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COMPREHENDING WORD ARITHMETI C PROBLEMS: 

A PSYCHOLOGICAL PROCESSING MODEL 

Walter Kintsch 

University of Colorado 

A general theory of discourse comprehension (van Dijk & Kintsch, 1983) is used 
t o develo p a  mode l  fo r  ho w peopl e understan d an d solv e wor d arithmeti c problems , 
incorporatin g a  proble m solvin g mode l  propose d b y Riley ,  Greeno ,  &  Helle r  (1982) . 
Thi s wor k i s bein g don e i n collaboratio n wit h Jame s Greeno ,  Universit y o f  Pittsburgh . 

Understanding mathematical word problems is a very special kind of understanding, 
Specialize d strategie s ar e involve d (whic h hav e t o b e taugh t  specificall y i n school) , 
and th e textbas e tha t  i s constructe d i s a  peculia r  one ,  bu t  it s peculiarit y lie s i n 
it s specialize d conten t  -  th e sam e kin d o f  structure s ar e bein g generate d a s i n an y 
othe r  situation ,  peopl e readin g a  newspaper ,  a  story ,  o r  a  textbook .  Thus ,  w e ar e 
not  proposin g t o buil d a  specialize d comprehensio n front-en d fo r  a  word-arithmeti c 
problem-solvin g model ;  instead ,  w e ar e goin g t o appl y a  genera l  mode l  o f  tex t 
comprehensio n t o thi s specia l  situation .  Specifically ,  wha t  th e theor y assume s i s 
tha t  th e verba l  inpu t  i s decode d int o a  lis t  o f  atomi c proposition s whic h ar e 
organize d int o large r  unit s o n th e basi s o f  som e knowledg e structur e t o for m a 
coheren t  textbase .  Fro m thi s textbase ,  a  macrostructur e i s constructe d whic h 
represent s th e mos t  essentia l  informatio n i n th e textbase .  I n paralle l  wit h thi s 
hierarchica l  tex t  representatio n w e als o construc t  a  situationa l  model ,  whic h i n 
thi s cas e i s th e proble m representatio n whic h Riley ,  Green o &  Helle r  (1982 )  use d 
as th e startin g poin t  fo r  thei r  model ,  an d upo n whic h variou s arithmeti c operation s 
can b e performed . 

A set of problems can be constructed that form prototypes for all single-step 
additio n an d subtractio n problems .  B y suitabl y restrictin g th e languag e o f  thes e 
problems ,  onl y 9  propositiona l  frame s mus t  b e use d i n thes e problems ,  whic h make s 
th e tas k o f  derivin g atomi c proposition s fro m th e proble m sentence s easy ,  indee d 
trivial .  Eac h propositio n i s associate d wit h a  meanin g postulate ,  an d i t  i s  a t  thi s 
poin t  wher e arithmetic-specifi c  aspect s ente r  int o ou r  analysis ,  becaus e th e meanin g 
postulate s use d her e ar e quit e specia l  ones .  The y ar e impoverishe d compare d wit h 
everyda y languag e use ,  an d the y ar e specialized „  Al l  w e car e abou t  i n thes e problem s 
concern s set s o f  object s (alway s marble s here) ,  thei r  specificatio n (alway s i n term s 
of  ownership) ,  thei r  numbers ,  an d th e relationship s amon g th e variou s sets .  Thus , 
th e onl y kin d o f  informatio n tha t  i s relevan t  her e i s tha t  specifie d b y th e slot s 
of  th e se t  schema .  Th e textbas e i s alway s forme d fro m thi s se t  schema .  Thi s i s 
ver y differen t  fro m othe r  type s o f  texts ,  wher e th e textbas e may b e base d o n man y 
divers e knowledg e structures ,  requirin g a  riche r  interpretation .  I f  w e rea d "Jo e 
gav e 5  marble s t o Tom"  i n a n arithmeti c problem ,  al l  w e wan t  t o kno w i s tha t  ther e 
i s a  se t  o f  marble s no w owne d b y To m an d formerl y owne d b y Joe ,  whic h w e cal l  a 
transfe r  se t  an d whic h i s par t  o f  a  Transfe r  schema ,  togethe r  wit h a  startse t  an d a 
resultset .  I n a  story ,  o n th e othe r  hand ,  w e migh t  b e concerne d wit h Joe' s motive , 
or  wit h Tom' s reaction ,  o r  w e woul d prefe r  dollar s t o marble s -  al l  o f  whic h woul d 
be ou t  o f  plac e here . 

Thus, sentences are decoded into atomic propositions and these are assigned 
t o th e slot s o f  a  se t  schema .  Th e mai n purpos e o f  th e mode l  i s t o sho w exactl y ho w 
thi s happens .  Th e basi c assumptio n i s tha t  th e proces s i s strategi c an d tha t  th e 
strategie s involve d ar e no t  th e "normal "  comprehensio n strategies ,  bu t  specialize d 
strategie s fo r  dealin g wit h wor d arithmeti c problems .  Formally ,  strategie s ar e 
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modelle d a s productions .  Tha t  is ,  w e specif y certai n condition s i n th e tex t  which , 
i f  the y occur ,  lea d t o certai n actions .  Th e action s alway s consis t  i n constructin g 
a se t  an d assignin g th e tex t  proposition s t o it s slot .  We nee d fiv e suc h schemati c 
strategie s o r  production s t o accoun t  fo r  th e problem s considere d here .  I n eac h case , 
we fin d o n th e conditio n sid e a  quantifie r  propositio n o f  th e for m N(y )  wher e N  i s 
a numbe r  o r  SOME,  an d y  ar e som e marbles ,  plu s eithe r  a  HAVE,GIVE ,  o r  MORE/LESS-THAN 
propositio n whic h provide s informatio n o n th e rol e o f  th e se t  t o b e created .  Fo r 
example ,  N(y )  i n th e contex t  o f  a  GIV E propositio n create s a  transfe r  se t  o f  N 
marbles ,  owne d b y th e patien t  o f  th e GIV E proposition .  MORE (o r  LESS )  proposition s 
ar e th e conditio n fo r  creatin g a  remainderset .  Simpl e HAVE propositions ,  o n th e 
othe r  hand ,  provid e n o informatio n abou t  th e rol e o f  th e set .  I n thi s case ,  th e 
rol e slo t  remain s empty ,  unti l  ther e i s othe r  contextua l  informatio n tha t  permit s 
fillin g it .  I n th e Chang e problems ,  sentenc e orde r  serve s tha t  function ,  a s wel l  a s 
suc h explici t  proposition s a s NOW,  THEN,  o r  PAST whic h furthe r  specif y tempora l 
orde r  an d henc e th e rol e o f  set s i n th e transfe r  schema .  I n othe r  problems , 
ther e ma y b e n o linguisti c indicator s o f  se t  rol e a t  all ,  an d hence ,  th e rol e slo t 
i s  no t  fille d i n th e tex t  base .  However ,  th e rol e slo t  mus t  alway s b e inferre d i n 
th e proble m representatio n whic h i s constructe d i n paralle l  wit h th e tex t  base . 
Thus ,  th e proble m representatio n i s i n par t  a  cop y o f  th e tex t  base ,  excep t  fo r 
thos e schem a slot s whic h th e tex t  bas e doe s no t  specif y an d whic h mus t  b e inferre d 
fro m th e knowledg e o f  som e highe r  orde r  schema .  Fo r  instance ,  conside r  th e combin e 
problem :  Jo e ha s 3  marbles .  To m ha s 5  marbles .  Ho w man y marble s d o the y hav e 
altogether ? Th e firs t  tw o sentence s provid e th e condition s fo r  creatin g tw o set s o f 
marbles ,  owne d b y Jo e an d Tom ,  wit h a  certai n numbe r  i n each ,  bu t  wit h unknow n roles . 
The thir d sentenc e trigger s a  MAKE-SUPERSET becaus e o f  th e HOWMANY(MARBLES)  i n th e 
contex t  o f  HAVE(JO E &  TOM,MARBLES).  Havin g a  superset ,  w e nee d subsets ,  an d w e infe r 
tha t  th e tw o set s create d previousl y ar e th e subset s i n question :  thei r  specificatio n 
i n term s o f  ownershi p permit s u s t o mak e thi s inference ,  bu t  i t  doe s no t  forc e u s t o 
do s o logicall y -  th e inferenc e i s onl y justifie d withi n th e pragmati c condition s o f 
wor d problems .  Th e inferre d role s ar e specifie d i n th e proble m representation ,  bu t 
no correspondin g propositio n "S I  i s a  subset "  i s  inferre d i n th e textbase .  Thus , 
th e proble m representatio n ma y contai n mor e informatio n tha n wa s explici t  i n th e 
textbase .  Th e revers e may als o b e true :  i f  w e ha d include d i n ou r  proble m th e 
irrelevan t  informatio n tha t  To m ha d blu e marbles ,  th e propositio n BLUE(MARBLES) 
woul d hav e bee n assigne d t o th e specificatio n slo t  o f  th e correspondin g se t  i n th e 
textbase ,  bu t  woul d no t  affec t  th e proble m representation . 

Once the problem representation is completed, the arithmetic operations them-
selve s ar e performed ,  th e differen t  se t  constellation s servin g a s th e condition s 
fo r  appropriat e operations .  Thus ,  fo r  instance ,  a  transfer-i n schem a wit h a  calcu -
latio n goa l  o n th e resul t  se t  i s  th e conditio n fo r  a  count-o n operatio n i n youn g 
children ,  o r  additio n i n th e older . 

How all this works to produce the right solution to a word problem is best 
illustrate d b y a  fe w examples .  However ,  becaus e o f  spac e limitations ,  w e ca n onl y 
describ e her e a  particularl y simpl e example ,  th e Chang e 1  problem :  Jo e ha s 3 
marbles .  To m give s hi m 5  mor e marbles .  Ho w man y marble s doe s Jo e hav e now ? 

The first sentence is "Joe has three marbles". It is parsed into the proposi-
tion s P1-P 4 a s describe d i n Kintsc h (1982) .  P 3 an d P 4 tur n ou t  t o b e th e conditio n 
fo r  a  MAKE-SET operation ,  creatin g SI :  th e fou r  proposition s ar e assigne d t o th e 
appropriat e slot s o f  th e se t  schema .  A t  th e sam e time ,  a  paralle l  se t  i s  establishe d 
i n th e proble m representation ,  wit h entrie s derive d fro m th e textbas e (indicate d b y 
arrows) .  Not e tha t  a t  thi s poin t  ther e ar e n o entrie s i n th e Rol e slo t  o f  SI , 
neithe r  a t  th e textbas e leve l  no r  a t  th e leve l  o f  th e proble m representation . 
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The secon d sentenc e i s similarl y organize d int o S 2 vi a a  MAKE-TRANSFERSET 
operation ,  whil e S I  i s hel d i n short-ter m memory .  Sinc e S 2 i s a  transferset , 
request s ar e create d fo r  th e correspondin g start -  an d resultsets .  S I  i s identifie d 
as th e desire d startse t  o n th e basi s o f  a n explici t  linguisti c cue ,  th e "then "  o f 
th e secon d sentence .  Short-ter m memor y no w contain s a  partiall y  complete d transfe r 
schema consistin g o f  S I  an d S2 ,  an d a  reques t  fo r  th e missin g resultset . 

The third sentence provides this resultset and completes the schema, which then 
trigger s th e arithmeti c operatio n count-o n (o r  add) ,  a s i n th e Rile y model . 

All the other problems can be treated similarly, using the prepositional schemata 
fo r  th e constructio n o f  th e propositio n lists ,  an d th e schemati c strategie s t o 
organiz e the m int o TRANSFER,  SUPERSET,  o r  MORE-THAN schemata .  However ,  th e proces s 
does no t  alway s ru n of f  a s smoothl y a s fo r  Chang e 1  problems :  sometimes ,  inference s 
need t o b e mad e t o specif y a  slo t  o f  a  schem a fo r  whic h th e tex t  provide s n o explici t 
cue s (a n exampl e wa s mentione d abov e fo r  Combin e problems )  an d sometime s set s n o 
longe r  availabl e i n th e limited-capacit y short-ter m memor y buffe r  mus t  b e reinstate d 
fro m long-ter m memor y (o r  b y rereadin g a  sentence )  t o complet e a  problem . 

Thus, our model leads us to distinguish three separate sources of problem 
difficulty .  I n orde r  t o d o thes e problems ,  yo u nee d firs t  o f  al l  knowledg e abou t 
th e righ t  arithmeti c schemat a an d operation s -  th e se t  schema ,  th e transfer , 
superset ,  an d more-tha n schemata ,  a s wel l  a s th e actua l  countin g an d arithmeti c 
operations ;  i n thi s respect ,  ou r  mode l  i s n o differen t  tha n th e Rile y e t  al .  mode l 
i n it s implications .  Bu t  yo u als o nee d t o b e abl e t o us e thes e knowledg e schemat a 
i n wor d problems ,  i.e. ,  yo u nee d t o hav e thi s knowledg e i n th e for m o f  production s 
adapte d t o th e textua l  input .  Finally ,  eve n i f  yo u hav e al l  th e righ t  knowledge , 
th e wa y a  proble m i s state d may mak e i t  eas y o r  har d becaus e som e proble m version s 
make onl y minima l  demand s o n short-ter m memor y (e.g. ,  Chang e 1  o r  Combin e 1 )  whil e 
other s ca n onl y b e solve d i f  larg e amount s o f  sometime s incoheren t  materia l  ca n b e 
remembered . 

Preliminary analyses have shown that the need to make inferences, and especially 
th e short-ter m memor y loa d (th e siz e o f  th e unit s t o b e carrie d i n STM,  th e numbe r 
of  request s tha t  mus t  b e kep t  trac k of ,  an d numbe r  o f  proposition s tha t  ca n no t 
immediatel y b e attache d t o som e set-unit )  ar e factor s whic h greatl y contribut e t o 
proble m difficulty ,  ove r  an d beyon d th e knowledg e structure s an d schemati c produc -
tion s neede d t o solv e th e variou s proble m types . 
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