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ABSTRACT. This paper establishes the identifiability of the parameters of the Box-
Cox model under restrictions that do not require the disturbance in the model
to be independent of the explanatory variables. The proposed restrictions are
semiparametric in nature: they restrict the support of the conditional distribution

of the disturbance but do not require the latter to be known.
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1. INTRODUCTION

We consider a transformed regression model in which the dependent variable is
transformed using the Box-Cox transformation (Box and Cox, 1964). Letting Y €
(0, +00) denote an observed dependent variable, X € R* an observed explanatory
variable, and U € R a latent disturbance, the Box-Cox model is given by:

YA_l / / ! k+1
(1) ;) =p/'X+U (BN eR"™.

Assuming the model to be correctly specified, the object of interest is the true value
0o = (), Xo)’ of the parameter § = (3, )’ € R¥*1. To be defined for all values of ),
the dependent variable needs to be positive. Note that when X\ # 1 the transformed
model is nonlinear in variables. When A = 0 the transformation reduces to the
familiar log linear regression model since for any y € (0, 4+00) we have lim,_ L}\_l =
Iny.

The goal of this paper is to derive sufficient conditions under which any true value
By of the parameter 6 in the Box-Cox model is identifiable. In particular, we shall
focus on the identification conditions that do not require the disturbance U to be
independent of the explanatory variable X. The proposed conditions are semipara-
metric in nature, meaning that they do not require the probability distribution of U
(and X)) to be known.

This paper has several important antecedents. Foster, Tian, and Wei (2001) show
the identifiability of 6y in cases in which the disturbance U is known to be independent
of the explanatory variable X. Apart from independence, the remaining requirements
of Foster, Tian, and Wei’s (2001) result are fairly weak: X is assumed to take
at least two possible values (which excludes the case ; = 0), and the unknown
distribution of U is assumed to have mean 0. However, in applications in which
the endogeneity of U is suspected, the independence assumptions between U and X
typically fail. They are often replaced by a weaker requirement that the disturbance

U is mean independent of the explanatory variable X. This approach is taken, for
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example, in Amemiya and Powell (1981) and Powell (1996) who consider moment
restrictions on the joint distribution of U and X.

In this paper, we consider the restrictions on the support of the conditional dis-
tribution of U given X, and show that they are sufficient to identify the true value
Ao of the exponent parameter in the Box-Cox model. The identification of (3, is then
straightforward. Like in Foster, Tian, and Wei (2001) our identification results are
global. Our restrictions on U and X are, however, weaker. Like in Amemiya and
Powell (1981) and Powell (1996) we do not require U to be independent of X.

Due to the nature of the Box-Cox transformation, the identifiability of 6, is non
trivial to establish. Khazzoom (1989), Powell (1996) and Savin and Wiirtz (2005),
for example, discuss this point. Indeed, the Box-Cox regression in Equation (1) is
highly nonlinear in the parameter #, and no transformation reduces it to a linear-
in-parameters model. Thus, the well-known rank conditions for identification es-
tablished in Koopmans (1950) and Fisher (1961, 1965) do not apply here. The
identification results for nonlinear models (see, e.g., Fisher, 1966; Rothenberg, 1971;
Komunjer, 2008) typically require 6y to satisfy a number of unconditional moment
restrictions. Hence, they do not directly apply to our setup in which the restrictions
on the support of the conditional distribution of U given X are used to identify the
true value )y of the exponent in the Box-Cox model. To the best of our knowledge,
such identification conditions have not yet been studied by the literature.

The remainder of the paper is organized as follows: Section 2 discusses the struc-
ture of the Box-Cox transformed regression model and studies its properties. Section

3 contains our main result—the set of conditions that are sufficient to identify 6.

2. STRUCTURE OF THE B0OX-C0X TRANSFORMATION MODEL

We start our analysis with a discussion of the structure relevant in the context of

the Box-Cox regression in Equation (1). Let Fxy be the joint probability distribution
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FIGURE 1. Plot of y — t,,(y) with A\g = 5 (dashed line), Ao = 0 (solid
line) and Ay = —5 (dot-dashed line).

(measure) of X and U defined on R¥*!. The support of Fyp is denoted Dyp.! The
realizations of the random variables X and U are denoted x and u, respectively, with
(',u) € Dxy.

Fix 0y = (8),\) € R*! and (2/,u)’ € Dxp, and consider the transforma-
tion equation: t,(y) = Byx + u, in which we have defined t,,(y) = (y* — 1)/
for all y € (0,+00). Note that the mapping t,, is continuous and strictly in-
creasing on (0,+00). Hence, it is a homeomorphism from (0, +00) onto its image
tr ((0,+00)), with t,((0,+00)) = (—o0,—1/A) if Ay < 0, to((0,+0)) = R, and
tro ((0,+00)) = (=1/Ag, +00) if Ag > 0. The inverse of the map t,, is defined for any
z € t3,((0,+00)) and equals: ¢, (z) = (1+ Aoz)/2 which reduces to ty'(z) = exp z
when \g = 0.

IRecall that the support of Fx is defined to be the set of all points (2',u)" in R¥*! for which
every open neighborhood of (2, )" has positive measure. By construction, Dy is closed in RF*,
2A mapping is a homeomorphism if it is continuous, one-to-one, onto, and has a continuous

inverse.
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In order for the structure S = (6y, F'xy) to generate the joint probability distribu-
tion (measure) Fyy on R* x (0, +00) of the observables X and Y it is necessary that
the transformation equation t,,(y) = Gyz + u can always be solved for y € (0, 400)
in terms of x, u and #y. This gives the following useful property of the Box-Cox

model in Equation (1):

Lemma 1. If the structure S = (6o, Fxy) generates Fxy then it must hold that:
Dy={ze€R:z=px+u,(2;u) € Dxy} C t5,((0,+00)).

Lemma 1 is a simple implication of the correct specification of the Box-Cox regres-
sion model. Indeed, saying that the latter is correctly specified with true parameter
value 6y is equivalent to saying that the probability distribution Flyy is generated
from Equation (1) by the structure S = (6, F'xy). This property can only hold if for
every (2',u)" € Dxy the structural equation ¢,(y) = Sjz+u has a unique solution in
y. The transformation T, which to each (2, u)" associates (2',y) = (2, ;) (Bjz+u))’
is then a single-valued mapping (or function) that is continuous on Dxy, which
leads to the usual definition of the image measure F'xy of the observables X and Y,

Fxy = Fxpo T/\_Ol. In particular, the support of Fxy is given by:
(2) Dxy ={(2",y) € R* x (0, 400) : (/,) = (¢, 5, (Bya + w))', (¢',u)' € Dxu}

and map 7}, is a homeomorphism from Dxy onto D xv-.> Hence, the two probability
distributions (measures) F'yy and Fyy are isomorphic.

In what follows we shall focus on the sets Dyjx—o = {u € R: (0’,u) € Dxy,0 €
R*} and Dyjx—o = {y € R : (0',y) € Dxy,0 € R*}. If 0 € R¥ is a possible
realization of X, then Dyx—¢ # 0 and Dy|x—o # 0 are the supports of the conditional
probability distributions given X = 0 of U and Y, respectively. In particular, we

have Dyx—o € Dz with Dy as defined in Lemma 1 and so:

(3) Dyix=o0 C t3((0,4+00)) and Dyjx—o= tXOI(DU\Xzo)

3Similar to previously, the support of Fyy is defined to be the set of all points (2',y) in R* x
(0, +00) for which every open neighborhood of (2’,y)" has positive measure. By construction, Dxy
is closed in R* x (0, 4+00).
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A number of interesting properties result from Equation (3). For example, consider
the case in which conditional on X being equal to 0 € R*, U is a continuous random
variable with full support, i.e. Dyx—o = R. Now, under the first property in
Equation (3), Dyjx=o = R can hold if and only if A\ = 0. The resulting support
for the distribution of Y conditional on X = 0 then equals Dy|x—o = t;'(R) =
(0, +00). Moreover, having Dy |x—o = (0, +00) is only possible if Ay = 0. So having
a probability distribution Fxy of the observables such that the support of Fy|x—g
equals (0, 4o00) is sufficient to identify A\g = 0. The question which we now explore

is: what information on Dyjx— is sufficient to identify any true value \g € R?

3. IDENTIFICATION CONDITION

Following Koopmans and Reiersgl (1950) and Roehrig (1988), the true value 6, of
the parameter € in the Box-Cox model (1) is said to be identifiable if every structure
S* = (6§, F%y) whose characteristics are known to apply to & = (6y, Fxy) and
which is observationally equivalent to S—i.e. generates the same distribution of the
observables F'xy as S—satisfies 6 = 0.

We are now ready to state our main result—Theorem 1—which provides sufficient

conditions for 6, to be identifiable:

Theorem 1. Let S = (0y, Fixy) with 6y € R¥L be a structure that generates Fyy .
If Fxy satisfies Assumptions A and B (stated below), then Oy is identifiable.

In what follows, we give Assumptions A and B, and show that Theorem 1 holds.

3.1. Identifiability of \;. Hereafter, we shall assume the following:

Assumption A. The probability distribution Fx is such that: (i) Dyjx=o # 0 and
Dyix=o # {0}; (it) inf Dyjx—o = uy and sup Dyjx—o = Uy where uy € RU{—00} and
g € RU{+o0} are known to satisfy: uy, # 0 if Gg = +00 and Ty # 0 if uy = —oo.

As previously, Dyjx—o is the support of the conditional distribution of U given

X = 0. Underlying the first property in item (i) is the condition that 0 € RF
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is a possible realization of X; the second property on the other hand states that
conditional on X = 0, U can take more than just a value 0. According to the item
(ii), the boundaries of the support of U given X = 0 equal wu, and Ty, with the two
constants u, and uy being fixed and independent of F'x, but not necessarily known.
What is known about the couple (u, ), however, is that it is not equal to either
(0,400) or (—o00,0). It is worth pointing out that Assumption A does not make any
statements regarding the discreteness or the continuity of Dy|x—o, nor does it require
the support of U given X = 0 to be known.

The nature of the restrictions in Assumption A is semiparametric: the distribution
Fxy is allowed to remain unknown, provided the conditional distribution of U given
X = 0 satisfies the conditions (i) and (ii). These conditions fix the boundaries of the
support of Fyx—o rather than the mean of Fyx; thus, they are different from the
commonly employed mean independence conditions which fix F(U|X) to be equal
to zero. Note that both u, and @, are allowed to depend on the realization z = 0 of
X. In particular, Assumption A(ii) does not restrict the boundaries of Dyjx—o to be
constant as x changes. Thus, unlike Foster, Tian, and Wei (2001), we do not require
U and X to be independent. We now show that the restrictions in Assumption A
are sufficient to identify ).

For this, consider a structure 8* = (65, F5;) with 65 = (585", \;))’ that generates the
same probability distribution F'xy as S—so Lemma 1 applies to S*—and satisfies the
same conditions as S—so the properties (i) and (ii) in Assumption A hold under S*.
In particular, u, is the common value of the inf of the supports Dyjx—¢ and D(*]‘ =0
of the conditional distributions of U given X = 0 under Fxy and Fl,;, respectively.
Similarly, % is the common value of the sup of the two supports.

If §* is observationally equivalent to S, then by Equation (3) it must hold that:
inf Dy x—0 = (1 4+ Aoup)/? = (1 + Ajug)/ and sup Dyjx—o = (1 + Aotig)/* =
(14 Np) /6. We now show that these equations imply \g = ;.

We first consider the case in which u, = —oco and w, = 400, or equivalently,

inf Dy|x—¢o = 0 and sup Dy x—¢ = +0c. From our previous discussion, this is only
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possible if \g = A\j = 0. In other words, if conditional on X = 0 the disturbance U
has support with infinite boundaries on R, or equivalently, if conditional on X = 0
the dependent variable Y has support with boundaries 0 and +o00, then \yg = 0 is
identified.

Now, consider the case in which at least one of u, > —oo and uy < +o0 holds, so
Ao # 0. This case is equivalent to the one in which at least one of inf Dy|x—g > 0
and sup Dy|x—o < +oo holds. Without loss of generality, assume that u, > —oo
with u, # 0, so inf Dyx—o = (1 + )\Ogo)l/’\o > 0 with inf Dy x—¢ # 1. A necessary
and sufficient condition for A\ to be identified by the conditions in Assumption A is

that A = Ay be the unique solution to the equation:
(4) (14 Aug) ™ = (14 Aottg)

Consider then the mapping g : Dy — (0,+00) defined on Dy = {A € R: 1+
Au, > 0}, and which to each A\ € Dy associates g(A) = (1 + Aug)'/*. Recall that
uy # 0 so g is not a constant map on Dy. For any A € Dg\{0} we have ¢'(\) =
—35 [In(1 + uh) —

g is continuously differentiable on Dy. Now, note that for any z > 0 it holds that

%}g(k) and limy_o¢'(\) = —% exp(uy) = ¢'(0), so the map
In(z) — =1 > 0 with equality only if z = 1. Hence, for any A € Do\{0} we have
g’ (A) < 0. Moreover, ¢'(0) < 0, so g is strictly decreasing on Dy. It then follows that
Equation (4) has a unique solution A = .

In other words, if given X = 0, the support of U is bounded on R either from
below or above or both, and if at least one of the (finite) boundaries is different from

0, then the domain conditions in Assumption A identify any \g # 0.

3.2. Identifiability of ;. It remains to derive sufficient conditions for the regres-
sion parameter 3, in Equation (1) to be identified as well. For this, we shall assume

that—in addition to Assumption A—we have the following:

Assumption B. The probability distribution Fxy is such that:

Cov(U,X) =0 and det Var(X) # 0
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When the domain condition in Equation (1) holds, the moment conditions in As-
sumption B induce the following moment restrictions on the probability distribution

Fxv of the observables X and Y:

(5) Cov (Y/\O)\_ 1,X) — Var(X)By = 0 and det Var(X) # 0
0

The expectation in Equation (5) is taken with respect to Fxy obtained under the
true parameter value 6. If the structure S* = (6§, F%,) is observationally equivalent
to S then 65 = (35, \)’ satisfies the same set of moment restrictions. Since under
Assumption A we have \g = A{, and given that the moment conditions in Equation
(5) are linear (and non-constant) in [y, it follows that necessarily 55 = fp.

To resume, under Assumption A, any true value )y of the exponent parameter
A in the Box-Cox model in Equation (1) is identifiable. The conditions used for
identification restrict the boundaries of the support of Fy;x—y rather than the mean
of Fyix. Once ) identified, the usual orthogonality condition Cov(U, X) = 0 be-
tween the disturbance U and the explanatory variable X and the full rank condition

det Var(X) # 0 on the regressor given in Assumption B are sufficient to identify any
By € Rk,
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