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Multidimensional spectroscopy with entangled light: loop vs
ladder delay scanning protocols

Konstantin E. Dorfman” and Shaul Mukamel™
Department of Chemistry, University of California, Irvine, California 92697-2025, USA

Abstract

Multidimensional optical signals are commonly recorded by varying the delays between time
ordered pulses. These control the evolution of the density matrix and are described by ladder
diagrams. We propose a new non-time-ordered protocol based on following the time evolution of
the wavefunction and described by loop diagrams. The time variables in this protocol allow to
observe different types of resonances and reveal information about intraband dephasing not
readily available by time ordered techniques. The time variables involved in this protocol become
coupled when using entangled light, which provides high selectivity and background free
measurement of the various resonances. Entangled light can resolve certain states even when
strong background due to fast dephasing suppresses the resonant features when probed by classical
light.

Keywords
nonlinear spectroscopy; entangled light; pulse shaping

1. Introduction

In coherent nonlinear optical spectroscopy the applied optical pulses induce a polarization in
the matter system which is then measured. There are two types of bookkeeping
representations for computing an observable (such as the polarization) in a quantum system
subjected to time dependent perturbations. Both are exact and should yield the same final
results provided no approximations are made. However they offer a very different physical
picture and suggest different types of approximations that lead to different predictions.

In the first representation we follow the evolving density matrix in real time. This
representation is most suitable for impulsive experiments involving sequences of short,
temporally well-separated, pulses ranging from NMR to the X-ray regimes [1]. The time
variables used to represent the delays between successive pulses [2] ty, to, t3, ... Serve as the
primary control parameters. Spectra are displayed vs the Fourier conjugates ), Q,, Qg --- t0
these variables. Such signals can be represented by ladder diagrams (see Fig. 1b and Fig. 2).
We shall denote this way of displaying the multidimensional signals as the ladder delay
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scanning protocol (LAP). The signals with different phase matching directions are distinct
when displayed vs ladder delays. The density matrix further allows for reduced descriptions
where bath degrees of freedom which cause pure dephasing and relaxation processes are
eliminated.

Alternatively we can follow the evolving wave function. Rather than keeping track of both
the bra and the ket we can place the entire burden of the time evolution on the ket. In that
case we must use artificial time variables where the ket first evolves forward and then
backward in time, eventually returning to the initial time. This is represented by loop
diagrams [3] as is commonly done in many body theory [4]. This gives more compact
description (fewer terms). It is harder to visualize impulsive experiments in this language.
However it proves most useful for frequency domain techniques involving long pulses
where the time evolution is not monitored directly [3]. In this picture we give up the full
control over time ordering between pulses. We will denote the delays along the loop as 7,
B, 1, ... (See Fig. 1a,c). By displaying the spectra vs the Fourier conjugates to the loop
times 4, 29, Q23 we obtain the loop delay scanning protocol (LOP).

In this paper we compare the two display protocols for multidimensional spectroscopy in
molecular aggregates with fluorescence detection. Since the two protocols use different time
variables the resulting multidimensional signals obtained by Fourier transforms conjugate to
these variables appear very different and highlight different resonances. This can be
exploited for highlighting desired features in optical signals. We further show some
advantages of the loop representation for describing measurements with quantum light, i.e.
entangled broadband photons which have intermediate time/frequency character. We should
emphasize that these protocols offer two languages for describing the same physics.
However the translation is somewhat tricky making them suitable for different applications.
We show how such LOP signals can be realized experimentally and compare it to the LAP.

The utility of each protocol depends on experimental details including e.g. the system
dynamics, bath effects and the specific light field configuration. For instance when the
system is in a pure state and the fields are classical, the loop delays 7, j =1, 2, 3 which
represent forward and backward time propagation periods of the wave function are the
natural independent variables and it makes sense to adopt their conjugate frequencies for
display, thus using the LOP. If pure dephasing processes due to a bath are added the signal
may no longer factorize into a product of terms each depending on a single delay 7 when
calculating the optical response. In this case the ladder variables tj which represent the LAP
delays in real time and correspond to propagation of a density matrix become more natural
since the signal can be recast as a product of individual terms each depending on a single t;
variable. Stochastic or entangled light fields cause additional coupling between the
interaction times imposing that the signal may not generally be factorized in either protocol
since the field correlation functions depend on products of factors that depend on pairs of
times. In that case neither protocol allows the observed signals to be factorized in a simple
way discussed above. The two protocols highlight different resonances and processes. In the
following we demonstrate what type of information can be extracted from each protocol for
Frenkel excitons in a model molecular aggregate.
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We further compare signals obtained with classical vs quantum light (entangled photons).
The LAP and LOP denote the protocols for displaying multidimensional signals.
Calculations performed with either the wavefunction or the density matrix can be displayed
using either protocol. In earlier studies ladder diagrams were denoted as double-sided
Feynman diagrams, and loop diagrams were denoted as close-time-path-loops (CTPL) [3].

We investigate the multidimensional signals in a molecular aggregate obtained by
incoherent two-photon absorption (TPA) detection. Incoherent detection is often more
sensitive than heterodyne as the latter is limited by the pulse duration so there are fewer
constraints on the laser system. In addition the low intensity requirements for biological
samples limit the range of heterodyne detection setups. This have been demonstrated [5, 6,
7] even in single molecule spectroscopy [8]. Historically Ramsey fringes constitute the first
example of incoherent detection [9, 10, 11]. Information similar to coherent spectroscopy
can be extracted from the parametric dependence on various pulse sequences applied prior to
the incoherent detection [12, 13]. Possible incoherent detection modes include fluorescence
[14, 15, 16], photoaccoustic [17, 18, 19], AFM [20, 21, 22, 23] or photocurrent detection
[24, 25].

Quantum spectroscopy which utilizes the quantum nature of light to reveal matter properties
is an emerging field. Entangled photons is one notable example and offer several
advantages. First, the signals scale to lower order in the incoming intensity [26]. The pump-
probe signal e.g. scales linearly rather than quadratically. This allows to to perform
nonlinear spectroscopy with much lower intensity limiting damage in e.g. imaging
applications [27, 28, 29, 30, 31, 26, 32, 33, 34]. Second, time-and-frequency entanglement
often allows to obtain higher temporal and spectral resolutions since the two are not Fourier
conjugates. Namely, the temporal resolution At depends on the length of the nonlinear
crystal, that is, the entanglement time T, while spectral resolution Aw is determined by the
pump envelope. These are independent control variables, not Fourier conjugates and not
bound by the uncertainty AwAt << 1. We show that entangled photons allow to observe
narrow spectral features even in the limit of fast dephasing where the classical line shapes
are broad. Elaborate pulse shaping techniques that involve standard prisms compressors and
spatial light modulators [35, 36, 37, 38] can be used to control the amplitude and phase
modulation of entangled photon pairs necessary for creating the desired pulse sequence. This
can be done using e.g. the Franson interferometer with variable phases and delays in both
arms of the interferometer as proposed in [39]. The beam splitters in two arms allow to
create four pulses using a single entangled photon pair. In the following we do not specify
the experimental details of shaping the pulses, rather we assume a generic sequence of
shaped entangled photons.

2. The loop delay scanning protocol (LOP)

We consider a model system of an aggregate described by the Frenkel exciton Hamiltonian

H=Hy+H , ()

New J Phys. Author manuscript; available in PMC 2015 December 23.
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Hy= hZemB Bp+h > Jon Bl B, +hz =Bl Bl BB, (2)

m#*n

H=E@)Vi+E" 1)V, VT:;VJLBL, ®
where Hy is the excitonic part, &y, are site energies, Jyn, are hopping and Ap, is an onsite
repulsion (Hubbard type), and By, is an exciton Pauli annihilation operator at site m(e.g.
pigment or quantum dot). H’ is the dipole interaction with the optical field E in the rotating
wave approximation. E is the electric field operator. The eigenstate of Eq. 2 form distinct
exciton bands (see Fig. 1d). In the diagonal eigenstate representation the Hamiltonian for the
lowest three manifold of states which are relevant for the present study - ground g, single
excited e and double excited f manifolds (see Fig 1d) reads

Ho=hw,|g <g|—|—the|e> <e|+hzwf|f> fl, @
e f

viz Z‘ cle <9|+va|f> ©)

We consider the following experiment: a sequence of four pulses centered at times Ty, T,
Te, and Ty with phases ¢,, ¢, ¢, and ¢q [40] brings the molecule into its doubly-excite

state [41] (see Fig. 1a,b) and the population of f states is detected E:ZaZa’b,C’dEaewﬂ. This
can be done by fluorescence f — e or after a rapid internal conversion process the molecule
can be deexcited from f to e and fluorescence from e to g is then detected. We assume that
the e — g and f — e channels can be distinguished in time or frequency and therefore we
can isolate the TPA contributions. Thus, we define the signal as the sum of populations of
states f.

I) :Zpﬁ (I, ®)
f

where T represents collectively the set of parameters of the incoming pulses. These depend
on the protocol and will be specified later.

The signal (6) for our model is given by the single unrestricted loop diagram in Fig. 1c (for
diagram rules see [3]). &, b, ¢, d denote the pulse sequence ordered along the loop (not in
real time); a represents “first”. on the loop etc. Pulses chronologically-ordered in real time
will be denoted 1, 2, 3, 4 which are permutations of a, b, ¢, d determined by the time
arguments, as will be shown below. One can scan various delays T, - Ts a, f=a, b, ¢, d
and control the phases ¢, £ ¢y ¢ £¢g. Phase cycling techniques have been successfully
demonstrated as a control tool for the selection of fixed-phase components of optical signals
generated by multiwave mixing [42, 43, 44, 45, 46]. Phase cycling can be easily
implemented using a pulse shaper by varying the relative inter-pulse phases, which is cycled

New J Phys. Author manuscript; available in PMC 2015 December 23.
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over 2 radians in a number of equally spaced steps [42, 43]. To realize the LOP
experimentally the indices a, b, ¢, d are assigned as follows: first by phase cycling we select
a signal with phase ¢4 + ¢ — ¢c — @g. The two pulses with positive phase detection are thus
denoted a, b and with negative phase - c, d. In the a, b pair pulse a comes first. In the c, d
pair pulse d comes first. The time variables in Fig. 1care 1 =Tp—Tg, . =Tc— Tp, m=T¢
- Tg4. With this choice 7 and 3 are positive whereas T, can be either positive or negative.
This completely defines the LOP experimentally.

2.1. Pure states and the loop representation

In Fig. 1c two interactions with bra- and two - with ket-promote the system to the state
described by a population density matrix element g. In the following we omit the phase
factor €(%a*?b=2c=¢d), keeping in mind that all the signals contain it. The corresponding
signal (6) can be read-off the diagrams

8 (1) = [ Ssadra [ o dry [ X dre s dr 4 (B} (ra) L (o) By () Ba (ra)

ATV (ra) V) VT () VE (1))
Herer, a=a,b, c, dare the interaction times of our four pulses with the aggregate, .
denotes the time ordering operator along the loop [47], G (1) = — i (t) e """ is the Hilbert

space Green’s function, &) is the Heaviside step function, and /L}XjIIij/ "Oqisthe
projection of the transition dipole moment Vjy, j, |’ = g, €, €, f onto the polarization vector
o, of the corresponding field a = a, b, ¢, d. Eq. (7) can be recast using the loop intervals Fig.
Ics,j=1,23

S (D) =k [ S dr 3 dsi [P dsa 5 ds 5 (B} (ry = 5= 53) Bl (ry = 52) By (1) Ea (7 — 1))
X <V (ry — 89— 53) V (rp — s2) VI () VT (13, — 51) . ®

Time ordering is now explicitly specified by the integration limits and we no longer need the

timeordering operator. In this expression s, is positive (interaction with pulse b is

chronologically the last). The contribution where the field c is the last is included by taking

the real part Z.

One can alternatively recast Eq.(8) in frequency-domain using the electric field operators

.00 dw iw(t—
6 () =" 5o @) e ™) 4 b

SLOP (7’1’7'27 7'3) :%h%joo dwa jio d&joo dwgq <EJ]L (wd) Ef (wa—i—wb — wd) E (wb) E (wa)>

—00 27 oo 27w J —00 27

XSl B GG (0a) e (wa) [ Gy (waten) 0 () = G (waten) 0 (—12)] ()

ee ,

% efiwa71+iwd737i(wa+wb)7'20 (7_1) 0 (Ti) ,

where the LOP control variables 71 = Ty — Ta, » = T¢— Ty, 13 = T¢ — Tg are the delays

between pulse centers and G (w) =1/ [w+w, — H/h+ie]is a frequency domain Green’s
function.

New J Phys. Author manuscript; available in PMC 2015 December 23.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Dorfman and Mukamel Page 6

In the frequency-domain the field correlation function is defined as a Fourier transform of
the time-domain field correlation function

(B (wa) BT (we) B () E (wa))
= 5l 5t (8 () (1) 8 (1) £ (1))

In Eq. (9) we used Eq. (10) and the time translation invariance symmetry which implies wq
+ ap— w;— og=0.

In the absence of a bath, the matter correlation function is given by

3 b 15 Gl (00) Ge (wa) | G (watws) 8 (m2) = G (warten) 0 (—2)]
ee f (11)

!

= [y [t [t [ttt (7 (), (6) VE () V(1))
A Fourier transform of (9) with respect to loop delays then gives a 3D signal
S0 (1,92, Q3) =7 dr [ dro [*, dT3 ZQITlJriQQTQJ”‘QS’T'gSLOP (T1,72,73). (12)
Combining Egs. (7) - (12) gives

LOP (91392793) S (91792393) ( Ql; Q27_QS) ) (13)

LOP LOP

where

/ " d
Srop (01,02,9Q5) =2 [, %2 % %4 (B} (wa) B (wg — wa) By (wpy — wa) Fa (wa))
ne ,u,jueue*G (wa)G (wa)
x z; [wa—K21— ze][u)dJngJrze]
876 7j

Gf ((—da+UJb) Gf (wa +wb) (14)
watwp—Ra—ie | wqtwp—a+ie |

where the limit £ — 0 is understood. One can then evaluate the remaining frequency
integrals in Eq.(14) for a given light field correlation function using residue calculus.

So far we did not specify the nature of the field, and Eqgs.(9) -(14) hold for arbitrary type of
field, be it classical, stochastic or entangled. All relevant field information is contained in its
four point field correlation function which must be evaluated separately. For classical
coherent fields this function factorizes (in time or frequency) in to a product of four
amplitudes. Otherwise for entangled or stochastic fields the correlation function causes a
coupling between two interaction times, which affects the signals.

2.2. Pure dephasing, bath effects and the ladder representation

When the exciton system is coupled to a bath, it can no longer be described by a wave
function once the bath is eliminated. To evaluate the loop diagram it must be broken in to
several ladder diagrams (for notation see [3]) which represent the density matrix. The
unrestricted loop diagram in Fig. 1b is split into the six ladder diagrams shown in Fig. 1c

New J Phys. Author manuscript; available in PMC 2015 December 23.
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6 )
and the signal (9) is given by sum of all six terms Szor (71572, 73) :Zj:15§]O>P (71,72, 73)

where

dw, dwb dwd D)

&)
00 9r 271' 27‘(’ LOP (7-137-237-3;“‘)(13(‘)%(-‘}{1)5 (waawb7wd)_c'c'7 (15)

SW) (71,79, 73) =

LOP

where

D) (11,72, Taiwas @y ) =0 (1) 0 (£73) 0 (my) e emiFiums=ilutan)rs  (1q)
is a display function which depends on the control parameters specific to the chosen
protocol. In (£ 7,) the “minus” sign applies for diagrams j = 1, 2, 3 and the “plus” sign for j
= 41 51 61

S’(j) (Wq, Wp,wy) = <ET (wq) Ef (wetwp —wy) E (wp) E (wa)> RY) (Wa, Wpywy), (17)

and

R (Way Wy wq) =h4 Z p SR f,ufeu‘i;gge (—wa) Gep (—wp) Yygp (—wq — wp) ,

ee,f

R(z) (waywb) ) =h* Z ,LL ’/J‘e fﬂfg#g;g ( a) gef (_wb) gee( (wa _w(i)y

ee,

R (wq, wy,wq) =h~* 2 Moy B ’flu;p:u‘g;gge (—wa) e (—wp) ¥, (wWa — wa)

ee,

% 18
RW (wq, wy, wq) =4 Z ,u SR fufe/,td 4, (wa)%fe/ (Watwy — wa) Gy (watwp) 5 (18)
e.e 7f
R(5) (wua wbvwd) =h* E #a //Le/fﬂ gjgge ( wd) gfe, (wa"’_wb - ‘-‘)d) gee, (wa - wd) )
e.e 7f
R(©) (Way Wy wq) =4 Z ,u M fufe,ud*g (w )gfe’ (Watwp —wa) 9,7 (wq — wg) -
e,e ,f

Here we had introduced the Liouville space Green’s function
Doy (w) = — i [ dte™ (G (1) G () B, 9)

where (...)g = Tr[...pg] represents the trace over the bath degrees of freedom. The bra and
the ket evolutions (and the corresponding time variables) are now coupled by the bath. The
effect of couplings between interaction times due to nonclassical field is by evaluating the
frequency integrals in Eq. (15) using time-domain display function in Eq. (16). The result
for entangled photons is given in Appendix A. To see the effect on the mixing of the
frequency variables we then take a Fourier transform of Eq. (15) with respect to loop delay
variable 7, j = 1, 2, 3 and obtain the signal

6 ) »
Siop (1,92, Q) =" [ deader doa [DEJO)P (021, Q2, V3504, wh, wa) sV (Was Wy, wa)

4 —o0 2w 2w 2
Jj=1

_ngga; (_Qb _QZa _QS;wmwbawd) S(J)* (wavwbawd)} )

where

New J Phys. Author manuscript; available in PMC 2015 December 23.
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Fi
[we — Qp — €] [Q3t+wgtie] [Qo — wy — wp, F i€’

D(J) (ng QZ, QB;wm Wh, wd) =

LopP (22)
and minus (plus) sign corresponds to contributions of diagrams 1 — 3 (4 — 6). The coupling
between interaction times now translates into a mixing of their conjugate frequency
variables @, j = 1,2,3. The 3D signals (20) are given by a 3D spectral overlap between
Green’s functions of the matter and field, where the latter are governed by [@-Wtie]™
dressed by a four point field correlation function which selects the field-matter pathways.
The response of the system to classical light fields is given by nonlinear response functions
which can be expressed by sums over various quantum pathways of matter. In the case of
quantum field the response is typically treated in the joint field-matter space to account for
back-reaction and other nonclassical effects of the field. In this case the response is summed
over various quantum pathways in the joint field-matter space. Depending on the field
parameters some quantum pathways can be suppressed or enhanced. The field correlation
function controls the relevant spectral range of the pathways that contribute to the signal.
Different integrations may couple various frequencies w,, = a, b, d into a single field-matter
Green’s function. Upon evaluating the relevant frequency integrations different e, j = 1, 2,
3 will be coupled. This will result in various cross-peaks between «j variables, as becomes
apparent by comparing a field contribution in Eq. (21) with various responses in Eq. (18).
Together with the bath dephasing effects, the relevant spectral width of these cross-peaks
can vary significantly compared to that of the system without bath interacting with classical
fields. Below we will investigate the signatures of the bath and the state of field in the
signals.

3. The ladder delay scanning protocol (LAP)

In standard multidimensional techniques the time variables represent the pulses as they
interact with sample in chronological order [1]. These are conveniently given by the ladder
delays. In the LOP the time ordering between pulses is maintained only on each branch of
the loop but not between branches. The LAP in contrast involves full time-ordering of all
four pulses. The arrival time of the various pulses in chronological order is T{ < Tp < T3 <
T4. The indices 1, 2, 3, 4 are some permutation of a, b, ¢, d depending on the diagram. The
ladder delays are defined as t; = To — Ty, to = T3 — Ty, t3 = T4 — T3. Ladder diagrams keep
track of chronological delays. Each ladder diagram will have its own set of relations
between tj, j = 1,2,3 and pulse delays T, - T4 a, = a,b,c,d. One can then use the phase
cycling to select the diagrams shown in Fig. 2 e.g. k; = —=kq + ky + k3, kj; = —kq — ko + K3
and kj;; = -k + ky — k3. This gives

Sy, (t1:t2,13) =S (t1,t2,3) +8©)(t1,12,13), (22)

Sk, (t1,t2,13) :S?A?P (t1,t2,13) +S§2P (t1,t2,t3), (23)

New J Phys. Author manuscript; available in PMC 2015 December 23.
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S,y (B t2sts) =S (t1,t2,t3) +SW  (t1,t,13) . (28)

where

. dwg dwp dwy (-
SU), (b1 ta,t3) =%, 5 2727172]21:

(t1,t2, t35wa, Why Wa) sV (Way Wy, wg)—c.c..  (25)
Here the LAP display functions are given by

ngp (t1, 2, t3swa, wy, wa) =0 (t1) 0 (t2) 0 (t3) e™ristivalitilaten)lz - og)

wheret3 =Ty — Tg t2 = Ta— T, t1 = Te = Tg.

Dﬁ)p (t1, 2, t35wa, Wy, wa) =0 (t1) 0 (t2) 0 (t3) e"risiwalitilCawaliz = o)

wheret3 =Ty — Te, to=Te = Ty, t1 = Tg — Ta

DE,BA)P (t1, 2, t35wa, Wy, wa) =0 (t1) 0 (t2) 0 (t3) e™ristiwalitilwamwai = o)

wheret3 =Ty — T, to=Te— Ta t1 = Ta— Ty

D, (b1, ta, tiwa, wp,wa) =0 (11) 0 (t2) 0 (t) e (e brmealamivati=ilentinltz - (gg)
wheret3 =Te= Ty, to=Tg— Tp, t1 = Tp — Ta.

Dgp (t1, ta, t3;wa, wh, wq) =0 (t1) 0 (t2) O (t3) e I watwr—wa)tativatitilwa—wa)ts 34
where t3 =Te= Ty, to=Tp = Ta, t1 = Ta— Tg.

DO (ty,ta, t3;wa, why wa) =0 (t1) 0 (t2) 0 (t3) e (atwrmwalls—iwatitilwawaltz gy

LAP

where t3 = To — Tp, to = Tp — Tg, t1 = Tg — T4 The corresponding expressions for entangled
photons are given in Appendix B.

We now take the Fourier transform with respect to ladder delay variable tj, j = 1, 2, 3
s (01,92,(23) [0ty [ dt [ gt 50) (1) ) 1) )
This gives

J —oco 27 27 27 LAP

S0), (O, 0,0) =/, den e L [ D) (@, Dy, Dy py ) 5 (o)
_Dg«z; (_Ql’ _927 _QS;waawb;wd) S'(])* (wa,wb,wd)} ,

(33

where

New J Phys. Author manuscript; available in PMC 2015 December 23.
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D(l (QlaQZ)Qd7wa7wbawd)

D§2A)P (917 QQ7 Q3a Wa,y wbawd)

D(g (917927937wa7wb>wd)_
4

D( ) (Ql’ Q2,Q3,Wa, wp, d) Q3 —wa —wptwqtie][ Q1 —watie][ Qo —wa —wp+i€]

D(S (QLQZ)QJaL‘)avwbawd)_ Q- L

1
Q3+wp+ie][ Q1 +wq+ie][ Qo +wp+wp+ie] ?
1

Q3+wp+ie][ Q1 7wa1+ie] [Qo4wg—wq+ie]?

(34)

[
[
[Q3+wptie][ Q1 +wq+ie] [192+wd7wa,+i6] ’
[
[
[

é,f;P 3—wa—wptwgtie] [ Q1 +wgtie][ Qatwyg—wa+ie]
6 1
DLAP (Ql’ 2,23, w4, W wd) Q3—wa—wpFwatie] [ Q1 —wa+ie][QoFwi—wa+ie] *

We note that the frequency variables w,, = a, b, d in Eq. (34) are the same combinations that
appear in the matter responses in Eg. (18). This means that the signal will factorize into a

product of several Green’s functions with uncoupled frequency arguments Qj,jzl, 2,3. Of
course this holds only in the absence of additional sources of correlating the variables
caused by e.g. dephasing (bath) or the state of light. In the LOP, in contrast, the time
correlations that result in the frequency mixing is apparent. Different frequency components
W, = a, b, d that enter the Green’s function in Eq. (18) interfere when convoluted with the
same display function Egs. (21).

4. Classical vs quantum light fields

The state of light that enters the signal via the four-point frequency domain correlation
function of the electric field in Eq. (17) can mix various frequency variables which arise
from the coupling between the interaction times. In the following we consider the twin
photon entangled state of light and compare it to the classical (coherent) state. Ideal
multidimensional techniques use impulsive fields well separated in time with infinite
bandwidth. However as shown in the following it is crucial to keep the finite bandwidth.

In the case of classical light, the four-point correlation function simply factorizes into a
product of four electric field amplitudes

(E' (wa) B (watwy — wa) B () B (@) ) =6" (wa) 6" (watwp — wa) & (@) & (wa) . (35)

Note, that because classical fields do not impose correlations between various interaction
times, either LOP or LAP can be used. In the following simulations we assume lorentzian

pulses and set & (w) = (E (w)) =A1/ [w — wptioy)
Twin photons are created via type-I spontaneous parametric down conversion of a classical
pump pulse with frequency 2y, into a pair of photons with central frequencies w{” and w{".

For the degenerate process w§°> :wg(’) =w, the quantum state of light is given by the wave
function

dw1 dwg

0 =% G 2 (wn,wn)al,alol0) . o

where ¢ is the photon creation operator in the frequency mode  and ®(@y,a) is the two-
photon amplitude
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O (w1,wz) =4, (w1+ws) sinc 2 ;wPT1e+w2 ;wp Ty | =7 Treti=g = Toe | (The < T2e), (37)

where Ap(w) = Agl[w = 2@y + igp] is the lorentzian classical pump pulse envelope. The
variables Tye = L/vp = L/vy and Toe = LIV = LIV, represent the time delays between the
various beams acquired in the course of the propagation through the crystal with length L.
Here, vp, vy denote the group velocity of the pump pulse, or beams 1 and 2, respectively.
The entanglement time Te = Tpe — T1e along with the pump bandwidth o, are the two key
parameters that define the degree of correlation between twin photons. The four-point field
correlation function in Eq. (17) is now given by

<ET (wq) Ef (watwp —wq) E (wp) E (wa)> =0 (wetwp — we,wq) D (we,wp) . (38)

It is important to note that since the four-point correlation function of the entangled twin
state factorizes into a product of two two-point correlation functions of the form
(E(mp)E(wy)) it only couples different interaction times within the bra- (T, Tp) and within
the ket- (T¢, Tg). This means that the coupling between the interaction times in this case
occurs on one branch of the loop and interaction times on different branches are not coupled.
LOP thus offers a natural scanning protocol for quantum spectroscopy with entangled twin-
state of light.

5. Simulations

We have simulated the signal (20) using the LOP protocol and compared it with the standard
fully time ordered LAP protocol given by Eq. (32) for a model trimer described by the
Frenkel exciton Hamiltonian (2). We first present LOP results for classical and entangled
light. We then provide the reference by demonstrating the LAP results. The parameters used
are gg =1.518 eV, & =1.530 eV, g =1.526 eV, J;o = 10 meV, Ji3 =2 meV, Jy3 =3 meV.
All three chromophores have the same transition dipole V1 = V5, = V3. In the eigenstate basis
the Hamiltonian (4) has parameters i, =1.512 eV fiwey=1.525 eV fiwe.3=1.537 eV
hwp=3.044 €V, hwr=3.048 eV, andfw;3=3.056 V. We focus on the three exciton
bands: g, e, and f. In our model we have two sources of dephasing. First intraband dephasing
which is associated with transition within excited state band, e.g. e— e. Second interband
dephasing that governs the transitions between e.g single and double excited states e —f.

5.1. LOP signals

Below we present two-dimensional signals obtained by setting one time interval to zero. Fig.
3 shows the simulated § op (921, » =0, Q3) for a trimer using classical light (top row) and
entangled light (mid and bottom row). This signal reveals the intraband dephasing rate yed’
that enters through the resonance Q1—Q3 = wed—i yo’. We indicate the corresponding states
rather than transitions, since in the loop all the transitions are calculated using the ground
state as reference, thus ¢ — gg. This follows from the bookkeeping of the wavefunction.
We first discuss the left column for which we set the dephasing rate yo’ =1 meV. Fig. 3a
shows the result for a classical light with narrow intraband dephasing e’ = 1 meV. It gives
a diagonal cross peak e = € and one pair of weak side peaks parallel to the main diagonal at
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(e €) = (&, e3). The remaining two pairs of side peaks at (e, €) = (e1, &) and (g, €) = (ey,
€3) are too weak to be seen. Fig. 3d shows the signal obtained using entangled photons with
short entanglement time T = 10 fs. Panels a and d are very similar. The situation changes as
the entanglement time is increased further. For To = 100 fs in Fig. 3g we observe two
additional strong side cross peak pairs with (e, €) = (e1,e3) and (e, €) = (e1,&). The weak
peak at (e, €) = (ey,&3) is significantly enhanced as well. Note that the visibility and intensity
of the side peaks is enhanced for longer entanglement time. This can be explained as
follows: the long entanglement time together with the broad pump bandwidth o, defines a
parameter regime where the entanglement manifests with positive frequency correlation, i.e.
the difference between frequencies of entangled photons has a narrow distribution [48]. In
this case the narrow resonance occurs for Q1 — Q3 and the inverse of the entanglement time
is an effective bandwidth of the pulse envelope which oscillates as a function of frequency
(sinc-function). The oscillating envelope enhances or suppresses certain peaks and the
longer entanglement time provides the narrow bandwidth which implies a higher frequency
resolution. The other two columns in Fig. 3 repeat these calculations for larger dephasing
rates 1. If the intraband dephasing y¢ is broader then the classical result depicted in Fig.
3b shows broadening of the main e = € peak and the side peaks are significantly suppressed
compared to those shown in Fig. 3a. Further increase of y¢’ and use of classical fields leads
to further broadening of the main diagonal peak whereas the side peaks completely
disappear (see Fig. 3c). The same argument applies to the entangled fields with short
dephasing time shown in Fig. 3e-f. Broader dephasing rate covers the side peaks and only
the main diagonal peak e = € remains strong and broad. For long entanglement time,
intraband dephasing leads to broadening and enhancement of the side peaks. For instance in
Fig. 1g the side peaks at (g, €) = (g1, €3) are quite weak. Same peaks are broadened and
enhanced in Fig. 3h and even more so in Fig. 3i. Thus, the display (21, ©23) in LOP allows
for effective determining of the intraband dephasing for distinct pair of eand € states even if
intraband dephasing is broad. The advantage of having cross peaks compared to diagonal
resonances is that they allow to distinguish individual states even if e is degenerate for
several pairs of states eand €. If interband dephasing yeg which determines the longitudinal
dimension of the cross peak is broad, the cross-peaks will remain distinct if properly
engineered entangled light is used for probing these states. Note that the above parameter
regime is different from the one studied in Ref. [34] where a narrow pump bandwidth and
short entanglement time give rise to negative frequency correlations and a narrow sum
frequency resonance [48]. That regime will be discussed in Section 6.

We now turn to interband dephasing. The LOP allows to extract the detailed information
about ye. Fig. 4 depicts § op (21, 2, 73 = 0). Fig. 4a shows the signal using classical light
at narrow dephasing rate ye =1 meV. The spectra are dominated by the resonance Q, — Q1
= wre — i te- There are total nine possible transitions between three states g — fi, j, k=1, 2,
3. For the small dephasing rate as in Fig. 4a one can resolve individual cross peaks and
extract the information about the interband dephasing. As the dephasing rate is increased,
excitation by classical light does not allow to resolve individual transitions but one can
rather see only well resolved group of peaks as per Fig. 4b. Further increase the dephasing
rate makes the spectra broad and poorly resolved (see Fig. 4c). The short entanglement time
used here provides extra selectivity over the distribution of double-excited states via 2, as
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follows from Fig. 5d. Unlike the classical case where selectivity over Q, and € is the same
and is determined by the interband dephasing yeqg ~ g, in the entangled case, the time
constraint due to T provides better selectivity over Q. As the dephasing rate is increased
(Fig. 5e) the Q4 resolution decreases similarly to the classical case whereas the selectivity
over €, remains fixed. The same tendency holds if the dephasing is further increased as per
Fig. 5f. This allows to resolve individual quantum pathway that contain a single f and single
e state and the dephasing ). Note, that the resolution of €, is eroded for the longer
entanglement time. Therefore the selectivity in both Q4 and €2, is eroded quite rapidly with
increase of y as illustrated in Fig. 5 g-i.

5.2. LAP signals

As we did for the LOP we show 2D signals obtained by setting one time interval to zero.

Fig. 5 depicts the LAP signal S,» (Ql, t2=0, 2w, — Qs) (32) (we plotted it vs 2w, — Q; for
a better comparison with Fig. 3). As we did for the LOP we investigate the effect of
intraband dephasing yec. We set y = 1 meV. Unlike the LOP which contains contributions
from all six diagrams in Fig. 2, LAP allows to distinguish between the k;, k;; and k;j,
contributions. Fig 5a shows the k; signal for the narrow intraband dephasing ye =1 meV. It

is dominated by two resonances for Q; ~ Weg, 2wp — wie and Q3 ~ We, 2wy — weg. ThE Ky

signal shown in Fig. 5b is dominated by a cross-peak at Q; +Q3=2w, — w, s — i (p+7,./ ).
Note, that unlike the LOP, in the case of LAP the width of the e€’ resonance is affected by
the pump pulse bandwidth o, and the resonance is broadened as can be seen from Fig. 5b.
The same applies to k;;;. For comparison with the LOP we plot the sum of all three
techniques in Fig. 5d. It resembles k|, and k;;; and shows that for the same parameters
compare to LOP, we get significantly broader resonances and thus, information about
intraband dephasing cannot be effectively extracted from this display mode. As shown

below it can be done from the <t1=0, Qs, Qs) display. Unlike the LOP where entanglement
at long times T plays a crucial role, LAP does not carry extra information about intraband
dephasing and essentially gives similar spectra to classical light. Slight changes in peaks
intensities can be observed at long entanglement times in k;; and k), signals (see Fig. 5j,k)
compared to short entanglement time in Fig. 5f,g and classical light in Fig. 5 b,c.

It follows from Fig. 3 and Fig. 5 that entanglement is not necessary to reveal the narrow
intraband dephasing yo. The narrow resonances can be observed with classical light as in
Fig. 3d for the right choice of field parameters and if displayed using the LOP. On the other
hand the LAP cannot reveal the narrow dephasing neither with nor without entanglement, as
shown in Fig. 5.

Recently 2D spectra of a model dimer with classical and entangled light were calculated in
Ref. [39] using a different approach and approximations than used here. Fig. 6 displays the
signals calculated using our approach for the same model dimer parameters of [39]. The
LOP spectra for classical and entangled light are compared in the left column. The
corresponding LAP spectra are shown in the right column. We see that entanglement makes
no difference in this parameter regime (the two rows are virtually identical). However the
scanning protocol does as seen by the two columns. The LOP signals are narrow and clearly
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resolve the e; and e, states whereas the corresponding LAP signals are broad and
featureless.

For more in depth comparison we now describe the signals calculated in Ref. [39] using our
terminology. In that work the entangled LOP spectrum (bottom row of their Fig. 7, our Fig.
6¢) was compared with the classical LAP spectrum (bottom row of their Fig. 6
corresponding to our Fig. 6b). In Ref. [39] the difference was attributed to entanglement
effects. Our results show that the difference is solely due to the different scanning protocol
(LAP/LOP) and is unrelated to entanglement. Note that the LAP yields three different
signals that can be distinguished by the choice of phase, whereas the LOP combines all six
contributions into one signal. Furthermore, in order to recover the expressions in Egs. (21) -
(23) and (24) - (29) of Ref. [39] using our model of entangled light we had to take
continuous limit for entangled case op — 0 with Tg; = Tep = 0 and the impulsive limit o, —
oo in the case of classical light, which corresponds to two completely different parameter
regimes. For a consistent comparison of the classical vs entangled light we used in Fig. 6 the
impulsive limit for all four signals.

The LOP protocol can be generally realized using a pulse shaper as explained earlier. Using
our analysis we conclude that the Franson interferometer proposed in Ref. [39] shall provide
a convenient method for realizing this protocol experimentally.

As demonstrated above, displaying the LAP signal vs (Ql, t2=0, Qs) does not allow to
extract the intraband dephasing yee’ since the spectra are broadened by the pulse bandwidth
(see Fig. 5). However we can extract the intraband dephasing by plotting k; signal - Eq. (22)

and kj; - Eq. (23) if displayed vs (t1=0, Qz,Qs) - see Fig. 7. Note, that here we depicted the
ticks along the axes corresponding to the relevant transitions keeping track of the density

matrix. The spectra are dominated by 522:%6/ — iy, resonance. The K, signal does not

show any features in the vicinity of QQ:wee/ S0 it is not shown. For the narrow dephasing
vee the spectra of k; signal shown in Fig. 7a shows strong diagonal e = € resonance and
weak cross peaks at (e, €) = (e1, &) and (e, €) = (&, €3). The peak at (g, €) = (g, &) is
significantly weaker than the other two. Similar spectra is obtained for k;; signal - Fig. 7b
and the total k| + kj; signal - Fig. 7c. Using entangled light with short entanglement time T¢
= 10 fs, the spectra are virtually identical to the classical light as shown Fig. 7d-f compared
to Fig. 7a-c. The interesting effect occurs for the long entanglement time as in the case of
LOP. Fig. 7g shows the side peaks e # € in rephasing signal kI are suppressed, whereas the
nonrephasing contribution k;; in Fig. 7h has enhanced side peaks including (e, €) = (g1, &)
resonance that becomes well pronounced. The total k| + k;; signal depicted in Fig. 7i shows
the suppressed side resonances.

For comparison with the LOP and with Fig. 4 that reveals interband dephasing ye we plot

the LAP signal vs (QQ, 523) in Fig. 8. For a narrow dephasing e = 1 meV the spectra reveals

nine ngwfe — 74 peaks as shown in Fig. 8a. For broader dephasing je = 2 meV - Fig. 8b
and y#e =4 meV - Fig. 8c the spectra are broadened and various peaks overlap. When using
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entangled light the short entanglement case with T = 10 fs is very similar to the classical
light as can be seen by comparing Fig. 8d-f with Fig. 8a-c. Unlike spectra in Figs. 3-7,
longer entanglement time does not provide any benefit. Rather it makes various peaks
suppressed compared to the classical case as can be seen in Fig. 8g-i.

6. Narrowband pulses; Mixed time/frequency-domain scans

So far we investigated multidimensional signals obtained by scanning various time delays
between pulses. This time-domain protocol makes sense if the pulses that interact with the
system are relatively short. For entangled light this implies that frequencies of the modes
corresponding to the twin photons are positively correlated [49]. We demonstrated that this
is crucial especially for the long entanglement time where the narrow difference-frequency-

resonances can be observed in the spectra of 5, (2, 75=0,Q3), Srar (Qh t2=0, Q:s),
S, op (1,99, 3=0)and Srp (t1:07 Qa, Qs) signals.

In our recent work [34] we have investigated the effects of entanglement on the control of
the transport properties in molecular aggregates. Narrow fg resonances were observed when
the entangled pair has been generated by narrowband pump and entanglement time is short.
In this case narrow pump along with short entanglement time implies negative frequency
correlation (the sum of two frequencies is narrowly distributed). This is a different
parameter regime than used in Section 5. In the following we consider narrowband pump
pulse and fg resonances with entangled photons. In this case we can adopt mixed time-and-
frequency domain scanning, where we scan one time delay between pulses and the pump
frequency . Again we compare the LOP and LAP protocols.

Fig. 9 depicts the corresponding time-and-frequency domain signal. Fig. 9a shows the signal
S op (21, 22 =3.11eV, 13 =0, wp) LOP signal which contains three distinct peaks
corresponding to 2 ay, = axg — i )4 resonances for short entanglement time Te = 10 fs. As the
entanglement time is increased, the peaks become weaker as shown in Fig. 9f. For
comparison we depict the corresponding series of LAP signals

Sk, <t1=0, Q=3.11eV, Qs;wp) where j =1, 11, I1l. For short entanglement time the k;; signal
contains three well pronounced narrow peaks similar to LOP as seen from Fig. 9c, whereas
resonances in k; and k;; signals are not as clearly seen. For longer entanglement time, all
sharp features of LAP spectra become fuzzy (see Flg. 9 g-j) and even in the case of kj;, axg
resonances become suppressed. This is consistent with earlier results for narrowband pump
pulse [34].

7. Conclusions

Multidimensional optical signals are obtained by subjecting the system to sequences of short
pulses and generating and analyzing correlation plots between different resonances
generated during controlled delay periods. These allow to visualize such an event as a e.g.
cross-peak in the space of two frequency variables that are related to Fourier transform of
two different delay intervals. Most commonly, the delays are between consecutive
chronologically-ordered pulses that can differ by their frequencies, polarizations and
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wavevectors. Such signals can be naturally described by the density matrix and represented
by ladder diagrams. We had presented a new protocol based on the wavefunction description
that involves both forward and backward time evolution. This protocol uses different types
of delays represented by loop diagrams and can be realized experimentally by phase cycling.
This new type of bookkeeping of field-matter interactions that is not based on
chronologically time ordered pulses suggests a new way of monitoring and displaying
various resonances. We demonstrated it for two photon absorption experiments with
incoherent fluorescence detection in a molecular aggregate with classical and entangled
light.

Broadband entangled light with long entanglement time allows to selectively reduce the
background and reveal certain resonances because of intrinsic frequency correlations due to
entanglement. The resonances remain well resolved even for the short dephasing which
typically is a source of strong background for the signals measured with classical fields. In
particular, entangled light and the loop-based protocol can reveal intra and interband
dephasing in the single and double exciton manifold not possible by classical light. We
demonstrated better-resolved signals compared to those obtained with standard ladder
scanning protocol. Entangled light causes correlations of the various time delay variables
thus providing new spectroscopic windows and physical picture of the system dynamics.
The current formalism can be readily applied for an arbitrary state of light including
stochastic, squeezed or other quantum and classical states. The signals are given by sums of
products of four-point correlation functions of the electric field and matter which can be
calculated for arbitrary pulse shapes and bandwidths including temporally overlapping
pulses. The necessary Liouville space Green’s functions can be evaluated by taking bath
effects into account, e.g. pure dephasing, inhomogeneous broadening, transport and other
dynamical bath effects.
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Appendix A. Time-domain signals using LOP with entangled photons

Here we evaluate the frequency integrals in Eq. (15). The time-domain LOP signal then
reads

€

Sgo)P (7’1, T2, 7'3) :j—Qaih‘l Z]ﬂge/ /Lb/fﬂ;:ug;e (7'2) gef (7'1) gge/ (7'3)
e,e

X [9 (19 —71) e[2iwp70'p](7277'1)ggf (—2wy, —io,) F (pr —Wpe — 1 ('yfe —0p) ,wfe—f—z'*yfe,wc/g—f—ifye/g (A.

+0 (1, — 1) e_[%“’f"""?](ﬁ_"?)%gf (—2wp+io,) F (pr — Wfe — L (Yfetp) , WreHVse, wezg—kifye/g
+20,%yf (T2 — 1) Ygp (—2w)p — i0p,) Ggp (—2wptioy,) F (weg — Yeg, We+ Ve, we/g—f—ifye/g)} ,
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5@ (1,1, 15) = — fﬁ N e fu]?;‘u‘é;@ (11) 0 (12) 9,/ (13)
e,e

X [6 (t9 — T1+73) e[2iwp_”P](T2_Tl+T3)gef (11 — 73) Gy (—2wp, — o))

X F (pr — Whe — 1 (Vfe — Tp) s WeFiVfe, 2wp — Wi = i (’yfg Vg~ O'p))

+0 (11 — 73 — 7o) e~ Pirtalnontn)g (1 )G (—2w,tia,)
X F (pr — e — it (Yfet+0p) s WhetiYfe, 2wp — Wy (*yfg — ’ye/g+ap))
—0 (1) elPir=rIRG,, (11 — 13) Gy (—2wp — i)

XF (Weg — 1Yeg, 2wWp — Wegti (Yeg+0p) W iy,

+20'p [gef (7'1 — 7’3) ggf (7'2 — 7'1+7'3) — g@g (Tl — 7'3) ggf (7'2)]

XYyt (—2wp — i0y,) Gor (—2wp+io,) F (weg — Vg, Weetivse, welg—’—i'yelg)] ,

S (11,72 78) = 5l S il it G0 (71) 6 (72) 0/(73)
e,e

x [_9 (r1 — ) e it (=G (1) G (73) Gy (—2ptio)
X.F (2wp — Whe = 1 (Ve 0p) s WheF Ve, we’g"'i%’g)
—0 (19 — 1) e_[zi“’f’_”l’](ﬁ_”)gef (1) gge/ (13) Gyp (—2wp — iop)
X.F (pr — Wfe — 7 (’Yfe - Up) 7wfe+i’7fe>we’g+i7€’g)
=20, (T2 — T1) YDer (T1) gge/ (73) Ggp (—2wp, — i0y,) Gy (—2wp+ioy)
X F (weg - egs WietiYe, we/g—H'fye/g
+0 (1) elPr=orlng, (1)) G (13) Gyp (—20p — o)
xF (w‘fg — Yegs 2wp — Wegti (Op+eg) ’we'g+i7e’g>
+20,G1 (T2) Geg (T1) ggc’ (73) Yyp (—2wp — i0p,) Gy (—2wp+ioy)
xF (wEH — Wegs WfetiVfe L‘)e/g—i_i’ye/g)

+6 (11 — 73 — o) e ZrFeRl (=G (1) — 73) G (73) Gy (—2wptioy)

X F <2wp — Wee — 1 (Yfet+0p) , WeFiVfe, 2wp — Wi~ i ('yfg — 'ye/g—i-ap))

+0 (rpt73 — 1) el 2 (ABTNG (1) — 1) G (73) Gy (— 2wy, — i)

X F (2wp — Wee — 1 (Yfe — Op) s WeFiYfe, 2wp — W —1 (fyfg —Vely — op))
+20,Yyf (12473 — 71) G (11 — 73) G, (73) Gyp (—2wp — o) Gyp (—2wptioy)

ee
X F (weg — Yegy WhetiV e, we/g—l—i’ye/g
—6 (79) e[2iwp70'p]7'2geg (11— 73) D, 1 (T3) Gy (—2wp — i0p)
xF (‘*’ey — WYegy 2Wp — Weg T (Veg+0p) s w0 i1
—20,9Gy1 (T2) Geg (T1 — 73) Y, 1 (13) Gy (—2wp — 10},) Gy (—2wptioy)

X F Weg — i’}/egawfe'f'i'yfeawe’g'f'ilye’g s

S(4) (717 T2, T3) :S(l)* (7-37 T2, Tl) 3 (A-4)

LOP

SS)O)P (Tl’ 72, T3) 25(2)* (T3a T2, Tl) ; (A5)

Si(gp (11,72, 73) =S@" (3,72,71) . (A8)
where

New J Phys. Author manuscript; available in PMC 2015 December 23.



1duosnuey Joyiny 1duosnuely Joyiny 1duosnuely Joyiny

1duosnuey Joyiny

Dorfman and Mukamel Page 18

F (Wa, Wh, Wy) =P (Wq, wp) i (wWotwp — wa,wq) . (AT)
and

D (wq,wp) =Ap (Watws) 0y (Waywp) - (AB)

Appendix B. Time-domain signals using LAP with entangled photons

Evaluating the frequency integrals in (25) we obtain for the time-domain LAP signal
S0 (turta ts) =T 5ol St il 1§l Gy (1) 9,0 (1)

x [0 (t2) e[zwrap]mggf (—2w, —io,) F (2wp — Whe — 1 (Yfe — Op) s WeF Ve, we/g—i—ifye/g)

+20,% 5 (t2) Yop (—2wp — i0},) Gy (—2wp+io,) F (weg — Yeg, WreFiVse, ""e/g"'i%’gﬂ ,

ngA)p (t17 t27 t3) = ‘@20-:;}14 :#Ze' #Z'f#CZ#z;gee’ (t2)
e,e
x [elier—arliag, (t3) Gy (1) Gy (—2wp — i)
xF (weg — DY 2wp — Wegti (TpF7eg) awe’g"'i'ye’g) (B.
+eBrtorlng p (ty) Gop (1) Gyr (—2wption) 2)
X.F (2wp — Wpe — 1 (Yfet+0p) , WeFiVfe, 2wp — Wy — i (’yfg - fye/g—l—ap))
+2i0,YGer (t3) Geg (t1) Gy (—2wp — ioy,) Gygp (—2wptioy)
X F (weg — Yegs WeFiVfes Wy TV,

SP, (titats) =Z oo S G0 (1) 0 (£2) 0 (8)
e

x [—e[2iwp—aplts%g (t3) Geg (t2) G, (tatt1) Gy (— 200, — i)
X F <weg — Yegs 2wWp — Wegti (TpFeg) ,werg—i—i’ye/g)
—e Bt Tliag (1) Gop (82) 9, (ta+t) ) Gy (—2wptic,)
X F (2wp — Wie — 1 (Yfet+0p) s WhetiVse, we/g+z"yezg)
—2i0pGef (t3) Yoy (t2) 9, (tatt1) Gy (—2wp — i0p) Gy (—2wptioy)
X F (weg — ey WhetH Y e, we/g+z’7€/g> 3)
+iePer=onllag, (ty — 1) G, 1 (tattr) o (—2wp — i0)
X F (weg — g, 2Wp — Wegti (Op+TYeg) W iy,
+0 (1 — ta) elZirmorliinnl ity | (1) 44)) G, (—2w, — ioy)
X F <2wp — Wie — 1 (Ve — Op) , WetiVfe, 2wp — Wr — i ('yfg — Vg~ O'p)
—iel?er el [ g (1), (tattr) Gy (~2wptioy)
xXF <2wp — W — 1 (Ve — Tp) , WhetiYfe, 2wp — Wi = i (’yfg Vg~ O'p)] ,

S, (t1,t2,t3) =SW* (21,12, t3)

LAP » (B4)
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SB) (t1,t2,t3) =S@* (t1,t2,3), (B5)

S(G) (tl, tg, t3) :S(s)* (tla t27 t3)

LAP ’

(B.6)

References

[1]. Mukamel, S. Principles of Nonlinear Optical Spectroscopy Oxford series in optical and imaging
sciences. Oxford University Press; 1999. ISBN 9780195132915 URL http://books.google.com/
books?id=KfKBccmwqJ4C

[2]. Abramavicius D, Palmieri B, Voronine DV, Sanda F, Mukamel S. Chemical Reviews. 2009;
109:2350-2408. pMID: 19432416 URL http://pubs.acs.org/doi/abs/10.1021/cr800268n.
[PubMed: 19432416]

[3]. Mukamel, S.; Rahav, S. Chapter 6 - ultrafast nonlinear optical signals viewed from the molecule’s
perspective: Kramers-heisenberg transition-amplitudes versus susceptibilities. In: Arimondo, E.;
P, B.; Lin, C., editors. Advances in Atomic, Molecular, and Optical Physics (Advances In
Atomic, Molecular, and Optical Physics. Vol. 59. Academic Press; 2010. p. 223-263.URL http://
www.sciencedirect.com/science/article/pii/S1049250X10590062

[4]. Rammer, J. Quantum Field Theory of Non-equilibrium States. Cambridge University Press; 2007.
ISBN 9781139465014 URL http://books.google.com/books?id=A7ThrAm5Wq0C

[5]. Tekavec PF, Lott GA, Marcus AH. The Journal of Chemical Physics. 2007; 127:214307. URL
http://scitation.aip.org/content/aip/journal/jcp/127/21/10.1063/1.2800560. [PubMed: 18067357]

[6]. Fu D, Ye T, Yurtsever G, Warren WS, Matthews TE. Journal of Biomedical Optics. 2007; 12
054004-054004-8 URL http://dx.doi.org/10.1117/1.2780173.

[7]. Ye T, Fu D, Warren WS. Photochemistry and Photobiology. 2009; 85:631-645. ISSN 1751-1097
URL http://dx.doi.org/10.1111/j.1751-1097.2008.00514.x. [PubMed: 19170931]

[8]. Brinks D, Stefani FD, Kulzer F, Hildner R, Taminiau TH, Avlasevich Y, Mullen K, van Hulst NF.
Nature. 2010; 465:905-908. URL http://www.nature.com/nature/journal/v465/n7300/full/
nature09110.html. [PubMed: 20559383]

[9]. Ramsey NF. Phys. Rev. 1950; 78(6):695-699. URL http://link.aps.org/doi/10.1103/PhysRev.
78.695.

[10]. Cohen-Tannoudji, C.; Guéry-Odelin, D. Advances In Atomic Physics: An Overview. World
Scientific Publishing Company, Incorporated; 2011. ISBN 9789812774972 URL http://
books.google.com/books?id=md_cNwAACAAJ

[11]. Schlawin F, Mukamel S. J. Chem. Phys. 2013 unpublished.

[12]. Mukamel S, Richter M. Phys. Rev. A. 2011; 83(1):013815. URL http://link.aps.org/doi/10.1103/
PhysRevA.83.013815.

[13]. Rahav S, Mukamel S. The Journal of Chemical Physics. 2010; 133:244106. URL http://
scitation.aip.org/content/aip/journal/jcp/133/24/10.1063/1.3517218. [PubMed: 21197975]

[14]. Moerner WE, Fromm DP. Review of Scientific Instruments. 2003; 74

[15]. EIf J, Li GW, Xie XS. 2007; 316:1191-1194. URL http://www.sciencemag.org/content/
316/5828/1191.abstract.

[16]. Barkai, E. Theory and Evaluation of Single-molecule Signals. World Scientific Publishing
Company; 2008. ISBN 9789812793492 URL http://books.google.com/books?
id=2y0g8JksRXYC

[17]. Patel CKN, Tam AC. Rev. Mod. Phys. 1981; 53(3):517-550. URL http://link.aps.org/doi/
10.1103/RevModPhys.53.517.

[18]. Wang HW, Chai N, Wang P, Hu S, Dou W, Umulis D, Wang LV, Sturek M, Lucht R, Cheng JX.
Phys. Rev. Lett. 2011; 106(23):238106. URL http://link.aps.org/doi/10.1103/PhysRevL ett.
106.238106. [PubMed: 21770549]

New J Phys. Author manuscript; available in PMC 2015 December 23.


http://books.google.com/books?id=KfKBccmwqJ4C
http://books.google.com/books?id=KfKBccmwqJ4C
http://pubs.acs.org/doi/abs/10.1021/cr800268n
http://www.sciencedirect.com/science/article/pii/S1049250X10590062
http://www.sciencedirect.com/science/article/pii/S1049250X10590062
http://books.google.com/books?id=A7TbrAm5Wq0C
http://scitation.aip.org/content/aip/journal/jcp/127/21/10.1063/1.2800560
http://dx.doi.org/10.1117/1.2780173
http://dx.doi.org/10.1111/j.1751-1097.2008.00514.x
http://www.nature.com/nature/journal/v465/n7300/full/nature09110.html
http://www.nature.com/nature/journal/v465/n7300/full/nature09110.html
http://link.aps.org/doi/10.1103/PhysRev.78.695
http://link.aps.org/doi/10.1103/PhysRev.78.695
http://books.google.com/books?id=md_cNwAACAAJ
http://books.google.com/books?id=md_cNwAACAAJ
http://link.aps.org/doi/10.1103/PhysRevA.83.013815
http://link.aps.org/doi/10.1103/PhysRevA.83.013815
http://scitation.aip.org/content/aip/journal/jcp/133/24/10.1063/1.3517218
http://scitation.aip.org/content/aip/journal/jcp/133/24/10.1063/1.3517218
http://www.sciencemag.org/content/316/5828/1191.abstract
http://www.sciencemag.org/content/316/5828/1191.abstract
http://books.google.com/books?id=2y0q8JksRXYC
http://books.google.com/books?id=2y0q8JksRXYC
http://link.aps.org/doi/10.1103/RevModPhys.53.517
http://link.aps.org/doi/10.1103/RevModPhys.53.517
http://link.aps.org/doi/10.1103/PhysRevLett.106.238106
http://link.aps.org/doi/10.1103/PhysRevLett.106.238106

1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Dorfman and Mukamel
[19].
[20].

[21].

Page 20

Wang P, Rajian JR, Cheng JX. The Journal of Physical Chemistry Letters. 2013; 4:2177-2185.
URL http://pubs.acs.org/doi/abs/10.1021/jz400559a. [PubMed: 24073304]

Mamin HJ, Budakian R, Chui BW, Rugar D. Phys. Rev. B. 2005; 72(2):024413. URL http://
link.aps.org/doi/10.1103/PhysRevB.72.024413.

Poggio M, Mamin HJ, Degen CL, Sherwood MH, Rugar D. Phys. Rev. Lett. 2009; 102(8):
087604. URL http://link.aps.org/doi/10.1103/PhysRevLett.102.087604. [PubMed: 19257789]

[22]. Rajapaksa I, Uenal K, Wickramasinghe HK. Applied Physics Letters. 2010; 97:073121. URL

http://scitation.aip.org/content/aip/journal/apl/97/7/10.1063/1.3480608. [PubMed: 20859536]

[23]. Rajapaksa I, Kumar Wickramasinghe H. Applied Physics Letters. 2011; 99:161103. URL http://

scitation.aip.org/content/aip/journal/apl/99/16/10.1063/1.3652760. [PubMed: 22087048]

[24]. Cheng, J.; Xie, X. Coherent Raman Scattering Microscopy Series in Cellular and Clinical

Imaging. Taylor & Francis; 2012. ISBN 9781439867655 URL http://books.google.com/books?
id=1-Q0hpM2WOAC

[25]. Nardin G, Autry TM, Silverman KL, Cundi ST. Opt. Express. 2013; 21:28617-28627. URL

http://www.opticsexpress.org/abstract.cfm?URI=0e-21-23-28617. [PubMed: 24514373]

[26]. Lee DI, Goodson T. The Journal of Physical Chemistry B. 2006; 110:25582-25585. pMID:

17181189 URL http://pubs.acs.org/doi/abs/10.1021/jp066767g. [PubMed: 17181189]

[27]. Saleh BEA, Jost BM, Fei HB, Teich MC. Phys. Rev. Lett. 1998; 80(16):3483-3486. URL http://

link.aps.org/doi/10.1103/PhysRevLett.80.3483.

[28]. Pefina J, Saleh BEA, Teich MC. Phys. Rev. A. 1998; 57(5):3972-3986. URL http://

link.aps.org/doi/10.1103/PhysRevA.57.3972.

[29]. Roslyak O, Marx CA, Mukamel S. Phys. Rev. A. 2009; 79(6):063827. URL http://

link.aps.org/doi/10.1103/PhysRevA.79.063827.

[30]. Roslyak O, Marx CA, Mukamel S. Phys. Rev. A. 2009; 79(3):033832. URL http://

link.aps.org/doi/10.1103/PhysRevA.79.033832.

[31]. Dayan B, Pe’er A, Friesem AA, Silberberg Y. Phys. Rev. Lett. 2004; 93(2):023005. URL http://

link.aps.org/doi/10.1103/PhysRevLett.93.023005. [PubMed: 15323912]

[32]. Guzman AR, Harpham MR, Szer, Haley MM, Goodson TG. Journal of the American Chemical

Society. 2010; 132:7840-7841. pMID: 20496892 URL http://pubs.acs.org/doi/abs/10.1021/
ja1016816. [PubMed: 20496892]

[33]. Schlawin F, Dorfman KE, Fingerhut BP, Mukamel S. Phys. Rev. A. 2012; 86(2):023851. URL

http://link.aps.org/doi/10.1103/PhysRevA.86.023851.

[34]. Schlawin F, Dorfman KE, Fingerhut BP, Mukamel S. Nature Communications. 2013; 4:1782.

URL http://www.nature.com/ncomms/journal/v4/n4/full/ncomms2802.html.

[35]. Bellini M, Marin F, Viciani S, Zavatta A, Arecchi FT. Phys. Rev. Lett. 2003; 90(4):043602. URL

http://link.aps.org/doi/10.1103/PhysRevLett.90.043602. [PubMed: 12570422]

[36]. Pe’er A, Dayan B, Friesem AA, Silberberg Y. Phys. Rev. Lett. 2005; 94(7):073601. URL http://

link.aps.org/doi/10.1103/PhysRevLett.94.073601. [PubMed: 15783815]

[37]. Carrasco S, Sergienko AV, Saleh BEA, Teich MC, Torres JP, Torner L. Phys. Rev. A. 2006;

73(6):063802. URL http://link.aps.org/doi/10.1103/PhysRevA.73.063802.

[38]. Zah F, Halder M, Feurer T. Opt. Express. 2008; 16:16452-16458. URL http:/

www.opticsexpress.org/abstract.cfm?URI=0e-16-21-16452. [PubMed: 18852751]

[39]. Raymer MG, Marcus AH, Widom JR, Vitullo DLPO. The Journal of Physical Chemistry B. 0 null

URL http://pubs.acs.org/doi/abs/10.1021/jp405829n.

[40]. Pestov D, Lozovoy VV, Dantus M. Opt. Express. 2009; 17:14351-14361. URL http://

www.opticsexpress.org/abstract.cfm?URI=0e-17-16-14351. [PubMed: 19654842]

[41]. Xu B, Coello Y, Lozovoy VV, Dantus M. Appl. Opt. 2010; 49:6348-6353. URL http://

a0.0sa.org/abstract.cfm?URI=a0-49-32-6348. [PubMed: 21068867]

[42]. Keusters D, Tan HS, Warren. The Journal of Physical Chemistry A. 1999; 103:10369-10380.

(Preprinthttp://pubs.acs.org/doi/pdf/10.1021/jp992325b) URL http://pubs.acs.org/doi/abs/
10.1021/jp992325b.

New J Phys. Author manuscript; available in PMC 2015 December 23.


http://pubs.acs.org/doi/abs/10.1021/jz400559a
http://link.aps.org/doi/10.1103/PhysRevB.72.024413
http://link.aps.org/doi/10.1103/PhysRevB.72.024413
http://link.aps.org/doi/10.1103/PhysRevLett.102.087604
http://scitation.aip.org/content/aip/journal/apl/97/7/10.1063/1.3480608
http://scitation.aip.org/content/aip/journal/apl/99/16/10.1063/1.3652760
http://scitation.aip.org/content/aip/journal/apl/99/16/10.1063/1.3652760
http://books.google.com/books?id=l-Q0hpM2W0AC
http://books.google.com/books?id=l-Q0hpM2W0AC
http://www.opticsexpress.org/abstract.cfm?URI=oe-21-23-28617
http://pubs.acs.org/doi/abs/10.1021/jp066767g
http://link.aps.org/doi/10.1103/PhysRevLett.80.3483
http://link.aps.org/doi/10.1103/PhysRevLett.80.3483
http://link.aps.org/doi/10.1103/PhysRevA.57.3972
http://link.aps.org/doi/10.1103/PhysRevA.57.3972
http://link.aps.org/doi/10.1103/PhysRevA.79.063827
http://link.aps.org/doi/10.1103/PhysRevA.79.063827
http://link.aps.org/doi/10.1103/PhysRevA.79.033832
http://link.aps.org/doi/10.1103/PhysRevA.79.033832
http://link.aps.org/doi/10.1103/PhysRevLett.93.023005
http://link.aps.org/doi/10.1103/PhysRevLett.93.023005
http://pubs.acs.org/doi/abs/10.1021/ja1016816
http://pubs.acs.org/doi/abs/10.1021/ja1016816
http://link.aps.org/doi/10.1103/PhysRevA.86.023851
http://www.nature.com/ncomms/journal/v4/n4/full/ncomms2802.html
http://link.aps.org/doi/10.1103/PhysRevLett.90.043602
http://link.aps.org/doi/10.1103/PhysRevLett.94.073601
http://link.aps.org/doi/10.1103/PhysRevLett.94.073601
http://link.aps.org/doi/10.1103/PhysRevA.73.063802
http://www.opticsexpress.org/abstract.cfm?URI=oe-16-21-16452
http://www.opticsexpress.org/abstract.cfm?URI=oe-16-21-16452
http://pubs.acs.org/doi/abs/10.1021/jp405829n
http://www.opticsexpress.org/abstract.cfm?URI=oe-17-16-14351
http://www.opticsexpress.org/abstract.cfm?URI=oe-17-16-14351
http://ao.osa.org/abstract.cfm?URI=ao-49-32-6348
http://ao.osa.org/abstract.cfm?URI=ao-49-32-6348
http://pubs.acs.org/doi/pdf/10.1021/jp992325b
http://pubs.acs.org/doi/abs/10.1021/jp992325b
http://pubs.acs.org/doi/abs/10.1021/jp992325b

1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Dorfman and Mukamel Page 21

[43]. Tian P, Keusters D, Suzaki Y, Warren WS. Science. 2003; 300:1553-1555. (Preprinthttp://
www.sciencemag.org/content/300/5625/1553.full.pdf) URL http://www.sciencemag.org/content/
300/5625/1553.abstract. [PubMed: 12791987]

[44]. Tan HS. The Journal of Chemical Physics. 2008; 129:124501. URL http://scitation.aip.org/
content/aip/journal/jcp/129/12/10.1063/1.2978381. [PubMed: 19045030]

[45]. Zhang Z, Wells KL, Hyland EWJ, Tan HS. Chemical Physics Letters. 2012; 550:156-161. ISSN
0009-2614 URL http://www.sciencedirect.com/science/article/pii/S0009261412009566.

[46]. Zhang Z, Wells KL, Tan HS. Opt. Lett. 2012; 37:5058-5060. URL http://ol.osa.org/abstract.cfm?
URI=0I-37-24-5058. [PubMed: 23258004]

[47]. Harbola U, Mukamel S. Phys. Rep. 2008; 465:191.

[48]. Shimizu R, Edamatsu K. Opt. Express. 2009; 17:16385-16393. URL http://
www.opticsexpress.org/abstract.cfm?URI=0e-17-19-16385. [PubMed: 19770852]

[49]. Brecht B, Silberhorn C. Phys. Rev. A. 2013; 87(5):053810. URL http://link.aps.org/doi/10.1103/
PhysRevA.87.053810.

New J Phys. Author manuscript; available in PMC 2015 December 23.


http://www.sciencemag.org/content/300/5625/1553.full.pdf
http://www.sciencemag.org/content/300/5625/1553.full.pdf
http://www.sciencemag.org/content/300/5625/1553.abstract
http://www.sciencemag.org/content/300/5625/1553.abstract
http://scitation.aip.org/content/aip/journal/jcp/129/12/10.1063/1.2978381
http://scitation.aip.org/content/aip/journal/jcp/129/12/10.1063/1.2978381
http://www.sciencedirect.com/science/article/pii/S0009261412009566
http://ol.osa.org/abstract.cfm?URI=ol-37-24-5058
http://ol.osa.org/abstract.cfm?URI=ol-37-24-5058
http://www.opticsexpress.org/abstract.cfm?URI=oe-17-19-16385
http://www.opticsexpress.org/abstract.cfm?URI=oe-17-19-16385
http://link.aps.org/doi/10.1103/PhysRevA.87.053810
http://link.aps.org/doi/10.1103/PhysRevA.87.053810

1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Dorfman and Mukamel

T3

L N | 72 |
k x x Loop time

Ta» ¢a Tb7 ¢b ch (750
(a)

Td7 ¢d

| t1 to I t3
k k x x Ladder time

Ti, ¢1 T, 02 T3,¢3
(b)

Figure 1.

Ty, ¢4

1

Ey|1f)

S

E,|le)

A

A Y

o+ Gb — P — Pa
(©)

Page 22

(Color online) The pulse sequence for unrestricted LOP [3] - (a), LAP - (b). Loop diagrams
for the TPA process with indicated loop delays for the phase cycling selected the signal with
e (vat?b=¢c=¢d) - (c). The loop delay variables s are centered around |5, j =1, 2, 3. 51, S, S3,
71, and 73 are always positive, 7 can be either positive or negative depending on whether
the chronologically last interaction occurs with cor b. tj, j = 1, 2, 3 are always positive.
Level scheme for the molecular trimer used in our simulations - (d) (for parameters see

Section 5).

New J Phys. Author manuscript; available in PMC 2015 December 23.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Dorfman and Mukamel Page 23

1 2 3
Eq(1f) Eq|1f) Eq|lf)
ts /'|6> nl 7 wls e 7wl
T2 \ \
to é il g to 3|t 73
K (¢| i z |le) "
f (€| T = -
El t1 E'C |6> t / <€/| ;
N~ E

l9)gl l9)gl l9)(g]
4 5 6
(fI\E (fI|El (fI|El
ts <e/|v\ not) mln NN o wln [N
/ /
122 E\T " to T3 |71ty E
a0 ) el
/l i Ea e e
" E,[le) B et IR i t T~
A Bl v B, le) £
. A
l9)(9l l9)9l l9)(g

Figure 2. _
(Color online) Ladder diagrams for the TPA signal with selected phase &(¢a*#b~¢c=¢d). Both

loop 7 and ladder tj delays, j = 1, 2, 3 are indicated. The transformation between two is
different for each diagram. Time translation invariance implies @+ ay — @g — @g = 0. The
LOP signal is a sum of all six diagrams whereas the LAP can be separated into k;, k;; and kj;
signals (see text).
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Figure 3.
(Coloronline) S_op (221, » = 0,Q23) Eq.(20) for a molecular trimer using classical light - top

row, entangled light with T¢ = 10 fs - middle row and T = 100fs - bottom row. Intraband
dephasing e’ = 1 meV - left column, 3 meV - middle column and 5 meV - right column.
Yeg = Me = Vig =4 MeV, gp =20 meV, 2ay, = 3.0621 eV. All other parameters are given in
the beginning of Section 5.
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Figure4.
(Color online) S op (921, 29, 13 = 0) Eq. (20) for a molecular trimer using classical light -

top row, entangled light with T = 10 fs - middle row and T, = 100 fs - bottom row.
Interband dephasing e =1 meV - left column, 2 meV - middle column, and 4 meV - right
column. yeg = g = 7ee = 10 meV. All other parameters are the same as in Fig. 3.
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Figure5.
(Coloronling)LAP ki, kyj, k) signals Egs.(22) - (24) Sk, (Ql,t2=0> Q3),] =1, 11, Il for

molecular trimer using classical light - top row, entangled light with To = 10 fs - middle row
and Te = 100 fs - bottom row. The four columns represent ki, ki, kjj;, and k; + k| + kj; as
indicated. Intraband dephasing e’ = 1 meV. All other parameters are the same as in Fig. 3.
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(Color online) Left column: § op (921, » =0, Q3) Eq. (20) for the molecular dimer model of
Ref. [39] calculated using classical light - (a), and entangled light - (c). Right column: same

for Spap (Qh 12=0, Qs) Eqg. (32). The dimer has a twist angle 75°, coupling strength +400
cm~1 and monomer transition energy 3.77 rad fs~1. Population relaxation rates yee = yee =
0.03 fs~1, dephasing rates yee’ = 0.04 fs™, yoq = yerg = ste = 11 = 0.08 fs™, 144 =0.07 fs7L.
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(Color online) left column: LAP signal Sk, <t1=0, Qy, Qs) - Eq. (22) for molecular trimer
using classical light - top row, entangled light with To = 10 fs - middle row and T = 100 fs -
bottom row. Middle column: same for k;; - Eq. (23), right column: same for the k; + k;,
signal. The intraband dephasing is ye = 1 meV. All other parameters are the same as in Fig.

3.
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(Color online) LAP Skm (t1=0, Qy, QS), signal Eq. (24) for molecular trimer using
classical light - top row, entangled light with T =10 fs - middle row and T = 100 fs -
bottom row. Interband dephasing ye =1 meV - left column, 2 meV - middle column, and 4
meV - right column. All other parameters are the same as in Fig. 4.
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(Color online) Top row: § op (€21, 22 = 3.11eV, 73 = 0; ap) Eq. (20) for entangled light with

Te=10fs - (a), LAP Sy, (t1=0, Qp=3.11eV, Qs;wp) Eq. (22) - (b), same for k;, signal Eq.
(23) - (c), same for k;; signal Eq. (24) - (d), same for the k| + k;; + k;;; signal - (¢). Bottom
row: same as the top row but for Te = 100 fs. The pump bandwidth is o = 0.8 meV,
interband dephasing jtg = 2 meV. All other parameters are the same as in Fig. 4.
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