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A New Transmissibility Analysis Method for
Detection and Location of Damage via Nonlinear
Features in MDOF Structural Systems

X.Y. Zhao, Z. Q. Lang, G. Park, C. R. Farrar, M. D. Todd, Z. Mao and K. Worden

Abstract—In this paper, a new transmissibility analysis method
is proposed for the detection and location of damage via nonlinear
features in  Multi-Degree-Of-Freedom (MDOF) structural
systems. The method is derived based on the transmissibility of
Nonlinear Output Frequency Response Functions (NOFRFs), a
concept recently proposed to extend the traditional
transmissibility concept to the nonlinear case. The
implementation of the method is only based on measured system
output responses and by evaluating and analyzing the
transmissibility of these system responses at super-harmonics.
This overcomes the problems with available techniques which
assume there is one damaged component with nonlinear features
in the system, and require specific testing or assume loading on
inspected structural systems is measurable. Both numerical
simulation studies and experimental data analysis have been
conducted to verify the effectiveness and demonstrate the
potential practical applications of the new method.

Nonlinear
(NOFRFs),

Index Terms—Damage detection and location,
Output  Frequency  Response Functions
Transmissibility analysis

I. INTRODUCTION

N engineering practice the behaviors of many mechanical

and civil structural systems, such as, rotary machineries
[1-3], multi-storey buildings [4-6] and multi-span bridges [7, 8],
should be described by more than one set of coordinates and
can, therefore, be modeled by multi-degree-of-freedom
(MDOF) systems. All such structural systems are prone to
suffering certain damage due to long service time, improper use
or hostile working environments. Therefore, more and more
efforts have been made by researchers to address the problems
of damage detection and location in MDOF systems [1, 2,
9-11]. One class of the most popular techniques is the
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transmissibility based damage detection and location methods
[5, 12-15].

The transmissibility is traditionally defined as the ratio of the
spectra of two different system outputs, has been
comprehensively studied, and is widely used for damage
detection and fault diagnosis. For example, Zhu [16]
investigated the sensitivity of the transmissibility and
concluded that both mass and stiffness damage could induce a
significant change in the system transmissibility. Cao [17]
investigated the rate of change of both the system
transmissibility and the system frequency response functions
(FRF) when a damage occurred, and found that the
transmissibility was much more sensitive to the damage than
the FRF. Maia [8] conducted a comprehensive research on a
transmissibility based fault diagnosis technique, and proposed a
DRQ (Detection and Relative Damage Quantification)
Indicator, which was the correlation between the measured
system response and the response estimated from the
undamaged transmissibility function. He also proposed the
concept of TDI (Transmissibility Damage Indicator) in
[12][13], which was defined as the correlation between the
transmissibility of an undamaged system and the
transmissibility of a damaged system. The performance of these
transmissibility based indicators in fault diagnosis has been
verified by experimental studies. In addition to damage
detection, the transmissibility has also been used for damage
location; Zhang [18] studied the influence of damage on the
transmissibility, and found that the transmissibility near the
damaged area could incur a more significant change.
Consequently, he proposed several damage indicators based on
translation transmissibility and curvature transmissibility and
verified that these damage indicators could help to find the
location of damage correctly by both simulation studies and
experimental tests. Jonson [13, 15, 19] analyzed the
characteristics of the transmissibility response function and
concluded that transmissibility response function was entirely
independent of the poles but solely dependent on the zeros of
the system transfer function so that the damage could be
trapped and identified. Sampaio and Maia [14] pointed out that
the summation of the difference between the damaged and the
undamaged transmissibility may mask the true damage location
if the frequency range was inappropriate. This is because the
transmissibility ~ difference near the resonances and
anti-resonances was much larger than that in the other



frequency ranges. They counted the occurrences of maximum
transmissibility difference at different frequencies and
considered the result as a damage indicator. But if the location
of operational forces changes, the transmissibility between
responses at two fixed points will also change making such
techniques become invalid. Devriendt [20] found that the
transmissibility around the natural resonance frequencies
changed slightly when the location of operational forces
changed. So he considered the occurrence times of maximum
transmissibility around the resonance frequencies as a damage
location indicator and demonstrated its effectiveness by
simulation and experimental studies.

Because the transmissibility is basically a linear system
concept, all the techniques above assume the systems behave
linearly. However, in MDOF structural systems, certain types
of damage often manifest themselves as the introduction of
non-linearity into an otherwise linear system. Examples include
post-buckled structures (Duffing non-linearity), rattling joints
(impacting system with discontinuities), or breathing cracks
(bilinear stiffness) etc. and such damage has been referred to as
damage with nonlinear features [21]. Han [22, 23] studied
rub-impact faults in rotor systems, and found that
super-harmonic components appeared in both dual-disk rotor
systems and dual-rotor systems when rub-impact damage
occurred; and the more serious the damage is, the more
abundant harmonic components can be observed. Reference
[24] also indicated that high order harmonic components
appear when a bolt on a pedestal became loose and such
harmonic responses change with the variation of looseness
clearance. Furthermore, if a cracked object is excited by a
harmonic loading, the existence of super-harmonic components
can be discovered [25-29]. In addition, cracks in a beam [10]
can introduce nonlinear stiffness [30] and may therefore induce
nonlinear behaviours into the whole system [26, 29, 31].

In order to extend the transmissibility based damage
detection and location approaches to MDOF structural systems
which can behave nonlinearly due to the occurrences of damage
with nonlinear features, several methods have recently been
developed [5, 25, 26, 32-37]. These methods are based on the
concept of Non-linear Output Frequency Response Functions
(NOFRFs) [38, 39] and use the system response signals to
deterministic inputs including sinusoids to detect and locate
such damage in the systems. Moreover, Lang et al. [5] proposed
the concept of transmissibility of the NOFRFs. The
transmissibility of the NOFRFs systematically extends the
transmissibility concept to the nonlinear case, and has been
used to develop a technique that can detect and locate damage
of linear and/or non-linear features in MDOF structural
systems. The effectiveness of the technique has been verified
by both numerical simulation studies and experimental tests
[5]. However there are two limitations in these recently
developed techniques. First, these methods all assume that
when damage occurs in a MDOF system and makes the system
behave nonlinearly, there is only one nonlinear component in
the system. In addition, these methods either require specific
testing on inspected structures or assume the loading on the
structural systems is measurable.

The present study is concerned with the development of a
new and more general transmissibility analysis method for the
detection and location of damage via nonlinear features in
MDOF structural systems. By evaluating and analyzing the
transmissibility at super-harmonics - a concept that will be
introduced in the paper for MDOF nonlinear structural systems,
the method can deal with more than one nonlinearly damaged
component in the system, does not need specific tests, and does
not require that the loading on inspected structural systems is
measurable. The objectives are to extend the basic principles of
the NOFRF transmissibility based damage detection and
location to more practical situations to enable these ideas to be
literally applied in engineering practice.

The paper is organized as follows. Section Il provides a brief
introduction of the basic concepts of NOFRFs and the
transmissibility of the NOFRFs for single-input multi-output
(SIMO) nonlinear systems. In Section Ill, some important
properties of the NOFRFs transmissibility for a class of MDOF
nonlinear structural systems are described; the concept of the
transmissibility at super-harmonics is introduced; and the
relationship between the NOFRFs transmissibility and the
transmissibility at super-harmonics is derived. Based on these
results, a novel method is developed in Section IV for the
detection and location of damage via nonlinear features in
MDOF structural systems. In Sections V and VI, the
effectiveness of the new method is verified by numerical
simulation and experimental studies, respectively. Finally, the
conclusions are presented in Section VII.

Il. THE NOFRFs AND NOFRFS TRANSMISSIBILITY OF
SINGLE-INPUT MULTI-OUTPUT NONLINEAR SYSTEMS

For the SIMO (Single-Input-Multiple-Output) nonlinear
systems which are stable at zero equilibrium, the system
outputs around the equilibrium can be represented by the
Volterra series [40]

() = SNt [ [ @ st T u(t — 1) dty i =12,m (1)
where x;(t) and u(t) are the ith output and the input of the
system, respectively; n is the number of the system output; N is
the maximum order of the system nonlinearity; h(; 7 (4, ..., Tp)
is the nith order Volterra kernel associated with the ith system
output.

The output frequency responses of system (1) to a general
input can be described by [41]

X;(jw) = X3, X(i,ﬁ)(fw) forvw
Xim(w) = AL ) Hin (o, o, joi) [TE, UGw,) doy, @
(in) o1 o+ toz=w G0 17 J W0 i=1 i nw

Here X;(jw) and U(jw) are the spectra of the ith system
output and the system input, respectively; X; 7)(jw) denotes
the nth order frequency response of the system’s ith output,
and

Himy Gy, e jwm) = [0 [0 R (T, ey T)e~ @t 4onm dr, de, (3)
is known as the nth order Generalized Frequency Response
Function(GFRF) associated with the ith system output, which
is the extension of the frequency response functions of a SIMO
linear system to the nth order nonlinear case. In (2),
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represents the integration of Hg; 7 (jwy, ..., jws) [T~ UGwy)
over the nn-dimensional hyper-plane w, + -+ + w; = w.

The concept of NOFRFs was firstly proposed by Lang and
Billings [38]. For the SIMO nonlinear system (1), the NOFRFs
are defined as

Gim(jw) = —
“ Joyttwpmo et V0©DA0m0

under the condition that

=,1,.,Ni=1,.,n (4)
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From (2) and (4), it can be shown that the output frequency

response of SIMO nonlinear systems can be represented using
the NOFRFs as

{Xi(iw) =Y Xim(o) i=1,..,n (6)
Xim(w) = Gum (o) Uz(jw)
where
Uﬁ(iw) = (211.[/)?1 fw1+"'+ﬂ)ﬁ:ﬂ) ?:1 U(.lwl) dgﬁm (7)

which is the Fourier Transform of u™(t).
The concept of the transmissibility of the NOFRFs between
the ith and kth outputs of system (1) was introduced in [5] as
T () = 20002 8)

where i,k € {1,...,n}. It can be observed that that when
N =1, the transmissibility of the NOFRFs as defined in (8)
reduces to the traditional concept of transmissibility for linear
systems. In addition, as the NOFRFs are independent of the
change of the system input amplitude [33, 37], the NOFRF
transmissibility also does not change with the system input
amplitude. This property is the same as the input amplitude
independent property with the traditional transmissibility
concept.

G(k,n) (@)

I1l. THE TRANSMISSIBILITY OF MDOF NONLINEAR
STRUCTURAL SYSTEMS AT SUPER-HARMONICS

A. MDOF nonlinear structural systems

Consider the typical MDOF system shown in Fig. 1 where
the motion of all masses is one-dimensional and the input force
w is applied on the Lth mass.
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Fig. 1. The MDOF nonlinear structural system considered in the present study
If all the springs and dampers in the system in Fig.1 are linear,

then the system is a linear MDOF system with governing
equation

MX + Cx + Kx = F(t) 9)
where M, C, K, F and x are the system mass matrix, damping
matrix, stiffness matrix, force vector and displacement vector,
respectively.
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When there are J(J = 1) nonlinear springs/dampers in the
system which are located between the J(i) — 1 and J(i)th
masses, namely J(i)th springs/dampers, (i = 1,2,...,J), and
the first spring and damper, which are connected to the fixed
ground, are not nonlinear, that is, /(1) > 1, the restoring forces
of these nonlinear springs/dampers are the nonlinear functions
of the deformation/the deformation derivative. Assume these
nonlinear functions can be approximated by a polynomial of the
form,

{fs(l‘) = Yh=2Tuwm (x/(i)(t) - x](i)—l(t)) Cimtu] (10)
fa@ = Zgzz W(i),m) (J'C](i)(f) - 55/(1')-1(0)
where f; (i) and f, (i) are extra nonlinear terms produced by
nonlinear components; (i)7) and "(s(1)7) are coefficients of

the polynomial, and denote
n—J(i) ] (11)

. J@)-2 nO
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and

NF(t) = X_, nf (D) (12)

Then, the motion of the MDOF system in Fig.1 can be
described by

MXx + Cx + Kx = F(t) + NF(t) (13)

Equation (13) represents a class of SIMO nonlinear systems
with the input and outputs being u(t) and x,(t),i = 1, ...,2,
respectively.

The basic issues to be addressed in the present study are to
detect whether there exist nonlinear components in system (13)
and then, if this is the case, to determine the location of these
nonlinear components only from the system output responses
measured on the masses. Because, in many practical situations,
the existence of nonlinear components indicates the existence
of structural damage with nonlinear features such as breathing
crack, pedestal looseness and rub-impact etc, the detection and
location of nonlinear components in system (13) is equivalent
to detecting and locating a wide class of damage in the system
and therefore has significant implications in engineering
practices.

B. The properties of the NOFRF transmissibility

According to [37], it is known that if the outputs of system
(13) can also be represented by the Volterra series (1), the
transmissibility of the NOFRFs of the system as defined in (8)
has the following properties.



(i) When J > 1, that is, there are more than one nonlinear
components in the system,

NLei Y = SamU®) _ 5§ _11.
(TG = 2000 = Qo) A€ 2N~ 1);
4 ifl<i<k<J)-1lorJD<i<k<n (14)
[ U
\ T o) = LamYo) o e (2, . N -1}, Otherwise
g Gg,m)w)

where §,,(») is only dependent on the M, C, and K, that is, the
linear characteristic parameters of system (13).

(ii) When J =1, that is, there is only one nonlinear
component in system (13),

NL GamUw) _
T o) = 2002 = G o), R € (2,

In addition, if L > J(1),

N-1};if i,k € {1,..n}andi < k (15)

G0 ®)  GamU®)  wpr N = .
[ ThGw) = G )(/m)_Q”‘(l w) = G T (w), A€ {2,..N -1}
ifl1<i<k< JAQ)—1lorL<i<k<n
(16)
G(iq)Uw) G(im)w) . —
ITfk(z ) =500 = Qujo) # G = T o), 7 € (2, .. N = 1;
otherwise
and if L <J(1),
Loy GanUe) LN _ GamUe®) _ npLgs _ o
(TiGo) =2 200 = Qulie) = 05 =T Ge) A€ (2N~ 1};
ifl<i<k<Lorjl)<i<k<n
TL GinUw) _ Gim)(w) NL(: — (17)
T (jw) = Sl Qo) # Fm U@ — Tik (o), i €{2,..N - 1};

otherwise

In equations (15) - (17), T4 (w) is the traditional
transmissibility; Q; ,(jw) and Q; ,(jw) are also only dependent
onM, C,and K.

In [5], Property (ii) of the NOFRF transmissibility has been
exploited to develop a method for detection and location of
damage in MDOF system (13) when there is only one nonlinear
component in the system, and the system input u(t) is
measurable so can be used for damage detection and location
purpose. The present study is motivated by the need to extend
the results achieved in [5] to more practical situations including
the case where there are more than one nonlinear components
in the system; Property (i) of the NOFRF transmissibility is an
important basis for addressing these more complicated
problems.

C. Transmissibility at super-harmonics

In order to more clearly explain the basic ideas, the present
study assumes that the input force u(t) to system (13) is a
sinusoidal and the location L where the input is applied is
known a priori. Under this assumption, the system output
frequency response can be represented using the system
NOFRF as described in Proposition 1 below.

Proposition 1

Under the condition that the outputs of system (13) can be
represented by the Volterra series (1) and the input to the
system is a harmonic input

u(t) = Acos(wgt + B) (18)
the range of the system output frequencies are Q =
{0, +1wp, +2wp, ..., £Nwg} and the system output responses
at the harmonic frequencies can be determined by

Xi(jwr) = Gopy(op)U(jop) + G (wp)Usog) +
[ wt G(i,N)(wa)UN (wg)
X(j2wg) = G(i,z)(/zwp)uz(fzwp) + G(i,4)(jsz)U4(2ij) + (19)
vt Gn-n(20p)Uy_1(j2wp)
k X,(jNw;) = G(LN)(]NwF)UN(]NwF)
fori =1,..,nwhen N is odd or
Xi(jop) = Gy (jop)U(jog) + Gis (o) Us(jog) +
-t G(i,N—l)(ij)UN—l(ij)
X:(j2wg) = G(i,z)(jsz)Uz(isz) + G(i,4)(jsz) U,2jwg) + (20)

wt Gy G20p) Uy (j20p)

Xi(jNwg) = Gy ((Nwp)Uy(GNwg)
when N is even.

Proof: See Appendix Al.

From Proposition 1, it is known that, in the cases considered
in the present study, the output frequency responses of system
(13) include not only the component at the base frequency wg
but also the components at 2wg, 3wp,... etc super-harmonics.
The transmissibility at super-harmonics is defined as the ratio
of the super-harmonic responses on two consecutive masses,
that is

ST (jkawy) = —x);(l](};;::;) k=2,. (21)

From the properties of the NOFRF transmissibility described
in B above and Proposition 1, the relationship between the
transmissibility at super-harmonics as defined in (21) and the
NOFRFs transmissibility can be derived. The result is
summarized in Proposition 2 as follows.

Proposition 2

Under the same condition of Proposition 1,

(i) When there are more than one nonlinear components in
system (13), that is J > 1, if two consecutive masses of the
system are all on the left or right side of the nonlinear
components, namely,1<i< J(1)—2orj()<i<n-1,
then

,Nandi=1,..,n—1

ST (jkwp) = Ths (kwp) = Qi Gkwp) k = 2,.. N (22)
If at least one mass is within the range of nonlinear
components, namely, J(1)—1<i < J({J) —1, then
STU*(jkwp) = TN (jkwp) k=2,.. ,N  (23)
(if) When there is only one nonlinear component in the
system, thatis / = 1, then

ST (jkwp) = Ti’,\{il(]‘ka) = 6i,i+1(jka)'i =1.., n-1k=2..,N (24)
and
(ST“H(/‘UF) u+1(lwr) Qi,i+1(/wF);
I if1<i<j)-20orL<i<n—1whenL> J(1);
orif 1<i<L-1orJA)<i<n-1whenL<j1) (25)
STi'i+1(in) * Ti%i+1(ij) = Qi,i+1(in)
otherwise
(iii) Results (i) and (ii) above hold for k =2,4... ,N if k

and N are all even; fork =3,5,...,N, if k and N are all odd;
for k=24,...,N—1if k is even but N is odd; and for
k=35,...,N—1ifkisodd but N is even.

Proof: See Appendix A2.

Result (i) of Proposition 2 indicates that if there are more
than one nonlinear components in the system and the two
consecutive masses involved in the transmissibility evaluation
are located both on the same side of the nonlinear components,
then the transmissibility at super-harmonics only depend on the
system linear characteristic parameters and is, therefore,



independent from the system input. Otherwise, that is, when the
two masses involved in the transmissibility evaluation are
located inside the area of system nonlinear components, the
transmissibility at super-harmonics may be dependent on the
system input. On the other hand, Result (ii) of Proposition 2
indicates that if there is only one nonlinear component in the
system, the transmissibility at super-harmonics is completely
dependent on the system linear characteristic parameters and
independent from the system input. In addition, if there is only
one nonlinear component in the system, and the two
consecutive masses involved in the transmissibility evaluation
are not located between this nonlinear component and the mass
where an input excitation is applied, the transmissibility at
driving frequency also only depends on the system linear
characteristic parameters and is independent from the system
input. These significant properties of the transmissibility at
either super-harmonics or driving frequency with system (13)
will be exploited to propose a more general approach for the
detection and location of damage with nonlinear features for
MDOF structural system (13) in the next section.

IV. DETECTION AND LOCATION OF DAMAGE VIA NONLINEAR
FEATURES USING A NEW TRANSMISSIBILITY ANALYSIS METHOD

A. Basic ideas

According to [23, 24, 26], the damage with nonlinear
features in MDOF systems can make the whole system behave
nonlinearly and, particularly, produce super-harmonics. So the
higher order harmonics can be used to determine whether there
exists such damage in the system.

When damage with nonlinear features has been detected in
system (13), the results of Proposition 2 can be used to find out
whether there is only one or more than one damage with
nonlinear features in the system and the locations of the
damage. This is based on the following observations.

First, equation (24) in (ii) , Proposition 2 indicates that when
there is only one nonlinear component in MDOF system (13),
the transmissibility at super-harmonics depends only on the
system parameters M,C,K and does not change with the
system input. This is a very distinctive feature and can be used,
if damage with nonlinear features has been detected in system
(13), to determine whether there is only one nonlinear
component in the system or not.

Secondly, if there is only one nonlinear component in the
system, equation (25) in (ii), Proposition 2 indicates that
whether the transmissibility at base frequency wp varies with a
change in the system input depends on the location of the two
masses involved in the transmissibility evaluation. This
property can be exploited to find the location of the only
nonlinear component in the system.

Finally, if there are more than one nonlinear components in
system (13), equations (22) and (23) in (i), Proposition 2,
indicate that whether the transmissibility at super-harmonics
varies with a change in the system input depends on the location
of the two masses involved in the transmissibility evaluation.
This can be used to find the locations of nonlinear components
in the system.

B. The method

From the super-harmonic analysis based damage detection
idea, and the above observations from Proposition 2, a new
transmissibility analysis method for the detection and location
of damage with nonlinear features in system (13) can be
proposed under the following two assumptions.

a) The system output responses to two different sinusoidal
inputs

u, (t) = Aysin(wpt + B;) and u,(t) = A,sin(wpt + B,) (26)
can be obtained so that two sets of transmissibility analysis
results

- 15
STll,H—l(]-ka) _ X (kwp)

_ _Xi(kwp)
X Ukop)  Xipq(Gkop)

u(t)=uq(t)=Az sin(wrt+p1)

. ke i (27)
STZL,H—l(]-ka) — X};z (;’\.’-k F) — X)‘(l(]k.k F))
traUkor)  XinaUkoRy (0, )=y sin(wpt+62)
and their differences
S8" 1 (jkwy) = |ST1 (jkwy) — ST2H 4 (jkawy)| (28)

can be determined. Here, i=1,..,n—1; k=12,..N. In
27), X} (jkwr) and X?(jkwp) are the spectra of the kth
harmonic responses of the system to input u, (t) and u, (t),
respectively, and A; # 4,.

b) The location where the input force u(t) is applied to the
system, that is, mass number L is known a priori.

The detailed procedures of the new method can be described
as follows.

(1). Evaluate the spectra of the output responses of
system (13) to inputs u, (t) and u, (t), respectively,
and determine the amplitudes of these spectra at all
the harmonics, that is, X! (jkw;) and X?(jkw;),
fori=1,..,nand k=2,..,N. Here, N can be
determined as the highest order at which the
harmonics are observed in the system outputs.
Determine the value of index IND; as defined below
to represent the strength of higher order harmonics in
the system output responses

X} Gkwr) .
L ,l=l,...,n,andk=2,...,N}
X;(wp)

xF (kwr)
xE(jwp)

IND, = max{ (29)

If

)

IND, = ¢ (30)
then it can be concluded that there exists damage
with nonlinear feature in the system. Otherwise,
there is no such damage in the system. In (30),
&; is a threshold to be determined a priori.

(2). If Step (1) indicates there is damage with nonlinear

features in the system, selectak € {2, ..., N} such
that both X! (jkw;) i = 1,...,n and X*(jkw;) i =
1,..,n have significant amplitudes. Calculate
ST1"™* (jkwp), ST2"* (jkwy), and $6" (jkw))
for i=1,..,n—1 using (27) and (28). Then,

evaluate
S8max (k) = max{S6"* (jkwy), i € {1,2,..,n — 1} } (31)
to see whether
S6max(E) < & (32)



where &, is another a priori determined threshold. If
(32) holds, it can be concluded that there exist only
one damaged component with nonlinear features in
the system. Otherwise, there are more than one
damaged components with nonlinear features.

(3). If Step (2) indicates there exist only one damaged

component with nonlinear features, calculate
ST1" ' (jwp), ST2" (jop), and S8 (jw;) for
i=1,..,n—1using (27) and (28). Then evaluate
S8max(1) = max {sa““(;wF),i €{12,...,n— 1}} (33)
and )
S8 (jwg) = Si:;:ﬁ;) fori=1,..,.n—1 (34)
to find those i’s such that
S8 (jwg) = &5 (35)

where &5 is again a priori determined threshold.
Denote those i’s such that (35) holds are
i+, +m =1

where m' > 1.
Then, there are only two possibilities which are
L=i'or L=i4+m' If L=i, it can be
concluded that the only nonlinear component is
located between mass (i'+m’'—1) and mass
(i" + m"). Otherwise, L =i'+m', and it can be
concluded that the only nonlinear component is
located between mass i’ and mass (i’ + 1).

(4). If Step (2) indicates there exist more than one
damaged components with nonlinear features in the

system, evaluate

ﬁi‘iﬂ(jlzwp) = Ss;;:jifgp) fori=1,..,n—1 (36)
to find those i’s such that
58"+ (jkwp) = &, (37)

where ¢, isalso a priori determined threshold.
Denote those i’s such that (37) hold are
i+, +m =1

where m'" > 1.
Then, it can be concluded that these nonlinear
components are located between mass i" and mass
i +m'

C. Remarks

For the new method described above, following remarks can
be made regarding the theoretical basis of relevant steps and the
choice of the parameters that are required to be determined a
priori.

a) Step 1) of the method is based on the well-known fact that
nonlinearity will generate harmonics in the system output
response. Step 2) exploits the property of system (13)
described in the first point of Result (ii), Proposition 2,
which indicates if there is only one nonlinear component
in the system, the transmissibility at super-harmonics is
completely determined by the system linear characteristic
parameters and, therefore , independent of the system
input. The theoretical basis of Step 3) is the second point
of Result (ii), Proposition 2, which reveals an important
relationship between the transmissibility at base
frequency and the location of the only nonlinear

component in the system. Step 4) makes use of the
property of the transmissibility at super-harmonics of
system (13) described by Result (i), Proposition 2, which
shows where the transmissibility at super-harmonics is
only dependent on the system linear characteristic
parameters and, therefore, independent of the system
input and where this is not the case.

b) &,6,,¢65,6, are four parameters in the method.
Theoretically, these parameters are zeros. But, in practice
they are thresholds that should be determined a priori from
experimental data using statistical analyses. This allows
the effects of noise, un-modeled dynamics, and inherent
but less significant system non-linearity to be omitted
when the method is used in practice. For example, &
should be a small number associated with a noise
threshold in a case where the system basically behaves
linearly. So &, can be determined from the statistics (such
as mean and standard deviation etc) of the values of
IND; in the situations when there is no damage with
nonlinear features in the system.

c) The determination of N and k can be achieved by
observing the spectra of the system outputs. The details
will be demonstrated in Section V1.

In the next sections, simulation and experimental studies will
be conducted to demonstrate the performance of the proposed
method and its potential in practical applications.

V. Simulation studies

In order to verify the effectiveness of the proposed method,
simulation studies are conducted in this section. For this
purpose, a 10 DOF system as described by (13) is considered
where

my=my; = =myy =1,
ky =k, = = kg =kyp=3.6 X 10* ks = k; = kg = 0.8k, ko = 0.9k,
1 =001,C = K,
and the parameters of the nonlinear springs and dampers are
N =3, 15w = 08K, Ty = 0.4k1, wywa = Wyma = 00 =1,..]

where J, the number of nonlinear components in the system, are taken
as J=3and] =1, respectively, in the two cases of simulation
studies considered below.

A. Simulation Study Case 1

In this case, there are three (J = 3) nonlinear components in
the system, which are the 3, 5™ and 6" springs. Two loading
conditions are considered where the input forces are

u, (t) = 10sin(407t) and u,(t) = 20sin(407t)
respectively, and are applied on the 7" mass, that is, L = 7. The
new method was applied to the spectra of the output responses
of the system under the two loading conditions, that is,

Xt (jkwy) and X2 (kwg), i = 1,..,10 , k = 1,...N.
where N was determined as 4 and the four threshold
parameters &, €,, €3, &, in the method all taken as 2%=0.02.
The results obtained in each step are given as follows.

Step (1)

In this case, the index IND; was evaluated using (29) as
X} (jkwr) Xiz(ikwp)
X Gowp) Xiz(ij)

’

IND, = max{

,i=1,..,10,and k = 2, ...,4}



=0.0287 = ¢, = 0.02

Therefore, it is concluded that damage with nonlinear feature
exists in the system.

Step (2)

At this step, k was determined as k = 2. So

ST1"* (j2wy), ST2"* ! (j2wy), and S8 (j2w;) i = 1,...,9
were evaluated using (27) and (28). Then, S6,.4(2) was
determined using (31); the result is
S6max(2) = 1.5349 > &, = 0.02

So it is known that there are more than one nonlinear
components in the system.

Step (4)

As Step (2) has shown that there are more than one nonlinear
components in the system, Step (4) rather than Step (3) of the
proposed method are needed in this case. At this step,
58" (jkwp) = S6"* (j2wp), i =1,..,.9 were evaluated
using (36). The results are shown in Table I, in which it can be
observed that

S8 (j2wp) = 0.02 = &,,i = 2,3,4,5
Therefore i’ = 2and m" = 4, and it can be concluded that

nonlinear components are located between mass i = 2 and
mass i’ +m" = 6 in the system.
TABLE |
THE VALUE OF 56"**(j2w;) WHEN THE 37°, 5™ AND 6™ SPRINGS

Because Step (2) indicates there is only one nonlinear
component in the system, Step (3) of the proposed method was

followed to evaluate ST1"*'(jw,), ST2"*'(jwr), and
S6""* (jwy) for i=1,..,9 using (27) and (28). Then,
56" (jwy) for i =1,...,9 were evaluated using (33) and
(34). The results are shown in Table Il indicating
S8 (jwp) = &5 = 0.02,i = 3,..,7

Soi'=3 and m' =5. AsL =3 =1i',it is known that the
only nonlinear component is located between mass (i’ + m' —
1) =7and mass (i’ + m") =8

TABLE Il
THE VALUE OF ﬁi“'”(jwp) WHEN ONLY THE EIGHTH SPRING IS
NONLINEAR
i ﬁi,Hl(ij) i ﬁi,wl(jw):) i %i,Hl(]-wF)
1 2.2x107° 4 0.112423 7 1
2 3.56 X 107° 5 0.305335 8 5.79x 1076
3 0.076072 6 0.986996 9 3.44x 1076

ARE NONLINEAR

i gi,H—l Usz) i ﬁi,“l(jzwlr) l ﬁ[,H—l (]'ZwF)
1 5.16x 1075 4 1 7 0.000133

2 0.109899 5 0.340627 8 8.63x 1075
3 0.071504 6 9.63x 1075 9 9.59x 1076

Obviously, the conclusions reached at each step are all
consistent with the real situation of the simulated system. So the
effectiveness of the proposed method is verified by this
simulation study.

B. Simulation Study Case 2

In this case, there is only one (j = 1) nonlinear component in
the system, which is the 8" spring. The same two loading
conditions as in Simulation Study Case 1 were considered and
the input force was applied on the 3" mass, that is, L = 3. The
new method was again applied to the spectra of the output
responses of the system under the two loading conditions.
Again, N was determined as 4 and the four threshold
parameters &, &, £, &, in the method were taken as 2%=0.02.
The results obtained in each step are given as follows.

Step (1)

In this case, the index IND; was evaluated by (29) as
XtGkop)| |X2(Gkwgr)
Xt (jwr) X?(jwr)

=0.03872 ¢, = 0.02

So, damage with nonlinear feature exists in the system.

Step (2)

At this step, k is again determined as k = 2. Therefore, in
the same way as in Step (2), Simulation Case Study 1,
SO max(2) was determined; the result is

SEmax(2) = 67163 X 107 < &, = 0.02

So it is known that there is only one nonlinear component in
the system.

Step (3)

)

IND, = max{

,i=1,..,10,and k = 2, ...,4}

Again, the conclusions reached at each step above are all
consistent with the real situation of the simulated system. So the
effectiveness of the proposed method is further verified by the
second simulation study.

VI. EXPERIMENTAL STUDIES

A. Experimental setup

In order to demonstrate the potential of the new
transmissibility analysis based damage dectection and location
method in practical applications, the method was applied to
analyse the experimental data from testing a three-storey
building structure shown in Fig.2. The structure consists of
aluminum columns and plates, assembled using bolted joints
with a rigid base. The structure slides on rails that allow
movement in only one direction. At each floor, four columns
are connected to the top and bottom aluminum plates, which
form a four degree-of-freedom system. Additionally, a center
column can be suspended from the top of each floor, which is
used to induce nonlinear behaviors when the column contacts a
bumper mounted on the next floor. The position of the bumper
can be adjusted to vary the extent of the nonlinearity. This
source of nonlinearity can, for example, simulate the fatigue
cracks that subsequently open and close under operational,
environmental, or loading conditions. An electromagnetic
shaker provides the excitation to the ground floor of the
structure. Four accelerometers are attached to each floor at the
opposite side from the excitation source to measure the
response from each floor. Fig. 4 shows the spring-damper
model of the three-storey building structure which is clearly a
specific case of the nDOF model in Fig.1.




Accelerometer 1 Bumper 1 Center column 1 Aluminum column 2

Plate 1

Aluminum column 3 Aluminum column 1

Accelerometer 2: Plate 2

Center column 2

Plate 3
Accelerometer 3

Electromagnetic shaker
Bumper 3

Accelerometer 4-

Center column 3

Aluminum column 4

Fig. 2. Three-storey building structure used for the experimental studies
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}_.
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Fig. 3 4DOF system model of the three-storey building structure

B. Experiments and experimental data analyses

Data were collected from four different experiments on the
three-story building structure. The details of the experiments
are summarized in Table I1l. Two different state conditions of
the structure were investigated. These are the structural state
condition under Experiments #1 and #2, and the structural state
condition under Experiments #3 and #4, respectively. So data
collected from Experiments #1 and #2 were used to determine
the situation of state condition 1, and data collected from
Experiments #3 and #4 were used to determine the situation of
state condition 2. The objectives of the experimental data
analysis were to apply the method proposed in the present study
for each state condition to detect whether there exists a
nonlinear component in the experimental system and, if this is
the case, determine the location of the nonlinear component in
the system.

The results of the experimental data analyses are given in
Table IV where N = 3 and k = 3 were determined from
observing the spectra of the system outputs in the four
experiments shown in Figs 4-7. In these analyses,
£1, &2, €3, &, are all taken as 0.02.

Because IND,=0.3453>¢, = 0.02 in state condition 1 and
IND;=0.1714>¢, = 0.02 in state condition 2, it was concluded
that there exits nonlinear damage in the structural system in
both state conditions.

Moreover, because

S8max(K) = S6max(3) = 0.016 < &, = 0.02
in state condition 1 and,

SBmax(k) = SEmax(3) = 0.013 < &, = 0.02
in state condition 2, it was concluded that there is only one
nonlinear component in both state conditions. Therefore, Step 3
rather than Step 4 of the proposed method should be used to
find the location of the nonlinear component.

The last row of Table 1V shows the data analysis results for
the two state conditions in Step 3. The analysis results for state
condition 1 indicate

58" (jwg) = & = 0.02,i = 2,3
Soi'=2and i"+m'—1=3->m' =2 BecauseL =4 =
i" +m’ inthis case, it is known that the nonlinear component is
located between mass i’ =2 and mass i’ +1 =3 in state
condition 1.

The analysis results for state condition 2 indicate

6" (jwp) = &5 = 0.02,i = 1,2,3
Soi"=1 and i'"+m'—1=3->m'=3. Because again
L=4=i+m'in this case, it is known that the nonlinear
component is located between mass i = 1and massi’' + 1 =
2 in state condition 2.

Obviously, the conclusions reached by the analysis of the
experimental data from the two state conditions of the
experimental system using the proposed method are completely
consistent with the real situations of the system. Therefore, the
potential of the proposed method in engineering applications

have been verified.
TABLE Il
DETAILS OF THE EXPERIMENTS

Input excitation

. applied by Structure state condition under which
Experiment -
shaker control experiment was conducted
computer

25 Hz sinusoidal
with amplitude | State Condition 1: A 0.13mm gap was
2 introduced between the column and

Experiment #1

25 Hz sinusoidal | bumper on the first floor to generate a
with amplitude nonlinear effect.
2.5

Experiment #2

25 Hz sinusoidal
with amplitude | State Condition 2: A 0.20mm gap was
2 introduced between the column and

Experiment #3

25 Hz sinusoidal bumper on the second (top) floor to
with amplitude generate a nonlinear effect.
25

Experiment #4

TABLE IV
DETAILS OF THE EXPERIMENTAL DATA ANALYSYS RESUTS

The experimental data
analysis results for the
three-story building
structure under state

The experimental data
analysis results for the
three-story building structure
under state condition 1

condition 2
N 3 3
IND, 0.3453 > g = 0.02 0.1747 > & = 0.02
k 3 3
S8max (k) 0.016< &, = 0.02 0.013< &, = 0.02
e
[ L
Sai,i+1(]-wp) B
fori= :5
1,..,3 E
[ I
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VII.

Transmissibility analysis is a well-established method and
has been widely applied in structural analysis including damage
detection and fault diagnosis. But, traditional transmissibility is

CONCLUSIONS

a linear system concept which cannot be directly applied to the
analysis of nonlinear structural systems. Recently, the concept
of transmissibility of the Nonlinear Output Frequency
Response Functions (NOFRFs) has been introduced to extend
the transmissibility concept to the nonlinear case, and the
NOFRF transmissibility based/related techniques have been
developed to detect and locate damage in MDOF structural
systems. However, these techniques assume there is only one
nonlinear component in a damaged system, and either require
specific testing or assume that the loading on inspected
structural systems is measurable. To address these issues so as
to enable NOFRF transmissibility based damage detection and
location to be applicable in engineering practice, a new
transmissibility analysis method has been developed in the
present study for the detection and location of damage via
nonlinear features in MDOF structural systems. The new
method is derived using the NOFRF transmissibility concept
and can be implemented by evaluation and analysis of the
transmissibility of the system responses at super-harmonics.
Both numerical simulation studies and experimental data
analysis have been conducted to verify the effectiveness and
demonstrate the potential practical applications of the new
technique. Although, for convenience of introducing main
ideas, sinusoidal loadings are considered in the present study,
the method can readily be extended to more general band
limited loading cases and, therefore, has potential to be applied
in practice to tackle nonlinear damage detection and location
problems.

APPENDIX Al PROOF OF PROPOSITION 1

According to [41], the nith order frequency response of the
system’s ith output can be expressed as

Xim (0) = 5 Zuysovrommo AG®1) - Ao Hom o, - jog)  (ALL)
where
Aelf if w, = wp
A(wy) = {Aem if wp = —wp (A1.2)
0 otherwise

Obviously, if b (b € {0,1,2,...,71} ) wi's in wyq, ..., wy take the
value of wg, then the remaining (7 — b) w,'s iN wy, ..., w5
take the value of —wp. Consequently, the possible frequency
components in X; 7)(jw) can be obtained as
Q; ={(-+ 2b)wp, b =0,1, ..., 1} = {—wp, — (1 — 2 wg, ..., (@ — 2)Wp, Awe}
(A1.3)
and the possible frequency components of system output are
given by [41]

N
0= [ 0= (-Now -0 - Doy, .. (¥ - Doy, N}
n=N-1
u{-(v - 1)(4’[:' —(N - 3)‘4)1:; v, (N = 3)0)1-‘: (N - 1)(UF}
={0, t1wp, F2wp, ..., tNwg}

(A1.4)
From Equation (Al.1), it is known that
Xim(w) = Gim(jw)Usz(jw) (AL5)
where
G(i'ﬁ) (](D) — Zw1+«««+wﬁ=wA(jw1) '"A(‘jwﬁ)H(i,ﬁ).(iwlﬁ "'Jjwﬁ)
2m1+---+mﬁ=mA(]w1) ~A(jwg)
and



(o) = > AGer) .AGwr)
in this case. As Equation (A1.3) indicates even order harmonics
are produced by even order nonlinearity and odd order
harmonics are produced by odd order nonlinearity, Equations
(19) and (20) can be obtained from (A1.5) from the case of N is
odd and from the case of N is even, respectively. Thus, the
proof of Propositionl is completed.

APPENDIX A2 PROOF OF PROPOSITION 2

Consider k and N are all even first. In this case, it is known
from (20) that

X;(kwp) =
Gi oy Gkwp) U Gkwp) + G eazy GRop) Upsr (kjwp) + -+ + G wy Ghkwp) Uy Gkwy) (A21)
Xip1Gkwp) =
Givr) Ghwp)Up Ghwp) + Gz Ghkwp) Upsr (kjwp) + -+ + Gpr vy Gkwp) Uy Gkwp)

(A2.2)
where k =2,4,.. N—2,N . Itis known from Property (i) of the
NOFRF transmissibility given by (14) thatif J > 1,for 1 <
i<JjW)-20rj(H<i<n-1,

Gipy Gkwp) Uy (jkwp) _ Gikr2)(hwp)Upsr(Kjwp) —
G(i+1,k)(ik("F)Uk(ika) G(i+1,k+z)(ika)Uk+z(kij)
_ G(i,N)(jka)UN(jka)

= G(i+1,N)(ik(Up)UN(jka) = Ti’,\{il(ika)p)
= Qi1 Ukwp) (A23)
Equations (A2-1)-( A2-3) imply that
Lit1fs X;(Gkwg)
STL,Hl(]ka) - m

_ GuwGhop)UGkwr) + Gairz) (ko) Upya Gkop) + - + Gny Ghwp) Uy Gkwr)
- Givr0 Ghop) U Ghwp) + G i) Ghkwp)Upi, Gkwp) + -+ + Giig vy Gkwp) Uy Gkog)
= Tl-’iil(jkw,:) = @i,i+10ka) (A24)
Therefore (22) holds.
Also according to Property (i) of the NOFRF

transmissibility, it is known that if ] > 1, for J(1) -1 <i <
](]()k_)ll( kwp)
G(i ) Ukwp)Ug(kwp NL [:
G(i+1,k) Ukop)Ur(GkwF) * Ti’iﬂ(]kwp) !
and G(i,N—2)Ukwp)Un(kwF)

G(ik+2)Uk0R)Ugs2(Kjwp) NL (i
G(i+1,k+2) UkOR)Ug2(KjwF) * Tl'Hl(]ka)’ T
NL 7
S GramunGren ™ T (jkw;), SO that
it _ Xi(kwr)
ST Gker) = Xi1Gkawr)
__ G (kop)UeGhwp) + Girra) (kop) Ursa (kjwp) + -+ G Ghwp) Uy Gikwr)
Gvr Ghwp) U Ghwp) + Gsr ks GRop) Uz (kjwp) + -+ + Gyamy (ko) Uy Gkwp)
* Ti’,\gh kwr) (A25)
Therefore (23) holds.
According to Property (ii) of the NOFRF transmissibility
given by (15),ifJ =1,for i=1,...,.n—1
Gy Gkwp) Uy Gkwp) _ Gigr2) Ghwp)Upso (Rjwp) .
Giv1iGhwp)UGhkwr)  Giiyrprz) (ko) Upiz(Kjwp)
_ G(i,N)(jk“JF)UN(fk‘UF)

" Gy (k) Uy Gkwr) = T Gkowp)
= Quina o) (A2.6)
Equations (A2-1), (A2-2) and (A2-6) imply that

G (kwp) Uy Gkwr) + Garra) kwp) Ugra (Rjwp) + - + Gun) Ghkwp) Uy Gkwr)
Giisr0) Gkwp) U Gkwp) + Gitr ) Ghkwp) Upso (kjwp) + -+ + G n Ghkwp) Uy Gkog)
= T, (kwp) = Quiaa k) (A2.7)
Therefore (24) holds.

As N is assumed to be even, for J = 1, it is known from the
first equation in (16) and (17) that
when L> J(l), if 1<i<J(1)—2orL<i<n-—1, or when
L<J)ifi<i<L-1orj()<i<n-1,

10

oo =2
_ G(i,l)(in)Ul (o) + G(i,3)(ij)U3 (wg) + -+ G(i,N—l)(wa)UN—l(wa)
G(i+1,1) (ow)U(owp) + G(i+1,3) (wp)Us(wg) + -+ G(i+1,N—1)(i“’F)UN—1 (wg)
= i,Li+1(wa) = Qii+1(wr) (A28)
that is, the first equation of (25) holds. Otherwise, it is known
from the second equation of (16), (17) and the first equation of
(20) that

STi’iH(ij) = Xiva (ij)
_ _ Gan(opUi(op) + Gug (0r)UsGwp) + -+ + Gan-1 (or)Uy-1 Gor)
Giiv1,0 Gwp)U1Gwp) + Gr1,3)(wp)UsGop) + - + Giyin-1nGop) Uy_1(op)
# T (op) = Qs Gor) (A29)
So the second equation of (26) holds.

For all the other cases of N and k, i.e., N and k are all odd,
or N is odd but k is even, or N is even but k is odd, (22)-(25)
can be proved by following the same approach as above. Thus,
the proof of Proposition 2 is completed.
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