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Abstract

Stability of Asymptotically Hyperbolic Einstein Manifolds
by

Yucheng Lu

In this thesis we study the stability of the Ricci flow. The stability problem of Ricci flow in
different settings have been considered by Ye [16], Li-Yin [17]], Schniirer-Schulze-Simon [20]
and Bamler [28]] etc. We consider a more general case and extend the results to the general case,
that is, in the setting of asymptotically hyperbolic Einstein (AHE) manifolds with rough initial
data. First we introduce the background of the problem and results on the long time behavior
of Ricci flow in detail. Then we compare the difference in methodology of theses results and
extend to the AHE case. We consider the normalized Ricci flow on a AHE manifold with initial
metrics which are perturbations of a non-degenerate AHE metric /. The key step is to obtain
exponential decay of certain geometric quantities. Then we prove that the normalized Ricci

flow converges exponentially fast to /g, if the perturbation is Z2-bounded and C°-small.
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Chapter 1

Riemannian Geometry

1.1 Riemannian Metrics and Levi-Civita Connections

Through out this paper, we follow the Einstein summation convention over repeated

indices.
Let M be a manifold and p be a point of M. T,M denotes the tangent space and 7,;M the
cotangent space at p. Then TM = J,cp T,M denotes the tangent bundle and 7°M = ,cpy T, M

the cotangent bundle.

Definition 1.1.1. Let M" be an n-dimensional smooth manifold. A Riemannian metric g on M
is a smoothly varying inner product on the tangent spaces. Or equivalently, a smooth section of
T*M ® T*M defining a positive-definite symmetric bilinear form on T,M for each p € M.

(M",g) is a Riemannian manifold.

Let {x' i, be local coordinates in a neighborhood U of some point p € M. In U the vector



fields {0;}", form a local basis for TM and the 1-forms {dx'}"_, form a dual basis for T*M.
Then the metric can be written as
g= g,-jdxi ®dx’

where g;; = g(0;,9;).
Definition 1.1.2. The Levi-Civita connection V is the unique connection on TM that is compat-
ible with the metric and is torsion-free:

X(g(¥,2)) = g(VxY,Z)+g(Y,VxZ)
Vx¥ —VyX = [X,Y]
In local coordinates, the Levi-Civita connection is given by V;.(9;) = Ff-‘jak, where the

Christoffel symbols Fﬁ.‘j are

It = —g"(digji +9,8u — digi))- (1.1.1)

1.2 Curvatures

Let (M, g) be a Riemannian manifold. The Riemannian curvature (1,3)-tensor is defined

by
Rm(X,Y)Z =VxVyZ—VyVxZ —Vix yZ.
In local coordinates, the components of the Riemannian curvature tensor Rm is defined by
Rm(9;,9,)dk = R} ;0
where

Rij =T — 0Ty + T T, —ThT,. 1.2.1)



And Rm can be transformed into a (0,4)-tensor: Rm(X,Y,Z, W) = g(Rm(X,Y)Z,W).

In local coordinates, Rm(d;,0;,0k,0;) = Rjju = gimRy.

Using (I.1.)), the Riemannian curvature tensor can be expressed in terms of the first and
second derivatives of the metric. In local normal coordinates about point p where g;;(p) = &;;

and the first derivatives of g vanish at p,
1
Riju= 3 (0i0kgji + 0018k — 0i918 jk — ;0kgit)-
If P C T,M is a 2-plane, then the sectional curvature of P is defined by
K(P) = g(Rm(el ; 62)627 el)

where {e1,e;} is an orthonormal basis of P. In general, if X and Y are any two vectors spanning

P, then

g(Rm(X,Y)Y,X)

KP) = XPRE - GE.1)2

The Ricci curvature (0,2)-tensor Rc is the trace of of the Riemann curvature tensor:

Re(Y,Z) =tr(X — Rm(X,Y)Z).

In local coordinates, its components R;; = Rc(d;,d;) are given by

k
In local normal coordinates,
1
Rij = —Egkl (0i0j8k1 + 9k0;8ij — 0i01& jk — I jOk&ir)- (1.2.2)

The Ricci curvature of a line L C T,M is defined by Rc(L) = Rc(ey,e1) where e; € T,M

is a unit vector spanning L.



The scalar curvature is the trace of the Ricci tensor:

iRC(é’,‘,ei)

i=1

R= tI‘(RC(-, ))

In local coordinates, R = g"/R;; where (g"/) = (g;;) " is the inverse matrix.



Chapter 2

Ricci Flow

2.1 Introduction

Geometric flows, as a class of important geometric partial differential equations, have
been highlighted in many fields of theoretical research and practical applications. They have
been around at least since Mullin’s paper [[1] in 1956, which proposed the curve shortening flow
to model the motion of idealized grain boundaries. In 1964 Eells and Sampson [2] introduced
the harmonic map heat flow and used it to prove the existence of harmonic maps into targets
with non-positive sectional curvature. Motivated by the work of Eells and Sampson, in 1975
Hamilton [3] continued the study of harmonic map heat flow by considering manifolds with
boundary.

In the late seventies, Thurston suggested a classification of three-dimensional manifolds,
which became known as the geometrization conjecture. Thurston’s conjecture stated that any

compact 3-manifold can be decomposed into one or more types (out of 8) of components with



homogeneous geometry, including a spherical type, and thus implied the Poincaré conjecture.
In 1982 Thurston won a Fields Medal for his contributions to topology. That year Hamilton [4]
introduced the Ricci flow, which he suspected could be relevant for solving Thurston’s conjec-
ture. The Ricci flow equation has been called the heat equation for metrics, due to its property
of making metrics "better”. A large number of innovations that originated in Hamilton’s 1982
and subsequent papers have had a profound influence on modern geometric analysis. The most
recent result is Perelman’s [[7][8]][9]] proof of Thurston’s conjecture.

The Ricci flow (RF) is a way of evolving the metric of a Riemannian manifold (M", g).

More specifically, it is a geometric evolution equation (RF) defined on M":

0
gg(l‘) = —ZRCg([)
(RF) (2.1.1)

8(0) = go
A solution to this equation (RF) is a one-parameter family of metrics g(¢) on M, defined

on a time interval / C R!. We will use the name Ricci flow” for both the equation (RF) and the

solution g(7).
Proposition 2.1.1. In local harmonic coordinates around a point p, the Ricci tensor at p is
1 -1
Rij =Re(0;,0j) = — - A(gij) +0(¢™,98)

where Q is a quadratic form thus a lower order term in the derivatives of g. As a result,
Ricci flow resembles a system of nonlinear heat equations.
Harmonic coordinates are a coordinate system {x'}"_| where each coordinate function is

harmonic: 0 = Ax' = gjk(ajak - Fékal)xi = _gjkri‘k =0.



Proof. From (1.2.2)) we have

1
R;; = _Egkl(aiajgkl +0r0;18ij — 0i01g jk — 9j9k&ir) 2.12)
1 1 o
= =58+ 58"(3i91gk +9;9kgi — 9,9 8u)-
And we have the following equation from harmonic coordinates
0 = gy
| (2.1.3)
= Egklgpq(akgzq +018kg — 0q8k1)-
Take derivative 0; of both sides and contract with g,
1 kl ,pq
0 = gjoi (58 87(0kg1q +0i8kg — aqgkl)>
1
= Egjpgklgpq(aiakglq +0i018kg — 0i048k1) +1.0.t
" (2.1.4)
= Egkl (0i0kgji + 0918 jx — 0i9gk1) +1.0.t
1
— Egkl<28iakgﬂ — aiajgkl) +1.o0.t.
Swap indices i and j and we have
1
0= Eg (ZBjakgil — a,-ajgkl) +1l.o.t
Add the two equations above together and we get that the tail term in (2.1.2)) is 0.
O

Example 2.1.1. If (M,g) is Einstein, i.e. Rc, =Ag, then g(t) = (1 —2At)go is a solution to
(RF).

And Rmy ;) = ﬁngO, Reg (1) = Reg,.

If A > 0, the solution is shrinking and only exists up to Tyax = ﬁ

If A =0, the solution stays static and exists for all time.

If A < 0, the solution is expanding and exists for all positive time.



Remark 2.1.2 (Invariance under diffeomorphisms). If ® : M — M is a diffeomorphism and g(t)

is a Ricci flow, then ®*g(t) is also a Ricci flow.

2.2 Normalized Ricci Flow

2.2.1 Compact Case

Example [2.1.1| shows that we can not expect long time existence of the Ricci flow. How-

ever it’s convenient to consider the normalized Ricci flow (NRF) which preserves the volume:

d 2
$g = —2ch + ;Ggg
2.2.1)

8(0) =go

. R, d
where o, is the average scalar curvature 6, = M.
o g

Remark 2.2.1. The normalized Ricci flow (NRF) is equivalent to the original Ricci flow (RF)
by reparametrizing in time t and rescaling the metric by a function of t:

Given a solution g(t) to the Ricci flow, let g(f) = c(t)g(t) where

c(t) = exp (i /0 tog(r)dr>, () = /0 e(n)dr.

And g(T) is a solution to the normalized Ricci flow.



2.2.2 Noncompact Case

When the manifold is noncompact, we consider the normalized Ricci flow (NRF):

0
gg =—2(Rcg+(n—1)g)
(2.2.2)

8(0) = go
Again, the normalized Ricci flow (NRF) in this case is equivalent to the original Ricci flow
(RF) by reparametrizing:

Given a solution g(¢) to the Ricci flow, let g(7) = c(¢)g(¢) where
c(t) = e 20 () = €

And g(7) is a solution to the normalized Ricci flow.

2.3 Short Time Existence

2.3.1 DeTurck’s Trick

By computing in normal coordinates, we can establish the evolution of various geometric

quantities.

Lemma 2.3.1. If g(s) is a I-parameter family of metrics with d,g;; = vij, then

ors, = 38 (Vivii+ Vv —Vivij)
angjk = %glP(Vinvjp + Vijvik — V,vajk - Vijv,»p — R?jkqu — Riquvkq)
BSRU = %gpq(VqVivjp + Vquv,-p — VqV,,vij — ViVjvq,,)

= —% (ALV,']' +V,-VjV — V,‘(Sv)j — V,-(Sv)i)



where V = try(v) = g'/v;j, the divergence of a 2-tensor is (8v); = (div v); = g*Vyv;;, and A is

the Lichnerowicz Laplacian:
. kl k k
ALV,'J' = AV,’j + 2Rkl‘j1v — Rikvj — Rjkvi

Regard the Ricci tensor Rc(g) as a nonlinear partial differential operator on the metric g,

its linearization is

1
[D(Reg)(v)]ij = 78" WVgVivip + VgV vip = VgV vi; = ViVjvgp) (2.3.1)

The principal symbol of the Ricci tensor is

[6[D(Reg)|(E)(v)]ij = %8pq<§q§i"jp +88vip —EqCpvij — Ei&jvgp)

The diffeomorphism invariance of the Ricci tensor implies that the principal symbol above
6[D(Rc,)]|(€) has a nontrivial kernel. As a result the Ricci flow equation is only weakly
parabolic and the short time existence does not follow directly from the standard parabolic
theory. Hamilton’s original proof relied on the sophisticated machinery of the Nash-Moser in-
verse function theorem. Shortly thereafter, DeTurck [10]][11] proposed a simplified proof by
showing that the Ricci flow is equivalent to a strictly parabolic system.

Take I to be the Levi-Civita connection of a fixed background metric g. Define a vector
field W = W(g,I') by

W= g (I — %) (2.3.2)
And the 1-form g-dual to W is

‘/Vi = gl’jgpq(r{;q - f{)q)

10



Now we define the Ricci-DeTurck flow:

0
580 = —2R;j+ViW;+ VW,
(2.3.3)
g(0) = go
The extra term is exactly Ly g:
P(g)ij = ViW;+V;W; = Vigg" Ty, — Tpy) +V jgig™ (T, = Ig)
And its linearization is
IDP(&)W)ij = 328" Vilg" (Vpvig+Vevpr = Vivpy)]
+lgikgpqvj ¢ (Vpvig+Vavpr = Vivpg)]
? (2.3.4)

+(lower order derivatives of v)

= gPM(ViVyvig+V;Vpvig—ViVvp,) +1o.t

Comparing to the linearized Ricci tensor, we can see that the principal symbol —2Rc + P
is
[6[D(—2Re+ P)|(§) (v)]ij = &7&,Eqvij = II&II5 vis-
Thus 2Rc + P is elliptic and the Ricci-DeTurck flow is a strictly parabolic system of partial

differential equations.

2.3.2 Compact Case - Hamilton’s Existence Result

In Hamilton’s [4] original work, he proved that any compact 3-manifold with positive
Ricci curvature also admits a metric of constant postive curvature. The method of his proof
is by introducing the Ricci flow - start with any metric g;; of strictly positive Ricci curvature
R;; and improve it by the Ricci flow equation. His set-up became the foundation to resolve

Thurston’s Geometrization Conjecture for closed 3-manifolds.

11



Theorem 2.3.2 (Hamilton, *82). If M" is a closed Riemannian manifold with a C* Riemannian
metric go, then there exists a unique smooth solution g(t) to the Ricci flow defined on some time

interval [0,€),€ > 0 with g(0) = go.

DeTurck’s proof.
Step 1. Consider the Ricci-DeTurck flow (2.3.3)). Since it is a strictly parabolic system of partial
differential equations, it follows from the standard parabolic theory [11] [12, Thm 7.1] that for
any smooth initial metric go, there exists € > 0 depending on g such that a smooth solution g(7)
to exists for a short time ¢ € [0,€).

Step 2. The one-parameter family of vector fields W (z) defined by exist as long as
the solution g(7) exists. Then define a 1-parameter family of maps ¢, : M" — M" by solving the

ODE:

Solp) = ~Wop)o)

o = idy

Suppose g(t) exists for 7 € [0,€). Assume ¢,(p) exists for r € [0,7] where 0 < T < &.
Fix any 77 € (T,€). At any given point p € M, the equation above is equivalent to a nonlinear
ordinary differential equation. Thus ¢,(p) always exists for r € [T, T + &) for some €y > 0.

Since the manifold M" is compact, the vector fields W (-,7) are uniformly bounded on
M x [T, Ti]. Then there exists an € independ of p € M such that ¢, exists forz € [T, T +&].

The same argument holds for the flow starting from 7" + €. Iteration yields that ¢, exists
for ¢t € [T, Ti]. Since T is arbitrary, then ¢, exists for ¢ € [0,¢€).

Step 3. Pulling back g(7) and we obtain g(¢) = ¢;g(¢) (0 <t <€). Then g(0) = g(0) = go

12



and we compute that

d d 0
550 = seso-g|

0 0
— 0 (5e0)+5:
0

= 07 (—2Rc(g(r)) + Lw(g(r)) + s

(¢7+sg(t + S))

(97158(1))

s=0

(0" 0 dris)*078(0)) (23.5)

s=0

= —2Rc(078(1)) + 07 (Lw()8(1)) = Liort)wiry (0:8(1))
= —2Rc(¢;g(t)) = —2Rc(g(?))

Hence g(¢) is a solution of the Ricci flow for ¢ € [0,¢€). O

2.3.3 Noncompact Case - Shi’s Existence Result

In the case where M is a noncompact complete Riemannian manifold, one can not expect
the short time existence of the Ricci flow equation for an arbitrary initial metric go. For example,
take S x R as the underlying manifold and endow it with a warped product metric so that
metrically it consists of an infinite chain of 3-spheres connected by thinner and thinner (and
longer and longer) necks. Then for any given € > 0, we can pick a neck that is sufficiently thin
and long, then the Ricci flow will be inclined to pinch it within time €.

Therefore to get the short time existence, one has to make some assumptions on the cur-
vature of (M, g).

Shi proved the short time existence of the Ricci flow on noncompact manifolds in [[13].
The general idea of Shi’s proof is to use a family of compact sets Dy to exhaust the noncompact
manifold M and consider the short time existence problem on each compact set D;. Then he

could get some uniform curvature estimates to obtain the short time existence on M.

13



Theorem 2.3.3 (Shi - Short time existence). Let (M, g) be an n-dimensional complete noncom-

pact Riemannian manifold with Riemannian curvature tensor satisfying
2
|Rijur||” < ko

where ko is a positive constant. Then there exists a constant T (n,ko) > 0 such that the Ricci

flow equation has a smooth solution g(x,t) for a short time 0 <t < T (n, ko).

Sketch of the proof.
Step 1 (Solving the Dirichlet boundary problem on a compact set)

Assume D C M is a domain whose closure D is a compact subset of M. The boundary 0D
is a compact C* (n — 1)-dimensional submanifold of M. Consider the Ricci-DeTurck flow on

this domain

0

ggij = =2R;j+VW;+V,;W, xeD

g(x,0) = go(x) x€D (2.3.6)
g(x,t) = go(x) x€dD,t€0,T]

Again one can get the following existence theorem from the standard parabolic theory [12, Thm

7.1]:
Theorem 2.3.4. There exists a constant T (n,ko) such that the Dirichlet boundary problem

has a unique solution g;j(x,t) fort € [0,T (n,ko)].

Step 2 (Local estimates) To get a solution on the whole manifold M by letting dD go to
infinity on M, one needs to estimate g;;(x,z) locally. That means to control the derivatives of

gij(x,t) only in terms of (go);;(x) and independent of D.

14



Choose a coordinate system {x; } such that at one point ((g9)ij) =1, and (g;;) = diag{Ai,--- , A }.
Applying the maximal principle to the evolution equation of a well-crafted auxiliary function,
one can obtain the upper bound for the derivative HVogi i(x,1) HZO < C. By induction one can
obtain the upper bound for higher derivatives ||V{'g;;(x,) Hzo.

Step 3 (Exhaustion) Fix a point xo € M and a family of domains {Dy};>_, such that
(1) Dy is a compact C* (n — 1)-dim submanifold of M,
(2) Dy = Dy UADy is a compact subset of M,
(3) B(xo,k) C Dy where B(xy, k) is the geodesic ball of radius k with respect to the initial metric
8o0-

The existence result in step 1 yields a unique solution to the Dirichlet boundary problem
on Dy for t € [0,T (n,ko)]. The local estimates in step 2 show that the derivatives of g;;(k,x,)
are uniformly bounded on any compact subset of M.

Following the diagonal argument and passing to a subsequence one obtains the solution

gij(x,1) to the Ricci-DeTurck flow on M. And one can get a solution to the original Ricci flow

as in DeTurck’s proof for the compact case. O

2.3.4 Noncompact Case with Rough Initial Data - Simon’s Existence Result

In the two cases above, the initial metrics are always smooth. To deal with the non-smooth
initial data, Simon [14] considered a more general version of the Ricci-DeTurck flow. Recall
that one fixes the background metric § = gg. While Simon chose a smooth fixed background

metric § = h instead. Then define the 1-form as before
Wi= gi/gpq(rf;q - f{?q)

15



And the h-flow is

d
58 = —2R;j+ViW;+ VW,
(2.3.7)

8(0) =go

Though 4 is not gg, one still needs to choose /& which is close to the initial data go to find

a sensible solution to the A-flow.

Definition 2.3.1. Let M be a complete manifold and g be a C° metric. Given a constant § €

[1,00). A metric h is said to be d-fair to g, if h is C* and satisfies

sup ,ep [[Rm(R)(p)l]), = ko < e

%h(p) <g(p) <dh(p) forallpeM

Theorem 2.3.5 (Simon). Let gg be a complete metric on M and h a complete metric which is

(1 +€(n))-fair to go. Then there exists T (n,ko) > 0 and g(t) € C*(M x (0,T]) which solves

h-flow and h is (1 +2¢)-fair to g(-,t) fort € (0,T). Further more, limsup "||g(-,1) — go(-)|| =0
—

Oreqy

and

S Cln(n)k07"' 7km) :0’ mEN

tm

‘ 2

sup Hhvmg
xeM

where Q' CC Q is any open set and Q is any open set on which g is continuous.

Sketch of the proof.
Let {%go}en be a sequence of smooth metrics which converges to g uniformly in C° norm.
Then h is (1 + 5)-fair to *go for all o« > N for some N € N.

Using Shi’s result above, we can solve the Dirichlet boundary problem for each metric

8o:

16



Theorem 2.3.6. Let gy be a smooth metric on a compact domain D C M and h a metric (1 +
€(n))-fair to go with h|yp = golap. Then there exists S = S(n,ko,€) > 0 and a family of metrics
g(t) (t €10,8]) which solve the h-flow, and h is (1 + 2¢&(n))-fair to g(t) for all t € [0,S] and
glan (1) = go(-,1), 8(0) = go.

Then we can flow each metric ®gy by h-flow and obtain a family of metrics %*g(-,), t €
[0, T] which satisfy

1" (g0 <L e 011

Note that the T = T'(n,ko) and C;’s are independent of a. By the Theorem of Arzela-Ascol,
we obtain a limit solution g(x,7) = OPEL “g(x,r) defined on (0,7).

It remains to show that g(-,#) approaches go(-) uniformly as 7 — 0 on Q" ast — 0.

First consider the special case when gy is smooth. Fix xo € ' and a coordinate chart

around xo, ¢ : U — M, xp € U CC Q. Define the (0,2)-tensor / by
LV, W) (x) = Vi(x)Wj(x)hgp (x0) g (x0) " (x)

Note that [/ (xo) = g§l (xo).

We can bound ’

g (x) — 11 (x) Hh by continuity of go and 4. Using a well-chosen cut-off
function and maximal principle we can bound ||g"/(x) — [¥/(x)||,. As a result we can get that for

any € > 0, there exist r > 0 and T > 0 such that ‘

g (x) — gf)j(x) Hh < e for all x € By(xo,r) and
t<T.
Then we consider the general case when gg is only complete. Apply the argument above to

each solution {*g(+,7)}: for any € > 0, there exist ro, >0 and T > 0 such that

“gii (x) - “gfi(x)|| <

¢ for all x € By,(xo, 7o) and t < T(n,h,U,rq,€).
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However, rq is chosen so that

%ot (x) — O‘l"f(x)Hh < & for all x € By (xo, 7).

For any x € B, (xo,7¢) and B > o we have

[Pl - Prie)| < [Pei - i) +

“gg () — )| + 00 - Pri)| <3

As a result, if o and  are chosen large enough, we can choose r independent of a.. Then by

arguing similarly to Shi, we have the convergence as t — 0.

2.4 Remark on Development of Singularity in Finite Time

Let g(x,7) be a solution to the Ricci flow on M x [0,7) where 0 < T' < 0. Suppose [0,7) is
the maximal time interval. If T < oo, then the short time existence theorem tells us the curvature
of the solution becomes unbounded as t — 7. We then say the solution develops a singularity

ast —T.
Theorem 2.4.1 (Hamilton). The Ricci flow equation
0:8ij = —2R;;
has a unique solution on a maximal time interval 0 <t < T < oo, [f T < oo then
mA:cleHRijle —oo ast—T.

Sketch of the proof. One can show that if 7 < o and HR,- ki H < C, then the metric g;; converges
as t — T to a limit metric, and all the derivatives converge also, showing the limit metric is

smooth. Then the short time existence implies that 7 is not maximal.
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Theorem 2.4.2 (SeSum). Let g(t) be the solution to the Ricci flow equation
0:8ij = —2Rij, t €[0,T)

on a compact manifold M with T < oo, and with uniformly bounded Ricci curvatures along the

flow. Then the curvature tensor stays uniformly bounded along the flow.

In other words, Hamilton showed that if the curvature operator is uniformly bounded
under the flow for all times 7 € [0,T), then the solution can be extended beyond time 7. And
Sesum [15] showed that if the Ricci curvature is uniformly bounded under the flow for all times
t € [0,T), then the solution can be extended beyond time 7. People then conjectured the same
result for the bounded scalar curvature case and it is still open.

Understanding the development of finite-time singularities is an important goal in Ricci
flow. In dimensions 2 and 3, finite-time singularities are reasonably well understood. In these
dimensions, the maximum of the scalar curvature diverges at a singular time (see [4]) and the
geometry of the singularity can be analyzed by a blow-up procedure. More specifically, after
normalizing the scalar curvature at a sequence of base points via parabolic rescaling, the flow
subsequentially converges to a smooth singularity model. In dimension 2, Hamilton and Chow
showed (see [3]] [6]]) that the only such singularity models are the round sphere and projective
space, which is equivalent to saying that the flow becomes asymptotically round at a finite-
time singularity. In dimension 3, Perelman proved (see [8]) that the singularity models are
K-solutions, which he then classified in a qualitative way. This classification was the basis of
the construction of Ricci flows with surgery, which led to the resolution of the Poincaré and

Geometrization Conjectures (see also [9]).
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Chapter 3

Long Time Behavior of Ricci Flow

3.1 Long Time Behavior of Ricci Flow from almost Einstein Met-

rics on Compact Manifolds

We introduce Ye’s result [[16] here. His purpose is to construct Einstein metrics through
the Ricci flow under an Einstein or Ricci pinching condition. Roughly speaking, for a given
stable metric g, if the L?>-norm of the traceless Ricci tensor T = Ric — % g is small relatively to
suitable geometric quantities, then one can deform g to an Einstein metric through the Ricci
flow. The concept “’stability” is defined as follows.

Let M be a compact Riemannian manifold of dimension n» > 3. For a given metric g on

M, define the Einstein form Q to be the quadratic form on symmetric 2-tensors & = h; jdxidxf :

Q(h) =/IVh!2—2/Rm(h)-h+/T(h)-h (3.1.1)
where Rm(h)l-j = Rl_quhpq and T(h)ij = ,'khl;.

20



Definition 3.1.1. The Einstein eigenvalues of g are the eigenvalues of the operator L acting on

traceless symmetric 2-tensors:

L(h) = —Ah—2Rm(h) + T (h)

Denote the minimum Einstein eigenvalue by \.. We say g is stable if A, > 0.

Remark 3.1.1. The operator L is the Euler-Lagrange operator of Q.

And A, = inf A over all traceless symmetric 2-tensors h.

[l
Theorem 3.1.2 (Ye). Let (M",g) be a closed Riemannian manifold of dimension n > 3 satisfying

d?|Rm||c0 < A, d*\, > © and the pinching condition either

1
FITP <einn0)

or

FITP < e201.A,0) R s

for some positive numbers A, &, where d = diameter. Then g can be deformed to an Einstein

metric through the Ricci flow. In particular, M supports Einstein metrics.

The approach here is to get C° estimates from L? estimates of curvature quantities by the
weak maximum principle of Moser. And hence the convergence of the Ricci flow is reduced to
establishing L? decay of the traceless Ricci tensor T which can be derived from stability. The
most important part is to prove that the stability is preserved along the flow. And Ye used the

following delicate argument to prove the stability and convergence at the same time.
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For a given metric g on M and A > 1, the Sobolev A-constant CéA) of g is defined to be the

smallest positive number for which the following Sobolev inequality holds:

(n-2)/n
</|f|2n/(n2)) SCgA)/‘Vf‘Z_FAVfﬂn/]ﬂ’ fECw(M)

Lemma 3.1.3 (Moser’s weak maximum principle). Let g(t), t € [0,T] be a smooth family of

metrics, b a nonnegative constant, and f a nonnegative function on M x [0, T]| satisfying

0

Engf—!—bfonMx [0,7T]
Then for any (x,t) € M x (0,T] and A > 1,

1\1/2 1 n/4
1] < c(b+ I+ ;) <C§A) <b+ I+ ;) +AV‘2/”> e foll 2

where I = max, |2 (dv) /dv, C{") = max, C")(g(1)), V = min, V (g(1)) and d = max, diam(g(1)).
Sketch of the proof. Step 1 (short time existence and a priori estimates)
Consider a Riemannian manifold (M, g) satisfying the assumptions and the second pinching

condition. Dilating the metric so that |[Rm||- = 1, d < v/A and A, > 6/A. It suffices to show

that the dilated metric gg can be deformed to an Einstein metric through the normalized Ricci

flow(2.2.1).

We have the following evolution equations by computation:

Lemma 3.1.4.

0 4
87|T\2 = A|T]?>—2|VT|*+4Rm(T) T + —8R|T|?,
n

;</|T|2> —2/|VT|2+4/Rm(T)-T+i/8R\T|2,

where 3R =R —R and R = V! [ Rdyg is the average scalar curvature.

(3.1.2)
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Recall the short time existence result of Hamilton[4]] and Shi[/13]:
Lemma 3.1.5. The normalized Ricci flow exists on the time interval [0,7(n)/A] where A =
|Rm|| 0. Moreover, the following estimates hold for t € (0,7(n)/Al:

C(n,k)
k2

IV Rm|[ 0 <

As aresult, we have the following comparison between metrics g and go when ¢ € [0,7(n)]:
1

cf0s8s Cigo, & —8ollconsy) < Cat- (3.1.3)

Step 2 (exponential decay)

Definition 3.1.2. Let g be a metric. For any positive number 3 we define the 3-value Ag of g to

be

o
o inf{ 0

Lemma 3.1.6. Assume that the initial metric go satisfies A, > 0 and |[Rm||o0 < 1. Set By =

1
h is a traceless symmetric 2 — tensor with ||h||% < B / |h|2}.

Juto |T|%. Then there are numbers 0 < a(n) < min(1,t(n)) and c(n) > 1 such that g, > Yo for

a(n)A2 - Ae
(T+22) 0= i h)

t € 10,70, where 19 =

From the lemmas and (3.1.3) above, we have ||[Rm||0 <2, Ag > Yo (B =4Po) and diamM,; <
Csdo when € [0,79]. We also have [, IT|?> <C4 Mo |T|?. Together with the evolution equation
we have [}, IT|? < Cse_yo/“fMO T2

Step 3 (convergence)

We say that a time T > 7 satisfies Condition B(by,by,Y) for by > 1, by > 0 and v € (0,Yo/4], if
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the followings are true:

(1) &g > Y0/2 on [0,7], where B = 4Bo =4 [}, IT|%

(2) |IRm||0 < 10 on [0,1];

(3) fM, IT|? < bpe™ fMO IT|? for t € [0,1];

(4) diam(M,) < byd, for t € [0,7], where dy = diamM,.

Then the T( from step 2 satisfies Condition B(2Cs,2+/C3,%0/4).

Checking carefully, we know that the estimates in Condition B(bg,b;,Y) can produce a
better Condtion B(by,, b},Y) along the flow.

Finally, by showing that Condition B is an open as well as closed condition, we obtain the
convergence together with L? decay of traceless Ricci tensor. Take ¢ — oo and the limit metric

is Einstein. O

3.2 Stability of Hyperbolic Space under Ricci Flow

3.2.1 Stability Result of Li and Yin

We introduce the result of H. Li and H. Yin [17] here. First they proved a noncompact
version of Ye’s result, that is, the metric can be deformed to an Einstein metric through the
Ricci flow. Then with an additional assumption on the dimension, they proved the stability of
the hyperbolic space under Ricci flow.

Let H" be the hyperbolic space with constant sectional curvature —1. Denote the hyper-

bolic metric by gg.
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Definition 3.2.1. A metric g on H" is said to be €-hyperbolic of order & for some € > 0 and
0>01if

(1-e)gu <g < (1+8)gu (3.2.1)
|2%0) (K (x,6)+1)| <& (3.2.2)

where K (x,G) is the sectional curvature of tangent plane 6 at x € H" and d(x,x) is the distance

from x to some fixed point xy with respect to the metric g.

Theorem 3.2.1. For any n > 3 and & > 0, there exists € > 0 such that the normalized Ricci
Sflow starting from any €-hyperbolic metric g of order & on H" exists for all time and

converges exponentially fast to some Einstein metric.

Theorem 3.2.2. For any n > 5 and & > 2, there exists € > 0 such that the normalized Ricci
Sflow starting from any €-hyperbolic metric g of order & on H" exists for all time and

converges exponentially fast to the hyperbolic metric gp.

Proof of Thm[3.2.1} The idea is similar to Ye’s. It’s about the two intertwining facts: first, as
long as the solution remains close to the hyperbolic space, the spectrum radius of g(#) resembles
those of the hyperbolic space; second, as long as the spectrum radius is bounded from below,
the curvature quantity |R;; + (n — 1)g;;| from the right hand side of the normalized Ricci flow
equation decays exponentially so that the solution remains close to the hyperbolic space.

Step 1 (Some basic analysis properties [18]] about e-hyperbolic metrics)

Lemma 3.2.3 (Lee). Let g be an €-hyperbolic metric on H". Fora, b€ R, a> b and a+b >
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n— 1, there exists a constant C(n,a,b) such that for all x, y € H",
/ ¢~ g=bd02) gy, < Cgbx).

Lemma 3.2.4 (Lee). Let g be an €-hyperbolic metric on H". There exists a constant C(n,€)

2
such that for any A < @ — C}, the following inequality is true for function f with compact

support
/Hn IV f2dV, > }“/Hn |f12dV.

Lemma 3.2.5 (Lee). Let g be an e-hyperbolic metric on H". There exists a constant C(n,€)

such that for any A < (";1)2 42—, the following inequality is true for traceless symmetric

2-tensor & with compact support

[ VeV, =1 [ [EPav,.

Step 2 (Pointwise estimate of |R;j + (n—1)g;j|)
For simplicity, set ;j = R;j+ (n—1)g;;.

Assume that the solution g(#) is e-hyperbolic when ¢ € [0, 7] where T > 1 for some posi-
tive constant 1.

We compute the evolution equations for 4;; and |h;;|*:

0

5 = Ahij=2Ripjqghpg = 2hiphp;
N 4 (3.2.3)
o hiil* = Alhy? = 20hij oy = 4Ripjghijhpg — 4hiphp i

Since g(t) is e-hyperbolic, we have
. 2 2
5y 1™ < Alhij |+ clhyj|
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Consider the parabolic ball By(x, /M) x [t —1,¢], we have uniform Sobolev inequality since

g(t) is e-hyperbolic. The standard Moser iteration gives

t
miP<cm [ [ Psdvds
! /2 B

However, the quantity ]h,-.,-|2 may not be integrable on the noncompact M. Thus we con-
sider an auxiliary function as follows.

We have the following lemma from computation and the fact that g(r) is €-hyperbolic.

Lemma 3.2.6. There exists a constant Cy(€) such that

di(y)

S(y,s) == TREC)i—)

satisfies

&+ 5IVEP <0
where dy(y) is a distance function with respect to g(0) and the norm and V are with repect to
8(s)-

Let dy(y) be the distance to By(x,/N/2) with respect to g(0). Define

I(s) = /HH eglhijlz(y,s) dyds.

By calculating carefully (where we have to consider the trace and traceless part of &5/2h; ; sepa-

rately), we have

% < —2M(s)+Ca(e)I(s).

By Gronwall’s inequality, we have

1(s) < e" =Sy (0)
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Since &(y,s) = 0 for y € By(x,/1n/2), we have
[hij  (x,1) < C(m)e” P 11(0)

As aresult, we have the pointwise estimate

2
P er) < c) [ IngPos0)exp (- 2106%28)

< Clmyexp(=Cs(e)r) [ IhyP(.0)exp (= (2VA—Cole))r)dy

— (oA C4(8))t)dy

By triangle inequality, do(y) > do(y,x) — 1/1/2. Thus we can replace do(y) with do(y,x). Inte-

grating over time from 1 to T and we have

/n hgl() < Cn,e) ( /H P 0)exp (- <M—c6<e>>r)dy) " (324

Step 3 (exponential decay)
Now consider the initial metric which is e-hyperbolic of order 8. Given this §, choose €; > 0

such that

(n—1)?
2\/ 2 —max{Ci(€),C2(e)} —Ce(€) +28 >n—1.

Let g(0) be any %sl-hyperbolic initial metric. By continuity and Shi’s short time exis-
tence result, there exists some T > 0 such that for any ¢ € [0,7], g() is 3&;-hyperbolic. Let T
be the maximum time such that g(¢) remains €;-hyperbolic. Again by the short time existence
result of Shi’s, there exist uniform bounds C(k,T) for k-th derivatives of curvature tensor of g(t)
whenr € [t/2,T].

Since g(0) is e-hyperbolic of order , we have

hij(3.0)| < Cee8000)
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Now apply (3.2.4) to the case 1 = t/2, we have

/ /Tz hifl(x,1) < C(£1)£< [, exp(=28do30)exp (- (z\/X—c6(e)z)dy> "

(n—1)>
i

By the choice of €; above, set A = —max{C(€),C2(€)} and the integral in the right hand

side above is finite. Hence
T
hii|(x,t) < Ce.
[l <

Since g(t/2) is %81 -hyperbolic, we can choose € small enough so that g(7) remains %81 -hyperbolic
when € [1/2,T].

Step 4 (long time existence and convergence)
Consider the parabolic ball By (x, \/t/2) x [t —T/2,], since g(¢) is €;-hyperbolic and the deriva-
tives of the curvature tensor are uniformly bounded for ¢ € [t/2,T], one can choose a lo-
cal coodinate system on By(x, \/‘CTZ), for example the harmonic coordinates with respect to
g(t —t/2), such that g;;(¢) with its derivatives are bounded in the parabolic ball. Then the

standard parabolic interior estimates yield that

ohij 0%h;;
x,t), x,t) <C max hpgl.
axk ( ) axkaxl ’ ( ) Bo(x,\/‘c/72)>< /2] g ‘ PLI‘

Consider the quantity |R;yjq — (8ii&pg — 8iq&jp)|-

0 0 0
5 Rivia = (81j8pg — 8ia8jp)l = € (’ gRiqu’ + ’ggij

)

< C max |hpg)-
Bo(x,4/7/2)x[t—1/2.1] p,q

Therefore

79
[ 55 R = (@18~ i (5.9 ds < Clee.
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3
Then [Ky ;) (x,0)+1| < 18 if we choose € small enough. Hence 7 = oo and the solution remains

€1-hyperbolic. Take the limit as ¢t — oo and the limit metric is Einstein. O
Proof of Thm|3.2.2] Here is a result of Shi and Tian [19] on the rigidity of hyperbolic space.

Theorem 3.2.7. Suppose that (X",g), n > 3 and n # 4 is an ALH manifold of order a,(o > 2),

K <0andRc(g) > —(n—1)g, then (X", g) is isometric to (H", gy ).

A complete noncompact Riemannian manifold is called by Shi and Tian an ALH manifold
of order o if |[K(x,6) + 1| = O(e~ %)) for some fixed point p.

Now suppose n > 5 and 8 > 2. By Thm. there exists some € > 0 such that the
normalized Ricci flow from an e-hyperbolic of order & converges to an Einstein metric go.. And
from the proof, we can see that the solution g(¢) remains €;-hyperbolic. Hence the curvature
conditions K, <0 and Rcge. > —(n— 1)g.. are satisfied. We consider |R;,j; — (8ij8pq — &ig&jp)|
again, by a similar argument to that in the step 4 above, we can get that |K,_(x,0)+ 1| =
O(e™%s- (x’p)) for some o > 2. Then the rigidity theorem of Shi and Tian implies that g.. = gn.

O

3.2.2 Stability Result of Schniirer, Schulze and Simon

We introduce the result of O. C. Schniirer, F. Schulze and M. Simon [20] here. They also
proved the stability of the hyperbolic space under the Ricci flow, with assumptions on the initial

metric different from those of Li and Yin.
Definition 3.2.2. A metric g on H" is said to be €-close to the standard hyperbolic metric h if
(1+e)'h<g<(1+e)h
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Theorem 3.2.8. For any n > 4 and K > 0, there exists € > 0 such that the following holds. Let

go be a C° metric on H" satisfying

[ leo—niav,

SUpgn ’go - h\

IN

K

IN

€

Then the normalized Ricci-DeTurck flow exists for all time and the solution g(t) satisfies

_1 4

sup|g(t) —h| < C(n,K)e” ',
Hn

Moreover; g(t) converges to h exponentially in C* as t — oo for all k € N.
Sketch of the proof. Step 1 (short time existence)
Using the same techniques as in [13]] and [[14]] we have the short time existence.
Step 2 (exponential decay)
To prove the long time existence and convergence, the key ingredient is to show that the L2-
norm of g(¢) — h is decaying exponentially in time.
Similar to the proof of Li and Yin[17]], use the analysis property that the first eigenvalue is close

(n—1)*
)

to and calculate the evolution equation of the L>-norm of g() — & on a compact domain,

we can get

Theorem 3.2.9. Let n > 4. There exists 8y = do(n) such that the following holds. Let g(t) be a

smooth solution to the Dirichlet boundary problem

0
ggij = —2R,'j—2(7’l—l)gl’j‘i‘V,'Wj‘i‘Vj‘/Vi, )CEBR(O)
(3.2.5)

g(x,t) = h(x), x€09Bg(0),1€]0,7T)

satisfying suppg,0)x[o,r) |8 —h| < 8. Then

[ s —nPavise® [ |g(0)nPav,
Bg(0) Bg(0)

R(
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fora=oa(n)=[2(n—1)*—17]/4 > 1.
Let R — o and we have

Corollary 3.2.10. Let n > 4 and T > 0. Assume go is a smooth metric on H" satisfying
180 — Al 2 < oo There exists €&y = €o(n,T) such that the following holds. If supya|go —
h| < o, then there exists a solution g(t) to the Dirichlet boundary problem satisfying

Supgny[o,7) | — h| < 8o, where & is as in Thm Furthermore,
g(®) = Al 2gamy < € llg0 = el 2y

forallt €[0,T), where .= 0i(n) > 1 as in Thm

Using the interior gradient estimate, we can see that the exponential convergence of the

L? norm of |g — h| also implies exponential convergence of its pointwise sup-norm.

Theorem 3.2.11. Let n > 4. Assume g(t) (t € [0,T)) is a solution to the Dirichlet boundary

problem with ||go — hl| j2(mny = K < o0, supgp (0.7 |8 —h| < 8o and
18(t) = hll 2y < € g0 — Pl 12 gy
where & and o(n) are as in Thm[3.2.9) Then
sup|g(t) —h| < e P sup|go — |
Hr Hr

where p = %5 > 0.

Step 3 (long time existence and convergence)

The short time existence in Step 1 and a priori estimates in Step 2 together imply the long time
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existence. Furthermore, by interpolation, the exponential decay extends to higher derivatives of

the solution metric as follows.
Theorem 3.2.12. Letn > 4. Let go and g(t) be as in Thm|3.2.11} Then

s]gp\ "Vig(r)| < C(n,K, j)e P!

where 0 < B; < B(n), B(n) as in Thm|3.2.11

Since the decay as r — oo above does not depend on the smoothness of gy, we can approx-

imate gy using smooth metrics and pass to the limit to obtain the result in Thm[3.2.8]

3.2.3 Stability Result of Bamler

We state the result of R. Bamler [28] here. He proved that every finite volume hyperbolic
manifold of dimension greater or equal to 3 is stable under renomalized Ricci flow, i.e. that
every small perturbation of the finite volume hyperbolic metric flows back to the hyperbolic

metric.

Theorem 3.2.13. For any complete hyperbolic manifold (M", g) of finite volume and dimension
n > 3, there is an € > 0 such that the following holds: If gg is another smooth metric on M with
(1—¢)g < go < (1+8)g, then there is a solution (g;);c(oe) to the renormalized Ricci flow
equation

0

-8 =2(Reg+(n—1)g)

ot
starting from go which exists for all time, and as t — o we have convergence g(t) — g in the

pointed smooth Cheeger-Gromov sense, i.e. there is a family of diffeomorphisms ¥, of M such
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that ¥} g(t) — g in the smooth sense on every compact subset of M. Moreover, € can be chosen
so that it only depends on an upper volume bound on M for n > 4 resp. an upper diameter

bound on the compact part M.p; of M for n = 3.

3.2.4 Comparison

All the results above are on the stability of some special metrics under the normalized
Ricci flow, where Ye considered the compact case, while Li-Yin, Schniirer-Schulze-Simon and
Bamler considered noncompact cases.

Due to the similarity of the problems, the general ideas of all the proofs are similar - to
obtain exponential decay from the evolution equations of certain geometric quantities in order
to get the long time existence and convergence.

However there are significant differences too. The quantities Ye and Li-Yin considered
are from the curvature, while the ones considered by Schniirer-Schulze-Simon and Bamler are
from the metric.

As a result, the assumptions of the theorems are also different. Besides the closeness of
the initial metric to the special one (Einstein metric in the compact case, and hyperbolic metric
in the noncompact cases), Ye and Li-Yin required decay conditions on the curvature, while

Schniirer-Schulze-Simon and Bamler required L>-boundedness of |go — A|.
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3.3 Ricci Flow Approach to the Existence of AHE Metrics

We introduce the result of J. Qing, Y. Shi and J. Wu [21] here. They investigated the
behavior of the normalized Ricci flow on aymptotically hyperbolic manifolds and proved that
the flow exists globally and converges to an Einstein metric when starting from a non-degenerate
and Ricci pinched metric.

Furthermore, they established the regularity of the conformal compactness along the normalized
Ricci flow including that of the limit metric at time infinity. Therefore they recovered the
existence results in [22] [18] [23] of conformally compact Einstein metrics with conformal
infinities which are perturbations of that of given non-degenerate conformally compact Einstein

metrics.

3.3.1 NRF on Non-degenerate and Ricci-pinched Metrics

Definition 3.3.1. A metric g on a manifold M" is €-FEinstein of order Y if
|| (x) < ee¥l0)

where hy = Rcy + (n — 1)g is the Ricci pinching curvature, and d(x,x) is the distance from x to

some fixed point xy with respect to the metric g.

Definition 3.3.2. The non-degeneracy of a metric g on M" is defined to be the first L* eigenvalue

of the linearization of the curvature tensor h as follows

A= inf Ju((AL+2(n— i))uijauiﬁ
Jaa ]
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where the infimum is taken among symmetric 2-tensors u such that [,,(|Vu|? + |u|?) < o

and Ay, is the Lichnerowicz Laplacian on symmetric 2-tensors.

Theorem 3.3.1. For any n > 3 and positive constants ko,ky,vo, Ay and o. let Yy > %Oc — Vo
Then there exists € = €(n, ko, k1,vo, Ao, %, Co,Y) > 0 such that the normalized Ricci flow starting
from a metric go exists for all time and converges exponentially to an Einstein metric, provided

that

(1) [[Ring, [| < ko,

VRmy, || <k,

(2) the volume bound vol(Bg,(x,1)) > vo for all x € M",

(3) go is with non-degeneracy o,

(4) [ymexp(—ad(x,xq))dvge, < Co where Cy is independent of xo,

(5) go is e-Einstein of order .

Sketch of the proof.
Step 1 (short time existence)

The short time existence and some curvature estimates can be proved as in [[13]:

Lemma 3.3.2. Let go be a Riemannian metric on M" satisfying [|[Rml| oy < ko and [[VRm(|co(py) <
ki. Let g(t) (t € [0,T]) be the solution to the normalized Ricci flow obtained in Thm 1.1

in [[I3)]. Then the following estimates hold for any t € (0,T]:

[VRm[|coyy (1) < G

HVZRmHCO(M) (r)

IN
|

where C; = Ci(n,ko,k1,T) (i = 1,2) are constants.
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Step 2 (exponential decay of ||A||)

The strategy here is still to obtain L? decay estimates by the heat kernel estimates of Grigor’yan
[24] considered in Li-Yin [17]. And then the C° decay estimates follow from Moser iteration.
Step 3 (long time existence and convergence)

The approach here is similar to Ye’s [16]]. First show that NRF starting from a non-degenerate
metric with a sufficiently pinched Ricci curvature remains so. Then obtain the long time exis-
tence and convergence from the exponential decay from Step 2. The key here is to investigate
how the curvature bound, the volume vol(B(x, 1)) lower bound and the non-degeneracy evolve

along NRF.

3.3.2 NRF on AHE Manifolds

Using the theorem above, consider the normalized Ricci flow on asymptotically hyper-

bolic manifolds.

Definition 3.3.3. Let M" be a smooth manifold with boundary OM™'. A defining function of
the boundary is a smooth function x : M — R such that

)x>0inM; 2)x=00ondM; 3)dx+#0onoM.

A metric g on M is said to be conformally compact of regularity CH% if x*g is a C** metric on
M. The metric § = x’g induces a metric § on the boundary OM. And the metric g induces a
conformal class of metrics [g] on the boundary OM when defining functions vary.

The conformal manifold (0M,[g]) is called the conformal infinity of the conformally compact

manifold (M, g).
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Definition 3.3.4. (M,g) is said to be asymptotically hyperbolic (AH) if it is conformally com-

pact and the sectional curvature of g tends to —1 when approaching the boundary at infinity.

Remark 3.3.3. Ler (M,g) be an AH manifold. For any representative § € (8|, there exists a
unique so-called geodesic defining fucntion r such that there is a coordinate neighborhood of

the infinity (0,r9) X OM C M where the metric g is in the following normal form
g= Pt +g)
where g, is a one-parameter family of metrics on oM and (g,)|,—0 = &.

Our goal is to consider Theorem [3.3.1]in the context of asymptotically hyperbolic mani-
folds. For that purpose we need a basic property of asymptotically hyperbolic manifolds using

the boundary Mobius charts introduced in [18]].

Lemma 3.3.4. Let (M",g) be an AH manifold. Then

/ exp(—at d(x,x0))dV, < C
M
for any constant 0. > n — 1, where C is independent of xy.

In [25], Ecker and Huisken adapted a method from [26] and extended the maximum prin-
ciple on noncompact manifolds in [26] to allowing the metrics to be time dependent. For our

purpose we will need a variant of Theorem 4.3 in [25].

Lemma 3.3.5. Let g(t) be a smooth family of complete Riemannian metrics on the manifold M"
with boundary OM fort € [0,T). Let u be a function on M x [0, T] which is smooth on M x (0,T]

and continuous on M x [0,T|. Assume that g(t) and u satisfy
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d
(i) s u—Agyu<a-Vu+buwith sup la|,|b| <oy for some oy < oo,
ot Mx[0,T)

(ii) sup u(x,0) <O0and sup wu(x,r) <0,
M x[0.T]

M
T
(iii) / / exp[—00ad' (v, p)|2ul (y)dv,(y)dt < o for some positive 0y where u, = maxu,0,
0 Jm

(iv) sup ’ag(x,t)) < o for some O3 < oo,
Mx[0,7]! Ot

Then u <0onM x [0,T].
Applying the maximal principle above and we have

Theorem 3.3.6. For any n > 5 and positive constants ko, k1, vo and A, let

re (7 o {vin [ ) o)

Suppose that (M",go) is an asymptotically hyperbolic manifold of C? regularity, where gg

satisfies the conditions B(ko,vo,Ao) and ||VRm|| < ki. Then there exists a positive number
& = d(n, ko, k1,v0,Ao) > 0 such that NRF on M" starting from g exists for all time if the initial
metric g is 8-Einstein of order Y and |Vh| < Cr'. Moreover NRF converges exponentially to a
non-degenerate Einstein metric g.. in C* as t — oo, where g is C>-conformally compact with

the same conformal infinity as the initial metric go if y > 2.

3.3.3 Perturbation Existence of AHE Metrics

We apply Theorem above to recapture some results in [22] [[18]] [23]. Our approach is
to construct a good initial metric nearby a given non-degenerate conformally compact Einstein
metric The construction is based on the metric expansions of Fefferman and Graham [27]]. We

glue together the given metric away from the boundary and the metric on collar neighborhood
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of the boundary from the expansion of Fefferman and Graham. The issues are to make sure the

glued metrics satisfy the assumptions on the initial metric in Theorem [3.3.6]

Theorem 3.3.7 (Fefferman - Graham). Let (M",g) be a conformally compact Einstein manifold
with the conformal infinity (0M, [8]. Let r be the geodesic defining function associated with the

conformal representative § € [§] on OM. Then the metric expansion is given as follows

gr = g+g(2)r2+...+g(”_3)rn_3+hrn_]10gr+g(n_l)rn_]+...

for0 <k <n—3whenn—1Iiseven,

g = 848924 g2y oty
= g+g9r 4. 4 g0k Wg]
for0 <k <n—2whenn—1is odd, where
g% for 2i < n—1 are local invariants of (OM"~!, %),
hand tr gV (when n— 1 is even) are local invariants of (oM™, g),
h and g("_l) (when n— 1 is odd) are trace-free,

g(”*l) (when n— 1 is odd) and the trace-free part ofg(”*l) (when n— 1 is even) are nonlocal.

To construct a suitable initial metric whose conformal infinity is a perturbation of that of

a given conformally compact Einstein metric g, set

PN 2 k
gV =g+ gl g

where gy is a perturbation of ¢ and g\(,Zi) (2i < k) are the corresponding curvature terms of g,

as given in the metric expansion above. Let ¢ be a cut-off function of the variable r such that
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¢ =0 when r > v, and ¢ = 1 when r < v, where v| < v, are chosen later. Now consider the

following initial metric
ghy =12 (dr 4 (1-0)gr+0gY).
From calculation we get that the metric above satisfy the conditions in Theorem [3.3.6]

Thus we recover some of the results in [[18] [23]]:

Theorem 3.3.8. Let (M",g) be a conformally compact Einstein manifold of regularity C* with
a smooth conformal infinity (0M, [g]). Assume that g is of the non-degeneracy Ay. Suppose that
max{2, % — Vo) < k+2 for some even k < n— 1. Then

given any smooth metric [gy] which is a sufficiently small C**2-perturbation of [8), there exists

a C*-conformally compact Einstein metric on M whose conformal infinity is [gy).
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Chapter 4

Stability of AHE Manifolds with

Rough Initial Data

4.1 Introduction/Main Result

As in Chapter 3, Li-Yin, Schniirer-Schulze-Simon and Bamler proved the stability of the
hyperbolic metric with different assumptions. Li-Yin required some decay condition on the cur-
vature, while Schniirer-Schulze-Simon and Bamler required L?-boundedness of the difference
between the initial metric and the hyperbolic metric.

Here we extend the stability result to asymptotically hyperbolic Einstein manifolds. Our
method is based on the method of Schniirer-Schulze-Simon. However, we need to be more
careful because we are not able to take advantage of the properties of the standard hyperbolic

metric any more. Our main result is
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Theorem 4.1.1. For any n > 3 and positive constants ko, ky,vy and Ay > 2. Let hy be a complete
AHE metric on M" satisfying

(1) [[Rmy, || < ko,

VRmy, || < k.

(2) the volume bound vol(Bp,(x,1)) > vg for all x € M",

(3) ho is with non-degeneracy Ay.

Then for any K > 0, there exists € = €(n, ko, ky,vo, o, K) > 0 such that the normalized Ricci
flow starting from any complete metric gg exists for all time and converges exponentially to hy,

provided that
(1) (1 —g)hg < go < (1+€)hy,

(1) /IVI” ’gO *h0|2dvg <K,

4.2 Preliminaries

We prove the following property of asymptotically hyperbolic manifolds using the bound-

ary Mobius charts.

Lemma 4.2.1. Let (M",g) be an AH manifold. Then

/ exp(—a d(x,x9))dV, <C
M
for any constant o > n — 1, where C is independent of xy.

Let (M,g) be a conformally compact manifold of regularity C*B and r be its geodesic

defining function. For any € > 0, let A¢ denote the open subset where 0 < r < €. Choose a
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covering of a neighborhood of dM in M by finitely many smooth coordinate charts (Q,©),
where each coordinate map ® = (r,0) = (r,0',---,0") and extends to a neighborhood of Q in
M.

Fix finitely many such charts covering a neighborhood W of 0M in M and call these charts
background coordinates. By compactness, there exists a positive number ¢ such that A, C W
and each point p € A, is contained in a background coordinate chart containing a set of the form

{(rn0):186—06(p)| <c,0<r<c}.

Definition 4.2.1. For any point py € A.sg, choose such a background chart containing po,
and define a Mobius chart centered at pg to be a map ®p, : By — M with (r,0) = &, (x,y) =
(B0 + rox, roy) where By is the ball with radius 2 centered at (0,1) € H (upper half space model)

and (ro,09) are the background coordinates of py. Note ®,, maps (0, 1) to po.

For any point p € dM, choose some neighborhood Q on which background coordinates
(r,0) are defined on a set with the following form {(,0) : |6 —0(p)| < ¢,0 <r < c}.
Let ®',---,@" be 1-forms chosen so that (dr,®',---, ") is an orthonormal coframe for g at
each point of IM NQ. Let the coefficients of ®* at p be ©F = Agdeﬁ +B%dry.
Then define functions on Q by 6% = AE‘GB + B%r.
Then (r,8',---,0") form new coordinates on Q where g has the form §; jat p.

For 0 < p < c, define open sets ¥; = {(x,y) e H: [x| <1, O0<y<1}

and Z,(p) = {(,0) € Q: 18| <p, 0<r<p}

Definition 4.2.2. For any boundary point p, define a boundary Mobius chart centered at p of

radius p to be the map Wj 5 : Y1 — Zo(p) with (r,0) =¥ ,(x,y) = (px, py).
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Proof. First, for the special case of hyperbolic space form, the lemma is true because the isom-
etry group of the hyperbolic space form is transitive.

Now we consider the general case. For any given xo € M, /M exp(—o d(x,x0))dVy < oo
for any number ¢ > n — 1. In order to get a uniform bound C, we only need to consider the case
where xg is near the boundary at the infinity. In other words, we may assume xg is in boundary
Mobius charts Uy = {(r,0) : 0 <r<ry, 8| <ri} CUy={(r0):0<r<2r, 08| <2r}.

From Lem 6.1 in [18] we have / exp(—a d(x,x0))dV, < C for some constant C inde-

&)

pendent of xo. Hence it suffices to show / exp(—a d(x,x0))dVy < C for some constant C
M\U»

independent of xg.

Consider another set Us = {(1,0) : 0 < r < r;}. We have / exp(—o d(x,x0))dVy <
M\Us

vol(M \ Uz). For any x € U3 \ Ua, d(x,x0) > ™ because X is inside U; while x is outside of
r

n

U,. Hence / exp(—a d(x,xp))dV, < C/ / rexp(— ocr—l)dcdr < C. Add all three
Us\U» 0 Jom r

integral inequalities above and we obtain the uniform bound C. O

4.3 Proof of the Main Result

4.3.1 Step 1: Short Time Existence

Recall that for the Ricci-DeTurck flow, the initial metric is chosen to be the background
metric. But here we need to consider a modified version as follows. Choose g = hg instead as

the background metric. Then we can similarly define the 1-forms

W= gl.ngQ(l";;q - f{?q)
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and the corresponding hp-flow is

)
58 = —2R;j+ViW;+ VW,
(4.3.1)

8(0) = o
Since the initial metric go is €-close to hy, we get the short time existence by applying

Simon’s result (Thm [2.3.5) directly.

4.3.2 Step 2: Exponential Decay

In order to prove the long time existence as well as the convergence, we first derive the
exponential decay of the L?-norm of g(t) — hy.

In the following computations we always assume that in appropriate coordinates, at a fixed
point and a fixed time, we have h;; = §;; and (g;;) = diag(Mi, -+, ).

From the hy-flow equation (4.3.1), we get

J - .
580 = 8°VaVigii— 8" gipR kg (ho) — 88 jpRikgi (ho) — 2(n — 1)gi;

1 . . . . .
+§gahgpq(vigpangqb + 2Vagjpvqgib - 2Vagjpvbgiq - 2ngpavbgiq - 2Vigpavbgjq)
4.3.2)

Consider u(r) - the difference between the solution to the normalized Ricci flow g(¢) and

the given AHE metric hy. We denote iy by h, V by V, and Ce by € here for simplicity, so
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The equation (4.3.2)) yields that

J
g\u\

IN

9. 3
3 lg —h|" = 2;(81'1' — hij) (g&'i)

gIViVjlg—h|* — (2—€)|[Vg]* + Y (gi — hi) (Vg * Vg)ii

+2Y (gi—h
7

gIViVilul* = (2 —¢)[Vul?

+4Z(gii — hii) [(gii — hii) — i

k

Y (e% (g — )]

k

By Cauchy-Schwarz inequality, the last term above satisfies

As aresult, we arrive at the following lemma.

<

4Y (gii— hi) [(8ii — hir) — 8it Y, (8% (g — Pux) ) |

42(%,- —1)? 74in(xif DY (

k

k

@+re)uP—4(Yn—-1)°

(4+8)uf?

i

1
1— —
Ak

i) [2(gi — hir) — 28 Y, (8 (g — )|

)

(4.3.3)

Lemma 4.3.1. Let g be a solution to on the time interval [0,T). If € > 0 is sufficiently

small, then

P} y
glu\z < gIViVilul? = (2 )| Vul* + (4 +€)|ul?
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Next we compute the evolution equation of the L>-norm of u.

9 2
= dv
ot /BR(O) v

IN

/ GIVV lul® — (2 —&)[Vul? + (4 + &) ul’dV,
Bg(0)
= [ gVl [ VgV luPay,

3B (0) Bg(0)

+ —(2—€)|Vul]* + (4 +¢)|ul*dV;,

Br(0)

< [ -Vl @+ e)luPav,

Bg(0)
< [ —@-eholul + (+e)luPav,

Bg(0)

< / (4—2%0)|ul*aV;,
Bg(0)

where Vv is the outer unit normal vector, also we used Kato’s inequality and the fact that Ay is

asymptotically hyperbolic Einstein with non-degeneracy Ay > 2 here. Hence we arrive at the

following lemma by Grénwall’s inequality.

Lemma 4.3.2. Let n > 3. There exists &y = Oo(n) such that the following holds. Let g(t) be a

smooth solution to the Dirichlet boundary problem

0

&gij = —2R,-j—2(n—l)gij—l—V,-Wj—i—VjW,-, )CEBR(O)
4.34)

g(x,t) = h(x), x€09Bg(0),r€]0,7T)

satisfying supg,0)x[o,r) |8 —h| < 8. Then

[ 1s)—hoPavi<e® [ Jg(0)~ hofavi,
Bg(0) Bg(0)

R
fora = —MEZ.

Let R — o and we have

Corollary 4.3.3. Letn>3 and T > 0. Assume g is a smooth metric on M" satisfying ||go — ho|| ;2 <

oo, There exists €y = €y(n, T) such that the following holds. If supym |go — ho| < €, then there ex-
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ists a solution g(t) to the Dirichlet boundary problem satisfying supym o |8 — hol < 8o,

where 8 is as in Lem[d.3.2] Furthermore,

lg(t) =holl > < e~ llgo = holl 2

A—2
forallt € [0,T), where o = 5=

4.3.3 Step 3: Long Time Existence and Convergence

First we obtain exponential decay of pointwise sup-norm of g(z) — ho from the results we

got in step 2.

In Cor[4.3.3] without loss of generality we can assume that 8y < 1. Then we can choose a

positive time T = —g Indp > 0. This means for ¢ € [0,7) and B = , we have

n+1

sup |g(r) —ho| <e P
M"x[0,7)

By the interior estimates of the form |Vg(t)| < Cr~'/2, there exists a constant C' = C'(n) such
that [Vg(-,1)|s, < C' fort € [z,T).

Fix such a time # € [t,T) and let Y == sup,. |g(fo) — ho|. By the definition of supremum,
we can choose a point pg € M" such that |g(po,t0) — ho| > %y.

By the gradient estimate, we have |g(-,79) — ho| > %'Y on the geodesic ball By 4cr)(po),

which implies

v

llg(t0) — ollz2(ar 18(0) = hollz2(B., s, (o))

> o(36) (1)

oy (C) (%)Hz
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2\ —(n+2)
This yields y < 4(C')"/("+2) <£)

n

e~ %/("+2) " Hence we arrive at the following

lemma.

Lemma 4.34. Let n > 3. Assume g(t) (t € [0,T)) is a solution to the Dirichlet boundary

problem with ||go — hol[ ;2 = K < o0, supym (o, |80 — ho| < 8 and
lg(t) = holl 2 < e”* llgo = ol 2

where 8y and o are as in Lem[.3.2] Then

sup[g(r) —ho| < e sup|go — o
M M
where B = %5 > 0.

The exponential decay above allows us to construct a solution which exists for all time.
For any go with bounded [|go — /ol|2(y) and sufficiently small sup|go — fol, by the short time
existence, there exists T > 0 such that the normalized Ricci flow exists on [0, 7)), that is, there
exists a solution g(r) t € [0,T).

Assume there is a maximal finite time interval [0, 7,,,) when the solution exists. The
exponential decay implies that as time ¢ — T4, the metric g(¢) still satisfies the two conditions
and the short time existence tells us that g(¢) can flow past 7,,,, contradition! Hence we arrive

at the following lemma.

Lemma 4.3.5. Let n > 3 and hy as before. For all K > 0, there exists €| = €1(n,K) > 0 such
that the following holds. If go satisfies ||go —hol| ;2 < K and supymjo 1180 — ho| < €1, then

there exists a solution g(t) t € [0,00) such that
sup|g(r) —ho| < C(n,K)e
M”l
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where p = B(n) as in Lem[4.3.4}

Next, the exponential decay extends to higher derivatives of the evolving metric by inter-

polation.

Lemma 4.3.6. Let n > 3. Let gy and g(t) be as in Lem{.3.4] Then
sup| "V/g(t)| < C(n,K,j)e P
Mn

where 0 < B; < B(n), B(n) as in Lem{.3.4

Finally, as the decay as t — oo above does not depend on the smoothness of gy, we can
approximate go using smooth metrics and pass to the limit to obtain the long time existence and

convergence in our main theorem.
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