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A COMPUTER PROGRAM FOR THE SMOOTHING AND DIFFERENTIATION * 
OF DATA FROM MULTICHANNEL ANALYZERS 

D. J. Gorman 

Lawrence Radiation Laboratory 
University of California 

	

- 	Berkeley, California 94120 

In the interpretation of spectra taken on multichannel analyzers it is 

frequently helpful, especially in cases where the statistics are poor, to smooth 

the data in o±der to reduce the statistical fluctuations. 

When presented with such a spectrum one would normally draw through the 

points a smooth curve which best fits them. This can be done numerically once 

we define what we mean by best fit. The most common criterion is to minimize 

the sum of the squares of the residuals between the actual and fitted points. 

• 

	

	 This method has been described by Savitzky and Golay' who fit a poly- 

nomial over a range of (2m + 1) data points and use that to evaluate the smoothed 

value at the mid-point. The data points taken are then shifted by one, dropping 

the point at the left and picking up one at the right. This process is repeated 

to cover the entire spectrum. 

Upon doing one least squares analysis one obtains a set of coefficients, 

one for each point over which the fit is performed. The value at the mid-point 

of one interval of 2m + 1 points is found by summing the products of the counts 

• 	 in each channel and the particular coefficient for that channel. 

* 

i.e. 	Y. 	 C 1  .Y 1. . 	 , 

	

3 	L._ 	+3 
I = -m 
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where the Y 	 are the counts in channel i + j, the C. are aset of con- 

voluting factors and Y. is the best calculated value for the number of counts 

in channel J. j is an index which runs over all of the channels in the spectrum. 

The main part of the least-squares analysis of .Sàvitzky and Golay is 

reproduced here along with some corrections and additions. 

Convolution Using a Least Squares Procedure 

A set of 2m + 1 consecutive values are to be used to determine the best 

least squares fit through the values of a polynomial of degree n < 2m + 1. The 

polynomial has the form: . 

f.=b 1k =b 	+b i + b .2+ . .+bi  1 	 nk 	nO 	ni 	n2 	 nn 
k=O 

The derivatives of this polynomial are 

df 
= b+ 2b j + 3b i2 + . . . . . + nb i' 	 (ha) di 	ni 	n2 	n3 	 nn 

2 
= ?b 	+ 6b I + ......+ n(n-1)b .n2 	 (lib) 

di2 	n2 	n3 	 nn 

n 
df   — n!bnfl 
	

/ 
. 	 tIIc 

di 

The value, of i ranges from -in to +m, and I is equal to zero at the 

central point of the set of 2m +1 values. Therefore the value of the S 
th

deri-

vative at the point i 	0 is: 	 . 	 , 	. 
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(

d5 f. 
= s.n 	= a 

	

di 	
(III) 

S I 
i=0 

. 	 115 	flS 
\  

where 
0 

= b 0  = a 0 	 (IVa) 

df 

di 	nl 	ni 	
(IVID) 

d2f 
.2 = 2b 2  = a 2  . 	 (IVc) 

di 

The least squares criterion requires that the sum of the squares Of the 

differences between the observed values Y. and the calculated ones f. be a 
• 	 1 	 1 

minimum. 

	

i.e. 	
bk 

	Yi ) 2] 	= 0  

Minimizing with respect to b 110  we have 

r+m 	 I 

	

ab a 
	

(b nO 	ni 	 nn + b i + . . . . . + b in - i y) 2  I 	(VIa) 
no [ 	 J 

+m 

• 	=2 	(b 	+b1+ ......+b i'1 —y.)0 no 	ni 	 nn 	i 

Minimizing with respect to bni  we have 
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b1 [ 
	

-m nO + 	+ 	
+ 	 (vlb) 

+111 

= 2 	(b 0  + b 1i + 	 + bi - 	= o 

	

With respect to the general b 	we getnr 

nr 
	(b + b 11 + 	

+ 	- 	) 2] 	 (VIc) 

= 2 	nO + b
11 + .....+ bi - 
	).r = 

2 	

_m[ 	

b1) 	] r = o 

bi 	

= 	

( vii) 

r isan 

Since b 	is
nk 

index representingthe equation numb er wlil ch runs from 0 to n. 

ndependent of I we can write the equation as 

+ni 	 +m 
.r 

L 1 
= L y 	Fr  

1=-rn 	1=-rn 



or 

b 	Sk = 	
, 	 (IIa) 

where 

= 	

r+k 	, 	 (vilib) 

1  

and 

= 1

(VIlic) 

When r+k is odd S 	 = .0. Since S+k exists for even values of r+k. only,
r+k 

the set of n+l equations can be separated into two sets, one for even values of 

k and one for odd ialues. 

rNot e:  In the paper of Savitzky and Golay this is given as Fk, when it should 

be 
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For n even the secular equations Villa are 

I 

S bOnO 
+ 	S b 	i- 	S b • 	+ 	...... 

2n2 	4n4 
+5 b 	= F nflfl 	0 

Sb 
2 no 

+ S b 	+ S b 	+ 4 n2 	6 n4 
+S 	b 	=F n+2 nn 	2 

(IXa) 
Sb 4 nO 

+ -Sb 	+Sb 	+ 	...... 6 n2 	8 n4 
+S 	b 	=F n+4 nn 	.14 

• 	S b 	+ n-nO 
S 	:° 	+ -S 	b 	+ n+2 n2 	n+4 rjl4 

• 	.. 	• 	+ S 	b 	= F 2n nn 	n 

00, 	Sb 	+Sb 	+ - Sb 	+ 
2 nl 	• 	14 n3 	6 n5 

+S b 	• 
n n,n-1 	1 

S4b1+ 	63 
+ S8b 5  +, 	• . 	. 	. 	Sb 	= F3  

(im) • 
S6b 1 +S 8b 3  + S10b 5  + . 	. . 	. 	. + 	n+4bn,n_l 	= 

Sb. 	+5 n ni 
b 	+ S 	b 	+ . n+2 n3 	n+4 n5 

. 	. 	. 	. 	+ S 	b • 	= F 2n-2 n,n-1 	n-i 

For ii odd they are: 

Sb 
0 nO 

+ S b 	+ S b 	+ 	...... 
•2 	n2 	14 	n14 	• 

+5 	b 	 =F 
n-i n,n-1 0 

Sb 
2 no 

•+Sb.+Sb 	+ 	. 	. 
14 n2 	6 n4 

. 	. 	. + S 	b 	 =F 
• 	 n+i n,n-i 2 

(IXc) 	- 
Sb 14 no + 	S b 	+Sb - 	+ 	...... 

6n2 	8 nb 
+s n+3 n,n-1 .4 

S 	b 	+S 	b 	+S 	b n-i no 	n+l n2 	n+3 nit 
+ 	..... • + S 	b 2n-2 n,n-i n-i 
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S b 	4- S b 	+ Sb 	+ 	 • + 2 ni 	) 	n3 	6 •n5 S 	b n+1 	. = F .1 

Sb.+Sb 	+ S b 	+ 	......+S ni 	6 n3 	8 n5 b: 
n+3 nn =F 

3 
(Ixd) 

Sb 	+ S b 	+S 	b 	+ 	• 	 +S 6 ni 	8 n3 	10 XiS b 
n+5 nfl 

=.F 
.5 

+ S 3b 3  + S5b5 + ..... + S2 b F 

The convoluting factors are the 	a ( 	s!b 	) and to find them we must ns ns 

solve the secular equations (Ix) for the 
ns 

Example 

For a third degree polynomial (n=3) the secular equatIre 

S0b30  + S2b32  = F0  

S2b30  + Sb32  = F2  

S2b31  + .Sb33  = F1  

Sb3•1 + S 6b33  = F3  

Solving forthecoeffi.ints 	b 	we have 

F0S 	- F2S2  
b30= 	

2 

F2S0  - F 0 S 2 
b32= 	2 

SOS)4 - S2 
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F1S 6 -F3S 	 - 

	

b31- 	 2 
S 2S 6  - S 

-. F3S 2  - F1S 

ss 	2 
26 

If in = 3; 2m +1= 7. Then from Eqs.. (Vilib) and (Vilic) 

S 0  = 7, S 2  = 28, s = 196, S6  = 1588 

	

F0  = 	+ Y 2  + 	+ 
o + y + y + Y 3  

	

F1  = 	- 2Y 2  - 	+ 	+ 2Y2  + 3Y•3  

F2  = 9Y3 + 1y 2  + y 1  + y + y + 9Y3  

	

F3  = 27Y 3  - 8Y 2  - 	+ .Y1  + 8Y + 27 3  

	

b 30  = 	[196F0  - 28F2 ] 

	

= 	
[-56Y 3  + 8Y 2  + 168Y + 196Y0  + 168y1  + 8y2  - 56Y 3 ] 

	

b32 = 	[IF2  - 28F6] 

	

= 	[3Y 3  - 21Y1 - 28b - 21Y
1  + 35Y 3 ] 

b31 = 6o8 [1588F1  - 196F3] = 1512 [397F1 - 9F3] 
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b31 
1512 

 [132Y 3  - 02Y 2  - 348Y 1  + 3 148Y1  + 1t02Y2  - 132Y 3 ] 

b33 = 6o8 [28F 3  - 196F1] = 1512 [7F 3  - 9F1 1 

= 1512 {-2Y 3  + 2Y 2 •+ 2Y 1  - 2Y1 - 2Y2  + 2Y3 ] 

/ 	 .th 	 i From Eq. III). the value of the s derivative at the point  = 0 is given by 

a 
ns 

a30  = b30  -0.O952Y 3 + O.1286Y 2 + 0.28511Y ± O.33333Y 0  + 0.28511Y1  

+O.1h286Y2 - 0.0952Y3  

a31  = b 31  = 0 08730Y - 0 2658yY 2 - 0 23016Y 1 + 0 0Y 0  + 0 23016Y1  

+ O.26587Y2 - 0.08?30Y3  

a32 	2b32  = 0 .11905Y 3  - 0.0T13Y1 - 0.095238Y 0  - 0.0713Y1  + 0.11905Y3  

a33  = 6b33  -0 i666'iY + 0 i666Y 2 + i6667Y - 0 16667Y 1  - 0 l6667'Y 

+ 0.16661Y3  

The coefficients of the Y's are the convoluting factors which give the value of 

the 5th 
 derivative at the point i = 0.. They are given in tabular form in 

Appendix B, where N = 3, M = 7. As an example of the use of these factors take 

- 0 09(i_8) 2  
the Gaussian array 	= l000e 	 in Table I. 
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The smoothed value at i = 6 is given by the derivative of zero order. 

Y 6 	0.095238Y 3  + 0.14285V4+ 0.28571Y5 + 0.333333Y + 0.28571Y 1  

+ 0 l42857Y8 - 0 095238Y9  = 100 

The value of the first derivative of Y. at i = 9 is given by 

= 0 087302Y6 - 0 265873Y1 - 0 230159Y8 + 0 230159Y10 + 0 265813Y 11  

- 0 o8T3O2Y12 = -153 

a 
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Table I. Effect of a seven point cubic convolution on a Gaussian 

First Second Third 
• 

. 	 '• 
. Derivative Derivative Derivative 

Actual Caic8' Actual'b Caic Actual'b Calt Actualb Caic 

1 12 

- . S 

39: 

3 105 

It 237 	.253 171 174 80 •48 - -16 

5 11145 462 240 	• 237' 50 114 -60 -51 

6 • 	 698 700 251 2110 .  -35 . 	 -142 -103 -70 

7 .914 	• 

:• 8914 165 153 • 	 -135 -97 84 -51 

8 1000 970 0 0 -180 -119 0 0 

9 9114 8914 -165 -153 -135 -97 84 51 

10 698 700 -251 -2140. -35 - 103 70 

11 445 462 _240 -237 50 lIt 60 51 

12 237 253 -171 174 80 48 it 16 

13 105 

lIt 39 

15 2 

.Phis is the smoothed value of Y.. 

• bThe actual.values are calculated-by differentiation of the function 	• 

0 09( -  1 	8)2 
Y = l000e 

I 



I 
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Table I lists the value of the function Y., the smoothed.value, and the 

first, second and third derivatives. They are plotted in Fig. 1. The den-

yatives are useful in computerized peak finding routines (1, 2, 3). 

A computer program has been written to calculate these convolution fac-

tors for any degree of polynomial and taking any number of points. Appendix A 

contains a listing of the program and explanation as to its use Some tables of 

the more commonly used convolution factors are given in Appendix. B. 

ReDeated Convolution 

We may wish to perform two or more convolutions in succession. For 

example, a smoothing using p points with a polynomial of degree n followed by 

a differentiation using q points and a polynomial of degree m. 

For the first convolution we have 

S 
d1f. 	. 	 +p 	 . . 

1 	 .V' 	n =S!b 	a 	= 	) 	C 	Y. 
di 	1=0 	1 ns1 	ns1 	 is1  1 

1 = -p 

to produce the new array Y. 

For the second convolution 

r s 2 	d1f 	1 	+q 	
) 

Id 	 i 

L dj s2 d1 5 1 	joj j 
	

E
=0 -q 	

2 

=C 	 c11  
'-I 	JS 2 	. . is1 

j=-q 	i-p 
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+q.• 	+ 

= 	 v' 	C5' 	c 
is 	

Y 
i*j  
. 	• (xi) 

-p 

If we set h =. .i+j then, we have 

a' 	 where, 
nh ns1 ,ms 2  

h 	-(pf -q) 

dh= 	-,IC 	c 	, (XII) 
iS 1  

3 	1 

where the sum is Over all values of i and j such that i + j = h and 

-q < j ( q, -.p < I < p. 	As an example take the case where we have a five point 

quadratic smooth, followed by a seven point convolution to obtain the quadratic 

first derivative.. 	Then p 	2, and q = 3 	and we have 

C 2 	-0.08511 C 3  -0.1071 	. 

C 1  = 	0..3286 C 1 2  = -0.0113 

CO 	= 	o.851l C. = -0.03511 

C 1 	= 	0.34286 ,C = 	0 

C2 	= -0.08511 C1 = 	0.03511 

C = 0.07143. 

C = 0.10114 
d 5  = C 2  C 1 = + 0.009183  3  

d 	= C 2  C' 2  + C 1  C 3  = -0.03061 
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d 3  = 02 C' 1  + C 1  C ' 2  + C0  C' 3  = -o 07311.7 

d 2  = C 2  c + C 1  C' 1  + C 0  C' 2  + C1  C' 3  = - o 08361 

d 1 	C 2 C + C 1  C + C O  C' 1  + C1  C' 2  + C2  C' 3  = -0.03571 

d0=C2C +C1C+Co C +C1 C' 1 +C 2  C' 2 = 0 

C 2  C + C 1  C + CO C + C 1  C + C 2  C' 1 	0.03571 

C 1  C 	C O C + C 1  C + C 2  C = 0.08367 

d3  = C 0  C + C C + C 2  C = 0.07347 

d =C C + C 2  C = 0 03061 

d5  =C 2  C =-0.009183 

Use of the Convolution Factors 

1. Smoothing 

Figure II shows an alpha spectrum of 39 1  
Am and 	Am taken with a o mm 

Au-Si detector and recorded in a 400 channel pulse-height analyzer. In ha is 

plotted the raw data and lib is the spectrum after performing a smoothing opera-

tion using aquadratic polynomial and smoothing over eleven points at a time. 

The smoothing operation has not changed either the peak heights or the 

peak shapes but it has particularly: accentuated the two a0 t s.which in the raw 

data are barely discernable above the statistical fluctuations of the background. 

It is much easier to perform a stripping operation on the smoothed spectrum than 

on the raw data. 
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Figure lIla shows an 239Am5  alpha spectrum taken on a magnetic alpha 

particle spectograph The statistics are quite poor. The improvement after 

smoothing (over elevenpoints using a quadratic) shown in Ilib is remarkable. 

The computer program which.performs the smoothing using the convolution factors 

is listed in Appendix C. 

2. Peak Location 

241 	57  Figure IVa shows a gamma spectrum of 	Am and Co. In Fig. flTb is 

plotted the first derivative of this spectrum formed from a five point quadratic 

convolution. The peak maximum is the point at which the first derivative is zero. 

In Fig. VIa is plotted an alpha spectrum of 239Am and 2blAm  The first 

and second derivatives of this spectrum are shown in Vb and Vc The first deri-

vative is more useful than the secondderivative for determining peak locations. 
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AppendixA 

The computer program for calculating convolution factors 

A complete listing of the program is given below.-- 

For each set of factors one data card is required giving the values of 

POWER and NPOINT in a 2110 format. POWER is the degree of the polynomial (i.e. 

2 for a quadratic) and NPOINT is the total number of points (2m + 1) over which 

the convolution is to be performed. Reading is terminated by a blank card. 

In accordance with the dimensions of the matrices 

POWER < 20 	and 	NPOINT < 30 . 

The program .runs in a field length of 51000. 

The subroutine MATIV was written by Burton S. Garbow of the Argonne 

National Laboratory. 
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PROGRAR CONVOL I lNPU1,OUTPUT,TAPE21NPUT,TAPE3.flUTPUTI 

C 	CONVOL CALCULATESSETS OF CGP.VOLUT 151 FACTORS FOR SMOOTHING AND 
C 	CALCULATING DERIVATIVES NY A LEAST SQUARES PROCEDURE 
C 

000043 
	

DIMENSION S(30).FOI30I,F(20.30),AI2C,301.9120,30I,CI20,301,0120.30 
'I 

CCOC43 	 DIMENSION OARRI10,30I 
000043 	 INTEGER PC6FR,POA,SUMS.SC.FC,S,F,C,E 

C 	PONER IS THE DEGREE CF THE FITTING POLYNOMIAL 
C 	NPOINT IS THE NUMBER OP PCISTS USED TO FIT THE PCLYNOMIAL 
C 	NPCINI MUST RE COO 

000043 	5 REODI2,I000I PCWFP,NPCINT 
000052- 	 0116 I 	1.NPCINT 
000061 	6 812,II 	0. 
000063 	 IFEPOWEE.LE.OI CALL EXIT 
000065 	 MPT 	INPCINI - 11/2 
000070 	 POW • 2 * POWER 
00001I 	 IP6R 	106ER 4 1 
C00072- 	 SUMS NP0 
000013 	 SO 	OINT- - 
000076 	 541 	NPCINT - 2 

C 	SET SIll • 0 FCR OSC I 
C 

000015 
	

00 10 I 	1.5141,2 
C00102 	 5(1) 	0 

C  
C 	CALCULATE SIl) FOR EVEI. I 

000104 	 00 30 I 	2,PCW.2 
CCOIOS 	 0020 J 	I,I'FT 
000111 	20 SUMS 	SUMS • 2MIJAMII 
000115 	 SIll . SUMS 
COSLIT 	30 SUMS • 0 

• 	 C 	SET UP F MAT-AIX 

000122 	 0040 I 	1,P.PCINT 
C00126 	4C FOUl 	1 
000130 	- 	00 50 J = 1,PCNEP 

• 	 C00131 	 00 50 I 	5,EPCXRT 
000140 	50 FlJ,II • I-MPT * I - II*XJ 

C 	TEST TO SEE IF PO6ER ENEE CR COO 
C 

CCOIS0 
	

PRO • PCRER/2 
C00151 	 P32.-PWD * 2 
000153 	 IF(PW2.NE.POWERI GO TC 160 	 - 	- 

C 	IF POWER 

IS 

 EVEN CO THIS SECTION 
C 	SET UP MATRIX FOR EVEN OERIRATIVES 

000155 	 MADlYIPOWEX 	2112 
000157 	 C(1,1) 	SO 
000161 	 00 60 J 	2,14UCIM 
000167 	60 C(1,J) 	5(12*21 - 2) 
000173 	 00 70 I 	2.MXCIM 

000174 	 00 70 J 	1,MUOII' 

CCO204 	7C C(I,Jl 	SI)2MI) 6 (2*J) - 41 
000212 	 011 80 2 • 1,NPOINT 
000222 	80 011,21 	F0(J) 
000224 	 DO 90 I• 2,P4XDIM 
000226 	 -DO 90 2 	1,EPCINT 
000241 	90 011,21 • F((21 - 21,2) 
000246 	 00 100 I 	1,MUDIM 
000241 	 00 100 2 • 1,1480114 
000256 	100 AII,JI = FLOATICII,J)) 
000263 	 50 110 I 	1,MXOIM 
000264 	 00-110 J • 1,SPOINT 
000273 	tIC *(1,2) 	FLOAT(OII,J)) 
C00300 	 C8LL MAYISV(A,MXCIM,B,EPOINT,DETFFM) 
C00303 	 RRITE)3,3000) FO*EX,NP(INT,PCWEX.RPT 

• 	 000316 	 IRITE(3,3001)- 
• 	 000321 	 WPITE(3,3002) 

000324 	 WRITE(3,3CC3) 

C 	MULTIPLY THE 8 MATRIX MY THE PACTCRIAI OF TFE CERIVATIVE SUMMER 

000327 	 00 115 I 	2,MRDIM 
000331 	 00 115 J 	1,NPOINT 
000332 88 	2I - 2 
CC0334 	115 811,2) 	8)1,2) * FXCTCR)RXI 
000346 	 DO 118 I • 1,M)OI 

• 	 000347 	 1*1 • 2XI - 1 
000351 	 00 118 2- 	1,NPOIST 
000363 	• 	118 OARVIIMZ,JI 	HII,JI 

C 	SET UP MATPIU FOR OCO CERINATINES 

000370 	 MXDIMPO6ER/2 
000372 	 00 120 I 	l,MUOIM 
000373 	• 	• DC 120 2 • 1.MUXIM 
C00403 	12C 0(1.2) 	S)(2RII V )2RJ) - 21 
000411 110 130 I 	1.MPOIM 
C004

1
2 	 00 130 J 	1,KPCINT 

000425 	130 011,21 	F()2*I - 11.2) 
000432 	 DC 140 1 	1,MXUIM 
000433 	 SO 1402 	1.MRDIH 

FL 000442 	.14C A ( I,J) 	OAT(C)I,J)I 
000447 	 00 150 I 	l.MXDIM 
000450 	 DO 150 2 	I,NPOINT 
000451 	150 8)1,2) • FLOAT)OII,j)I 
000464 	

C 	
CULL MATINV)A,UCIN.11,6P(IINT,DETERM) 

• 	 C 	MILTIPLY THE 9 MATRIX RD THE FACTORIAL OF THE DERIVATIVE NUMRER 

000467 	 00 155 I 	2.1*0111 
C00471 	 00 155 J 	1,I.POINT 
000472 	 80 	2*1 - I 
C00474 	155 81I,JI 	811,2) H FACTCPIKXI 
000506 	 00 158 I 	l.NXUXH 
C00507 	 141 	2I 

• 	CC05IC 	 00 158 2 	1,5101ST 
000522 	158 -  QARR)IMZ,JI • Ml 1,2) 
000527 	 JP6R • IPWR 

- - 	• 	000531 	 IF)JPRR.ST.7I JPWR . 7 
000534 	 00 159 N 	1,NPOINT 
CC0536 	 MIN • INPCINT -  I)!? 
00054C 	 NIT • -MIS - I 4  8 
000542 	159 *RITEI3,3004I NIT,IO8RRIJ,NI,J.1,JPWRI 
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000563 	 IFUPWR.I..E.fl on to s 
000665 	 WPITE)3,3000) DUwEP,PPC!NT,POWER,MPT 

CC0600 	 WRITE(3,3CC1) 
000603 	 WRITE(3,3005) 
C00606 	 l#ITE(3,3003) 
000611 	 10 300 N 	1,NPUINT 
000613 	 PIN = )NPOINT-1)/2 
C00615 	 NIT 	-PIN - 1 + 4 
000617 	300 4RITE43,30041 N1T,)OARH)J,N),J8,IP6R) 
000640 	 GO TO S 

C 
C 	IF POWER IS 000 00 THIS SICTION 

• 	 C 	SET UP MATRIX FOR EVEN DERIVATIVES 
C 

000640 	160 MXDIM = (PCWER + 1)12 
000643 	 0(1,1) 	Sn 
000644 	 00,170 J = 2,MXOIW 
000655 	17C C)1,J) = S)2*J - 2) 
000657 	 DC 180 I 	2,MXDIM 
000661 	 DO 180 J = 1,MXDIR 
000672 	180 C(I,J) 	.S(2*I 4 2*J - 41 
000677 	 DO 190 J 	1,NPOINI 
(COld 	190 0(1,J) = FC(J) 
000711 	 00 200 I = 2,MXDIM 
000113 	 DO 200 J S  1,NPOIRT 
000726 	20C 0(I,J) = FU2*I - 21,J) 
000733 	 00 210 I = 1,X0I 
C00734 	 DC 210 J = 1,PX0IP 
000743 	21C A(I,J) = )-LOAT)C(I,J)) 
000750 	 00 220 I = 1.MXDIP 
CCO151 	 00 220 J = 1,NFCINT 
000160 	220 B)I,J) = FLOAT(DIl,J)) 
000765 	 CALL MATINV)A,PXCIM,8,NPOINT,DETERM) 
000170 	 HR!TE(3,3000) POWFR,NPCINT,PCWER,WPT 
001003 	 WRITE)3,3001) 
CO1C06 	 ARITE(3,3002) 
001011 	 WRITE(3,3003) 

C 
C 	MULTIPLY THE B MATFIR BY THE FACTCRIAL OF THE CERIVATIVE NUMBER 
C 

60LC14 
	

00 225 I = 2,WX0IP 
001016 	 DC 225 J = 1,NPOINT 
001017 	 (A = 21 - 2 
001021 	225 B)I,J) = B(I,J) * FACTCR)KX) 
001033 	 DO 228 I 	1,MXOIM 
001C34 	 1HZ = 201 - 1 001036 	

00 228 J = 1,NPOINT 
001050 	228 OARR(IMZ,J) = 8)I,J) 

C 
C 	SET UP MATRIX FOR 000 CERISATIVES 
C 

001055 	 MXDIM 	(POWER • 1)12 
• 	001057 	 CO 230 I 	1,HX0IM 

001061 	 DC 230 J 	1,M301P 
001072 	230 C)!,.)) 	5)2*1 +2*.) - 21 
001077 	 00 240 I = t,MXOIM- 
OCIIOO 	 no 240 J = 1,NPO!NT 
001113 	240 C(l,J) S  F)(24I - 1),.)) 
0C1120 	 00 250 I = 1,PXDIM 
001121 	 00 250 1 = 1,14301* 
001130 	250 A)I,J) = FLOAI)C)X,J)) 
001135 	 DO 260 I = 1,MXDIM 
001136 	 00 260 J = 1,RPOINT 
001145 	260 8)!,.)) = FLOAT(D(I,J)) 
001152 	 CALL MATINV(A,MX0IM,B,NPOINI,OFTERM) 

C 
C 	MULTIPLY THE 8 MATRIX BY THE FACTCRIAL OF THE CERIVATIVE NUMBER 

001155 	 130 265 I = 2,MXDIM 
001157 	 00 265 .1 = 1,NPO TNT 
001160 	 KX = 2*1 - 1 
001162 	265 R(!,.)) = 841,.)) * FACTCR)KX) 
001174 	 DO 268 I 	1,MXOIM 
001175 	 1411 5 2*1 
001116 	 00 268 J = 1,NPOINT 
001210 	268 OARRI)MZ,JI = 81 I,.)) 
001215 	 JPWR = IPWR 
001211 	 IF(JPWR.GT.7) JPWR = 7 
001222 	 00 269 N = 1,NFOINT 
001224 	 MIN = (NPOINT - 1)12 
001226 	 NIT = -MIN - 1 * N 
001230 	269 WRIIE(3,3004) NIT,)CARR(J,N),J1,JPWP) 
001251 	 IF(IPWR.LE.7) GO TO 5 
001253 	 WRXTE(3,3000) POWER,NPCINT,POWER,MPT 
001266 	 WPITE)3,30C1) 
001271 	 WR!TE43,30051 
P01274 	 WRITE)3,3003) 
001217 	 00 400 N 	1,NPO!PsT 
001301 	 M1N 	(NPOINT-i)/2 
001303 	 NIT = -MIN - I. 	N 
001305 	400 48ITEI3,3004) NIT,(OARP(J,N),J=8,IPWR) 
0C1326 	 GO TO 5 

C 
001326 	1000 FQPMAT(2110) 
001326 	3000 FORMAT(1H1,29X,*CEGREE*.I3,* PCLYNOWIAL*,2X,I3,* POINTS*,5X,*N=*.I 

13,5X,*Ms*,I3) 
001326 	3001 FORMAT)1l-0,5X,6MPCINTS,45X, IOHDERIVATIVEI 
001326 	3CO2 FORMAT) tH ,20X,IHO,15X,1H1,151,1H2,15X,1143,15X,1H4,15X,1HB,15X,1146 

1) 
CC1326 	3003 FORMAT(IH I 
001326 	3004 FORMAT(1H ,I9,4X,7)F12.8,4X)) 
001326 	3005 FORMAT)14' ,20X,1H7,15X,)H8,151,1H9,14X,2H10,14X.2H11, 14X,2H12,14X, 

121413) 
001326 	 140 
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FUNCTICN 	FACTORII) 

C 
C THIS FUNCTION COMPUTES THE FACTORIAL OF 	I 

C 
010111 IF(I.EQ.D 	.OR. 	I.EQ.1) 	GO 	TC 	30 

010117 IPRCO 	I 
010120 10 1 	1 	- 	1 
010122 IF(I.EQ.1) 	GO 	TO 	20 	 - 

010123 IPROD = 	IPROC 	* 	I 
010125 GO TO 	10 
010125 20 FACTOR 	= 	IPRCD 
010127 RETURN 	 - 
010127 30 FACTOR 	= 	1. 
010131 RETURN 
010131 END 

• 
FORTRAN 	IV SUBROUTINE 	PATINVIA,N,B,M,CETERM) P4020003 

C F4020002 

C MATRIX 	INVERSICN WITH ACCCMFANYING SOLUTION OF LINFAR EQUATIONS ANF40201 

C P4020004 

010161 DIMENSION 	IPIVCT(20) ,A(20,30),8( 70,1), INDEXI2O,2) ,PIVCT(20) 
010161 COMMON 	/LSPI 	PIVO1,1PIWOT,INDEX 
010161 EQUIVALENCE 	(IROW,JRCW), 	(ICOLUM.JCCLUM). 	(AMAX, 	T, 	SWAP) P4C200C1 

C F4020008 

C INITIALILATION P4020009 

C P4020010 

010161 10 OETERM1.0 P4020011 

010162 15 CO 20 J1,N P4070012 

010167 20 IPIVOT(J)0 P4020013 

010174 30 00 550 	I1,N P4020014 

C P4020015 

C SEARCH FOR PIVOT ELEMENT P4020016 

C F4C20017 

010114 40 AMAX0.0 P4020018 

010177 44 00 	105 J1,N P4020019 

C102C1 50 IF 	(IPIVOT(J)-1) 	60, 	105, 	AC P402CO20 

010204 60 00 	100 X1,N F4020021 

010206 P0 IF 	(1PIVOT(K)-1) 	80, 	100, 	740 P4020022 

010211 80 IF 	(AVS(AMAX(-ABS(A(J,R)(( 	85. 	100, 	100 
010220 85 IROWJ P4020024 

010222 90 ICOLUM=K P4020025 

010224 95 APIAXA(J,K) P4020026 

010230 100 CONTINUE F4020027 

010233 105 CONTINUE F4020028 

010238 1 IP(6MAX) 	110,800,110 F402EEV. 

010233 110 IPIVOT(ICOLUM)IPIVCT(ICCLUM).1 P4C20029 

C - P4020030 

C INTERCHANGE ROWS TO PU3 PIVOT ELEMENT ON DIAGONAL P4020031 

C -. F402C032 

010242 130 IF 	( IRO8-ICOLUM) 	140, 	260, 	140 P4020033 

010244 140 CETERM-CETERM F4C2CC34 

010245 150 (3D 	20C 	L1,N 	 - P4020035 
010241 160 5WAP8UROW,1) P4020036 

010253 17C A(IRO8,L(A(ICCIUM,L) P4020037 
010261 200 A) ICOLIJM ,L ) 	 SWAP P4020038 

010265 205 IF(M) 	260, 	260, 	210 P4020079 

010267 21C 00 250 L1, 9 P4020040 

010271 220 SWAP=B( IROW,L) P4020041- 
010275 230 B(IRO6,L)8(ICCLUP,L) P4020042 

010303 250 9) ICOLUM,L)SWAP P4020043 

010307 260 INOEXII,i)=IROW F4020044 
010311 27C INDEX(I,2)=ICOLIJM P4020045 
010313 310 PIVOT(I)=A)ICOtUM,ICCLUM) P4020046 

010320 320 OETERMOETERM*PIVCT(I) F4C20C47 
C P4020048 

C DIVIDE PIVOT ROW 	BY 	PINOT ELEMENT P4020049 

C P4C20050 
010322 330 A(ICOLUM,ICOLUM)1.0 P6020051 

010326 340 DC 350 L'l,N P4020052 

010342 350 A) ICOLUM,L ) =1) ICOLUM ,L ) /PI VCT( I) 	 - P4020053 
010341 355 IF(M) 	380, 	380, 	360 F4020054 

010351 360 00 370 L1,M P4020055 

010364 310 B(ICOLUM,L)=8(ICOLUM,L)/PIVCT(I) P4020056 

C P4020057 

C REDUCE NCN-PIVCT RO6S P4020058 

C P4020059 

010371 380 00 550 L1=1.N P4020060 

010373 390 IP(L1-ICCLUH) 	400, 	550, 	400 P4020061 
010375 400 T8)L1,ICOLUM) P4020062 
010401 420 A(L1,ICOLuM)0.0 P4C20063 
010405 430 DO 450 L1,N P4020064 
010417 450 A(L1,L)A(L1,L)-A(ICCIUM,L)*T P4020085 
010425 455 IFIM) 	550, 	550, 	46C P4020066 
010423 460 00 	500 L1,M P4020067. 
010440 500 R(L1,L)=B(L1,L)-9(ICCLLM,L)*T P4020068 
010446 550 CCNTINUE P4020069 

• - 	 C F4C2007C 
C INTERCHANGE COLUMNS 	 - P4020071 
C P4020012 

0-10453 60C 00 	71-C 	11,N P4020073 
010455 610 L=N*1-I P4020074 
010460 620 IF 	(INOEX(L,1)-INOEX(L,2() 	630, 	710, 	630 P4020075 
010463 630 JROW=IN0EXIL,1) 94020076 
010465 640 JCCLUMINCEX(L,2) P4020017 
0104b7 65C 00 	705 X1,N P4020078 
010471 660 SWAP=A(R,JRO8) 	 • P4020079 
010475 67C A(K,JR06)A(K,JCOLUP) 	 - 	- P4C20080 
010504 700 A(K,JC0LUMISWAP F4020081 
010511 705 CONTINUE- P4020082 
010513 7IC CONTINUE F4C20083 
010516 - 740 RETURN 	 - P4020084 
010517 800 OP TERM 	0. P402REV. 
010520 RETURN 	 - P4028EV. 
010520 ENC 

11 
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DEGREE 	1 PCLSRCIqAL 3 POINTS 	N. 	1 H. 

POINTS DERIVATIVE 
• 0 1 2 3. 4 5 6 

-1 .33333333 .50000000 
0 .33333333 C . . 

1 	. .33333333 .5000C300 

DEGREE 	1 PCLVRCHIAL 5 POINTS 	N. 	1 N. 2 

POINTS OFRIVATIVE 
-0 1 2 3 4 5 6 

-2 .20000000 -.20000000 
-1 .2CCOC000- -. I0000000 

0 .20000000 C. 
I .2CC00000 - 	 .IOCCC000 . 

2 .20000000 .2OCCC000  

. 
DEGREE 	1 POLYNOMIAL 7 POINTS 	N 	1 H. 3 

POINTS . -, DERIVATIVE 
-0 1 2 3 4 

-3 .14285714 -.10714286 
-2 .14285714 -.07142857 
-1 .14285714 -.03571428 

0 .14285714 0. 	•- 
1 .14785714 .03571428 
2 .14285114 .07142857 
3 .14285714 .10714286 

CR0618 	1 POLYNOMIAL S POINTS 	N. 	1 74 4 

POINTS . DERIVATIVE 
0 • . 1 2 3 4 	.. 5 6 

-4 .11111111 -.06222667 
-3 .11111110 -.O5000000 
-2 .11111111 -.03333333 
-1 .111111 -.01666667 . 

0 .11111
11  

111 0. 
1 .11111111 .01222667 
2 .11111111 .03731333 
3 .11111111 .O5C00000 
4 .11111111 .06666667 

CEGREE 	1 POLYNOMIAL 11 POINTS 	N. 	1 . 	 H. N 

POINTS . DERIVATIVE 
0 1 2 3 4 5 6 

-5 .C9090909 -.04545455 
-4 .C9090909 -.03636364 
-3 .09090909 -.02727273 
-2 .C9C90909 -.01818182 
-1 .09090909 -.00908091 

0 .C9C90909 0. 
1 .09090909 .Dccocool 
2 .C9090909 .o1e18162 
3 .C9090909 .02321273 
4 .09090909 .03632364 
5 .09090909 .04545455 

CEGPEE - 	I 	PCIYNOMIAL 13 POINTS 	N. 	1 N. 6 

POINTS . DERIVATIVE 
0 1 2 . 	 3 -- 4. 5 6 

-6 . 	 .07692308 -.03292703 
-5 .07692308 -.02147253 
-4 .07692308 -.02193802 
-3 .07692308 -. 01646352 
-2 .07692308 -.01C92901 

.07692308 -.00145451 
0 .07692308 0. 
1 .07692308 .00145451 
2 . 	 .07692308 .D1C98901 
3 .076923C8 .01648352 
4 .07692308 .02191602 
5 .01692308 .02747253 
6 - .C76923C8 .03292703 . 

DEGREE 	1 	P0LV4OIAL 15 POINTS 	N 	1 H. 7 

PCINTS DERIVATIVE 
- C 	- . 	 1 2 3 4 5 6 

-7 .06666667 -.02500000 - 

-6 .06666667 -.02142857 
-5 .06666667 -.01765714 
-4 .06666667 -.01422571 
-3 . 06666667 -.01011429 
-2 .06666667 -.00714286 
-1 .06660667 -.00357143 

0 .06666667 0. 
1 -  .06666667 .00357143 
2 .06666667 .00114286 
3 .06666667 .01071429 
4 .06666667 .01428571 
S 	- .00666667 .0 1785714 	- 
6 .06666661 .02142857 
1 .06666667 .025000CC - 
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060662 	1 POLYNOMIAL 17 POINTS 	5= 	1. M 	8 
PCISIS 

DERIVATIVE 
C 1 2 3 4 5 	 6 

-8 .C5882353 -.C196C784 
-7 .05882353 -.C1715686 
-6 .05682353 -.01410588 -. 

.05882353 -.01225490 
-4 .05882353 -.0058092 
-3 .05882353 -.00135294 
-2 .05882353 -.0C49C196 
-1 .05682353 -.00245098 

0 .05882353 C. 
1 .05882353 .00245098 
2 .05882353 .00490196 
3 .05882353 .00735294 
4 .05882353 .0098C392 
5 .05882353 .01225490 
6 .05882353 .01470588 
7 .05892353 .01715686 
8 .05882353 .C196C784 

O6CROE 	I 	PCLYNOMIAI 19 POINTS 	5= 	1 H= 	9 

POINTS 
0ERIVATIVE 

0 1 2 3 4 5 	 6 
-9 .05263156 -.01578947- 
-8 .05263158 -.01403509 
-7 .05263156 -.0122V07C 
-6 . 	 .05263158 	. -.01052632 
-5 .05263156 	. -.00611193 
-4 .05263158 -.00701154 
-3 .05263158 -.00526316 
-2 .05263158 -.0035C877 
-1. .05263158 -.00175439 

• 	 0 .05263156 C. 
1 .05263156 .00175439 
2 .05263156 	. .0035C877 
3 .05263156 .00526316 
4 .05263158 .00601754 

• 	 5 .05263156 .00877193 
.6 .05263159 .01053632 

7 .05263158 . 	 .01226010 
8 .C5263156 .01403509 

.05263156 	-. .01578947 

CEGREE 	1 PCLVNOUIAI 21 PC!NTS 	5= 	1 M. 	10 

POINTS :. OFRIVATIVE 
0 .  1 2 3 4 	-- 5 

-10 .C47619C5 -.01296701 
-9 .04761905 -.01168831 
-8 .04761905 -.01038961 
-7 .C4761905 -.OocCc091 
-6 .04761905 -.00379221 
-5 .C47619C5 -.00646351 
-4 .04761905 -.005 19481 
-3 .04161905 -.0038961C 
-2 .C41619C5 -.0025674C 	. 
-1 .04761905 -.00129870 

C .0416190.5 C. 
1 .04761905 .0C12987C 
2 .04761905 .00259740 
3 .04761905 .0C389610 
4 .04761905- .00519481 
5 .04761905 .00649351 
6 .04761905 .0C179221 
7 .04161905 .Oocccogi 
8 .C41619C5 	. .01C38961 
9 .04761905 	. .01162831 

10 .04161905 .01298701 

CEOREE 	1 	PCLYPCPIAL 23 POINTS 	16= 	1 M= 	11 

POINTS DE9IVATIVE 
0 1 2 3 4 5 	 6 

-11 .C4341826 -.01C86951 
-10 .C4341826 -.CC982142 

-9 .04341826 -.00889328 
-8 .04347826 -.00790514 
-7 .04347826 -.006917CC 
-6 .0347826 -.00592885 
-5 .0434782o -.0C494071 
-4 .04341826 -.00395257 
-3 .04341826 -.00296443 
-2 .04347826 -.00197628 
-1 .04341826 -.00098814 

0 .04347826 C. 
1 .04341626 - .00092814  
2 .04347826. .00193628 
3 .04347826 .0C292443 
4 .04347826 .00395257 
5 .04347826 .00494071 
6 .04341826 .00592889 
7 .04347826 .00661700 
8 .04347826 .0019C514 
9 .04347826 .00889328 

10 .04346826 - .00986142 - 

11 .04341626 .01C86997 
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DEGREE 	2 	POLYNOMIAL 	3 POINTS 	N= 	2 M.  

PUINTS 
DERIVATIVE 

0 1 	 2 	 3 4 	 5 	 6 
-i .00000000 -.50000000 	1.00000000 

C' 1.00000000 0. 	 -2.00000000 
1 .00000000 .50000000 	1.00000000 

DEGREE 	2 POLYNOMIAL 	5 POINTS 	N= 	2 M= 	•2 
POINTS 

O 1 	
DERIVATIVE 

2 
-2 -.08571429 -.20000000 	.28571429 
-1 .34285714 -.10000000 	-.14285714 O .48511429 0. 	 -.28571429 1 .34235714 .10000000 	-.14285714 2 -. 03571429 .20000000 	 .28571429 

DEGREE 	2 POLYNOMIAL 	7 POINTS 	N 	2 N= 	3 	- 

POINTS 

0 	• 
DERIVATIVE 

1 

-3 -.09523810 -.10714286 	.11904762 
-2 .14285714 -.0714285.7 	.00000000 
-1 .28571429 -.03571429 	-.07142857 
0 .33333333 0. 	 -.09523810 
1 .28371429 .03571429 	- .07142857 
2 .14285714 .07142857 	.00000000 
3 -.09523310 .10714286 	.11904762 

DEGREE 	2 POLYNMI4L 	9 POINTS 	Nz 	2 M= 	4 

POISES 
DERIVATIVE 

0 1 	 2 	 3 4 	 5 	 6 
-4 -. 09090909 -.06656667 	 .06060606 
-3 .06060606 -.05000000 	 .01515152 
-2 .1883117 -.03333333 	-.01731602 
-1 .23376523 -.01665667 	-.03579654 
0 .25541125 0. 	 -.04329004 
1 .23375623 .01666667 	-.03679654 
2 .16383117 .03333333 	-.01731602 
3 .06060606 .05000000 	 .01515152 
4 -.09090909 .06566667 	 .06060606 

DEGREE 	2 	POLYNOMIAL 	11 POINTS 	5= 	2 M= 	5 

POINTS DERIVATIVE 
0 1 	 2 	 3 4 	 5 	 6 

-5 -.08391605 -.04545455 	 .03496503 
-4 .02097902 -.03636364 	 .01398601 
-3 .10256410 -.02727273 	-.00233100 
-2 .15083916 -.01818182 	-.01398601 
-1 .1955042C -.00909091 	-.02097902 
0 .20745921 0. 	 -.02331002 
1 .19530420 .00909001 	-.02097902 
2 .16053915 .01818182 	-.01398601 
3 .10255410 .02727273 	 .00233100 
4 .02097902 .03635364 	 .0139801 
5 -.03391608 .04545455 	 .03496503 

OEGREE 	2 	POLYNOMIAL 	13 POINTS 	N= 	2 M= 	6 

POINTS DERIVATIVE 
0 1 	 2 	 3 4 	 5 

-6 -.07632308 - .03296703 	 .02197802 
-5 0. -.02747253 	 .01098901 
-4 .06293706 -.02197802 	 .00199800 
-3 .11188311 -.01648352 	-.00499500 
-2 .14685315 -.01098901 	-.00999001 
-1 .16783217 -.00549451 	-.01298701 
0 .17492511 0. 	 -.01398601 
1 .16783217 .00549451 	-.01298701 
2 .14685315 .01098901 	-.00909001 
5 .11188811 .01648352 	-.00499500 
4 .06293705 .02197502 	 .00199800 
5 0. .02747253 	 .01098901 
6 -.07692308 .03296703 	 .02197802 

DEGREE 	2 	POLYNOMIAL 	15 POINTS 	5= 	2 M. 	7 

POINTS 
DERIVATIVE 

0 1 	 2 	 3 4 	 5 	 6 

-7 -.07059824 - .02500000 	 .01470588 
-6 -.01176471 -.02142857 	 .00840336 
-5 .33800905 -.01785714 	- 	.00307046 

• 	-4 .07873303 -.01428571 	-.00129282 
-3 .11040724 -.01071429 	-.00468649 
-2 .13303167 -.00714286 	-.00711054 
-1 .14660633 -.00357143 	-.00856496 

• 	0 .15113122 0. 	 -.00904977 
1 .14660633 .00357143 	-.00056496 
2 .13303167 .00714286 	-.00711054 
3 .11040724 .01071429 	-.00468649 
4 .07873303 .01428571 	-.00129282 
5 .03800905 .01785714 	 .00307046 
6 -.01176471 	• .02142057 	.00840336 
7 -.07058824 .02500000 	 .01470589 
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4. 	 5 	 6 

-23- 

DEGREE 2 POLYNOMIAL 	17 POINTS 	N= 2 	M= A 

POINTS DERIVATIVE 
0 1 2 	 .3 

-8 -. 06501548 -.01960784 .01031992 
-7 -.01857595 -.01715686 .00644995 
-6 .02167183 -.01470588 .00309598 
-5 .05872156 -.01225490 .00025800 
-4 .08359133 -.00980392 -.00206398 
-3 .10626314 -.00135294 -.00386997 
-2 .12074303 -.00490196 -.00516996 
-1 .13003096 -.00245098 -.00593399 
0 .13312693 0. -.00619195 
1 .13003096 .00245098 -.00593395 
2 .12074303 .0b490196 -.00515996 
3 .10526316 .00735294 -.00386997 
4 .08359133 .00980392 -.00206398 
5 .05572755 .01225400 .00025800 
4 .02167183 .01410588 .00309598 
7 -.01857535: .01716686 .00644995 
9 -.06501548 .01960184 .01031992 

DEGREE 	2 POLYNOMIAL 	L9 POINTS 	N= 	2 	M= 	9 

POINTS DERIVATIVE 
0 1 2 	 3 

-9 -.06015038 -.01578947 .00751880 
-8 -.0225563.9 - .01403509 .00501253 
-7 .01061477 -.01228070 .00280112 
-6 .03936311 -.01052632 .00086456 
-5 .06368843 -.00877193 -.00073714 
-4 .08359133 -.00701754 -.00206308 
-3 .09907121 -.00526316 -.00309598 
-2 .11012826 -.00350817 -.00383311 
-1 .11676249 -.00115439 -.00427539 
0 .11097301 0. -.00442282 
1 .E676249 .00175439 -.00427539 
2 .11012826 .00350877 -.00383311 
3 .09907121 .00926316 -.00309598 
4 .08359133 .00701754 -.00206390 
5 .06368863 .00877193 -.00013714 
6 .0393311 .01052632 .00088456 
7 .01061477 .01228070 .00280112 
8 -.02255639 .01403509 .00501253 
9 -.06015038 .01578947 .00751880 

GEGREE 	2 	POLYNOMIAL 21 POINTS 	N= 	2 	M= 10 

POINTS DERIVATIVE 
0 1 2 	 3 

-10 -.05590062 - .01298701 .00564653 
-9 -.02484472 -.01168831 .00395257 
-8 .00294214. -.01038961 .00243692 
-7 .02745095 -.00009091 .00109959 
-6 .04830873 -.00779221 -.00005944 
-5 .06669846 -.00649351 -.0C104015 
-4 .08139915 -.00519481 -.00104255 
-3 .09284080 -.00389610 -.00246664 
-2 .10101340 -.00259740 -.00291242 
-1 .10591691 -.00129870 -.00317989 
0 .10755149 0. -.00326904 
1 .10591637 .00129870 -.00317989 
2 .10101340 .00259740 -.00291242 
3 .09284080 .00389610 -.00246664 
4 .08139915 .00519401 -.00184255 
5 .06668846 .00649351 -.00104015 
6 .04870873 .00779221 -.00005944 
7 .02745995 .00909091 .00109949 
0 .00294214 .01038961 .00243692 
0 -.02484472 .01168831 .00395251 

10 -.35590062 .01208701 .00564653 

OEL,RCE 	2 	POLYNOMIAL 	23 POINTS 	N= 	2 	M. 	El 

POINTS DERIVATIVE 
0 1 2 	 3 

-II -.05217391 -.01006957 .00434783 
-11 -.01608696 -.00998142 .00316206 
-9 -.00248447 -.00889328 .00206922 
-8 .01863354 -.00790514 .00112931 
-.7 .03126708 -.00691700 .00028233 
-6 .05341615 -.00592885 -.00045172 
-5 .06108C75 -.00494071 -.00107284 
-4 .07826087 -.00395257 -.00158103 
-3 .08695652 -.00296443 - .00197628 
-2 .00316770 -.00197628 -.00225061 
-1 .09689441 -.00098814 -.00242801 
0 .09813665 0. -.00248447 
1 .09609441 .00098814 -.00242801 
2 .09316770 .00197628 -.00225861 
3 .08695652 .00206443 -.00197628 
4 .07826087 .00395257 -.00158103 
5 .06708075 .00494071 -.00107284 
6 .05341615 .00592895 -.00045172 
1 .03726708 .00691200 .00028233 
8 .01863354 .00790514 .00112931 
9 -.00240447 .00089328 .00208922 

10 -.02608696 .00988142 .00316206 
11 -.05217391 .01086057 .00434783 

4 
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6 
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-2 1t- 
DEGREE 	3 PULYNOMIAL 	3 POINTS Ms 	3 M. 

POINTS DERIVATIVE 
O 1 2 3 4 

-1 .00000000 -.50000000 1.00000000 0. 
0 1.00000000 0. -2.00000000 0. 
1 .00000000 .50000000 1.00000000 0. 

DEGREE 	3 	POLYNOMIAL 	5 POINTS N= 	3 M= 	2 	- 

POINTS DERIVATIVE 
0- 1 2 3 4 

-. '-.08571429 .08333333 .28571429 -.50000000 
-1 .34285714 -.46666067 . 	 -.14285714 1.00000000 
0 .48571429 0. -.28511429 0. 

.34285714 .66666667 -.14285714 	-1.00000000 
2 -.08571429 -'.08333333 .28511429 . 	 .50000000 

DEGREE - 3 	POLYNOMIAL 	7 POINTS 55 	 3 Ms 	3 

POINTS DERIVATIVE 
0. 1 2 3 4 

-3 -.09523810 .08730159 .11904762 -.16666661 
-2 .14285114 -.26581302 .00000000 .16666667 
-1 .28571429 -.23015873 -.07142857 .16666667 
0 .33333333 0. -.09523810 0. 
1 .28571429 .23015873 -.07142857 -.16666667 
2 .14285714 .26587302 .00000000 -.16666667 
3 -.09523810 -.08730159 .11904762 .16666667 

DEGREE 	3 POLYNOMIAL 9 POINTS N= 	3 Ms 	4 

POINTS -- DERIVATIVE 
0 1 . 	 2 3 . 	 4 

-4 -.09090909 .01239057 .06060606 -.07010107 
-3 .06060606 -.11952862 .01515152 .03535354 
-2 .16883111 -.16245791 -.01731602 .06565657 
-I .23376423 -.10604061 -.03679654 .04545455 
0 .25541126 0. -.04329004 0. 
1 . 	 .23316623 .10606061 -.03679654 -.04545455 
2- .14883117 .16245791 -.01731602. -.06585651 
3 .06060406 .11952862 .01515152 -.03535354 

-. 0909090-3 -.07239057 .06060808 .01010707 

DEGREE 	3 POLYNOMIAL 	11 POINTS 5= 	3 M= 	S 

POINTS DERIVATIVE 

0 1 2 3 . 4 

-5 -.08391608 .05827506 .03496503 -.03496503 

-4 .02091902 -.05710956 .01398601 .00699301 

-3 .10256410. -. 10334110 -.00233100 .02564103 

-2. .16083916 -.09770785 -.01398601 .02680653 

-1 .19580420 -.05749906 -.02091902 .01631102 
0 .20745921 0. -.02331002 0. 

.19580420 .05749806 -.02097902 -.01631702 

2 .16083916 .09770785 -.01398601 -.02680653 
3 .10256410 .10334110 -.00233100 -.02564103 
4 .02097902 .05710956 .01398601 -.00699301 
5 -.08391608 -.05827506 .03496503 .03496503 

DEGREE 	3 POLYNOMIAL 	13 POINTS N= 	3 Ms 	6 - 

POINTS . DERIVATIVE 
0 1 2 3 4 

-6 -.07682308 .04716117 .02197802 -.01923077 

-5 0. -.02747253 .01098901 -.00000000 
-4 .06293104 -.06568432 .00199800 .01048951 

-3 .11185811 -.07475851 -.00499500 .01398601 

-2 .14685315 -.06191965 -.00999001 .01223776 
-1 .16783217 -.03463203 -.01298701 .00699301 
0 .17482517 0. -.01398601 0. 
1 .16783217 .03463203 -.01298701 	. -.00699301 
2 .14685315 .06197969 -.00999001 '-.01223776 
3 .11183811 .07475857 -.00499500 -.01398601 
4 .06293708 .08568432 .00199800 -.01048951 
5 0. .02747253 .01098901 .00000000 
6 -.07692308 -.04716117 .02197802 .01923077 

DEGREE 	3 POLYNOMIAL 15 	POINTS N= 	3 Ms 	7 

POINTS DERIVATIVE 

0 1 2 3 4 

-7 -.07058824 .03867102 .01470588 -.01143791 

-6 -.01176471 -.01233271 .00840336 -.00163399 
.03800905 -.04234600 .00307046 .00439920 

-4 .07873303 -.05486725 -.00129282 .00729010 

-3 .11040724 -.05339486 -.00468649 .00766717 

-2 .13303167 -.04142725 -.00711054 .00615887 

-1 .14860633 - .02146283 - .00856496 .00339367 

0 	- . 	 .15113122 0. -.00904977 0. 

1 .14660033 .02246283 -.00856496 -.00339367 

2 .13303167 .04142125 -.00711054 -.00615887 

3 .11040724 .05339486 -.00408649 -.00166717 

4 .07373303 .05486725 -.00129282 -.00729010 

5 .03800905 .04234600 .00307046 -.00439920 

6 -.01176471 .01233271 .00840336 .00163399 

7 -.07058524 -.03867102 .01470588 .01143791 

UCRL-19903 
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DEGREE 	3 POLYNOMIAL 	17 P01915 N= 	3 

POINTS DERIVATIVE 

0 1 2 3 

-8 -.06501548 .03216374 .01031992 -.00722394 
-7 -.01857585 -.00421397 .00644993 -.00180599 

-6 .02167183 -.02764878 .00309598 .00180599 

-5 .05512755 -.03998968 .00025800 .00386997 
-4 .08358133 -.04308566 -.00206398 .00464396 

-3 .10526316 -.03878569 -.00386997 .00438596 

-2 .12074303 -.02893877 -.00515996 .00335397 

-1 .13003096 -.01539388 -.00593395 .00180599 
0 .13312693 0. -.00619195 0. 

1 .13003096 .01539388 -.00593395 -.00180599 

2 .12074303 .02893877 -.00515996 -.00335397 

3 .10526316 .03878569 -.00386997 -.00438596 
4 .08359133 .04308566 -.00206398 -.00464396 
S .05672755 .03998968 .00025800 -.00386991 
6 .02167183 .02764878 .00309598 -.00180599 
1 -.01857585 .00421397 .00644995 .00180599 
8 -. 06501548 -.03216374 .01031992 .00722394 

DEGREE 	3 POLYNOMIAL 	19 POINTS N= 	3 

P(JINTS DERIVATIVE 

0 1 2 3 

-9 -.06015038 .02711324 .00751880 -.00478469 

-8 -.02255639 .00026582 .00501253 -.00159490 

-1 .01061477 -.01816931 .00280112 .00065672 

-6 .03936311 -.02924368 .00088456 .00208744 

-5 .06368663 -.03400382 -.00073714 .00281452 

-4 .08359133 -.03351628 -.00206398 .00295525 

-3 .09907121 -.02381759 -.00309598 .00262689 

-2 .11012826 -.02096429 -.00383311 .00194671 

-1 .11676249 -.01100791 -.00427539 .00103199 

0 .11891391 0. -.00442282 0. 

1 .11576249 .01100791 -.00427539 -.00103199 

2 .11012826 .02096429 -.00383311 -.00194671 

3 .09907121 .02881759 -.00309598 -.00262689 

4 .08359133 .03351628 -.00206398 -.00295525 

5 .06368863 .03400882 -.00073714 -.00281452 

6 .03936311 .02924368 .00088456 -.00208144 

7 .01061477 .01816931 .00280112 -.00065672 

1 -. 02255639 -.00026582 .00501253 .00159490 

3 -.06015038 -.02711324 .00751880 .00478469 

DEGREE 	3 POLYNOMIAL 	21 	POINTS N= 	3 

PUINTS DERiVATIVE 

0 1 2 3 

-10 -.05590062 .02313508 .00564653 -.00329381 

-9 -.02484472 .00276052 .00395257 - .00131752 

-8 .00294214 -.01191054 .00243692 .00013869 

-7 .02745395 -.02151184 .00109959 .00113261 

-6 .04870873 -.02667709 -.00005944 .00172203 

-5 .0668846 -.02804002 -.00104015 .00196473 

-4 .08139915 -.02623434 -.60184255 .00191850 

-3 .09284080 -.02189378 -.00246664 .00164113 

-2 .10101340 -.01565205 -.00291242 .00119039 

-1 .10591697 -.00814239 -.00317989 .00062409 

1' .10755149 0. -.00326904 0. 

1 .10591697 .00814289 -.00317989 -.00062409 

2 .10101340 .01565205 -.00291242 -.00119039 

3 .09284080 .02189378 -.00246664 -.00164113 

4 .08139915 .02623434 -.00184255 -.00191850 

5 .06668846 .02804002 -.00104015 -.00196473 

6 .04810673 .02667109 -.00005944 -.00172203 

1 .02745995 .02151184 .00109959 -.00113261 

II .00294214 .01191054 .00243692 -.00013869 

9 -.02484472 -.00276052 . .00395257 .00131752 

10 -.05590062 -.02313508 .00564653 .00329381 

DEGREE 	3 POLYNOMIAL 	23 POINTS N= 	3 

POINTS DERIVATIVE 

0 1 2 3 

-11 -.05217391 .01995541 .00434783 -.00234114 

-10 - .02608696 .00412993 .00316206 -.00106415 

-9 -.00248447 -.00769231 .00208922 -.00009121 

-8 .01363354 -.01591162 .00112931 .00060809 

-7 .03726708 -.02092335 .00023233 .00106415 

-6 .05341615 -.02314280 -.00045172 .00130739 

-5 .06708075 -.02295531 -.00107284 .00136820 

-4 .07824087 -.02076619 -.00158103 .00127698 

-3 .08695652 -.01697578 -.00197628 .00106415 

-2 .09316770 -.01198439 -.00225861 .00076011 

-1 .09669441 -.00619236 -.00242801 	. .00039526 

3 .09813665 0. -.00248447 0. 

1 .09689441 .00619236 -.00242801 -.00039526 

2 .09316770 .01198439 -.00225861 -.00076011 

3 .06695652 .01697578 -.00197628 -.00106415 

4 .07826081 .02076619 -.00158103 -.00127698 

5 .06708078 .02295531 -.00107284 -.00136820 

6 .05341615 .02314280 -.00045172 -.00130739 

7 .03726708 .02092833 .00028233 -.00106415 

3 .01863354 .01591162 .00112931 -.00060609 

9 -.00248441 .00769231 .00208922 .00009121 

10 -.02608696 -.00412993 .00316206 .00106415 

11 -.05217391 -.01995541 .00434733 .00234114 
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DEGREE 	4 	POLYNOMIAL 	5 POINTS 	4= 	4 M= 	2 

PDINTS 
DEMIVATIVE 

0 1 2 3 4- 

-2 

-1 
-.00000000 .08333333 -.98333333 -.50000000 1.00000000 .00000010 -.66666667 1.33333333 1.00000000 - 4.00003000 C' 

1 
1.0000001 0. -2.5CO00000 0. 6.00000000 
.00000000 .66666667 1.33333333 -1.00000000 -4.00000000 

- 00000000 - .08333333 -.08333333 .50000000 1.00000000 

t)EGMFE 	4 	POLYNOMIAL 	7 POINTS 	N= 	4 8= 	3 

Pusrs 
DERIVATIVE 

0 1 2 3 4 

-3 .02164502 .08730159 -.09848485 -. 16666667 .2.7272727 
- -.12987013 -.26587302 .50757576 .16666667 -.63636364 -1 .32461532 -.23015873 -.14393939 .16666667 090909O9 0 .54709957 0. - .53030303 0. .54545455 1 .32467532 .23015813 -.14393939 -.16666667 .09090909 2 -.12987013 .26587302 .50757576 -.16666667 -.63636364 3 .02184502 -.08730159 -.09848485 .16666667 .27272127 

DEGREE 	4 POLYNOMIAL 	9 	POINTS 8= 	4 Ma 	4 

POINTS 
OERLVATIVE 

0 1 2 3 4 

-4 .03496503 .07239057 -.07342657 -.07070707 .09790210 -3 -.12320513 - .11952862 .21620047 .03535354 - .14685315 -2 .06993007 -. 16245791 .08799534 .08565657 -.07692308 -1 .31468531 -.10606061 -.12296037 .04545455 .06293706 
.41724942 . (. 	

. -.21581772 0 .12587413 1 .31468531 .10606081 -.12296037 -.04545455 .06293706 2 .06393007 .16245791 .08799534 -.0651,5657 -.07692303 3 -.12320513 .11952882 .21620047 -.03535354 -.14685315 4 .03496503 -.07239057 -.01342657 .070 (0707 .09790210 

DEGREE 	4 	POLYNOMIAL 	11 POINTS N= 	4 M 	5 

POINTS 
. DERIVATIVE 

0 1 2 3 4 

-S .04195804 .05827506 -.05244755 -.03496503 .04195804 -4 -.10489510 -.05710956 . 10139 860 .00699301 -04195804 
- -.02331032 	. -.10334110 .08508159 .0251,4103 -..04195804 -2 .13986014 -.09770785 .00059275 . .02680653 	-00499301 -1 .27972028 -.05749806 -.C7925408 .01631702 - .02797203 0 .33333333 0. - .11072261 0. .041°5804 1 .2(972C28 .05749806 -.07925408 -.01631702 .32797203 2 .13786014 .09770785 .00058275 -.02680653 -.00699301 3 -.02331002 .103341 10 .08508159 -.02564103 -.04195804 4 

5 
-.10489510 .05710956 .10139860 -.00699301 . -04195804 
.04195804 -.05827506 -.05244755 	. .03496503 .04195804 

DEGREE 	4 POLYNOMIAL 	13 POINTS 8= 	4 8= 	6 

POINTS 
DERIVATIVE 

0 1 2 3 4 

.04524887 .04714117 -.03789593 -.01923077 .02036199 -5 -.08144796 -.02747253 .05090498 -.00000000 -.01357468 -4 -.05553279 -.06568432 .06005759 .01048951 -.01974494 -3 .04524881 -.07475857 .C2166351 .01398601 -.01110654 -2 .16042781 -.05197969 --.01664262 .01223776 .00226244 -1 .248 j2Ol -.03453203 -.05169340 .00699301 . 01316331 0 .27848622 0. - .06478815 0. .01727684 1 .24631201 .03463203 -.05169340 -.00699301 .01316331 2 .16042781 .06191969 -.01664267 -.01223776 .00226244 3 .04524887 .07475857 .02766351 -.01398601 -.OIL1Ob54 4 -.05553270 .C6568432 .06005759 -.01049951 -.01974496 
-.08144796 .02747253 - .05090498 .00000000 -.01357466 6 .04524887 -.04716117 -.03789593 .01923077 .02036199 

DEGREE 	4 POLYNOMIAL 15 	POINTS N= 	4 M= 	1 

POINTS 
DERIVATIVE 

0 1 2 3 4 

-7 .34643063 .03867102 -.02799278 -.01143791 .01083591 
-6 -.06191950 -.01233271 .02670279 -.00163399 -.00454306 
-5 -.06358657 -.04234600 .04013853 .00439920 -.00940700 
-4 -.00357228 -.05486725 .02873700 .00729010 -.00762086 
-3 .09129641 - .05339486 .00503485 .00766717 -.00269545 
-2 .16237632 -.04142725 -.01781 719 .301,15887 .00271710 
-1 .21920804 -.02248283 -.03505434 .00339367 .00512238 
0 .23951590 0. - .04129771 0. .00818377 
1 .21920804 .02246283 -.03505434 -.00339367 .00672238 
2 .16237.632 .04142725 -.01781719 -.00615887 .00271710 
3 .08129641 .05339486 .00593485 -.00768711 -.00269545 
4 -.00357228 .05486727 .02873700 - .00729010 -.00762086 
5 -.06358657 .04234500 .04013853 -.30439920 -.00940700 
0 -.06191950 .01233271 .02670279 .00163399 -.00464396 
7 .04643963 -.031167102 -.02799278 .01143791 .01083591 

UCRL-19903 
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DEGREE 	4 POLYNOMIAL 	17 POINTS N= 	4 M= 	S 

POINTS OtRIVATIVE 

0 1 2 3 4 

-8 04643963 .03216374 -.02115583 -.00722394 .00619195 

-7 -.
.
04043963 -.00421397 .01431889 .00180599 -.00154799 

-6 -.06191951 -.32154878 .C2670279 .00180599 -.00464396 

-5 -.02736378 -.03998968 .02386481 .00386997 -.00464396 

-4 .03215051 -.04308566 .01246328 .00464396 -.00285782 

-3 .09881300 -.03878569 -.00205406 .00438596 - .00035723 

-2 .15718028 -.02893877 -.01545011 .00335397 .00202429 

-1 .19547535 -.01539388 -.C2469834 .00180599 .00369136 

0 .21028816 0. -.02798285 0. .00428073 

1 .19647535 .01539388 -.02469834 -.00180599 .00369136 

2 .15718028 .02893877 -.01545011 -.00335397 .00202429 

3 .09983306 .03378569 -.00205406 -.00438596 -.00035723 

4 .03215051. .04308566 .01246328 -.00464396 -.00285782 

5 -. 02786378 .03998963 .12386481 - .0038o997 - .00454396 

6 -.06191930 .02764818 .02670279 -.00180599 -.00464396 

7 -.04643963 .00421397 .01431889 .00180599 -.00154799 

8 .04643963 -.03216374 -.02115583 .00722394 .00619195 

DEGREE 	4 POLYNOMIAL 	19 POINTS NS 	4 M= 	9 

POINTS . DERIVATIVE 

0 	' 1 2 3 4 

-3 .04576659 .02711324 -.01633035 -.00478469 .00374454 

-8 -.03432494 .00025532 .00766244 -.00153490 -.00041606 

-7 -.05553520 -.01315931 .01792117 .00005672 -.00237399 

-6 -.03903621 -.02924368 .01853101 .00208744 -.00277169 

-5 .00242234 -.33400882 .61305796 .00281452 -.00216596 

-4 .05451609 	. -.03351628 .00448284 .00295525 -.00102791 

-3 .10634002 -.02881 759 -.00473268 .00262689 .00025698 

-2 .14941446 -.02096429 -.31267912 .00194571 .90138891 

-1 .17768205 -.01100731 -.01799255 .00103199 .00215312 

0 .18750841 0. -.0 1985462 0. .00242294 

1 .17768206 .01 100791 . -.01799255 -.00103199 .00215372 

2 .1.941446 	. .02096429 -.01267912 -.00194671 .00138891 

3 .19634902 .02881759 -.00473268 -.00262689 .00025598 

4 .05451609 .03351628 .00448284 -.00295525 -.00102791 

5 .00242294 .03400882 .01305796 -.00281452 -.00215596 

6 -.03303521 .02924368 .01853761 -.00208744 -.03277109 

7 -.05653520 .01816931 .01792117 -.00065672 -.00237399 

8 -.33432494 -.00026582 .00766244 .30159490 -.00041606 

9 .04576659 -.02711324 -.01633035 .00478469 . 	 .00374454 

300RF.E 	4 	POLYNOMIAL 	21 	POINTS N= 	4 M 	10 

POINTS DERIVATIVE 

0 1 2 3 4 

-10 .04472050 .02313508 -.01284585 -.00329381 .00237154 

-9 -.02484472 .00276052 .60395257 -.00131752 .00000000 

-8 -.05001635 -.01191054 .C1216975 .00011869 -.00124818 

-7 -.04315135 -.02151184 .01407669 .00113261 -.001o6424 

-5 - .01515297 -.02667709 .01167721 .00172203 -.00150516 

-5 .02452935 ' 	 - .02304002 .00670795 .00190473 -.00099365 

-4 .06789993 -.02523434 .00063831 .00191850 -.00031816 

-3 .10341532 -.02189378 -.00532924 .30154113 .00036711 

-2 .14099197 -.01555205 -.C1025975 .00119039 .03094225 

-1 .1o199055 -.00814289 -.01348524 .00062409 .00132160 

0 .16923254 0. -.01460493 0. .00145376 

1 .16199065. .00314289 -.01348524 -.00062409 .00132160 

2 .14099131 .01555205 -.0 1025975 -.00119039 .00094225 

3 .10841532 .02189378 -.00532924 -.00164113 .00036711 

4 .06789993 .02623434 .00063837 -.00191850 -.00031816 

5 .02452935 .02804002 .00670795 -.00195473 -.00099365' 

6 -.01515297 .02667709 .01157721 -.00172203 -.00150516 

7 -.04315135 .02151184 .01407569 -.00113261 -.00156424 

H - .05001535 .01191054 .01215975 -.00313869 -.00124818 

9 -.02484472 -.00276052 .00335257 .00131752 .00000000 

10 .04472050 -.02313508 -.01284585 .00329381 . 	 .00237154 

DEGREE 	4 POLYNOMIAL 	23 POINTS N= 	4 M. 	11 

POINTS DERIVATIVE 

.0 1 2 3 4 

-11 .04347826 .01995541 -.01027499 -.00234114 .00156076 

-10 -.01739130 .00412993 .00183271 -.00106415 .30014189 

-9 -.04347825 -.00769231 .00835614 -.00009021 -.00066890 

-8 -.04347,826 -.01591162 .01062464 .00060809 -.30101348 

-7 -.02517162 	' -.02092835 .00982764 .00106415 , -.00101831 

-6 .00457606 -.02314280 .60701461 .30130739 -.00079691 

-5 .03981593 -.02295531 .00309511 .00136820 -.00044486 

-4 . 07 5514 87 -.02076619 -.00116123 .00122698 -.00004481 

-3 .10755349 '-.01597578 -.00512474 .00106415 .00033605 

-2 .13272311 -.01198439 -.00830564 .00076011 .00064543 

-1 .14874142 -.00619236 -.01035411 .00039520 .00084599 

0 .15423341 0. -.01106026 0, .00091533 

1 .14874142 .00519236 -.01035411 	' -.00039526 , 	 .00084599 

2 .13272311 .01,1 98439 -.00830564 -.00076011 .00064543 

'3 .10755149 .01697578 -.00512474 -.00105415 .03033605 

4 .07551487 .02076619 -.00116123 -.00127698 -.00004481 

5 ' 	 .03981693 .02295531 .00309511 -.00136820 -.00044466 

6 .00457666 .02314280 .00701461 -.00130739 -.00079691 

7 -.02517162 .02092835 .00982764 -.00106415 -.00101881 

13 -.04367826 .01591162 .01052464 -.00060809 -.00101348 

9 -.04347826 .00759231 .00835614 .00003121 -.30966890 

10 -.01739130 -.60412993 .00183271 .00106415 .00014189 

11 .04347826 -.01995541 -.01027499 .00234114 .00156076 

UCRL-19903 

S 
	

6 

5 
	

6 

6 	
6 

S 
	

6 



-28-. UCRL-19903 

OEOKEE 	5 	POLYNOMIAL 	5 PoINrS 14= 	5 M= 	2 

POINTS . DERIVATIVE 

0 1• •  2 3 4 5 

-2 -. 30000000 .07109333 -.08333333 -.40812500 1.00009000 . -.36750000 

-1 .00000000 -.63200000 1.33333333 .74300000 -4.00000000 1.04000000 

C 1.00000000 0. -2.50000000 0. 6.00000000 0. 

1 .00000000 .63200000 1.33333333 -. 74000000 -4.00000000 -1.04000000 

7 -.00000000 -.07138333 -.08333333 .40812500. 1.00000000 .36750000 

DEGREE 	S 	POLYNOMIAL 	7 PJINTS 8= 	5 M= 	3 

PLHNTS . . DERIVATIVE 

0. 1 2 3 	. '. 

-3 .02164502 -.01666667 -.09848485 .12500000 .27272727 -.50000000 

-2 -.12987013 .15000000 . .50757576 -1.00000000 -.63636364 2.00000000 

-1 .32467532 -.75000000 -.14393939 1.62500000 .09090909 -2.50000000 

0 .56709957 0. -.53030303 0. .54545455 0. 

.324o7532 .75000000 -. 14393939 -1.62500000 .09090909 2.50000000 

2 -. 12997013 . -. 15000000 .50157576 1.00000000 -.63635364 -2.00000000 

3 .02164502 .01666667 -.00848485 -.12500000 .27272127 .50000000 

DEGISEE 	5 	POLYNOMIAL 	9 POINTS N= 	5 	.. M 	4 

POINTS . DERIVATIVE 

O . 	1 	. 2 3 4 5 

-4 .03436503 -. 02960373 -.07342657 .08741259 .09790210 -.15384615 

-3 -.12820513 . 	.16035571 .1620047 	. -.39947552 -.14685315 .42307692 

-2 .06993007 -.26445221 .08799534 .22377622 -.07692308 7.1538461.5 

-1 .31468531 -.33554779 -. 12296037 .40122318 .06293706 -.34615385 

0 .41724942 0. 	 ' -.21561772 0. • 12587413 0. 

1 .3146853.1 .33554779 -.12296037 -.40122378 .05293706 ' 	.34615385 

2 .06993007 .26445221 .08799534 -.22377622 -.07592308 .15384615 

3 -. 12820513. . 	-.16,095571 . .21620047 .39947552 -.14685315 -.42307692 

4 .03496503 .02950373 -.07342657 -.08741259 .09790210 .15384615 

DEGREE 	5 	POLYNOMIAL 11 	POINTS N= 	5 M= 	5 

POINTS . DERIVATIVE 

0 1 	. 2 3 . 4 . 5 

-5 	' .04105804 -.03339161 -.05244755 .05638112 .04195804 -.05769231 

-4 -.10489510 .12622378 .10139860 -.17569930 -.04195804 .11538482 

-3 -.02331002 -.07278555 .08508159 -.00480169 -.04195804 . 	.01923077 

-2 .139860.14 -.21993007 .00058275 .14860140 -.00699301 -.07692308 

-1 .27972028 -.17972028 -.07925408 .13811189 .02797203 -.07692308 

o ' 	.33333333 0. -.11072261 0. .04195804 0. 

1 .27972028 , 	.17.972028 -.07925408 -.13911189 .02797203 .07592308 

7 .13986014 .21993007 .00058275 -.14860140 -.00599301 .07592308 

3 -.02331002 .07278555 .08508159 .00480769 -.04195804 -.01923077 

4 -.10499510 -.12622378 .10130860 .17569930 -.04195804 -.11538462 

S 	' .04195504 ' .03339161 -.05244755 -.35638112 .04195804 .05769231 

UE,REE 	5 POLYNOMIAL 	13 POINTS 	14= 	5 M= 	6 

POINTS ' , DERIVATIVE 

0 1 2 3 '4 5 

-6 .04524837 -.03306938 -.03789533 .03676471 .02036199 -.02498688 

-5 -.08144796 .09287330 .05090498 -.08399321 -.01357466 .03733032 

-4 -.05553270 -.00004114 .06005759 -.03532497 -.01974496 .02036199 

-3 .04524887 . -.11487385 .02766351 .04198375 -.01.110654 -.01244344. 

-2 .16042781 -.15679761 -.01664267 .07841423 .00226244 -.02941176 

-1 .24681231 -.10758890 -.05169340 .05789798 .01316331 -.02262443 

0 .27348622 0. -.06478815 0. , 	.01127684 0. 

1 .24681201 .10756890 -.05169340 -.05789798 .01316331 .02262443 

2 .16042781 .15679761 -.01664267 -.07841423 .00226244 .02941176 

3 .04524887 .11437385 .02766351 -.04138375 -.01110654 .01244344 

4 -.05553270 .00004114 .06005759 .03532491 -.01974496 -.02036199 

5 -.08144796 -.09287330 .05090498 .08399321 -.01357466 -.03733032 

6 .04524887 .03306938 -.03789593 -.03676471 . 	.32036199 ' 	.02433688 

DEGREE 	5 POLYNOMIAL 15 POINTS N= 	5 M 	7 

POINTS . 	, . ' . 	 DERIVATIVE 

0 	' 1 2 3 4 S 

-7 .04643963 -.03109907 -.02799278 .02455170 .01083591 -.01131950 

-6 ' 	-.05191950 .06740454 .02670279 -.04237926 -.00464396 .01362229 

-5 -.06358657 .02539069 .04013353 -.33009724 -.00940700 .01165754 

-4 -. 003512&3 - .05190043 .02873700 .00570374 -.00762086 .00352393 

-3 .08129641 -.10573086 .00593485 , .03474339 -.00269545 - .00394261 

-2 .16237632 -.11112765 -.01781719 .04221243 .00271710 -.01190760 

-1 .21920804 -.06951060 -.03505434 .02772982 .00612238 -.00903163 

0 .23951590 0. -.04129771 0. .00818377 0. 

1 .21920804 .06951060 -.03505434 -.02772982 . 	.30672238 .00803763 

2 .16237632 .11112765 -.01781719 -.04221243 .00273710 .31190760 

3 .09129641 .10573986 ' 	.00593455 -.03474339 -.00289545 .30894261 

4 -.00357228 .05180)43 . 02873700 -.00510374 -.00762086 -.00052393 

5 	. -.06358651 -.02589069 .04013853 . 	.03089724 -.00940700 -.01165754 

6 -.06191950 - .06740454 .02670279 .04287926 -.00464396 -.01362229 

7 .04643963 .03109907 -.C2799278 -.02465170 .01063591 .31191050 

6 

6 

A 

6 

6 

6 



• 	
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JEGIIEE S PULYNCIMIAL 	17 POINTS 	N= 5 	M= 8 

	

PINTS 	 UERIVATIVE 

	

0 	 1 	 2 	 3 	 4 	 5 
	

6 

	

-44 	 .04643963 	-.32958617 	-.02115583 	 .01702786 	 .00619195 	-.00619195 

	

-7 	-.04643963 	 .04894221 	 .01431989 	-.02302632 	-.00154799 	 .00541196 

	

-6 	-.06191350 	 .03310114 	 .02670279 	-.02244582 	-.00464396 	 .00619195 

	

-5 	- .02786370 	-.01720846 	 .02386481 	-.00522446 	-.00464396 	 .00232198 

	

-4 	 .03215051 	-.06411441 	 .01246320 	 .01303882 	-.00285782 	-.00014337 

	

-3 	 .09483306 	-.08726879 	-.00205406 	 .02374017 	-.00035723 	-.30494165 

	

-2 	 .151113028 	-.013034254 	-.01545011 	 .02381473 	 .00202429 	-.00523934 

	

-1 	 .19647535 	-.04752124 	-.02469834 	 .01463146 	 .00369136 	-.00327459 

	

0 	 .210214816 	0. 	 -.02798285 	0. 	 .00428673 	0. 

	

1 	 .19647535 	 .04752124 	-.02469834 	-.01463146 	 .00369136 	 .00327459 

	

2 	 .157180014 	 .08034254 	-.C1545011 	-.02337473 	 .00202429 	 .00523934 

	

3 	 .09884306 	 .08726379 	-.00205406 	-.02374077 	-.00035723 	 .00494165 

	

4 	 .03215051 	 .06411447 	 .01246328 	-.01303882 	-.00285782 	 .00214337 

	

5 	-.02786378 	 .01720846 	 .02336481 	 .00522446 	-.00464396 	-.00232198 

	

6 	-.06191950 	-.03310114 	 .02670279 	 .02244582 	-.00464396 	-.00619195 

	

7 	-.04643963 	-.04804221 	 .01431889 	 .02302632 	-.00154799 	-.00541796 

	

8 	 .04643963 	 .020513617 	-.C2115583 	-.01702786 	 .00619195 	 .00619195 

DEGREE 5 POLYNOMIAL 	19 POINTS 	Nz 5 	M= 9 

	

POINTS 	 DERIVATIVE 

	

0 	 1 	 2 	 3 	 4 	 5 
	

6, 

	

-9 	 .34575659 	-.02601415 	-.01633035 	 .01209174 	 .00374454 	-.00343249 

	

-8 	-.03432494 	 .03568401 	 .00766244 	-.01284585 	-.00041606 	 .00228833 

	

-7 	-.05653520 	 .03287465 	 .01792117 	-.01555789 	-.00237399 	 .00329789 

	

-6 	-.03903621 	 .00036601 	 .01853761 	-.00750896 	-.00277169 	 .00195181 

	

-5 	 .00242294 	-.03557139 	 .01305796 	 .00331089 	-.00216556 	-.00010096 

	

-4 	 .05551609 	-.06164254 	 .00448284 	 .01188983 	-.00102791 	-.00181720 

	

-3 	 .10634002 	-.06936527 	-.00413268 	 .01569785 	 .00025698 	-.00265850 

	

-2 	 .14941446 	-.35950768 	-.01267912 	 .01419040 	 .00138891 	-.00249024 

	

-1 .17768206 	-.03392561 	-.01799255 	 .00831202 	 .00215372 	-.00148068 

	

0 	 .10750841 	0. 	 -.01985462 	0. 	 .00242294 	0. 

	

1 	 .177613206 	 .03392561 	-.01799255 	-.00831202 	 .00215372 	 .00148068 

	

2 	 • 14941440 	 .03950768 	-.01267912 	-.01419040 	 .00138091 	 .00249024 

	

3 	 .10634002 	 .06996527 	-.00473268 	-.01569785 	 .00025693 	 .00265850 

	

4 	 .05451609 	 .06164254 	 .00448284 	-.011138983 	-.00112791 	 .00181720 

	

5 	 .00242034 	 .03557137 	 .01305796 	-.00331089 	-.00216596 	 .00010096 

	

6 	-.03903621 	-.00096601 	 .01853761 	 .30750896 	-.00217169 	- .00195181 

	

7 	-.05653520 	-.03287465 	 .01792117 	 .01555789 	-.03231399 	-.00329149 

	

8 	-.03432494 	-.03548407 	 .00766244 	 .01284585 	-.00041606 	-.00228833 

	

0 	 .04576659 	 .02601415 	-.01633035 	-.01209174 	 .00374454 	 .00343249 

OEGREE 5 POLYNOMIAL 	21 POINTS 	0= 5 	14= 10 

	

P03975 	. 	 DERIVATIVE 

	

0, 	 1 	 2 	 3 	 4 	 5 
	

4, 

	

-10 	 .04472050 	-.02358468 	-.01284585 	 .004380207 	 .00237154 	-.00200669 

	

-3 	-.02484472 	 .02612040 	 .00395257 	-.00736546 	 .00000000 	 .00100334 

	

-8 	-.05901635 	 .02989134 	 .01216975 	-.01068394 	-.00124818 	 .00179546 

	

-7 	-.04315136 	 .31004449 	 .01407669 	-.00103741 	-.00166424 	 .00135540 

	

.- 	 -.01515297 	-.01717885 	 .01167121 	-.00013709 	-.00150516 	 .00040796 

	

-5 	 .02452935 	-.040135299 	 .00670795 	 .00528204 	-.00049365 	-.00055034 

	

-4 	 .36789993 	-.05460851 	 .00063837 	 .00926465 	-.00031816 	-.00121372 

	

-3 	 .10841682 	-.05587288 	-.00532924 	 .01043841 	 .00035711 	-.00145946 

	

-2 	 .14099107 	-.04511105 	-.01025975 	 .00881741 	 .00094225 	-.00126531 

	

-1 	 .16199065 	-.02506614 	-.01348524 	 .00500557 	 .00132160 	-.00012688 

	

0 	 .16923254 	0. 	 -.01460493 	0. 	 .00145326 	0. 

	

I 	 .16199005 	 .02506614 	-.01348524 	-.00500557 	 .90132160 	 .00072688 

	

2 	' 	.14099197 	 .34511105 	-.01025375 	-.00881741 	 .00034225 	 .00126531 

	

3 	 .10341682 	 .C5587288 	-.00532924 	-.01043841 	'.00036711 	 .00145946 

	

4 	 .06799993 	 .05460851 	. .00063837 	-.00926465 	-.00031816 	 .00121372 

	

5 	 .02452935 	 .04085299 	 .00670795 	-.00528204 	-.00099365 	 .00055034 

	

6 	-.01515297 	 .01 11 7885 	 .01167721 	 .00073709 	-.00150516 	-.30040796 

	

7 	-.04315136 	-.01004449 	 .01407669 	 .00703141 	-.00166424 	-.00135540 

	

8 	-.05001635 	-.02989134 	 .01216975 	 .01068394 	-.00124818 ' ' 	-.00179545 

	

9 	-.02404412 	-.02612040 	 .00395257 	 .00736546 	 .00003000 	-.00100334 

	

10 	 .34472050 	 .023514468 	-.01284585 	-.001480201 	 .00237154 	 .00000669 

DEGREE 5 POLYNOMIAL 	23 POINTS 	N= 5 	4 El 

	

POINTS 	 QERIVATIVE 

	

0 	 1 	 2 	 3 	 4 	 5 
	

6 

	

-II 	 .04347426 	-.02137124 	-.01027499 	 .00654961 	 .00156016 	-.00122631 

	

-10 	-.01739130 	 .01915780 	 .00183271 	-.00429715 	 .00014189 	 .00044593 

	

-3 	-.04347826 	 .02610040 	 .00835614 	-.00736546 	-.000661390 	 .00100334 

	

-8 	-.04347826 	 .01414412 	 .01062464 	-.00585191 	-.00101348 	 .00039186 

	

-7 	-.02517162 	-.00570274 	 .00982764 	-.00221139 	-.00101081 	. 	.00045L80 

	

-6 	 .00457666 	-.02551542 	 .00701451 	 .001 81786 	-.00079691 	-.00007041 

	

-5 	 .03981693 ' 	-.04015826 	 .00309511 	 .00506913 	, -.000.4486 	-.03051047 

	

-4 	 .07551487 	-.04686723 	-.00106123 	 .00689219 	-.00004481 	-.00017451 

	

-3 	 .10155149 	-.04485643 	-.00512474 	 .00706222 	 .00033605 	-.00082732 

	

-2 	 .13272311 	-.03492167 	-.00430564 	 .00569469 	 .00064543 	-.30068063 

	

-1 	 .14874142 	-.01904514 	-.01035411 	'.30316032 	 .00084599 	-.00039139 

	

0 	 .15423341 	0. 	 -.01106026 	0. 	 .00091533 	0. 

	

1 .14874142 	 .01904514 	-.01035411 	-.00316032 	 .00084599 	 .00038139 

	

2 	 .13272311 	 .03492167 	-.00830564 	-.00559469 	 •C'0064543 	 .00368063 

	

3 	 .10755149 	 .34485643 	-.00512474 	-.00706222 	 .00033805 	 .00082732 

	

4 	 .07551487 	 .04686723 	-.70116123 	-.00689219 	-.00004481 	 .30077451 

	

5 	 .03981693 	 .04015826 	 .00309511 	-.00506913 	-.00044436 	 .00051047 

	

6 	 .00457606 	 .02551542 	 .00101461 	-.00181786 	-.00079691 	 .00007041 

	

7 	-.02017162 	 .01)570274 	 .00982764 	 .00221139 	-.03101881 	' -.00045180 

	

8 '  -.34347826 	-.01414412 	 .01062464 	 .00585791 	-.00101048 	-.00089186 

	

7 	-.04347826 	-.02612040 	 .00835614 	 .00736546 	-.00046890 	-.00100334 

	

10 	-.01739130 	-.01915780 	 .00183271 	 .00429715 	 .00314189 	-.00044593 

	

11 ' 	' .04347326 	 .02137124 	-.01027499 	-.00654961 	 .00158016 	 .00122631 



-30- UCRL-19903 

0E94.EE 	6 	POLYNOMIAL 	7 POINTS N= 	6 4- 	3 

POINTS DERIVATIVE 

0 1 2 3 4 5 6 

-3 .00000000 -.01666667 .IIULIII .12500300 -.16666661 -.50030000 1.00000000 

-2 -.00000)00 .15000006 -.15000000 -1.00000000 2.00000000 2.00000000 -6.00000000 

-1 .00000000 -.75000000 1.50000000 1.62500000 -6.50000000 -2.50000000 15.00006.300 

0 1.00000000 13. -2.72222222 0. 9.33353333 0. -20.00000000 

1 .00100000 .75000000 1.50003000 -1.62500000 -6.50000030 2.50000000 15.00000000 

7 - .30000000 -. 15000000 -. 15000000 1.00000000 2.00300000 -2.00000000 -6.00000000 

3 .30000000 .01666687 .01111111 -.10500000 -.16666667 .50000000 1.00000000 

OE(.VEE 	6 	POLYNOMIAL 	9 	POINTS N= 	6 M 	4 

PUINTS DAIVATIVE 

0 1 2 3 4 5 6 

-4 -')0543701 . -02960373 . .02952829 .08141259 -.11623932 -.15334615 .26666667 

-3 .34351204 .16005511 -.21709920 -.39047552 .16324786 .42301692 -1.13333333 

-2 -.15229215 -.26445221 .64873608 .22377622 -1.25470085 -.15334615 1.46666667 

-1 .90458430 -.33554719 -.09747216 .4012231.3 .00940171 -.34615385 .06666661 

0 .61926962 0. -.12538203 0. 1.19658120 0. -1.33333333 

1 .30459430 .33554779 -.09741216 -.40122378 .00940111 .34615395 .06666661 

2 -.15229215 .26445221 .64873608 -.22317622 -1.25410085 .15384615 1.46666667 

3 .04351004 -.16095571 -.21709920 .39947552 .16324786 -.42307692 -1.13333333 

4 -.30543901 .02966313 .02952629 -.08741259 -.11423932 .15334615 .26666667 

- DEGREE 	6 	POLYNOMIAL 	11 	POINTS N= 	6 M. 	5 

1111315 DERIVATIVE 

0 1 2 3 4 5 6 

-5 -.01151780 -.03339161 .03142054 .05638112 -.06000452 -.05769231 .09823520 

-4 .30622780 .12622378 -.16697930 -.17569930 .31312217 .11538462 -.28235294 

-3 -.12669693 -.01278555 .24722656 -.00480769 -.25648561 .01303017 .11053824 

-2 .01151789 -.21393007 .20186517 .14860140 -.21330317 -.37692308 .21116471 

-1 .322501.03 -.17972(328 -.14634355 .13811189 .11674208 -.07692308 -.07658824 

0 ..7593583 . 	 0. -.33431086 0. .33785822 C. -.23520412 

1 .52250103 .17912028 -.14634455 -.13.311189 .11674204 .01692308 -.31054324 

2 .01151739. .21003007 .20136617 -.14861140 -.21330311 - 	 .37692308 .21116471 

3 -.12669883 .07278105 .24722656 .00480769 -.25644567 -.01923077 .17258824 

4 .06622189 -.12622378 -.16697930 .17569930 .31312217 -.11538662 -.28235294 

9 -.01161749 .03309161 .03142054 -.05638112 -.06900452 .01769231 .33823529 

DEGREE 	6 	POLYNoMIAL 13 POINTS 9 	6 M 	6 

POINTS DARIVAIISE 

0 1 2 3 4 5 6 

-S -.01667084 -.03306338 .02904004 	. .03616471 -.04104152 -.02488689 .03405573 

-6 .01335080 .00281330 -.11644968 -.08399321 .13953411 .03733032 -.08513032 

-4 -.07304089 -.00004114 .08440009 -.03532497 -.04201351 .02036199 .01238390 

-3 -.07517862 -.11487385 .15850443 .04198375 -.13112249 -.01244344 .06656347 

-2 .09353836 -.15619161 .05029919 .07841423 -.05314107 -.02941176 .03405513 

-1 .30310247 -.10756090 -.11254965 .05789798 .06898468 -.02262443 -.03005075 

0 .39106714 0. -.18859063 0. .12891988 0. -.06191950 

1 .30310247 .10756990 -.11254965 -.05189798 .06908468 .02262443 -.03095915 

2 .03350830 .15619761 .05029919 -.01841423 -.35014107 .02941116 .03405573 

3 -.07577562 .11487385 .15850443 -.04198315 -.13112249 .01244344 .38656347 

4 -.0730488 .00004114 .08440000 .03332497 -.04207351 -.02036109 .01238300 

5 .07335080 -.03287330 -.11644968 .08309321 .13393411 -.03733032 -.08513032 

5 -.01667064 .03306038 .02904594 -.03676471 -.04104152 .02488608 .03405573 

DEGREE 	6 	POLYNOMIAL 	15 	POINTS N= 	6 M= 	7 

POINTS DESIVATIVE 

0 1 2 3 4 . 5 6 

-7 -.02063983 -.03109007 .02527577 .02465170 -.02516340 -.01101950 .01475748 

-8 .07221942 .06740454 -.07983431 -.04247026 .06735466 .01362229 -.02951406 

-5 -.33718677 - 	 .02583069 .01965062 -.03080724 .00443880 .01165154 -.00567595 

-4 -.08613162 -.06186043 .00420829 .00570374 -05102171 00050303 .01816305 

-3 -.01111376 -.10573986 . .07931880 .03474339 -..05228890 -..00894261 .02033024 

-0 .13092197 -.11112165 .00080817 .04221243 -.00081007 -.01190760 .00515006 

-1 .21784393 -.06951060 -.08161716 .02712982 .03419031 -.00303763 -.91283990 

0 .33333333 

D. 
-.11579918 0. .05953245 0. -.02063983 

1 .27784303 .66951060 -.08161776 -.02172982 .09319031 .00333763 -.01289990 

2 .13892197 . 	 .11112765 .00680817 -.04221243 -.00987007 .01190760 .00815996 

3 -.01111376 .10573986 .07031880 -.03474339 -.05228890 .00894261 .02033324 

4 -. 38413162 .05180043 .09429829 -.00570314 -.05192771 -.30052393 .01816305 

5 -.03118677 -.02539089 .01965062 .03089124 .00443889 . 	 -.01165754 -.00561505 

6 .07223942 - .06740484 - .07983431 .04287926 .06135466 -.31362229 -.02951496 

1 -.02063993 .03108907 .2527577 -.32465170 -.02516340 .0U91930 .01475148 

- DEG9EE 	6 POLYNOMIAL 	11 POINTS N 	6 M. 	.3 

POINTS - DERIVATIVE 

0 1 2 3 4 5 6 

-8 -.02355633 -.02858617 .02150282 .01102786 -.01597344 -.30619195 .30699960 

-7 .36730381 .04894221 -.05500142 -.02302632 .03447077 .00541796 -.01131434 

-6 -.00942253 .03310114 -.00529120 -.02244582 .01198008 .00619195 -.00524970 

-5 -.07181125 -.31720846 .05052647 -.00522446 -.01849733 .00232194 .06437475 

-4 -.05399836 - -.06411447 .06496624 .31303882 -.03013830 - .00214337 .00861439 

-3 .03624651 -.09726879 .03609262 .02374077 -.02017820 -.00494165 .00625325 

-2 .15583420 -.08034254 -.01462975 .02387473 .00159803 -.00523934 .00013461 

-1 .25368359 -.04152124 -.05956358 .01463146 .02180730 -.00321459 -.00512082 

0 .29105274 0. -.07720437 0. .02986218 - 0. .00807648 

.28368319 .04752124 -.05056358 -.01463146 .02180730 .00321459 -.00572082 

2 .15533420 .05034254 -.01462915 -.02387473 .00159803 .00523934 .00013461 

3 .03624051 .08126379 .03609262 -.02374077 -.72017820 .00494165 .00625925 

4 -.05339836 .06411447 .06496624 -.01303882 -.C3013830 .30214337 .00861480 

5 -.07161125 .01720346 .05052647 .00522446 -.01849733 -.00232198 .00437475 

6 -.00942253 -.03310114 -.00529120 .02244582 .01104509 -.00619195 -.00524970 

1 .06130331 -.04894221 -.05500142 .02302630 .03447071 -.00541796 -.03137434 

8 -.02355633 .02858817 .02150282 -.01 702786 -.01537344 .00619198 .00609960 

-J 

I 
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DEGR1E 	6 	POLYNOMIAL 	19 POINtS N= 	6 M= 	9 

POINTS DERIVATIVE 
0 I 2 3 4 5 6 

-3 -.02562929 -.02601415 .01816323 .01209114 -.01048055 -.00343249 .00356979 
-8 .06086957 .035684C7 -.03832901 -.01284585 .01855012 .00228833 -.00415973 
-7 .00926100 .03287465 -.01386704 -.01555789 .01013541 .00329789 -.00328981 
-6 -.05163548 .00096601 .02462471 -.00150896 -.00528200 .00195181 .00062996 
-5 -.06407323 -.03557139 .04518434 .00331089 -.01541482 -.00010096 .00332481 
-4 -.01827971 -.06164254 .03965217 .01198983 -.01553192 -.00181720 .00363919 
-3 .06708844 -.06996527 .01423099 .01569785 -.00756360 -.00265850 .00196258 
-2 .16093637 -.05950768 -.01824596 .C1419040 .00368466 -.00249024 -.00051612 
-1 .23217122 -.03392561 -.04431 797 .0031202 .01301028 -.00143068 -.00272446 
0 .25858124 3. 	 . -.05419213 0. .01658366 0. -.00355364 

.23211122 .03392561 -.04431 191 -.00831202 .01301028 .00148068 -.00272446 
2 .16093687 .05950768 -.01824596 -.01419040 .00368466 .00249024 	. -.00057612 
3 .06708844 .06996521 .01423099 -.01569785 -.00756360 .00265850 .00196258 
4 -.01821911 .06164254 .03965277 -.01188983 -.01553192 .00181120 .00363919 
5 -.00401323 . 	 .03557139 .04518434 -.00331089 . 	 -.01541482 .00010096 .00332481 
6 -.05163548 -.00096601 .02462471 .00150896 -.00528200 -.00195181 .00062996 

.3092610C -.03287465 -.01386104 .01555189 .01073541 -.00329789 -.00328981 
8 .06086951 -.03568407 -.03832901 .01234585 .01355072 - .00228833 -.00475973 
9 -.02562929 	. .02601415 .01816323 -.01209174 . 	 -.01048055 .00343249 .00356979 

DEGREE 	6 	POLYNOMIAL 	21 	POINTS N= 	6 M= 	10 

POINTS . DERIVATIVE 
0 1 2 3 4 5 6 

-10 -.02705314 -.02358468 .01534134 .00880207 -.00109535 -.00200669 .00103231 
-9 .05410628 .02612040 -.02105334 -.00736546 .01040258 .00100334 . -.0C212560 
-8 .02100178 .02989134 -.01512073 -.01068394 .00910916 .00179546 -.00191203 
-7 -.03295195 .01004449 .01007115 -.00703741 -.00032031 .00135540 -.00027460 
-6 -.05955041 -.01717885 .02911312 -.00313709 -.00735496 .00040796 .00119532 
-5 -.04296675 -.04035299 .03321525 .00523204 -.00988693 -.00055034 .00181720 
-4 .01136986 	. -.05460851 .02283905 .00926465 -.00776656 -.00121872 .00152196 
-3 .08618477 -.05587288 .00340181 .01043841 -.00256218 -.00145946 .00059856 
-2 . 	 .16005743 -.04511105 -.01174725 .00881741 .00345433 -.00126531 -.00051330 
-1 .21340991 -.02506614 -.03367878 .00500557 .00800660 -.00072638 -.00138436 
0 . 	 .23278443 0. -.03956324 0. .00982 735 0. -.00171101 

.21340991 .02506614 -.03367878 -.00500557 .00309660 .00072688 -.00138436 
2 .16005143 .04511105 -.01774725 -.00881741 .00345433 .00126531 -.00051330 
3 .08618477 .05587288 .00340181 -.01043841 -.00256218 .00145946 .00059856 
4 .01136986 . 	 .05460851 .02233905 -.00926465 -.00776656 .00121872 .30152196 
5 -.04296675 .04055299 .03321525 -.00528204 -.00988693 .00055034 .00181720 
6 -.05955041 .01717885 .02911312 .00073709 -.00735496 -.00040796 .00119532 
7 -.03295195 -.01004449 .01007115 .00703141 -.00032037 -.00135540 -.00027460 
8 .02100178 -.02989134 -.01572073 .01068394 .00810916 -.00179546 -.00191203 
9 .05410628 -.02612040 -.02705334 .00736546 .01040258 -.00100334 -.00212560 

10 -.02705314 .02358468 .01534134 -.00880201 -.00738535 .00200669 .00193237 

DEGREE 	6 POLYNOMIAL 	23 	POINtS N= 	6 M= 	11 

POINTS . . 	 DERIVATIVE 
0 1 2 . 	 3 4 5 6 

-11 -.02798601 -.02137124 .01300059 .00654961 -.00491934 -.00122631 .00109945 
-10 .04157621 ...01915780 -.01932691 -.00429715 .00603288 .00044593 -.00099950 
-9 .02798601 .02612040 -.01491945 -.00736546 .0.0581120 .00100334 -.00109945 
-8 -.01749125 .01414412 .00216079 -.00585791 .00134292 .00089186 -.00039980 
-7 -.04944896 -.00510274 .01773465 -.00221139 -.00322019 .30045180 .00037350 
-6 -.05081670 -.02551562 .02505597 .00181186 -.00581976 -.00007041 .00085221 
-5 -.02022211 -.04015826 .02264975 .00506913 -.00588902 -.00051047 .00092369 
-4 .03375866 -.04686723 .01243857 .00689219 -.00383109 -.00077451 .00064240 
-3 .09747448 -'.04485643 -.00184210 . .00706222 -.00051769 -.00082732 .00015503 
-2 .. 15617578 -.03492167 -.01594407 .00569469 .00271202 -.00068063 -.00036081 
-1 .19711506 -.01904514 -.02610919 .00316032 .00523232 -.00033139 -.00074421 
0 	. .21175883 0. -.02979602 0. .00613151 0. -.00098501 
1 	. .19711506 .01904514 -.02610919 -.00316032 .00523232 .00038139 -.00014421 
2 .15617578 .03492167 -.01594407 -.00569469 . 	 .00277202 .00068063 -.00036081 

P 	
3.09747448 .04485643 -.00184270 -.00106222 -.00051160 .00082732 .00015503 
4 .03375866 .04696723 .01243857 -.30680219 -.00383109 .00071451 .00064240 
5 -.32022271 .04015826 .02264975 -.00506913 -.00583902 .00051047 .00092369 
6 -.05081670 .02551562 .02505597 -.00181786 -.00581976 .00007041 .00085221 
7 	- -.04944896 .00570274 .01773465 .00221139 -.00322018 -.00045180 .00037350 
8 -.01149125 -.01414412 	. .00216079 .00585791 .00134292 -.00089186 -.00039980 
9 .02790601 -.02612040 -.01491945 .00736546 .00581120 -.00100334 -.00109945 

10 .34757621 -.31915780 -.01932691 .00429715 .00603288 -.00044593 -.00099950 
11 -.02798601 .02137124 .01300059 -.00654961 -.00491914 .00122631 .00109945 
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Appendix C 

Computer program for smoothing and differentiation of data 

The smoothing program, in the form of a subroutine, is reproduced below. 

It is a more generalized form of the program given by Savitzky and Golay. 1  NDATA 

is the input array of N points which is to be smoothed or differentiated. CONF 

is the array of NP convolution factors. These four variables are set by the main 

program for input to the subroutine. OUTDAT is the array of M smoothed (or 

• differentiated) data points as calculated by the subroutine. 

• 	 Because the dimension of the array IPOINT is set at 50, NP must beless 

than 50. If smoothing is desired over m6re than 50 points The dimensiOn of IPOIN 

can be increased. 

4 
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O SUBROUTINE SMOOTH(N,INCATA,M,OUTDAT,NP,CONF) 
C 
C THIS SUBROUTINE 	SMOOTHS DATA CVER NP PCINTS 
C 
C N=NUMBER OF RAW CATA 	INPUT 	POINTS 
C INDATA=ARRAY OF N INPUT DATA POINTS 
C 
C M=NUMBER OF SMOOTHED DATA PCINTS=N-NP+1 
C OUTDAT=ARRAY OF M SMCCTHED POINTS 

C NP=NUMBER OF PCINTS OVER WHICH CONVOLUTION IS PERFORMED 
C CONF IS THE ARRAY OF CONVOLUTING FACTORS 
C 

002715 DIMENSION 	INOATA(N),OU7DAT(N),CONF(NP),IPGINT(50) 
0C2715 INTEGER CUTDAT 
002715 INIT 	= 
002717 SUM = 0. 
002720 = M=N+ 1-NP 
002721 DO 	10 	1 	= 2 9 NP 
002727 J=I-1 
002730 10 IPCINT(I) 	= 	INDATA(J) 
002133 Co 	ioo 	I 	= 1,M 
002740 NPMI = NP - I 
002741 J 	= 	I 	+ NPMI 
002743 00 20 K = 1,NPMI 
002751 KA = K + 1 
002752 20 IPCINT(K) 	= 	IPCINT(KA) 
002755 IPCINT(NP) 	= 	IN0ATA(J 
002763 00 30 L = 	1 9 NP 
002771 30 SUM = 	SUM + CONF(L) 	* 	IPOINT(L) 
003000 OUTDAT(I+INIT) 	= 	SUM 
003003 SUM = 0. 
003004 100 CONTINUE 
003006 DO 	120 	I 	= 	1,INIT 
003012 120 OUTOAT(I) 	= 0 
003014 NEXT = N + INIT + 1 
003022 00 	140 	1 = NEXT,N 
003026 140 OUTDAT(I) 	= 0 
003030 RETURN 
003030 END 
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This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any in formation, 
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or 
Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such con tractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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