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ABSTRACT OF THE DISSERTATION

On the Stability of Self-Similar Blow-Up in Nonlinear Wave Equations

by

Michael Liam McNulty

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2022
Professor Po-Ning Chen, Co-Chairperson
Professor Birgit Schérkhuber, Co-Chairperson

In this dissertation, we study the stability of self-similar blow-up for two nonlinear
wave equations: the equation of motion of the strong-field Skyrme model and the quadratic
wave equation.

We begin by studying the stability of an explicitly known, self-similar solution of
the equation of motion of the strong-field Skyrme model in the lowest energy supercritical
dimension. This model is a particular limiting case of the Skyrme model which is itself a
quasilinear modification of wave maps into a sphere. The strong-field Skyrme model restores
the scaling invariance not present in the Skyrme model which allows for the existence of
self-similar solutions. This equation is a semilinear wave equation that is, in particular,
nonlinear in the derivatives of the unknown. As a consequence, standard techniques for
a linear stability analysis of this solution do not apply. Via application to a toy model,
we present techniques that will be used to study the linear stability of this solution in a
forthcoming paper.

Next, we study the stability of an explicitly known, self-similar solution of the

vi



quadratic wave equation in the lowest energy supercritical dimension. For radial data
close to this self-similar blow-up solution with blow-up time 7' = 1 adjusted along a one-
dimensional subspace, we are able to prove convergence of the corresponding solution to
the same self-similar solution with a potentially different blow-up time. This result holds
true in a region of spacetime that extends beyond the time of blow-up and can be made
arbitrarily close to the Cauchy horizon of the singularity. This is achieved via hyperboloidal

similarity coordinates.
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Chapter 1

Introduction

In this dissertation, we consider equations of the form
Ou(t,z) = N (¢, z,u(t, z), Oult, z)) (1.1)
for real-valued functions u on R'*¢ where
O0=02 - A,

is the d’Alembertian on R+,

Np =04+ +0%

is the Laplacian on R%, NV : R1T¢ x R x R*¢ — R, and 0 denotes the spacetime gradient on
R4, One concerns themselves with solving the Cauchy problem, that is, finding a solution

of Equation (1.1) subject to the condition that
U(O,I‘) = f(l‘), ut(o’x) = g(m)v T e Rd (12)

for some specified functions f, g.



As an example, consider the simple case: d =1, N =0, and f,g € C*(R). In

this case, one finds explicitly that

x4+t
u(t,z) = %(f(x—kt) + f(x —t)) +;/t g(s)ds

is the unique solution of Equation (1.1) subject to the constraint, Equation (1.2). Of
crucial note is that u(¢,-) € C*(R) for all ¢ € R. As we will see, such a property is in
stark contrast with what can happen for nonlinear problems where solutions with smooth,

compactly supported initial data can fail to exist after a finite amount of time.

1.1 Finite-Time Blow-Up
Despite what occurs for linear problems, solutions of the Cauchy problem

Du(t, z) = j\/’(t,x,u(t, x),@u(t,x)) (1.3)

u(0,z) = f(x), u(0,z) = g(x)
do not necessarily exist for all time. We say that a solution exists locally in time if a solution
of Equation (1.3) exists for all x € R% and for [t| < T for some T > 0. Of course, once one

knows that at least one such T exists, then one can consider the largest such T, i.e.,
T* := sup{T > 0 : Equation (1.3) has a solution in [T, T] x R%}.

If T* = oo, then we say that the solution exists globally in time. Otherwise, we say that
the solution blows up in finite time. For some standard well-posedness results, we refer the
reader to [1], [32], and [38].

By now, it is well-known that finite-time blow-up is common for nonlinear wave



equations'. For instance, consider the focusing nonlinear wave equation
Ou = [uP~u (1.4)

on R4 with p > 1. Equation (1.4) has the explicit solution

2

up(t,z) =cp(T —1t) »~1, T >0

where

. <2<p+1>>51

P\ -1)?
which clearly becomes singular as t — 7. By finite speed of propagation, one can obtain
smooth, compactly supported initial data for which the associated Cauchy problem with
that data has a solution that blows up in finite time. In fact, Donninger and Schérkhuber
in [16] and [17] showed that, given suitable restrictions on the relationship between p and
d, there is an entire open set of initial data centered around the previously mentioned data
that also leads to finite-time blow-up.

Now, consider a second example
Ou = u?. (1.5)

In [26], John demonstrated that any non-trivial smooth solution of Equation (1.5) with
compactly supported data blows up in finite time. It is important to contrast this with the
similar example

Ou = u? — |Vul?. (1.6)

1n fact, finite-time blow-up is common for nonlinear evolution equations, though we will only concern
ourselves with wave equations here.



In [28], Klainerman transformed the corresponding problem for Equation (1.6) via the so-

called ‘Nirenberg-trick” by setting v =1 — e~ into
Oov(t,z) =0

v(0,2) =1 — e 0% 4, (0, 2) = u (0, z)e 0
This is now a linear wave equation and thus a solution exists for all time. A global solution
of Equation (1.6) can be obtained by inverting this transformation which can always be

done so long as u(0,z) and u;(0, x) are sufficiently small and compactly supported.

1.2 Wave Maps and the Skyrme Model

Another example of such an equation for which blow-up in finite time occurs is
the wave maps equation. Before introducing this it will be instructive to first consider the
more general Skyrme model.

Let’s now consider maps u : R!*¢ — S? Furthermore, we endow R'*¢ with the

Minkowski metric g given by
gudrtds” = dt* — ((da'))? + - + (dz?))?)

where i, v = 0, ...,d and we make the convention that (20, ..., %) are coordinates on R!*+¢
with 29 = t. We call (R'*%, g) the (1 4 d)-dimensional Minkowski space. Furthermore, we
view S? as a submanifold of the (1 4 d)-dimensional Euclidean space R'*¢ with spherical

d—l)

coordinates (w?, ..., w , with w0, ..., w2 being polar angles and w?~! the azimuthal angle.

We can endow S? with a Riemannian metric h defined by

hapdesdec® = (d)? + sin®(W) A1 (W', oy w12,



with dQ2 | denoting the standard round metric on St
Given this data, we can pull k back to R'*? which, expressed in local coordinates,
has components

("B s = hap () Duu Dl

For convenience, we set S,, := (u*h),,. At each point of Minkowski space, u*h is a
quadratic form on the corresponding tangent space. Thus, one can consider forming ele-
mentary symmetric polynomials of its eigenvalues. For example, S, is the trace of u*h and
(5";)2 — SH S, is the sum of pair products of distinct eigenvalues of w*h. With this, one

can consider the following action functional

Alu] = /R o <‘;25f; + :((s#;b)2 - S“”S,ﬂ,))dg (1.7)

for some fixed o, € R and dg denoting the volume measure on R'*¢ induced by the
Minkowski metric. We call the action, Equation (1.7), the Skyrme model. There are two

extreme cases of the Skyrme model worth considering;:
1. «# 0 and 8 = 0 (wave maps), and
2. a=0and S # 0 (strong-field Skyrme model).

Let’s begin by examining the first extreme case. In the physics literature, this
is commonly referred to as a monlinear sigma model or wave maps in the mathematics
literature. Nonlinear sigma models were first introduced for d = 3 by Gell-Mann and
Lévy in [22] in the context of nuclear and particle physics. The codomain of the field u
was intended to model three subatomic particles called m mesons, often also referred to as

pions, and the interactions between them.



We will restrict our attention to co-rotational maps, i.e., maps u : R1t¢ — S with

the property that, expressed in spherical coordinates, take the form

u(t,r,w) = (Y(t,r),w)

for some 1) : R x Ry — R and w € S? . In this extreme case, formal critical points of
Equation (1.7) with respect to compactly supported variations satisfy the following Euler-

Lagrange equation

d — 1sin(29)
2

Ty + =S (18)

r

where
= o7 - Ay
is the radial d’Alembertian on R4 and

d—1
AG =07+ ——0,

is the radial Laplacian on R%. Of utmost importance is to notice that solutions of Equation

(1.8) conserve the energy

oo .9
Ewwmly] = ;/O <¢? + O+ (d— 1)w>rd—1dr’

that is, Ewar[¢](t) = Ewam[1](0) for all t € R. In addition, Equation (1.8) exhibits scaling
tnvariance, i.e., given A > 0 and any solution v,

Ut ) = P(t/ A, m/A) (1.9)

defines another solution of Equation (1.8). Under this rescaling, the conserved energy

transforms according to the equation

Ewnliby] = M2 Ew ). (1.10)



Concerning the nature of the associated Cauchy problem, one often develops a
feeling of what to expect according to the physical heuristic that those solutions with the
least allowable energy will be ‘preferred’ over those with greater energy. According to
Equation (1.10), there are three distinct cases to consider concerning how to produce a

solution with less energy when already given a solution.

1. If d < 2, then one can rescale any solution as in Equation (1.9) and take A — oo.

2. If d = 2, then one cannot rescale any solution and change A in order to decrease

energy.

3. If d > 2, then one can rescale any solution and take A — 0T .

In the first case, one says that the Cauchy problem associated to Equation (1.8) is energy
subcritical in which case global existence from large initial data is expected. In the second
case, one says that the Cauchy problem is energy critical in which case one expects that
large data leads to a mix of global existence and finite-time blow-up. In the last case, one
says that the Cauchy problem is energy supercritical in which case generic large initial data
is expected to lead to finite-time blow-up.

We will be interested in energy supercritical problems due to their connections to
physical equations such as Einstein’s equation of general relativity in three spatial dimen-
sions. For an excellent review, we refer the reader to the survey by Bizon, [3]. To gain
intuition for why finite-time blow-up should be expected, observe that shrinking A shrinks
the support of the solution. Thus, shrinking to smaller scales localizes a solution to a point.

Consequently, the solution concentrates at a point and becomes singular, see Figure 1.1.



r

Figure 1.1: A plot of rescaled versions of exemplary, compactly supported solutions of the
co-rotational wave maps equation.

In ’88, Shatah provided evidence for this heuristic for Equation (1.8). In [34], he
proved the existence of smooth, compactly supported data which lead to finite-time blow-up
for the corresponding Cauchy problem in d = 3. This was achieved by looking for so-called

self-similar solutions, i.e., solutions of the form

b(t,r) :f(TT_t>,T> 0.

Self-similar solutions respect the scaling invariance of Equation (1.8). More precisely, they
are constant along lines in spacetime of the form r = ¢(T' — ¢) which all intersect at the
spacetime point (t,r) = (7,0), see Figure 1.2. A nontrivial, smooth self-similar solution

blows up at this point according to

——T— 0.

1
10,9(,0)] ~ T_1

The self-similar ansatz reduces the problem of solving Equation (1.8) to solving



N
wlN
N

Figure 1.2: A spacetime diagram depicting the backwards lightcone of the spacetime point
(T,0) and rays emanating from the vertex.

the ODE
d—1-2p% , (d—1)sin (2f(p))
)+ ————f'(p) — =0 1.11
(°) p(1 = p?) (v) p*(1 = p?)? (L1)
where p := 7 and ' := %. Shatah proved that at least one self-similar solution had

to exist by searching for minima of a particular functional whose critical points solved
Equation (1.11). A year later, Turok and Spergel in [39] were able to find an explicit self-
similar solution in d = 3. Twenty-five years after that, Bizonl and Biernat in [4], found the

same solution in all dimensions d > 3 given explicitly by

r

Yp(t,r) = 2arctan (d—2(T—t))’ T>0.

The stability of this solution has a rather interesting history and, in a sense,
started the rigorous study of self-similar blow-up for energy supercritical nonlinear wave
equations at large. In ’99, Bizon [2] initiated a numerical study of the stability of this

solution for d = 3 which, in fact, represented the ground state of a countable family of



self-similar solutions of Equation (1.11). Though not rigorously proven, these numerics
provided strong evidence for universality of this blow-up profile. In ’09, Donninger and
Aichelburg [12] provided the first rigorous proof for the nonexistence of unstable solutions
of the linearized equation which grow faster than the so-called gauge instability. This
unstable solution is due to the fact that 7 represents a one-parameter family of solutions
of Equation (1.8) and, consequently, Ori}. is a solution of the linearized equation which
grows like (7' —t)~! within backwards lightcones. Clearly, this left open the possibility that
there could be other solutions of the linearized equation which could grow like (7"—¢)™P for
p € 0,1). In 12, Aichelburg, Donninger, and Schorkhuber [18] pushed this range of growth
down to p € [0, %] and provided numerical evidence for the nonexistence of solutions in the
remaining range. Using this?, in ’11, Donninger [10] showed that if ¥ were mode stable,
then it was stable. The condition of mode stability referred to 0797 being the only solution
of the linearized equation which became unbounded with the backwards lightcone. Mode
stability could be formulated as a condition for a second-order ordinary differential operator
though, at the time, no rigorous proof of this condition being satisfied could be established.
In ’16, Costin, Donninger, and Xia provided the first rigorous proof for mode stability
of 9% which, along with [10], concluded the first stability result for self-similar blow-up
in wave maps for d = 3. Then with knowledge of the solution 7 in higher dimensions,
Costin, Donninger, and Glogi¢ [6] improved these methods for proving mode stability in ’17
and, consequently, established mode stability of 7. for d > 4. Then, in 17, Chatzikaleas,
Donninger, and Glogi¢ [5] established stabiltiy of ¢ for d > 5 and odd. More recently, in

’19, Biernat, Donninger, and Schérkhuber [1] introduced a new system of coordinates which

>The work in [18] and [10] were done in conjunction and the confusing timeline is due to publication date.

10



allowed for stability analysis of ¥}, outside of backwards lightcones. Stability of 17 outside
of co-rotational symmetry remains an open problem.

Now, let’s examine the second extreme case of Equation (1.7): @ =0 and 8 # 0.
We refer to this case as the strong-field Skyrme model. Restricting our attention again to
co-rotational maps, one finds that formal critical points of Equation (1.7) in this extreme

case solve?

d — 2 sin(2¢)

O, + cot(w) (v = ¥7) + ———3

~0. (1.12)

Solutions of this equation conserve the energy

Esrly] == 1/000 sin (v) <1/)? T QSirﬁ(lp))rd—ldr'

2 72 2 72
Furthermore, Equation (1.12) is invariant under the rescaling (1.9) and the energy trans-

forms according to the equation

Esr[] = X1 Egp ().

In this case, the associated Cauchy problem is energy supercritical for d > 5. Again, looking
for self-similar solutions reduces the problem of solving Equation (1.12) to the problem of

solving an ODE. In fact, if one looks for solutions of the more special form

Y (t,r) = arccos <f<TT—t>)’T > 0,

Equation (1.12) reduces to the ODE
p(1—p?) p*(1 = p?)

3In fact, this is only true for functions %(t,r) which do not vanish for 7 > 0. For our purposes, this will
be satisfied.

f”(ﬂ) + = 0. (1.13)

11



In [29], it was shown in d = 5 that Equation (1.13) has a nontrivial, smooth solution which
gives rise to a solution of Equation (1.12) that blows up in finite time. Much like the
argument of Shatah, the existence proof in [29] is abstract and does not say much about
the nature of a self-similar solution. We, in fact, now have an explicit self-similar solution

valid for any d > 5 and r < pjj(T —t) given by

Wh(t,r) = arccos (fg( t>> T>0 (1.14)

where
by — bop?
Jole) = by + p?
with
1
b= < (2(d )+ B - 2)) ,
d—4
by :=2 1
2 3d—2) "
and
. [ 2b
pd bQ _ 1 :

Observe that fo(p) < —1 for p > p which implies that 17, fails to be a real-valued solution
of Equation (1.12) for r > p%(T —t). A direct calculation shows that this solution blows up

like the wave maps solution, i.e.,

|0r(,0)] ~

—_— — - 0Q.

Finally, let’s return to the general case of Equation (1.7). In the co-rotational

setting, formal critical points of this action solve the quasilinear wave equation

sin? ¢

) = ) = (02 + 2 - 3) 2 ) Iy,
6] (d—2)sin21/1> _0.

r2

(a2+8%(@ 1)
d—181n21/1
Tt 2 r2

(1.15)

(a2 + B2} - v?) +

12



Solutions of Equation (1.15) conserve the energy

Esi[¥] := o*Ewm Y] + B2Esr[Y).

Despite the fact that large data solutions, in general, do not exist globally for Equation
(1.8) with d = 3, Geba and Grillakis [21] established a large data global existence result
for the associated Cauchy problem of Equation (1.15) with d = 3. One might interpret this
as saying that the strong-field Skyrme terms are strong enough to control the finite-time
blow-up exhibited by the wave maps terms. Based on the physical heuristic, this should
be expected since the strong-field Skyrme model is not energy supercritical for d = 3. In
fact, this is related to the original motivation of Tony Skyrme’s proposal of his model in his
series of papers [35, 36, 37].

This should leave one wondering about the nature of the Cauchy problem asso-
ciated to Equation (1.15) for d > 5 where the strong-field Skyrme model is energy super-

critical. A bit of rearranging, after setting a = 8 = 1 for simplicity, yields the equivalent

equation
T+ cot() (67 ) + L 2V
r2 rad d — 1sin(2v) B
T a= D sm2(9) (Drvd Ty T ) =0

Though this equation is clearly not scaling invariant, if one rescales any solution ¢ to obtain

1y, then 1 solves the A-dependent equation

d— 2sin(2
7 -+ cot(ia) (1) = (62)?) + 2““

2 7‘2 rad 1 Sln(2¢>\) o
A (d — 1) sin?(¢y) ( art 72 ) 0.

13



Consequently, as A — 07, the wave maps terms become negligible and one might expect
that the dynamics of the Skyrme model are dominated by the strong-field Skyrme model.

Moreover, we have the relation

Egi[t)] = X (N Ewm[Y] + Esr[y)])

which suggests that shrinking to smaller scales is energetically favorable for d > 5. With

this in mind, we make the following conjecture:

Conjecture 1 The Cauchy problem associated to Equation (1.15) exhibits finite-time blow-
up for d > 5 which can be described locally in terms of solutions of Equation (1.12) which

blow-up in finite time.

As a first step toward investigating this conjecture, we study the blow-up solution
defined in Equation (1.14) for d = 5 in Chapter 2. In particular, we investigate its stability,
i.e., the evolution of data close to ©7. Though we will not present a complete proof, we will
present techniques which can and will be applied to provide one in a forthcoming paper.

With confidence, we state the following conjecture

Conjecture 2 Data close to V3, defined in Equation (1.14), can be evolved according to
Equation (1.12) within backwards lightcones and their evolution converges to that of 7. for

some T sufficiently close to 1.

The main obstacle complicating a proof of this conjecture can be understood easily
by comparing Equations (1.8) and (1.12). Equation (1.12) contains derivative nonlinearities
whereas Equation (1.8) does not. Such a nonlinearity in Equation (1.12), when linearized

around the solution v}, gives rise to a relatively compact perturbation of some free operator.

14



Though this free operator can be understood well, perturbing it by a relatively compact
operator prevents the application of previously well-understood techniques which apply to
equations such as Equation (1.8) where the perturbation is instead only compact. Thus, we
are forced to take a much closer look at the linear evolution of such data which we carry
out in Section 2.4. Furthermore, we apply techniques to a toy model which can be used to

overcome this obstacle.

1.3 The Quadratic Wave Equation

In establishing Conjecture 2, we track the evolution of perturbations of 9] within
backwards lightcones. This leaves completely open the possibility of finite-time blow-up
within the portion of the domain of influence of the perturbation which lies outside of these
backwards lightcones. In particular, this includes a region of spacetime beyond the time of
blow-up. However, we can use a special system of coordinates to investigate the stability of
self-similar blow-up in regions of spacetime strictly larger than the corresponding backwards
lightcones.

We will investigate the stability of self-similar blow-up outside of backwards light-

cones by means of the radial quadratic wave equation
Ordu = u? (1.16)

Observe that solutions of Equation (1.16) conserve the energy

1 [ 1
Elu] = / (u? +u? — fu?’)rd*ldr.
2 Jo 3
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Figure 1.3: A plot of rescaled versions of exemplary, compactly supported solutions of the
radial quadratic wave equation.

Furthermore, the rescaling u — uy, A > 0, given by
un(t,r) = A" 2u(t/\, /N (1.17)

leaves invariant Equation (1.16) and transforms the energy of a given solution u according
to

Eluy] = M SE[u).

Thus, the associated Cauchy problem is energy supercritical for d > 7. For compactly
supported solutions, the rescaling, Equation (1.17), has the effect of shrinking the support
of the solution while increasing its amplitude. Thus, as A — 0T, the solution becomes
infinite in size and changes infinitely fast at the origin, see Figure 1.3.

This equation was recently studied by Csobo, Glogi¢, and Schorkhuber in [9] where

they presented for the first time an explicit, spatially nontrivial, blow-up solution which
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Figure 1.4: A plot of u] at various times throughout its evolution.

takes the form

with

() = B8

(p2 + 03)2
where
4
c1 = %((:m —8)y/6(d — 1)(d — 6) + 8d* — 56d + 48),
4
¢2 = =+/6(d —1)(d - 6),

and

c3 = %(Sd— 18 +1/6(d — 1)(d — 6)).

See Figure 1.4 for a plot of the solution for d = 7 and T' = 1 at various different fixed times.

They were able to show that for d = 9, the corresponding solution is conditionally stable
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under non-radial perturbations within backwards lightcones. The term conditionally stable
here refers to the need to remove a genuine instability present in the evolution of data close
to up.

To investigate the nature of blow-up outside of backwards lightcones, we employ a
coordinate system called hyperboloidal similarity coordinates. These coordinates were first
introduced in [1] by Biernat, Donninger, and Schorkhuber in order to study the stability
of the previously mentioned self-similar solution of the co-rotational wave maps equation
outside of backwards lightcones for d = 3. Knowledge of the linear wave equation in these
coordinates was then extensively developed by Donninger and Ostermann in [14] in order
to study the stability of a well-known self-similar blow-up solution of the co-rotational,
hyperbolic Yang-Mills equation in all odd space dimensions d > 5.

We will concern ourselves with studying the evolution of data close to that of uf,
under Equation (1.16) for d = 7, the lowest energy supercritical dimension. The main ob-
stacle posed in this problem compared to that of the analogous problem for Yang-Mills is
the genuine instability investigated by Csobo, Schérkhuber, and Glogié. In hyperboloidal
similarity coordinates, proving a conditional stability result becomes a subtly difficult prob-
lem and we present a new technique for solving it. We have the following soft statement of

our result:

Theorem 3 (Soft Statement) Suitably adjusted, compactly supported perturbations of uj
can be evolved according to Equation (1.16) in a region of spacetime strictly containing the
backward lightcone of the point (1,0) and their evolution converges to that of w} for some

T sufficiently close to 1.
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1.4 Outline

Before beginning, we present a brief outline of this dissertation. As there is a
significant amount of overlap in the strategy of proof, we simultaneously describe the ap-
proaches taken in Chapters 2 and 3. When these strategies diverge from each other, we will
begin to describe them separately.

In Chapters 2 and 3, we study the equation of motion of the strong-field Skyrme
model and the quadratic wave equation respectively. Using coordinates well-adapted to

self-similar blow-up, we are able to rewrite these equations in the abstract form
® =L + N(?) (1.18)

where ® represents a perturbation of the blow-up solution in these variables, " represents
differentiation with respect to some parameter of evolution, L is a particular non self-adjoint
linear operator associated to linearization around the blow-up solution, and N is the corre-
sponding nonlinear remainder. First, we establish linear stability of the blow-up solution,
i.e., well-posedness and decay for the linearized equation in a particular Sobolev space. This
consists of establishing that the linear operator L generates a strongly continuous semigroup
on this Sobolev space and showing that this semigroup decays with the evolution. To show
decay, we turn to characterizing the spectrum of L. We achieve this by studying a particular
ODE whose solutions can be connected to eigenfunctions of L. In both Chapters 2 and 3,
we will see that the evolution of generic data does not decay due to unstable eigenvalues
of the operators L. In both situations, the evolution of data away from the corresponding
eigenspaces of these unstable eigenvalues will, in fact, decay. It is worth remarking that

characterizing the spectrum of L, in both cases, is an extremely difficult problem due to
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the non self-adjoint nature of these operators. In particular, characterizing the spectrum in
Chapter 3 is exceptionally difficult. This will be elaborated on in Section 3.3.2.

At this point, Chapters 2 and 3 diverge. In Chapter 2, proving decay of the semi-
group after characterizing the spectrum of L is an unusually difficult problem. Due to
the derivative nonlinearities in Equation (1.12), linearization around 7. yields a relatively
compact perturbation of some free evolution. In all previously studied problems, the analo-
gous linearization yielded a compact perturbation of some free evolution for which a general
spectral mapping theorem is now known, see [24]. From the point of view of perturbation
theory, a relatively compact perturbation can be thought of as the worst type of small per-
turbation. A priori, there is no reason to believe that linear stability should hold for our
solution. Indeed, in '94, Renardy [31] showed that, in a physically realistic setting, linear
stability need not hold true for a hyperbolic PDE. To overcome this difficulty, we initiate
an explicit construction of the resolvent Ry, (). In a forthcoming paper, we will show that
using this explicit construction, the resolvent is uniformly bounded on the right-half plane
in order to improve the growth bound on the semigroup and obtain the desired decay. We
then present techniques for showing uniform boundedness of a toy model resolvent which
will also be applied in that same forthcoming paper.

In Chapter 3, obtaining an improved growth bound on the semigroup is simpler
due to compactness of the perturbation. After improving this growth bound, we proceed
to establish nonlinear stability. That is, we prove global well-posedness and decay for small

data for the nonlinear equation (1.18). We reformulate Equation (1.18) as a fixed-point
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problem via Duhamel’s formula,

where (S(s))s>0 here denotes the semigroup generated by L. In general, solutions with
small data will not decay due to a genuine unstable eigenfunction of L. Regardless, the
data can be adjusted along a one-dimensional subspace in order to remove this instability,
ultimately allowing for solutions to decay. This one-dimensional subspace will be spanned by
a particular solution of the quadratic wave equation linearized around the blow-up solution
which also has a very crucial property in relation to hyperboloidal similarity coordinates.

We will elaborate on this in Section 3.5.2.

1.5 Notation and Conventions

We denote by N, Z, R, and C the sets of natural numbers, integers, real numbers,
and complex numbers respectively. By Ny := N U {0} we denote the nonnegative integers.
Furthermore, we will denote by Ry := {a € R : a > 0} the set of positive real numbers.
Given a complex number z € C, we denote by Rz and &z its real and imaginary parts
respectively. We denote by H := {z € C : Rz > 0} the open right-half complex plane.
Given R > 0 and d € N, we denote by B} := {z € R? : |z| < R} the open ball in R? of
radius R centered at the origin.

Given z,y € Ry, we say x < y if there exists a constant C' > 0 such that z < Cy.
Furthermore, we say that z ~ y if x < y and y < z. For a one-parameter family of positive
numbers xy, Yy, we say that z) < y, if there exists a constant C' > 0, independent of the

parameter A, such that xz) < Cy, for all A.
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On a domain 2 C R and given f,g € C'(2), we denote their Wronskian by
W(f,9)(x) = f(x)g'(z) — f'(x)g(x). When solving initial value problems for nonlinear
wave equations for an unknown wu, we will often denote by w[to] := (u(to,), us(to,-)) the
initial data with initial time tg € R. Throughout, we will adopt the Einstein summation
convention, i.e., repeated upper and lower indices indicate an implied sum over those indices.

The Schwartz space of functions on R? will be denoted by S(R?). We define the

Fourier transform by

Fi©) = [ e @y
for all f € S(R?). For k € Ng and U C R? open and bounded, we define the Sobolev norms
and homogeneous Sobolev norms by

I oy = D 10 12wy 1 mqy = D 107 F Iz

|k|<k |k|=k
for all f € C®(U) where k = (k1,...,kq) € N? is a multi-index with |x| := Z?:l ki. The
Sobolev spaces H¥(U) are then defined as the completion of C°°(U) with respect to the

norm || - ||Hk(U). For s € R, the Sobolev norms and homogeneous Sobolev norms on R? can

be defined via the Fourier transform as

11ty = 1Y F F By 11y = I P F Ao

where (x) := /1 + [2]2 denotes the Japanese bracket.

On a Hilbert space H, we denote by B(H) the space of bounded linear operators.
For a closed operator (L, D(L)) on the Hilbert space H with domain D(L), we denote the
resolvent set by p(L) := {\ € C | A\ - L : D(L) C H — H is bounded and invertible}.

Given A € p(L), we denote by Ry, (A\) := (A\I — L)™' the resolvent operator. Furthermore,
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we denote by o(L) := C\ p(L) the spectrum of (L,DP(L)). In particular we denote by
op(L) := {X € o(L) : 3u € D(L) \ {0} such that u € ker(A\I — L)} the point spectrum of

(L,D(L)).

1.6 Functional Setting
Given R > 0, k € Ny, and d € N, we define the following space of functions
Hia(BR) = {f: (0,R) = C: f(|-]) € H*(BR)}.

We set
M = HE 4 (BE) x HE ! (BE)

T rad

which is a Hilbert space with inner product

(f\g)w}; = (fl’gl)Hfad(]BdR) + (f2\92)Hfa;1(B<§)

and norm
||fH§{I§ = ”fl”i;fad(%) + HsziIfaal(E%)
where f = (f1, f2) and g = (g1,92). In the following chapters, we will often omit the
dependence on k or R in our notation though this will be made clear with context.
We also consider the space of radial functions which are smooth up to the boundary
of IBT‘}%
f;d(@) ={fe€ COO(@) : f is radial}

and the space of smooth even functions

C=[0,R] := {f € C*®[0,R] : %V (0) = 0 for j € Ny}.
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By Lemma 2.1 of [24], there is a one-to-one correspondence between C°2(B%) and C2°[0, R].

For ease of reading, we attempt to avoid switching between C°%,(B%) and C2°[0, R] and stick
only with C°[0, R] whenever possible. We remark that C2°[0, R] is dense in H ;(B%) which
implies C2°[0, R)? is dense in HE,.

In Chapter 2, we will take advantage of equivalent norms on H} which significantly

simplify the analysis. First is the the Y-norm defined by

5
lully == llelFno + D 16" 2u™ |2
n=2
4
lull, == llulFzon + 2 16" ™ Z200
n=1
[ull$; = [lurl¥, + [lu2lls,, Yu € #H3.

This norm is most useful for proving compactness properties of particular operators and

also for resolvent estimates. Second is the D7-Norm and inner product defined by

(ulv)p, 1:(D7U1|D7U1)H3(0,1) + (D7U1|D701)H2(0,1)

+ (Drui|D7o1) g o 4y + (Druz| Drv2) m2(0,)

for u € H where

with inverse on H7 defined by

Kru(p) := p 5 K%u(p), Ku(p) := /P su(s)ds.
0

This norm is most useful for proving decay of solutions to Equation (2.7). We have the

following proposition.
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Proposition 4 We have || - ||z = || - [|p; = [| - [[35 on H;.

Proof. We leave the proof to Section 2.6.1. =
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Chapter 2

On the Stability of Blow-Up for

the Strong-Field Skyrme Model

2.1 Introduction

This chapter concerns the equation of motion of the strong-field Skyrme model,

ie.,

e — e — T2 ot (v - ) + L2

=0 (2.1)

for ¢ : I x [0,00) — R, I C R an interval containing zero, and r = |z| for 2 € R%. Equation

(2.1) exhibits the scaling symmetry ¥ — 1y,

w)\(tv 7”) = ¢(t/)\, T/)‘)

for any A > 0. Solutions of Equation (2.1) conserve the energy

Ely] =

1 /m sin?(4))
0

: | d—2 Sin?(w)>rd_ldr.

2 2
<wt + ¢r + 2 7,2

26



Under this rescaling, the energy transforms according to the equation

E[y] = ME[Y].

Thus, the associated Cauchy problem is energy supercritical for d > 5. Restricting our
attention to d = 5, the lowest energy supercritical dimension, we find the explicit radial,

self-similar solution given by

Wh(t,r) = fO(TT_t), T>0.

where

2
fo(p) = arccos (M)

Note that ¥4(0, ) and 9% (0, ) are smooth for r < v/5. Furthermore, ¥ becomes singular

forward in time, i.e.
|0r 7 (¢, 0)] =47 0.

As a consequence of finite speed of propagation, one finds that the Cauchy problem

wtt - wrr - %%« + COt(w)(@/JtQ - wz) + %Smﬁigw) =0 in CT

1/1(0,7“) = 1/};“(0’ T)v 1/%(077“) = 8,51/1;(0,7‘) r<T

exhibits finite-time blow-up where
Cr={(t,r):0<t<T, 0<r<T-—t}

is the backward lightcone of the spacetime point (7, 0).
In this chapter, we make significant progress toward establishing the stability of

the solution %7 locally around the blow-up point. That is, we make progress toward showing
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that for small perturbations f, g, there is a unique choice of T close to 1 so that the Cauchy

problem

¢tt*¢rr*%Q;Z)TWLCOt(w)(T/}tQ*'QDz) +%sm£7§¢) =0 in Cp ( )
2.2

$(0,7) = 1 (0,7) + f(r), $e(0,7) = 0ppi(0,7) +g(r) r<T

has a unique solution 1 in C7 and converges to ¢} as t — T~ within C7 in a suitable sense.

2.1.1 Similarity Coordinates

In this section, we introduce similarity coordinates. This system of coordinates is
well-adapted to the self-similar nature of the solution 7. In these coordinates, we rewrite
the Cauchy problem (2.2) as an abstract initial value problem on some suitably chosen
Hilbert space where 17 becomes an equilibrium of the system.

Given T > 0, we define similarity coordinates by the map
nr : (0,00) x [0,1] — Cr
(1,p) — (T —Te™ T, eiTp)
with inverse given by

npt s Cr — (0,00) x [0, 1]

() > <1og (TT_t)T’“_t)

see Figure 2.1. The derivatives transform according to the equations

T

e
at == ?(67— + pap)

and



T 1

Figure 2.1: A diagram depicting how the map 77;1 transforms the backwards lightcone Cr.

A direct calculation shows that, in these coordinates, 17 transforms according to the equa-
tion

(W7 onr)(7, p) = arccos (fo(p))-

Observe that 17 o nr is static and independent of the blow-up time 7.

2.1.2 Statement of the Main Result

In this section, we state the intended main result of this chapter concerning the

stability of ¥7 under small, radial perturbations.

Theorem 5 (In progress) There exist constants 0, c,wy > 0 such that for any radial ini-

tial data (f,g) satisfying

[«

< —

-7 D wsag, xrmsiar, ) <

the following hold:

1. There exists a unique T € [1 — 0,1 + §] and unique function ¢ : Cp — R solving

Equation (2.1) in the sense of Definition 11 with ¥[0] = ¢§[0] + (f,g).
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2. The solution blows up at t =T and converges to {7} according to

(@ =[] 17 (W) = 67 ) | ugeg, ) < 6T =)

d
(T - t)“_l_i W : |_1 (@Wt, ) - &W?(ta )) HH@(B%H&) < 6(T - t)wo
forallk=0,....5and £ =0,...,4.

Remark 6 Observe that the normalizing factors (T — t)k_% and (T — t)”l_g reflect the

behavior of the self-similar solution measured in the homogeneous Sobolev norms.

Remark 7 Equation (2.1) is in the same scaling class as a focusing cubic nonlinear wave

3. With this in mind, one might expect that, within integer Sobolev

equation, i.e. Ou = u
spaces, that the regularity could be lowered to at least H3 x H? in light of [17]. However,
we need to control v and its derivatives in L to make sense of the nonlinearity around ¢y,
which forces a reqularity of H> x H*. Reducing this reqularity by even one derivative would

require some deeper knowledge of how to control derivatives in this self-similar formulation

using the nonlinear structures clearly present.

2.2 The Wave Equation in Similarity Coordinates

In order to ensure regularity of the solutions, one must impose the boundary
condition 9 (-,0) = 0. Thus, it is natural to work with 1])(t, r) := r~19(t,r). Consequently,

Equation (2.1) becomes

. %sin(21ﬁ) —2r¢) — (r)? cot(re))

ity — St cot(r) (97— 2) — 1 cot(ri)d + -0,

r3
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To ensure that we have a smooth nonlinearity upon linearizing around 7, we study the

equivalent equation

2
T—-1

,(;tt - 1&1“7” - 21[]7‘ + 12}75 - Fl (T‘lﬁ, 1/;7‘7 Q;Z)tv t7 T T) - TﬁsFQ(QZ)) =0 (23)

where

2
Fi(x,y,z,t,r;T) := z —recot(z)(2 — 9?) — ;(1 —xcot(x))y

T —t
and

3
Fy(x) := 22 + 2° cot(z) — B sin(2z).

2.2.1 Free Wave Evolution in Similarity Coordinates

To begin, we first analyze the following damped wave equation

2 .
T_tdit—O

. . 6 -
tht - ¢rr - ;1/}7» +
in Cp. To that end, we introduce the new variables

Xl(t’ T) = (T - t)"L(tv 7”), XQ(t’ T) = (T - t)212)t(t7 T)'

A direct calculation shows that

atX1(t7r) = _T — tXl(tvr) + T _ tXQ(ta T)

and

Orxa(t,r) = — xa(t,r) + (T — t)Af‘?%in (t,r).

T—1

We introduce the new variables

wj (7_7 p) =Xj (t(Tv :0)7 T‘(T, p))
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to obtain the system

Orn(op) | [ (7 p) +42(T, p) = pOptn (T p) (2.4
Orba(T, p) Ay (7, p) — pOptha(T, p) — 4ba(T, p)
In summary, we have the equation
0,V (1) = Lo¥(7) (2.5)
where
wl (7-7 p)
(7)(p) :=
¢2 (Tv p)

and Ly is defined as

~ —puy(p) — u1(p) + ua(p)
Lou(p) :=
Areduy (p) — pub(p) — 4us(p)

which we call the free operator. We view (f;o,D(I:O)) as an unbounded operator on the

space H := M3 with domain D(Lo) defined by
D(Lo) == {u e C®(0,1)> NH : Drug € C3([0,1]), Drus € C*([0,1]), [Dru1)”(0) = 0}

where D7 is defined in Section 1.6. This domain is chosen following the work in [17] though it
may be possible to take a simpler domain. As C°[0, 1]? is contained in D(Lg), we have that

(EO, D(I:O)) is densely defined on H. Furthermore, we have the following crucial properties

Of (]:(),D(]Zo»
Lemma 8 Let u € D(Lg). Then
. L.
R(Loulu)p, < — [l
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Proof. Set w; := D7u;. We begin by computing
[D7(Lou)1]'(p) = wi(p) — pwi(p) — wi(p)
[D7(Low)1)"(p) = w3 (p) — pwi’(p) — 2w (p)
[Dr(Low)a]'(p) = wi'(p) — pwl(p) — 4wh(p).

Integration by parts yields

- 1 3
\SR([D7(L0U)1]"7 [D7U1]//)L2(0,1) = §R(w/z/|U)/1/)L2(0,1) - §|w/1/(1)|2 - §||w/1/”%2(o,1)

~ 1 1
R([D7(Lou)1]’, [Drut]’) p20,1) = R(wh|wy) r20,1) — §|w’1’(1)|2 - 5““”1“%2(0,1)

- 1 7
§R([177(11011)2]/7 [D7U2]/)L2(0,1) = §R(wllﬁ\w’z)L2(0,1) - §|w’2(1)|2 - §||w§||%2(0,1)

- 1 5
R(Dr(Lou)a, Drug) 20,1y = R(w! |wa) r2(0,1) — §’w2(1)’2 - 5”11’2”%2(0,1)-

Adding the above four lines, integrating by parts twice, and applying the Cauchy-Schwartz

inequality yields the desired estimate. m
Lemma 9 For every £ € C°[0,1]?, there exists u € D(Lg) such that
—iou =f.
Proof. Trivially, for f = 0 we have u = 0. Assume f does not vanish identically. Set

F(p) := Dz f2(p) + 3Dz f1(p) + p[D7 /1] (p)

and define

1
1
wa(p) = (1_’;2)2/ (1 — s2)F(s)ds — D1 f1(p).
p
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As f € C[0,1]?, we have that w; € C*(0,1) N C4[0,1], we € C*(0,1) N C3[0,1], and

w{(0) = 0. Direct calculation shows that w := (w1, w2) solves the system of equations

pw} (p) — wa(p) = Dz f1(p)

3wa(p) — wi(p) + pwy(p) = D1 fo(p).

Recall the inverse of D7, namely K7 defined in Section 1.6. Applying K7 to both sides of

the equation yields

Krwi(p) — Krwa(p) + p[K7w1] (p) = f1(p)

4K7wo(p) — Aff?K?wl(P) + p[EK7un]' (p) = fa(p),

see [17] Lemma 4.5. Thus, u := Kyw is a solution of —Lou = f. The properties of w imply
u € D(Lg) which finishes the proof. m

The preceding two properties allow us to conclude the following proposition.

Proposition 10 The operator (io,D(io)) on H is closable and its closure, (LO,D(LO)),
s the generator of a strongly continuous one-parameter semigroup of bounded operators on

H, (So(7))r>0, satisfying the estimate
ISo(r)ll3 < Me™27
for all T > 0 and some constant M > 1.

Proof. Lemmas 8, 9, and the equivalence of the D7 and H norms along with the Lumer-

Phillips theorem (see [20], p.83 Theorem 3.15) imply the claim. m
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2.2.2 The Strong-Field Skyrme Model Equation of Motion in Similarity

Coordinates

We continue by writing Equation (2.3) as a first-order system on . Using the

new variables from Section 2.2.1, we obtain the system

Orn(rp) | [ (T 0) + 4a(Ts p) = PO (7, p)
87—1/12 (Tv p) Af}?’?wl(’r: P) - papr (7—7 P) - 4¢2 (7—7 p)
(2.6)
0
_|_

Fl (Plf)l (T’ P), 8/)1/}1 (T’ p)v Py (T7 p)v p) + P_3F2 (/lzz)l (7-7 p)))

where
. 9 9 2
Fifa,y,2.0) 1= 22 = peot(x)(2* — o) +  (wcot(a) = 1)y,

The blowup solution becomes

T—t % ;
= ”@/}T(t,r) 7f0(p)

U5 (7)(p) = , -
TP it r) ) Ve=teorr=reon \ fi(p)

Since we expect solutions of (2.6) which are initially close to W7 to converge to W%, for some

T sufficiently close to 1, we insert the ansatz ¥ = U7, 4 ® where

()
s ="

902(7_7 p)

Furthermore, we expand the nonlinearity around (% fo(p), 8,)(% fo(p)), fé(p)) as follows:

Fi(p1, 0,001, pibe, p) =Fy (f0’8p<;f0)7f(/]7p) + 31F1(f0,3p(;f0),févp)0901
+ & F1 (fo, 3p(/1)f0)7 15, 0)0pp1 + 03F1 ( fo, 3p(;f0), fo:0) 2

+ Ni(pe1,0p01, @2, p)
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where

~ 1
Ni(pe1, 0p01, 02, p) :=F1 <fo + pp1, 3p(;fo’ 2 P) + Opepr, fo + @2)
- Ly T
_Fl f0)8p<;f0)7f07p _81F1(f078p(;f0),f07p)p¢1

— 02 Fy ( fo, 8p(;f0)7 6,0)0p01 — 0sF1 ( fo, 3p(;f0)7 Jo:p) 2

and
Ey(p1) = Fa(fo) + F3(fo)ppr + Na(per)
where
Na(pp1) := Fa(fo + pe1) — Fa(fo) — F5(fo)per.
In summary, we obtain the equation
0, ®(1) = Lo (7) + N(&(7)) (2.7)
where
L:= I~40 + L

with L/, which we refer to as the potential', defined as

0
L'u(p) :=

V(p)ui(p) +V(p)p(pu2(p) — uy(p))
where V,V € C*[0,1] are given explicitly by

5(21p% — 375p* + 1455p? — 2125)
(5+302)°(5 - ?)°

Vi(p) = —

1The term potential here is, potentially, not the best choice of terminology due to the presence of derivative
terms. However, in the spirit of convention, we will use this anyway.
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and
o 2(3p* —35)
V)= = ) 5= )

and N will be called the nonlinear remainder and is defined by

0
N(u)(p) =
Ni(pur(p), i (p), u2(p), p) + p~> N2 (pui(p))

In general, this nonlinearity is not smooth. However, if u; > 0, then the nonlinearity is
smooth. This is easily achieved noting that 17 > 0 within Cr and the Sobolev embedding
L>®(B7) < H5(B"). Furthermore, L/ is uniformly bounded on the dense set C2°[0, 1] and
so extends uniquely to a bounded operator on ‘H which we will, by an abuse of notation,
refer to as L’. Thus, we view (f., D(INJ)) as a bounded perturbation of (I~40, D(INJO)) by setting
D(L) := D(Lg) from which it follows that (E,D(I:)) is densely defined on H.

In the following section, we will show that f;,D(f;)) is closable and its closure,
denoted by (L, D(L)), generates a strongly continuous one-parameter semigroup of bounded
operators on H denoted by (S(7))r>0. From this point on, the domains of our operators
are fixed and we refrain from referring to them unless necessary. With this semigroup, we

formulate the corresponding initial value problem of Equation (2.7) as an abstract integral

equation on ‘H via Duhamel’s formula,

o(7)

I
0]
—~
\]
~—
A
—~
(==}
~—
+
c\\]
w2
\]
|
w
~—
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w
=
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This leads us to the following notion of strong solution for Equation (2.2).

Definition 11 We say that v : Cr — R is a strong lightcone solution of Equation
(2.2) if the corresponding ® : [0, 00) — H belongs to C([0,00),H) and satisfies (2.8) for all

7> 0.
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The notion of strong lightcone solution allows us to reformulate solving Equation (2.2) into
a fixed point problem in terms of similarity coordinates. In fact, given enough regularity
of the data, one can show that a strong lightcone solutions yields a classical solution of

Equation (2.2), see Proposition 2.2 of [9] for instance.

2.3 Progress Toward Linear Stability

In this section, we demonstrate significant progress toward linear stability of W7..

More precisely, we begin by analyzing solutions of the linearized equation, i.e., the equation
9,0 = L.

First, we show that L is closable and its closure, denoted by L, is the generator of a
strongly continuous one-parameter semigroup of bounded operators on H. In other words,
the Cauchy problem for the linearized equation is well-posed on H. In order to show that
solutions of Equation (2.7) for sufficiently small initial data exist for all 7 > 0, we need
to obtain sufficient growth bounds on the semigroup generated by L. Due to the non self-
adjoint nature of L and the structure of the potential, this is, in fact, very difficult to obtain.
We demonstrate techniques which, in the future, can be easily adapted in order to obtain

the improved growth bound on the semigroup.

2.3.1 Well-Posedness of the Linearized Evolution

In this section, we show that L is closable and its closure, denoted by L, is the

generator of a strongly continuous one-parameter semigroup of bounded operators on H.

38



Proposition 12 The operator L is closable and its closure, denoted by L, is the generator

of a strongly continuous one-parameter semigroup of bounded operators, (S(7))r>0, on H.

Proof. This follows immediately from the bounded perturbation theorem (see p.159, The-
orem 1.3 of [20]) and Proposition 10. m

The bounded perturbation theorem guarantees that the semigroup (S(7)),>0 sat-
isfies the bound

IS(7) |l < Mel~ztMIL 0T (2.9)

for M > 1 as in Proposition 10 and all 7 > 0. As M and ||L/|| can be very large, this bound
is useless for showing decay. To improve this bound, we intend to use the Gearhart-Priiss-
Greiner theorem (see p.302, Theorem 1.11 of [20]) which necessitates a characterization of

o(L). From the decay estimate on the semigroup (So(7)),>0, we infer
1
o(Lp) C{AeC:RAL —5} (2.10)

which follows from [20], p. 55, Theorem 1.10. As a first step, we prove the following
compactness property of the potential which will allow us to characterize o(L) by checking

how L' affects o, (Lyo).
Proposition 13 The operator L' is compact relative to Ly.

Proof. We show that this property holds on a dense set which, by the fact that Lo is

2

densely defined, implies the desired result. Assume that {u,}neny C C2°[0,1]" is uniformly

bounded in the graph norm of Lg, i.e.,
2 _ 2 2
sup [[unllf, = sup (I[ual; + [ Lounl;) < oo.
neN neN
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As {u,}pen C D(Ly), Lo acts as a classical differential operator. From this assumption and

the definition of Lo, we have the following:

sup ||u1,n||20 < 0,
neN

sup HuQ,'ﬂHE1 < 00,
neN

sup [|uz,n — u1n — (u] s, < oo,
neN

and

< 0.
1

ad /
sup HAZ TuLn — 2u2;n — (Jugy

b b E
neN

Multiplying the fourth quantity by p yields
sup [|() (Dt — ui ) ||y, < 0
neN

which implies

sup [| () ((Juzn = )|, < 00

Thus, (() ((ugn —uy n)) N is uniformly bounded in H3 4(B”). Lemma 4.2 of [17] implies
’ ne
that <D7 (() (()uzn —u’ln))> is uniformly bounded in H3(0,1). By the compactness of
neN

the Sobolev embedding H?(0,1) < H?(0, 1), there exists a subsequence, again denoted by

<D7<(.) ((uom — Uﬁn))) , which is Cauchy in H2(0,1). Applying the same argument
neN
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to (u1n)nen yields

1L, = Ll <[V C) (w0 = w1m)|

>

OO On - 1) — Oz — 1))

¥

Slusn = wtmlls, + |/ (Ozn = ) = OV (uzm = i) |

§HD7(“Ln - Ul,m) HH2(0,1)

+ HD7((‘)((‘)“27" — ) — ()(()ugm — U’l,m)>

HH2 (0,1)
where the last inequality follows from Proposition 4. Using the equivalence of the ¥ and
‘H norms from, namely Proposition 4, this shows that (L'u,,),en is a Cauchy sequence and
must converge. H

As a consequence, it will suffice to characterize o,(L) in order to invoke the
Gearhart-Priiss-Greiner theorem. Even more, it will turn out that studying o,(L) amounts

to studying C*°[0, 1] solutions of a certain ODE.

2.3.2 Spectral ODE Analysis

In this section, we begin to make the connection between o,(L) and a particular
ODE. In fact, this connection will make it possible to sufficiently characterize o,(L). First,
observe that for f = (f1, f2) € D(L), the equation (AI — L)f = 0 implies that f := f; solves
the ODE

(=)0 + (= 2+ 20+ 30+ (1= V() (0 o
2.11

A+ DO+4) = V(p) = A+ DV () ) f(p) = 0

on the interval (0,1). We will refer to this as the spectral ODE. In fact, the regularity

imposed by f € D(L) implies f is a classical solution of Equation (2.11). Regularity of the
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coefficients implies that f € C*°(0,1). Now, a Frobenius analysis shows that f € C*°[0,1].

To that end, we define the following set
Y:={AeC: R\ >0and 3f € C*|0, 1] solving Equation (2.11) on (0,1)}.
We have the following proposition.

Proposition 14 ¥ = {1} with unique, up to a constant multiple, solution

1

VB = p?(5+3p2)

Proof. By direct computation, one sees that f(p; 1) solves Equation (2.11) with A = 1. Let

Flps1) = (2.12)

A€ C\ {1} with ®X > 0. We introduce a new independent variable

8p?

5+ 3p?

€r =
and new dependent variable by the equation
A2 1
flp) = (8 =3x) 2 (2 —x) 2y(x)

which transforms Equation (2.11) into one of Heun type, namely

3A+5)2? — (8N +43)z+28 . (A—1)(3(A+9)z — 5X — 51)
2(1—2)(8 — 32) Y dz(1 - 2)(8 — 32)

i+ y=0 (2.13)

d
where " denotes T The solution f(-;1) transforms into
x
y(a;1) =1

up to a multiplicative constant.
Frobenius theory implies that any y € C*°|0, 1] solving (2.13) is analytic on [0, 1].

Thus, if y fails to be analytic at = 1, it also fails to be smooth at z = 1. Any analytic
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solution of Equation (2.13) yields an analytic solution of Equation (2.11) as well as the
converse. Thus, excluding the existence of an analytic solution of Equation (2.13) for those
desired A\ also excludes the existence of a C*°[0, 1] solution of Equation (2.11) for those same
A

The Frobenius indices at x = 0 are {0, —%} Without loss of generality, such a

solution y must have the expansion
Yyl \) = Zan()\)x”, ap(A) =1 (2.14)
n=0

8
near z = 0. Since the finite regular singular points of Equation (2.13) are z = 0, 1, 3 Y fails
to be analytic at © = 1 precisely when the radius of convergence of (2.14) is one.

We first derive a recurrence relation for the coefficients a, () given by
an+2(X) = Ap(Nant1(A) + Bp(N)an(X) (2.15)

where
_44n? + 8n(4X + 27) + A(BA + 78) + 121
B 16(n +2)(2n +9)

30 +2n — 1)(A+2n + 9)
16(n + 2)(2n + 9)

Bn()‘) ==

and a_1(A\) =0, and ap(A) = 1. Furthermore, we define

an—l—l()‘)
n(A) = ————.
r ( ) aﬂ(}\)
Since limy, 00 An(A) = 1—81, lim, 00 Bp(A) = —%, the so-called characteristic equation of
Equation (2.15) is
11 3
t2— —t+==0.
8 + 8
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3
Solutions of this equation are given by ¢; = 3 and to = 1. By Poincaré’s theorem on differ-

ence equations, see [19] or [25] Appendix A, we conclude that either a,()\) = 0 eventually

in n,
Jggo rn(A) =1 (2.16)
or
lim r(\) = o (2.17)
neo’ MY T g '

In fact, a,(\) cannot go to zero eventually in n since backwards substitution would imply
ag(A) = 0 which is a clear contradiction. We show that Equation (2.17) cannot hold.
By plugging Equation (2.15) into the definition of r,()\), we derive a recurrence

relation for r,(\) given by

with initial condition

o) = O 1)1(1521 +5))

Furthermore, we define an approximation to r,(\) given by

5\2 N (16n + 23)\ n+3
16(n+1)2n+7) 8n+1)2n+7) n+1

() ==

The quadratic and linear in A terms are obtained by studying the large |A| behavior of A, (\)
while the constant in A term is put in by hand in order to mimic the small |A| behavior of
the first few iterates of 7, (). Observe that lim, . 7 (A) = 1. The approximation 7, ()
is intended to behave like r,,(A) for sufficiently large n. If indeed this is true, then there is

hope to exclude Equation (2.17). To show this, we define




and derive a recurrence relation for it given by

it (0) = 2a(X) — CalM) jﬁg -
where

-
and

by again plugging the recurrence relation for r,(A) into the definition of 0, (A).

Direct

calculation shows that we have the following explicit expressions for &, (A) and C, () given

by
Pi(n; )
n A) =
En(A) Py(n; A)
and
~ P3(n;A)
en(M) = Py(n; A)
where
Pi(n;\) := =481+ n)(T+2n) (=14 2n+ A\)(9+2n+ N),
Po(n; \) :=(336 + 32n% + 16n(13 + 2)) + A(46 + 51))
x (576 + 32n* 4+ 16n(17 + 2\) + A(78 + 5))),
and

Py(n; ) := — 32(7 4 2n)(669 4 322n + 40n?)
+ 2(11809 + 4n(2742 + 467n)) A

+ (2611 + 4n(178 + 9n)) A%
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This shows that given A € C\ {1} with R\ > 0, we have that ¢,(A\) — 0 and C,(\) — —g

as n — oo.

For A € C\ {1} with RA > 0, we have the following estimates

4
1C(N)] < % (2.18)

for n > 20. We discuss the proof of the second estimate since the other two are obtained
via the same argument. First, we establish the desired estimate of the imaginary line. Then
we can extend the estiamte to H via the Phragmén-Lindeldf principle so long as Cy,(\) is
analytic and polynomially bounded there.

Observe that for ¢t € R, The inequality |C,,(it)| < % is equivalent to the inequality
64|Py(n,it)|?> — 9|Py(n,it)|> < 0. For t € R and n > 20, a direct calculation shows that
the coefficients of 64| Py (n,it)|? — 9| Py(n, it)|? are manifestly negative which establishes the
desired estimate on the imaginary line. Now, we aim to extend the estimate to all of
H. As C,()) is a rational function of polynomials in Z[n, )], it is polynomially bounded.
Furthermore, a direct calculation of the zeros of Py(n,\) shows that they are contained
in C\ H implying the analyticity of C,,(A) in H. Thus, the Phragmén-Lindeldf principle
extends the estimate to all of H.

With these bounds in hand, we can prove the same bound for §,, n > 20 by

induction. Suppose the estimate holds for some k& > 20. Then

+3 1
81-1 4

W=

0k (A)] <

ol
=

by the triangle inequality, Equation (2.18), and the induction hypothesis. This bound on
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dn(A) is now sufficient to exclude Equation (2.17). Suppose Equation (2.17) holds. Then

n(A) 5 5
PN T8

1
O
which is clearly a contradiction. Thus, Equation (2.16) must hold and so y fails to be

analytic at x = 1. Therefore, we conclude A € 3. =

2.3.3 Spectral Analysis of the Generator

In this section, we analyze o(L). As L’ is compact relative to Lo, it will be
sufficient to characterize o,(L) in order to obtain a characterization of o(L). First, we

define the function

. fi1(p) f(p; 1)
i (p) = =
fi2(p) pf'(pi1) +2f(p; 1)

According to the following proposition, f] is an eigenfunction of L with eigenvalue 1.

Proposition 15 We have
op(L) C{A e C: RA <0} U{1}.

Proof. By direct calculation, we see that ff solves (1 — L)ff = 0, D7 ff, € C0,1],
D7 ff4 € C?0,1], and [Dz ff]”(0) = 0 which implies that 1 € o(L).

Now, suppose the claim does not hold, i.e., there exists A\ € o,(L) \ {1} with
RA > 0. Thus, there exists u = (u1,u2) € D(L) \ {0} such that u € ker(A — L). Unpacking
the definition of L, one sees that (A — L)u = 0 implies that u; is a solution of Equation

(2.11) on (0,1). Since all coefficients are smooth in (0, 1), we must have u; € C*°(0,1). The
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Frobenius indices at the regular singular point p = 0 are s; = 0 and sy = —5. By Frobenius

theory, there exists a solution of the form

[e.e]
uri(p) =Y aip'
=0

which is analytic at p = 0. Since s; — sy = 6 there exists a second linearly independent

solution of the form
u12(p) = Clog(p)uri(p) +p > bip’
i=0

for some C' € C and by = 1. Observe that uj 2 does not belong to the Sobolev space
H? (B") due to the second term. Thus, near p = 0, u; must be a multiple of u1,; and we
infer u; € C*°[0,1).

Similarly, the Frobenius indices at p=1are sy =0and so=1—-A. If 1 — A& Z,

then we have two linearly independent solutions

ui1(p) = Zai(l —p)

=0

and
ura(p) = (1= p)"* b1 = p)',
i=0
The solution u 2 clearly does not belong to the Sobolev space Hfad(IB%7). Thus, near p =1,

w1 must be a multiple of u;; and we infer u; € C*°[0, 1].

If 1 — A =k € Ny, we have two fundamental solutions of the form

ura(p) = (1= p)*> ai(1—p)
i=0

and

ura(p) =Y bi(1 = p) + Clog(1 — p)uri(p).
=0
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Since A > 0, we must have that £ = 0 or 1. Hence, u; 2 does not belong to the Sobolev

space H? ,(B") unless C' = 0 in which case we conclude u; € C*[0, 1].

rad
If 1 — A= —k, with k£ € N, we have two fundamental solutions of the form
0 .
ura(p) =Y ai(l—p)’
i=0
and

ur2(p) = (L= p) ™ Y bi(1 = p)' + Clog(1 = p)ur(p).
1=0

Again, w2 does not belong to the Sobolev space H? (B7) and we conclude that u; €

rad
10, 1].

Thus, given A € C\ {1}, we have found a nontrivial solution u; € C*|0, 1] to
(2.11). This clearly contradicts Proposition 14 and so we obtain the desired result. m

In fact, the eigenspace of 1 is one-dimensional as can be seen by the following

proposition.
Proposition 16 We have ker(1 — L) = (ff).

Proof. The inclusion (f;) C ker(1 — L) follows from 1 € o,(L).

Direct calculation shows that (1 — L)u = 0 is equivalent to the ODEs

—(1— )l (p) + (—2+8p+p<1—p2>v<p>)ua<p>+ (10-V () =20V (p) Jur (p) = 0 (2.19)
and
uz(p) = puy(p) + 2u1(p)

for p € (0,1) where u = (uy,u2). By direct calculation, one can verify that

375+ 2125p% 4 10425p" + 24305 + 6144p° log(1 — p) — 6144p° log(1 + p)

3p5/5 — p?(5 + 3p?)
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is a solution of Equation (2.19). Furthermore, a direct calculation shows that {f{;,Q1}
forms a fundamental system of Equation (2.19). Thus, the general solution of Equation
(2.19) is given by

u(p) = C1f11(p) + C2Q1(p)

for constants Cp,Co, € C. The general solution fails to be in the Sobolev space Hfad(IB%7)

unless Cy = 0. Thus, ker(1 —L) C (ff). =

Remark 17 The existence of the eigenvalue A\ = 1 is precisely due to the fact that 97
represents a one-parameter family of solutions of Equation (2.1). Indeed, a direct calcula-
tion shows that Oy, properly rescaled and expressed in similarity coordinates, is precisely

f(p; 1) up to a constant multiple.

Corollary 18 We have

o(L) C{A€C:RA < 0}U{1}.

Proof. Suppose there exists a A € o(L) \ {1} with R\ > 0. From Equation (2.10), we see
that A € o(Lo) and that Ry, (\) exists. From the identity A — L = [1 — L'Rg,(\)](A — L),
we see that 1 € o(L'Rg,y())). Recall from Proposition 13 that L’ is compact relative to
Lo. Thus, 'Ry, ()\) is compact from which it follows that 1 € o, (L'RLO()\)). Thus, there
exists a nontrivial f € H such that [1 — L'Rg,(\)]f = 0. Consequently, u := Ry, (A\)f # 0
satisfies (A — L)u = 0. Therefore, A € 0,(L) which contradicts Proposition 15. =
Corollary 18 shows that 1 is an isolated eigenvalue. As a consequence, we can

define the following Riesz projection.
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Definition 19 Let «y : [0,27] — C be defined by vy(t) = 1+ %eit. Then we set

1
P =
21

Ry (\)dA.
Y

We have the following crucial properties of this Riesz projection.

Proposition 20 The projection P commutes with the semigroup (S(T))T>O and we have

rgP = (f]").

In addition, we have

S(r)Pf=¢e"Pf, 7>0. (2.20)

Proof. By definition, P commutes with L and thus commutes with the semigroup S(7)
(see [27]).

Next, we show that (f;') = rgP. In fact, it suffices to show rg P C (f]") since the
reverse inclusion follows from abstract theory. To see this, first observe that P decomposes
the Hilbert space as H = rg P @ ker P. The operator L is decomposed into the parts L,;p

and Ly p respectively. The spectra of these operators are given by

o(Lierp) = o(L)\ {1}, o(Lgp) = {1}.

As a consequence, we claim that rank P := dimrg P < oo. If this were not true, then by
[27] p. 239 Theorem 5.28 we have that 1 € o.(L). Furthermore, [27] p. 244 Theorem
5.35 shows that that o.(L) = o0.(L — L') since L’ is compact relative to L. Clearly,
ge(L = L") = 0.(Lp) C o(Lp). Thus, we conclude that 1 € o(Ly) which is clearly a

contradiction.
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Now, notice that the operator 1 —L,, p acts on the finite-dimensional Hilbert space
rg P and, since o(Lygp) = {1}, 0 is the only spectral point of 1 — L;gp. Thus, 1 — Ly p is

nilpotent, i.e., there exists k € N such that
(1 —Lyp)fu=0

for all u € rg P where k is minimal. If £ = 1, then (f') = rg P by Proposition 16.
Suppose k > 2. Then there exists u € rgP C D(L) such that (1 —L,gp)u # 0 but
(1 = Lygp)?u=0. Thus (1 — L)u = af} for some a € C\ {0}. Without loss of generality,

we set &« = —1. Then the first component of u solves the ODE

~(= A (o) + (— fj +8p+ p(1 = )V (p) Jui (p) + (10 = V(p) = 202V (p) Jus (p) = G(p)

for p € (0,1) where
35 — 3p?
Vo —p*(5+ 3p2)2'

Recall that we have a fundamental system { VERE @1} of the homogeneous equation. Their

G(p) =

Wronskian is given explicitly by
W(p)=p °(1=p*)"'(5 - p*) ' (5+3p%)%
By variation of parameters, the general solution of (2.3.3) can be expressed as

ui(p) =C1f11(p) + C2Q1(p)

~ Qi) [ TI G gy, [ B GO,

for some C1,Cy € C and all p € (0,1). Explicitly, we find

/” f11(s) G(s) s — o’
0o W(s) 1-s27 7 5132%
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Consequently, demanding uy € H) 4 (B") implies Co = 0. Thus, we are left with

7

wlp) = Clia(0) = Qulo) Lo + i) /
0

P Qu(s) Gls)
(54 3p?

W(s) 1— s? §

Upon further inspection, we observe that u; fails to be in Hfad (B7) due to the logarithmic
behavior of @)1 near p = 1. We conclude that there is no such solution in Hf’ad(IBB7). Thus,
we must have k = 1.

Lastly, observe that Equation (2.20) follows from the facts that A = 1 is an eigen-

value of L with eigenfunction f; and rgP = (f/). m

2.4 Explicit Construction of the Resolvent

At this point, we are almost ready to improve the growth bound on the semigroup,
(S(T))TZO. In light of the Gearhart-Priiss-Greiner theorem (p.302, Theorem 1.11 of [20]),
this requires showing that the resolvent, Ry, (), is uniformly bounded on H. In fact, due to
the eigenvalue A = 1, this cannot be done in general. Instead, one can show that the reduced
resolvent, Ry, (A)(I—P), is uniformly bounded. From this, we can infer an improved growth
bound on the reduced semigroup, namely (S(T)(I — P))TZO. For compact potentials, one
can appeal to the spectral mapping theorem of [24]. Clearly, our potential is not compact
and so this is not available to us. Nevertheless, we aim to establish uniform boundedness
by appealing to an explicit construction of the resolvent. In this section, we initiate this
construction.

For the remainder of this chapter, we will always set ¢ := A and w := S\. First,
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observe that as a consequence of (2.9), standard semigroup theory allows us to conclude

M

IRL(A)[[# <
e+ g5~ MLy

(2.21)

for ¢ > —1 + M||L/||%. Furthermore, for f € C*°(0,1)> N H, Ry, (A)(I — P)f is the solution
of a particular ODE. In light of this, we can represent Ry, (\)(I —P)f as an integral against
some Green’s function. For |w| > 1, this Green’s function can be understood to leading
order in w as the Green’s function one would obtain by representing Ry, (A\)f in the same
way. These observations motivate us to decompose H into three regions: H = 57 U Sy U S5

where

S1={AeC:e> M|},
So={AeC:0<e< M|L|3,|w| <R},

and

S3={ e C:0<e< M|L3,|w| > R},

for some R > 0 sufficiently large. On S, we immediately have uniform boundedness of
the resolvent from Inequality (2.21). On Sa, we can use the fact that the reduced resolvent
is continuous on S5 to conclude it is uniformly bounded there. Lastly, we can appeal to
an explicit construction of the resolvent to show that it is uniformly bounded on S3. The
majority of the construction is devoted to proving that we can understand the Green’s
function associated to Ry, (\)(I — P)f as described in S3. In fact, since 1 ¢ Ss, it suffices to
show that Ry, (A)f is uniformly bounded on S3

Let f € C*(0,1)2NH and A = ¢ +iw € S3 for R > 0 to be determined. For

convenience, set u = Ry, (A\)f. Equivalently, we have that the equation (A — L)u = f is
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satisfied and, using the explicit expressions, reads

puy(p) + (A + Dui(p) — u2(p) = fi(p)

—uf(p) = Sui(p) + pus(p) + (A + 4)uz(p) = V(p)ui(p) — pV (p)(pua(p) — ui(p)) = fa(p)-

The first equation allows to us express us in terms of u; and f;. Consequently, the second

equation is equivalent to

~(=p"(p) + (- i + 200+ 3)p+ pl(1 = AV (p) ) (p) o)
2.22

+(A+ DA +4) = V(p) = A+ 1)p°V(p))ulp) = Falp) — p°V(p) frlp)

where v = u; and
Ex(p) = f2(p) + pfilp) + (X +4) fi(p). (2.23)
Thus,

1
Ry (VE] () = /0 G, 5: 0 [Fa(s) — 2V (s) fu(s)] ds

where G is a Green’s function of (2.22).

2.4.1 Constructing the Green’s Function

Now, we turn our attention toward constructing a Green’s function G in terms of
a fundamental system one could obtain for Equation (2.22) with V' = V =F, =0.

When studying the resolvent, we make extensive use of functions of symbol type.
Let I CR, zp € I, and o € R. We say f € C°°(I) is of symbol type and write f(z) =
O((x — z0)®) if |f™(2)| Sp |2 — 20|*" for all z € T and all n € Ny. We refer the reader
to [11] and [15] for the proofs of various properties of functions of symbol type that we will

use throughout.
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As a first step, we remove the first-order term in Equation (2.22) using the change

of variables

v(p) = (5 - p)2(5+3p%) (1 — p*) 2 u(p).
This yields the equation
wey 6(1=p%) =202 (1=p)) + XA =2)p*  V(p)
v (ﬂ) - P2(1 — pz)g U(p) - 1 — pgv(p) (224)

where

V(o) = 2 (= 20(1 = )7 (p) + p2(1 = PV ()2 + 205p° = 1)V () — 4V (p)

4
~2(9p* +102p% — 335)
N (5+3p2)2

Observe that if v(-; A) is a solution of Equation (2.24), then so is v(-;2 — A).

Now, we construct a fundamental system for Equation (2.24). An explicit funda-

mental system for Equation (2.24) with V = 0 is given by

(o)) = p 21+ ) TE (1= p) Ty (s N)
D) = a(pi2 = A) = p 21— p) "2 (14 p)2e_(p3 \)
where
cr(psA) i =3+3A—1p+(A—1%*+(\—-1)p° (2.25)
c(pA)=3-3A=1)p+A—-1)2% - (-1 (2.26)
A direct calculation shows that their Wronskian is precisely
W (1(5 ), 1(5 ) (0) =2(A +2)A\ = 1)(A = 2)(A — 4)
(2.27)

=W ().
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Note that neither solution is well-behaved near p = 0. A third solution which is well-behaved
near p = 0 is given by

Po(p; A) == P1(p; A) — U1 (p; \).

In what follows, we always impose 0 < ¢ < M||L'||3;. As we proceed with this construction
of a fundamental system for Equation (2.24), we will impose conditions on w to be stated
later.

By reduction of order, we obtain a fourth solution according to the following

lemma.

Lemma 21 Let A = ¢ + iw with w € R. There exists dg > 0 such that

- Sow) ™1
wmm—wm&/’ Gols: \)~2ds
p

is a solution of Equation (2.24) with V =0 for p € (0,80(w)~1]. Moreover, it satisfies

Po(p; A) = =3W(A) " p 21 4 O(p*(w)?)]

for all p € (0,80{(w)™1]. We also have

W (o (-5 ), %o(5 ) = —1.

Proof. Taylor expansion yields

Yol X) = W)L+ O ()]

Thus, there is a 6y > 0 sufficiently small so that 1(-; A) # 0 on (0, 6p(w)~]. Lemma A.3 of
[15] implies that

Yo(ps A)H = —15W(N) T L+ O(p*(w)?)],
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see [15]. A straightforward calculation shows that tg(-;\) is indeed a solution of (2.24)
with V = 0. Furthermore,

w)y~1 —
jfo<> #@(SQA) 2dS 1
450 5W(N\)~2 45

Lastly, the value of the Wronskian is also a straightforward calculation. m

Now, we obtain a fundamental system for Equation (2.24) near p = 0 by perturbing
the fundamental system {to(-; \),¥0(;A)} of Equation (2.24) with V = 0. This will be
achieved in two steps. First, we construct a perturbation of ¥g(-; \), namely vo(-; \), by
Volterra iterations, i.e., reinterpreting Equation (2.24) as an integral equation of Volterra
type. Once we have this solution, we again use reduction of order to produce a second
solution @(-; \) and prove that it is a perturbation of ¢o(-; A). For the convenience of the
reader, we recall here the standard existence and uniqueness theorem for Volterra integral

equations stated in the form we will use. A proof can be found in [33]:

Lemma 22 ([33], Lemma 2.4) Let g € L>(0,1) and K : (0,1)?> — C satisfy

1
] ::/ sup |K(z,s)|ds < 0.
0

0<z<s

Then there exists a unique f € L*(0,1) solving the equation

f(2) = g(ax) + /0 " K (. 5)f(s)ds.

Furthermore, one has the bound

£l oo 0,1) < €1l Lo (0,1)-
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With this lemma in hand, we obtain a solution of Equation (2.24) via Volterra

iterations according to the following lemma.

Lemma 23 Let A\ = ¢ +iw with |w| > 1. There exists 5o > 0 such that Equation (2.24) has
a solution of the form
vo(p; A) = Po(p; Aho(p; A)

for all p € (0, 80{w) 1] where ho(p; \) = 1 4+ O(p?(w)?).

Proof. Using the fundamental system {t¢o(-; A),¥1(+; \)}, variation of parameters suggests

that a solution vy should satisfy the integral equation

vo(p; A) =vo(p; A) — Yolpi ) /Op D1(siA) g _(83)2 vo(s; A)ds

W)

P [ T

With 6y > 0 as in the proof of Lemma 21, g(:; ) # 0 on (0,5{(w)~!]. Consequently, we

set ho(;A) = :2%(();\)) to obtain the equation

ho(p; A) =1+ /OP K(p,s Nho(s; \)ds (2.28)

where

1 P A V(s
K(p,s; ) = Tqey (Z;EZ; )3 bo(8; 0)? = to(s; M (s /\)> 1 _( 5)2'

Using the explicit expression for t1(-; A), the symbol estimates for 1o(-; A) and (-; )71,

and the fact that s < p, we obtain the estimate
[K(p,s; M) S (0% 4572 <5
for all 0 < s < p < dp{w)~!. Thus,

50(&1)71
/ sup K (pysi Mlds < (w) >
0 p€(0,60(w)~1)
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By Lemma 22, Equation (2.28) has a unique solution and satisfies the estimate
g 2
(o0 = 115 [ K (s 0lds < 7
0
Consequently, we obtain the estimate
ho(p; A) = 14 0(p?).

Since all terms in (2.28) behave like symbols under differentiation, we obtain the symbol
estimate

ho(p: A) = 1+ O(0*(w)°).

With this solution, we can obtain a second solution on an interval (0, §o(w) ] via

reduction of order.
Lemma 24 Let A\ = ¢ +iw with |w| > 1. There exists 5o > 0
60(0.))*1 9
Bl =l ) [ s s
p

is a solution of Equation (2.24) for p € (0,60(w)~t]. Moreover, ¥y is of the form

To(p; A) = do(p; \ho(p; A)
for all p € (0,80(w) '] where ho(p; A) = 1+ O(p*(w)°). We also have

W(vo(3A),00(+;A)) = —1.

Proof. Based on the previous symbol estimates, we can choose dy > 0 small enough so

that vo(-; A), ¥o(-;A), and 1;0(-;)\) have no zeros in (0, 8p(w)~1]. Consequently, ¥p(-;\) is
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well-defined on the interval (0, dp(w)~!]. A direct calculation shows that ¥(-; \) is indeed a
solution of Equation (2.24).

Using Lemmas 21 and 23, we calculate

= O0(p*(w)™)
and, by a similar calculation, we have

50(w)*1
/ Yo(s;0)720(s*(w)?)ds = O(p~3(w)~1Y).
P
Thus, we obtain the symbol estimate

(s A) 2 )0
Joln) O

61



Lastly, the Wronskian follows from a direct calculation. m

At this point, we have a fundamental system, {vo(; A), Uo(+; A) }, of Equation (2.24)
which is defined on the interval (0, 5o(w)~!] and is a perturbation of the fundamental system,
{0o(s0),Uo(-; A)}, of Equation (2.24) with V = 0. Next, we begin an argument which
allows us to perturb the fundamental system {i1(:;\),¥1(-;A)} to a fundamental system
of Equation (2.24) defined on an interval away from p = 0. We must handle the cases
0 <e< 3and 2 <e < M|L/| separately due to the zeros of ¢1(-;\) and P1(5 N).

A complete argument will appear in a forthcoming paper where we also obtain uniform

bounds on the resolvent.

Lemma 25 Let A = ¢ + iw with |w| > 1 and ¢ € (0,3]. There exists 1 > 0 such that

Equation (2.24) has a solution of the form

1(p3 A) = P1(p; MR (3 \),

with

h(p;\) =1+ 0((1 = p)(w) ), A7 (s M) S (@)1, j=1,2,3,4,5

~

for all p € [§1{w)™1,1).

Proof. Again, variation of parameters suggests that a solution of Equation (2.24) should

satisfy
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for some p1 to be determined. A direct calculation shows that for e € (0, 3], P1(5; ) # 0 on

the interval (0,1). Thus, we set hy(-;\) = ZI ((i)) and obtain the Volterra integral equation
1\

P1
mmmzlﬁ/Am@mm@nw
p

where
1
W(A)

V(s)
1—s2°

I (s s )\) — V1(p; A) ~ 5 \)2
(@01( a)‘)¢1( a)‘) @Zl(ﬂ,)\),(bl( a)‘) )

K(p,s;\) =

Using the explicit formulas, we immediately obtain the estimate
~ 1 1, _
[1(s; N (s: M) S (L= p)2 (L= 8)2 (57" + (w)*s 72 + (w)")

for p < s < 1. Similarly, we have the estimate

Y1(p; ) - s \)2
D1 (p; )\)1#1( &

< S 1= - 9 e (s

S=p)2(1=s)2 (s + ()% 2+ ())
for e € (0,2] and p < s < 1. Thus, we have the estimate
2 P
1 _1,
(K (p,s: M) S (1=p)2(1—s)"2(w)!

for € € (0,2] and p < s < 1. We can now set p; = 1 and obtain
2

1
‘/ sup K (p s Vlds < ()
d1(w)=1 pe(b1{w)~1,1)

for some sufficiently small §; > 0. By Lemma 22, Equation (2.24) has a unique solution

hi(-; ) satisfying

B 1
mum»—mns/K@ﬁuwwsu—wxm-%
p

Differentiating Equation (2.4.1) yields
~ 1 ~
B(oN) = [ 0, (prsi V(s Vs
p
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noting the fact that K(p, p; \) = 0. Explicitly, we have

K (p, 5 \) = — 1A)ap<1flép’A;>¢l(s 2V

1— g2

Now, note the identity

D1(s;0\)2 1—5)2 2 1+5)M3-2(A—1)s + 352
¢i(_52) :—SC(S;A)f)s(( el )4(154 ( ) )>

An integration by parts yields

1
hi(p; ) = g1(p; AH/ Ki(p, s; \hi(p, s;\)ds
o
where

oy L Vi(p ) (1= p)> (14 p)*(3—2(A—1)p+3p?)
91PN == gy O (wi(m )) ( 4p*
x pe_(p; MV (p)h(p; N)

L1 =) M1+ 9)2(3—2(A —1)s + 35%)
+/p 43

c_(s; )V'(s)hy(s; N)ds

2 - - ~ ~
+205 14)((A 3)2/\+6)G+Z>3 A/)_1(1+P)4V(p)h1(p;A)
BA=1D(AN2—=2X+6) [P /1 —s\3-A_ / _ N
Ty /p (55) 207 a9V ) s 0ds

L[t /1—s\2-2 9
2 1
4 /p (1 + s) s (1+5)
X (9 — 24\ — 1)s + 3(TAZ — 14X + 10)s2 + 17(A — 1)%s* — 12(\ — 1)55)
X V(s)ﬁl(s;)\)ds>

and

c_(s; M)V (s)

N 1 Pi(p; A)\ (1= )21+ 8)* (3 —2(A — 1)s + 3s?)
Ki(p,s;A) = _W(/\)ap<1/~11(0; )\)> 4s3

BN =2246) 5 (Ua(p N\ (L= L g,
ooy (G ().
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For |w| > 1 and p € [§1(w) !, 1), we obtain the estimates

91003 A)| S (w) ™

and

[K1(p,s: M) S (w) ™

By Lemma 22, we obtain the estimate

B (o V)] S o)™

~

for e € (0,2], |w| > 1, and p € [01(w) 1, 1). We can perform similar calculations four more
times to obtain

< {w) ™

~

5 (p; )|
for j =2,3,4,5, ¢ € (0, %], lw|>1,and p € [01(w)"1,1). m

For completeness, we state the properties of the solution for € € [3, M||L'||3;) but

do not prove it. The proof is nearly identical to the previous.

Lemma 26 Let A\ = € + iw with |w| > 1 and € € [3, M|L'||3). There exists 6, > 0 such

that Equation (2.24) has a solution of the form

vi(p; A) = P1(p; Mha(p; A),

with
hi(psA) =1+0((1 = p)) ™), W (p )] S ()7, 5=1,2,3,4,5

~

for all p € [§1{w)~1,1).
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Now, we take §; < Jp so that the interval on which the fundamental system
{vo(:; ), 9o(-; A)} is defined overlaps with the interval on which the solutions v(-; A) and
01(+; A) are defined. As a consequence, we can extend the solutions vi(-; A) and 01(-; ) to

the interval (0, 5o{w) '] as follows.

Lemma 27 The solutions vy, 1 can be extended to p € (0,50{w)™1], and are of the form
vi(p; A) = P (p; Mha(p; A),

B1(p; A) = P1(p; M ha(p; M),
where

ha(ps 2) = [1+ O((w) ™) + O(p*(w)°)]

and

ha(p; A) = [L+O((w) ™) + O(p*(w)”)]

for all p € (0,60(w)~ 1, |w| > 1.

Proof. For \ € C as above and p € (0, §o(w) 1], there exist a(A),b(\) € C such that
v1(p; A) = a(Nvo(p; A) + b(A)To(p; A),

where

and

b3 = NNy, 0), g 0).

Note that 07 < dy and so the expression for ¥; obtained in Lemma 25 is valid at the

-1

point p = dp(w)~*. Furthermore, the Wronskian of any two solutions must be constant
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and so we can compute W(vl(-; A), Uo(+; /\)) and W(vl(-; A), vo(+; )\)) by evaluating them at

p = 6o{w)~!. From Lemmas 25 and 24, we have

W (v1(53A), To(5 A)) =W (191 (5 Ak (5 A), o (5 ML+ O(p* (w)?)])
=W (1(5 1), 90(:5 M) b (80 (@)~ A1+ O((w) )]
+11(80(w) ™5 A)do(Sofw) 5 X)) O((w) )
=W (915 A), Do (5 X)L+ O({w) )] + O((w) ?)
where we used the fact that ¥ (5o(w)™1; A) = O((w)?) and Fo(dolw) ™ A)) = O((w)~?)
which both follow from the explicit expressions and Lemma 21. Explicitly, we have
W (1h1(5 M), o (3 X)) = =W (N) /:0<w>_1 Po(s; A)"2ds — b1 (p; Mo (p; A)
Again, since the Wronskian of any two solutions is constant, evaluation at p = Jo{w)™?
yields
W (1h1(5A), Do (5 0)) = =t (Sodw) ™5 Ndbo(Sofw) ™5 0) ™ = O((w)”)

where we have used g (dp{w) 13 A) 7! = O((w)~2). Thus, we have

a(A) == W (v1(5;A), To(; A))

60<w)’1
=(W<A> [0 02+ ot A)*) 14 0((w) ™)
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for p € (0,60(w)~1]. Similarly,

b(A) =W (vi(;A), To (5 A))
=W (Y1(5 M1 (5 0), %o ML+ O(p* (w)°)])
=W (13 A), 9o (3 M) 1 (o (w) ~H ML+ O((w) 7))
+141(do(w) ™1 Ao (dolw) 5 A)) O((w) ™)
= W)L+ O((w) )]

where we have used g (do(w) 1 \) = O((w)?) and W () = O({w)?). Thus, we have

(5o<w>*1
01 (03 A) =vo(pi A) (W(A) [ s s 1 o ot A)*) 14 O((w) ™)
Bl W)L+ O((w) )]
—o(pi N) (W(A) / o (s A) 2 + (3 Aol Arl)
p
< 1L+ O]+ O((w) ™)
G WL+ 0 )]+ O((w) )]

=W (N)do(p; NO(w) ™) +41(p; ML+ O(p* (W)L + O({w) ™).

Now, we use g(p; A) = O(p~2(w)5) and 11 (p; A) " = O(p*(w)°) to obtain

The second solution is obtained via the transformation A — 2 —A. =m
Now that we can make sense of the solutions vi(-;\) and 01(+; A) on the whole

interval (0, 1), our last step is to make sense of the solution vg(-; A) in the region [61(w)~1, 1).
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Lemma 28 The solution vo(-; A) has the representation

vo(p; A) = vi(p; A)ha(A) = 01(p; A)ha(A)
where
ha(A) =1+ O((w) ™)
and
ha(A) = 1+0((w) ™)
for all p € [61{w)™1, 1), |w| > 1.

Proof. Again for A € C as above, there exist a(\),b(\) € C so that

v0(pi A) = a(\)vr (5 A) + b (93 N)

where
~ W(vo(5A), 01(55 )
a(A) = W (v1(;A), 91(+; \))
and
b(2) = — Vol ), 1))

Direct calculation yields the following expression valid for all p € [§1{w) ™1, 1)

W (01(5A), 51 (5 ) =W (105 ), 1 (5 A) ha (s MR (p3 A)

+ 1o N1 (03 VW (ha (53 A), ha (5 )

Since the Wronskian must be constant, we can take the limit p — 17 to calculate it. A
direct calculation using the explicit expressions shows that lim, ;- 11 (p; )\)1/;1 (p;A) = 0.

Thus, taking the limit as p — 17 yields



Thus,

and

As in the proof of the previous lemma, we evaluate at p = o(w) ! to obtain
W (vo(5A), 01.(5 A)) = WAL+ O({w) )],

Thus, we have
a(A) =1+ 0({w)™)
Similarly,

W (vo(5A),01(50) = WAL+ O((w) )] (2.29)
which yields
b(A) = —[1+ O((w) ™).
Setting h3()\) := a()\) and hz()\) := —b()\) yields the desired result. m
At this point, we have solutions v1(p; A), 01(p; \), and vg(p; \) of Equation (2.24)

which are defined for p € (0,1). Upon making the transformation
N _2 .
uj(pA) = (54 3p")(5 = p*) 72 (1 = p*)"2u;(ps A), J =0,1

and

A
2

a1 (piA) = (5+3p2)(5 — p*) 2p 2 (1= p?) 20 (3 \),

we obtain solutions of the homogenous version of Equation (2.22). Observe that neither

up(-; A) nor uy(-; A) live in the space H? ,(B"). From the following calculation, we see that

rad

{up(-; A),u1(; A)} forms a fundamental system of Equation (2.22).
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Lemma 29 We have
W (o (-5 2), u1 (5 ) (p) = W (N wo(A) (5 + 3p%)%(5 — p?) 1p0(1 = p*)
where wo(A) = 1+ O({w)™1) for p € (0,1), |w| > 1. Moreover |wo(N)| 2 1 for all such .
Proof. We compute directly using the transformation
W (uo (5 A),ua (5 A) = W (wo(5 0), w1 (5 A) (5 + 3p%)* (5 — p?) 1701 = p) .
From Eqn. (2.29), we found that
W(vo(5;A), vi(55A)) = W(A)wo(A).

with wo(A) = 1+ O({w)~1). Upon taking |w| > 1, we can guarantee |wo(\)| > 1. =

Before proceeding, we prove one last useful lemma.

Lemma 30 We have

— W)L

for the function wy from Lemma 29 where A = ¢ + iw and |w| > 1.

Proof. This is an immediate consequence of Lemma 29 if we write

2.4.2 Decomposing the Resolvent and the Free Resolvent

In this section, we decompose the resolvent using the previously constructed fun-

damental system {ug(-;A),u1(-;A)}. In parallel, we decompose the free resolvent in order
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to highlight the similarities. We begin by explicitly constructing the free resolvent. To
that end, given A € C with 0 < ¢ < M||L/||%, we note that Rp,(\) exists. Thus, for

f € 0>(0,1)2NH, setting u = (u1,us) = Ry, (A)f implies that u; solves
6
(=P o)+ (= 2004 3p)u () + O DA+ ulp) = Br(p) (230

with F)\ defined in Equation (2.23). An explicit fundamental system of Equation (2.30) is
given by

P1(pA) = p (14 p)' Pep(ps A)
Gr(piA) = p (1= p)' e (ps A)
where cy(p; A) are defined in Equations (2.25) and (2.26). Their Wronskian is given by
W(p1(3 ), 2105 A)(p) = W(N)p~°(1 = p*)

Note that neither solution is well-behaved near p = 0. Thus, we define a third solution

which is well-behaved near p = 0 by

wo(p; A) := p1(p; A) — @1(p; A).

For convenience, we set

NI

T(p) == (543p°)(5—p°) 2.

Now, compared to the fundamental system of Equation (2.22) that we just constructed,

observe that we have the relations

ur(p; A) = @1(p; AT (p)ha(p; N),

uo(p; A) = o(p; M)L(p)ho(p; A),
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valid for p(w) < d, and
u1(p; A) = @1(p; T (p)ha(p; A),
a1 (p; A) = 1(ps NI (p)ha (p3 M),
uo(ps A) = @1(ps ML (p)ha(Mha (p3 A) = G1(ps VT (p)hs(Mha (p3 A)

valid for p(w) > 0; with Wronskian given by
W (g (-5 A), u1 (3 A))(p) = W (Nwo (A (p)p =% (1 = p*) ™.

Observe that ¢g(;A), p1(-;A) € HS 4(B7) and so variation of parameters implies

Fy(s)

12"

[Re, (Mf]1(p) = = p1(p; A)

Upon setting

and
$O(1 — sH) TG (55 0) = (14 5) 1 AG (55 \)
where
co(s;A) = scy(s;A)
and

Co(s;A) 1= sc—(s;A),

we write the more convenient expression for the first component of the free resolvent

1

) <901(p; A) /Op (1= 5)"Feo(s;A) = (L+5) 7 G (53.0)) Fa(s)ds

Rao(F(0) = ~

1
+ o (p; A)/ (1 — )" eo(s; )\)FA(s)ds)
p
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Now, using the fundamental system obtained in Section 2.4.1, we can write the

full resolvent as

F)(s) = s°V(s)f1(s)

™ (5:)
[RL(Nf1(p) = — w1 (p; A)/O W (o (5 A), w1 (5 A))(5) 1—s2 s
_ 1 ui(s;\) Fy(s) — SQV(S)fl(S)
—uo(p; A)/p W (uo(-5 N), u1 (-3 A))(s) 1—s? @

It is convenient to first introduce a smooth cutoff function to distinguish the regions p close
to 0 and p away from 0. Let x : R — [0,1] be any smooth function with x(z) = 1 for
|z| < d1, x(x) = 0 for |x| > Jp, with x decreasing smoothly from 1 to 0 on the interval

01 < x < dg. Using such a cutoff, we decompose the full resolvent as

[RL(Mfl1(p) = x(p(w) RL(MNf]1(p) + [1 = x(p(w))][RL(AN)E]1(p).

and similarly for the free resolvent. We further decompose by introducing cutoffs inside of

the integral as follows:

X(p{w))[Re, (Mf]1(p)

x(p{w))
W)

Lo N) /0 " (= 8)Fep(s:0) — (14 5)" (s A)) x(s () Fa (s)ds

p

+o1(p ) | (1 =9 ep(siA) = (L+8) %0 (s:0)) [L = x(s(w))] Fa(s)ds

1

+eo(pA) [ (1= )" eo(s3 Mx(s(w)) Fa(s)ds

1
+ @o(p; A)

S g

(1= 5) (s VL — x<s<w>>1FA<s>ds),
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p

X(pw)) (gpl(p;)\)f‘(p)hg(p;)\)/ (1= 5) " ep(siA) — (1 +5) A (53 1))

0

x ho(s; T H(s)x(s(w)) (Fa(s) — 5217(5)f1(8))ds
eV Ea(e ) [ (19 (s ) — (14 5) e (s:)

x ho(s; L1 (8)[1 = x(s(w)] (Fa(s) — s°V(s)f(s)) ds
s)

0
— (s
1
+ 0 M (p)ho(p3 ) / (1= )" o5 Ahass AT () ()
p
(FA( ) — 2‘7 s))ds
1
+ o(p N () ho(p: A / =g (5 A (53 )T (8) 1 — x(5(w))]

x (F(s) — szv(s)fl(s))ds>,

= B (atoin) [0 = Pen(si) = (18P0
% X(3(w)) Fa(s)ds
1
T golp ) / (1— ) e (s x(s(w)) Fa(s)ds
p
1
T (o) /0 (1= )" ep(s: A)[1 — x(s{w))]Fa(s)ds
~enlon) [ (sl - I

1
i) [ (1= Pl i - x<s<w>>1FA<s>ds),
P
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and

[1 = x(p{w)][RL(Nf1(p)
[1 = x(p{w))] ' L[ - ' e
—W(A)M@l(p, M (p)ha(p; A)/O ((1—8) " eg(s;A) — (14 8) (55 M)
X ho(s; )T (s)x(5(w)) (Fa(s) = °V () fi(s))ds

1
Feulp Vo) [ (1= 5 s Mol N 5)x(5()
x (Fx(s) = $*V () fi(s))ds
1
+ @1(p; T (p)hs(A)ha (p; /\)/0 (1—s)"eg(s; MRy (s; VT 7H(s)[L = x(s(w))]

X (F,\(s) - SZV(s)fl(s))ds

—1(p; VT (p) 1 (p; A) /Op(l +5) 7 A% (55 M hs(A) R (ss VD1 (s)[1 — x(s(w))]

1
EAPPY L(pi A / =194 (5 A (53 )DL (8)[1 — ()]

< (Bals) - Zx"f(s)fl(s))ds)
Though we will not carry it out here, the following lemma is necessary in order to

control the full resolvent.

Lemma 31 In the intermediate region d1{w)™! < p < o(w)™! we have the estimate

[ho(p; A) = ha(Mhi(ps M| S (w) ™
and
[ho(p3 2) = ha(A)ha(ps M| S ()™
Furthermore,
ha(p; A) = ha(p; A).
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Proof. Upon equating the two representations of vg available in this region, we obtain the

equation

(ho(p; A) = ha(Mha(p; )1 (03 A) = (ho(ps A) = ha(M)ha(p; A)) 1 (p; A) = 0

Taking the Wronskian with (ho(p; A) — ha(\)h (p; )\))1;1 (p; A) yields the equation

W (ho(p; A) — ha(\hi(p; N)), ho(ps A) — his(A)ha (03 Ao (p; A) i (p; )
+ (ho(p; A) = ha(A\)h1(p; A))) (ho(p; A) — ha (A (p; A)) W (A)

=0.

Recalling the explicit expressions for 11 (; A) and 11 (-; A) and the order estimates for hy, hy,
hg, hs, and ﬁg, we see that the first term cannot cancel the highest order term in the second
term unless it is of one order lower in (w). Thus, either |ho(p; A) — h3(A)h1(p; N)| < (w)~2
or |ho(p; A) — ha(M\)h1(p; N)| < (w)~2. So long as one holds, plugging this order estimate

into the original equation shows that the second estimate must also hold. Lastly, the third

claim follows from matching the two representations of v in this region. =

2.5 Free Resolvent Estimates

In this section, we estimate the free resolvent Ry, () in H2 ;(B") x H2 ,(BT) for
0 < e < M||L/||3 and |w| > 1. The techniques we use can be applied to obtaining uniform
bounds on the full resolvent, Ry, (), constructed in 2.4 which we intend to carry out in a

forthcoming paper. This can be summarized in the following lemma.
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Lemma 32 Fix R > 0 sufficiently large. We have the uniform bound

sup IRLy (M) 32 < o0,
AEC,0<RA<— S+ ML/ |3, |SA>R

As a consequence, we have the following theorem.

Theorem 33 We have the uniform bound
sup | R, (V)| < oo.
A€H

Proof. We decompose H as H = S;US2US3 where S1, S2, S3 are defined at the beginning of
Section 2.4 with R > 0 sufficiently large as in the previous lemma. By standard semigroup
theory [20], A — Ry, ()) is uniformly bounded on Sj. Since A — Ry, (\) exists for A € S,

it is uniformly bounded there. By Lemma 32, A — Ry, () is uniformly bounded on S3. m

2.5.1 Preliminary Calculations and Useful Estimates

In this section, we demonstrate and record some preliminary calculations and
collect some useful estimates which will help in proving Lemma 32 in the following section.

First, we define ¢j11(p; A) and éj41(p; A), j =0, ..., 4, recursively by the equations
(1= p) " (s A) = (1 = pY Pejpa(ps N)
and
(L+p) A8 (0 A) = (L4 pY P ej51(p5 N))

where ’ denotes derivative with respect to p. We leave the explicit expressions and useful
estimates they satisfy for the appendix. As a consequence of their definition, ¢; and ¢;

satisfy the equation ¢;(p; \) = (—=1)7¢;(—p; N).
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By Taylor expansion, we infer the existence of §g > 0 so that we have the following
estimate

o8 (s )] S (@)™, plw) < b

~

For the same values of p, we also have the estimates

o7 (0 M S 077, plw) < o
and
G (0] S o7, plw) < .
Now, we let §; > 0 be any number such that d; < dy. We have the estimates

27 (0 M) S (@) p73, plw) > 6y
and
167 (0 M S (1= p) ()73, plw) > 6
for 7 € Ny. In addition, we define the quantities
aij(piA) == oV (1= pY P eja (3 A) — (1+ p)T 241 (5 N)),

Bij(ps ) = o (1= pY (o3 V),
and
(o)) = (1)1 JHA~ Y _~(i)1_ AL )\
Yig(piA) =1 (L +p) " Cia(ps A) — 617 (1= p) " ¢j1(p; A).
These quantities will show up frequently in various boundary terms when estimating the

resolvent.
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For both the free resolvent near zero and the free resolvent away from zero, their
zeroth derivatives will be handled in a different way from their remaining derivatives. For
this reason, we begin by writing the zeroth derivative of the free resolvent near zero as

X(p{w))[Re, (M)f]1(p)

:Xv(f/)éf; ) (sol(p; N /Op (1 =) er(s30) = (14 8)*e1(s50)) x(s(w)) FX (s)ds

— a0,0(p; A)x(p{w))Fr(p)
L oi(pi ) p((l—s) e1(s:0) — (14 )1 (3 A)) 1 — x(s(w) | F (s)ds
~a00(p: VL~ x(pl)]Ex ()

1
+o(p ) [ (1= 8)en(s Nx(s(w)) Fi(s)ds + Bo.o(p: Nx(p(w)) Fa (p)
P

1
) [ 1=l = XIS + ool V1= X(peDIF) )

P
which follows after one integration by parts. This motivates defining the following formal

integral operators which, together, represent the free resolvent, properly weighted, near zero

@A) = I (o10) [ (1= 9Pers) = (1 5P 15 ) (st (o)

~ aolp: A>x<p<w>>f<p>) ,

Q1) = D (i) [ (1= 9Peats ) = (14 9 ea(s0)
< [1 = X(s{)]f(5)ds
~ aan(pi VL~ x(pl10) ).

1
QN F1(p) 1= X ( N [ = 9 (s ) ()
p
+Bo,o(p;>\)x(p<W>)f(p)>,
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and

w w 1
@011 = D () [ 1= P aa(siln = (st (s
p

T Boo(p N1 - x(p<w>>]f<p>).

Similarly, we write the zeroth derivative of the resolvent away from zero as

[1=x(p(w))][R, (MNf]1(p)

:w (%01(0; ) /Op (L= ea(s50) = (14 s) e (s; N) x(s(w)) Fx(s)ds

— ag,0(p; M) x(p(w)) Fx(p)

+o0(p; A) [ (1= s) er(s; A x(s(w))F3(s)ds + Boo(p; Nx(p{w)) Fa(p)

Fer(pN) [ (L= sPe(s NI — x(s@)IF(s)ds
a0+ 5Pl VI - x(s(w)]F(s)ds
51N [ (1 9 ea(s VL - (s ()
N = X(PDIF)

This motivates defining the following formal integral operators which, together, represent

the free resolvent, properly weighted, away from zero

@010 = XD (0 oy [ (1= 9 aalsin) - (14 5P )
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w — w 1
Qs 1) = AP () [ (1= P er i) (51
p

T ool A>x<p<w>>f<p>)

w — w 1
@010 = X ) [0 spPeatsin = x(slonl s)ds
Qs = — A (o) [0+ entsi s = xistl (o
1
+ 1(p; A)

/ (1— 5P er(s: V[T — x(s(@))]f(5)ds

p

(P VL - x(p<w>>]f<p>).

Returning to the resolvent near zero, we write its first derivative as

() Reg T ()
SO DD (o) [ (= Palsin) - (14 9l WD)
o) [ (0 9 eatsin) = (1 9 ()L xS
=@l ) [ (1= 8)FPea(s; Nx(s(w) 1 (s)ds = Br.1 (o Mx(p(w)) f1(p)

(1 )" Peas M1~ x(s(@))F (s)ds — Bua (s M1 = x(ple))] ] <p>)

X X(5(w)) (fa(s) + 51 (s))'ds

-G N) / (1= 9P ea(s:0) — (1+ ) (s 0) 1 — x(s())] (fals) + s1(s))'ds
1
+ (o ) / (1= s)er (5 x(s(w)) (fa(5) + s£1(5)) )ds
P
1 !
+ (o N) / (1= sPer(s VL — x(s(w)] (fals) + s£1(5)) ds)
P
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which follows after integrating by parts once the f1 term of the integral from s = p to s = 1.
This motivates defining the following formal integral operators which, together, represent

the fi terms in the first derivative of the free resolvent, properly weighted, near zero

a0l = EE D () [ (1= a0 (14 (o)
< x(sl)) f (3)ds,
s 0p) = LA ID ) [0 = 5 ents) = 1+ 9 5:0)
< 1= ()] (s)ds,
1
T3V fl(p) = — & >(“4 ( () [ (1= ) Penls A ) ()
p
T B A>x<p<w>>f’<p>),
1
Tia (N F)(p) = — & W*‘* ( (i) [ (1= ealss VL~ X))l 5)ds
p

BN - x(p<w>)]f’(p)>

and the fo+ () f] terms in the first derivative of the free resolvent, properly weighted, near

(R A1e) = A Gt (o) [0 sPea(si) - (L 9 (s ) (s (s,
(Ras () = D i) [7((1= 9 er(s50) = (14 91 (5:0)

x [1=x(s(w))]f'(s)ds,

[R31(A)f](p) :=

1
D ot (0:) [ =9ttt s)as
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(w)x(pw)) !

(Rus (1)) = B i) [ (1= 5 (s )1 = xS (s)ds.
P

Similarly, for the first derivative of the free resolvent away from zero, we write

[1=x (PR, (M} (p)

Ol ([ | »
- ey (‘PI(P’ M/O (1= 8)"*Pea(s;0) = (14 5) T2 (s;0)

x x(s(w)) f1' (s)ds — a11(p; N)x(p{w)) f1(p)
1
(o) [ (1= 9! Peals (st 7 (5)ds + Bua o (e A0
p
1
+wﬁmM[}1—@H%Aawu—M«@ﬂﬁ@MS
=N [ e~ I )
1
—@ﬁmmjkl—@H%xa»u—anNﬂ@mS
p
+%ﬂmMH—x@WWﬁ@0

W <801(P; A) /Op (L= 9 ei(s; ) = (L+ ) e (53 M)

N
x X(s(w)) (fa(s) + sfi(s)) ds
+oo(psA) [ (1= 8) er(s; Nx(s(w)) (f2s) + sfi(5)) ds
+o1(psA) | (1= s er(s; N1 = x(s@))] (fa(s) + 5f1(5)) ds
— @1 A) [ (18 (s N1 = x(s@))] (fals) + sfi(s)) ' ds
— ¢1(p3 V) u—a%ua»u—x@wnwh@mwﬁ@»uﬁ

which follows after integrating by parts once all of the f; terms. This motivates defining

the following formal integral operators which, together, represent the f; terms in the first
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derivative of the free resolvent, properly weighted, away from zero

T (N f](p) == — (W + 4{})&1@—) X(p(w))]

Y (mp; v [ " (1= 8 Preals A) — (A (L 5) (s M)

< x(s(w)) " (s)ds — e (o A)x(p<w>)f’(p)>,

w — w 1
Tur(W)(p) 1=~ OGN (01 3) [0 = 0 a2 (st s

T Bl A>x<p<w>>f’<p>),

w — w 1
(T 1(p) =~ LOEPE X ) [T o Peatsi = x(s ] o),

a0l =~ X (i) ["a )

1

X [L=x(s(w)]f"(s)ds — &1(p; A) / (1—8)"ea(s; ML — x(s(w))]f" (s)ds

p

(L - x(p<w>>]f’<p>)

and the fo+ () f1 terms in the first derivative of the free resolvent, properly weighted, away

from zero

Rea51(p) = XD ) [0 = a0 = 1+ 9P 5:0)

X(s{w)) f'(s)ds

(R 109) = X ) [0 (s (st (51

w — w 1
(R A10) = X ) [0 s (s i1 = (st (s
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(W) 1 = x(pw))]
W)
1

Rea (V) F)(0) 1= — .
o) [ 1= el - x(8<w>)]f’(8)d8)-
p

(@ﬁ(p; v [ "1t 5P (s V{1 — x (s (s)ds

For kK =2,...,5, we define

P2+ Dx(p(w))
W(A)

k—1
— <<P'1(p; v | " (1= sPerls A) = (1+ 5 (s A))x<s<w>>f'<s>ds),

T3 (V) f](p) =2

P2+ ) x(pw)
W)

k—1
X jgkl <90/1(P§ A) /0'” (1= s)*ci(s; ) — (1 +8)*é1(s;0)

To.x(N) f1(p) =2

<1 x($<w>)]f’(8)d8>,

k—2 k—1 1
a0 1(p) = - P2 D e (o) [0 9 aals Nston s o)
P

T B (e A)x(p<w>)f’(p)>,

k—2 k—1 1
1) 1= = S () [ ey

< 1L = x(s(@))]F"(5)ds + Bra(ps N1 — x(p<w>>]f’<p>),

and
k—2 w k—1
R0 = i L (o) [[(= 9 atsn - 1+ spa )
(s () ).
k—2 w k—1
R = D L (o) [ 9atsn - 1+ spa )

<1 x<s<w>>]f'<s>ds),
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1
R0 = SR () [ 0= P st ).
plw k—1 1
R 1(0) = E D L () [ 1= o)t 0= (st 0

which together represent the fi and fo+(+) f{ terms in the kth derivative of the free resolvent

near zero, respectively. For k =2,..., 4 we define

(WP LA+ 4)[1 = x(p(w))]

Tor(NF1(p) = L
k—1 1
< () [ 1= 9 (s 0
p
+ B11(p A)><(/)<W>)J"”(p)>
T (W) F1(p) 1= 2T DIL= X)) o

W\

1
x/k1—@H%xa»u—x@w»u%@@,
0

x dpk_—l ( — ¢ A) /p(1 +8)1 A% (53 A)[1 = x(s(w))]f (s)ds

1
i /“ §) A ea(s ML — x(s(w))]f" (s)ds
P
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and

N1 — v(olw
(Rs oV f](p) := 22 1L = (o)

ey
k—1 p
< (#0) [ (0 Pl = (14 a0 (s )
_ () = x(plew))] A, , :
o010 = PG () [ 0= P (st (s
w k—111 _ 1
Bes W fl(p) = 2 iéQ;uw>H¢?NMA{A(1—$“n®dﬂl—x®@ﬁﬂfwﬂa
WY ok—111 — k—1
Res N F1(p) 1= — 22 SRM(<>”zﬁl(%umw/7 + 8P (5:)

1
<[ XL 6)ds + G 0) [ (1= 9Pea(s V1= (s (o) ).
p

which together represent the fi and fo+(-) f{ terms in the kth derivative of the free resolvent
away from zero, respectively. Lastly, for the fifth derivative of the free resolvent away from

zero we define

[T55(N) fl(p) ==~

) jp4 (sﬂ’l(p; ) /0” (1= 9)""ea(s;0) = (1+8) a3 0)) x(s(w)) £ (s)ds

—meme@@Df@O,

3 o 1
Tos(N) fl(p) = — LA DL~ Xlow (wm% ) [ = et W) )
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3 _ w 4
(T llp) = = AT S (o [ (s

1

x [L=x(s(@))]f"(s)ds = 1(p; A) / (1= 8)"Feals; ML = x(s(w))]f" (s)ds

p

I - X(p<w>)]f/(p)>

and

371 _ w 4 p
R fll) = P (o) [M( = 9aatsin - 1+ P )

x X(8<w>)f’(8)d8> ,

P31 — x(p{w))] d*

1
Ras A1) = TS (o) [0 et (st (91 ).
P

31 w 1
a0 10) = X0 ) [0 = 5P = x(stel s)as,

PP = x(p(w))] d*
W) dpt

[Rs,5(M)f](p) :=— <s0'1(p; A) /Op(l +8)° 1 (53 AL — x(s(w))]f(s)ds

1
H) [ (-9l - x<s<w>>]f'<s>ds).

In summary, we have the following equalities



for k =2,3,4, and

PRe, VI (0) = 3 (s A 0) + [RisW(Fa + (D) (0)).

j=1

With these equalities in mind, we are motivated to prove the following lemma.

Lemma 34 Fiz R > 0 sufficiently large. Given A\ € C with A = ¢ + iw, 0 < € < M||L'||y

and |w| > R, the operators
Q]()‘) : D(Q]()\)) - H'f}ad(B7) - LQ(Ov 1)7

Tj(N) : D(Tju(N) C Hoy(BT) - L2(0,1),

rad

and

Rjk(A) : D(Rjk(N) C Hyyg(BT) = L?(0,1)

with

D(Qj(N) = D(Tjx(N) = D(R;r(V) = C[0,1]

satisfy the uniform bound

sup QN fllzzo S 1flls: 7=1,...,8,
AEC, 0<e<|IL/||, |w|>R

sup ijyk()\)fHLQ(O,l) S HfHZO7 .7 = 37 s 787 k= 17 s 757
AEC, 0<e<|IL/ ||, |w|>R

and

sSup ||Rj,k()\)f”L2(0,1) S ||f”217 j=1....8 k=1,...,5
AEC, 0<e< L], [w]>R

Precisely how we define the operators T}, for j = 1,2, k =1,...,5 and Rg is delicate due

to their singular nature. In preparation, we need the following crucial lemma.
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Lemma 35 Suppose T : D(T) C L*(0,1) — L?(0,1) is given by

1
DT) == C(0,1), [Tf](x) = /0 K (2, 9) f(y)dy,

where the kernel K € L} ((0, 1) x (0, 1)) and satisfies the pointwise bounds

loc
K (z,y)| < min{a™ "0y~ 2701}

for all z,y € (0,1) and some fized § € [0,3). Then T extends to a bounded operator on

L%(0,1).

Proof. Set I; := [2/71,27%!] and I; := [2771,2/71] N (0,1), j € Z and denote by 1; the

characteristic function of T ;. With these intervals we decompose the operator 1" as follows

rp- LT

JEZ

As a consequence, we have

1
ITf1720,1) =3 S LTIz
jez

= 2| S v

JEZ  keZ

<3 IS ILT )y

jez kel

< Z ‘ Z 1Tkl 220,011k fl L2 (0,1

jez kel

2

£2(0,1)

’2

‘2

where for each j,k € Z, the bounded operator T, : D(T}j) C L*(0,1) — L?(0,1) is given

by

1
D(Ty) = C2(0,1), [Tyf)(x) = /0 1 () K (2, 9) 15(y) £ () dy.
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Observe that if either j > 1 or k > 1, then ||Tjx| 12(9,1) = O since I

k< 1,and 0 > j >k, then we can use |K(z,y)| < 2799~ to show

1Tl 0. / / () | (2, ) P11 )yl
—/ K (2, y)[*dyda
i J,
<2j+k22(—1+5)j2—25k2

_9—(1-20)(j—Fk)_
If 0 = j > k, then we again use | K (z,y)| < 2799 to show

1 1
ITok20.) < / / Lo(@)|K (2, y) L (y)dyde

=/ K (,y)[*dydx
i Ji,

S/ / p2(10) =26 gy
I JI,

§2k2—25k

—9—(1-20)(=k)
Similarly, if 0 = j = k, then we again use |K(z,y)| < 2770y~ to show

1 1
ITool220.1) < /0 /O Lo(a)| K (2, ) Lo (y) dyda

— / K (2, y)|2dyde
Io J I

0
S/ / x2(71+5)y725dydm
Ip J 1o

<1.

Now, if j < k < 0, we use |K(z,y)| < 2% '+ to show that ||T kHLQ

Similar to the previous cases, if j < k = 0, then we again use |K (z,y)| < z %y~
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0,1) ~

= 0.

1+46

Ifj <1,

<2- (1-20)(k—j)

to show



T k”m 0.1) < 2-(=20)(=7) In summary, we have the bound

T 2
HTf||%2(o,1) S Z ‘ 22 GO 1 £l 2o

jeZ kel

On the right-hand side, we have the ¢?(Z) norm of the convolution of the sequences
9= (3 —9)lkl r and (|[1xf| z2 k. By assumption on J, we have that 9= (3 —9)lkl 1 belongs
L2(0,1)

to £1(Z). Thus, by Young’s inequality we conclude

1/2
I 5lmt00) S (3 MeS0n)) - = V2 Lo

keZ

Remark 36 This proof is only a slight modification of the proof of Lemma 5.5 of [13] for

such operators on R.

Remark 37 We are immediately able to conclude the same result for operators with kernels
satisfying the bound |K (x,y)| < min{(1—2)" 1701 —y)7°, (1—2)~°(1—y) "'} by applying

the transformation (z,y) — (1 —x,1 —y) and using Lemma 35 on the resulting operator.

At this point, we are ready to prove Lemma 34. This will be achieved by estab-
lishing pointwise bounds on the various operators that can be squared and integrated to

obtain the necessary L?(0, 1) bounds.

2.5.2 Proof of Lemma 34

We begin with the operators Q;(\), j =1,...,8. Straightforward estimates yield

QU] S o)) (o7 [ ST (s)ids + )10

0

§<w>_1(Hf’HL2(o,1) +1f(p)]),
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(@) F1()] < (@)™ I 220,y + [£(0)]),

and
1
@A) S eh (@ [ )21 (s)lds + @110

@) T 22,0 + £ (0)1).-

Observe that we have the estimate |c1(s; )| S (w) 2 (1 + (w)s + (w)?s? + (w)®s®). In order
to control the powers of (w) in the region s(w) = 1, we are forced to integrate by parts the

term with (w)™ m-times for m = 1,2, 3. Doing so yields the estimate
1
(o) [ (1 (s ) (s o)

p

S @) 72 (Il + @7 )+ o 0] + 102D (0)])).
As a consequence, we have the estimate
QNI 56 o) (@616l + 67 ()] + o ()] + 21O )

+ 1701
@) (Il + @ 1S R) + 1 () + 108" () + 127 D)) ).

Now, more straightforward estimates yield

Qs S = ot (11072 [ sl @ds + (1500
<) (1 o + 1£6))
and
Q)] 11 = o] (10° [ ) st )lds + 11 )
S (1 o + 1£0)).
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Similar to how we controlled Q4()), integrating by parts the term with (w)™ m-times for

m = 1,2, 3 yields the estimate

1
/0 (1 =) er(s ML = x(s@)]f'(s)ds| S (@) 211z,

This implies the bound

|[Q7(N) f1(p)] Slw) ™M1 = x(plw))[w) > (W) 2 fls,
) T Sl -

To control the operator Qs()), we first observe that integrating by parts three times yields

@Nmﬂ%ﬁ1+@%ﬂaMH—x@WMf@M8
1

+@1(pA) [ (1 —=s) er(s; N1 — x(s{w)]f(s)ds

p

—— () [ (1493 (s ) (11— x(s(w))]f(s) Pds

1

— Gl N) [ (1= 8P ea(s N (1L - x(s@)]f (s) Ps

— 5

/

+ 790,300 ) ([1 = X (@)1 (0)" = 702003 ) ([L = x(p(w))] ()

+70,1(p5 )1 = x(pw))] ' (p)-
For the integrals we have the bound

(1= x(p(w))][¢1(p3 2) / "1 3 N (1 - x(s@))f () Vs

1
1) [ (1= PPl ) (1 = (s () Vs
<™ [ 07210 - Xt ) Vs
<1 s
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This implies the bound

Qs ()] Ste) ™11 = XD (21l + 17D ()] + @) (P)] + )1 ()
+ @Plf (o))
)7 (Il + @7 SO+ 17O + Lo ()] + 102D (0)])).
Taking L?(0, 1) norms yields the desired bound.
We now turn our attention to controlling the operators Ty x(\) for k = 1,...,5.

Unfortunately, this operator is singular and cannot be handled like the operators Q;(\).

Instead, we first define the auxiliary operators T1 ,(\) : D(T1 1(\)) C L?(0,1) — L?(0,1) by

D(Tyx(N) = C2(0,1), [Tyrfl(p / Kip(p.si N/

with kernels

Kia(p,s;)) i= 2O T Dx(plw))

T ) (1) en (51 ) (1) 5520 x5(6) s ()

and

k—2 w
Koo )= P D0 03) (1 spea(si) — (14 9 (si0)

X X(s(w)) L+ (p — 9).

Then, for f € D(TM), we have the equalities

[T11(N) f1(p) = [T1,1 (M) f)(p)

and
lc 1 '
O(0) = Fra1(6) + 2O S (oot ()1
=1

(2.31)
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for k =2,...,5. Straightforward estimates show that the kernels satisfy the bound
K1 k(p,s; )| S min{p~!, 571}

Thus, Lemma 35 implies that the operators TLk extend to bounded operators on L?(0,1).

Another straightforward estimate shows

k,‘ 2()\ + 4 k 1 (h—1—i) / . k—1 ‘
Z aio(p; Nx(p(w) ' (p)) SO+ @)D 1 D(0)
=1 =1

As a consequence, we have the pointwise bound
1N (o) S 1 220,y + 17 ()] + @) (0] + o @ (o) + 1022 (0)])

for any f € C°[0,1]. Taking L?(0,1) norms yields the desired bound.
The operators T5 () for k = 1,...,5 are handled similarly. We first define the

auxiliary operators Ty 1 (\) : D(Tox) € L?(0,1) — L?(0,1) by

1
D(Ty (V) = CX(0,1), [Tar(N)](p) = /0 Ko(p 5 \) f(3)ds

with kernels

Ka1(p,s3) = Wi 41/_1/4()>§(p<w>)90/1(0; A)((1 =5 er(s;A) = (14 ) e1(s; M)

x [1 = x(s(w)]1g+(p — s)
and

A+ Ox(p(w) k)

Kanlpysi ) = o tmal (0 (1= 9 (s N) = (14 9) Y (s:0)

x [1 = x(s{w))|1r+(p — ).

97



Then, for f € D(T} x())), we have the equalities

(T2, (M) f1(p) = [T21(A) f'](p)

and
k 1 '
(TN 0) = T 051(9) + 2O S o) ol 0) 7

for k =2,...,5. Straightforward estimates show that the kernels satisfy the bound
[K25:(p, 53 M) S min{p™", 571

Thus, Lemma 35 implies that the operators Tzk extend to bounded operators on L?(0,1).

Another straightforward estimate shows

pk=2 k 1 . k=1
(”4 D S (0500 ML= Xl 0) ] 1700+ () S 1700
=1 =1

As a consequence, we have the pointwise bound

Lo (N F10) S 1 200y + £ (0) + @) (1 (0] + oS D (o) + 102D (p)])

for any f € C°[0,1]. Taking L?(0,1) norms yields the desired bound.
We now turn our attention to the operators 751 (X), k = 1,...5. Straightforward

estimates yield
1
T3 (N F1(0)] Sle)*x(ple)) (<w>6 [ o1 s + <w>3|f’(p)l)
P

S ez, + £/ ()],

1
IT32007)(0)] <{) X (o)) (<w>7 [ o1 s + <w>4|f’(p)|>
SJHf”HL?(o,l) + 1 (),
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1
155N F1(0)] <ple) (o)) <<w>8 [ I s + 15 + <w>4!f”(p)\>
p

SUF N2,y + 1F ()] + ()M (o),

1
T340 F)(0)] o)~ x (o)) (<w>9 [ S5 @lds + (1 ) + 1)
p
WO <p>\)

S 20 + 17 (0) 4 @) 7 (1 (o) + 10D (p)]),

and

1
Tas A1) <% @) X (o)) (<w>10 [ 1 @ds + T ) + °1 )
p
WO )] + () <p>r)
S 200y + 1F (o) + @) (1L (0) + [of Do) + 102 F P (p)]).

Taking L?(0,1) norms yields the desired bound.
We now turn our attention to the operators Ty (), £ = 1,...5. Similar to how

we controlled the operator Q4()), we first observe that
lea(s; N)] < <w>*3(1 + (w)s + (w)?s® + <w)333).

In the region s{w) = 1, it is again useful to integrate by parts the term with (w)™ m-times

in order to control those powers of (w). This yields the estimate

1
‘X(pw) [ 0= s = sl )
p

S @7 (1m0 + @) 717 + D) + 102D (o))
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As a consequence, we have the estimate
T S xp) (61 (15l + 07170 + 107V o)
HIETOR) + WP )
Sl + 17+ (17| + £ D (o) + 1D o).
Similar straightforward estimates then yield
[T12)16)] S0t (710 (Il + (07170 + 1o )
HIRTO)) + W) )

Sf s + 1 O]+ @) (1 0) + 1o (o) + 162 F D ()]

[Ta16)] ol ot (w61 (151 + 171701 + o7 1)
HIRIOGN)) + WEF ]+ W) )

S llso + 1F/ (o) + @) L1 (o) + [of Do) + 167 F P (p)]),

T44(N) f1(p)| Sp*w) ™ X (p(w)) <<w>9<w>_3(|f||zo + (W )+ 1pf D (p)]
HIAIO)) + W1 ]+ 0+ 100
S llso + £/ (o) + @)L (L (o) + [of Do) + 16° F P (0)]),

and

|[T1s(Nf1(p)] 0% ()™ x(p(w)) <<w>10<w>3(||f|!zo + (@ () + 1o Do)

I TO)) + @I+ WP+ W)+ 19 ))

SIF e + £ 0+ @) () + o fD (o) + 1672 (p)]) -
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Taking L?(0, 1) norms yields the desired bound.
Next, we turn our attention to the operators 75, (), k = 1,...5. Straightforward

estimates yield

T A1) )11 = ()] ()% [ ) XDl )lds + ()71 0)])

0

S ez, + 1 ()L

Es20710)] )20l = o))~ [ ) (s (s)lds + ()71 (0))

0

S M z20,0) + 1 ()],

T )] )1 = x5 [ ) s Glds + )71 o)

+ (@) ()

SIF ez, + 1 ()] + (@) TH " ()],

T4 0] )01 = 0] (@17 [ ) st o)l

+ (@) 2o D () + (@) 20 S () + ()0 (o))

S Nz + 17/ () + @)~ (1 (0) + 10D (p)]),

and

755005100 e~ (ol (77 [ ) st s s
+ (W) B D () + (W) B B D () + (W) 0 ()]
+ (@) (o))

Sz + LF (o)) + @) () + [of D (p)| + 162 F D (0)]).
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Taking L?(0, 1) norms yields the desired bound.
Next, we turn our attention to the operators Tg (), kK = 1,...5. Again, straight-

forward estimates yield

1
T 0710) | £ 721 = oM ((@)® [ ) 1" @lds+ )17 (0)])
P
Sz + 1761,

1

To207)0) | S0 = o)) [ ) 515" @)lds + )17 (0)])

p

SHf”HLQ(O,l) + 1 (p)|.

1

TN f1(p)] S(w) ™1 —X(P<W>)](<W>8/ (@)1 (9)lds + ()£ (p)| + <w>5|f/(p)\>

p

S ez, + 1 ()] + (@) 7H " ()],

1
|[T54MNF1(P)] (@)™ = x(p{w))] (<W>9/ (@) 21" (9)lds + (W) 1 FP ()] + (@)1 (p)]

+ @)1 (o)1)

S 200y + 1/ () + @) 7H(1F7 ()] + [0f D (p)]),
and

1
|[To.5(A) f1(p)] Slw) ™1 —x(p<w>)](<w>1°/ (@) 21" (9)lds + @) 11D ()] + (@)°1FP ()]
)1 f

(@)1 ()] + (@)1 (p)])

S ez + 17/ (0) 4 @) 7 (1 (0) + 10 D (0) | + 162 F 2 (p)]).
Taking L?(0, 1) norms yields the desired bound.
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Next, we turn our attention to the operators Tr ,(X), k =1,...

we integrated by parts for the operators Ty (), we obtain the estimate

’/ ) Fea(s ML = x(s(@))]f(s)ds| < )1 o

This implies the bounds
|[Tr 1N F1(0)| S(w) 1L = x(plw)))(w)®p ™ (w) I fllso

SHfHEm

|[Tr2(A) f1(p)] S{w) 2 plL = x(p(w))](w) o™ (@) 21 f I

Sl Nl

|[Tr3 (M) ()] S{w) 72011 = x (o)) (w) I £,

|[TraMN) f1(p)| S(w) 7211 = x(plw))](w) o™ w) 7| flls

and
|[T7.5(N) £1(p)] S(w) %1 = x(p(w){w) p > (W) 21 £ ]I

SNl

Taking L?(0, 1) norms yields the desired bound.

Now, we turn our attention to the operators Tg (), k

operators are not singular, controlling them is more delicate than the rest.
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.,5. Though these

For convenience,



recall

[&J@ﬁmﬂ:WﬂA+®U—x@WM<

W) 0

1
() / (1= 5)"Fen(s A1 — x(s(w))] " (5)ds
o

V- x(p<w>)]f’(p))-

For the integrals, observe that integrating by parts three times yields

(o N) /0 "1+ 8)" (s VL — w(s(w))] " (s)ds

1

+ @A) [ (L= 9) T ea(ss ML = x(s(w))]f"(s)ds

=~ QN | (8 (s ) ([ — x(s(w))] () P ds

1

T S v

— BN [ (1= s Phes(s X) ([L— ()] (5) Vs

/

+ 14003 ) ([1 = x ()] (0))" = 13005 N ([1 = x(plw))] " (p))

+ 71,2003 )1 = x(p()]f" (p)-

As a consequence, we obtain the bound

[1 = x(p(w))]

S (p ) / "1 1 5y (s A ([ — x(s)]f(5) Dds
1
+F (03 N) / 85 s (51 M) (1 — x(s{w))] " (5)) Pds
)
o e (3)
<[1— x(p))](w)?p~ /0 (@) 73|11 — x(s @)1 f"(s)) P |ds

Sl fllzo-
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This implies the bound

[1Taa NP S@) 10 = xX(p@))] (@)1 5 + 1FD )+ @D )] + @) (o)
+ @17 ()
SIf e + L)+ £ (0] + 1of P ()] + 162 £ ().

A straightforward calculation involving one integration by parts yields

Aoy [ 1+ s

0

[Rxwﬂ@w:-WW“+®ﬂ—x@wm<

W
% ([1 = x(s(w)) f"(5))'ds
1
+ﬂpA/ 87 e (51 ) ([1 - x(s(@))]f"(5)) ds
p
—raa(p VI = X (@IS (0) — (o VL — x(pl)] ()

# (naEN = XL () ).

For the integrals, integrating by parts twice yields

wﬂpM/%HﬂV”(sMﬂ (s ()] f(s)) ds
1 !

+¢1px/‘ §)2Fes (53 V) ([1 — x(s{w))] () ds
p

E%WMXAGﬂsﬂ“@$AXDMﬂ@ﬂﬂ@»@“

1

+ & A) | (1= 9)"es(s; M) (1 — X(S(w>)]f”(5))(3)ds

—

!/

— 3240 ) ([1 = X (Pl (0))" + 72:3(03 N) ([T = x(p(w))]f" () .
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This implies the bound

1 — x(p(w))]| (5 V) / "L 8 (s 0) ([1 — x(sle))] () s

1
3o [ (=) (i) (1= 0w (5) Vs
p
- . 1" (3)
<[ - xple] )~ / ()8 [1 = x(s())]7"() @ |ds
<@ S lse-

As a consequence, we obtain the bound

T2 £1(p)] Ste0) > pl1 = x(plw))] ()0 1 o + (@)D ()] + )19 ()
@1 ()] + (@)1 ()]
S fllso + 17+ 157 ()] + 1o f D ()] + 102 £ ().

Another straightforward calculation involving one integration by parts yields

w 2 — w
s 10) =X (D) [ s (i)

% ([1 = x(s(@)]f" ()" ds
1
+ 3P (o) / (1= 5% ea(ss N ([1 = x(s(@)]f"(s)"ds
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For the integrals, integrating by parts once yields

o (02 ) /0 "1 a0 (1 — x(slw)) () ds

(1= )" Pea(s; ) ([1 = x(s(w))]f"(5)"ds

/
S 9053) (p; A) /Op(l +8)4 e (55 0) ([1 - X(S<W>)]fﬂ(5))(3)ds
/ (1—s)*es(ss A ([1 — X(5<W>)]f”(5))(3)d5
p

"

+ 3400 A) ([L = x(p ()" (p))"-

Thus, we have the estimate

[1 = x(p{w))]

o (s 2) / (14 5)#F (5 1) (1 — x(s())]"(5) Vs
#0i) [ 1= e 01 = 076 s
<[ = x(ple)))(w)?p~? / () 3|11 = x(s{w))]£" ()@ |ds
<)o 2 s
This implies the bound
T 5N A1) )01 = x(olo] ()5 20 llso + ()1 7D (0)] + )*1 O )

+ (@7 (0] + @) 2F (0)])
SIfllzo + 17+ 170 + 1 F O ()] + 102 FD )]
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Again, another straightforward calculation involving one integration by parts yields

(@A + DL = x()] (@, .\ [ -
W) <901 (3 A) /0 (L+8)"8 (s 0)

Tea(NF(p) = -
% (11— x(s@)1f"(s)) Vs
1
) [ (=9 ea(s (1= s () Vs

!/

— 31400 M) ([1 = x(p)] " (0))" + (73,3(p; A)([1 - X(p<w>)]f”(p))'>
~ (e ML= X (0) — (a0 ML = x(p ) ()"
+%%AmMU—x@WMf@D®)

For the integrals, we obtain the bound

1= (o] e o) [0+ 9 (i) (1= x(a(e)r ) Vs

1
+ 3\ / §) s (s ) ([1 = x(s(@))] " (s)) Vs
6 —3 ! -3.3 " (3)
SU—X@@MW>p‘A¢® S — x(s@)]f(s)) P |ds

w21 £l

This implies the bound

[T a1 S 2011 = x(plD] (@021 fllmg + @1 FD ()] + )20~ 1F Do)
@2 () + (@) (0))

Sf o + L O+ 170+ [pf Do) + 10° £ (p)]-
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One last straightforward calculation shows

PO X))l (o [ s
W (P [ (s

[Ts5(N) f](p) = —
x ([1 = x(s(@))]f"(s))Vds

1
P o) [ (=9 (1= sl () Vs

/

714003 N ([ = X)L (0)) P = (3.3 ) (1L = x(ple))f () ")

"

+ (3 N (= xS (0))) = (22005 M1 = x(pw))]f" ()

3 4
— (1o N[ = X)) (0) + (1o ML = X(p(@))]F(p)' >).
Observe that the coefficient of f(®) (p) vanishes. For the integrals, we obtain the bound

(1= x(p{e)] |7 (713 /p<1+s>4+A (5 0) (1L = ()" () Vs

1
+ 3P / §) s (s ) ([1 = x(s(@))] " (s) Vs
7 -3 ! -3.3 " (3)
<1 — x(ple)) i) /0 () 33311 — x(s(@))]f"(5) @] ds

S 21 £l

This implies the bound

|[Ts 5 (M) F1(p)] Slw) 11 = x(p(w))] (<w>4p‘3Hszo + (@) D) + @) 2 P ()]
@S () 4+ (@S (0)])

Sfllso + L O+ 1)+ 1o f Do) + 16° £ (p)-

Taking L%(0, 1) norms yields the desired bound.

We turn our attention to the operators Ry (M), k = 1,..., 5. Straightforward
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estimates show

[R11(N)f1(p)| Sle) ™ x(plw))p™ /Op<W>587\f’(S)!d8

S 2,5

[RuzN) 1) Sle)~x(p(w) (N / (W)STI(5))ds + <w>4|f’(p)|>

S 2z, + (@) ()],

|[R1s(N)S1(0)] Splw) " x(p(w)) (p‘g /Dp<w>587!f'(8)\d8 + ()1 (p)] + <w>4!f”(p)>

SIF 20,0y + @) 7HUF (0) + 1o f" (o)1),

[RuaN)F1(0)] SP2@)x(ole)) <p-9 [P STIlds + (17 )]+ 1)
W) <p>|)

SIF 20y + @) H(F )+ [of" ()] + 162 £ D (p)]),

[[R15(N) f1(p)| Sp*(w) P x(p(w)) (p‘lo /Op<a)>587!f’(8)!ds + (W) 2 ()| + (W) " ()]
@D ()] + <w>4|f<4><p>r)
< lzon + @) (@) + 1o @)+ 12TP )]+ 177D ().

Taking L?(0, 1) norms yields the desired bound.
Now, we turn our attention to the operators Ry (\), k=1,..., 5. Straightforward

estimates show

[Faa VAW S oo™ [ @PsTIF (s)lds

0

S 22,1y,

110



|[R22(N) f1(p)| S{w) ™" x(p(w)) <p7 /Op<w>587!f’(8)|d8 + <w>4|f’(p)|>

S 20,0 + (@) ()],

\wbzunum\Ser?AMw»QfSAQwPHu%$w5+«wﬂf@n+«wﬂf%m)

S e20.0) + @) (L ()] + Ipf" (o)1),

|[R2,4(N) f1(0)] Sp*w) ™ x(p(w)) <P_9 /Op<w>557|f'(5)|ds + @) (0] + (@)1 ()]
100
SIF iz + @) U O]+ of" (o) + 16° £ (0)]),
and
|[R2,5(M) f1(0)] Sp™ (@)~ x(p(w)) <P10 /Op<w>557!f/(5)!d8 + (@)’ ()| 4 (W)~ " ()]
O+ D170 )
SIF 200y + @ 7HF @)+ 1" (0] + 107 Do) + 16° 2 ().

Taking L?(0, 1) norms yields the desired bound.
We turn our attention to the operators Rsi(M\), k = 1,..., 5. Straightforward

estimates show
1
Faa O] Sto) o)) [ (72115
p
< ez,
1
»mmumwnﬁmﬁﬂmw(wﬂ/«w*wwmw+@waQ
SIF N2 0,0y + (W) f (o)1,
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1
[Rs5s(NF1(0)] <ol Tx(ple)) (<w>8 [ s + 15 + <W>5\f’(p)!>
p

S 1 ez 0,0 + @) 7HIF (0) + 1" (0)]),

1
[Rsa)1(0)] <P (e ( 1 [ 2170l + (1D + )
p
) rf'<,o>|)

S 200 + @7 U ) + ot ()] +16° FP(0)]),

and

1
[Ras(N) 1) <6%(@)x(ple)) (<w>10 [ 5 @lds + O]+ @10 0)
p
W ()] + <w>7|f’(p)l>
S N2y + @ U )+ 1of" (o) + 102 FD () + 1° F D (p)]).

Taking L?(0, 1) norms yields the desired bound.
We now turn our attention to the operators Ry (), k =1,...,5. Using the same

estimate we obtained for Q4()\), we obtain the bounds

|[Raa (M) f1(p)] §<W>*4><(/><cv>)<w>6<00>’2(Hfllz1 + @ (1 P+ lof" (o) + 12O (p)l)>
SIf s + @7 1 )+ Lot (0] + 1672 (o)),

[Raz (0 A1(0)] ) x(ple)) (<w>7<w>—2(||f||zl PO+ O+ 11O
n <w>4|f’(p)l)

Sf s + @7 1 )+ lof" 0+ 102D (),
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[RasA o) x) (@062 (181l + 607170 + 1o 0)
FIEIO)) + W+ W16

Sfllss + @ (U @)+ ot (o) + 102 FD (p)]),

[Raa A 5721 (@616l + 717 )] + 1o 0)
HIETOE) + W)+ W1 )]+ 61 0)])
< 1S, + @7 1S O+ 108" () + 12O (),

and

|[Ras (N f1(p)| Sp% ()™ x(p(w)) ((W>10<w>_2<|!fﬂzl + (W) O+ |pf" (o)l
+ 12 FD )+ 0P F D (0)]) ) + (D ()] + @)D ()] + )01 ()
+ 17 0))
SIf s+ @7 )+ of" (0] + 102D () + 10° 1D (o))

Taking L?(0, 1) norms yields the desired bound.
Now, we turn our attention to the operators Rs y(\), k=1,..., 5. Straightforward

estimates yield

[R50 (N F1(p)] S(w) ™ [1 = x(plw)){w)p~ /p<W>2x(8<W>)|f’(8)|d8

SIF N e20,1)s

R 0] <)ol = (o) ()~ | ) (s (s + ()7 £(0)])
S e20.0) + (@) (0)],
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BN S 21 = x(o)] (0% [ ) (sl (lds + ()% 7o)

0

+ (@21 (o))

S ez 0,0 + @) HIF (0) + 0" (0)]),

54| £le)™° = x(ol] (%7 [ ) X1 (s + ()%~ 11O )
+ (@2 () + (@)1 (0)])

S ez 1) + @) UF ()] + 10" ()] + 122 F D (),

[R5 50 F1(6)] S4w) 2071 = x(p(eo))] ()70 /Op<w>2x(3<W>)f’(8)!ds + (@)W ()]
+ @ 2D )] + @) ()] + ) o (o))

SIF 20y + @) H(F )+ [of" ()] + 162D ()] + 107 FD (p)]).

Taking L?(0, 1) norms yields the desired bound.
We turn our attention to the operators Rg (), & = 1,...,5. Straightforward

estimates yield

1
|[Rs1 (M) f1(p)| S(w) ™1 —X(P<W>)]<W>6/ (w)721f(s)|ds
p

Sz,

1
Rz A)0)] 1) °11 = x(olD) (@) [ @) 217 0)lds + )17 ()]
P

SIF M e20,0) + W) (o),
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1
(Raa) A1) 1)~ = (oD (@)® [ () 2I£@)ds + )1 + @)°1F (0)])
P

S 20,0 + @) HIF (0) + " (0)]),

1
(R0 46711~ X)) (@) [ )21 @)lds + @) 17O (0)] + @)1 (o)
P
+ (@17 (o)1)
SIF 200 + @7 S ) + ot (o) + 162 F P (p)]),

and

1
I[Rss(N) £1(p)] )51 - )10 / Y21 f()lds + (@)1 FD )] + @)D )
P
+ (@)°11"(p) 7o)
<Nz + @ (O + 0] + 12 £ )] + 1727 ().

Taking L?(0, 1) norms yields the desired bound.
We turn our attention to the operators Ry (), k = 1,...,5. Using the bound we

obtained to control @Q7()\), we obtain the bounds

|[R71 (N f1(p)] Slw)™ L = x(pl))lw)p*(w) 21 flls,

/SHfHZl’

|[B72(N) f1(0)] S{w) ™ plL = x(plw))(w) o™ (w) 72| flIs,

Sl sy

|[B73(N) f1(0)] S{w) ™ p°[1 = x(plw))(w)p ™ (w) 72| flIs,

S./HfH217
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|[B74(N) f1(p)] S{w) ™ p°[1 = x(plw))](w) > (w) 2| I,

and

SISl -

Taking L?(0, 1) norms yields the desired bound.

Last, we turn our attention to the operators Rgy(\), k =1,...,5. Similar to the
operators T3 ;(A), controlling these operators is also very delicate. In fact, Rg5(\) is also
singular and a fair amount of care will need to be taken to control it. For convenience,

recall

Rea o) =~ LMD ()[04 0025008~ x(s0D1 s

1
+ @1 (p; /\)/ (1 =9 er(s; AL - X(S<W>)]f'(5)d8)-

For the integrals, integrating by parts yields

Ao [+ 9% (501 = X)) (s)ds

0

+ @A) [ (L =9 er(s; ML = x(s@)]f'(s)ds

=~ (oA [ (14 8)3 (s 0) (11— x(s(w)]f (5) Dds

B o) [ (1= ¥ el N (11— x(s@)] (s) Pds

WD\_‘O\EE\;

!/

+713(0: ) ([1 = x(p)]F'(9))" = 31,200 M) ([1 = x(p{w))]f'(0))

+ 71,1003 M1 = x(p(w)]f (p)
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For the integrals, we obtain the bound

[1 = x(p(w))]

(o) / "4 ) P a(s A (11— x(s@)) () Pds
1
+E (0N / 83 ea(s0) (11— x(s(@))] /() P
o
o [t rr o (3)
<1 — x(pl)iw)?p /0 (W) 2| (11— x(slw))f(5) @ |ds

S)p”? [ f sy

This implies the bound

[[Rsa 10| S)™ 11 = x(plw))] ()p 111z, + @)D ()] + (@)1 (o)l
RO
S s, + @7 (1 )+ Lo " ()] + 102 £ (o).

A straightforward calculation involving one integration by parts shows

[Rs 2V fl(p) = — AL X (sO’{(p;A) APy

0

1
~ Fl(6i / P ealss A)([1 = (s (5)) ds

(P NI x(p<w>)]f’(p))

which follows after one integrations by parts and recalling v o(p; A) = 0. Two integration
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by parts yields

i N) /0 "L 8) s 0) ([ — (sl /() ds

1

+@1 (i A) [ (1= ) Pea(s; A ([L = x(s(w))]f(5)) ds

bn\

=) [ 1+ () ([ = 2@l () Vs

1

+ @ (N [ (1= ) ea(s: N (L= x(s(w))] () Vs

s

/

— 72,3003 A ([1 = x(p())]F ()" + 322005 X) ([T = x(p(w))If ()
For the integrals, we obtain the bound

11— X))l (0 ) /p<1+s>3“ 25 0) (L= x(s@)]f(5)) Pds

1
FF N [ =P Pe(sin) (- s () s
P
S0 = (o))t~ / ()25 (1L~ (sl (5)) s
0
S0l

This implies the bound

[1Rs 21| Sl = x(pw))] ()20~ f s, + @)1 () + (@)1 (p)]
+ (@71 (o))
S Iflls, + @7 (1 )+ [os" ()] + 102 £ (o)]).
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Another straightforward calculation involving one integration by parts shows

w 2N — w
Rsa o) = - RPN (D) [Pt
< ([~ ()] (5)) s

1
+ 1 (ps A)/ (1= 5" ea(s3 M) ([L = x(s(w))]f'(5))"ds

— 1,200 ) ([1 = x (o)) ()" = 22,1 (03 M ([1 = x(p(@)]f' ()
+ (a1 = XL () ).

One integration by parts yields

w?kmxxépu4glmaxax>alx&ﬂw»uxﬁyﬂs
+ 3PN [ (1= 52 Pes(ss N ([L = x(s(w))]f(5))"ds
— — P A) [ (14 8P ) (1= x(s(@))]f(s) Dds

—E(00) [ (1= 9 Peals A ({1~ (@IS () Dds

ﬁcﬁw\H

"

+ 73300 ) ([L = x(p(w))]f' ()"

For the integrals, we obtain the bound

U—x@@w}d$@AX/QP+$“*(SMG — X(s@))]f'(s)Pds

1
F a0 [ =9 el (1= x(st)l () Vs
5 3 (' 23 10 (3)
Sl = (o)) ) A<w (1= x(s@)ls () Vs

Sl f s -
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This implies the bound

|[Rs.3(N) f1(p)| Slw) 0?1 = x(p(w))] (<W>3p_3|!fH21 + @) [FD (o) + (W) £ ()
+ (@) 2f (0))
S llss + @S O+ [of ()] + 101D (0)]).-

Another straightforward calculation involving one integration by parts shows

WP =Xl (@, [* -
W\ < — 1 (p; A)/O (1+ 5)> T4 (s; \)

[Rs4(N) fl(p) = —

x ([1 = x(s(@)]f'(s)) Vs
1
~den) [ 19 el ([ - xls)l (5) Vs

p

"

+ 713003 M) ([1= X)) (0)" + 732003 ) ([1 = X(p())]f ()
= (120N (1 = XD 0)) = (oM ([ = x(pl@)]F(0))
+ (a1 = o)l )

which follows after one integration by parts. For the integrals, we obtain the bound

[1 = x(p(w))]

o1V (0 ) / "(1 4 5)P (s N (1= x(s))] f'(s))Pds
1

+ & (oA / s ea(s; 0) ([1 = x(s@)] ' (s)) Pds
p

<01 - x(pl))) )% /0 ()25 ([1 = x(s(wD]F () V) ds

S f sy
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This implies the bound

[Bs 1N f1(0)] S(@) ™01 = x(pwD] (@921 Fllm, + (@) 1D (o) + ()02 ()]
+ @1 (o))

Sflls + @S @) + 1ot ()] + 167 FD(p)]).
Lastly, a straightforward calculation shows

[1 = x(p(w))] )y [ 5 (s
Rl D) [" 9P e

Res (N )(p) = — -

x ([1 = x(s(@))]f'(s))@ds

1
-7 (p; )\)/ (1—5)*ea(s; 0 ([1 - X(3<W>)]f/(5))(3)d8

p

!/

— 3o V) ([ =X @) (0) ™ + (7o M (11 = x(p())]F () ")

+ (73,2(0; (- X(p<w>)]f/(p))//> - (73,2(p; N ([ - X(p(w))]f’(p))’>
N (7271(/); M([1 - X(P<W>)]f/(P))/>” * (7271(/); M- x(p(w>)]f’(p))(3)>'

For the first integral, we obtain the bound

[1 = x(p{w))]

& (o5 X) /Opu + ) e (s 0) ([1 = x(s(@))]f (5)) Vs

1
_ _ 3
S = x(plw))lew) p / ()72 ([ = x(s(w))]f' () |ds
S@) N fllssy-
The second integral, like the operators T1 j, and 15, is too singular at p = 1 to be controlled
in a straightforward manner. Instead, we define Rg 5(\) : D(Rg5(\)) € L2(0,1) — L?(0,1)
by

1
D(Rs5(N) = CX(0,1), [Rss(N)Fl(p) = /O Ks5(p, 5 N f(s)ds
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where the kernel is given by

31
sy ) = G0 () (1 3 e ) 01 5 - ),

A straightforward estimate shows that the kernel satisfies the pointwise bound
[Ks5(p,5:\)| S min{(1—p)7!, (1 - )7}

Thus, Lemma 35 implies that ];?875()\) extends to a bounded operator on L?(0,1). Thus, we

have the equality

3711 _ w P
(Rssfllp) = - PEGAEE (P [+ e

x ([ = x(s@)]f'(s)) Vs

!/

3o N ([ = x(p@)17(0) @ + (vl M (11 - x(p<w>)]f’(p))")

"

+ (a0 (11 - ”)’ (200 M (11 = X)) ' (0)))

/I/

~ (eato N1 - @))" + (ealo 1t - (p<W>)]f’(p))(3)>
(e

for f € C2°[0,1]. Consequently, we obtain the bound

[Bs 5 F1(0)] S() P11 = x(pwh] (@p 21 lls, + ()20 1F D (o) + (w)Pp~2 £ D)
+ @ ()] + @) (0)])

S ls + @ HUF @)+ lof" ()] + 102 FD ()] + 10° D (p)]).

Taking L?(0,1) norms yields the desired bound.
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2.6 Appendix

2.6.1 Proof of Equivalent Norms

In this section, we prove Proposition 4. It suffices to prove the equivalence on

C2°[0,1)? as the rest of H follows by density. We begin with the following lemma.
Lemma 38 We have that |[u|% < ||D7u1||§{3(0 T \|D7u2||%{2(0 y Jor allu e C>[0,1)2.

Proof. It suffices to show

lull, < I1D7ullfa o,

for all u € C°[0,1]2. A proof of the analogous estimate for ||-||s, can be found in [17] Lemma
C.3. Begin by setting w := Dyu. Then w € C*[0,1] and w®(0) = 0 for n € Ny. Upon

applying the fundamental theorem of calculus and using the fact that w(0) = w”(0) = 0,

w(p) = pw'(0) + /0 ’ /0 ’ /O " w"(r)drdrdo.

By setting Vw(p) := [; w(s)ds, we infer that

we have that

Krw(p) = kyw'(0) + K7V w" (p)
for some constant k7 € R. We have

”UHHl(o,l) N HD7UHH2(0,1)

as a consequence of Lemma C.3 of [17]. Thus, it is sufficient to show

H(')WQ(K?w)nH%?(OJ) S HwH?ﬂ(O,l)
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for n = 2,3,4,5. By direct computation, we find

2
(Krw)"(p) = _ Bajp~ > 2 KIV 0" (p)

Jj=0

(K7’LU //l Zﬁ&jp 3— 2]’C]V3 ///( )+a3’2p—2v2w/1/(p)
7=0

P (K7w)W (p) = Z Baip P "HKIVIW" (p) + auop V2w (p) + cu1p” V" (p)
7=0

PP (Krw)®) 255,]/?73 IV (p) 4+ as 202V (p)
7=0

+az1p” V' (p) +w" (p)
for some constants B, an; € Z. Since (K2V3uw")™(0) = 0 for n = 0,1,2,3,4,5,6,
(KV3w")™(0) = 0 for n = 0,1,2,3,4, and (V3w”)™(0) = 0 for n = 0,1,2, the desired
inequality follows by repeated application of Hardy’s inequality (see [17] Lemma A.1 for the
applicable version of Hardy’s inequality). m
Having established a relationship between the ¥-norm and quantities involving the

Dy operator, we can make a connection to the D7-norm according to the following lemma.
Lemma 39 We have that ||u||2D7 HD7u1HH3 o1 T ||D7U2||%{2(0’1) for u e C[0,1)%.

Proof. The inequality |lul|7, < ||D7u1|]§{3(071) + ”D7“2H%12(0,1) follows from the definition

of || - ||p,. For the reverse direction, it suffices to show that

||D7u1||L2(01 S ||.D7’LL1||H1 01)

This is a simple consequence of the fact that [D7u1](0) = 0. Begin by applying the funda-

mental theorem of calculus

D7U1(p) = /OP[D7U1]/(S)CZS.
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Thus,

1 1
Dra(e)| < [ [IDral ()]s < D5

by the Cauchy-Schwarz inequality. The desired estimate follows by squaring and integrating
the above inequality. =
As a consequence, we have ||u|lx < ||ul|p,. The reverse inequality is rather easy

though we state it for completeness.

Lemma 40 We have that ||u|p, < |Julls for all u € C[0,1]2.

~

Proof. This is an immediate consequence of the definition of D7 and the triangle inequality.
|
Lastly, we must now establish the equivalence with the radial Sobolev norms. We

do so by showing equivalence with the X-norm.

Lemma 41 Let u € C°[0,1]. Then

[ullso == [ludl - Dllas @)

and

[l = fludl - Dl @r)-

Proof. The second estimate is proven in [17] Lemma B.1. First, we recall that

™ (2P S D 105 u|e]) .

laf=n
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For a proof, see [24]. From this inequality, it follows

16)*u® 20,0y = Iu® (- DI Z2ery

SO losula)Fa @

|a|=n
< NE:
S ludl - Dllgs gy

We control lower order derivatives by use of Lemma 2.12 of [24] as follows:

1P u D 200y S @ @)+ 1620 7201y
S ”(')371(4)"%2(0,1) + H(‘)SU(S)H%Q(O,H
The fourth derivative term can be controlled by [[u(| - |)|| 57y by the same argument we

used for the fifth derivative term. Repeating this argument for each derivative yields the

first direction of the desired result. For the reverse direction, we recall the identity

ol

S ou(fel) = 3w (faf) 2
j=1

|lal=n

for some homogeneous polynomials P; of degree n which satisfy the estimate |Pj(x)| < |z|™.

Consequently, for 2 < n < 5, we have

ol DI ary S SO 220,

J=1

< H(')_lul“%%o,l) + Z ()7 2ul®) H%?(O,l)
=2

n
SNy ”%2(0,1)
j=2
where the last line follows from «’(0) = 0 and an application of Hardy’s inequality. For the

first derivative, observe that

el DI gy S 1O 220,y < 10 1220,1)
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and similarly for the zeroth derivative. This proves the claim. m

2.6.2 Explicit Expressions for Resolvent Estimates
The functions ¢;(s; X) and ¢;(s; A) are given explicitly by

co(s;\) =3s+3A—1)s2+ (A= 1)22 + (A= 1)s?,

. _ 2 2 2 3 2 4
c1(s; ) = ) (15 4+ 15Xs + 6(A* — 1)s” + A(A* = 1)s° + (\* — 1)s),
1
) = 48(\ + 4 1A% + 401 — 11
2N = a0 Do s (A #3114 40A 1)
+ (923 43307 — 9N — 33)s> + (A + 1)2(A\2 4+ 21 — 3)s3
+ (A3 4302 =X = 3)s),
1
c3(s;\) = — (105(X + 5) + 3(19A% + 85 — 34)s

A+DA+3)A+4)(A+5)(A+6)

+6(20% + 92 — 2\ — 9)s% + (M + 573 4502 — 5\ — 6)s°

+ (A3 + 30—\ = 3)s?),

1
5N =TT T D0 T 0T T A0
+ 3(29A% + 156X — 73)s + 3(5\3 + 27\% — 5\ — 27)s?
+ (A +3)2(A\ = 1)s® + (N* +3)% — X = 3)s%),
cs(s;\) = — ! (315(A+17)

AFDA+E3)AFHA+5)A+6)(A+T)(A+38)

+ 3(41M% + 259X — 132)s + 6(3A% + 1927 — 3\ — 19)s
+ (AT TA3 4+ 1102 — 7A — 12)s + (A3 4+ 302 — A = 3)s?),
and ¢;(s;A) = (—1)7 (=55 \).
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Chapter 3

Conditionally Stable Blow-Up for
the Quadratic Wave Equation on

the Whole Space

3.1 Introduction
This chapter concerns the following radial quadratic wave equation

Ut — Upp — = U (3.1)

for u: I x [0,00) — R, I C R an interval containing zero, and r = |z| for x € R%. Equation

(3.1) exhibits the scaling symmetry u — wy,

up(t,r) = )\72u(t/)\, /)
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for any A > 0. This rescaling leaves invariant the energy norm H'(R?) x L?(R%) precisely
when d = 6 which defines the energy critical case.
Equation (3.1), in all supercritical dimensions d > 7, (3.1) has a smooth, radial,

self-similar solution for (t,7) € [0,T") x [0, 00) given by

wiltr) = el (7). T>0 2
with
2
C1 — C2p
U(p) :== (p2+03)2
where
4
e1= 5= (30— 8)V/6(d — 1)(d — 6) + 8d° — 56d + 48),
4
and

cs i(sd —18+/6(d - 1)(d - 6))

T 15

which becomes singular forward in time as ¢ — T~. This solution was recently introduced in
[9] by Csobo, Glogi¢, and Schorkhuber where they established a co-dimension one stability
result for w7 under non-radial perturbations in d = 9. Their result tracked the evolution
of such data within the backwards lightcone of the blow-up point (7,0). Of course, even
radial, compactly supported perturbations of w7 influence the corresponding solution in a
region of spacetime strictly larger than these lightcones. One should be left wondering if
the solution could blow-up in this larger region of spacetime.

Before addressing this issue, first observe that u}., as stated, is not defined for

t = T. However, inserting the expression for U ( L ) into the right-hand side of Equation

T—t
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(3.2) and rearranging shows that it is precisely given by

c1(T —t)? — cor?

(r2 4 c3(T — 1)2)°

up(t,r) =

which is well-defined for all (¢,r) # (T,0). With this in mind, we can properly address the
stability of w7 outside of lightcones which, in particular, includes regions of spacetime where
t > T. We address precisely this issue in d = 7, the lowest energy supercritical dimension,

where up takes the form
_24(21(T - t)* — 5r?)
(3(T — )2 +5r2)%

urp(t,r)

The key ingredient allowing us to access this larger region of spacetime is the coordinate
system called hyperboloidal similarity coordinates. These coordinates were first introduced
in [1] for the study of the stability of self-similar blow-up in wave maps outside of backwards
lightcones. They are well-adapted to self-similarity much like standard similarity coordi-
nates typically used in the study of self-similar blow-up. However, hyperboloidal similarity
coordinates have the significant advantage that they cover regions of spacetime past the
blow-up time.

Surprisingly, the stability of u}. is a subtly difficult problem to approach. To begin
understanding this, first observe that the linearized equation, Ou = 2uju, has the following

two smooth solutions given explicitly by

(T —t)(7(T — t)* — 15r%)

filtr) = (52 + 3(T — 1)2)°

and

1
(502 +3(T — 1)2)°

Fi(t,r) =
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After we reformulate the problem in hyperboloidal similarity coordinates, we will see that
these two solutions correspond to exponentially growing solutions of the linearized equa-
tion, i.e., solutions which can destroy any hope for stability. Regardless, these instabilities
can be accounted for in a systematic way. As a first step, notice that the existence of the
first solution is precisely due to the time translation symmetry of Equation (3.1). More
precisely, observe that Oruj, = —432F}. Consequently, we can account for this instability
by adjusting the blow-up time. On the other hand, F does not appear to have a connection
with any spacetime symmetry. To account for the instability due to F}, one might expect
that adjusting perturbations of w}. by some multiple of F} could stabilize the evolution. Un-
fortunately, our techniques rely crucially on the data having compact support and, clearly,
F} does not have this property. Thus, one might expect multiplying by a cutoff could fix
this issue. This almost works, but doing so carelessly poses major issues in controlling the
evolution of data along hyperboloids.

The main novelty of our work is in presenting a technique which stabilizes the
evolution of data close to that of a self-similar blow-up solution which has at least two
unstable directions, one not coming from any spacetime symmetry, in a region of spacetime
which can be made arbitrarily close to the Cauchy horizon of the singularity. Put simply, we
achieve this by constructing a particular smooth solution of the linearized equation which
has a special property allowing us to control the evolution of such data. Doing so requires
a delicate interplay between the standard Cauchy evolution of data along hypersurfaces of
constant physical time and that of data along hypersurfaces of constant hyperboloidal time.

This will be elaborated on extensively in Section 3.5.2.
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3.1.1 Hyperboloidal Similarity Coordinates

In this section, we introduce the hyperboloidal similarity coordinate system and
summarize their essential properties. Given T' > 0, we define hyperboloidal similarity coor-

dinates by the map

nr: R x [0,00) = R x [0,00)
(s,y) — (T + e *h(y), e_sy)

where

hy) =V2+y*—2

which we call the height function. We remark that nr defines a diffeomorphism onto its

image. The specific form of h is arbitrary except for the fact that the level-sets

{(s,9) e Rx [0,00) : s =c}, c € R,

are Cauchy surfaces which asymptote to a forward lightcone. Furthermore, y = % corre-

sponds to the backwards lightcone of the singularity (7,0). See Figure 3.1
Observe that taking h(y) = —1 returns standard similarity coordinates. It is
precisely due to the nontrivial nature of the height function that the coordinates cover a

region of spacetime outside of the backwards lightcone of (T',0).

3.1.2 Statement of the Main Result

We are now ready to state the main result of this chapter. Our theorem concerns
the evolution of small, smooth, radial, and suitably adjusted perturbations of u] according

to Equation (3.1).
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r

Figure 3.1: A spacetime diagram depicting the hyperboloidal coordinate system. The
dashed lines are the boundary of the forward and backward lightcones of the point (T,0).
The hyperboloids correspond to s = const and the rays emanating from (7,0) correspond
to y = const.

Theorem 42 Fiz R > % and consider the spacetime region

h(R)

QT7R:{(t,7")€RX [0,00)OSt<T+br}, b:T,

see Figure 3.2. There exist positive constants 9,19, My, wo such that the following holds.

1. There exists a pair of functions (Yl,Yg) € C°[0,00)? supported in the interval [0, 1)
such that for any pair of radial functions (f,g) € C>°[0,00)? also supported in the
interval [0,79) and satisfying

J

ICF D o wry<ms, w7y < 7730
0

there exists o € [—Mio, MLO], Tel[l- MLO, 1+Mi0], and a unique function u € C*°(Qr Rr)

133



Figure 3.2: A spacetime diagram depicting the region 27 r. The dashed lines are the bound-
ary of the forward and backward lightcones of the blow-up point (7',0). As R increases, the
top of the shaded region approaches the forward lightcone.

that satisfies
(97 - 02— 20, Ju(t,r) = u(t,1)>  (t,;r) € Qrp

u(0,7) = ui(0,7) + aYi(r) + f(r) rel0,00) - (3.3)

\atu((), r) = 0wi(0,7) + aYa(r) + g(r) r€[0,00)

2. The solution u converges to uy in the sense that

[ (wonr)(s,) — (whonr) (s, ) gs oy < b

(3.4)
2510, (w0 mr) (5, ) — By o 1) (5, ) s qs1, < D
for all s > 0.
3. In the spacetime region QT7R\17T([50, o0) % [0, R)), where sg = log (— 3};(1?3), we have

UZUI.

Some remarks on Theorem 42 are in order.
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. The adjustment term. The functions Y7 and Ys will be constructed in Section 3.5.2.
As will be seen, they derive from a particular solution of the quadratic wave equation
linearized around u7j, i.e. Ou = 2uju. Their presence in the data allows us to account

for the instability due to F; with 7" = 1 in the evolution of small perturbations of uj.

. High degree of regularity. Within integer Sobolev spaces, one might expect to work
at the regularity H® x H? in light of the well-posedness theory developed in [14]. Our
techniques necessitate the use of various Sobolev embeddings which impose the high

degree of regularity appearing in Theorem 42.

. Normalizing factors. The factors e=2*

in Equation (3.4) reflect the convergence of
the corresponding blow-up profiles. This can be seen explicitly by observing that the

blow-up solution transforms according to

242 (5y* — 21h(y)?)

(o)) = == o

. Higher space dimensions. Theorem 42 is stated only for d = 7 though it can certainly
be generalized to d = 9 using the spectral results in [9]. For odd space dimensions
d > 11, it is unclear whether or not the spectral problem can be solved. If it can, then

our result can also be generalized to higher odd space dimensions.

. The spectral problem. As mentioned in the previous remark, a key step in our proof is
solving a particular spectral problem. The spectral problem we solve is exceptionally
difficult compared to similar problems encountered in the stability of self-similar blow-

up. This will be expanded upon in Section 3.3.2.
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3.2 The Wave Equation in Hyperboloidal Similarity Coordi-

nates

In this section, we reformulate Equation (3.1) as a first-order system in hyper-
boloidal similarity coordinates. First, we review the well-posedness theory for the radial
wave equation in hyperboloidal similarity coordinates as developed in [14] by Donninger

and Ostermann.

3.2.1 Free Wave Evolution in Hyperboloidal Similarity Coordinates

Let d € N and u € C®(R x (0,00)). With v = wonp, we infer by the chain rule

the following transformation

d—1
((af - r@)u) onr = —g" (92 — 10y — 1202 — 3305 — €210,05)v

where
.
R
i == e J‘é%z)h(y) ! y12—_h7<(§>)22 Tt
c12(y) :W
i) =~ 1= e e )
enly) 2" 2

Definition 43 Let R > 0 and d,k € N. We define the free radial wave evolution as
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the unbounded operator (id,D(id)), with D(Lg) = C>[0, R)?, on H% by

f2(y)

ch W) 1 () + cr2) 1 () + 5o () f2(y) + ca1(y) f3(y)

Lyf(y) ==

The linear, radial wave equation in hyperboloidal similarity coordinates is equiv-

alent to the first-order system

where

Osv(s,-)
In [14], it was shown that (I~;d, D(id)) is closable and its closure, (Ld, D(Ld)), generates a

strongly continuous semigroup which we recall here.

Lemma 44 ([14], Theorem 2.1) Let R > %, d,k,e N, such that d > 3 is odd and k >
d—gl. The operator (I:d,D(de)) is closable and its closure, (Ld,D(Ld)), is the generator of
a strongly continuous semigroup (Sd(s))8>0 of bounded operators on 7-[% with the property

that there exists M > 1 such that
1Sa(s)f[ly, < Me2 £
forall s >0 and f € H’}‘%.
3.2.2 The Quadratic Wave Equation in Hyperboloidal Similarity Coordi-

nates

Now, we can reformulate Equation (3.1) as a first-order system in hyperboloidal

similarity coordinates. For the remainder of this chapter, we fix d = 7. We look for solutions
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of the form u = @ + u}, for some T sufficiently close to 1 yet to be determined, where %

represents some small perturbation of w.. Equation (3.1) becomes

(83—83— far+vT>a=a2

where Vp := —2uj.. Setting v = % o np, we obtain the equation
25 S 2~ ~ ~ VT onr . 172
851) = Cllay’U + clgﬁyv + 9005V + 0218y8sfu + T — gﬁ

where cq1 := CL and coq := cgo. Observe that the function

vip = )

is in Cg°[0, R] for any R > 0. Furthermore, we write

o 17(8,2/)2 — 628N(y 6_2817)

g% (s,y)

where

Upon setting

the quadratic wave equation, as a first-order system in hyperboloidal similarity coordinates,
takes the form

0sV(s,) = (L7 + L))V (s, ") + e*N(e 2V (s, "))

where L/ is defined by



and

0
N(f) (y) :=
N(y, fi(y))

As V € C[0, R] for any R > 0, we see that L/ € B(H%) for any R > 0 and k € N. An

autonomous equation is obtained by setting ®(s) := e~25V(s, -) which yields
9s®(s) = (L7 — 21 + L) ®(s) + N(®(s)). (3.5)

In what follows, we set L := L; — 2I+ L’ in which case (i, D(I:)) is an unbounded, densely
defined operator on H% with D(L) := D(L) for R > 3. From this point on, we refrain from
referring to the domains of the various operators unless absolutely necessary. Furthermore,
we fix the space Hp := H% for R > %

Our analysis of Equation (3.5) proceeds in two steps: linear stability and nonlinear
stability. First, given R > %, we show that the operator L is closable and its closure, L, is
the generator of a strongly continuous semigroup (S(s))szo. In other words, the abstract

initial value problem

is well-posed in Hpr. Our intent is to show that the solutions ® decay, i.e., perturbations
of the blow-up solution become small. However, a careful analysis of the spectrum of L
will allow us to conclude that this is not true in general. After characterizing the unstable
portion of the spectrum of L, we will claim linear stability for a co-dimension two subspace
of initial data in Hp.

Using this semigroup, we can reformulate the nonlinear problem as the integral
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equation

O(s) = S(s)Pg + /08 S(s — s )N(®(s"))ds’

for ®( in a small ball in Hr. We would like to show that for such data, this equation has
a unique solution which exists for all s > 0 and decays exponentially. Similar to the linear
stability analysis, this decay will not be true in general again due to the spectrum of L.
However, we can consider a modified equation which removes this unstable portion of the
data. Ultimately, our goal will be to show that by adjusting the blow-up time and our
perturbation, this modification term vanishes. This will be explained and carried out in

Section 3.5. At that point, we will claim nonlinear stability.

3.3 Linear Stability

3.3.1 Well-Posedness of the Linearized Evolution

First, we show that L is closable and its closure, L, is the generator of a strongly
continuous semigroup (S(s))s>0 of bounded operators on Hp. In fact, this is a very simple

consequence of Lemma 44.

Lemma 45 Let R > % The operator L is closable and its closure, denoted by L, is
the generator of a strongly continuous semigroup (S(s))s>0 of bounded operators on Hp

satisfying the estimate

1S(5) 30, < Me(=3+M L ez )s -
for M 21 as in Lemma 44 and all s > 0.

Proof. From Lemma 44, we infer the existence of a strongly continuous semigroup (S7(5))S>0
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of bounded operators on Hp satisfying the estimate ||S7(s)||ly, < Me2 for some M > 1
and all s > 0 generated by the the operator L7. As a consequence, the operator L; — 21,
with D(L7 — 2I) = D(L7), generates the strongly continuous semigroup (So(s))szo of
bounded operators on Hp given by So(s) = e72*Sz(s), s > 0 which satisfies the estimate
1S7(5) |2y < Me™ 2 for all s > 0. Since L/ € B(Hr), the bounded perturbation theorem

implies that L generates a strongly continuous semigroup (S(s))s20 of bounded operators

on Hp satisfying the claimed estimate. m

3.3.2 Spectral Analysis

In order to the growth bound, Inequality (3.6), we first need to characterize the

spectrum of L. In fact, for R > %, V e C[0,R] and compactness of the embedding
HE (B") — H3  (B") imply that L’ is a compact operator on Hg. According to the
following lemma, this allows us to restrict our attention to understanding the point spectrum

of L.

Lemma 46 Let R > 5 and e > 0. The set Se :== (L) N{\ € C: RA > —3 + €} consists of

finitely many eigenvalues of L, all of which have finite algebraic multiplicity.

Proof. Standard semigroup theory, Theorem 1.10.ii of [20] for instance, implies that o(L; —
2I) C {A € C: RA < —3}. Since L' is compact, Theorem B.1.i of [24] implies the claim. m

To improve the growth bound for the semigroup (S(S))szo’ we need to characterize
the unstable portion of the spectrum, i.e., o(L) NH. Theorem B.1.ii of [24] tells us that

in order to achieve this goal, we need only characterize o,(L) NH. First, we define two

functions which will be shown to be eigenfunctions of L.
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Definition 47 We set

(Th(y)? — 15y*)h(y) |1

fi'(y) .=
N VR IR
and
1 1
fi(y) :=
T
for y € [0,00).
Proposition 48 Let R > % We have that

op(L) N = {1,4}.

Furthermore, ker(I — L) = (£ff') and ker(41 — L) = (f})

Proof. For A\ = 1,4, direct calculations verify that f; € D(L) and (fy) C ker(AI — L).
Thus, {1,4} C 0,(L) N H.

Now, we aim to show o,(L)NH C {1, 4} after which we will conclude ker(A\I-L) C
(f5) for XA = 1,4. To that end, suppose A € 0,,(L) NH. Thus, there exists fy = (fy1, fa,) €

D(L) \ {0} with (\I — L)fy, = 0. A direct calculation shows that f; solves the ODE

c11(y) + (A +2)ea (y)
c12(y)

(A+2)(c20(y) —A—2) +V(y)
c12(y)

g+

far+ fr1=0 (3.7)

weakly on the interval (0, R) and fio = (A + 2)fy1. Furthermore, since fy; € HS  (B"),
Sobolev embedding implies fy; € C?(0, R) and is a classical solution of Equation (3.7) on
(0, R). As a consequence, the function v(s, y) := e 25 fy | (y) is in C2(R. x (0, R)) and is

a classical solution of the equation

831) = c110yv + 0120511 + €2005v + 210,050 + Vv
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on Ry x (0, R). Upon setting

48(21 — 5y
Vo) = ~ ey

and v(s,y) =: w(s —log (= h(y)), - ), we find that w is a classical solution of the

h(y)

equation

(82 + 20,0, — (1- p)22 — i

Oy + O + 200, + Volp) )u(r, p) =

on Ry x (0,1). In terms of fy 1, we have

A +2)T

w(r,p)=e

2 A2 2p
) M)

=: M1 ().

Thus, f is a classical solution of the ODE

48(21 — 5p?%)

G ap )/ =0 (33)

A=A+ (2 =200+3)0)7(0) = (A+ 21 +3) -

Smoothness of the coefficients implies f € C°°(0,1). Furthermore, Equation (3.8) has two
regular singular points: p = 0 with Frobenius indices {0, —5} and p = 1 with Frobenius
indices {0,1 — A}. The Frobenius analysis in the proof of Proposition 3.2 of [24] with d =5
allows us to conclude that f € C*°|0, 1]. Now, our goal is to show that Equation (3.8) has
solutions in C'*°[0,1] only when X\ =1 or 4, in which case fy € (f}).

First, observe that the functions

o T—15p?

fp1) = 52+ 3)
1

f(p;4) = G213
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are indeed solutions in C*°[0, 1] with A =1 and A = 4 respectively. To investigate C*°[0, 1]
solutions of Equation (3.8) with A\ # 1,4, we first ‘remove’ the eigenvalues A = 1 and
A = 4 by performing so-called supersymmetric removal. For an in-depth discussion of this
procedure, we refer the reader to [25], Appendix B and [23], Section 2.5. We begin by
making the change of variables

A

flp)=:p"(1 = p*) " 2g(p)

which transforms Equation (3.8) into

9505 — 7205 + 405p% — 27)
p? (1= p%)? (5p2 + 3)°

(A+2)(\ —4)
(1-p?)°

Consequently, g(p;4) = p3(1 — p?)2f(p;4) is a solution of Equation (3.9) with A = 4. Our

—9"(p) — 2

g(p) = — g(p)- (3.9)

goal is to factor the left-hand side of Equation (3.9) using the solution g(p;4). Following
the procedure in [25], Appendix B and [23], Section 2.5, the left-hand side can be factored

as

2 (9505 — 7299 + 40502 — 27)

p? (1= p2)? (502 + 3)°
_( 5 —5p4—36p2+9)< —5p4—36p2+9)
N P BpS 4203 +3p/ P —Bp5 4203 +3p/°

2
~02 -

. ~ _5pt_ 2 . ~
Setting §(p) = ¢'(p) — =25573,575,9(p) and defining §(p) =: p*(1 — p?)

A
2

f(p) produces the

new equation

18 (5p* + 30p? — 3)) .

<1—p2>f"<p>+(§—2<A+3>p)f'<p>—(<A+2><A+3>— Gp e =0

v ~ - =4 2 .
Observe that f(p;4) := p~3(1—p?)~2§(p; 4), where §(p; 4) := ¢/ (p; 4) — =rahrsog(p; 4), is
identically zero. In this sense, we have ‘removed’ the eigenvalue A = 4 by transforming the

corresponding solution, f(p;4), into the trivial solution. Under the above transformations
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f(p; 1) transforms into f(p: 1) := >. Repeating the same transformations but with

__3p
(3+5p2%)

the factorization given by the solution f (p; 1) instead produces the new equation

6 (350" + 18p* — 21)
p? (502 +3)*

<1—p%f”uo+(i—zc»+wp)f%p»—0A+2MA+3»— )f(p) =0 (3.10

for the corresponding new dependent variable f .

Now, we show that Equation (3.10) has no solutions if A € H other than the zero
solution. We achieve this by expanding any nontrivial, analytic solution around the regular
singular point p = 0 and showing that if A € H, then this solution cannot be analytically
continued past p = 1.

Observe that Equation (3.10) has seven regular singular points: p = 0,+1, 4 \/g ,
and +oo. We begin our analysis of Equation (3.10) by first reducing the number of regular

singular points to four via the transformation

=, ) = (8~ 52) Fy(a)

which transforms Equation (3.10) into its Heun form

y(x) =0 (3.11)

., 11 A 1 L B 2)(A+ 8)z — (A -+ 26)(3\ + 4)
(z) <2x+x—1+2(x—§)>y(x>+ 20z(z — 1)(z — &)

8
550

with the four regular singular points x = 0,1, £,00. Frobenius theory implies that any
y € C*°[0, 1] solving Equation (3.11) is analytic on [0, 1]. In addition, any analytic solution
of Equation (3.11) yields an analytic solution of Equation (3.10) as well as the converse.
Thus, to exclude the existence of an analytic solution of Equation (3.10), we exclude the

existence of an analytic solution of Equation (3.11).

At x = 0, the Frobenius indices are {0, —%}. Without loss of generality, we may
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assume that a solution for a fixed A, denoted by y(-; A), has the expansion

y(A) = an(\)z", ap(A) =1 (3.12)
n=0

near z = 0. Since the finite regular singular points of Equation (3.11) are z = 0, 1, %, y(3 )
fails to be analytic at x = 1 precisely when the radius of convergence of (3.12) is equal to

one. To that end, we derive a recurrence relation for the coefficients given by

ant2(N) = Ap(N)an+1(N) + Bp(N)an(A) (3.13)
where
A0 = 3A? 4+ 114 + 52n° + 32\n + 348n 4 400
e 16(n + 2)(2n + 13)
and
Ba(\) = 5(A+2n+2)(A+2n +8)

16(n +2)(2n + 13)

with a_1(A) = 0. For n € Ny, we define

an+1(N)
A) = ———.
r’ﬂ( ) an()\)
Since limy, 00 Ap(A) = % and lim,, o By(A) = —g, the so-called characteristic equation of
Equation (3.13) is
13 5
2t =0
8 * 8

which has solutions ¢ = % and to = 1. Poincaré’s theorem for difference equations, see [19]

or [25] Appendix A, implies that either a,()) is zero eventually in n or

. 5
nhﬁrgo rn(A) = 3 (3.14)
or
nh_}n(a)o rn(A) = 1. (3.15)
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We aim to prove that Equation (3.15) holds true.
First, observe that a,(\) cannot eventually be zero since, otherwise, backwards
substitution would allow us to conclude that ag(\) = 0 which is in clear contradiction with

ap(A) = 1. To rule out Equation (3.14), we first derive a recurrence relation for r, () given

by
By (M)
Tnr1(N) = An(A) + Y (3.16)
with initial condition
ro(A) = Z;Ei; =A_1(\) = %()\ +26)(3\+4).

Furthermore, we define an approximate solution of Equation (3.16) by

. 9 3 9 16m + 41 1 4dn +19
Fa(A) = A (16(n T D@a 1) 4000n2) A (8(n F1)@n+11) 13n> Tt 22
for n € N which we call a quasisolution. This quasisolution is intended to mimic the behavior
of the actual solution 7,(\) for large n. Observe that for fixed A\ € H, lim, oo 7n(A) = 1.
If indeed 7, () remains close to the quasisolution, then we can exclude Equation (3.14)

implying that Equation (3.15) must hold. To prove this, we define

to measure the difference between r,(\) and the quasisolution and derive a recurrence

relation for this difference given by

where




and

Bn(A)

Ol = O

(3.17)

For n > 5, we have the following estimates

1
|65()‘)‘ < Z

< 64 + 5n
~ 120(4 +n)

< 56 + 25n
~40(4+n)

len(X)

[Cn(A)

We will prove the third estimate while the first and second are established analogously.

Py (n,\)
A

Pr(nn) for

First, we bring C,(\) into the form of a rational function, namely Cp(\) =

polynomials Py, P, € Z[n,\]. Explicit expressions are provided in the Appendix (3.6.1).
We can prove the estimate by first establishing it on the imaginary line and then extending
it to all of H. This extension can be achieved by showing that C,()) is analytic and
polynomially bounded on H at which point the Phragmén-Lindel6f principle achieves the

desired extension.

Observe that for ¢ € R, The inequality |C,(it)| < i’g&i% is equivalent to the
inequality (40(4 + n))?|Pi(n,it)|? — (56 + 25n)%|Py(n,it)|> < 0. For t € R and n > 5, a
direct calculation shows that the coefficients of (40(4+n))?| Py (n,it)|?—(56+25n)2| Py (n, it)|?
are manifestly negative which establishes the desired estimate on the imaginary line. Now,
we aim to extend the estimate to all of H. As C,,(\) is a rational function of polynomials
in Z[n, A}, it is polynomially bounded. Furthermore, a direct calculation of the zeros of

P(n, \) shows that they are contained in the open left half plane implying the analyticity

of Cp,()\) in H. Thus, the Phragmén-Lindel6f principle extends the estimate to all of H.
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By induction, we prove

00 (M) <

=

for all n > 5. The base case n = 5 clearly holds. Suppose the estimate holds for some

n > 5. Using the estimates for Cy,(\) and £, (), we find that

64+5n  156+25m 1
Spi1(N) < - =
)= 120(4+n) "310@+n) 4

Thus, the estimate holds for all n > 5.

Now, suppose Equation (3.14) holds true. Then

Tn(A)
()

3
_1‘:

> lim [0,(A)] = lim 5

1
4 — n—oo n—o00

which is a clear contradiction. Thus, it must be the case that Equation (3.15) holds. By
undoing the previous transformations, we conclude that Equation (3.7) has no smooth
solution on the interval (0, R) which can be smoothly extended to [0, R] for A € H other
than those which correspond to A =1 and 4, i.e. fy1 = afy; for some a € C\ {0}. Thus,

ker(\I — L) C (f;) and (0,(L)NH) \ {1,4} =0. =m

Remark 49 A natural first guess for a quasisolution would be

3 16n + 41 n +19
() = A2 A
Fa(A) (16(n+1)(2n+ 11)> + (8(n+ 1)(2n+11)> T2

following the methods in [7], [23], and [25]. The quadratic and linear terms in X\ come from
studying the large |\| behavior of A, (\) while the constant in A term comes from fitting the
first few iterates of rn(X) for small |\|. However, it appears that this quasisolution does not
work when trying to obtain any reasonable estimates on d5(N), en(N), and Cp(N). Lower-

order corrections to the linear and quadratic terms, to the best of our knowledge, appear to
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be essential in obtaining such estimates. This may be important for solving future spectral

problems with this method.

3.3.3 Decay of the Linearized Flow

Lemma 48 shows that 1,4 € o,(L) are isolated. This allows us to define the

following spectral projections.

Definition 50 Fiz R > % Let v1 : [0,27] — C and v4 : [0,27] — C be defined by

Y1(t) =1+ 1e® and yu(t) = 4+ €. Then we set
P, /R()\)d)\ = 1,4
]._27'('1' ) L y J =L

Proposition 51 Let R > % The operators P; € B(Hgr), j = 1,4, commute with the

Semigroup (S(s)) and are mutually transversal, i.e.,

s>0

pP,P,=P.P; =0.

Furthermore, we have

and

S(s)P;f = e/*P;f, s> 0, f € Hp, j=1,4.

Proof. Boundedness, transversality, and commuting with semigroup follow from abstract
theory, see [20, 27]. In the following, we handle both cases j = 1 and j = 4 simultaneously
until the very end at which point the arguments slightly diverge.

Now, we aim to show rgP; = (f7). The inclusion (f;) C rgP; follows from
abstract theory, see [27]. For the reverse inclusion, first observe that P; decomposes Hp as

150



Hr =1gP;j@rg(I-P;) and the operator L decomposes into the parts L, p; and L]rg(l_pj)

acting on rg P; and rg(I — P;) respectively. The spectra of these operators are

U(L|rgpj) = {]}7 U(L‘rg(I—Pj)) = U(L) \ {]}

We claim that rg P; is finite-dimensional. To see this, suppose that dimrg P; = co. Then,
Theorem 5.28 of [27] implies that j € o.(L). Since L’ is compact and the essential spectrum
is stable under compact perturbations, we also have that j € o.(L — L’). This is clearly a
contradiction since L — L' = Ly — 2T and o(L7 —2I) C {z € C: Rz < —3}.

Thus, the part L|,zp; acts on a finite-dimensional Hilbert space with spectrum
o(Ligp;) = {j}. Consequently, jI — Lgp is nilpotent since 0 is its only spectral point and
is an eigenvalue. So, there exists a minimal ¢; € N with (j1— Ly, pj)zif =O0forall f € rgP;.
If /; =1, then the reverse inclusion follows.

Suppose ¢; # 1. Then there exists a nonzero f; € rgP; C HS ,(B}) x H3 (BY) C

C?(0,R) x C'(0, R) such that f; € ker(jI — Lygp,) C ker(jI — L). By Lemma 48, we have

ker(jI1 — L) = (f}). Thus, f; solves the equation
of = (jJI - L)f;.

for some o € C\ {0}. Without loss of generality, we take & = 1. Consequently, the first

component of f; solves the ODE

G;(y)
c12(y)

Fh@) +piw) i) +ai(w) fia(y) = (3.18)

where

ci1(y) + (7 +2)ea(y)
Clz(y)

pi(y) ==

)
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(J+2)(c20(y) =7 —2) + V(y)
c12(y)

Y

qj(y) ==

and

*

dfj,l -\ ok
Gj(y) = C2l(y)Ty + (c20(y) —4 —24) f71(y)-

Let I;(y) be an antiderivative of p;(y). For instance, the explicit functions

D) BV 2y 4BV F 2y

Li(y)
¥ (1= 492) Vi 212 + 2047 T2 +3
and )
(2 +1) (8y2 ro4/2 12+ 34)
I4(y)

Yo (1 —4y®)* \/y2 + 2\/y2 +2Vy2+2+43

suffice. A fundamental system for the homogeneous equation is obtained via reduction of

order

oi(y) = fi1(y)

biy) = Fa(9) / Texp (= L)) Fa ) 2dy

4

where the lower bound of integration in 1); is chosen arbitrarily. Observe that
Y —J
exp (= Ii(y) =y 6<§ —y>

which implies that for the second solution we have the asymptotics

o (3-0)

A 2y’6<1 —y)_l

Y1) =y~ ;

and

/1 -3 /1 -4
o)l =y (5-v) L WA =y (5 )
By Abel’s identity, the Wronskian is precisely exp ( - Ly )) up to some constant multiple.

This implies the asymptotics



Variation of parameters yields a solution of Equation (3.27)

1;1<y>:=c¥’¢y<y>+—c¥’¢q<y>

G,(p)

_ (p)  Gjlp)
d)J / W ¢j ) ¢j 612 (p) !

W@wm> 2(p) "

dp+ ¥ (y

for y € (0, %) Taking the limit y — 07 yields cgj ) —o. Thus, we are left with

G;(p) (r)  Gj(p)
1) = &05(0) = 03(y /tv%% Jeralp) W) tvwwx> 20"

Based on the above asymptotics we find

Gj(p)
1 d
;?/Fvw% ea(p)

exists. As a consequence, in order to control the third term near y = %, we must have

/ Gi(p)
W ¢] ) 1/’] ) C12 (p)

p=20

For j = 4, the integrand has a definite sign. Thus, the above integral vanishing yields a
contradiction. For j = 1, the integral can be computed explicitly and is nonzero which
again yields a contradiction. Thus, we must have (I — L)f = 0 for all f € rgP; which,

with Proposition 48, implies rg P; C <f;‘>.

Lastly, the claim
S(s)P;f = e’*P;f, s >0, f € Hp, j=1,4

is a direct consequence of rgP; = (f7) m

We now state and prove the main result on the linearized equation.

Theorem 52 Fix R > Let P := P1 + Py4. Then there exist wg > 0 and M > 1 such

1
5
that

[S(s)(X = P)flnp < Me™%[|(T — P)f|l5p
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for all s >0 and f € Hpy.

Proof. This is an immediate consequence of [24], Theorem B.1.iii since Lemma 46 and
Proposition 48 imply that there exists 0 < € < % such that the set S, consists of at most

finitely many eigenvalues all with finite algebraic multiplicity and negative real part. ®

3.4 Nonlinear Stability

3.4.1 Well-Posedness and Decay of the Nonlinear Evolution

We now turn our attention to the nonlinear problem

95®(s) = L&(s) + N(®(s)) (3.19)

d(0) = P

for initial data @y contained in a small ball in Hg. Equipped with the semigroup (S(s))s>0

we appeal to Duhamel’s formula and reformulate Equation (3.19) as the integral equation
S
d(s) = S(s)®(0) +/ S(s — s )N(®(s"))ds'. (3.20)
0
As a first step, we prove a mapping property and local Lipschitz bound on the nonlinearity.

Lemma 53 Fiz R > % We have N : Hr — Hpr and the bound

IN(E) = N(g)llr < (I€ll3s + llgll2ee) If — 8lloen

for allf,g € Hp.
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Proof. Recalling the definition of N, we find

INE) = N(@)lsr = [N (- £0) = N, )

HPq(BR)

S I _Q%HHfad(Bg)

S+ allms, @l — 9llms, @)

< (Il + lgllzen) I — gl
where the second to third line follows from the Banach algebra property of H? ;(B%). The
claim N : Hr — Hpg follows from N(0) = 0. m

Due to the instabilities associated to the eigenvalues A = 1,4, Equation (3.20)

will not, in general, have global solutions that decay. Instead, we consider a modified
equation which allows us to correct for these instabilities and achieve global existence and
decay. Upon reconnecting to the problem in physical coordinates, we will in fact show that

for suitably adjusted perturbations of uj, there is a choice of T' close to 1 for which this

modification vanishes and the corresponding solution converges to up.
Definition 54 For R > % and wqy from Theorem 52, we define the Banach space
Xr:={® € C([0,00),HR) : ||P||xy < o0}
where
1], := sup (0% (5) 25, ).
s>0
Furthermore, we define C; : Xgp x Hr —1gPj, j =1,4 by
e’} .,
C;(®,f) =P, (f +/ e J¢ N(@(s’))ds')
0

and set C := Cy + Cy4.
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With this, we study the modified equation
®(s) = S(s)[f — C(D,f)] + / S(s — ' )N(®(s))ds'. (3.21)
0

For Equation (3.21), we show that for all sufficiently small data f, there exists a unique
solution in the space Xr. In other words, the nonlinear problem is globally well-posed for
all sufficiently small initial data and the corresponding solutions decay exponentially as

S — OQ.

Proposition 55 Fiz R > % For all sufficiently large ¢ > 0 and sufficiently small 6 > 0

and any f € Hp satisfying ||f||2, < &

— ¢’

there exists a unique solution ®¢ € C([0,00), HR) of
Equation (3.21) that satisfies ||®g(s)||ny < 06790 for all s > 0. Furthermore, the solution

map f — ®¢ is Lipschitz as a function from a small ball in Hg to Xg.

Proof. Set

y(; = {CI) S XR : H@”){R < (5}
and define the map
K¢(®)(s) := S(s)[f — C(@,f)] + /OS S(s — )N (®(s))ds'.

We aim to show that K¢ : V5 — Vs and is a contraction.

First, observe that by Theorem 52 and Proposition 51 we obtain

P, K (P)(s) = — /Oo VP N(D(s'))ds'.

s
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From Lemma 53 and the fact that N(0) = 0, we have the estimate

o0
PR (@) (s S 7 [ e ()
S
. o0 -/ /
Sl [y
S

< 52672wos'
By Proposition 51, we have (I — P)C(®,f) = 0 which implies
(I-P)Ke(P)(s) =S(s)(I-P)f + / S(s — s )I—P)N(2(s))ds’.
0

By Theorem 52, we obtain

) S
(X —=P)Ke(®)(s)[lrr < CHfHHRJr/O e IN(@(s)) lpepds’

) s /

S S e [ o)
¢ 0
1) 2 B r g

—woSs —woSs —woSs

gge O+ |||, e " /0 e % ds
d —wps 2 _—wos

S —e W0 4 §Tem 0
c

for all s > 0. Thus, for all sufficiently large ¢ and sufficiently small §, we can ensure
IKe(®)(5)]ln, < S 0"

Consequently, we see that K¢ : V5 — Vs.

We claim that Ky is a contraction map on Ys. Given &, ¥ € Vs,

P, Ke(®)(s) — PjKe(W)(s) = — /OO eI=)p, (N((I)(s’)) - N(\ll(s’)))ds’.
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By Lemma 53

1P Ke(®)(s) — PiKe (V) ()]l
S ejs/ eI (1) 135 + 1P () la4) [@(5) = V() [[30,,
5 5”(1) _ \IJ|XR€jS/ e—jS/_Qw()s/dS/

S 0e7 20D — || .
Furthermore,

(= PYKe(@)(5) — (1= PIKe(0)(5) = [ 8(s =)~ P) (N(@(5) = N(¥() ) s’
By Theorem 52 and Lemma 53

11— PYKe(®)(5) — (T — PYKe(T)(s) |10,
S [ e B g+ 19 g 906) = 9 s
SOl P — V|| xpe“0f /08 e~wos' g/
< 66D — W]l

Thus,

1K (®) — Ke (V) < Ol|P — V|

~

and by considering smaller § if necessary, we see that Ky is a contraction on )s. The Banach

fixed point theorem implies the existence of a unique fixed point ®¢ € V5 of K.
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We now claim that the solution map f > ®¢ is Lipschitz. Observe that

[P — Pgllap = [ Ke(Ps) — Kg(Pg)l|xp
< ||Kf(‘I’f) - Kf(q)g)HXR + HKf(q)g) - Kg(q)g)HXR

5 5||(I)f - (I)gHXR + ||Kf((I)g) - Kg(q)g)HXR‘
A direct calculation shows
K¢ (Pg)(s) — Kg(Pg)(s) = S(s)(I - P)(f — g).

Theorem 52 yields

1K (Pg)(s) — Kg(Pg)(s)llnp S e [If — &llap-

Thus, we have

[P — Pgllap S 0l|Pp — Pyl + I — g2

Again, considering smaller § if necessary yields the result. m
At this point, we can, in fact, prove a genuine co-dimension 2 stability result if we
allow ourselves to evolve data specified on a fixed hyperboloid in spacetime. However, we

aim to instead prove a conditional stability result starting with data specified at ¢ = 0.

3.5 Preparation of Hyperboloidal Initial Data

In this section, we evolve data of the form uj[0] + (f,g) for sufficiently small,
smooth, compactly supported, radial functions f, g into the region )7 g according to Equa-
tion (3.1). As this region is not foliated by surfaces of constant physical time, this evolution

must occur in two steps: first along hypersurfaces of constant physical time and then along
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hypersurfaces of constant hyperboloidal time. Carrying out this two-step evolution is rather
nontrivial due to the fact that L has more than one unstable eigenvalue. In order to ex-
plain the nontrivial nature of this problem properly, we will first describe the most natural
approach one might naively attempt and then describe how we adapt this approach.

For the moment, let T" be some number close to 1 and R > % The region Q1 g
can be covered by a mix of hyperboloids and slices of constant physical time. With this in
mind, a natural first step would be to solve the Cauchy problem

Ou = u?

(3.22)
u[0] = ui[0] + (f,9)

for some short amount of time. To continue the evolution to the rest of {7 r, one might
expect to evaluate this solution on some hyperboloid and evolve the solution further using
the nonlinear theory developed in Section 3.4. In fact, this is precisely what is done in
[1] and [14]. Of course, Equation (3.21) is not the quadratic wave equation due to the
correction term. So, one might hope that there exists at least one choice of T for which
the correction term, C, vanishes. If this were true, then solutions of Equation (3.21) could
in fact yield solutions of the quadratic wave equation in {7 r. An obstruction to this is
that the correction term is a sum of two terms, one for each unstable eigenvalue. That
is, C = C; + C4 with C; correcting for the eigenvalue A = 1 and C,4 correcting for the
eigenvalue A = 4. Without an additional parameter to vary, one cannot hope to guarantee
the vanishing of both correction terms.

Recall the solution Fy of the quadratic wave equation linearized around 7., namely

1
(572 +3(T — )2)*

Fi(t,r) =
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Translating to hyperboloidal similarity coordinates, we have (EFj o n7)(s,y) = [(e®*£} (y)]:.
The role of the correction term Cjy is to remove the contribution of f; from hyperboloidal
initial data. Thus, it seems plausible to expect that for data of the form u}[0]+(f, g)+aF;[0],
the correction term Cy might vanish for at least one choice of a. As stated, it is not
possible to guarantee this and continue the evolution of such data along hyperboloids using
techniques as in [1] or [14] where hyperboloidal similarity coordinates were first developed.
This is due to the fact that the physical evolution of this data cannot necessarily be contained
in a single ball on a hyperboloid and, as a consequence, the nonlinear theory from Section
3.4 cannot be applied in a meaningful way.

As a remedy, one might expect that data of the form ui[0] + (f,q) + axF;[0],
for some smooth cutoff function x and some choice of @ and T might work. Though
this may be possible, it appears extremely difficult to continue the evolution of such data
along hyperboloids in a controllable way. The reason for this difficulty is that one proves
that there are parameters a and T for which C vanishes via a fixed point argument. In
order to run this fixed point argument one needs two crucial pieces of information. One
crucial bit of information needed is uniform control of the derivatives of the solution of
Equation (3.22). If axF} were a solution of the quadratic wave equation or if xF} were a
solution of the quadratic wave equation equation linearized around uj, then this uniform
control could be obtained. Unfortunately, neither of the two seem to be easy to satisfy in
relation to the second bit of information. Running the fixed point argument will eventually
necessitate that the spectral projection P4 applied to a portion of the data not vanish.

Proving non-vanishing of the spectral projection applied to this portion of the data appears
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to be extremely difficult unless it happens to be something rather specific.

Finally, we have enough information to adapt the naive approach. Let’s say that
any sufficiently smooth perturbation of u] of unit size can be evolved for at least a length
of time ¢y > 0. For technical reasons, we impose the condition that our perturbation have
support contained in the interval [0,79) with ro := 2. With this, we have two conditions
which determine the proper replacement, denoted by (Y7,Y3), for the term xF;[0] in our

perturbation:

1. We require that (Y7, Y2) when restricted to a particular hyperboloid be precisely x:,f;,
up to some constant multiple, where y;, is a rather specific smooth cutoff function
with support determined by ¢y. The support of xy, is chosen precisely so that, when
viewed in spacetime, its domain of influence at ¢ = 0 is contained within the interval
[0,70). Furthermore, the support is also chosen so that P4 applied to the previously

mentioned portion of the solution does not vanish.

2. We also require that Y7 be the restriction of a solution of the linearized equation

Ou = 2uju at t = 0 with Y5 being its time derivative at ¢t = 0.

The first property ensures the desired condition involving the spectral projection while the
second ensures the necessary uniform control on derivatives of the local solution obtained
by solving Equation (3.22). These two properties are met by solving the linearized equation
in two different ways; first in hyperboloidal similarity coordinates and second in physical
coordinates. The condition on the support of the cutoff ensures that both ways of solving
the linearized equation produce the same result in the overlapping region. Before carrying

this out, we outline the construction and proof.
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Our goal is to construct a smooth solution of the linearized equation Lu = 2uju

in the region A, defined by
Ay, = [—to, to] X [0,00) U{(t,r) ER X [0,00): =1+ 719 <t <rT —10}

satisfying the above two properties. To achieve this, one can first solve the abstract initial

value problem

0s®(s) = LO(s)

D(s0) = xtofi
for s > sg with

so := log (
on the space H’f /2 for any £ € N. The cutoff x4, is chosen to be non-increasing and to
have support contained in the interval [0,yg) with yo to be defined later. This number is
chosen precisely so that the domain of influence of supp(xs,), when viewed in spacetime, at
t = 0 is contained in the interval [0,79). As a consequence, one can prove that the solution
is smooth and translates it to a smooth solution of [u = 2uju in the spacetime region
7 ([s0,00) x [0,3)) see Figure 3.3. Let’s call this solution wy,. Of course, the spacetime
region 71 ([so, 00) x [0, 3)) does not contain all of Ay . In order to extend the domain of
Ulin, we first realize that along the initial hyperboloid, ¢ = 1+ e *0h(yp) is the first time at
which, beyond that time and along the initial hyperboloid, the cutoff y, is guaranteed to
vanish. Thus, the uniqueness of solutions of linear wave equations, see Lemma 12.8 of [32]

for instance, guarantees that wy, vanishes in the dark gray portion of 7;([so,00) x [0, 5))

depicted in Figure 3.3. With this in mind, we smoothly extend wu;,(0,-) by zero, i.e., we
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Y
Figure 3.3: A spacetime diagram depicting the region n;([sg, 00) x [0, %)) The cutoff x4,
is supported on the dashed portion of the hyperboloid 71 ({sp} x [O,% ) in the bottom left

corner of the picture. The solution produced is guaranteed to vanish in the dark gray region
and is potentially nonzero in the light gray region.

define functions

ulin(O,T) T S To
Ui(r) == (3.23)

0 r>T70
and

Oruiin (0,7) 7 <'rg
Us(r) = . (3.24)

0 >

We then use these functions as initial data for the Cauchy problem
Ou = 2uju in Ay,

U[O] = (Ul,Ug)
which is guaranteed to have a unique smooth solution since u] is smooth in A, and Uy, Us
are smooth, see for instance Theorem 3.2 of [38]. Since this solution and the original agree

on the initial hyperboloid, they must agree wherever Ay, and 7 ([so,0) x [0, 3)) overlap.
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Figure 3.4: A spacetime diagram depicting the domain of the smoothly extended wj;,. The
darker region depicts a portion of where wy, was originally defined. The lighter region
depicts where uy;, has been extended by solving Equation (3.29).

Thus, we will have achieved extending wuy;, to a larger region of spacetime which, in fact,
strictly contains Ay, see Figure 3.4. Thus, we have a C°°(Ay,) solution of the linearized
equation which satisfies our two conditions.

Equipped with the solution uyy,, we set (Y7, Y2) = wi,[0] and evolve small, smooth,
radial perturbations of u} of the form (f, g) + a(Y1, Y2) with supp(f,g) C [0,79). Adjusting
the size of (f,g) and of || allows us to ensure (f,g) + a(Y1,Y2) is of unit size, i.e., data of
the form ui[0] + (f,g) + a(Y1,Y2) can be evolved in A4, via the quadratic wave equation.
Furthermore, since wuy;, solves the linearized equation, we are able to obtain the necessary
uniform control on the corresponding solution. Then, by allowing « and T to vary, we
are indeed able to run the necessary fixed point argument proving the vanishing of the

correction term. Thus, we are able to successfully continue the evolution into all of {7 g.
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3.5.1 Local Existence for Perturbations of uj at ¢t =0

In this section, we prove a local existence and uniqueness result for sufficiently
smooth, radial perturbations of u] of unit size. This will allow us to define the spacetime
region Ay, setting the stage for proving the main result. First, we review the standard
Cauchy theory for nonlinear wave equations on balls. For the proofs of the following claims,
we refer the reader to [1].

The solution of the Cauchy problem

Ou=0 in R1td

ul0] = (f,9)

is given by the wave propagators

sin(t|V])

u(t,-) = cos(t|V|) f + v

for f,g € S(R?) where ¢(|V|)f = F~L¢(| - |)Ff) for ¢ € C(R). The wave propagators
extend to rough data (f,g) € H' x L*(R%) by density. Furthermore, they satisfy the

following estimates.

Proposition 56 Let d > 3. Then there exists a continuous function 74 : [0,00) — [1,00)

such that
H@f cos(t|V|)fHHk (Bd._ ) S HfHHkH(B%)’
sin(t|V])
’af = fH <l
||at cos(t|V|) fHLz(BdT_t) < Vd(T)”fHHHf(IB%dT)’
and
in(t|V])
prsntIVD < (DIl
¢ V] L2(BY. ) HB)
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forall f € S(RY), T >0,tc[0,T), k€N, and £ € Ny.

Again by density, these estimates hold for data in homogeneous Sobolev spaces as well.
Clearly, the wave propagators are only defined for functions on all of R We
can extend the definition of the wave propagators to functions defined on balls via Sobolev

extensions as follows.

Lemma 57 Let d € N. For any r > 0 there ezists a linear map .4 : L*(B?) — L?(R%)
such that & aflga = f a.e.. If f € H*BY) for k € N, then &.q4f € H*¥(R?). Furthermore,

there exists a constant C,. . q > 0 such that

1Eraf | ewwray < Crkall £l v B
for all k € Ny and f € H*(B?).

Definition 58 Let T > 0,t € [0,T), and d € N, d > 3. Then we define

cos(t|V), “‘(@f‘) L2(BA_,) - TX(BS,)
by
cos(t|V|) f = (cos(t|V])5T7df)‘B%_t
and
sin(t|V|) _ <sin(t\V!)g >
v =T ),

where Er 4 s a Sobolev extension as in Lemma 57.

We remark that the wave propagators in Definition 58 are independent of the choice
of Sobolev extension. Furthermore, Proposition 56 implies that the wave propagators are

bounded linear maps from H*(B%) to H¥(B%_,) for all k € No, T > 0, and ¢ € [0,T).
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When solving nonlinear problems, we reformulate the corresponding Cauchy prob-

lem as a fixed point problem using the wave propagators in the following Banach space.

Definition 59 Let k € Ng, T > 0, d € N, and T" € (0,T). We define a Banach space

XK(T") which consists of functions

w: | {t}xBf, =R
te[0,17]

such that u(t,-) € H*B%_,) for each t € [0,7] and the map t — luwt, )l grma_y 15

T—t

continuous on [0,T"]. Furthermore, we set

”UH)@(T/) = tgl[(]?%(’] [u(t, ')”H’“(]B%_t)

In this Banach space, we will look for solutions of the following equation.

Definition 60 Let k € N, T > 0, T" € (0,T), and, d > 3. Let N' be some nonlinear
operator. We say that a function wu : Ute[o,T/} {t} x Bi}_t — R is a strong H* solution of

the Cauchy problem

Ou=N(-,u(-)) in Ute[O,T’] {t} xBf._,

if u € XK(T') and

u(t, ) = cos(t|V|) f + sin’(tv|‘V\)g + /0 Sin((t‘_Vf)WDN(s, u(s,-))ds

for all t € [0,T"].

Remark 61 Though we do not specify the particular nonlinear operator in our definition of
strong solution, when we actually look for strong solutions it will be for a specific nonlinearity

which will be clearly stated.
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Using the standard Cauchy theory just reviewed, we can evolve a large class of
perturbations of u] via the quadratic wave equation at least for some amount of time ¢y > 0.
In fact, the estimates that ¢y must satisfy will be very important in the remainder of the

argument and so we make them apparent.

Lemma 62 There exists tg € (0, %) such that for all (f,g) € H°(B]) x H*(B]) satisfying

1F 107y + gl oey) < 1
1 1

the initial value problem

Ou = u? in Ute[O,to]{t} x B,
ul0] = ui[0] + (f,9)

has a unique strong H'O solution in the truncated lightcone t} x BY_,.
te[0,to0] 1—t

Proof. We seek to solve the Cauchy problem

Op = ¢* + 2ufp  in Usgo () x B,

©l0] = (f,9)

A strong H' solution of this Cauchy problem yields a strong H'0 solution of the original

Cauchy problem by setting w = u] + ¢. For ¢y > 0, set

Y (to) = {o € X1%(t0) : ¢l 1000y < 20}

where v := max 1 v(1 — s) and () is the continuous function from Proposition 56.
2

Define a map K¢ g4 on Y (t) by

_ sin(¢[V]) Fsin ((t —5)|V)
Ks.q(0)(t) = cos(t|V|)f + Tg —i—/o TN(S, (s, -))ds
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where

N(t,:v, go(t,x)) = Q2 (t,z) + 2ui(t, |z|)o(t, x).

By the Banach algebra property, we infer the existence of a constant 0 < C' < oo such that

HngHg(]BZ) < CHfHH%]BZ)H@HHfJ(BZ) (3.25)

for any f,§ € H Y(BT) and r € [%, 1]. As a consequence of this bound and the standard

Cauchy theory, we have

1-t 1—s

1K) oy < limocepy + ey +7 [ NG ol Dlor s
<1+ [ 66, Pl + 2o, 1o, Moy s
<7 +9Ct (1ol 00 + 2t xo) 1ol x10(0))
<y +9Cto((29)° + 2]uil x10(2)27)-

Thus, Ky, : Y (to) = Y (to) provided g is small enough so that the inequality
toC((27)° + 2uillxpo(2)27) <1

holds. Similarly, given ¢, € Y (ty), we have

1K 19 (2)(8) = Ky o) (0l sroger
< / IN (s, 005, )) = N (5,5 (5, Wlgoger s
< /0 (I (s,) — s, rocer

+2lui(s, ) (@(5,7) = (s, Nl mogsr_))ds

<yClto(4vy + 2Hu*{||X110(%)) lle — ¢HX110(to)'
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Thus Ky, is Lipschitz on Y (tp) with Lipschitz constant at most % provided tq is small

enough so that the inequality

[

vtoC (47 + 2”“1”)(110(%)) <3
holds. Thus, Ky 4 is a contraction on the closed subspace Y (g) of the Banach space X 19(to).

As a consequence, the Banach fixed point theorem implies the existence of a unique fixed

point @ g € Y(tg) of Kpg. m

3.5.2 Construction of an Adjustment Term

In this section, we use the number ¢y produced in Lemma 62 to construct a partic-
ular solution of the linearized equation Uu = 2uju which is smooth in the spacetime region
Ay,. This function will have the crucial property that on a particular hyperboloid, it will
be a suitably cutoff version of the unstable eigenfunction fj,. This property will allow us
to run a fixed point argument to show that perturbations of u] at ¢t = 0, adjusted by this
solution of the linearized equation, evolve according to the quadratic wave equation into
something which converges to u} for T' close to 1. In order to properly motivate this, we
first prove one of the crucial properties which allows us to successfully run this fixed point
argument and then proceed with the construction.

With ty > 0 as in Lemma 62 and rg := %0, we define the number

o AV 4424 V2o
Yo := S0+ 2+ V) . (3.26)

This number is chosen by solving the equation r —rg = 1 4+ e7*0h(e®0r) for r and setting
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yo = €°0r. For reasons to be made clear very soon, consider the function

_ faa(y) Galy) (Cm(y)fi‘,l(y)?)/

F(y) W (y; 4) c1a(y) W(y;4)ci2(y)

for y € [0, 5] where

64(21) = 021(31)(%;1 + (020(9) - 12)fik,1(y)

and
2 2
(2 +1) (1 —4y2) (3m—y+4) (3\/m+y+4>
yG\/gm\/yQ +2v2 +2+3

A direct calculation shows that there is dgp > 0 so that F(y) > 0 for y € [0,dp). Now, let

Wi(y;4) =

Xto © [0,00) — [0,1] be any smooth cutoff function with yy,(y) = 1 for y < 3 min{yo, do}
and x¢,(y) = 0 for y > %min{yo, do}. With this, we state and prove the following crucial

lemma.
Lemma 63 Fiz R > % Then (Pa(xtof5)|f1)1p # 0.

Proof. Observe that y;,f; € C°[0, R]?. Given A € p(L), recall that the second component

of the resolvent can be re-expressed in terms of the first component by the equation
[Re(Mfle = (A +2)[RL(MNf]1 — f1
for any f = (f1, f2) € H. This implies
[Paf]z = lim (A — )[Ry, (A)f]2

= )1\13}1()\ — 4)(()\ + 2)[RL(M)f]1 — fl)

= 6[P4f];.

Thus, it suffices to study [Pa(xs£5)]1-
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For A € p(L) the first component of u := Ry, (\)(x£}) solves the ODE

o (y) + ci1(y) + (A +2)ean (y) o () + (A+2)(c20(y) — A —2) + V(y)

i c12(y) c12(y) ulv) (3.27)
_ Xto ()G (Y) + ea1(y)xt, () f11(9)
c12(y)
on the interval (0, R) where
éx(y) = Czl(y)d{l* + (020( ) —4-— QA)fZ,l(y)'

For the homogeneous equation, the Frobenius indices at the singular point y = 0 are {0, -5}
while at y = % they are {0,1— A}. Denote by ¢1(+; A) a solution of the homogeneous version
of Equation (3.27) taking the index —5 at y = 0 and ¢o(+; \) a solution of the homogeneous
version of Equation (3.27) taking the index 0 at y = 0. Observe that ¢o(-; A) must take
the index 1 — X at y = 3 since, if otherwise, ¢o(-;A) € C*°[0,1] and this is excluded by
Proposition 48 for A € p(L). The Wronskian is W (¢1(-;A), do(N))(y) = CO)W (y; A)
where C'()) is some constant depending on A and

(W2 +1) (1—492) (3\/,1;274——3/—1—4) (3JyT+y+4) Ve

yo/y? +2 \/ Y2 +2yy2+2+3

The fact that A = 4 is a simple pole of the resolvent implies that C'(\) must vanish to order

Wi(y;\) =

one at A = 4.

Since neither of these two fundamental solutions live in H

7 . .
6 (B 1/2), variation of

parameters implies

[RL(A) Oxtof1)]1 ()

ey Xto (@) GA(@) + c21(9) X5, (8) 1.1 (8)
=01y / W ( cbo $1(50) (@) c12(7) dy
' ¢1(y; A) Xto (D) GA(D) + 21 (@)X, (0) f51(D)
+¢O(y’A)/y W (do(5A), ¢1(-5 ) c12(7) w
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By repeated integration by parts, one can indeed see that the above expression is in
Hf)ad(BI/2)
Since f] is an eigenfunction, we must have that ¢o(-;4) and ¢1(-;4) are multiples

of f41. Consequently, we obtain

2 F11(0) Xto (@) Ga(@) + ca1(9)Xho (5) F11 (@)
W(y;4) c12(7)

Pu(xtof)]1(y) = Cfi1(y) dy

for some C' € C\ {0}. An integration by parts yields

2 £1100) Xt (D)Ga(H) + e (@)Xt () £11(3)
o W(7:4) c12(9)

! fia(@) G en(@) i 0\
- Wy)( W >E§; (v?éﬁclljg)))dy

By definition of xy,, the integrand is positive within supp(x¢,) which implies

dy

Pa(xuof1)]1(y) = Cro f11(y)

for some CY, # 0. This implies the desired claim. m
With the above lemma in mind, we are motivated to construct a function which,

on an initial hyperboloid, is precisely x,f; .

Lemma 64 Let tg > 0 be defined as in Lemma 62. There exists a smooth, radial solution

of Ou = 2uju in the spacetime region Ay, with the following two properties:
1. (wom)(s0,y) = e x4, (y) fi1(y) for ally € [0,00) and

2. uli—o has support contained in the interval [0,719).

Proof. The proof proceeds in two steps. First, we evolve the data x,f; according to the

linearized equation in the hyperboloidal formulation. As this data is smooth, we can in
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fact show that the solution yields a smooth solution of Ou = 2uju in the spacetime region
771([30, o0) x [0, %)) Second, we can extend the domain of this solution to the rest of the
claimed spacetime region by evolving it in a standard way. Again, the data will be smooth
and so must be the solution.

Let k € N, k > 6 and consider the abstract initial value problem
0s®(s) = LP(s)

P(s0) = xtof]
on the space H’f/2. For k = 6, we have that the unique solution in C(][sg, 00), H?/Q) is given
by

B(s) = S(s — s0) (xuo ) 8 = 50

where (S(s)) is the strongly continuous semigroup from Lemma 45. For k > 6, Lemma

s>0

44 along with the bounded perturbation theorem imply that L is also the generator of

k

1/2 which we will denote by

a strongly continuous semigroup of bounded operators on H
(Sk(s))szv Observe that for any k& > 6, S(s)|H’f/2 = Sk(s) for all s > 0 following the
argument of Lemma 3.5 of [9]. Since y;,f; € C>°[0, R]?, we have as a consequence that ®
is the unique solution in C([sg, 00), H’f/2) for any k > 6. Consequently, ®(s) € H’f/Q for any
ke N, k> 6 and s > sg which, by Sobolev embedding, implies ®(s)(| - |) € COO(]BI/Q)Z for
all s > sg.

Since x4, ff € C°[0, R]?, Theorem 6.1.5 of [30] implies that ® € C([so, oo),?-[’f/z)
and

95®(s) = S(s — s0) (Lxtfr))- (3.28)

Thus, 9;®(s)(| - |) € C*(BT

1/2)2 for all s > so. From Equation (3.28), we find that 0;® €
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C1([so0, oo),?-[’f/2). Thus, by an inductive argument, we conclude that for all m € N, ® €
Cm([so,oo),H’f/2) with 07"®(s) = S(s — s0)(L™(x¢f})). Again by Sobolev embedding,
INP(s)(|-]) € C=® (IB%I/Q)Q for all m € N and s > s¢. Since all s and y derivatives exist to
arbitrary order and are continuous, we conclude that ® € C'*°([sg, 00) x [0, 5)).

Upon defining v(s,y) := €**¢1(s,y), we have that win(t,r) := (vo nfl)(t,r) is a
smooth solution of the Ou = 2uju in the spacetime region 7 ([so,00) x [0,1)). To begin
extending the domain of wy,, recall the smooth extensions of uyy, (0, -) and Opuyy (0, -), namely

U; and Us defined as

win(0,7) 7 <1
U1(7“) =

0 r>rg
and

Oruiin(0,7) 7 <1
Us(r) :=

0 >0
Clearly, for r > rqg all derivatives of U; and Uy vanish. For r < rg, all derivatives of U;
and U, exist and are continuous since, for such r, U; and U, are the composition of smooth
functions. All r-derivatives of wji,(0,-) from the left vanish and w, (0, 79) by the choice of
cutoff ¢, implying smoothness of U; and Us at r = ry.

Now, consider the Cauchy problem

Ou = 2uju in Ay,
(3.29)
ul0] = (Uy, Ua)
Since uj € C*(A4,) and radial along with Uy (| - |), Uz(] - |) € C°(R"), the Cauchy problem

(3.29) has a unique radial solution u € C°°(Ay,). Furthermore, since the data satisfies
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supp(Uy,Us) C [0,79) and is specified at t = 0, finite speed of propagation implies that
u = 0 in the spacetime region {(t,7) € R x [0,00) : 7o — 7 < t < rg+r, r > r9}. Finally,
uniqueness of solutions to linear wave equations allows us to conclude that the solution we
have just produced satisfies u(t,r) = win(t, ) for (¢,7) € m1([s0, 20) %[0, 3)), i.e., the solution
u smoothly extends wuj,. Consequently, we have a function uy, € C°°(A4,) which solves the

linearized equation Cu = 2ufu and satisfies up, (1 + e *0h(y), y) = e~ 20y, W) fii(y). =

3.5.3 Local Existence for Adjusted Perturbations of uj at t =0

In this section, we evolve perturbations of u] adjusted by some multiple of wy, in
the spacetime region A, according to the quadratic wave equation. In this region, we will
obtain uniform control over enough derivatives of the evolution in order to continue the it

via the hyperboloidal formulation. For convenience, given m € N, §,¢ > 0, we define

By = {(f.9) € C2((0,00))° : supp(f, ) € [0,6), (£ 0) Ly ayesrm ary < 03

Lemma 65 Let tg > 0 be as in Lemma 62. For all sufficiently small § > 0 and sufficiently

large My > 0, we have that for all (f,g) € B§?M2 to/4 and |a| < Mio’ the initial value problem
0

Ou = u?

(3.30)
ul0] = w3 [0] + auyn[0] + (f,9)

has a unique radial solution u € C*°(Ay,) of the form u = u} + iy + @f,g.q with
@ ] < J
sup  [0{0)pfg.a(t,T)| S 72
(t,T‘)EAtO 0

for alli,j € Ng with i+ 7 <6.
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Proof. Since uj,[0], (f,g) € C°[0,00)? and are supported in the interval [0,7g), we cer-
tainly can ensure that for all § > 0 sufficiently small and My > 0 sufficiently large, the
inequality [lawn[0] + (f, 9) |l 1or7yx o (r7) < 1 holds. Thus, by Lemma 62, Equation (3.30)
has a unique strong H'Y solution in the truncated lightcone up to time ty. It remains to
show that our solution is of the stated form in A . To that end, we consider the Cauchy
problem

Op = ¢% + 2(u} + aun)p + a?ud
(3.31)

©l0] = (f,9)

A strong H'? solution of (3.31) yields a strong H'" solution of the original Cauchy problem

by setting u = u] + aun, + . Set

o
V(o) = {0 € X1%00) : Bellxpoan < 21772 -
0
Define a map Ky 4, on Y'(tg) by

sin(t|V]) /t sin ((t — s)|V])
+ RN A
0

Krgal)(1) = cos(tV S + 150 -

Na(S, "90(57 '))d87 te [OvtO}
where

Na(t, 2, 0(t,2)) = @*(t,2) + 2(ui(t, o)) + ounn(t, [2)p(t, 2) + oPuiy (¢, |2]).
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Similar to the proof of Lemma 62, we have

||Kfvgua(@)(t)HHlO(]B'{_t)
t
< sogapy + olasy +7 | INalos- ol Dlasar.yds
< 0 C ' 2
—’Yﬁg_‘_’y 0 (||SO(S’.)||H9(IB§I75)
+ 205 (s, Maoga_ + lelllwn(s, Moqer_y) (s Mlmosr_y
+ a®uin(s, Ve ds
5 *
<13 + 700 el + 2uillxgo + lelllumlxgow) Iellxieq)

+ 042||ulin||§(110(t0))

KB
My

o

lwin| x30(10)) 27772

0 *
)24’2(”101”)(110(%) + M

0
<v—s Ct(2—
_/YMg'i_’Y O(fYMg

0 \2
4 (MO) Hulinug(llo(to)>

where the constant C' is the same constant as in Equation (3.25). Thus, we have that

Ktga:Y (to) = Y'(to) provided that the inequality

) . 0 2
Cto <(2’Y)2MOQ +2(J[uill xo0s) + ﬁoHuhonlw(to))?W + 0 (Jlwiinll x10(10) ) ) <1
holds. Recalling that tg > 0 was chosen so that the inequality

Cto((27)* + 2”“?“)(110(3)2’7) <1
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held, we observe that by considering smaller ¢ if necessary, we can ensure that the desired

inequality is satisfied. Similarly, given p, 1 € Y'(ty),

1K 1,6,0(@)(8) = K90 () Ol 11 a1 _,)

1—t

t
SVAHNM&wM&W—A&@wwﬁﬂmmmzyk

1-s

SVA<umao—w&wwm@7)

+2|(ui (s, ) + cunin(s, ) ((5, ) = (s, )| oy _y)ds
5

5 ]
<Cto (‘WM[? +2([luill xpo 04y + ﬁOHUHnHXllO(tO))) [l = Pl x10010)-

Thus Ky4 is Lipschitz on Y’(tg) with Lipschitz constant at most % provided that the
inequality

5 )
m 2(Jluill xp00s) + ﬁo”u“n”X%WtO))) =

N

CHtg (47

holds. Again, recalling that ¢y > 0 was chosen so that, in addition, the inequality

Cryto (47 + 2[|ui x10(1)) <

N |

held, we observe that by considering smaller ¢ if necessary, we can ensure that the desired
inequality is satisfied. Thus, K4, is a contraction on the closed subspace Y’(tg) of the
Banach space X %O(to). The Banach fixed point theorem implies the existence of a unique
fixed point, namely ¢y gq € Y'(to), of Kfgqa. Setting usgo = uj + quiin + @f,g,a yields
the unique solution solution of the Cauchy problem (3.30). Theorems 2.12 and 2.14 of [1]
imply uf g0 € C(Ay,). The stated bound on ¢y 4 4 follows from ¢y 4, € Y'(tg), Sobolev

embedding, and finite speed of propagation. m
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3.5.4 The Initial Data Operator

In this section, we use the solution obtained in Lemma 65 to obtain data on a
family of hyperboloids in order to continue its evolution into Q7 r using the nonlinear
theory developed in Section 3.4.1. By studying the properties of this restriction, we will
eventually be able to find at least one hyperboloid in this family for which this solution can
be continued according to the quadratic wave equation from that hyperboloid. First, we
define a map which sends the data in Lemma 65 to the restriction of the solution obtained

in Lemma 65 on a family of hyperboloids.

Definition 66 Let R > % and ty > 0 as in Lemma 62. Let § > 0 be sufficiently small and

My > 0 be sufficiently large so that, given (f,g) € B and o € [—Mio, MLO], the unique

10
(5/Mg,t0/4

solution of Cauchy problem (3.30), ufg o € C®(Ay,), exists. Then we set

Ufga © M+ — Uy O N4

U((fa 9)7 «, ﬁ) = 6_28
Os(uf g0 0 M+p) — Os(ui g omup) | =50

We call U the initial data operator.
We have the following mapping properties of the initial data operator.

Lemma 67 Let R > % and tg > 0 as in Lemma 62. For all § > 0 sufficiently small and

My > 0 sufficiently large, the initial data operator U : B;?MQ to/4 X [—Mio, MLO]Q — Hp is
0
well-defined and for any (f,g) € Bé?MS,toM’ the map U((f,g),) : [_ML()’MLO]Q — Hp is

continuous. Furthermore, there exists v, € R\ {0} such that

U((fvg)v O‘)B) = 'Ytoﬁff + aXton + V((fa g)’awﬁ)v (332)
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and V((f, g9), o, B) satisfies the bound

0
IV((f.9) 0 Bl S 515 + Il + 18
0

Proof. The initial data operator is well-defined since the hyperboloids n;4s({so} x [0, R)),
B e [—Mio, MLO], lie entirely in A4, for sufficiently small § and sufficiently large M. Continuity
of U((f,g),-) follows from uj, 5 € C°°(Ay,) and continuous dependence on « of ufg 4. To

see the stated expansion of U((f,g), o, #), we insert the form of uy 4, and group terms as

follows

(Ul + Qtilin + ©f,g.a) O M4+ — U450 M4p
U((f,9),a,B) =e~**

s=s0

9s((u] + awiin + @f,g,0) ©M48) — s(ui 50 M4p)

os Uy 0 Ni48 — Uﬁg °M+p
=e
Os(uj omyp) — Os(ujz0myp) ) 's=%0
9 Ulin © M1+8 — Ulin © M1
4+ ae™**
0s (ulin o 771+B) — 0s (Ulin o 771) §=%0
9 Ulin © M1
+ e
as (ulin o 771) 5=50
> Pf.gaCM+p
9s(#f.g,0 ©Mmp) | 15=50

Now, recall
24e% (5y? — 21h(y)?)
(3h(y)% + 5y2)2 ‘

(up onr)(s,y) = —
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which is clearly independent of T'. Thus, for the first term we can write

ui(1+ B8 +e*h(y), e "y) —ui (1 + B +eh(y),e"y)
= Orui(T + e *h(y), e "y)lr=18 + 11(8, 5,y) 5>
where
1 1
r1(8,s,y) = / (/ aguf(l + Bz + e_sh(y),e_sy)dz):cdac.
o “Jo

We have that r; is smooth and bounded since uj € C*(Ay). Furthermore, recalling
e 25(Oruk o nr)|r=1(s,y) = 432¢° f1 1 (y) along with a similar claim for the s derivative

yields the first term in the stated expansion. For the second term, we can write

uin(14 8+ e °h(y), e °y) —win(1 4+ e *h(y),ey) = ra(B, 5,9)
where
1
ra(Bs.) = [ Opun(1+ B+ € *h(y). e )
0
which is smooth and bounded since uy, € C*°(A4,). Recalling

Ulin © M1 .
= Xto f4

8s(ulin © 771) 5=%0
yields the second claimed term in the expansion. O(af3) and O(/3?) terms are obtained in

V from r; and ry along with their s derivatives. Lastly, the O(%) term in V follows from
0

Inequality (65). m

3.5.5 Hyperboloidal Evolution

At this point, we are finally ready to continue the evolution of the data we began

to evolve in Section 3.5.3. We achieve this by evolving the data U((f, 9),, ﬁ) according to
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the nonlinear theory developed in Proposition 55. By a fixed point argument, we will show
that there is at least one choice of o and 5 for which the correction term vanishes. In other
words, there is at least one choice of o and § for which evolving U(( fy9),a, ﬁ) according

to the modified equation is equivalent to that of the quadratic wave equation.

Proposition 68 Let R > % and tg > 0 be as in Lemma 62. Then for all sufficiently

large My > 0, there exists 6 > 0 such that for any pair (f,g) € By/)MQ to/47 there exists
0>

(aef.g,B19) € [—MLO, Mio]2 and a unique function @4 € C([sg,00), HR) that satisfies

Qsq(s) =S(s—50)U((f,9), 14, Bf9) + /S S(s — s")N(Py4(s"))ds’,

S0

and || ®r.q(5)||3y, < 0e70° for all s > sg.

Proof. First, let § > 0 be sufficiently small and My > 0 sufficiently large so that the initial
data operator is well-defined. Furthermore, the expansion of the initial data operator,

Equation (3.32), implies that HU((f,g),a,ﬂ))HHR < Mio for all (f,g) € BLY and

1
5/M37t0/4

(o, 8) € [—MLM MLO]Z Thus, we require My = ¢ so that HU((f, g),a,ﬂ))HHR < % for § and ¢
as in Proposition 55. Thus, for (f,g) € Bg?MQ to/4 and (o, B) € [—Mio, MLOP, Proposition 55
0>

implies the existence of a unique ® 4,3 € C([s0,00), HR) that satisfies

0(9) =S(5 = 50) [U((£,9),0.8) = (#1500 U(( 1))

+ /5 S(s — 8" )N(D g ap(s"))ds

50
with the stated decay. If C(®f7g,a’5,U((f, g),a,ﬁ)) = 0, then we are done. To this end,

define the function T'y : [~ 7Mi0]2 —R? by 'y, = (F(l) F?;) where

— i 9’
(e, 8) = (Cl<q)fa9,a,ﬁ»U((fa 9)..8)) ff)
Hr
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I (e B) = <C4<®f,g,a,B7U((f7 9)704,6))

f;>
Hr

Proposition 55 and continuity of the initial data operator implies continuity of I'f,. Ac-
cording to the expansion of the initial data operator and transversality of the spectral

projections, there exists a nonzero constant 7, such that

T)(0,8) = 5108 + a1 (w1 D + 64120 )

and
(@, 8) = aPa(xeE)IEHn + 65 (a, B)
— (4D (4) L6 612 9 . : ,
where ¢rq = (¢; (., 8),0; (. B)) + [=55, 35]° — R is continuous and satisfies the

estimate |74 < Mig + 62
The equation I'f 4(c, ) = 0 is equivalent to the existence of a fixed point of the

map («, ) — A;)1¢f7g(a,ﬁ) where

(Pl(Xton”fik)HR :Vto
Ay =—
(PalxtofD) ) mp 0

This matrix is invertible since 4., (Pa(xt,£5)|fi )2 # 0, the second following from Lemma

63. Denoting by || - [[,(c) the matrix norm on Mz(C), we have that

A b1g(c, B)] < 1AL (o) d1.9(cv, B)]
0 | <o
<G )
Thus, for My sufficiently large, one can take § < ﬁ in order to show that this map sends

[ )

s g ] to itself. Thus, the Brouwer fixed point theorem implies the existence of a fixed

point. An inductive argument analogous to the proof of Lemma 64 shows that ®; ; is indeed

smooth. m
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3.5.6 Proof of the Main Result

By Lemma 65 and Proposition 68, there exist positive constants tg, d, My > 0 such

10

that for any pair of functions (f,g) € Bé/ngto/zl,

there exists (o, 8) € [—1F —0}2 and a
unique u € C*°(Qr gr) solving Equation (3.3) where T'= 1+ . For (s,y) € [so,00) x [0, R),

we have the equality

(wonr)(s,y) = (ur onr)(s,y) + e*¢1(s)(y).

By Theorem 2.12 of [1], we have u = u] in Q7 g \ n7([s0,00) x [0, R)). Lastly, the stated

convergence follows from the decay of @y .

3.6 Appendix

3.6.1 Explicit Expressions for Proposition 48

A A
Co(N) = piea) and en(A) = R} where

Pi(n, \) = —845000000n%(n + 1)3(2n + 11)(A + 2n + 2)(A + 2n + 8),

Pa(n, \) =(1287A% 4 52(192)% + 4125 + 9500)n* + 2000(48\ + 299)n” + 104000n*
+ A(1521) — 44000)n) (52(246A + 5125\ + 23000)
+ 4(2496 )% 4 125625\ + 728000)n>

+ 6000(16A + 169)n° + 104000n* + (21489A% + 673000\ + 3198000)7),
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and

Py(n,\) = — 33462\3(117A% — 4000\ — 4000) — 4000(74344\* + 1012375 + 14196000)n°
4 1000(57408)\3 — 1058203\% — 34820500\ — 237276000)n°
— 8(292032)\* — 662268753 — 854777500\ + 11226312500\ + 52728000000)n*
—10(2021409X* — 11347635013 — 1831007400\
+ 9749350000\ + 33360600000)n
— 5(6739551\% — 1665534003 — 136906680012
+ 8543600000\ + 19468800000)n?
+ 78000000(4X — 65)n” — 325X(22113)\3 — 157968012
+ 11482600\ + 14080000)n.

Also, d5(\) = %83 where

R1(\) = — 59705112 — 43222410\"" 4 506824560010 + 6334205954407
+ 23910688879632)\% + 308544639036000\7 — 3181221429731200\°
— 155692128689456640\5 — 2167560072357216256 A% — 15251720333529661440\3
— 55976373542617907200\2 — 95372978774016000000\ — 51994908426240000000

and

Ry(X) =2(64623\2 + 4285625\ + 38025000)

x (81A10 + 1971017 + 1886400\% + 92781360A7 + 2577603408\° + 41940364000\

4 401332867200\* + 2206815715840\ + 6537890727936% + 8994221424640\

+ 3845731123200).
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