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With impedance measurements over a sufficiently broad
frequency range, it may be feasable to use the half-space
oscillations and the layer resonances to determine the shear

velocity and thickness of the layer of material beneath the

baseplate.



I, INTRODUCTION

During the last two decades the vibrating seismic source
or Vibrosels (a registered Trademark of the Continental 0il
Co. Inc.) has become an increasingly important tool in land
seismic exploration.A significant amount of progress has been
made over that period of time in data collection, processing
and analysis for vibrator surveys. There has been relatively
little progress, however, toward understanding the interaction
of vibrators and the earth.

In this paper the study of the radiation impedance function
is used to develop an understanding of the interraction of a
vibrator and the medium to which it is bonded in terms of
physical phenomena occurring in the vicinity of the baseplate.
From this analysis methods are suggested for using source
related measurements to determine some physical parameters of
the medium on which the vibrator rests.

The radiation impedance may be thought of as the load
the vibrator experiences as it radiates energy into the medium.
An analogy may be drawn between the radiation impedance and the
impedance of an electric circuit. The circuit impedance, the
load on the current source, is a function of the components in
the circuit. The seismic radiation impedance, the load on the
vibrator, depends on the components in its "eircuit", which

includes the baseplate and the medium on which it rests.



The impedance of a torsional source is considered
in detail in this paper because such a vibrator on the
surface of a plane-layered half-space produces only hori-
zontally polarized shear (SH) waves. As a result, the
theory is somewhat simplified, and the impedance curves
are simpler in form and more easily interpreted than those
due to a vertical or horizontal vibrator. The observations
made concerning the relationship between the vibrator
impedance function and the properties of the medium can
be extended to the vertical and horizontal impedance
functions.

Most of the research on the impedance of a dynamically
vibrating torsional source has been directed toward solving
the mixed boundary value problem for a rigid source (displace-
ment boundary condition at the source). Relatively little
published literature is available on the solution of the
simpler boundary wvalue problem that involves a stress
condition at the source.

The earliest solution for the radiation impedance of an
oscillating rigid source was obtained by Sagoci (1944) using
oblate spheroidal coordinates. He derived an exact solution
in terms of infinite series of spheroidal functions. Although
this solution is exact for a rigid baseplate on the surface

of a half-space, it is numerically somewhat intractable.



Most of the research on torsional impedance functions
between 1944 and 1970 was devoted to finding approximate
solutions for thishalf-space problem appropriate for various
ranges of frequency.

Collins (1962), Awojobi and Grootenhuis (1965) and
Robertson (1967) each derived the same power series expansion
for the problem of a rigid baseplate vibrating on the
surface of an elastic half-space valid for low frequencies,
using different methods. Robertson (1967) also suggested
a method of obtaining the shear modulus of the elastic
half-space using the impedance function. Stallybrass (1962,
1967) used variational techniques and asymptotic approxima-
tions to derive an expansion for the rigid source over a
half-space valid at low frequencies, and a éecond expansion
for high frequencies. Another high frequency solution has
been presented by Thomas (1968).

Miller and Pursey (1954) have calculated the torsional
radiation imﬁedance at low frequencies for an elastic
half-space with a stress distribution under the source
which is proportional to radius (r). The impedance at
low frequencies for a stress proportional to r(lwrz)%
has been calculated by Arnold et al. (1955) for a half-
space, and by Bycroft (1956) for a half-space and an elastic
stratum.

Several of the papers that contain solutiouns for the

torsional source also present solutions for vertical and



horizontal vibrators (Miller and Pursey, 1954; Arnold

et al., 1955; Bycroft, 1956; Awojobi and Grootenhuis,

1965). Although there appear to be no published radiation
impedance calculations for a torsional vibrator over a
layered medium, there have been several studies of the
response of vertical and horizontal vibrators over layered
media. Prominent among these are those by Luco (1974, 1976),
Kashio (1970) and Wei (1971).

Since most research on radiation impedance functions
has been directed toward determining the response of vibrating
foundations, there has been little effort to interpret the
responée in terms of physical processes occuring in the medium
(exceptions are the studies of Kashio, 1970, and Wei, 1971).
Similarly there has been no extensive study of the effects
of varying material properties or source parameters on the
impedance.

The first step in calculating the radiation impedance
is the solution of the elastodynamic wave equation. This
equation is solved for the displacement at the surface of
a plane-layered anelastic medium for an arbitrary torsional
source. The torsional radiation impedance is then formulated
in terms of this surface displacement and the stress beneath
the baseplate.

The majority of this paper is devoted to a parametric
study of the torsional radiation impedance for half-space and

layered models. The effects of changing material properties,



layer thickness and source type are analyzed in an effort to
determine the physical phenomena giving rise to the effects and
to obtain methods of deriving material properties from impedance

measurements.
THEORY

Consider the layered model and the circular cylindrical
coordinate system shown in Figure 1. For a torsional vibrator,
the radiation impedance is the total torque per unit area,

divided by the mean angular velocity beneath the baseplate:

r/ma?
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(1)

where (u/r) is the mean angular displacement under the

baseplate. Assuming displacements are harmonic with time,

u(r,z,t)xu(r,z)81ME, then iw(u/r) is the mean angular velocity.
The total torque is T', and a is the baseplate radius.

In order to calculate Z the elastodynamic wave equation

T?
must be solved for the displacement produced by a torsional

source at the surface of a plane-layered anelastic medium.

In a source free region, this equation is:

2*}*
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For a torsional source in a plane layered medium, urﬁuzﬁo,
.,%, o ® e @
u = u¢®, and this equation reduces to a scalar differential

equation in u¢:
o%u d 3 (ru,)
WQ+M{;M_@m PRy =0 (3)
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where ks is the shear wave number. It is convenient to write
equation (3) in a completely dimensionless form. Using the
subscript o to indicate a dimensionless parameter, and scaling

all distances to the baseplate radius, a, equation (3) becomes:

3%u ) 0(r u )
° 4 {l-m-g——g—«]%—késuozo (4)
Bzo aro Ty 8ro

where koszksa is the dimensionless shear wave number, and where
the subscript ¢ has been dropped for convenience.

Applying a Jq Hankel transform as defined in Table 1 to
equation (4) reduces the problem to the solution of an ordinary
differential equation: |
> + (k2 - E2)u_ =0 | (5)
2 os ~0’ 0
o

9z

where Eé is the transform of U, and gO is the transform wvariable.
In the mth layer of the N-layered medium shown in Figure 1

equation (5) has a solution of the form:

-8 =z +8 =z
- _ om~ om om~ om
Uom = Aome + Bome (6)
where:
L
= 2 2 2
Bom (go kosm>

At each interface in the layered medium, the displacement

and stress are continuous:
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Applying the Hankel transform to these boundary conditions

and substituting for the transformed displacement using

equation (6), an expression may be derived for the ratio of

the coefficients of the upgoing and downgoing waves in the

mth layer:

- Bom _ %om * Kom Yom+l ~28
Yom = -
A K o Y
om om om 'om+l
where:
Y%om © 1 - €om+1)
Kom = (1 + 80m+1)
_ Hepk1 Bgm+1
€om+1 8
Hm Pom

h
om ~om

(7)

In an N-layered medium, where the Nth layer is the lower

half-space, Yon~© 0 because there is no upgoing wave in the lower

half-space. Starting with YoN the Yoj’ j = N-1, N-2, ... ,

1

may be calculated recursively using equation (7).

In order to calculate Aol and Bol from ol the stress

beneath the vibrator baseplate must be known. Two approaches

may be taken to solve this problem. If the surface boundary



condition is specified in terms of the stress beneath the
baseplate, the resulting boundary value problem may be solved
by a straightforward application of transform techniques.

If the source is defined by a displacement boundary condition
at the surface, the resulting mixed boundary value problem
must be solved for the stress beneath the source before the
displacement can be calculated,

Once the stress under the baseplate is known, the solution
for the displacement proceeds in the following manner. Suppose
the stress distribution beneath the baseplate is some function
f(r), known either analytically or numerically. Then the surface

boundary condition in dimensionless form is:

Pofo(ro) < 1 )
T (r ,0) = (8
0oz "0 0 r s 1
o
where T0¢Z§ T¢2/u1, flr) = ulPofo(ro), o= r/a, and where

P@ is arbitrary and unitless. For convenience let Pog 1 in
the following development.

Shear stress and displacement are related by:

Suol(ro,O)

To¢z(ro’O) = 32
0

Applying the Hankel transform to this equation and to equation
(8), the relation between transformed stress and displacement
at the surface is:

auol(ro,O)

(5 = 9)

4
e}



where ?5(5@) is the Hankel transform of fo(ro), Substituting
561 from equation (6) into equation (9) and using equation (7),

the coefficients in the first layer are:

F(E
Agq = 0 %o (10)
601<Y01” 1)
B _ Yol§5<gc)
oL s (rgm D) (11)

The dimensionless displacement at the surface is obtained by
substituting equations (10) and (11) into equation (6), applying

the inverse Hankel transform, and setting Z,1" 0:
(e}

F (5.
601<701” 1)

ugq (r,,0) = (rop+ DEGT (B r)dE, (12)

0

The unscaled displacement is given by:
ul(r,O) = aPouol(ro,O)

To this point the entire derivation has been for an
elastic medium. To extend the solution to anelastic media
I allow the shear modulus to be a complex valued quantity,
the imaginary part of which is a function of frequency

(Appendix A).

Stress Boundary Condition

The most straightforward method of determining ?O(gO) is

to specify the stress beneath the baseplate:
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Hy {1+ Yo1)ho1 (8 )t = g (x))  r <1

Hl'{Bol(l - yol)Aol(EO);ro} = 0 r > 1

where the second equation in (17) has been multiplied by -1
for convenience. Equation (17) is a dual integral equation
that must be solved for the unknown AOI(EG) to determine the
stress beneath the vibrator.

Using a method described in detail by Gladwell (1980)
this equation may be reduced to a Fredholm integral equation

of the second kind (Dorn, 1980):
1

Bo (ko) = Vo (k) + | 0o I, (g0, (18)
where: ’
MG 3) = 2 | By (5 )sin(E,y )sin(Egx)de,  A9)
0
X, < 1 ry < 1

o =1 _9 2 .
go(x,) = & ' —— Ay {rig (r )ix b r o <1 (20)

- 0O
X
aO

and:
(I +v ) £
H ,(E) = ol” o (21)
ol‘~o (1 - ) 8
Yo1/ Potl

Al is the Abel operator defined in Table 1. For T, < 1 and
X, < 1, go(xc) is known, Mc(xo,yo) may be calculated using
equation (19) and equation (18) may be solved for the
unknown wo(xo), The stress beneath the baseplate is given

by:
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To4z(Tor0) = =By {F_ Ly (x)5E,} 51} (22)

and the Hankel transform of the stress is (Dorn, 1980):
F(5) = ~F, (i, (x )58, (23)

for X, < 1 and T, < 1. Once equation (18) is solved for
wO(XQ), then fé(go) may be calculated from equation (23)
and the solution for the displacement is obtained from
equation (12).

Numerous functions go(rO) could be chosen as the
displacement boundary condition. The one condition that
all such functions must satisfy for a torsional source is
that gc(ro) = 0 at r, = 0. For ease of calculation T also
require that gQ(xo) be calculated analytically.

Five possible displacement distributions are represented by:

8oy (To) = rg v=1...,5 (24)
The corresponding expressions for go(xe) are:
_, [2)?
81 (Ko) = 2 ;J %o
BTF%Z
g(X)z—v-}X
02 "0 5 0
1
: 8 (2)%
8o3(%g) = = “) %g (25)
3 \m
1
15 ()%
g ,(x ) = -=[MJ x"
o4 "o 3 Uy o
%
g05<xo> - {%] Xg
5 g



14

The displacement distributions represented by equation
(24) are shown in Figure 3. For v = 1 the displacement is
that of a perfectly rigid disk. For the remaining values of
v the outer edge of the disk rotates more than the inner
portion. The stress distribution beneath these sources

is a function of frequency.

Calculation of the Impedance

As shown in equation (1) the torsional impedance is a
function of the total torque and the mean angular displacement

given by:

a
I = =27 | r?f(r)dr (26)
u, a 2Ty, (r,0)
1. ,l“.l I 1 rar de 27)
T ta? r

Written in terms of dimensionless parameters equations (26)

and (27) become:

i
e 2

r, = -2n i r? £ (r_)dr, (28)
Pr— 1
u
[~21} . i u_,dr (29)

v 8] O

O

where:

T = U1a3fo (30}
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Using the definitions of vy and aoyequation (1) may be

rewritten in terms of dimensionless parameters:

T
L ° (31)
aOBTl w(ucl/rc)

- 2
Zp = Bppyvgqa

From equation (31) it is clear that the torsional radiation
impedance has units of acoustic impedance (plvsl) times distance
squared (a?). The "extra'" factor of a? occurs because torque

per unit area and angular velocity must be used for a torsional
source instead of stress and linear velocity, which would be
appropriate for a vertical source.

By is the zero frequency solution for the quantity in the
innermost brackets in equation (31), for an undamped half-space.
BT is factored out because it is a conveniént normalization,
and most of the dependance of the impedance function on source
behavior at low frequencies is contained in BTQ For a vertical
vibrator BV is a function of source behavior and Poisson's
ratio. For a torsional source BT is only a function of source
behavior.

Equations (28) and (29) show that it is not necessary to
set P = 1 in the stress or displacement boundary conditions.

If PO is not 1, a factor of P enters the numerator through

the torque term cancelling a factor of PO that enters the
denominator through the displacement term. So as long as the
restrictions of elastiec theory (infinitesimal stress and strain)

are met, the impedance is independent of the amplitude of the
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baseplate vibration.

When the surface boundary condition is specified interms
of the stress distributions presented in equation (13) the

equations for TQ, (u017ro) and BT are:

P oq LOAD) (32)
o T'(v+3)
T T+ v ) G (E-1)
{*21}= 2 f °1} 0 0 " F (g )dr, (33)
Lo 0 L= v Bo1
B = 272 (v+5/2)

. (34)

P (v+3Y (T (wH5/2) - T (vH2))

where f@(éc) is given by equation (14).
When the source is defined by using the displacement

condition in equation (24) the resulting expressions are:

1
T, = 4 /7T j Xowo(xo)dxo (35)
0
.
ol; _ 2 ve=1,2,...,5 (36)
r, v+l

There is no general closed form expression for By as a
function of v for the displacement conditions in equation (24).
Since the quantity in brackets in equation (31) is a

complex valued function, the impedance function can always be

written in the form:
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i 2 i
Zop = Brpqvyq@ (R - =1} (37)

a
O

or:

Zg = BTplvslazl{A o1ty

The factor of a_' is removed from the imaginary part to eliminate

a singularity at a, = 0. R and I are referred to as the equiva-
lent damping and stiffness coefficients, respectively. A and ¢
are the dimensionless impedance magnitude and phase. The results
presented in this paper will consist of plots of R, I, A and ¢

as functions of dimensionless frequency, a,

Program Tests

Two programs have been written to caiculate the radiation
impedance of torsional vibrators. TORIMP implements the solution
for the stress boundary condition, and TORIES implements the
solution for the displacement boundary condition. The accuracy
of these programs has been checked by comparing results obtained
from them with results in the published literature.In order
to compare the program results with the undamped literature
solutions, the programs were run with the appropriate source
types over a half-space model with a frequency independent

q = 10°

, so that the models are essentially undamped.

The accuracy of TORIMP is checked by comparing its results
for a stress distribution with v = 0 with Miller and Pursey's
(1954) results, and for v = -1/2 with Collins' (1962) results.

These authors presented results for the radiation impedance at
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low dimensionless frequencies. Although Collins' solution

is for a dynamically vibraﬁing rigid disk (displacement
boundary condition), and the results obtained from TORIMP
with v = -1/2 are for the stress under a ststicaliy rotated
rigid disk, at low frequencies good agreement can be antici-
pated;

The accuracy of TORIES has been checked by comparing its
results for a rigid baseplate with those obtained by Collins
(1?62) and the few tabulated results for the exact solution
for a rigid baseplate obtained formally by Sagoeci (1944) and
tabulated by Stallybrass (1962, 1967).

Téble 2 contains the results of these comparisons. The
precision of the numbers listed for Miller and Pursey (1954)
and Sagoci (1944) is limited by the number of significant
- figures presented by Miller and Pursey (1954) and Stallybrass
(1962, 1967).

MODEL RESULTS
Half-Space Models

The equivalent damping and stiffness coefficients (R and
1) are shown in Figure 4 as a function of dimensionless frequency
for a half-space model. The data shown were calculated for a
stress distribution at the source with v = 0 and a frequency
independent Q = 100, Several general comments regarding

the radiation impedance of a torsional source over a half-space
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may be made with reference to this figure. For a massless
baseplate over an undamped half-space, = (0 and I =1
at a = 0. The equivalent stiffness (I) is 1 at zero frequency
because of the normalization by B The dominance of the
imaginary part at low frequencies is further accentuated by the
fact that I/aO is singular at a = 0. As a result, the half-space
at low frequencies is purely reactive - it behaves as if
the medium consisted of a spring with no dashpot.

At high dimensionless frequencies I remains finite
(oscillating in Figure 4) so that I/ao approaches 0. The
real part of the impedance dominates and the half-space
is essentially resistive - it reacts as 1f the medium consisted
of a dashpot without any associated spring.

The curves plotted in Figure 4 show oscillations with
a period of about 2. From the definition of dimensionless
frequency (aoz 2ma/), where ) is the wavelength) it is clear
that each increase in a, by 27 means that another wavelength
of the seismic wave would fit on the baseplate. This combined
with the fact that the first oscillation occurs for aj> 27
suggests that the oscillations in the half-space curve
may be associated with the number of wavelengths of the
seismic wave per baseplate radius.

Kashio (1970) reports similar oscillations in the half-
space radiation impedance curves derived for a vertically

vibrating foundation. He shows that the resonance is due
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to Rayleigh waves originating at one edge of the baseplate
interracting with the opposite edge. In the case of the
torsional vibrator the effect is caused by the interaction

of horizontally travelling SH body waves with the edges of

the baseplate. Since the torsional vibrator generates a smaller
proportion of waves travelling horizontally as frequency
increases (Dorn, 1980) the amplitude of the resonances caused
by these waves would be expected to decrease with increasing
frequency, as shown in Figure 4.

In Figure 5 the equivalent damping and stiffness coefficients
are plotted for 4 different sources over a half-space model,
The sources used were a rigid baseplate (displacement boundary
condition, v = 1), and three flexible baseplates (stress
boundary condition, =-1/2, 0 and 1). For a, less than 1
the equivalent stiffness and damping are relatively independent
of source type. The effect of changing source type at low
frequencies has been absorbed into the term BTQ As shown in
Tables 2 and 3 Bp, and as a result the impedance Zp, decreases
as v increases for the stress distributions and as v decreases
for the displacement distributions. Qualitatively this means
that the low frequency radiation impedance decreases as the
outer portion of the disk rotatesithrough a smaller angle
than the inner portion of the source,

The oscillations described earlier are present for all
source types excepth the rigid baseplate. Although the oscilla-

tion period remains nearly constant at 2w, the location of the
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first peak or trough and the oscillation amplitude depends
on the source type.

The effects of anelasticity on the radiation impedance
are shown in Figure 6. The model consists of a torsional
source defined by a stress distribution with v = 0, on the
surface of a homogeneous, isotropic half-space. The quality
factor (Q) is independent of frequency and ranges in value
frcm 100 to 2.

The presence of frequency independent damping in the
model produces a singularity in the equivalent damping
coefficient at a, = 0 because the imaginary part of the
complex shear modulus for this type of damping does not
approach 0 as a, goes to 0. The width of the singularity
increases as damping increases (Q decreases). The oscillations
in the real part of the impedance function are rapidly damped
out, but are apparent in the imaginary part of the impedance
even for Q = 2. As damping increases the imaginary part
becomes increasingly negative in value. Although the
magnitude of the oscillations is a function of the damping,
the location of the peaks and troughs in the stiffness and
damping coefficients is independent of damping.

The real and imaginary parts of the radiation impedance
(R and I) are unitless functions of dimensionless frequency.
For a half-space model, R and I are completely independent
of the density and shear wave velocity. This result is shown
>in Figure 7. The top pair of plots present the results

obtained for the equivalent damping and stiffness coefficients
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for three different models. These models have densities of
2, 2 and 4 g/em® and velocities of 2.5, 5 and 2.5 km/sec
respectively. In each case the source is represented by a
stress distribution with v = 0. The medium has a Q of 100.

All three models produce exactly the same curves for
the equivalent stiffness and damping. For a half-space
model, all of the dependance on density and velocity is
contained in the product PV in equation (37).

If the total torque and mean angular velocity are measured
in the field and ZT is calculated, then:

Zp = R - % I, (38)

where f is the frequency in Hertz and where:

R, = Real (ZT) = BTvaaZR (39)
_ Brpv?

IZ = {w£J Imago(ZT) - L s I (40)
i 27

The functions Rz and IZ defined by equations (39) and (40)

are plotted for the three half-space models as a function of
frequency (f) in kHz in the lower pair of plots in Figure 7.
Although the dimensionless parameters R and I are unnaffected
by changes in density and velocity for a half-space, the

real and imaginary parts of Zqp are affected. As velocity
decreases both the amplitude and frequency of the oscillations

decrease. As density decreases only the amplitude of the
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oscillation decreases, the frequency does not change. The
amplitude effects are caused by the oV product in equation
(37). The frequency shift is inherent in the relationship
between dimensionless frequency Cao) and frequency (f).

The locations of the oscillations in R and I for a
half-space are independent of velocity, density and damping,
and are only a function of the source type. Suppose that
the behavior of a torsional source is known in terms of
its stress or displacement distribution. Then regardless
of the half-space on which it vibrates, the first peak in
the equivalent damping coefficient will always occur at
the same dimensionless frequency, ayg. If the actual frequency
of this first peak, fl’ could be measured, then the definition
of dimensionless frequency provides a relation to determine

the shear wave velocity of the half-space:

ZWfla
Vo= (41

a1

Suppose for the particular source being used that the first
peak in the equivalent damping occurs at a dimensionless
frequency a; = 2m, the baseplate radius is 0.5 meters, and
the shear velocity of the medium is 500 m/sec. Then, solving
equation (41) for the frequency fl’ the first peak would occur
at a freguency of 1000 Hz. This is well beyond the range of

hydraulically actuated exploration vibrators. If the baseplate
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radius is doubled, the frequency of the first resonance is
reduced to 500 Hz. Such frequencies might be obtained by
an electromagnetically actuated vibrator.

All impedance results discussed to this point assume a
massless baseplate., A method of including the baseplate mass
in the radiation impedance for a torsional vibrator has been
described by Robertson (1967). The equation for the impedance,

including the baseplate mass, is:

Zp = BTvaaz{R - i'I'} (42)
a
o
where:
I' =1 - 1-2- Moal (43)
and:
M = M/(pa®) (44)

where M is the moment of inertia of the baseplate.
From equations (42) and (43), the imaginary part of the

impedance function is:

Although I/aO approaches 0 as a, becomes large, the second
term in equation (45) becomes infinite as a, approaches
infinity. A plot of I' as a function of a, (Figure 8) shows

that the equivalent stiffness coefficient rapidly acquires
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large negative values as a, increases,

The magnitude and phase of the impedance are also shown
in Figure 8. The baseplate mass produces a minimum in the
impedance magnitude, the frequency of which depends on the
baseplate mass., Robertson (1967) has suggested that this
phenomenon could be used to determine the shear modulus of
the medium. Using a similar method, the shear velocity of the
medium can be calculated. From equations (42) and (43) a

plot can be constructed of the frequency (a ) at which the

omin
minimum in impedance magnitude occurs as a function of the
dimensionless moment of inertial MO. If the density of §he
medium can be estimated or determined in some fashion, then
the baseplate mass can be adjusted to achieve any desired
dimensionless moment of inertia. The frequency of vibration
of the baseplate could be varied until the freauency of the
minimum impedance is attained <wmiﬁ>“ The shear velocity is

then computed from the equation:

W

. &
min

(46)

sl ” a .
omin

The advantage of determining the shear wave velocity
of the medium using the method based on the location of the
half-space oscillation peak is that the shear velocity is
determined independently of any other physical parameters.
The method described here relies on an independent determination
of the density of the medium. The first method has the disad-

vantage of requiring either very large baseplates (a > 1 m)
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or very high frequencies (ac > 500 Hz), while the method
that relies on the baseplate mass could be arranged to yield

results at much lower frequencies.

Layered Models

Typical results obtained for a model involving a single
layer over a half-space are shown in Figure 9 as the solid
curves. The scaled thickness of the layer was 3.0 and the
shear wave velocities of the layer and the half-space were
2 and 2.5 km/sec, respectively. The densities of the layer and
the half-space were 1.5 and 2 g/cm® and Q was 100. The source
was defined by a stress distribution with v = 0. The dashed
curve of Figure 9 was obtained for a halfmgpace model.

A layered model produces an impedance curve that
oscillates about the curve due to a half-space. The amplitude
of the oscillations due to the layer (the layer resonance)
increases as a function of frequency for low levels of damping.

The effects of changing thickness of the surface layer
on the impedance function are shown in Figure 10. Equivalent
damping coefficients are plotted for four different layer
thicknesses ranging from a scaled thickness (hcl = hlfa)
of 0.5 to 3.0. In each case the velocities of the surface layer
and the half-space are 2.0 and 2.5 km/sec, and the densities
are 1.5 and 2.0 g/cm®, respectively. A frequency independent

Q = 100 is used in both the layer and the half-space. The

source is defined by a stress distribution with v = 0. Only
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the equivalent damping coefficients are presented since
the equivalent stiffness coefficients show similar features.

As the thickness of the surface layer increases, both
the period (PO in Figure 11) and the amplitude of the layer
resonance decrease. In the limit as the scaled thickness
approaches 0 or « a half-space impedance curve results.

The physical process that gives rise to these results
1s revealed by a study of the layer resonance. With the
half-space trend removed, the resonance due to the layer
oscillates around 0 and, for thick layers (eg a scaled thickness
of 3 or more), this oscillation appears to be very nearly
sinusoidal. Subtracting the half-space impedance from the
results for a layer with a scaled thickness of 5, and
using an FFT to obtain a time domain representation of the
residual layer resonance, results in the plot shown in Figure 11.

The two way travel time for a seismic wave to travel
vertically from the surface to the layer interface and back

is:

T = —= (47)

If an impulse is measured at time T on the surface, the
Fourier transform of the impulse would be a sine wave with

a period given by:

P = 1/T (48)
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Using the definition of dimensionless frequency, P (dimension-

less period) and P are related by:

Vsl
P = == PQ (49)
27a
Using equations (47), (48) and (49) there are simple relations
between the scaled thickness of the surface layer , the

dimensionless period of the layer resonance, and the dimension-

less arrival time of the impulse:

= I
P, = - (50)
ol
h
_ ol
T, = T (51)

Substituting the thickness of the layer used to generate
Figure 11 into equation (51), the dimensionless two way

travel time is 1.59. This is exactly the arrival time shown
for the first event in Figure 11. It also is the separation
between each successive event. The layer resonance, then, is
primarily due to seismic waves being reflected between

the baseplate and the layer interface. Figure 11 shown the
first arrival as well as the first, second and third multiples.
The amplitude fall-off between multiples is due to a combination
of material damping, spreading of of the wavefront from the
finite-sized source, and the reflection coefficient of the

layer/half-space interface.
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Equation (50) may be successfully applied to layered
impedance curves in the literature for vertical and horizontal
vibrators to determine either the period from a given thickness
or the thickness from measured period. This suggests that the
layer resonance for those vibrators is also primarily due
to reflections,

The layer resonance amplitude decreases to nearly 0 as
dimensonless frequency approaches 0 because at low frequencies
the torsional vibrator is a poor radiator in near vertical
directions. Since vertical and horizontal vibrators radiate
relatively efficiently vertically at low frequencies Miller
and Pursey, 1954; Cherry, 1962), the layer resonance would
be expected to continue with a large amplitude at low frequencies.
The conclusion is supported by the results of Luco (1974).

An intriguing possibility existé in determining the
unnormalized layer thickness from the impedance function. If
the shear velocity of the first layer can be obtained using
one of the methods described earlier, then the thickness of the
layer could be obtained from the dimensionless period of the

layer resonance:

h, = 20 (52)

Since the layer resonance is primarily due to reflections,
the acoustic impedance contrast across the interface
(plvsl/pzvsz) should play an important role in the response.

Figures 12 and 13 present the equivalent damping coefficients
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ob@aimed for several models with varying velocity and density
coﬁtrasts, The base model in each case is a single layer with
a scaled thickness of 1 over a half-space. The density and
velocity of the lower half-space aré 2 g/cem® and 2.5 km/sec,
respectively, and remain constant for all models. In Figure 12
the density of the surface layer is varied while the shear
velocity of the layer is a constant 2.5 km/sec. In Figure 13
the velocity of the surface layer varies while the density
is a constant 2 g/em®. In each figure, the solid curves were
obtained for models with P1Vg1 > PoVgos while the dashed
curves represent models with P1Vg1 < PoVgo-

In Figure 12 the density of the surface layer is
6, 4, 1 and 0.667 g/cmae These values were»chosen so that
the ratio of acoustic impedances of the layer over the half-
space has values of 3, 2, 1/2 and 1/3. These same values of
acoustic impedance contrast are used in Figure 13 by choosing
velocities in the first layer to be 7.5, 5, 1.25 and 0.8333
km/sec. So in each of the two figures, the acoustic impedance
contrasts represented by the solid and dashed curves is the
same in magnitude but opposite in sense. Also, the acoustic
impedance contrasts for curves in Figure 12 are the same as the
acoustic impedance contrasts for ﬁhe corresponding curves in
Figure 13.

From Figures 12 and 13 it is apparent that a change in
the sense of the acoustic impedance contrast causes a 180°
phase shift in the layer resonance. The solid curves have

peaks where the dashed curves have troughs. This result could
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have been readily predicted. Since most of the response is

due to reflections of nearly vertically travelling waves

by the layer interface, plane wave theory predicts a change
in the sign of the reflection coefficient depending on the

sense of the acoustic impedance contrast.

As expected, the resonance amplitude increases as the
contrast in acoustic impedance increases because a greater
proportion of the seismic energy incident upon the interface
is reflected.

A comparison of the solid curves in Figures 12 and 13
shows that, for a given acoustic impedance contrast, the
curves are essentially identical regardless of whether the
contrast is due to a high density or a high velocity in the
surface layer. However, a comparison of the dashed curves
in these two figures reveals that the curves for a low
density surface layer are noticeably different from the
curves for a low velocity surface layer. The most significant
differences are the amplitude of the resonances, especially
the resonance peak located near a, = 10, and the shift in
locations of the peaks for the low velocity surface layers.

A possible explanation for the differences associated
with a low velocity surface layer is suggested by studying
a hypothetical model in which the layer and the underlying
half-space have the same acoustic impedance, but have different
velocities and densities. The results for a series of models

with no acoustic impedance contrast, but with density and
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velocity contrasts, are shown in Figure 14, The solid curve
was obtained for a half-space with a source having a stress
distribution with v = 0, and a frequency independent Q = 100.

Two curves are plotted in addition to the half-space
impedance function, although one of these curves is only
evident on the plot of the equivalent stiffness coefficient.
For the dashed curves the densities for the layer and the
underlying half-space are 4 and 2 g/em?®, respectively,
and the respective velocities are 2 and 4 km/sec. These
layered models have a low velocity surface layer over a high
velocity half-space. For the curve plotted with the long
dashes, the scaled layer thickness is 0.5. For the curve
with short dashes, the scaled thickness of the overburden
is 3. For the thin layer, the presence of ﬁhe low velocity
layer results in an impedance function that shows resonances
similar to those caused by reflections. As the thickness
increases these resonances rapidly disappear. Since there
is no accustic impedance contrast, and since the "resonance'
effect occurs only for very thin layers with a low velocity
overlying a high velocity half-space, these resonances are
apparently due to refracted arrivals.

Using ray theory, and the velocity contrast used in
Figure 14, if the layer has a scaled thickness less than
1.732 it is possible for energy from one edge of the baseplate
to be refracted and to interract with the opposite edge. Modelling

shows that as the scaled thickness exceeds 1.732 for this
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velocity contrast, the resonance rapidly disappears and the
response returns to the half-space impedance curve,

The results obtained for a layered model with varying
hysteretic damping are shown in Figure 15. The model consists
of a single layer of scaled thickness 1 over a half-space.
The shear velocity and density are 2 km/sec and 1.5 g/cm?
for the surface layer and 2.5 km/sec and 2 g/em?® for the
half-space. A stress distribution with v = 0 is used at the
source and the quality factor (Q) has values of 100, 10,

3.3 and 2. These wvalues are the same as those used for the
half-space models shown in Figure 6 so that a direct comparison
may be made.

Comparing Figures 15 and 6, the effect of the layer on
the impedance function is evident at all damping levels
except Q = 2. As the damping increases, the amplitude of the
layer resonance decreases, and the curves become more similar
to those obtained for a half-space.

One problem of particular interest to exploration
seismologists is the determination of weathered layer para-
meters including the thickness and seismic velocity. In
order to assess the feasability of using radiation impedance
measurements to determine the thickness of the weathered
layer, impedance functions are presented in Figure 16 for
several models that incorporate values of density, velocity

and damping that might be encountered in a field survey.
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The model used in Figure 16 is a single layer over a
half-space with both media having a frequency independent Q
of 10. The velocity and density are 0.3 km/sec and 1.3 g/cem?®
in the surface layer, and 2.4 km/sec and 2.6 g/cm® for the
lower half-space. Curves are presented for three different
scaled thicknesses of the weathered layer.

As shown in the graph, the layer resonance is detectable
for layers that are 1 or 3 baseplate radii thick. However,
the impedance for a layer 5 baseplate radii thick is
indistinguishable from the half-space impedance function.
This result is significant because most weathered material
with the shear velocity and density used in these models
would have a quality factor on the order of 10. So for
typical surface materials, the torsional impedance would not
show any effect due to the interface between the weathered
layer and the material below it unless the layer thickness
is less than about 5 baseplate radii.

The radiation impedance for a two layered model is
shown in Figure 17 along with the curve for the same surface
layer but with the second interface removed. The shear wave
velocities, starting with the surface layer, are 1, 2 and 3
km/sec, and the densities are 1.5, 1.5 and 2 g/em®. The
frequency independent quality factor is 100 for all layers.
The surface layer has a scaled thickness of 1 and the second
layer 1s 0.5 baseplate radii thick.

The difference between the two layer impedance function
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(solid curves) and the one layer impedance funciton (dashed
curves) is clear. The dominant oscillation in the two layer
curves is due to the surface layer. There are secondary
oscillations and distortions introduced by the second
interface. The dominant period of the resonance could

be estimated fairly reliably from these results. However, it
is unlikely that the secondary period related to the depth
to the second interface, or any other period due to

vafious multiples, could be determined reliably from such

data.
CONCLUSTIONS

In this paper the problem of vibrator - earth interaction
has been studied by calculating the radiation impedance of
torsionally vibrating sources on the surface of a plane-
layered anelastic medium,

The torsional radiation impedance for a half-space is a
function of source behavior, material properties and baseplate
mass. The oscillations in the impedance for a flexible
baseplate on a half-space are caused by horizontally travelling
SH body waves interacting with the baseplate. The spacing
between peaks or troughs is related to the number of wavelengths
per baseplate radius. The exact dimensionless frequency at which
the peaks and troughs occur is a function of source Eehavior,

but is not a function of material properties. If the baseplate
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behavior is known, a measurement of the frequency (Hz) at
which the first. resonance occurs would provide a means of
estimating the shear wave velocity of the medium. The

primary difficulty with this procedure is that for shear wave
velocities encountered in the weathered layer the source

must either operate at frequencies between 500 and 1000 Hz,

or the baseplate radius must be somewhat larger than 1/2 meter.
An electromagnetically actuated vibrator might operate in

the necessary frequency range.

At low frequencies, the effect of changing source behavior
is contained in the term BT’ the static solution of the
equivalent stiffness coefficient. As the source becomes more
flexible B decreases so that the total torque required to impart
a given signal to the medium decreases. This suggests that a
vibrator's efficiency might be increased by modifying the
structure or strength of the baseplate.

Increasing the amount of anelasticity in the medium
decreases thé amplitude of the half-space resonance. However,
if the quality factor is independent of frequency, the
oscillations are still noticeable for Q as low as 3.

The baseplate mass modifies the imaginary part of the
impedance function and produces a minimum in the impedance
magnitude. The dimensionless frequency at which this minimum
occurs is a function of the dimensionless moment of inertia of

the baseplate. This effect could be used to estimate the
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shear wave velocity of the medium if an estimate of the
density is made independently.
The presence of a layer results in an impedance function
that oscillates around the impedance due to a half-space.
the period of the oscillation and the amplitude both vary
inversely with the thickness of the layer. This layer
oscillation is a resonance effect produced by near vertical
reflections between the layer interface and the baseplate.
If the shear wave velocity of the medium is known, the
period of the resonance may be used to provide a reliable
estimate of the layer thickness.
The layer resonance amplitude decreases as frequency
approaches 0 because the preferred direction of radiation
from a torsional source at low frequencies is horizontal.
As shown by Miller and Pursey (1954) and Cherry (1962)
horizontal and vertical vibrators produce large displacements
in the vertical direction even at low frequencies. As a result,
the layer reéonance produced by those sources should persist
as frequency approaches 0. The modelling results obtained by
Kashio (1970) and Luco (1974, 1976) support this conclusion.
The amplitude of the layer resonance increases as acoustic
impedance contrast increases, but the location of the resonance
peaks and troughs is independent of the contrast. When the
sense of the contrast is changed from a lower to a higher

velocity in the surface layer, the layer resonance undergoes



38

a 180° phase shift, as the plane wave reflection coefficient
would suggest,

The amplitude of the layer resonance also decreases as
damping increases. The combined effects on the amplitude of
‘the layer resonance due to material damping and thickness
indicate that impedance measurements made over a weathered
layer with a Q of 10 and a thickness greater than about
5 baseplate radii will show only a half-space response. As
a result, it would be very unlikely that the presence of a
second interface at depth would be detected using the
radiation impedance. |

Ii would be useful to study the impedance function in
more detail in the frequency range in which exploration
vibrators operate (ao < 1). The primary interest might be
more directed toward the idea of matching the baseplate
to the particular medium on which it is to vibrate. A possible
method of overcoming the problem of a relatively small
baseplate, and as a result a low dimensionless frequency,
might be to operate several sources close to each other.
Radiation pattern modelling (Dorn, 1980) suggests that there
would be little effect due to mutual coupling if the sources
are placed about 5 baseplate radii apart.

If design problems could be overcome in building a
vibrator with a sufficiently high frequency range and a large
enough baseplate to make use of the procedures discussed here

to obtain material properties, there are still several practical
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problems to overcome in actually measuring the radiation
impedance. For a torsional source, the impedance is defined
as the total torque divided by the mean angular velocity.
Although the total torque might be readily measured in an
actual experiment, it probably would not be possible to
obtain the mean velocity as defined in this thesis. It
would be possible, however, to measure the velocity at a
point near the baseplate =~ either laterally or vertically
displaced slightly. The effect of this approximation on the

impedance function should be determined.
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APPENDIX A

For a problem that involves only shear waves material
damping may be included in the model by allowing the shear

modulus to be a complex quantity:
% ~ + 1
wo(w) = pp(w) + iug(w)

with real and imaginary parts which are functions of

frequency. This may be written in the form:
BO(w) = pp(w) (1 + 16(w))

The use of such a shear modulus has been discussed in detail
by Futterman (1962) and Konamori and Anderson (1977).

For the purposes of this paper, the simplification is
made of assuming a Wy independent of frequency, such that

in the ﬁth layer:

ads

W = w, (1 + 19m)

where b, is the real shear modulus and 0, 1s the specific
dissipation constant. The specific dissipation constant

and the quality factor are inversely related:

Q, = 1/0, >

and:

- ' j
0 ym {aovslfvsm}
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where ?m is called the damping constant and is independent
of frequency, and where j is arbitrary. Thus if j = 0
Q, is independent of frequency and the medium is hysteretically

damped. If j = 1, Qm is inversely proportional to frequency

and the medium has Voigt damping.



45

Table 1

List of Symbols

Baseplate radius

wa/vsl, dimensionless frequency

Magnitude of torsional radiation impedance
Coefficient for displacement of downgoing wave in
mth layer

Coefficient for displacement of upgoing wave in mth
layer

Zero frequency limit for impedance function
frequency

Stress under baseplate

Jl Hankel transform of f(r)

Displacement under baseplate

Abel transform of g(r)

Thickness of mth layer

V=T

Equivalent stiffness coefficient

First order Bessel function of the first kind
Shear wave number

Dimensionless magnitude in stress or displacement
boundary condition

Quality factor

Radial distance from center of baseplate
Equivalent damping coefficient

Time

Displacement

Shear wave velocity

Depth below the top of the mth layer, po31t1ve down
Torsional radiation impedance



46

Table 1
List of Symbols (cont.)

= <Ezmk;m>%
- Bm/Am
I' = Total torque
'{v) = Gamma function
A = Lame's constant
u = Shear modulus
w = Angular frequency
¢ = Azimuthal angle
Y(x) = Unknown in Fredholm integral equation of the second kind
Y = Damping constant
p = Density _
T = Stress, subscripts indicate component of stress tensor
in cylindrical coordinates

6 = Phase of torsional radiation impedance
© = Specific dissipation constant

£ = Hankel transform variable

V = Gradient operator
V2 = Laplacian operator

Subscripts: m = mth layer
s = Shear wave
o = Parameter is dimensionless; parameters with
units of distance are normalized by baseplate
radius, a; parameters with units of stress are
normalized by shear modulus, K

Mathematical Transforms:

“Hankel: Hj{E(r,z);E} = E r,z)ri(Er)dr

[P T—

(
Fourier Sine: Fé{f(t);x} = J2]7 f f(t)sin(xt)dt
' 0
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Table 1

List of Symbols (cont.)

X
Abel: AJLE(E) 3%} = V277 f £(t)dt
0

VYx2-t?

A E(E) ;%) = /27w f £(r)dt
JE2-x?

X
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Table 2

Comparison of Numerical Results with Literature Solutions

Equivalent Damping Coefficient

a Miller & TORIMP Collins TORIMP Sagoci TORIES

© Pursey T (1962) v _(1-r2)y (1944) T
0.1 .0011 .00109  ,00141  .00142 00141
0.2 .0043 .00427  .00553  .00554  .0055 .00554
0.3 .00936 .00937  .01209  .01212 01212
0.4 .0161 .01614  .02061  .02075 .02078
0.5 .0243 02426 .03042  .03098  .0310 .03104
0.6 04243
0.7 .05450
0.8 .06680  .06685
0.9 07919
1.0 .09129  ,09127
2.0 .18313  .18310
3.0 .23592  .23591
4.0 26675 26674
5.0 .27819  .27816

Equivalent Stiffness Coefficient

0.1 1.00 .99820 .99801 .99782 .99801
0.2 .99 .99291 .99217 99142 .99 .99216
0.3 .984 . 98436 .98285 .98113 .98280
0.4 .973 .97294 .97068 96748 .97045
0.5 .959 .95910 .95655 .95110 .956 .95572
0.6 .93924
0.7 .92162
0.8 .9034 .90337
0.9 .88491
1.0 .8666 .86658
2.0 . 71350 . 71350
3.0 .61930 .61934
4.0 .59068 .59090
5.0 .60205 .60272




Table 3

BT for Stresses of the Form

128(3157-256)

ro(l -
v Exact Approx.
-0.5 16 1.6977
3T
0.0 9w 1.3030
L{3m-4)
1.0 75m .9463
8 (157-16)
2.0 12257 L7714
64(35m1-32)
3.0 198457 .6639

Table 4

T for Displacements of the Form

v

T
o

v Exact Approx.

1.0 16 1.6977
3

2.0 9 2.2500
4

3.0 128 2.7162
57

4.0 25 3.1250

5.0 1152 3.4923

105
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Uom
T "
hsmﬂ% Zome Uom +1 :
' m ‘#1
1 N -1
Roy= 0 Zow Uow

Figure 1: The N-layered elastic medium with a cylindrical
coordinate system centered at the source. The Nth layer is
the lower half-space, hom and Zom are the scaled (dimension-
less) thickness of and depth in the mth layer, and U is the
dimensionless displacement in the mth layer.
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Figure 2: The scaled stress,fo(rc),beneath the baseplate.
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Figure 4: The equivalent damping (R) and equivalent stiffness
(I) coefficients for a torsional source over a half-space.
The source is represented by a stress distribution with v = 0,
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Figure 5: The effect of varying source type on the radiation
impedance for a half-space. Represented are a rigid source
(solid curve, displacement boundary condition) and three

flexible sources (dashed curves, stress boundary condition).
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three models. The real and imaginary parts of ZT for the

three models are shown in the bottom pair of plots.
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presented for comparison.
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Figure 10: The effect of changing thickness of the surface

layer on the radiation impedance.
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Figure 14: The effect of a velocity contrast when there is
no acoustic impedance contrast. The surface layer has a lower
velocity than the half-space.
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Figure 15:The effect of hysteretic damping on the radiation
impedance for a single layer over a half-space.



2.0
o
-4
2,
=
<
a
>
pe=] =
2-1.0F Q=10
bed
-2.0 il 8 2 i
0 4.0 8.0

SCALED FREQUENCY

66

STIFFNESS

EaULIV,

ggeg

o o o cm wm em @o sm am )
o
-
oo

L

SCALED FREGUEHRCY

Figure 16: The detectability of the layer/half-space
interface for a "typical" weathered layer. The velocity and
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Figure 17: The radiation impedance for a model with two
layers over a half-space. The solid curves represent the
two layered model; the dashed curves represent the same
model with the depth to the second interface extended to

infinity (effectively a one layer over a half-space model).








