ”expansion” of area of outgoing/ingoing

light shells, {Ef}se[ emanating from X, up to first order. Here the outward /inward light

0,e)’

shells are =F = {exp, (sn*(y)) : y € B} for s € [0, ¢).

The existence of black holes is one of most fascinating prediction of Einstein’s theory of
general relativity. Roughly speaking, a black hole region of a spacetime is a region in

which the gravitational field is so strong such that even a light ray emanating from the black

15



singularity

Figure 1.5: Illustration of the Penrose-Hawking singularity theorem.

hole region can not escape to its complement at any future time, while from every point of
the complement, a light ray is able to escape to infinity. The boundary of the black hole
region is called the event horizon. From the definition, it seems very unlikely to define
black hole region on a initial data set without knowing the global structure of spacetime.

Penrose proposed the idea of locating black hole regions with trapped surfaces.

Definition 1.6. A 2-surface 3 in an initial data set (M, g, k) is said to be trapped if both

6*[X] < 0 and 0~ [X] < 0 hold true.

We typically expect 67 [3] < 0 because the inward light shells shrink, while 7[X] < 0 is
saying that even outward light shells also shrink in area measure. This captures the idea of
"light not able to escape.” For instance, all coordinate spheres with 0 < p < 7 at time-slice
t = 0 in Schwarzschild spacetime (1.2.5) are trapped surfaces. In fact, the Penrose-Hawking
singularity theorem states that under appropriate energy condition on matter, there exists a
light ray emanating from a closed trapped surface ¥ that eventually runs into a singularity (cf.
[44] Theorem 9.5.3 and 9.5.4, also [22] Proposition 4.4.3). See Figure 1.5 for the illustration.
Furthermore, under certain global assumptions, one may show that the trapped region X is
indeed lies inside the black hole region (cf. [44] Proposition 12.2.2). The region €2 enclosed
by ¥ is called a trapped region, which is interpreted as the intersection of a part of black

hole region with the time-slice (M, g, k).
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For ease of exposition, we also define one-sided conditions. The surface X is called outer
trapped or outer untrapped, if #7[X] < 0 or 61[X] > 0, respectively, without condition
imposed on §7[X]. If the borderline case 61[X] = 0 holds, then X is called a marginally
outer trapped surface (MOTS). Analogously, outer trapped, outer untrapped, and
marginally inner trapped surfaces (MITS) are defined with 6~ [3]. We call ¥ an apparent
horizon if it is either a MOTS or MITS. A compact apparent horizon can be interpreted as

the cross-section of the event horizon in the initial data set.

In time-symmetric slice (M, g, k = 0), an apparent horizon is just a minimal surface satisfying
mean curvature H = 0. In this case, MOTS can be realized by a variational problem of area,
and the existence and regularity theory is well-developed. Solutions can be constructed by

minimization or min-max procedure.

1.3.5 Stability Operator for Null Expansion

In this subsection, we extend the definition of initial data set (M™!, g, k) to all dimensions
n > 1 by assuming that (M"*! g) is a (n + 1)-dimensional Riemannian manifold carrying
a symmetric (0,2)-tensor k. Let X" C M"! be a smooth embedded two-sided hypersurface
in an initial data set (M™, g, k) and let v be the normal vector field assigned to ¥. Let @,
be a smooth one-parameter family of diffeomorphisms of M for 7 € (—¢,¢) so that ® is the
identity map. Then ¥, := ®,(X) defines variations of ¥ such that 4|, _o®,|s, = X + ¢v,
where X is a tangential vector field and ¢ is a smooth function on ¥. We have the following

variation formulas (cf. [31] Lemma 5.1 and [1] section 2.2)

| HE] = (VPH[Z], X) — A% — (|l + Ric(v, 1)), (1.3.7)
% K= (VEK[Z), X) + 2k(v, VZ9) + V, (trar (K)o — (VoK) (v, v)p,  (1.3.8)
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where V* and A* denote respectively the gradient operator and non-positive Laplacian
operator on Y equipped with induced metric, |h|% denotes the square norm of the second
fundamental form of ¥ in M with respect to v, and Ric and D denote ambient Ricci curvature

and Levi-Civita connection in M. Now let £ := (k(v, -)ﬁ)T € I'(TY), we have
(D, k)(v,v) = =H[X] k(v,v) + (h, k)s + (divas (k) (v) — divs (€).

Using the Gauss equation and the definition of local density mass p in constraint equations

(1.3.2), we can compute

Ric(v,v) = i+ 5 ( — R+ [kl — (ix, K)? — 0% + F2),

and using definition of local current density J of (M, g, k) in (1.3.2) we have
(divas (k) (v) = J(v) + D, (trs k).

Combining all above identities, we obtain

d
| IS = (VR[] X) — A% £ 26, Vo)

1 (1.3.9)
+ (Pi + divsé — |€]* - §9i[2] (6*[Z] F 2t (k)))%

where P* = IRy — $|h £ k|3 — pnF J(v). We define the stability operator of ezpansion by
1
Lip=—-A"p+2(£,VZp) + (Pi + diveé — |€* — §ei[2] (0[] F 2tras (k)))gp. (1.3.10)
If ¢ > 0, we have a simpler expression

Ly = divs(£E — VZlog ) — | £ & — VZlog p[3
| (1.3.11)
+P* - 59* (2] (05[] F 2trar (k).
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Notice that the linear operator Ly is not self-adjoint due to the first-order derivative con-
tributed by k. Thus, apparent horizons do not arise as stationary points of an elliptic
variational problem in initial data set (M, g, k). As discussed in [3], when ¥ is closed, the
Krein-Rutman theorem in general elliptic operator theory implies that the principal eigen-
value A\ = \(Lyx) is real and that there is a smooth positive eigenfunction 5 defined on X
satisfying L8 = A\ 3. Recall that the principal eigenvalue of Ly is the eigenvalue of Ly
having the minimal real part. Moreover, A is simple, that is, the dimension of the eigenspace
corresponding to A; is one. For more details refer to [3] Section 4. As a generalization of
stability of MOTS defined in [2, 3], a constant expansion surface ¥ is said to be stable if the
principal eigenvalue A\; of Ly is nonnegative. A more general stability for surfaces related to

null expansion is defined in [12].

1.4 Jang’s Equation

1.4.1 Initial Data Sets of Minkowski Spacetime

One of the fundamental question in general relativity is whether or not the total mass of
an isolated system is positive if the local mass of matter is positive, called positive mass
theorem. More precisely, positive mass theorem states that if an initial data set satisfies
the dominant energy condition, then the total mass is nonnegative and vanishes only when
the initial data set is that for Minkowski spacetime. A weaker version involving only ADM-
energy is called positive energy theorem. Since the rigidity part of positive energy/mass
theorem characterizes the initial data sets in Minkowski spacetime, P.S. Jang [24] consider
the following two equivalent problems as he attempted to generalize Geroch’s argument in

time-symmetric slices to general initial data sets.

Proposition 1.7 ([24] Theorem I). An initial data set (M, g, k) is that for Minkowski space-
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time if and only if there exist a function f and a flat metric g?jat defined on M satisfying the

overdetermined system of equations

Gij = Q?jat = VifV,f

VIV

i _

The key observation of Proposition 1.7 is that a Riemannian manifold (M3, g) is a space-like
hypersurface in Minkowski space R!3 if and only if M is a normal graph of a function f

defined on a space-like Euclidean hyperplane R? in R'? with metric g given by
Gij = 95 —0if0;f,

where 95 is the flat metric on the chosen Euclidean hyperplane and |V f|? < 1 since (M, g)
is space-like. By pulling f and ¢g” back to M, we then obtain the function and flat metric
stated in Proposition 1.7. For the detail of full derivation, refer to [24, Appendix]. Note that

the metric equation in 1.4.1 is equivalent to
flat __
9i; = 9i; + VifV;f.

Note that the metric g + df ® df on right hand side, often called the Jang’s deformation
of g, is precisely the induced metric of the graph of ¢ = f(z) in Riemannian manifold M x R
with product metric g + dt?>. As a corollary of Proposition 1.7, we have two equivalent

embedding problems.

Corollary 1.8. An initial data set (M, g, k) is that for Minkowski spacetime if and only if
there exist a function f on M such that the graph of t = f(z) in (M x R, g + dt?) has flat

induced metric and prescribed second fundamental form k.

The system of equations (1.4.1) is overdetermined and is usually unsovable. Thus, Jang
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considered the trace equation involving the defect of second fundamental form on the graph

of t = f(x) in (M x R, g+ dt?) in Corollary 1.8:

ij flfj Vz‘vjf S\
G Vit IVfP) <¢1 +IVI? f) =0

ihj

where f* = ¢" f; and the first factor is exactly the inverse of induced metric on the graph of

t = f(z)in (M x R, dt* + g). This equation is called Jang’s equation. We let

B b fifi ViV, f — V—f
Hif =3 (o \/1+|Vf|2>\/1+|Vf|2 dlvM(W>

1)

denote the mean curvature of graph(f) with respect to downward unit normal and let

Y
K[f] := ; (9 - W)% = trgraph(f)k

be the trace of the tensor k£ on the tangent space of graph(f), where k is extended to M x R
trivially in the vertical direction, i.e., k(J;,-) = 0 and V;k = 0. Then Jang equation is

actually marginally a MITS equation

HfT=K[f]=0

in the new initial data set (M x R,dt* + g, k).

1.4.2 Schoen—Yau Regularized Solutions

Jang’s approach to proof of general positive energy theorem has not been developed because
of the lack of existence and regularity theory. The first existence and regularity result was
proved by Schoen—Yau [39] in which they gave the first complete proof of positive energy

theorem in a very different approach from one of Geroch and Jang.
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The main analytic difficulty with Jang’s equation is the lack of an a priori estimate of
sup,, | f|- To study the existence and regularity properties of Jang equation, Schoen—Yau in
[39, Section 4] (also cf. [16] for dim M > 3) introduced an elliptic regularization procedure of
Jang’s equation by adding a capillary term. Combining the existence and regularity theory
of prescribed mean curvature equation together with continuity method, they showed [39,

Lemma 3] the following existence and regularity result for regularized solutions.

Proposition 1.9 ([39] Lemma 3). For every s > 0 there exists a unique smooth solution f

of reqularized equation

(gij 1 +fi:§fs|2> (\/% - kij) =sfs. (1.4.2)

satisfying lim, o, fs(x) = 0 at each infinite end.

The key initial estimates to proceed the standard elliptic theory for f, are as follows. Thanks
to the extra capillary term, Schoen—Yau proved by maximum principle argument that there

are constants ji; = maxyy [trgk| and pe = po(|Ric|coan, |k|c1(ary) such that
|sfs] <pp and  [sVfs] < po in M. (1.4.3)

As we see from (1.4.3) that the bound for (weighted) Holder norm of f is typically getting
worse as s — 07. Therefore, Schoen—Yau further proved the following geometric estimates
for the general Jang’s equation (1.4.5) including the regularized equations (1.4.2) satisfying
bounds (1.4.3).

Proposition 1.10 ([39], Proposition 1 and 2). Let F' € C'(M) and py, p2 be constants so

that
sup |F| < py, sup|VF| < . (1.4.4)
M M
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Suppose f is a C* solution to
HIf] - KIf] = F(z). (1.4.5)
Then

(1) There exists c; = c1(M, g, k, p1, p12) such that the second fundamental form h of Graph(f)

1s uniformly bounded:

h* < e, (1.4.6)

(2) Thereisp = p(M,g,k, 1, p2) > 0 such that for every X, € Graph(f) and (y*,y?, y3, y*)
normal coordinates in M xR on which Tx,Graph(f) is the y'y*y®-space, the local defin-

ing function w(y) for Graph(f) is defined on {y = (y*, v, y*) : ly| < p} with

Graph(f) N B*(Xo: £) € {(y w(y)) : [yl < p}.

Furthermore, for any « € (0,1) there is a constant co = co(M, g, k, j11, pi2, @) > 0 such

that

[w]]s.0sgyy1<p} < C2-
Here, B*(Xy,r) denotes the geodesic ball in (M xR, g+dt*) and ||w||s a;y:y1<p} denotes
the C**-Holder norm in the Euclidean ball {y : |y| < p} on the tangent space.

(8) There are constants cs, ¢y depending on M, g, k, py, po such that the following Harnack-

type inequalities hold

sup v,—0) <c inf v, —0);
Graph(f)ﬂB4(:co;§)< t> ’ Graph(f)mB4(X0;§)< t>
sup [Vlogly,—0)] < e

Graph(f)NB*(z0;5)
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Here, v is the downward pointing normal of Graph(f) in M x R and V denotes the

Levi-Civita connection on Graph(f).

One key ingredient in the proof of Proposition 1.10 and further applications is the stability
inequality derived from spectral property of stability operator £. Let G = Graph(f) denote
the graph of t = f(z), let v = (1+ |Vf|2)_1/2(Vf — 0;) denote the downward unit normal
to Graph(f), and let 8 = (v, —9) = (1+ \Vf]Q)_l/z denote the vertical component of v. We
then decompose —9; = X + v where X = —*(Vf + |V f]?0;) is a bounded tangent vector
field. Note that since equation (1.4.5) is insensitive to vertical translations, 0, gives a Jacobi
field on the graph of solution f to (1.4.5). Use the variation formula of null expansion 6~

(1.3.9), we get
0=X(F)—A%3—2(¢,VpB) + (P— —divgé — [£]* — %F(F + 2ty (k)))ﬁ.

Since 8 > 0, we may divide both sides by 8 and use the expression (1.3.11). Then we obtain

0=B7'X(F) — divg(§ + Viog ) — [€ + Viog &
(1.4.7)

1 1 1
+5Re - 5|h —kP—p+J) - 5F(F + 2try (k).
Note that the tangential derivative is bounded:

BT X(F)| = BIVf(F)| <|VF| < po.

Multiply (1.4.7) by a test function ?, integrate over G, integrate the divergence term by

parts ? together with pointwise Cauchy—Schwartz inequality

2l¢ + Vog 8] [Vgl|9] — [§ + Viog B*¢” < [V,

2The boundary integral will decay to zero at infinity due to the decay rate estimate of f derived by barrier
argument.
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and absorb terms involving F' by constant C(F, VF), then we obtain

1 = 1
[ =)+ 5=k < [ WP+ JReg® +CEVERA (L48)
G G

where the constant C(F,VF') depends also on (M, g, k), and C = 0 if FF = 0. This in-
equality is analogous to the stability inequality for minimal surfaces. Schoen—Yau modified
the stability argument in [36] to derive the pointwise curvature estimate for G. Note that
this is where the dominant energy condition comes into the analysis of Jang’s equation. For

solutions of Jang’s equation, i.e., F' = 0, we can drop the positive curvature term and get

/Gz(u—J@)) S/G2IV¢|2+RG (1.4.9)

This inequality is closely related to spectral property of the conformal Laplacian and plays

an important role of reduction argument (cf. Section 1.5.1).

The regularizes solutions 1.9 and a priori estimates Proposition 1.10 make the establishment
of existence and regularity of Jang’s equation, and yet the solutions may blow up in some

black hole regions enclosed by apparent horizons.

Proposition 1.11 (cf. [39] Proposition 4, also see [16] for 3 < dim M < 7). There exists a

positive sequence s; — 0 and disjoint open sets Q,Q_, Qg with the following properties:

(1) fs, diverges to 200 on € respectively and f,, converges to a smooth function fo on Qq
which satisfies Jang equation H[fo] —K[fo] = 0 and drops off at the rate fy € O3(|z|~/?)

at each infinity of M.

(2) The sets Qy and Q_ have compact closures and M = Q, UQ_ U Q. Each connected
component >y of 004 is a closed properly embedded smooth apparent horizon in M
satisfying H[X4] £ K[X4] = 0 where H[X4] is computed with respect to the unit normal

on 004 pointing out of Q1. No two connected components of Q4 (respectively Q_) can
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+00

H[f] - K[f] = 0 H[PO-] ~ K[0 ] =0

@ I

H[50,] +;K[8Q+} ~0

Figure 1.6: Blowup solution to Jang equation and regularized solutions
share a common boundary.

(3) Graph(fs,) converges smoothly to a hypersurface S in M x R. Each component of S
is either a component of Graph(fo, Qo) or a cylinder ¥ x R over a component ¥ of

00, NON_. Any two components of S are separated by a positive distance.

The analysis of boundary 0€2y N €)1 in Proposition 1.11 is based on the following argument.
Applying the uniform local C** estimate in Proposition 1.10 to the sequence Graph(f —a;)
as a; — £oo, the hypersurfaces Graph(fy — a, €)) converge to the cylinder (992 N0SY) x R
uniformly in the sense of Cfof As a corollary, we have the information about asymptotic

behavior of Gy := Graph fy near 0€).

Corollary 1.12 (Rough convergence to cylinder, Schoen—Yau [39] Corollary 2). Let ¥ C
0L NIy (resp. ¥ C ON_ NI ) be a boundary component and let O be an open neigh-
borhood of 3 which does not intersect with other components of 0, then for T sufficiently
large, the 3-manifold Go N (O x [T,00)) can be represented in the form o = w(y,t) for a

smooth positive function w defined on ¥ x [T, 00) (resp. ¥ x (—oo, =T), where o denotes
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the distance function to X X R in M x R. Moreover, for any € > 0, there exists T. > T such
that

w(y,t) + |Dw(y,t)| + |D*w(y, t)| + [D*wl], < € (1.4.10)

forally € ¥ andt > T, (resp. t < —=T.). Here D denotes the covariant derivative on 3 x R.

As a consequence of Corollary 1.12; the stability inequality (1.4.9) propagates to boundary
of Qg through argument of separation of variable on cylinder. Assuming the strict dominant
energy condition, which is a generic condition by Proposition 1.4, one can show that the
first eigenvalue of the conformal Laplacian is positive. Thus, there exists a metric on 02
admitting positive Gauss curvature. Then Gauss-Bonnet theorem implies that boundary

components of €}y are 2-spheres.

Proposition 1.13 ([39]). Assume the dominant energy condition holds strictly, i.e., p—|J| >
0 > 0. The closed smooth apparent horizons arise as components of Qo in Proposition 1.11

are 2-spheres.

Following a similar argument with (1.4.9) replaced by (1.4.8) with C' = 0, one can show that
for boundary component 3 of €y the symmetrized stability operator of expansion L3¢ :=
—Ap+ (ARs — 2|h+ k> = p— J(v)) ¢ on ¥ has non-negative spectrum. Andersson-Metzger

proved by a delicate barrier argument that boundary components of )y are stable in the

sense of Ly, which is a stronger stability than symmetrized stability [19, Lemma 2.2].

Proposition 1.14 (cf. [4]). The closed smooth apparent horizons appear as components of

04, 0Qq in Proposition 1.11 are stable.
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1.5 Application to the Positive Mass Theorem

1.5.1 Positive Mass Theorem

In 1981, Schoen and Yau [39] proved the positive energy theorem (PET) for general initial
data sets by reducing the problem to the time-symmetric case, which they had proved in
1979 [37] using area minimizing hypersurfaces. For the simplicity, we assume that the initial

data set has only one infinite end.

Theorem 1.15 (Riemannian PET, Schoen—Yau [37]). Let (M?3,g) be an asymptotically flat
Riemannian manifold satisfying Ry, > 0. Then Expm > 0 and equality holds iof and only if

(M3, g) is isometric to (R3,4).

Recall that the dominant energy condition is equivalent to Ry > 0 in time-symmetric slice.

Theorem 1.16 (Spacetime PET, Schoen—Yau [39]). Let (M3, g, k) be an asymptotically flat
wnitial data set satisfying the dominant energy condition. Then Expy > 0 and equality holds

if and only if (M?>,g,k) can be embedded in Minkowski spacetime R,

The full PMT was obtained by M. Eichmair, L.-H. Huang, D. Lee, and R. Schoen via a
reduction argument based on a density theorem [17, Theorem 18] analogous to Proposition

1.4 and the boost argument of D. Christodoulou and N. OMurchadha [13].

Theorem 1.17 (Spacetime PMT, Eichmair-Huang-Lee-Schoen [17]). Let 3 < n < 8 and let
(M, g, k) be an n-dimensional asymptotically flat initial data set that satisfies the dominant

energy condition. Then

E > |P|

where (E, P) is the ADM-energy-momentum 4-vector of (M, g, k).
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1.5.2 Reduction Argument of the Positive Energy Theorem

To focus on the reduction argument using Jang’s equation in [39] without introducing too
much technicality, we assume that there exists a smooth entire solution to Jang’s equation,

i.e., no blowup occurs.

Proof. Note that the induced metric on G = Graph(f) (Jang’s deformation of g) is § =
g+ df @ df and we may pull it back to M. Since f € O3(|z|~2), we have df @ df € O2(|z[?)
and hence g is still asymptotically flat. Furthermore, it follows directly from decay rate

analysis that Fapm(g) = Eapm(9)-

In lieu of the dominant energy condition, the stability inequality (1.4.9) implies that

6/ Wgoﬁdvggs/ |V¢|2dvg+/ Rgp* dV. (1.5.1)
M M M

The right hand side of (1.5.1) is exactly the integral form associate with the conformal
Laplacian L(g) = Agp— %Rggo. It follows from standard methods that the following equation

is solvable.

Lemma 1.18 ([39] Lemma 4). There ezists a solution u > 0 satisfying
1
Agu — gRgu =0 on M, (1.5.2)

and

u=1+ é +0(r %) asr — oo, (1.5.3)

where A is a nonpositive constant.

The asymptotic form (1.5.3) can be derived from potential theory using Green’s function of

Laplacian. Yet, to see that A < 0, we need to use (1.5.1) again. Substitute ¢ by v in (1.5.1),
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integrate by parts, and use the equation (1.5.2), then we have for any large ¢ > 0

6/ |7u|2dvg§8/ |Vu|2dvg+/ Rgu® dVy

ou ’

—g [ T g4
op, 029 |x| 7

= —-321A+0O(c 1),
where B, is a coordinate ball with Euclidean radius . By taking o — oo, we get

A< i/ Vul? <0. (1.5.4)
167T M

It follows from (1.5.2) and Proposition A.1 that the conformal metric u'g has zero scalar cur-
vature. Finally, apply Riemannian positive energy theorem to (M, u?g) and use Proposition

1.3, we obtain

0 < Eapm(u'g) = 244 Eapm(9) < Eapm(g)-

When Eapm(g) = 0 holds, we find that A = 0. The inequality (1.5.4) implies that u = 1
and hence Ry = 0. Apply rigidity part of Riemannian positive energy theorem to (M,7),
we get g;; = 0;; in certain coordinates (y',y? 4°). Furthermore, integrate (1.4.7) on large

coordinate ball |y| < o and integrate the divergence term by parts, we find

/ (= JW)) + |h = kPdAs < —/ (€ + Vog B, v)dAs.
ly|<o

ly|=0

Note that the scalar curvature term vanishes. In view of the dominant energy condition and
decay rates of k and f, taking 0 — oo implies h = k on M. In conclusion, we have g = ¢ and
h = k. The embedding problem considered by Jang, Proposition 1.7, implies that (M, g, k)

is an initial data set of Minkowski spacetime. O
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Since, in general, the solution f to Jang’s equation may blowup in some black hole regions,
the cylindrical ends near apparent horizons definitely require extra care. First of all, Schoen
and Yau blow down these cylindrical ends to finite cones with zero scalar curvature over
apparent horizons using conformal deformations. Since by Proposition 1.13 the apparent
horizons are 2-spheres, and these cones are topologically punctured balls. They showed
that, in appropriate coordinates, these cones are uniformly equivalent to Euclidean punctured
balls. Next, they conformally deform the entire new manifold such that the scalar curvature
vanishes as the model case. Finally, they blow up these punctured balls by Green’s function
of Laplacian to infinite ends, and estimate the contributions of these new ends to the ADM-

energy are e-small.

1.5.3 General Cases

The Riemannian PET theorem has been extended to higher dimensions in different ways.
The minimal surface argument of Schoen and Yau to prove Riemannian PET in dimension
3 [37] extends to dimension up to 7 by a dimension reduction argument (see [38] and [43]).
The dimension restriction is to prevent the singularity of area minimizing surfaces. In 2017,
Schoen and Yau [42] extended their argument to all dimensions by minimizing slicing argu-
ment. This method has a subtle connection with the non-existence of a metric admitting

positive scalar curvature on the torus in dimension n < 7 in [38].

The technical difficulties of the reduction argument using Jang’s equation shown in Section
1.5.2 in high dimensions are twofold. The apparent horizons that arise in the blowup of
Jang’s equation in high dimensions may have potential singularities and potentially com-
plicated topology. The stability-based regularity of apparent horizons in [39] is available
up to dimension 5. The singularity issue for dimensions up to 7 was resolved by Eichmair

[16] through his early work [14, 15] on the almost minimizing property of Jang’s equation.
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In the same paper, Eichmair overcame the topological issue through the conformal darning
method. In view of the result [42], it is natural to expect the extension of the Jang reduction

argument to dimension n > 7.

An independent approach to PMT using the Dirac operator method for spin manifolds was
done by Witten [45]. See also [34]. This method works in all dimensions without reduction
to the Riemannian case, while the spin structure is necessary and non-generic in high di-
mensions. Another independent approach to PMT addressing the singularity of minimizing
hypersurfaces in all dimensions was given by Lohkamp [25, 26, 27, 28, 29]. Recently, in 2021,
Sakovich [35] used the Jang reduction argument to prove the PMT in the asymptotically

hyperbolic setting.

32



Chapter 2

Sharp Exponential Asymptotic

Estimates of Jang’s Equation

2.1 Introduction

Schoen—Yau showed that the graph of a blowup solution to Jang’s equation is asymptotic to
cylinders over apparent horizons. J. Metzger proved that such cylindrical asymptotics are
exponential and gave upper and (partial) lower estimates of the asymptotic rate in terms
of certain spectral properties of apparent horizons; Q. Han and M. Khuri gave a full lower
estimate; and W. Yu obtained the sharp upper and lower estimates. Their estimates involve
delicate barrier construction and require the assistance of regularized solutions. In Chapter
2, we will give a simple proof of the sharp estimates which also apply to general blowup

solutions (not necessarily limits of regularized solutions).

Now we recall Schoen-Yau’s rough asymptotic estimates, Corollary 1.12. For the sake of
simplicity, we will refer to X C 92, N0y and v as the outward unit normal on ¥ through-

out this present paper, and all arguments can be adapted to the case X C 9Q_ N 0
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correspondingly. According to Proposition 1.11, ¥ is a MOTS. We can assume that every
point in O in Corollary 1.12 is passed by a unique geodesic orthogonal to . Let @ > 0 be
a number less than the minimum of injectivity radii of all points on ». We introduce the

normal coordinates y', 4%, o adapted to ¥ on O via the map

T:%x (-0,5) = O: (y,0) = exp, (ov(y)) (2.1.1)

where y!,y? are coordinates on ¥. We denote basis vectors by 9; = a?/i for 1 <7< 2 and

0, = By properties of exponential map, we have (9;,0,)(p) = 0 for 1 < i < 2 and

0
do

Vo,0,(p) = 0 for all p € O. In normal coordinates, the metric g in O can be written as

> iy, 0)dy'dy’ + do® = g(y, o).
ij=1
where 7;; = (0;,0;). We define the parallel surfaces ¥, = {o = const} of distance o away

from X, then

gy, =D iy, 0)dy'dy’,
i,j=1

2.1.2

aJIYij (ya U) = thj(y’ 0)7 ( )

aglyij (yv 0) = 2<hzkhk] - Rjaia) (y> 0)7

where h;j(y,0) = (Vy,0,,0;)(y,0) is the second fundamental form of ¥, with respect to
0,. The normal coordinates nicely capture the geometry of ¥ in M. Likewise, we parallelly
extend the normal coordinates (y,0) on O to normal coordinates (y,o,t) on O x R. For any

€ < 7, the graph Gy N ((9 x [T, oo)) in Corollary 1.12 can be express as

{(yaw(y,t),t) Ly eNt> Tg}
in normal coordinates for a positive function w defined on ¥ x [T, 00). More precisely, w(y, t)
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satisfies for y € ¥, t > T,

fO(va(yat)) =1, w(fO(y78)7y) = S. (213)

Let C denote the cylinder ¥ x R, and let D be the Levi-Civita connection on C. It is
easy to see that the stability operator on C is Lo = —0? + Lx. Observe that Gy (with
respect to upward normal) and ¥ x R both satisfy MOTS equation H + K = 0, and that
GoN (O x [T, 0)) is asymptotic to ¥ x R in C** topology. By direct computation using the
properties of normal coordinates (2.1.2) (also c.f. [32]), one can show that if (1.4.10) holds

for sufficiently small ¢ > 0, then w satisfies

(=0f + Le)w(y, t) = Qy, w, Dw, D*w),

where () is of the form

Q(y, w, Dw, D*w) = w * w + w * Dw 4+ Dw * Dw + w * D*w 4+ Dw * Dw * D*w,

where * denotes certain contraction with a bounded tensor depending only on the geometry
of ¥ in (O, g,k) but independent of variable ¢. Therefore, w satisfies all the settings in
Theorem 2.4. Moreover, the coefficients of £ and @ purely depend on the geometry of
(M, g, k) near 3.

J. Metzger improved the rough asymptotic estimate, Corollary 1.12, to upper and (partial)

lower exponential decay estimates assuming X is strictly stable.

Theorem 2.1 (Weak exponential decay, Metzger [32] Theorem 4.2 and 4.4). Assume the
situation of Corollary 1.12. Suppose in addition that 3 is strictly stable with principal eigen-
value X > 0. Then for all 0 < p < X there exists € = () > 0 depending only on the

geometry near ¥ and p such that if (1.4.10) holds with ¢ = E, then there ezists a con-
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stant cs = c5(p) > 0 depending only on the local geometry near ¥, p, and X such that for

(y,t) € X x [Tz, 00),

w(y,t) + |Dw(y,t)| + | D*w(y,t)| < cze™VAET), (2.1.4)

Moreover, for any > X there is no constant C' > 0 such that for (y,t) € ¥ x [Tz, 00),

w(y, t) + [Dw(y, t)| + [D*w(y, t)| < Ce Vi), (2.1.5)

Q. Han and M. Khuri [21] gave both upper and lower asymptotic estimates for the generalized
Jang’s equation, which was introduced by H. Bray and M. Khuri [9, 10] in an attempt to
prove the spacetime Penrose inequality. In particular, when the static potential ¢ = 1, their
result improves Metzger’s lower estimate (2.1.5). Translating the setting using the conversion

equation (2.1.3), the lower blowup rate estimate of Han-Khuri reads as follows.
Theorem 2.2 ([21], Theorem 1.1 for the case ¢ = 1). Assume the situation of Theorem 2.1.

There exist constants pn and C' such that for (y,t) € ¥ x [Tz, 00),

w(y,t) > Ce VAT, (2.1.6)

Despite the fact that they did not discuss the dependence of i due to complexity of gener-

alized Jang’s equation, we know p > X by (2.1.4).

W. Yu in his doctoral thesis further improved Metzger’s estimate to the sharp estimate by

using more involved barrier construction.

Theorem 2.3 (Sharp exponential decay, Yu [46] Theorem 4). Assume the situation of The-
orem 2.1. There exists g > 0 depending only the geometry near ¥ such that if (1.4.10) holds

with € = €y, then there exist constants cg, c; depending only on the local geometry of ¥ in
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initial data set (M, g, k) such that for (y,t) € X x [Tz, 00),
w(y, 1) + [Dw(y,t)] + |D*w(y, )] < cge VAT, (2.1.7)

and

w(y,t) > cre” VA Te), (2.1.8)

Proof. We apply Theorem 2.4 by substituting w with w(-,¢ + T;,) defined on C to get a

simpler proof. O

All the upper estimates were obtained by delicate barrier construction using the stability
condition of apparent horizon ¥. To deliver asymptotic estimates to blowup solutions, this
barrier argument requires the assistance of finite regularized solutions. We will investigate
the asymptotic estimates of a general elliptic equation on a cylinder without the need for
regularized solutions. Furthermore, we can keep track of the constants’ dependence on the

geometry near Y more explicitly and easily than Yu did.

2.2 Asymptotic Rate of Elliptic Equation on Cylinder

Let n > 1 and let (£",7) be a compact smooth n-dimensional Riemannian manifold without

boundary. Let D denote the Levi-Civita connection on . Let
L= —&ijDiDj + bZDZ +c

be a uniformly elliptic differential operator with coefficient functions satisfying o € C**(%)
positive-definite, b’, c € C**(X). Define cylinder C = ¥ x [0, 00) equipped with the product

metric v + dt*. We let ¢ be the (n + 1)-th coordinate and still let D denote the covariant
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derivative on C. Suppose w is a positive C? solution on C to the quasilinear equation
(=07 + L)w = Qy, w, Dw, D*w), (2.2.1)

where the quadratic source term @ : ¥ X R x T*¥ x (T*Z T *E) — R is a differentiable

function satisfying
Q(y, w, Dw, D*w) = w * w + w * Dw + Dw * Dw + w * D*w + Dw * Dw * D*w, (2.2.2)

where * denotes certain contraction with a bounded tensor independent of variable ¢. This
equation is saying that the linearized equation vanishes. Moreover, we assume that w satisfies

the rough decay condition

hm |w|2,a7EX[T7OO) = O, (223)

T—o0

where |w|s o 5x[T,00) denotes the unweighted Holder norm on 3 x [T, 00). Since £ and @ are

insensitive to translation in ¢, it follows from (2.2.3) that we may further assume that
|W2.ac <o <1 (2.2.4)

by replacing w(-,t) with w(-, ¢ + Tp) for a sufficiently large Tg.

Theorem 2.4. Suppose that L has principal eigenvalue A > 0. There exist constants g, cg,
co > 0 depending only on 3, v, a”, b, ¢, Q and \ such that if w is a positive function defined
on C satisfying (2.2.1), (2.2.3), and (2.2.4) with &g, then for any (y,t) € C

lw(t, y)| + | Dw(t,y)| + | D*w(y, t)| < cse V™, (2.2.5)

and

lwi(t, y)| > coe V. (2.2.6)
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2.3 Proof of Main Result

For any ¢ > 1, we define cylinder C;, = ¥ x (t — 1,¢t + 1). For any (y1, $1), (2, $2) € Cy, let
p(y1, y2) denote the distance in ¥ induced by v, let d;(s1) = min{|s; —t+1|, |s; —t—1|} denote
the minimum distance of (y1, s1) to 9C; = X x {t£1}, and let d;(s1, s2) = min{d;(s1), di(s2)}.
For any « € (0,1), we define the weighted Holder norm |[wl2..¢, on C: by

HwH2,a,Ct = sup sup (|’U)(y, 5)‘ + dt(‘s)‘Dlw(yv 5)‘ + dt(8)2|DiDjw(y’ S>’) + [w];,a,Cﬁ
1<4,j<n+1 (y,s)€Cy

where the weighted semi-norm [w]s . ¢, is defined by

[w]5 0, = sup sup dy(s1 82)2+Q|DiDjw<yl’Sl) = DiDjwlys, 52)]
2,a,C¢ ) 3
10,5 <041 (y1,51)#(y2,52) (p(y1,12)% + |s1 — 52?) 2

In addition, we define the weighted Holder norm ||w||82ic by

’ o WY1, 51) — W Y2, S2
[wl@he, = sup Py )|+ sup (s, sp)ee 10D 0]
(y,8)€Ct (y1,51)#(y2,52) <p(y1’ y2)2 + |31 . 82‘2)

o -
2

Proposition 2.5. Suppose that L has principal eigenvalue X > 0. For any 0 < u < X, there
exist constants € = g(u), c19 = cio() > 0 depending only on X3, 7, a b c, Q, X\ and p
such that if w is a positive function defined on C satisfying (2.2.1), (2.2.83), and (2.2.4) with
gg < &, then for any (y,t) € C

w < e VHE (2.3.1)

Proof. By Krein-Rutman Theorem, there exists a positive smooth eigenfunction S defined

on Y of £ corresponding to A\. We may assume by scaling 3 that

mzlnﬁ =1
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Take A = ev¥. We claim that for all (y,¢) € C
w(y,t) < Ae™V"B(y).

We first note from (2.2.4) that for all (y,0) € 3 x [0, 1]

w(y,t) -
— A \/ﬁt —_ = .
B(y) e <1—-1=0

and from rough decay condition (2.2.3) that

: w(y,t) _
lim su — Ae VH) = .
P y€§< B(y) )

Suppose the claim is not true, then there exist yy € ¥ and ¢y > 1 such that

w(yo,to) —Vhto __ w(y7t> —/ut\ __.
W_Ae VI _mcax<Ty)—Ae \/’7> =:B>0.

This is equivalent to a global almost exponential bound of w

w(y,t) < Ae VM B(y) + BA(y) (2.3.2)

in which the equality holds at (yo, to). Define F(y,t) := w(y,t) — Ae"V*S3(y) — BB(y). Then

F(y,t) achieves maximum at (yo,ty). By derivatives tests, we have

(

F(yo,to) =0,

DF<y07 tO) = 07 (233)

DQF(yo,to) S 0.
\
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It follows immediately from derivative tests (2.3.3) that

On the other hand, equation (2.2.1) together with positivity of B, /5 and equality of (2.3.2)

gives

(=07 + L)F (yo, to) = Q(yo, to) — (A — p)Ae™ V' B(yo) — ABS(yo)
< Qyo,to) — (A —p) (Ae_‘/ﬁtoﬁ(yo) + Bﬁ(?Jo)) (2.3.5)

= Q(Yo,to) — (A — )w(yo, o).
By abuse of notation, Q(y,t) means Q(y, w(y,t), Dw(y,t), DQw(y,t)).

We will exploit the structure of @ to bound Q(yo,%y) by w(yo,to). In view of the structure

of @ (2.2.2) and (2.2.4), there exists a constant C such that for any ¢t > 1

2
1QIE ¢, < 20Chllwla.ac.. (2.3.6)

For any t > 1, by interior Schauder estimate there exists constant Cy depending only on

a’,b' ¢, ¥ and v such that
2
lwloac: < Collwloc + 1QlGne,)
Plugging (2.3.6) into the source term, we get

w2, < Co(flwlloc, + 0Chllwllz,ac:)

1
< Collwlloe, + §Hw\|2,a,ct-

provided that gy in (2.2.4) is sufficiently small such that £,C;Cy < % This implies that for
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any t > 1
[wll2.ac. < 2Ca|wllog,- (2.3.7)

Plugging global almost exponential bound (2.3.2) of w into (2.3.7) to control the Holder

norm Hw||27a,Ct0 by w(y()?t()):

[wll2.ac, <2Co|lwloc, <2C; sup (Ae V¥ B(y) + BS(y))

B (y.£)€Ct,

< 205 max [(y) (Ae_ﬁ(to_l) + B)
yes (2.3.8)

< 2C; max B(y)ev” (Ae™V"™ B(yo) + BB(wo))

= (202 max B(y)e\/’j> w(yo, o)-

In the second inequality to the last, we use that fact that min 8 = 1. Since [ is a positive
solution to L5 = Af on ¥, Harnack estimate implies that there exists C5 depending only on
a’ b, c, ¥, v and )\ such that

mzaxﬁ < Cs. (2.3.9)

Combined (2.3.6), (2.3.8), and (2.3.9), we get a pointwise estimate of quadratic term @
Q(o, to)] < Q62c,, < 260C1CaCae¥ w(yo, to), (2.3.10)
and hence (2.3.5) implies that
(=07 + L)F(yo, to) < [260C1C2C5eV" — (X — 1) Jw(yo, to)-

Since A > p, we may take gy > 0 in (2.3.6) smaller such that gy < (2C1C>CseV*) ™1\ — p),
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then we have
(=07 + L)F(yo, to) < 0,

which contradicts to (2.3.4). Therefore, if gy < (u) := (2C1C2C3eV*) ' min{1, (A — )} in
(2.2.4), then for all (y,t) € C

w(y,t) < Ae”VFB(y) < (ACs) e VH. (2.3.11)

Finally, we take c;o = AC3. Note that (), c10() depends only on a” %, ¢, Q, ¥,~, A and
1. O

Now we will use the weak exponential decay to get the sharp decay.
Proof of Theorem 2.4. Let T > 1 and take A = eV . We claim that for all (y,t) € C

w(y,t) < A(Z 1 e_w\tﬁ(y).

<AR-77)

We first note from (2.2.4) that for all (y,0) € ¥ x [0, 7]

t 1
lim sup <w(y, ) _ A2 - —)e“f’\t> =0.
t—o00 yes 1 +t

Suppose the claim is not true, then there exist yy € ¥ and tq > T such that

w(yo, to) _ _ 1 —Vto _ w(y,t) _ _ 1 —Vat\ _.
—B(yo) A( 1+t0)€ O—mglx< A(2 1—|—t)€ ) =:B>0.
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This is equivalent to the global bound

wly0) £ AR - )e " B() + Blw) (2.3.12)

in which the equality holds at (yo, tg). Define F(y,t) := w(y, t)—A(Z—ﬁ)e*ﬁtﬁ(y)—Bﬁ(y).

It follows directly from derivative tests that

(=07 + L)F (o, t0) > 0. (2.3.13)

Choose pt = 3 such that 0 < u < XA < 4p. Let &€ = 12(p) and ¢19(p) be defined as in the end
of the proof of Proposition 2.5 depending only on a/,b’, ¢, @, 3,7 and X\. By Proposition
2.5, w < cp(p)e VP for all (y,t) € C. Combine this with Schauder estimate (2.3.7), for

t>1
|wll2,ac, < 2Co|lwlloe, < 2Callcroe V™ |loc, = (2C2c10eVF)eVH,
where we let Cy = 2Caci9eV¥. Combine this with (2.2.2) to improve (2.3.6)
Q(y,t)] < C1Ce >V, (2.3.14)

Since to > T > 1, equation (2.2.1) gives

2A 2AV\
_ 92 Fluo. to) — _ —VAto _ —VAto _
( at +£) (y07 0) Q(y(]?to) (1 +t0)3e B(yO) (1 +t0)26 5(y0) BAﬁ(yO)
< C2C e 2VHh —2\/X e~ VMo
= Va1 (1+t0)2
< e GG B ) - 2V
0

In the first inequality, we use the fact that A > 1 and drop two negative terms involving

faster decay and B with which we do not have nice control. Since 2,/ = v2A > VA, there
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exists Ty > 1 such that for all t > Tj

2v/\
20,

0 < e VY] 4 1) <
Take T' > T, then
(=07 + L)F(yo, to) <0,

which contradicts to (2.3.13). Therefore, if T > Ty and A > eV then for all (y,t) € C

w(yt) < A1+ )e VB(y) < (24C5)e ™

Together with (2.3.7), we may take cg = 4AC,C5 such that (2.2.5) holds true.

Using (2.3.14) and analogous minimum principle argument, one can show that there exists

co9 > 0 sufficiently small such that

1
_)e*ﬁtﬂ 2 Cgei\/Xt.

w269(1+t+1

Theorem?2.83 Sharp exponential decay. We apply Theorem 2.4 by substituting w with w(-, ¢+

T.,) defined on C to get a simpler proof. O
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Chapter 3

Solutions and Constant Expansion

Surfaces in Black Hole

3.1 Notation

3.1.1 Level Sets

Let u be a function defined on M and let C' € R be a number. Denote the super-level set

of u by
El(u):={x € M :u(z) > C}

and denote the sub-level set of u by

Eqo(u) :={x e M :u(x) < C}.
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3.1.2 Normal Coordinates

Recall the setting of normal coordinates introduced in Chapter 2. Let > C M be a smooth
embedded two-sided 2-dimensional surface assigned with unit normal vector field v. We will
use the couple (X, ) to denote the aforementioned data. Let @ > 0 be a number less than
the minimum of injectivity radii of all points on ». We introduce the normal coordinates

(y,0) adapted to ¥ on a neighborhood O of ¥ via the map

T:X x (—0,0) = O: (y,0) = exp, (ov(y)).

We denote half geodesic tubular neighborhood with thickness § around ¥ on the

+v-side, respectively, by
NE(S,v) = {T(y,+0) 12 € 2,0< 0 < 0)},
and the (full) tubular neighborhood with thickness 20 around X by

Ns(X) :={y € M : dist(z,X) < d}.

Sometimes we will analyze the properties of constant expansion surfaces near another. It
would be useful to consider graphs in normal coordinates. For w € C*(X) with |w| < J, we

let Braph(w) = {Y(y,w(y)) : y € X} denote the graph of w in normal coordinates.

3.1.3 Past Directed Null Expansion

For the sake of simplicity, we will always use an unconventional past directed expansion

6[X] := H[X] — K[X] with a specified choice of unit space-like normal vector field throughout
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this chapter. For a function f defined on M, we let 0[f] denote the past directed null
expansion computed with respect to the downward normal vector field on Graph(f) C M xR.
Similarly, for a function w defined on X, we let f[w] denote the past directed null expansion
of Graph(w) computed with respect to 91 /|0%| in normal coordinates (y, o), where 95+ is

the projection of J, onto the normal bundle of Graph(w).

3.2 Limits of Regularized Solutions in Black Hole Re-

gions

3.2.1 Capillary Blowdown Limit

Recall that for every s € (0, 1] there exists a unique smooth regularized solution f, such that

(9"

LR (Al ) = .

— —k
L+ VPN /14| V2
satisfying lim, . fs(z) = 0 at each infinite end. The capillary term us := sfs in regularized
equations will play an important role in our analysis. In [39] R. Schoen and S.T. Yau
proved by maximum principle argument that there are constants p; = maxyy |tryk| and

o = pa(|Ric|co(ary, [k|or(an) such that in M
|us| = |st| < p1, |VU5| = |SVfS| < lo.

Let s; — 07 be any decreasing sequence such that f := lim, o+ f; is a smooth function, and
let 2, 4 and €2_ be disjoint black hole regions as stated in Proposition 1.11. By Arzela—

Ascoli theorem, a subsequence of functions us, converges uniformly on M to a Lipschitz
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function u € C%!(M) satisfying

u=0 in Qo,
u>0 in Qy, (3.2.1)
©w<0 in$_.

\

We call u a capillary blowdown limit of regularized solutions fs. Let  be a connected
component of {2, which is bounded by Proposition 1.11. For simplicity, throughout the
present paper we will prove most of the propositions only for connected components of €2,
and all statements corresponding to €2_ hold analogously. From now on, we will fix the
selection of decreasing sequence s; — 0+, the Lipschitz blowdown limit u := limu,,, and

the connected component €2 C €2, of black hole regions.

Recall that by definition f;; — +oo in 2. In order to study the limit behaviour of fi;
as j — 00, it is necessary to translate down these regularized solutions in an appropriate
manner. It is natural to consider a sequence of reference points {x;} in Q to keep track of the
evolution of regularized solutions. For every j, we define the translated solution according

to the reference point z; to be
FEP() = £, () = fi,(ay) so that  fi7)(x;) = 0.
Thus, the regularized equation (1.4.2) reads

0[f5) = sifs,, (3.2.2)

since the left hand side of regularized equation is invariant under vertical translation. For
every sequence s; — 07, the local estimates in Proposition 1.10 and Arzela—Ascoli theorem
allow us to find a convergent subsequence of Graph( fs(f] )) on the left hand side of (3.2.2) if
we select suitable reference points; the observation (1.4.3) and Arzela—Ascoli theorem allow

us to find a convergent subsequence of capillary terms (expansion functions) on right hand
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Figure 3.1: A graphical limit f of properly translated regularized solutions f§f°) lies in the
cylinder over a level-set of capillary blowdown limit u.

side of (3.2.2) in closure of black hole region €.

The following basic lemma shows that any non-empty subsequential limit must take place

in a certain level-set of the capillary blowdown limit w.

Lemma 3.1. Suppose the reference point sequence {x;} C Q converges to xy € Q. Set

© = u(xg) as the value. Then

(1) © = limuy, (x;).

(2) If x € E&(u), then limfgj)(ac) = +oo; If v € Eg(u), then limfs(fj)(x) = —o0.
Therefore, any subsequential limit of graph(, f;gfj ) ) lies in Eg(u) x R provided it exists
(cf. Figure 3.1).

Proof. (1) It follows immediately from the uniform convergence and equicontinuity of u,; in
Q.

(2) Suppose x € E(u), then a := u(x)—© > 0. Since lim u,, (x) = u(z) and lim u,, (z;) = ©
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uniformly, for any sufficiently large 5

3
us; () > u(z) — % =0+ Za
and
us, (2;) < © + 2.
! 4
If follows that for any sufficiently large j
Fay) 1
fsjj (35) = ;(usj (ZE) — Us; (ZU]))
j
1 3a a
>—[(O0+—)—-(0+-
o+ )@+ ])
© o4
= — 00
28]'
If z € Eg(u), then lim;_, ~s(j.cj)(:c) = —oo holds analogously. O

3.2.2 The Shape of Limit of Regularized Solutions in Black Hole

Regions

In this subsection, we aim to characterize the geometry of the limits of translated regularized

solutions.

In the following theorem, we show that any limit graph of caps of f, satisfies the constant
expansion equation, which is an analogue of the constant mean curvature equation in a

spacetime setting.

Theorem 3.2 (Shape of cap). Let © := maxqu > 0. There exists a sequence of reference

points {x;} C Q, a subsequence {j'} C N, and a non-empty mazimal domain U C u=*(0)NQ
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such that fgjl) converges smoothly to a function f in U satisfying the constant expansion

equation:

0[f] =© and f(zx) = —oco as U 3z — OU. (3.2.3)

Each connected component S of OU is a closed properly embedded smooth surface in u”H(O)N
Q with constant expansion G[i] = © computed with respect to the unit normal of X pointing

mto U.

Remark 3.3. (1) U is called the maximal domain of solution f to constant expansion
equation (3.2.3) in the sense that f blows up on approach to U and hence f can not

extend to any smooth solution to (3.2.3) defined in a proper superset of U.
(3) u has a constant value © in U.

(2) In general, © could be 0, i.e., u is identically 0 in the black hole region . This corre-
sponds to a very special slow-speed blowup scenario. We will discuss more properties

of 2 in Section 3.5 when this special case occurs.

Proof. Recall that Q is compact. For every j € N, pick reference point T; € Q such that
s (z;) = maxg fs;- We can select a convergent subsequence z; with zy € Q. Observe that
fg,jl) is a solution to (3.2.2) and (x;,0) € Graph(fgj/)) converges to (xg,0). By the local
C3*-estimate in Proposition 1.10 in a neighborhood of (4, 0) and Arzela—Ascoli theorem, we
~(¢/j/)>

may assume by passing to a further subsequence that Graph( s, converges to a properly

embedded submanifold in C’fo’g‘-sense. Let S denote the connected component of the limit
submanifold containing (¢, 0). Since fif,j’) < 01in Q for every j’, it follows from the Harnack
inequality in Proposition 1.10 that the component S is a graph of a Clzof function f < 0
defined in an open neighborhood U of zy and approaching to —oo on approach to OU.

Observe that lim fs(:,j/)(x) = —o0 if x € M\Qy, so U is contained in Q and xy is away

from 0€2. Combining Lemma 3.1 together with the Cfo,? convergence of f. s(;jl) and uniform
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convergence of u; on two sides of equations (3.2.2), U is a subset of u=*(0) N Q and hence

f satisfies equation (3.2.3) in U. By standard elliptic theory, f is smooth.

Note that the equation (3.2.3) is invariant under vertical translation. For any a € R, f+a
satisfies equation (3.2.3). By local estimates in Proposition 1.10 and Arzela—Ascoli theorem,
there is a sequence a; — +o00 such that Graph( f + a;) converge to a three dimensional
submanifold in M x R in C%“-sense. Remark that we only need to consider a — +oo
since f < 0. By the Harnack inequality in Proposition 1.10, each component of the limit
submanifold is a cylinder over a closed surface in OU, denoted by ¥ x R. Since f + a;
satisfies equation (3.2.3) for all i, C’fo’f—convergence implies that ¥ with compatible unit

normal satisfies the same constant expansion equation: [%] = ©. O

Corollary 3.4. Let © > 0. Suppose Z is a connected component of u=1(©) N Q in which u

attains local maximum (resp. minimum). Namely, there exists an open neighborhood O of

Z such that for all x € O\Z.
u(z) <O (resp. u(z) > 0).

Then there exists a sequence of reference points {z;} C Z, a subsequence {j'} C N and a
non-empty maximal domain U C Z such that fs(:,j/) converges smoothly to a function f in U

satisfying constant expansion equation:
0[f] =© and f(x) = —oco (resp. +o0) as U 3 x — OU. (3.2.4)

Each connected connected component S of OU is a closed properly embedded smooth surface
i Z with constant expansion Q[f]] = O computed with respect to the unit normal ofi pointing

inside of U (resp. pointing outside of U ).

Remark 3.5. In Corollary 3.4, the assumption that u attains its strict local maximum ©

in Z is equivalent to that Z is component of dFg (u)\OEg (u).
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Proof. We only point out the key steps for the case when u attains a strict local maximum
in Z. Note Z is a closed subset of compact set €, so Z is compact. We may assume O
is compact. For every j € N, pick reference point z; € O so that fs;(zj) = maxg fs;. By
Lemma 3.1, f§f])(x) < 0 for all € 9O for all suficiently large j. Since fgfj)(x]) = 0 for all
7, fs(f’ ) attains maximum at interior point z; € O and V fs(f] )(:cj) = 0 for large j. Apply the
argument of previous proof, there exists a subsequence x; converging to x, and a solution
f to (3.2.4) defined in the maximal domain U C Z containing xo. This implies that g is

an interior point of Z and z; € Z for large j. Other results follow analogously as in the

previous proof. O

Specifically, we can pick one fixed reference point z, €  and investigate the local limiting

behavior of translated regularized solutions to (1.4.2) around xy.

Theorem 3.6 (Local convergence). Let zy € Q. Consider the sequence of translated func-
tions ﬂfo) satisfying ﬂf(’)(xo) =0 for all j. There exists a subsequence {j'} C N such that

one of the following statement is true.

(1) (Graphical convergence) There exists a maximal domain Uy, C u™(u(z0))NQ contain-

ing xo such that fgw converges smoothly to a function féxO) satisfying
0[f") = w(U,,) and |f{™)| = oo on approach to OU,,.
In particular,

lim |Vf,, ()| = lim |V F8) (20)| < 400,
j'—00

j'—o0
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and

. stj,(l’(])
lim
7'—00 1+ ‘fsj/ (1.0)‘2

exists and has length < 1.

Each component ¥ of OU,, is a closed smooth surface satisfying
0[] = u(Uy,).

Here, 0[%] is computed with respect to the unit normal vector field v which coincides

with

V(y) = lim Vs, ()
I U IV, )P

for all y € 3.

(2) (Cylindrical convergence) There exists a closed smooth surface Y., C v~ (u(zg)) N Q

passing through xy such that Graph( fs(f,O)) converges to Xz, xR smoothly. In particular,

lim |V f,(z0)] = +o0,

j'—o0
and

. stj/(xﬂ)
lim
I L IV oy (@)

exists and has length = 1.

The surface ¥, satisfies

Q[Exo] = U(Zzo)‘

Here, 0[%,,] is computed with respect to the unit normal vector field v which coincides
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with

V) = Tim Vs, ()
I LIV W)

for ally € 3,,.

As a consequence of the convergence, there exists & > 0 such that

(a) limj o0 i) (2) = +o0 for x € N (40, ),

(b) limjr oo fgo)(x) = —o0 for x € Ny (3;,v).
Proof. Since i) satisfies (3.2.2) and (x0,0) € Graph(f™) for all j, by the local estimate
in Proposition 1.10 we conclude that there exists a subsequence {j'} such that graph( fﬁf,O))
converges to a properly embedded submanifold in M x R in C’fo’g—sense. Denote the com-
ponent of the limit submanifold containing (z,0) by S. By the Harnack-type inequality in

Proposition 1.10, S is either graphical or cylindrical.
Notice that Vﬂf”(w) = Vs, (x) for all j € N,x € M, and the vector

Vij

VIT VTP

is the horizontal component of the downward unit normal vector field on Graph( fﬁf“) For
the graphical case, the results follow analogously as the proof of Theorem 3.2. For the
cylindrical case, by Lemma 3.1 and C;% convergence we have 0[%,,] = u(z). Lastly, to
check the compatibility of the unit normal of OU,, or respectively 3., at y, we may just pick
y as new reference point for the subsequence fs].,, then the limiting behavior of f§f,°> near ,
local estimate and Harnack inequality imply that any subsequence of Graph( fvs(j/,)) converges
cylindrically to the component of OU,, x R containing (y, 0) or respectively ¥,  x R and the

original sequence converges in the same way. O

As an immediate application of the local convergence, we can show the existence of smooth
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closed constant expansion surface in any level set of u containing a regular point.

Corollary 3.7. Suppose xq is a reqular point of u at value ©. Then there exists a closed
smooth embedded surface ¥, in u='(©)NQ containing xo with constant expansion O[X,,] =
©. The unit normal vector field v of ¥, chosen as in Theorem 3.6 coincides with Vu(zo)/|Vu(zo)|

at xp.

Proof. From assumption, Vu(zg) exists and Vu(xg) # 0. By local linear approximation
of u around zy, we can conclude that zg € 0Fg(u) N OFS(u) and the tangent space
Tpou Y(O) = {Vu(zo)}*. Since xq is not an interior point of u=(0), Corollary 3.6 im-
plies that graphical convergence is impossible and there exists a closed smooth CES 3,
containing xy with expansion ©. The direction of unit normal to ., at z( is determined by
local linear approximation of u, Lemma 3.1 and local limit behavior of fs(fo) in Theorem 3.6

2). O

3.2.3 Stability of Constant Expansion Surfaces

We will end this section by showing the stability of all closed smooth embedded CESs in
M that arise as boundary components of maximal domains or base sections of cylinders in
subsection 3.2. The stability result for MOTS Proposition 1.14 was first proved by Andersson
and Metzger in [4]. In the excellent survey paper [1], a simplified geometric argument was
provided, but the constructed barrier functions did not work well. In the communication
with Michael Eichmair, one of the authors of [1], he suggested a different model function to
fix the glitch. The proof here essentially follows the idea for MOTS in [1] with Eichmair’s

modification.

Proposition 3.8 (Stability of CES). The closed smooth CESs which arise in Theorem 3.2,
Corollary 3.4, and Theorem 3.6 (1) as boundaries of mazimal domains and in Theorem 3.6

(2) as bases of cylinders are stable.
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Proof. Suppose (X, v) is a unstable closed smooth surface in (M, g, k) with constant expan-
sion © and A\(Ly) = —a? < 0 for some a > 0. We will construct barrier functions in an
open neighborhood of ¥. By Krein-Rutman theorem, there exists a strict positive function
¢ € C°°(X) such that Lx¢ = —a?¢. If v is extended by parallel transportation and k is
extended trivially in vertical direction, then the stability operator of (X x R, v) with respect
to (M, g,k) is Lexgr = —0? + Lx. If we feed the stability operator with a test function of
the form T'(t)¢(z) where T' € C*(R), then

Lsyr(T(t)p(2)) = —(T" + *T)¢(z).

In the model case o = 1, consider the smooth function n(t) = (arctan(t + 1) — arctan(1)).

By numerical analysis,  has the following properties: (1) Range(n) = (—2F, %) and 7 is
strictly increasing with n(0) = 0. (2) n” +n has a unique real root ¢, ~ 0.6456. In particular,
for t € (—o0,1/2], n"(t) + n(t) < 0 and the maximum is " (1/2) + n(1/2) ~ —0.0866. For

general a > 0, we may consider T'(t) = n(at). Then
Lsxr(T(t)(x)) = —(n"(1/2) +n(1/2))a? ming >0 for te (—00,1/(2a)].  (3.2.5)
For any sufficiently small € > 0, the hypersurface
{exp(m) (5T(t)¢(x)y(3:)) €EMXR:(z,t) € ¥ X (—o0, 1/(204)]}

is a smooth hypersurface with boundary in M x R whose expansion is strictly greater than
© everywhere. Notice that T is monotone, so the hypersurface can be expressed as the
graph of a function f, : V. — (—o00,1/(2a)) where V = {exp,(sd(z)v(z)) € M : s €
(—3me/4,en(1/2)),z € L} is a open neighborhood of ¥ such that 0 < f, < 1/(2a) in the
part of V with 0 < s < en(1/2) and f. — —o0 as s — —3mwe/4". Moreover, f, satisfying

0[f.] > © is a sub-solution to equation 0[f] = ©. Analogously, we may construct a super-
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solution f* satisfying 6[f*] < © associated with the hypersurface

{exp(o (—eT(=t)p(z)v(x)) : (2,t) € ¥ x [-1/(20), +00) }

defined in an open neighborhood of .

If the CES (X,v) that arises in the regularization procedure as in the assumption is un-
stable, then the barrier functions constructed in the first paragraph prevent the translated

regularized solutions from blowing up exactly at ». This contradicts the formation of such

a CES. 0

3.3 Characterization of Capillary Blowdown Limit

3.3.1 Capillary Blowdown Limit as Viscosity Solution

We begin by replacing fs by u,/s in regularized equations (1.4.2). Then ug satisfies

g uul ( ViVjus “>_
W T Ve 21 [V, hi) = v .

Let u be a blowdown limit of regularized solutions to Jang’s equation. Now we make some
heuristic assumptions that u is C? and Vu,, — Vu for one sequence s; — 0. In the region
{z : Vu(z) # 0}, the sequence of regularized equations (3.3.1) converges to the geometric

equation

Vu Vu Vu > _ (33.2)

diva (IV—U> (k) + k<W’ [Vul

In addition, Corollary 3.7 is another clue that u satisfies (3.3.2) in {z : Vu(x) # 0}. This

geometric equation can be interpreted as follows: Any regular level set of classical solution,
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u, has constant expansion equal to the evaluation of u. By simple calculations, (3.3.2) is

equivalent to

. Vu Vu Vu Vu
~diva (V) + v%(m, W> + |Vu|{u +tr, (k) — k(m, W)} —0.  (3.3.3)

It is obvious that the equation is singular in the set {Vu = 0}, which is inevitable according
to the existence of interior of level set at extremal value by Theorem 3.2. It is necessary to
find a weaker notion of a solution. Since u has already been a Lipschitz continuous function
by construction, inspired by the work on level-set formulation of mean curvature flow done
by L.C. Evans and J. Spruck [18], we may expect viscosity solution is suitable notion of
weak solution. Before we define viscosity solutions to (3.3.3) on manifolds, we recall several

terminologies introduced in [6].

Definition 3.9. (1) Let f: M — [—00,00) a lower semi-continuous function. Define the

second order superjet of f at x by

JETf(x) = {(de(z), d*o(x)) : ¢ € C*(M;R), f — ¢ attains a local maximum at z}.

(2) Let f : M — (—o00,00] a upper semi-continuous function. Define the second order

subjet of f at x by
J* f(x) = {(dp(z), d*p(z)) : ¢ € C*(M;R), f — ¢ attains a local minimum at x}.

Remark 3.10. Let x € M, € T M, A € £2 (T.M). Then the followings are equivalent:

sym

(1) (¢, A) e T f(x)
(2) flexp,(n) < flx) + (¢, n)a + 5(An,0)2 + o(|n2)

(3) (¢,A) € J**(f oexp,)(0,) where 0, is the origin in T, M
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(4) (¢, A) € =~ (=/)(z)

Let 2, — x, G, € Ty M and A, € L3, (T, M). We denote by ¢, — ¢ € Ty M if (¢, V)a, —

(¢, V), for all smooth vector field V near x and we denote by A4, — A € L2

sym

(T, M) if
(AV, V), — (AV,V), for all smooth vector field V near z.

Definition 3.11. (1) Let f: M — [—00,00) a lower semi-continuous function. Define

JErf(e) ={(C,A) € TyM x L3, (TeM) : 3z, — a,3(wn, Ay) € T2 f ()

sym

such that (z,, f(z,), G, An) — (2, f(2),(, A)}
(2) Let f: M — (—o0,00] a upper semi-continuous function. Define

Ff(x) ={(¢,A) e T:M x L2 (T,M): 3z, = x,3Ix,, A,) € > f(z,)

sym

such that (ZL‘n, f(xn)7 Cn’ An) — (CL’, f(l’), Cu A)}

Now we are ready to define viscosity solutions to (3.3.3). Let x € M, r € R, ¢ € T, M,
Ae ? (T.M). Define

Fl(x,r ¢ A) = —tryA(x) + (A%, %M + ]Clx{r + tryk(z) — k(i £)(95)}
and its degenerate form
G(x, ¢, A) = —trgA(x) + (AC, Q)

Definition 3.12. u € C%(M) N L>®(M) is a viscosity subsolution of equation (3.3.3) if
for all z € M either for all (¢ #0,A) € J>tu(x)

‘F('T7 u(x)7 C? A) S 07
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or for all (0, A) € J?*u(x) there exists £ € T, M with |¢], <1

Gz, & A) <0.

Similarly, u € C°(M) N L®(M) is a viscosity supersolution of equation (3.3.3) if for all
x € M either for all (¢ #0,A) € J>~u(z)

F(z,u(x), ¢, A) = 0,

or for all (0, A) € J?>~u(x) there exists £ € T, M with ||, <1

G(z,§,A) > 0.

u € CYM) N L®(M) is a viscosity solution of equation (3.3.3) if u is both a viscosity

subsolution and supersolution.

In the following theorem, we apply the argument in the proof of existence of weak mean
curvature flow in viscosity sense using elliptic regularization by L.C. Evans and J. Spruck

[18] to show that any blowdown limit of regularized solutions is a viscosity solution.
Theorem 3.13. Let u be a capillary blowdown limit of fs. Then u is a viscosity solution to

the geometric equation (3.3.3).

Proof. Let ¢ € C*(M) and suppose u — ¢ has a strict local maximum at a point zq € M.
Choose u,; — u uniformly near xo, then u,, — ¢ has a local maximum at a point xz; with

T; — T as j — 00. Since u,; and ¢ are twice differentiable, we have

Vg, (z5) = Vo(z;),

Vug, (z;) < VZo(z;).
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Thus, equation (3.3.1) implies for all j at z;

Ve Ve )
\/s? + |Vo|? \/53 + |Vo|?

+4/87 + |Vg0|2{usj + trok — k \/ Ve Ve } <0. (3.34)

s? + | V|2 \/SJZ + | V]2

- trgv290 + VQ‘P(

Suppose Vp(xg) # 0. Then V(z;) # 0 for all sufficiently large j. Passing to limit, we get
F (wo, u(xo), Vip(wo), V(o)) < 0.

Suppose Vp(xp) = 0. Set n; := % € T,,; M such that (3.3.4) becomes

— tr,V20(x;) + Vo (n,m;) (z;)

3 Vil P{u () + k() = k(ngm;) ()} < 0.

Since [n],; < 1, we may assume up to subsequence n; — 1 € T,,,M with ||,, < 1. Letting

7 — o0, since v and k are bounded we obtain

g(x(]? U v290($0>> < 0.

If u — ¢ has a local maximum which may not be strict, we repeat the argument above with

¢(z) = ¢ +d(x, x0>4

satisfying Vp(zo) = Vip(ag) and V2p(z0) = V2p(z0) in place of . Here, d is the distance

function defined on (M, g). Therefore, u is a viscosity subsolution.

It follows analogously that u is a viscosity supersolution. O]
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3.3.2 A Priori Estimates of Foliation of Stable Constant Expan-

sion Surfaces

In this subsection, we will prove the a priori estimate of foliation of stable constant expansion
surfaces. The proof will follow the stability argument leading to the a priori estimates of
the regularized Jang’s equation in [39] and the one of stable minimal hypersurfaces in [36].

Here, we only comment on the key ingredients adapted to the assumptions that we consider.

Recall that (M, g,k) is an asymptotically flat initial data set satisfying the dominant en-
ergy condition. Given positive constants 7 and B, suppose X assigned with unit normal
v is a closed smooth stable CES with constant expansion ©, € [—7, 7] having the second
fundamental form |hs|*> < B. Suppose ¥ : (a,b) x ¥ — M is a smooth foliation of closed
stable CES initiated from Y with expansion in the range [—7,7]|. Let X, = ¥(7,X) and
let v, = U,(0;)/|V.(0;)| where WU, is the pushforward of ¥, then U satisfies the following

properties:

(1) ¥(7p,-) = Ids(-) on X for some 79 € (a,b) and v,y = v.

(2) The expansion ©, := 0[X;] of ¥, with respect to unit normal v, is a constant in

[—T,T] for any 7 € (a,b).

(3) M(Ly,.) >0 for any 7 € (a,b).

Now fix arbitrary 7 € (a,b). Let ey, eq,e3 be a local orthonormal frame for 3, with ey, ey

tangent to X, and ez normal to ;. Let wy,ws, w3 be the corresponding dual orthonormal
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coframe of one-form. The structure equations of M are given by
3
dwi:—Zwij/\wj, wij+w]~,~:0;
j=1

3 3
dw;; = — Zwik A Wij + % Z Rijii wi A wy.
k=1 k=1
Let V and V denote the Levi-Civita connections on M and ¥, respectively. In this subsec-
tion, the indices range 1,2 and constant C' may change from time to time but depend only on
the initial data set (M, g, k), given constants 7 and B. The first important ingredient of the
a priori estimate is Simon’s inequality. By virtue of the asymptotically flatness of (M, g, k),
the background Riemannian curvature tensor and its covariant derivatives are bounded. This
is a key assumption to derive the lower bound of Laplacian of second fundamental form h;;

of 3. as in [39] on page 236
Ahyy > ViV H = (3 h2y) + B himh; — C(|h] + 1)y,
m,k m

Following the same computation in [39] on page 236-237, one can obtain the Simon’s in-

equality (cf. [39] (2.16))

(B AR > ¢(2) Y (Vihig)? = h|* = [H|R[*

i7j7k“

+> hyVVH = C[VH]? — C(|h[* + 1) (3.3.5)

1,]
where ¢(2) is a constant that depends only on dim(X) = 2.

The second important ingredient is stability inequality. In [39], they derive the stability
inequality by observing that vertical translations generate a Jacobi field. Now in our setting

we assume the stability directly. Let 5 > 0 be a smooth eigenfunction of Ly, corresponding
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to non-negative principle eigenvalue \;. Using (1.3.11), we have

L _ _
0<h =220 _ divg (64 Vg B) — |6 + Vlog L.

2 o 1 (3.3.6)
+5Rs - 5|h — k% —p+ J(v) — 567(67 + 2tr k).

Note that the dominant energy condition implies —p + J(v) < 0. Let ¢ € C*(X). Multi-
plying (3.3.6) by ¢?, integrating by part and applying Young’s inequality to the first term,
we find

— 1
0< / ]V@\Q—i-—/ {RET — |h — k|4 —@T(@T—l—Qtrgk)}goQ. (3.3.7)
s, 2 /s, !

Using Guass equation and cancelling out H? terms in Ry and ©2, we get

/ Wso?é/ !VsO\QJrO/ (h| + 1)¢?. (3.3.8)
%, D %,

Combining (3.3.5) and (3.3.8) together with the control [VH[X]> = |[VK[Z]|> < C(|h]? + 1)
on constant expansion surface, following the argument in [39] replacing ¢ by |h|p? and then

absorbing |h[2p?* by |h|[*¢* and ©?, we may derive

met< [ [Tl +c / o (3.3.9)

=, s, ,

The third ingredient is the local area bound for >,. We will follow the calibration argument
in [39] on page 243 with minor modification. Observe that in the region sweep by the foliation
U we have

divy (vy) = O, + trg(k) — k(v vr) (3.3.10)

where |©.| < T. Let 2y € ¥,, By(zo) be the geodesic ball in (M, g) centered at zy and let
W be the region enclosed by 3 and 3. Let 0 < py < 1 such that pg < inj(M, g). Integrating

identity (3.3.10) over the region WN B, (z) for 0 < o < py and applying divergence theorem,
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we obtain
Area(X; N B, (70)) < Area(X N B, (7)) + Area(0B,(z¢) "N W) + CTo?.

Since we have |hg|*> < B for the initial sheet, there exists a constant p; depending on

MY, g,k, B, T such that for 0 < o < p;
Area(X, N B, (70)) < Co?. (3.3.11)

With the area bound (3.3.11) the results of Hoffman and Spruck [23] imply that there is a

number py < p; such that the Michael-Simon type Sobolev inequality holds:

o\ 1/2 _
([ )" <[ e+ el (3312
2, 5,

for any Lipschitz ¢ vanishing outside of ¥, N B,,(xy). Using the bounds for expansion, k

and area (3.3.11) together with Holder inequality, we obtain

(/ 902>1/2 <C . Vel

and hence for arbitrary p > 2
1/p = 9
(/ o) " < c/ Vo2 (3.3.13)
o, o,
Fixing the geodesic distance cutoff function to xy depending on po, (3.3.9) and (3.3.11) imply
|hs, |7 € L?(Bp,2(0)). (3.3.14)

Let ¢ = |hs.|> + 1. Following the argument in [39], ¢ is a positive weak subsolution to

certain elliptic equation. De Georgi-Nash-Moser iteration technique together with the L2-
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bound (3.3.11) and (3.3.14) for ¢ now gives pointwise curvature bound for extrinsic curvature
sup |hy, |* < C. (3.3.15)
s,

Note that the Sobolev inequality (3.3.13) for large p > 2 is sufficient for iteration technique
for dimension 2. Also, (3.3.14) where 2 > 1 dim(X,) = 1 guarantees the structural conditions

are satisfied.

Lastly, following the argument in [39], (3.3.15) implies the uniform local C*® estimate. We

conclude the results of this subsection in the following proposition.

Proposition 3.14. Let (M, g, k) be an asymptotically flat initial data set satisfying dominant
energy condition. Given positive constants T and B, suppose Y. assigned with unit normal
v is a closed smooth stable CES with constant expansion ©y € [=T,T]| having the second
fundamental forms |hg|?> < B. Suppose ¥ : (a,b) x X — M is a smooth foliation of closed
stable CES initiated from X with expansion in the range [—T,T|. Given a € (0,1), then
there exist constants p and C, depending on M, %, g, k, T, B such that for any T € (a,b), for
every rg € 3, if (x', 22, 2%) normal coordinates in M on which Ty, X, is the x'z*-space, then

the local defining function w(z) for 3, is defined on {x = (z',2?) : |z| < p} with
27 N B (o; g) C Graph(w)
and satisfies

||w||3,a,{x:\x|§p} < C,.
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3.3.3 Existence of Smooth Solutions

Proposition 3.15. Suppose (2, v) is a closed smooth embedded strictly stable CES in (M, g, k)
with 0]3] = 79 in (M, g, k). Then there exists a constant € > 0 and a smooth CES foliation
U (rg—e,10+¢e) x X = M satisfying the following properties. Let ¥, denote the sheet
U(r,X). We have

(1) V(ry,-) = Ids(-) on .

(2) O[] =7 forallT € (19 — e, 79 + €).

(3) (Local uniqueness) If ¥ is a closed smooth CES in U((ro —e,70+¢€) X X) and can be
expressed as a graph of w € C*°(X) in normal coordinates around X, then Y =3; for

some T € (19 — &,Tp + €).

Proof. We begin with proving local existence of smooth foliation by using implicit func-
tion theorem. Let T : ¥ x (=4,0) — M : (y,0) + exp,(ov,) be the normal coordinates
around Y with respect to the unit normal v. For a function w € C*°(X), denote the graph
{exp, (w(y)vy) : y € B} of w in normal coordinates by Graph(w). We also let §[w] simply
denote the expansion of Graph(w) in the unit normal 9 /|0+| where 9+ is the projection of

0, onto the normal space of Graph(w). Observe that the operator
T:C®X) xR = C*X)
defined by
T(w,7) = O[w] — 7

is a Frechet smooth mapping and 7 (0,75) = 0. The linearization of 7 with respect to the
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first argument at (0, 1) is given by

(D1 0,70y (W) = L

for w’ € C*(X). Since A\;(Lyx) > 0, the linearization operator DT (0, 7p) is an isomophism
from C*°(X) onto C*(X). By implicit function theorem, there exists ¢ > 0 and a unique

Frechet smooth mapping

S:(ro—¢e,10+¢e) — C®(X) (3.3.16)
such that
S(To) =0
and for 7 € (19 — e, 79 + €)
T(S(r),7) = 0. (3.3.17)

Define the smooth one-parameter family of embeddings

U:(rp—e,m+e)xE— M

U(r,y) = exp, (S(7)(y)vy)

for 7 € (10 —e,70 + €), y € 3p. Denote the sheet U(7, %) by 3. It follows that {3, : 7 €
(1o —&,70 + €)} is a smooth one-parameter family of closed smooth embedded surfaces with
constant expansion 7. Thus, (1) and (2) has been established. The local uniqueness property

(3) follows from the contraction principle in the proof of implicit function theorem.

It remains to show that ® is a foliation. Observe that (7, -) satisfies the evolution equation

d
E\Ij — w‘ryz_r (3318)
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where 1, € C*(X,) satisfies

Ly )y = 1. (3.3.19)

To see that ¥ is a foliation, it suffices to show the velocity function ¢, > 0 for all 7 €
(T_,T,). Toward contradiction, suppose ¥, (z) < 0 for some 7 € (1,7} ) and z € X,. Let
B, > 0 denote the (unique up to scaling) eigenfunction of Ly associated with the principal
eigenvalue A\ (Ly, ). There exists b, > 0 such that miny_ (¢, +b,5,) = 0. At minimum point,
by (3.3.19) we obtain

0= _AET WT + bTﬁf) = ﬁzf (wﬂ- + brﬁr) =1+b:M\ (EZT)ﬁT > L.

This is a contradiction. O

Corollary 3.16 (Maximal smooth stable foliation). Suppose (X,v) is a closed smooth em-
bedded strictly stable CES in (M, g, k) with 0[X] = 19 in (M, g, k). Then there exists an open
interval (T_,T,) containing 19 and a smooth CES foliation W : (T_,T,) x 3 — M satisfying

the following properties:

(1) U(1g,-) =Ids(:) on 2.
(2) 0[] =7 forallT e (T_,T,).
(3) M(Lx.) >0 forTe (T_,T,).

Furthermore, if |T| < 0o (resp. |T-| < 00), then ¥, converges to a smooth marginally stable

CES ¥rp, (resp. ¥r_) as T — T4 (resp. 7 —T_).

Proof. Tt is known that the principal eigenvalue depends (Lipschitz) continuously on the
coefficients of the elliptic operator (cf. [8]). By the local existence Proposition 3.15 and local

estimate Proposition 3.14, ¥ can be extended uniquely to an open neighborhood of the slice
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Y., as long as X, has finite constant expansion and A\;(Lyx_) > 0. Thus, there is a maximal
interval (7, T ) such that ¥ remains smooth and satisfies [%,] = 7 and \(Lx_) > 0 for all
T € (T_,T,). In particular, if |7, | < oo (resp. |T_| < 00), then 3, converges smoothly to a
CES Y7, (resp. ¥r ) as 7 — T4 (vesp. 7 — T_). In either case, X, or Y7 is marginally
stable; otherwise, the foliation ¥ continues by the local construction, which contradicts the

maximality of the interval (T_,T"). O

Proposition 3.17 (Local smooth solution). Suppose (2, v) is a closed smooth strictly stable
CES with 0 = 19 in (M, g, k). Let ¥ be the maximal stable foliation constructed in Corollary
3.16. Define

v(¥(r,y)) =7 (3.3.20)

forallT € (T_,Ty), y € . Then v is a smooth solution to equation (3.3.2) in the region
\I/((T_,T+) X Z) such that Vv is nowhere vanishing. Moreover, for all T € (T, T,) there

exists 0 < C(1) < 0o depending continuously on local geometry of ¥, and k such that
C(r) " "M(Ls.) < |Vulg, < C(T)M(Ls,). (3.3.21)

In particular, if |T| < oo (respectively |T-| < 0o), then Vv(x) converges to zero uniformly

as x on approach to X, (respectively Xp_ ).

Proof. By definition, v is a smooth function since ¥ is a smooth foliation. Let 7 € (T_,T7).

In view of (3.3.18) and (3.3.19) we have
d
L= EU = (Vu,¢.vs ) = |Vu| -, on 3.

From the proof of Proposition 3.15, we find 0 < 1, < oo. Thus,

0<|Vul =1/t <oo on X,. (3.3.22)
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It follows that the level set v~!(7) = X, is regular and has constant expansion 7. Therefore,

v is a classical solution to (3.3.3) in U ((T_,T}) x %).

Let 8, > 0 denote the (unique up to scaling) eigenfunction of Ly _ associated with the
principal eigenvalue A\;(Ls_). Remark that the following argument is independent of the

choice of scaling of 8;. By Harnack inequality, there exists C'(7) such that
max Br < C(7) Hzlin Br (3.3.23)

for all T < 7 < T;. Here C(7) depends on the coefficients of Ly, and intrinsic diameter of
Y, and therefore depends on local geometry of ¥, and k. Since both . and (3, are positive

and X, is compact, there exists a constant b, > 0 and a point x, € >, such that

H%)%X(QﬂT — bTBT) = wT(xT) - bT/BT(‘TT) =0.

It follows from (3.3.19) that

0< EZT (TPT - bTﬁT)(xT) =1- bT)‘l('CET>BT(xT)'

Thus,
b B () < M(Ls,).

Then the maximum of ¢, — b, at x, and the Harnack inequality (3.3.23) imply that for
any r € Y,
Yo (z) < b B(x) <b.C(1)B(z,) < C(T)A(Ls,). (3.3.24)

By considering miny._(1,; — a, ;) = 0 for suitable constant a, > 0, we can analogously show
that
C(r) " M(Ly,) <Yy (3.3.25)
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Putting (3.3.22), (3.3.24) and (3.3.25) together, we conclude (3.3.21).

If |7 | < oo, then by Corollary 3.16 X, converges smoothly to Y7, smoothly as 7 — T4 and
therefore C'(7) can extend continuously to 7 = T%. In view of (3.3.21) and Corollary 3.16:

M (Ls,, ) =0, we find that [Vo|(x) converges to 0 uniformly as x goes to X, . O

When (X,v) is a compact, smooth, marginally stable CES, we are not able to construct
a local foliation of CESs around X with the operator in Proposition 3.15. Nevertheless,

Galloway [19] constructed a local foliation of CESs around ¥ by considering the operator
To: C%(8) x R O%(D) x B, To(w, ) = (0lu] - e,/ w).
)

The fact that the principal eigenvalue is simple allows him to apply the inverse function
theorem with this operator. The drawbacks of the foliation are that the expansion function
0 is implicit and that the sheets are not necessarily stable so that we can further extend the

foliation.

Proposition 3.18 (cf. [19] the proof of Theorem 3.1). Suppose (3,v) is a compact smooth
marginally stable CES with 0 = 19 and A\ (Lx) = 0 in (M, g,k). Then there exists € > 0
and a smooth CES foliation Vo : (—e,e) — M satisfying the following properties. Denote
Uo(1,%) by X,. We have

(1) o(0,) = Ids(-) on X.

(2) If ¥ is a compact smooth CES in \If((—g,&?) X 2) and ¥ can be expressed as a graph of

w € C®(X) in normal coordinates around ¥, then > = % where

%:/Ew. (3.3.26)
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3.3.4 Comparison Theorem

Theorem 3.19. Suppose ¥y C €Y is a compact, smooth, strictly stable MOTS. Let u be a

capillary blowdown limit and let v be the local smooth solution constructed on the annular

reqgion \I/([O,T+], Eo) in Proposition 8.17. Then u < v in \I/([O, T.], Eo).

Proof. Let A denote the annular region \I/((O, Ty), 20). Suppose the statement is not true,
that is, © — v > 0 at some point in A. Since u — v is continuous and A is compact, there

exists zy € A such that (u — v)(z¢) = maxz(u — v) > 0.

Suppose 1y € A is an interior point. Let p(x) = d(x, ). Note that u — v — p* has a strict
maximum in A at xg. Since us; converges to u uniformly on A, there exists T; € A such
that us, —v — p* has a local maximum at x; and z; — zo. For all sufficiently large j, we

have z; € A. Since u,;, and v are twice differentiable, the derivative test at x; shows that
Y, (w5) = Volay) + Voi(ay), Vg (o)) < Vo(ay) + V2p(a,).

In view of regularized equation (3.3.1), at x; we have

Vi, Vi,

’ ,/5 +\Vusj|2 ,/s —|—|Vusj|2
V. Vus.
2 Vug |23 us, + k(I — / /
+4/8%+ | uj|{u]+ ( \/2 ® - |2)}

5+ [V, |? \/sj + |V,

0=— us

Vu, Vo,
,/s + |Vu,, \2 1/8 +\Vus]|2
Vi, Vi,

— V2p4 I—

\/ 57+ [Vug, ]2 \/ 57 —HVuS]P
Vu,, Vus,
+\/82+|Vusj|2{usj+k(l— \/ ® |2)}

55+ |Vug, 2 \/8]2 + [V,

1)



We remark that

lim Vp*(z;) = Vp*(z9) = 0,

Jj—00

lim V?p*(z;) = V?p* (o) = 0,

J—00

lim u, (3;) = u(ao).

Moreover, by Proposition 3.17 we know v(xg) # 0 for zq € A and hence

lim vqu(xj) . V’U(l’o)
Jj—o0 \/s?+lvu5j($j)\2 ‘VU(I'O)'

Therefore, by letting j — oo we obtain at x

~ Vu(z) Vo(xg)
Voteo)] & Wolao)]

~ Vo(z) Vou(xg)
IVl tto 5 U= GG © S

0> —V?u(z) (]

= |Vo[{u(xo) — v(z0)}

where the last equality follows from the fact that v satisfies equation (3.3.3). We then

conclude that
0 < |[Vo(xo)|{u(zg) —v(xg)} <0

which is a contradiction.

Next suppose 7o € d.A. Note that u = v = 0 on 99Q, so xg € v *(T,). We claim that
ACE,

u(zo

y(u) and therefore zg € OE,, \(u). To confirm this, we observe that if z € A,
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Figure 3.2: The situation excluded by maximum principle where 3 and 5 are CESs such
that 0[%] > 0[] with respect to the common normal vector v at the contact point.

then v(z) < T and by maximality of u — v
u(zr) = u(z) —v(z) +v(r) < ulxg) —v(xe) +v(z) < ul(xg).

By Theorem 3.7, there exists a closed smooth properly embedded surface 3 in v~ (u(z))
passing through xy having constant expansion u(zg) with respect to the unit normal vector
pointing outside of £ ,(u). In addition, the above clam implies that > C ut(u(xo)) C
O\A. Therefore, Y is enclosed by X7, and two surfaces contact each other at z,. Since
the chosen unit normal vectors vg, —and vg of these two surfaces agree at o and > lies

on the +vy, -side of X, , the maximum principle implies that H[X](zo) < H[E7, [(xo).

Consequently, we conclude that

u(zo) = 0[X](wo) < 0[X1,](w0) = v(20)

which contradicts the assumption that u(zg) > v(zo).
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3.4 Structure of Black Hole Regions and Capillary Blow-

down Limit

3.4.1 Thin Maximal Domains
For any open subset S of M, we can define the thickness of S by
7(S) = sup{diamB : B is an open geodesic ball in S}.

Proposition 3.20. There exists a constant Ry = Ro(M, g,k) > 0 satisfying the following
property. Let © € [—py, u1] and let f be a smooth solution to constant expansion equation
0[f] = © on maximal domain U in (M,g,k). If U is thin in the sense that T(U) < R,
then f has no critical point. Moreover, U is homeomorphic to f~1(0) x R with exactly two
boundary components O_U =" f~1(—c0)” and 0,U =" f~1(c0)” which are closed smooth

CES with expansion ©.

Proof. Suppose xy € U is a critical point of f. For x € U, we define

B(x) = (vg, 08| (@ sy = (14 |V f(2)P) 712

Thus, B(z) = 1. By Harnack-type inequality in Proposition 1.10 (3),

(df,dlog B);

ca 2 |dlog B = |dlog B} — "
g

> [*|dlog B]5 = |dBl;,
where ¢ = g + df ® df is the induced metric on the graph of f. Let v : [0,¢] — U be a
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geodesic emitting from 7(0) = . Then for s € [0, ],

826 = B = | [ Z80(m)dr
< [ KwBo. ol ar

S
§c4/ dT = ¢48.
0

If ¢ < c;', then |B(y(s)) — 1] < 1 for any s € [0,/]. It follows that B(z) > 0 for any point
7 in the closed geodesic ball By(z¢), and hence V£ is bounded in the geodesic ball By(xg).
1

The domain U is maximal, so U contains the closed geodesic ball By(xo) for any ¢ < ¢;*.

Therefore, 7(U) > 2¢; . Take Ry = 2¢; ', then we will get a contradiction.

The second statement follows immediately from Morse theory and Theorem 3.6. [

The following proposition states that any thin maximal domain contains a (part of ) marginally

stable CES.

Proposition 3.21. Let f,U with 7(U) < Ry be assumed as in in Proposition 3.20. Let v
and V' be unit normal vector field on O_U and 0, U respectively chosen as in Theorem 3.0.
Suppose 0_U and 0, U are stable. There exists R > 0 depending on the geometry of OU in
(M, g, k) such that if 7(U) < R, then there exist closed smooth marginally stable CESs ¥,

on the +v-side of O_U and X5 on the —'-side of 0,U such that ©;NU # 0 for bothi = 1,2.

Proof. By Proposition 3.20, U has exactly two component _U =" f~}(—00)” and 0, U =
”? f~1(c0)” with the same constant expansion ©. Let v and ¢/ be unit normal vector field
on 0_U and 0,U respectively chosen as in Theorem 3.6. Thus, 0, U is on the +v-side of
0_U. We simply denote 0_U by ¥. There exists pg depending on the geometry of ¥ in
(M, g) such that the normal coordinates Y : 3 x (—pg, po) = M : (x,0) — exp,(ov(z)) is

bijective. For w € C*%(X) with [Jw|lo < po, let Graph(w) denote the graph of w in normal
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coordinates adapted to ¥ and let #[w] denote the expansion of Graph(w) with respect to
0 /|0+] where 9+ is the projection of 9, onto the normal bundle of &raph(w). By the nature
of linearization operator Ly, we define the deviation @) of #{w] from its linear approximation

around X:

Qlw] == (Alw] — ©) — Lsw. (3.4.1)

The quadratic term @ depends also on Vw and V?w. Here the notation Q[w] is treated as
a functional. There exist constants Ry, A depending on geometry of ¥ in (M, g) and k such

that 0 < p; < pp and for ||wl|24 < p1
1Q[w]llo.0 < Allwl]]3q (3.4.2)

The standard Schauder estimates applied to (3.4.1) implies that there exists a constant C

depending on geometry of ¥ in (M, g) and k such that
[wllza < C(wllo + 10[w] — ©lloa + 1Q]llo.)- (3.4.3)
Put (3.4.2) into (3.4.3), we obtain
lwllz.a < C(llwllo + 10[w] = Ollo.a) + AC|w]3,q-
Let § € (0,1). If [|w]]2.o < JATIC™!, then we have estimates
[wllza < (1=8)""C(llwllo + [10[w] — Olo.), (3.4.4)

and

IQ[wlllo < n(llwllo + 10[w] — Ollo.) (3.4.5)
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where 7 := % € (0,1) if 6 is chosen small enough. Take 0 < py < p; such that
pa < 8(1 —0)ATTC2 (3.4.6)

Then (3.4.4) and (3.4.5) hold true as long as ||w||p + ||#[w] — Ol|o,a < p2 by using continuity
argument along the family {sw}o<s<1. In particular, suppose 0,U can be expressed as the

graph of v > 0 with ||v]|o < pe, then 0[v] = © implies
Lsv = —Qlv]. (3.4.7)
In this case, (3.4.4) and (3.4.5) can reduced to
[Vll2a < (1 =8)""Cllvllo, (3.4.8)
and

1Q[v]llo.a < nl[vlo- (3.4.9)

Now since ¥ is strictly stable, by Corollary 3.16 there exists a maximal foliation ¥ of CES
initiated from X toward the +wv-side. Let 7 be a small positive number, and let w, > 0
represent the sheet U(O + 7, X) in the maximal foliation U satisfying 6[w,| = © + 7. Then

w, satisfies

Lysw, =T — Qw,]. (3.4.10)

Since w, and v are both positive, there exists a number a > 0 and a point z € ¥ such that

av < w, and the equality holds at z. (3.4.11)
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By derivative tests,

0> Ly(w—av)(z) = 7 — Qlw,](2) + aQv] (=)
> 7 — (o +7) — anllolls by (3.4.5) and (3.4.9)

> (1 —n)m = 2n|lw |0 by (3.4.11)

This implies that

7 < 20(1 = n) " lw o (3.4.12)

Again by continuity argument, (3.4.12) holds true so long as ||w.,||o < {14+2n(1—n)" '} tpy :=

ps. In this case, the Schauder estimates (3.4.4) can be further reduced to

lwrllza < (1= 0)"H{1+2n(1 =)~ }C'- [lwelo. (3.4.13)

Combining (3.4.5) and (3.4.12), we have

| Lsw-llo < 3nfwllo. (3.4.14)

Then the Harnack inequality applied to (3.4.10) implies that there exists a constant A de-

pending on geometry of ¥ in (M, g) and k such that

lw-]lo < A(mian + ||ng7||0) < Aminw, + 3nA||w.|o- (3.4.15)

If § is chosen small enough (and so is 7) such that 3nA < 1, then

minw, > (1 — 3nA)A~ 1w, o (3.4.16)

Set ps := 3(1—3nA)A ™" ps. From (3.4.13), we find the sheet U(©+7, ) is C** if ||w. || < ps.

If the sheets remain stable, then the foliation ¥ would continue and by (3.4.16) sweep the
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Figure 3.3: Thin maximal domain U containing parts of marginally stable CES ;. If 9_U
is stable, then the foliation of stable CESs, Y., coming out of _U must terminate before
fully immerging in 0, U.

region [0, p4] X ¥ in normal coordinates. On the other hand, the Harnack inequality applied

to (3.4.7) implies that
[v]lo < A(minv + [[Lsvllo) < Aminv + nAljv]o. (3.4.17)

Thus,
vllo < (1 —nA)"'Aminwv. (3.4.18)

We set R := (1 — nA)A™'py. If 7(U) < R, then minv < 7(U) and (3.4.18) implies that
0.U C (0, pg] x . Tt follows that there exists a sheet X, := ¥(O© + 7, X)) in the foliation ¥
for some positive number 7 such that 3, lies on the +u/-side of 0, U and contacts 0, U at a

point, say p. By maximal principle,

HIE,](p) > HIO,U)(p). (3.4.19)
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But this contradicts the fact that 9]0, U] = © < © + 7 = 0[X;]. This means that the
foliation ¥ towards the +v-side of ¥ must terminate at a marginally stable CES ¥, which
has nonempty intersection with U. See Figure 3.3. Analogously, the maximal foliation W’
of CES initiated from 0, U towards the —v/-side must terminate at a marginally stable CES

>, which has nonempty intersection with U. O]

3.4.2 Structure Theorem

In the subsection, we will investigate the structure of component € of 2,. We begin by
considering D = {r;}32, C Q a dense countable subset. We will apply Theorem 3.6 multiple
times without explicitly mentioning it throughout this subsection. Use diagonal argument
and relabeling index j, we may assume for all r, € D the sequence Graph( fs(;’“)) converges
in C7°

> to either a maximal graph or a cylinder over a closed smooth surface. We then

decompose N as A U B where

keA: fg;’“) converges in C22 to f{"™) on maximal domain U,, C u='(u(ry)) N <,

keB: Graph(fs(;’“)) converges in CpY

loc

to a cylinder over %, C u™(u(rg)) N Q.

Lemma 3.22. {U,, }rea and {3,,}iep satisfy avoidance property. More precisely,

(1) Forke Aandl e B, U,,N%,, =0 ;

(2) IfU,, NU,, #0 fork,t € A, then U,, = U,

[4 ’

(3) If £, N%,, #0 for k,l € B, then ¥,, =X,

,
Proof. To prove (1), suppose p € U,, N%,,. By Theorem 3.6, as p € U,,
lim [V f; (p)| < +o0
Jj—o0
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and as p € X,
lim |Vf5j (p)| = +oo.
J—00

It leads to a contradiction.

To prove (2), suppose p € U,, NU,,. By definition, we have the conversion identity

FO (@) = [ (@) = [P (re) (3.4.20)

for all j,k,¢ € N and « € M. It follows that by letting s; — 07

i () = f5 (o) — £ (),

and thus

f (@) — f§(x) = f§ (re)

for all z € U,, UU,,. This means that f, fire)  fre) only differ by a constant. By Theorem 3.6,
uw=u(p) in U, UU,, and £, ' are both solutions to 8[f] = u(p). Since U,, and U,, are
maximal domains in the sense that solutions blow up on the boundary, we immediately have

U, =U,.

To show (3), suppose p € ¥, N3,,. We first claim that 3, and ¥,, contact at p but can

Ds; (p)

T or is the common unit normal to
sj p

not cross each other. By Theorem 3.6, lim;_,

Y, and X,, along which the expansions are both u(p). Suppose ¥,, crosses X,,, then there

Tk
are points ¢y in N, (fk (B, v, ) NN, (;Z (%, vs,,) respectively. It follows from Theorem 3.6
and the conversion identity (3.4.20) at g4 that lim; f§;£)(rk) is both +00 and —oo, which

is a contradiction. Therefore, XJ,, and %,, contact each other from one side and both have

constant expansion u(p). By strong maximum principle, we find £,, = %,,. O
Theorem 3.23 (Structure Theorem). Assume that any compact subset of M contains only
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Figure 3.4: Structure of black hole region. The region €2 enclosed by the outermost black
circle represents a component of black hole regions €2, ; The regions U;’s enclosed by red
curves represent maximal domains; The blue dotted curves ®,(7, 3;)’s represent foliations of
CESs; The purple line v represents a curve crossing 2. The nontrivial topology occurs in
the maximal domain Uj.

a finite number of marginally stable CESs. Let u be a capillary blowndown limit of fs and let
Q2 C Qy be a component of black hole region, say fs, — +00 on 2 and s;fs; — u uniformly

on ). Then there exists a partition
N1 N2
Q= (U Um> U (U ®,,([0,b,] x zn))
m=1 n=1

where 1 < Ni, Ny < 00, U, is a maximal domain of a solution to constant expansion
equation 0[f] = w(Uy,,), and @, : [0,b,] x ¥,, = M is a smooth foliation of closed CES with
91P(-, Xn)] = ula(.n,) with b, > 0 (if b, = 0 the foliation degenerates to one sheet of CES).
See Figure 3.4 and Figure 3.5.

Proof of Theorem 3.23. For simplicity, we identify and then relabel the objects in {U,,} as
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o U P2 Uy, QU P33 U3 P35 U B

\Q/

Figure 3.5: Profile of a capillary blowdown limit u over the curve v in Figure 3.4. The
black curve represents the capillary blowdown limit u, which vanishes outside of €2, changes
monotonically along foliations ®;’s, and stagnates in maximal domains U;’s.

{U 2| such that U,, N U, = 0 if m # n.

We prove that 1 < N; < co. Theorem 3.2 implies that N; > 1. Suppose N; = co. By
compactness of , avoidance property of U,, and local estimates in Proposition 1.10, there
exists a subsequence {U,,} and an accumulation CES ¥* such that 7(U,») < Ry as in
Proposition 3.20 and boundary components 0,U,,, converge to ¥ from one side smoothly
as m — o0o. Proposition 3.21 gives the constant R depending only on the geometry of X*
in (M, g) and k. For large enough m/, components 0.U,, can be written as graphs over ¥*
with very small sup-norm, say less than R. This means that 7(U,,) < R. By the virtue
of estimate (3.4.13), we may assume R is also applicable to 0.U,, for sufficiently large
m/. By finiteness of the number of marginally stable CES in €2, components of 0.U,, are
strictly stable except finitely many. By Proposition 3.21, for every sufficiently large m’ there
exists a closed smooth marginally stable CES X, which lies between ©* and the further
boundary component of U, such that U, N f]m/ # (). These CES X,/ are distinct because
of avoidance property of {U,,} and %,,’s relative position to U,, and ¥*. This means that

there are infinitely many distinct closed smooth marginally stable CES in Q, a contradiction

87



to our assumption. Thus, N; < oo. As a consequence, we have rather simple topological

relations: Int(Q — UM, U,,) = Q@ — U, U, and 0(Q — N, U,) = UYL, 00, U 9.

By Proposition 3.8, for every r; € (2 — Uﬁlzl U,, where k € B, Y, is a stable with expansion
u(rg). Then we can use Proposition 3.15 for strictly stable CES or 3.18 for marginally stable
CES to construct a unique local foliation of CESs around X,,. Since D N (2 — Uglzlﬁm)
is a dense subset in Q — (UM, U,,, we conclude that each (open) connected component of
Q— Uﬁlzl U,, is a foliation of CESs. All such foliations can be uniquely and smoothly
extended to CES in Uzlzl oU,, U 09) by connectness of €2. There may also exist some
isolated CESs which are either the common boundaries of two adjacent maximal domains or
components of J€2. These isolated CES can be expressed as degenerate foliations. Therefore,

the total number of components of foliations of CES is bounded by the number of components

of UM, U, U 99, O

Remark 3.24. (1) Without the assumption of finite marginally stable CES in compact
sets, there may be infinitely many disjoint maximal domains. This would greatly
increase the complexity of the topology of the black hole region and capillary blowdown
limit.

(2) Despite the fact that we have u € C%! from the construction in Section 3, u is generally

not C.

Corollary 3.25. Under the assumption of Theorem 3.23, there exists a sequence s; — 0T
such that the sequence of graphs of translated functions fs(f(’) converges to a smooth subman-

ifold in an open neighborhood of (¢,0) € M x R for every zy € Q.

Proof. We will check that the subsequence s; obtained by diagonal argument satisfies the
claim. Suppose p € U,, for k € A, then it follows from the argument in the proof of Lemma

3.22 (ii) that f converges to fi"™*) + C in U,, for some constant C.
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Suppose p € Q — Uglzl Up,. By passing to a further subsequence s;, Graph( ;(:i)) converges

to either a graph on maximal domain U, or a cylinder over a closed smooth CES %, either of
which satisfies avoidance property together with {U,,,%,,}. Note (Uycq Uri)YU (Upep Er,) is @
dense subset of 2. Thus, the limit submanifold of Graph( fs(i)) must be a cylinder over a closed
smooth CES X, containing p. Then we may encounter two scenarios: p € o(Q — Uanlzl Un)
and p € Int(Q — Uﬁlzl Upn). In the first scenario, either p € U, for some m or p € 9N). By
avoidance property, 3, lies outside of U, but inside of 2 and contacts OU,, or 9 respectively
at a point p. It follows from Theorem 3.6 that at the point p the unit normal vectors of ¥,
and OU,, or 0L2 respectively are identical. Since ¥, and 9U,,, or d€) respectively both satisty
H—K = u(p) with a contact point, strong maximum principle implies that 3, is a connected
component of U, or 0df) respectively. In the second scenario, p lies in the interior of one
foliation of CESs, @n((O,bn) X Y,), in Theorem 3.23. The avoidance property and local
uniqueness of foliation around stable CES imply that ¥, is a sheet of the foliation ®,,. In
both scenarios, we found that X, is uniquely determined. Thus, we can drop the dependence

of the choice of subsequence and the convergence holds true for the original sequence s;. [J
The pair (u,n) of capillary blowdown limit and its companion vector field preserve the
geometric information of regularized solutions when the blowup occurs.

Corollary 3.26. Assume that any compact subset of M contains only a finite number of
marginally stable CESs. Let u be a capillary blowdown limit of reqularized solutions. Then
there exists a continuous, piecewise smooth vector field n on M satisfying the following prop-

erties.

(1) In(x)] <1 for all z € M.

(2) If z lies in a maximal domain U of a solution f to constant expansion equation in the

Structure Theorem 3.23 or )y associated with Jang’s equation, then n is the horizontal

89



projection of Gauss map on Graph(f):

V/f(z)

= NP

(8) If x lies in a foliation of CESs in the Structure Theorem 3.23, then n(x) is the unit

normal to the CES which contains x.

(4) The pair (u,n) satisfies the equation
diva(n) — trgk + k(n,n) =u in M. (3.4.21)

Proof. We know from Proposition 1.11 that both Q, and €2_ have only finitely many con-
nected components (black hole regions). Applying Corollary 3.25 to all black hole regions,

there exists a decreasing subsequence s; — 0 such that

n(x) := lim Ve (@)

1 exists for all z € Q, UQ_.
e S IV @)

Proposition 1.11 implies that the above limit n(x) also exists for x € €y with the same

subsequence s; and
Vfo(l’)
V14 |Vi(x)|?

where fj is the solution to Jang’s equation in Proposition 1.11. Claim (1) is clear. Claim

n(x) = (3.4.22)

(2) and claim (3) follow from Proposition 3.6. Therefore, 7 is continuous everywhere, and
smooth except across boundaries of maximal domains and 9€)y. Claim (4) records the fact

that the solution f in (2) and CES in (3) satisfy constant expansion equation § = u(U). [

Corollary 3.27 (Volume estimate for black hole regions). Let

_ A (OR):
I=1(M,g) —me
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be the isoperimetric constant of (M, g) where A and V are area and volume measure with
respect to g, and R is any bounded domain whose boundary is nice enough to define area.

Suppose 2 1s a component of Q1_ or Q2,.. Then we have the volume estimate for €):
V(Q) > ||kl (3.4.23)

and the area estimate for 0€):

A(09Q) > IP|k|o6- (3.4.24)

Proof. Suppose  C € is a connected component. Integrating (3.4.21) over €2 and use

divergence theorem,

A(@Q)~|—/Qu:—/m@y,u)—l—/gu:—/Q{trk—k(n,n)}.

Since u > 0, by isoperimetric inequality we have
I5A(Q)5 < A(99) < V(Q)lIK]lo:0-

Thus,
V(Q) > I*|[k]lo

and

A09) > P|lk|l53. (3.4.25)

If Q is a connected component of €2_, then we have

—A(0Q) +/Qu = —/Q{trk— k(n.n)}

where 4 < 0 in 2. Thus, we conclude the same result as for €2, . O]
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3.5 Trival Capillary Blowdown Limit

This section contributes to the discussion of a very special blowup phenomenon. Given a
blowup sequence of regularized solutions, if the speed of caps escaping to infinity is much
slower than the contractive rescaling factor s, then it is likely that the rescaled sequence ends
up with the trivial capillary blowdown limit, which is identically zero. There is no obvious
evidence to exclude this possibility. Nevertheless, the trivial capillary blowdown limit is rigid

and gives a topological restriction on black hole regions.

3.5.1 Rigidity of Trivial Capillary Blowdown Limit

In general, the uniqueness of capillary blowdown limits on a given black hole region is not

clear. Whereas the trivial capillary blowdown limit has the following rigidity property.

Proposition 3.28. If there exists a sequence s; — 07 such that

Jim up o (1 =0

then

li S(z)] = 0.
Jlim, sup |us(@)]

The proof is based on the monotonicity property of maxy; |us|. To show this, we need the

following gap estimate:

Lemma 3.29 (Estimate of gap). Suppose 0 < t < s and suppose fs, fi are solutions to

(1.4.2) and converge to 0 at each infinite end. Denote us = sfs and uy = tf;.

(1) If min{maxys us, maxy; us} > 0, then sup,,(fi — fs) < SS—_ttmin{maXM Ug, MAX Uy |-
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(2) If max{miny; u,, miny w,} <0, then =t max{miny us, miny w,} < infp(fy — fo)(x).

Proof. We may assume sup,,(f; — fs) > 0; otherwise, there is nothing to prove. Since
ft — fs is smooth and decays to zero near infinity, there is xy € M such that (f; — fs)(zo) =

maxy(f; — fs). By derivative test, we have

v(ft_fs)(xo) :07 V2(ft_fs) SO

By subtracting regularized equations (1.4.2) associated with s and ¢, we obtain

g il ViV;i(fe — f5)
02 <g 1+\st\2> NAESNZAE

There are two ways to split the difference. Firstly, we have

(xo) = tfi(xo) — sfs(zo)- (3.5.1)

0> tfi(xo) — sfs(wo)
= tfe(zo) — tfs(xo) + tfs(z0) — 5fs(20)
= t(fe(wo) — fs(wo)) + (t — s) fs(@o).

Thus,

IN

t
fs(zo) < S—maxfs = —; maxu,. (3.5.2)

fi(xo) — fs(o)

Secondly, we have

0 > tfi(zo) — sfs(xo)
= tfi(zo) — sfi(zo) + sfi(xo) — sfs(z0)
= (t = s) fi(wo) + s (fi(zo) — fs(w0))-
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Thus,

s—t s—t

fi(xg) < ST_t max f; =

fi(@o) — fs(wo) < Max uy. (3.5.3)

Therefore, fi(z) — fo(z) < fi(xo) — fs(wo) < =* min{max u,, max u,}.
The result (2) follows analogously. O
Corollary 3.30. Suppose 0 < t < s and suppose fs, f; are solutions to (1.4.2) and converge
to 0 at each infinite end. Denote ug = sfs and uy = tf;. Then

(1) If maxy us > 0, then maxy, u; < maxyy us.

(2) If minp us < 0, then miny us < minyys .

Proof. Suppose u; achieves its maximum at z. We may also assume that max,; u; > 0;

otherwise, there is nothing to prove. Then Lemma 3.29 implies that

maxw, = Lfi(T) = t(fi(T) = fs(T)) + 1f,(T)
s—1 t

< max us + —ug(T)
s s
< max us.
M
The result (2) follows analogously. O

Proof of Proposition 3.28. It follows from Corollary 3.30 that sup,, |us| is increasing in s.

Therefore, sup,, |us| converges to zero as s — 07 if one sequence does. O
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3.5.2 Topology of Black Hole Regions with Trivial Capillary Blow-

down Limit

The main theorem of this subsection asserts that when the dominant energy condition holds
strictly for the initial data set, if a capillary blowdown limit of f, is trivial in some black

hole region €2, then €2 has rather simple topology.

Theorem 3.31. Suppose the dominant energy condition holds strictly, i.e., p— |J|; > 0.
Let u be a capillary blowdown limit of fs and €2 be a connected component of . or €2_
with boundary components Xy, ...,%;. Suppose u = 0 in 2. Then the compactification U
{P,..., P} by adding a point to each boundary component is homeophorphic to a connected

sum of finite number of spherical space forms S®/T and S* x S*.

We begin with the model case where the entire black hole region {2 = U is one maximal

domain of a solution f to Jang’s equation.

Proposition 3.32. Let U be a bounded maximal domain of solution f to Jang’s equation with
boundary components {¥q,...,%;}. Suppose the dominant energy condition holds strictly,
i.e., p—|J|; > 0 for some 6 > 0. Then every boundary component of U is a 2-sphere
and the compactification U U{Py,..., B} by adding a point to each boundary component is
homeomorphic to a smooth manifold of positive Yamabe type, i.e., the manifold admits a

metric such that the scalar curvature is positive (cf. Proposition A.2).

Remark 3.33. The claim that every boundary component of U is a 2-sphere will follow

from the same argument of Proposition 1.13.

To construct a compact smooth manifold out of U, we need the following gluing lemma
to cap off the openings OU by topological half 3-spheres. Note that the function u in the

conformal factor here no longer represents a blowdown limit.
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Lemma 3.34. Suppose (2,7.) is a 2-dimensional compact manifold with or without bound-
ary. Let vs(x) = €@y, (z) for s € (a,b) be a smooth path in the conformal class of
Y. Suppose for each s € (a,b) the first (Neumann if 3 has boundary) eigenvalue of the
2-dimensional conformal Laplacian Ai(—A,, + £(7s)) > A for some A\, > 0 where k(7s) is

the Gaussian curvature of ¥ with respect to vs. Suppose w satisfies the boundary condition

d d
p s:a+62w(s,x) =— @) =0 forallz e X, (3.5.4)
and
d2 2w <
sup € 00.
s€(a,b),zeL ds?

Then the first Neumann eigenvalue of the 3-dimensional conformal Laplacian M (—Ag+£R,)
on the cylinder C :== Y.x (a, b) equipped with the warped product g(z, s) = v,(x)+ds* is positive

(> 2= >0).

Proof. Let is : ¥ < ¥ X (a,b) denote the inclusion map is(z) = (z,s) for s € (a,b) and

r € 2. Then

b
[aotzav,= [ [ {izaofs, +16/}aa, as
C a b
b b
:/ /|¢;d¢y§5d,4%ds+/ /\¢’|Qe2“’dA7*d5
a Y a P

4. By direct computation (see Proposition A.3), the scalar curvature R(g)

where -’ denotes =

of the warped product metric is
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Let ¢ € C*(C) be bounded. Then

5 R,
/ / K(7s) 2 d A, ds + / / ”¢262“’—§(w’)2¢262w}df1%ds
=1 [ [eastansass [ [ {woder s fwipeeetan,as

In the last equality, we integrate the second term by parts and use the boundary condition

(3.5.4). Putting above computations together gives

[ {1aokz+ grEa)0 v,

_4// yzd¢|2+ms dA%der//w (¢pe2)|?dA,.ds

>—//\( A+ K(7s)) /gbdA%ds
/¢2dv

Consequently, A (—A, + fR(g)) > 2 > 0. O

Remark 3.35. The boundary condition (3.5.4) is weaker than the condition that lim, .+ H[is(2)] =
limy_,;- H[is(X)] = 0 where H[i,(3)] is the mean curvature of i,(X) in C with respect to £
In the following application of this lemma, we will take the cylinder S? x (0,b) to be a flat

punctured 3-ball in spherical coordinate near the origin. In this case, w(z,s) = log s near

d 2w

s = 0 and the mean curvature of sphere actually blows up near the origin, whereas 7-¢

converges to zero near the origin.

Proof of Proposition 3.32. Let G = Graph(f,U) C (M x R, g + dt*) endowed with induced

metric g = g + df ® df. Observe that vertical translations generate a Jacobi vector field
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whose normal component is
B = (=0t ve) = (L+[Vf)=.
Using identities L;08 = 0 and (1.3.11) we find
2(n— J(v)) + |h — k|2 = —2dive(§ + Viog 8) — 2[€ + Vog B2 + R(g) (3.5.5)

where ¢ = (k:(l/, -)ﬂ)T. Choose ty > 0 sufficiently large to be determined. Let ¢ € CH(G).

Multiplying (3.5.5) by ¢?, integrating by parts and using the pointwise Cauchy—Schwartz

inequality
2X, Voo — | X[26% < 2 X5 |dolsle] — X 26> < |doZ,
we find
/GH(MXUMO)) 2(p— J(v))¢*dVy < 2 /Gm({ﬂo}XM) *|(€ + Vog B, 1+ )g|dAg

(3.5.6)
2|dé|2 + R(§)p*d Vs
- ) 21O+ RO

where 7L = i% is the conormal on the section G N (M x {£ty}) pointing out of
GnN (M X (—to,to)) and dAyz is the area element induced by g|an(arx{+t,})- Translating G
vertically as in Proposition 1.11 (2), G has infinite ends that are C*“-asymptotic to (U x R).
Therefore, GN (M x {£ty}) converges uniformly to OU as tg — +00. Then the trace theorem
implies that there exists constants C', T" > 0 depending only on geometry of QU such that

for all tg > T

/ v <c | dg[2 + ¢dvs.
an(Mx{xto}) an(Mx(~tosto) )
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Since limy, o0 N+ = £0; and |Vlog B| < ¢4 in Proposition 1.10, we have
Jim (€ + Vlog 8, n+)g = k(vou, £0;) = d;log 5 = 0.

We also perturb G to exact cylinders U x R with a new metric § = g|ay + dt? for ty — 1 <
[t|] < to and keep g = g for |t| < ty — 2. By choosing ¢y > 0 large enough, the error term
due to perturbation and the boundary integral in (3.5.6) are bounded by & times W2?-norm
of p on GN (M X (—to,to)) for a very small ¢ > 0. By using the strong dominant energy

condition p — |J|; > §, the inequality (3.5.6) implies

) ¢*dV; < / 3|do[Z + R(9)p*dV. (3.5.7)
Gﬁ(MX(—toJo) GnN MX(—t(),t()))

Let ¥; C OU be a connected component and let v = 9‘2,- By Proposition 1.14, we know
that X; is a closed stable apparent horizon. Following the same computation for (3.5.6)

without the presence of boundary integral (since ¥; is closed), we have for any £ € C1(%;),

) / EdA, < / (= J(v)EdAm < / |dE|2 0 dA o) + k(7D)EdA . (3.5.8)
3 3 >

It follows that the first eigenvalue of the 2-dimensional conformal Laplacian on (3;,v®) is

positive. Taking & = 1, we find

O</ /i(’y(i))dvv(i).
P

By Gauss-Bonnet theorem, ¥; is homeomorphic to S2.

Next we will fill up the opening of G N (M X (—to, tg)) by gluing a 3-ball to obtain a closed
manifold homeomorphic to U U{ P, ..., P} using the trick of path of conformal metrics in

[30]. Recall that each ¥; is homeomorphic to S2. By abuse of notation, we will identify ¥; as
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S? equipped with metric 4 in the following discussion. By uniformization theorem, there
exists w; € C=(S?) such that v = e?¥i5, where 7, is the standard round metric on S2. Let

n(s) and a(s) be smooth functions on (0, 3) such that 0 < n(s) <1 for all s € (0, 3),

0 , ifse(0,1],
n(s) =
1, ifsel2,3),

and a(s) <0 for all s € (0,3),

logs , ifse(0,4],
a(s) =
0, ifsel[23)
Set

O () = 2 +2a(s) ()

so that 7§") = 7@ for s € [2,3). Then the cylinder C; := S? x (0, 3) equipped with the warped

product %(,i) + ds? coincides with flat punctured 3-ball in spherical coordinates for s € (0, 3),
and coincides with (GN (2; x (—to, t0)), g) for s € (2,3) with the orientation 8, pointing into
GnN (M X (—to, to)). In such a way, we can patch up the opening by gluing a 3-ball C; U P;
where P; is the origin in spherical coordinates. We repeat the surgery at other cylindrical

ends and then we obtain a new smooth closed manifold (M , ) which is homeomorphic to

GU{P,...,P}2UU{P,....P)}.

To complete the proof, we need to show that (M ,§) is of the positive Yamabe type. It
suffices to show that A;(—A; + $R(§)) is positive, since this implies that there exists a

smooth positive eigenfunction u of —A; + $R(g) on M such that

1 1
R(U4g) = 8u*5(—Agu -+ gR(g)u) = 8u74)\1<—Ag + gR(g)) > 0,

and therefore M admits a metric u§ with positive scalar curvature. Let ¢ € C'(M). The
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relevant bilinear form can be split into the sum of integrals on several portions:

l
1 1
do|? + =R(§)¢*dV, = / +/ do|? + =R(§)¢*dV.
/M| 5 g (9)¢~dV; ; Con M\Uj(cjupj)| E g (9)o"dV;

For each integral on C; U P;, we will use Lemma 3.34 to get a positive lower bound. By defini-

tion of 4\ it is clear that the conditions for Lemma 3.34, 4 |SZOJr e2lmite) = 4 g e2(nwita) —

0 and sup, | L e2+9)| < oo hold true. By Proposition A.1, for any ¢ € C°(S?) the Gaus-

sian curvature of conformal metric e?¢7, on S? is given by

A7) = 2 (K(7) = Ay.g). (3.5.9)

Let £ € C*°(S?). Using (3.5.9), for s € (0,3) the bilinear form related to the 2-dimensional

conformal Laplacian on (52, 'ys(i)) can be rewritten as

| 1ae

_ /S AP, + {(2) = A (n(s)wilz) + a(s)) } €A,
= [+ (1= 0, ) A,
=0te) [ {IdeB. + (1= @), + (1 =no) [ {ide

=:141II.

2 (1)) ¢2 ,
S T R()EDA @

: v,

To estimate I, we use (3.5.9) and (3.5.8) to obtain

t=ns) [ {las, + (1= A wfe))e )i

S CYRL:

> n(s)o fszW(i)
S2

20+ H(V(i))§2}dz47<i>

> n(s)dinf 21 -Mwi=2a / EdA .
: - {

7
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To estimate II, we use the fact that A\;(—A,,) = 2 to obtain

(1= (o)) [ {lack. + &},
> 3(1—n(s)) [ €,

> 3(1 —n(s))infe ™72 [ £2dA .
C; 52 Vs

Then we can conclude that

/3 2 |d¢ 3@ +r(1{)ERA o > (n(s)éigf e2mmwi=2a 4 3(1 —p) ig_fe‘Q”“’i‘Q“) EdA .

i S2

Since a < 0 and 0 < n < 1, the coefficient of the integral on the right is positive for all
s € (0,3). It follows that there exists A, > 0 such that Al(—AW) + n(%@)) > A, for all
s € (0,3). We repeat the argument on all C; U P;’s and we may assume A, is a lower bound

of Al(—AW) + m(ygi))) for all C; U P;’s. Using Lemma 3.34, we conclude that

y4 l

1 A
§j d¢?+—R§1¢2dVA2—*§:/ H*dV.
i=1 /CiUPi | |g 8 ( ) 7 4 i=1 C,UP; 7

From (3.5.7), we find

M\U;(C;0P))

oo

1. 1 . 1
/ 4ol + RGPV, > ¢ [ 3(dof} + RiG)6av; > 50 [ §2av;,
NI\U;, (€;UP;) 8 NI\U;, (€;UP;) 8

Putting all together, we conclude that there exists o = (A, d) > 0 such that

1.
[ 1ot + RGP, 2 a [ gav,
M M

The following topological classification theorem of connected, orientable, closed, Yamabe-
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positive 3-manifolds is the final component of our proof. This theorem is a byproduct of
Perelman’s proof of the geometrization theorem, together with the early classification results
of Schoen—Yau [38] and Gromov-Lawson [20]. The assertion can be found in the survey paper

[11, Theorem 2.1].

Proposition 3.36 (Gromov-Lawson, Schoen—Yau). Let X? be a connected, orientable, com-
pact manifold without boundary with positive Yamabe type. Then X is homeomorphic to a

connected sum of finite number of spherical space forms S®/T, where T is a finite subgroup

of SO(4) acting freely on S3, and S* x S*.

Now we are ready to combine Proposition 3.36 for the special case, the Classification Theorem

3.36 together with the Structure Theorem 3.23 of black hole regions to prove Theorem 3.31.

Proof of Theorem 3.31. Without the assumption that there are only finitely many closed
smooth marginally stable CES in compact sets in (M, g, k), the Structure Theorem 3.23

implies that

Q= <(Vj Um> U (Cj (I)n<[07bn] X Z”))

m=1 n=1

where 1 < Ny, Ny < o0, U, is a maximal domain of solution to Jang’s equation for all m
and ®,, is a smooth foliation of closed MOTS or MITS for all n. There may be infinitely
many maximal domains U,,’s. But since the black hole region €2 is bounded, all except
finitely many U,,’s are thin as defined in Proposition 3.20. Proposition 3.20 implies that
each thin U, is homeomorphic to a cylinder over its boundary component and Proposition
3.32 implies that the boundary components of thin U, are 2-spheres. Therefore, all thin
U,,’s are homeomorphic to round cylinder S? x R and contribute nothing to the topological

structure of entire connected sum.

Every boundary component of ®,([0, b,] x%,,) is a connected component of OU,, or d€2 which
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is a 2-sphere by Proposition 3.32 and Remark 3.33. Thus, each foliation ®,([0,b,] x ¥,,) is

homeomorphic to a round cylinder [0, b,] x S* (which may degenerate to {0} x S?).

The main contributions to the topological structure of the black hole region come from
finitely many thick maximal domains. Combining Proposition 3.32 and Proposition 3.36,
the compactification of each thick maximal domain U,, by adding a point to each boundary
component is homeomorhpic to a connected sum of finite number of spherical space forms
S3/T and S? x S'. On the other hand, we may view thin maximal domains and foliations
as cylindrical necks connecting finitely many thick maximal domains in the entire connected
sum. Consequently, the compactification Q U {Py, ..., P} is homeomorphic to a connected

sum of finite number of spherical space forms S3/T" and S? x S*. O

Corollary 3.37. Suppose the dominant energy condition holds strictly, i.e., p > |J|. Let
u be a capillary blowdown limit of fs and 2 C Q. with boundary components ¥q,...,%;.
If the compactification QU {Py,..., P} by adding a point to each boundary component is
not homeophorphic to a connected sum of finite number of spherical space forms S®/G and

S2 x S, then u is not trivial in .
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Appendix A

Deformation of Scalar Curvature

Proposition A.1 (Conformal transformation of scalar curvature, [41] Chapter 5). Let
(M"™, g) be a smooth Riemannian manifold with dimension n > 2. If n = 2, then for any

smooth function u

R(e™g) = e ™ (R(g) — 284u),
or equivalently, using the Gauss curvature k = 2R,

k(e*g) = G_QU(I{(Q) — Agu);

if n > 2, then for any positive smooth function u

R(uﬁg) = c(n)_lu_%ngu,

where L, == —A, + c¢(n)R(g) is call the conformal Laplacian and c(n) = 2.
g g 4(n—1)

Let M™ be a compact manifold with n > 3 equipped with a background metric gyg. Define
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the conformal class of gy by

[g0] = {9 =€ go: f€C(M)}.

The Yamabe invariant of this conformal class is defined to be

Vo) = iut { [ RV, € [l V(1) =1}

Using the conformal Laplacian, for a conformal metric g = wiz go with u > 0

[ Ry, =) [ V0 + cmRlgo v,
M M
It follows from the variational characterization of the first eigenvalue of the Schrodinger

operator, L, that we have the following trichotomy theorem.

Proposition A.2 (Trichotomy theorem, cf. [43]). Let (M?,go) be a closed, compact, smooth
Riemannian manifold with n > 3. Then the conformal class of gy belongs to one of the

following three classes:
(1) Y(lgo]) > 0 <= 3g € [go], R(g) > 0 = Ai(Ly,) > 0.
(2) Y(lgo]) = 0 <= g € [90], R(g) = 0 <= Ai(Lg,) = 0.

(3) Y(lgo]) <0 <= 3g € [90], R(9) <0 = Mi(Ly,) <0.

Lemma A.3. Suppose (3,7) is a 2-dimensional smooth manifold. Let C :== ¥ x (a,b) and
let w be a smooth function on C. Consider the warped product g(z,s) = @)~y (z) 4 ds? on

C. Then
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2w(z,s)

where ' means the derivative in s, x(e v(z)) is the Gauss curvature of the slice ¥ x {s}

equipped with the conformal metric e>*(®%)y(z).

Proof. Let z', 2% be coordinates on X such that 7;; = d;; at a point, and let 2® = s be the
coordinate on (a,b). Take indices 1 < 4,j,k,¢ < 2 and 1 < a,b,c,d < 3. We only need
to take extra care of the components involving 2°. We let Ric and R denote the geometric
quantities of the slice 3 x {s} equipped with the conformal metric e**y. Recall the the

Christoffel symbol of g is given by
c 1 cd
ab = 59 (0agad + OaGbd — Oagas)-
One can compute
Recall the Riemanian curvature tensor is given by
R%%eq = 0L, — 0l + (TaTee — T4 LG,)-
Thus, one can compute

Ricy; = 0,1}, — 0,1, + 5,6, — T5, 1%,
= Ric;; + 83F?i - Qng; + % - ngl“?e + F?irz?) N Fiir??’
= Riey + (—u — 2(u)?)es,

— (W'F)(—w'e*6;;) + (—w'e*8;) (w'dy) — (—w'e* by;) (w'6F)

= mw — (w” + 2(U}/)2>62wdij,
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and

Ricgg = 0.P5; — 050y + DssPor — T,
— 0y(w/d}) — (—wd) (/o)

= —2uw” — 2(w')%
Therefore, we have

R = ¢®Ricy
— E - 6—2w(5ij(w// + Q(w/)2)€2w5i]’ + ( o 2w” . 2<w/>2)

= 2r(e*"g) — dw” — 6(w')>.
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