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Effects of discreteness of chorus waves on quasilinear
diffusion-based modeling of energetic
electron dynamics
Xin Tao1,2,3, Jacob Bortnik1, Jay M. Albert4, Richard M. Thorne1, and Wen Li1

1Department of Atmospheric and Oceanic Sciences, University of California, Los Angeles, California, USA, 2CAS Key
Laboratory of Geospace Environment, Department of Geophysics and Planetary Sciences, University of Science and
Technology of China, Hefei, China, 3Mengcheng National Geophysical Observatory, School of Earth and Space Sciences,
University of Science and Technology of China, Hefei, China, 4Air Force Research Laboratory, Space Vehicles Directorate,
Kirtland Air Force Base, Albuquerque, New Mexico, USA

Abstract Chorus waves are typically observed as a series of discrete, narrowband rising or falling tone
elements, as opposed to a continuous uniform band, as it is often modeled. The effects of this discreteness
on the applicability of quasilinear theory to interactions between electrons and parallel-propagating
chorus waves in a dipole field are investigated using test particle simulations. Previous work indicated
that quasilinear theory might not be directly applicable, because chorus elements are coherent or
quasi-coherent. Nonlinear processes such as phase trapping and bunching were demonstrated by
modeling a chorus element using a single wave. Here we represent a chorus wave field with a series of
coherent elements with subpacket structures using a previously developed method involving test particle
simulations to explore the applicability of quasilinear theory. By comparing electron distribution functions
from test particle simulations and quasilinear predictions, we demonstrate that, besides the wave
amplitude, the discreteness of chorus waves also affects the applicability of quasilinear theory. When
chorus elements are close to each other and the wave amplitude is small, quasilinear theory can well
describe the evolution of the electron distribution. However, when chorus elements are widely separated
in space and time, the discreteness of chorus might reduce the possibility of resonant interactions between
electrons and chorus. Nonlinear effects of chorus waves on electrons are also shown using the current
model. The method presented in this work should be helpful for investigating the applicability of
quasilinear theory in general situations. Our results should be important to understanding and modeling
electrons dynamics due to interactions with chorus.

1. Introduction
Chorus waves are whistler mode emissions frequently observed in planetary magnetospheres
[Burtis and Helliwell, 1976; Hospodarsky et al., 2008]. Observations have shown that chorus consists
of a series of elements rising or falling in frequency [Burtis and Helliwell, 1976; Santolík et al., 2003; Tsurutani
et al., 2009]. The spectrogram of chorus frequently exhibits a power minimum around half of the equatorial
electron cyclotron frequency, dividing chorus waves into an upper band and a lower band [Tsurutani and
Smith, 1974].

There is now considerable interest in understanding how chorus waves affect energetic electron dynamics
in the inner magnetosphere. Previous research has shown that chorus can stochastically accelerate ener-
getic electrons into the MeV energy range, enhancing relativistic electron fluxes by an order of magnitude
within about 1 day in the outer radiation belt [Horne et al., 2005a, 2005b; Reeves et al., 2013; Thorne et al.,
2013; Hajra et al., 2014]. Loss of relativistic electrons in the form of MeV electron microburst has also been
associated with interactions between electrons and chorus [Thorne et al., 2005; Kersten et al., 2011; Lorentzen
et al., 2001; O’Brien et al., 2004; Saito et al., 2012]. Storm time convection [Gonzalez et al., 1994] can transport
plasma sheet electrons into the inner magnetosphere. Pitch angle scattering of these energetic electrons by
chorus can form frequently observed electron pancake distributions [Su et al., 2009; Tao et al., 2011a] and
generate the diffuse aurora [Thorne et al., 2010] and the pulsating aurora [Nishimura et al., 2010].

Quasilinear theory has been the major tool to model the effects of chorus on energetic electrons by ignoring
the fine structures in the waves. The average wave power spectrum obtained from observation is used to
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calculate quasilinear diffusion coefficients, which are required to solve the quasilinear diffusion equation to
model the evolution of electron phase-space density [Horne et al., 2005a; Li et al., 2007; Tao et al., 2008; Albert
et al., 2009; Xiao et al., 2010; Subbotin et al., 2010]. For example, Horne et al. [2005a] used quasilinear the-
ory to estimate the acceleration time-scale of MeV electrons in the outer radiation belt due to interactions
with chorus and found consistency with observations. Albert et al. [2009] have performed three dimensional
modeling of radiation belt electron dynamics using quasilinear theory and found that chorus can produce
enhanced phase space density frequently observed in the recovery phase of storms.

One of the basic assumptions of quasilinear theory is that the wave field is broadband and incoherent, so
that particles move stochastically in phase space [Kennel and Engelmann, 1966]. However, chorus waves con-
sist of discrete coherent or quasi-coherent elements [Santolík et al., 2003, 2004; Tsurutani et al., 2009, 2011],
which is inconsistent with the assumption of quasilinear theory. Several studies [e.g., Inan et al., 1978; Bell,
1984; Omura et al., 2007; Albert, 2000; Bortnik et al., 2008; Tsurutani et al., 2011; Bellan, 2013] have demon-
strated that nonlinear effects might be very important when describing interactions between electrons and
a coherent wave in a dipole-like magnetic field. Tsurutani et al. [2013] also suggested that coherent interac-
tions between electrons and chorus waves are important for the formation of electron microburst. Most of
the theoretical and numerical investigations when applied to chorus, however, are limited to interactions
between electrons and one chorus element. Hence, the overall effects of a chorus wave field, which consists
of a series of discrete elements, are yet to be determined.

In the remainder of the paper, we analyze a chorus wave field consisting of a series of discrete elements
using a test particle simulation, and investigate the applicability of quasilinear theory to modeling the
effects of chorus on energetic electrons. In Section 2, we introduce our simulation setup and describe the
method of modeling chorus waves. We then briefly review the method of solving the quasilinear diffusion
equation, using the time-forward stochastic differential equation (SDE) method, in Section 3. Comparisons
between quasilinear theory and test particle simulations for three different cases are shown in Section 4.
Finally, we summarize our work and discuss its implications in Section 5.

2. Simulation Model

Test particle simulations are used to investigate the effects of chorus on electrons moving in a dipole mag-
netic field. Since we are only interested in the gyromotion and bounce motion of electrons, the essential
feature of Earth’s dipole field that we retain is the variation of magnetic field strength along a field line [Bell,
1984; Tao et al., 2011b, 2012a]. We use a Cartesian coordinate system in the simulation, where the z coordi-
nate is equivalent to the distance along the field line from the equatorial plane in a dipole field. Latitude (!)
is also used to facilitate the interpretation of our simulation results, and it is related to the z coordinate by

dz = LRE(1 + 3 sin2 !)1∕2 cos !d!, (1)

where L is the L shell value and RE is the Earth radius. The z component of the background magnetic field B0

is a function of ! or z only,

B0z(!) = B0z(! = 0)
√

1 + 3 sin2 !∕ cos6 !. (2)

We choose B0x =−x(dB0z∕dz)∕2 and B0y =−y(dB0z∕dz)∕2 so that ∇ ⋅ B0 = 0. The cold electron density is
given by ne = ne0 cos−4 !, following Denton et al. [2002]. In our simulations below, we choose L= 5, about the
center of the outer radiation belt, and ne0 = 15 cm−3.

The chorus wave fields used in our simulations consist of a series of parallel-propagating coherent rising
tone elements with realistic subpacket structures as shown in Figure 1, where each element is modeled
using the method described by Tao et al. [2012a]. The wave field is created by continuously launching a
series of elements from the equatorial plane into both hemispheres until the end of simulation. These ele-
ments are identical except for the initial wave phase, which is chosen randomly. This method of creating
chorus waves is consistent with previous observations that chorus waves are generated near the minimum
B region along a field line [Santolík et al., 2004; Roederer, 1970; Tsurutani and Smith, 1977; Lauben et al.,
1998; LeDocq et al., 1998; Burtis and Helliwell, 1976; Tsurutani et al., 2009]. The time difference between
the launch of two successive elements is "t, as illustrated in Figure 1. The actual number of the generated
chorus elements depends on the total simulation time and "t. The amplitude information and hence the
subpacket structures of each chorus element are obtained from Time History of Events and Macroscale
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Figure 1. (top) The spectrogram of the modeled chorus wave field used in
test particle simulations, produced using wave fields observed at != 13.5◦ .
The amplitude information of chorus is obtained from an arbitrarily chosen
chorus element observed by THEMIS D on 16 November 2008, and the sim-
ulation starts at t = 0. (bottom) The By component of one chorus element
showing subpacket structure.

Interactions during Substorms
(THEMIS) [Angelopoulos, 2008] data
using methods described in Tao et al.
[2012a]. After generation, the ampli-
tude of each element is assumed
to be independent of latitude. The
wave field is assumed to be located
between −15◦ and 15◦ in latitude,
following the nightside chorus wave
model of Horne et al. [2005a]. We
launch particles in the simulation
after the first element generated on
the equatorial plane reaches != 15◦.

Test particles in each run below are
initialized with an arbitrarily cho-
sen equatorial pitch angle #0 = 45◦

and energy E = 100 keV. All particles
are placed uniformly between their
two mirroring points with a random
initial direction of parallel velocity
and a random gyrophase. In each
case, we trace the trajectories of 2000
electrons by solving the relativistic
Lorentz equations using the Boris
method [Birdsall and Langdon, 2004,

pp. 356–357] for one unperturbed bounce period, which is about 0.7 s, with a time step of 1∕50 of the equa-
torial gyroperiod. The resulting pitch angle distributions of the test particles are compared with that from
quasilinear theory. For simplicity, we ignored the comparison of distributions in energy or momentum, since
these variations are related to the changes in pitch angle via the single-wave characteristic surface [e.g.,
Walker, 1993, Chapter 8]. This approach can help identify the source of discrepancy, if any, between simula-
tions and the theory. The quasilinear prediction of electron distributions is calculated using the time forward
stochastic differential equations (SDE) method [Tao et al., 2008] as briefly described below.

3. The Time Forward SDE Method

In the framework of quasilinear theory, the evolution of the bounce-averaged electron distribution
f as a function of equatorial pitch angle #0 and momentum p can be obtained from the following
bounce-averaged quasilinear diffusion equation

$f
$t

= 1
Gp

$
$#0

G
(

D#0#0

1
p

$f
$#0

+ D#0p
$f
$p

)
+ 1

G
$
$p

G
(

D#0p
1
p

$f
$#0

+ Dpp
$f
$p

)
, (3)

where D#0#0
,D#0p, and Dpp are the bounce-averaged pitch angle, mixed and momentum diffusion coeffi-

cients, respectively. Here G is a Jacobian factor, G = p2T(#0) sin (#0) cos (#0), and T(#0) ≈ 1.30 − 0.56 sin (#0)
is the normalized bounce period. To use the time forward SDE method, we first set F =Gf and write the
diffusion equation as

$F
$t

= $2

$#2
0

(D#0#0

p2
F
)
+ 2 $2

$#0$p

(D#0p

p
F
)
+ $2

$p2

(
DppF

)
− $

$#0

(
b#0

F
)
− $

$p

(
bpF

)
. (4)

The diffusion equation in this form can be converted to time forward SDEs describing stochastic changes of
the particles #0 and p, as given by Tao et al. [2008],

dA0(t) = b#0
(t,A0, P)dt + %11 dW1 + %12 dW2, (5)

dP(t) = bp(t,A0, P)dt + %21 dW1 + %22 dW2. (6)
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Figure 2. The averaged wave power distribution as a function of frequency
(black) and the corresponding Gaussian fitting function (blue).

Here A0(t) and P(t) represent the
stochastic processes of #0 and p,
respectively. The coefficients b#0

and
bp are defined by

b#0
(t, #0, p) = 1

Gp
$
$#0

(GD#0#0

p

)

+ 1
G

$
$p

(GD#0p

p

)
, (7)

bp(t, #0, p) = 1
Gp

$
$#0

(
GD#0p

)

+ 1
G

$
$p

(
GDpp

)
. (8)

Components of matrix ! are related to diffusion coefficients by

!!T =
(

2D#0#0
∕p2 2D#0p∕p

2D#0p∕p 2Dpp.

)
, (9)

with !T the transpose of !. Note that ! is not uniquely defined by this equation. However, different choices
of ! lead to equivalent stochastic processes [Freidlin, 1985]. By choosing %12 = 0 for simplicity, we have

%11 =
√

2D#0#0
∕p, (10)

%21 =
√

2D#0p∕
√

D#0#0
, (11)

%22 =
√

2Dpp − %2
21. (12)

For details of the derivation of above SDEs and the time forward SDE method, we refer readers to Tao et al.
[2008, and references therein].

To obtain electron distributions from quasilinear theory that can be compared with those from test
particle simulations, we use 2000 electrons with the same initial #0 and momentum p as those in test
particle simulations. We then solve equations (5) and (6) for one unperturbed bounce period to obtain the
quasilinear prediction of electron distributions. It can be noted that the SDE approach is quite similar to
the direct test particle simulation except that the stochastic differential equations are solved instead of the
Lorentz equations.

Figure 3. The inverse time scales (s−1) from quasilinear diffusion coefficients as a function of equatorial pitch angle
#0 and energy E.
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Figure 4. The comparison between electron distributions in #0 from test
particle simulations (red) and from the SDE method (blue) for "t∕& = 0.4
and BRMS = 10 pT.

4. Comparison With
Quasilinear Theory

In this section, we apply the method
outlined above and demonstrate how
chorus waves consisting of coherent
elements with subpacket structures
affect the dynamics of energetic elec-
trons. The effects of wave amplitude
have been investigated extensively
in previous work by using a sin-
gle coherent wave, showing phase
trapping and phase bunching if
the amplitude is large enough [Inan
et al., 1978; Bell, 1984; Omura et al.,
2007; Albert, 2000; Bortnik et al., 2008;

Furuya et al., 2008]. For broadband waves, Tao et al. [2012b] demonstrate that quasilinear theory overesti-
mates diffusion coefficients if the amplitude of the wave field is too large. Here we only focus on how the
discreteness of chorus elements affects the applicability of quasilinear theory by performing simulations for
three different cases. For simplicity, we characterize the discreteness of chorus by "t∕& , where & ≈ 0.22 s is
the duration of one element, as illustrated in Figure 1. Hence, if "t∕& > 1, there is no overlap between any
elements of chorus when generated.

4.1. Case 1: Small Wave Amplitude and Small "t∕#
In Case 1, we choose "t∕& = 0.4 and rescale the amplitude of each element of chorus so that the
root-mean-squared amplitude used in the traditional quasilinear approach is Bw = 10 pT. To calculate the
quasilinear diffusion coefficients, we model chorus as broadband whistler waves, ignoring any fine struc-
tures such as its discreteness and frequency chirping, as done by previous work [e.g., Horne et al., 2005a].
Since the wave amplitude is latitude independent, we use the wave field recorded at an arbitrarily chosen
latitude to obtain its time-averaged power distribution as a function of frequency shown in Figure 2. The
obtained Gaussian fitting function of the wave power distribution is then used to calculate quasilinear dif-
fusion coefficients. These diffusion coefficients, shown in Figure 3, are used in SDEs (5) and (6) to obtain
stochastic trajectories of #0 and p. We compare normalized distributions of electrons in #0, denoted by g(#0),
obtained from the SDE method and the test particle simulation in Figure 4. The two distributions agree quite
well, except for some statistical fluctuations due to the use of a finite number of electrons. The comparison
indicates that when both Bw and "t∕& are small, quasilinear theory can provide a good description of effects
of chorus on electrons. This is reasonable because nonlinear effects are negligible when Bw is small, and cho-
rus waves can be approximated by broadband whistler waves when "t is small for a given & . This case serves
as our control case since it most closely satisfies the basic assumptions of quasilinear theory. In the next two
simulation runs, we will demonstrate the effects of discreteness by using a larger value of "t∕& .

Figure 5. The comparison between electron distributions in #0 from test
particle simulations (red) and from the SDE method (blue) for "t∕& = 1.2
and BRMS = 10 pT.

4.2. Case 2: Small Wave Amplitude
and Large "t∕#
We now set "t∕& = 1.2, indicating no
overlap between chorus elements
when generated. We rescale the
amplitude of each element so that
the root-mean-squared amplitude
Bw is still 10 pT. Because we use the
same element when modeling cho-
rus, the resulting average wave power
distribution and quasilinear diffusion
coefficients are the same as those
in Case 1, shown in Figures 2 and 3,
respectively. The electron distribu-
tions from test particle simulations

TAO ET AL. ©2014. American Geophysical Union. All Rights Reserved. 8852
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Figure 6. A schematic plot showing the difference in scattering of an electron resonating with a wave at frequency f0 at
latitude !0 between a broadband and continuous wave field assumed by (left) quasilinear theory and (right) a realistic
chorus wave field with discrete elements.

and the SDE method are compared in Figure 5, which indicates that quasilinear theory does not describe
well the effects of chorus on electrons in this case. The most prominent feature in Figure 5 is that, compared
with the distribution from the SDE method, there is a bump in the distribution from the test particle simu-
lation at #0 = 45◦, which is the initial value of #0 of electrons. The difference indicates that, compared with
quasilinear theory results, there are more electrons in the test particle simulation that do not get enough
change in equatorial pitch angle #0 from scattering by chorus when "t∕& = 1.2.

The reason for the formation of this bump is illustrated in Figure 6, which shows the distribution of waves
as a function of frequency and latitude at some given time. In traditional quasilinear approach (Figure 6,
left), the internal structures of chorus waves are ignored. The wave field used in the quasilinear calculation
is a broadband whistler wave field with the same frequency power distribution as that of chorus. The actual
chorus wave field (Figure 6, right), however, is discrete and thus different from the continuous field assumed
in previous quasilinear modeling. We now consider an electron which resonates with waves at frequency
f0 at some latitude !0. In quasilinear modeling, the electron can be resonantly scattered as long as f0 is
within the wave frequency range. However, the electrons might miss this resonance in the realistic chorus
field when the elements are widely separated. As a result, a bump in distribution around its initial phase
space coordinate is formed.

4.3. Case 3: Large Wave Amplitude and Large "t∕#
In Case 3, we use "t∕& = 1.2 and rescale the amplitude of each element so that the root-mean-squared wave
amplitude is 80 pT. This change of wave amplitude increases the value of diffusion coefficients D by a factor
of 64, since D ∝ B2

w . The structure of D is still given by Figure 3.

Figure 7. The comparison between electron distributions in #0 from test
particle simulations (red) and from the SDE method (blue) for "t∕& = 1.2
and BRMS = 80 pT.

The comparison of distributions from
the test particle simulation and the
SDE method are given in Figure 7. In
the test particle simulation results,
one can see that there is still a bump
in the electron distribution around
#0 = 45◦, which is due to the discrete-
ness of chorus as explained in the
previous section. Meanwhile there is a
long tail of g(#0) in large pitch angles
(#0 > 55◦), which is not present in the
distribution from the SDE method.

We now demonstrate that these large
changes of #0 are due to phase trap-
ping of electrons [e.g., Albert, 2000;
Bortnik et al., 2008]. In Figure 8, we
show the change of #0 of a randomly

TAO ET AL. ©2014. American Geophysical Union. All Rights Reserved. 8853
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Figure 8. The variation of equatorial pitch angle #0 as a
function of time of a randomly chosen particle with large
variation of #0 from case 3.

chosen particle whose final #0 ≥ 60◦. One can
clearly see that the large variation of #0 occurs around
t = 0.5 s. We plot in Figure 9, the wave number (k),
the wave frequency ('), and the wave amplitude Bw

seen by the particle, and ( ≡' − kv‖ − |Ωe|∕) as a
resonance indicator from t = 0.49 s to 0.52 s. Here Ωe

is the local cyclotron frequency of electrons and ) is
the relativistic factor. First, we demonstrate that the
wave amplitude is large enough to cause phase trap-
ping of particles. For interactions between an electron
and a coherent whistler wave, the phase angle *
between the perpendicular velocity and the wave
magnetic field satisfies the second-order differential
equation [Omura et al., 2008],

d2*
dt2

=
'2

t "
2

)
(sin * + S) . (13)

Here the inhomogeneity ratio S is defined by Omura et al. [2008] for a constant amplitude wave with varying
frequency as

S = − 1
'2

t "2

{
)(1 −

vR

vg
)2 $'

$t
+
[
)kv2

!

2|Ωe|
−
(

1 + "2

2
|Ωe| − )'
|Ωe| − '

)
vR

]
$|Ωe|
$z

}
. (14)

Phase trapping is possible if |S| < 1. In equations (13) and (14), vR is the resonant velocity of the particle, vg is
the wave group velocity, z is the distance along a field line from the magnetic equator, and 't =

√
kv!|Ωw|.

Here Ωw ≡ qBw∕mc is the gyrofrequency due to the wave magnetic field, and v! is particle velocity com-
ponent perpendicular to the background magnetic field. Variables q, m, and c have their usual means of
charge, mass, and speed of light in vacuum, respectively. Variable "2 is defined by Omura et al. [2008] as

"2 =
'2

pe

'2
pe + '(|Ωe| − ')

, (15)

Figure 9. The variation of (a) wave number k, (b) wave frequency ', (c) wave amplitude Bw , and (d) ( ≡ '− kv‖ − |Ωe|∕)
from t = 0.49 s to 0.52 s for the particle shown in Figure 8. Horizontal dashed lines in Figures 9a–9c denote the average
values of the corresponding variables, and the vertical dashed lines in Figure 9d are drawn to aid the visualization of
four oscillations.
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where 'pe is the electron plasma frequency. Note that the presence of amplitude modulation compli-
cates the calculation of S, so we can only make a rough estimate of S by using average values, which are
denoted by ⟨· · ·⟩, of the corresponding variables in equation (14) between t = 0.49 s and 0.52 s. Substituting
⟨k⟩= 3.45 × 10−6 cm−1, ⟨'⟩ = 8418.5 rad/s, ⟨Bw⟩= 0.17 nT, and $|Ωe|∕$z = 1.8 × 10−5 rad ⋅ s−1 ⋅ cm−1 into
equation (14), we have |S|= 0.76, which indicates that phase trapping is possible. Second, from Figure 9d,
one can see the oscillation of (. We now compare the period of the oscillation of ( in Figure 9d with theo-
retical period of phase trapping, There are about four oscillations from t = 0.49 s to 0.52 s, so the oscillation
period is roughly 0.0075 s. The theoretical phase-trapping frequency is about 't =

√
kv!|Ωw|. The average

perpendicular velocity of the particle from t = 0.49 s to 0.52 s is ⟨v!⟩≈ 0.46 c. We can calculate that 't is
about 1101 rad/s, using ⟨k⟩ and ⟨Bw⟩. Hence the theoretical period of phase trapping is about Tt = 0.0057 s,
roughly consistent with the period shown in Figure 9d. Therefore, both calculations of S and the oscillation
period indicate that the large variations of #0 are caused by phase trapping of electrons by chorus waves.

In conclusion, when both Bw and "t∕& are large, quasilinear theory does not give a good description of
resonant scattering of electrons because of the nonlinear effects and the discreteness of chorus.

5. Discussions and Summary

In this work, we presented the use of the time forward SDE method to obtain a distribution of electrons that
can be easily compared with that from test particle simulations. This method can be utilized to investigate
the applicability of quasilinear theory to various wave particle interaction processes in general. Using the
method, we investigated for the first time, as far as we are aware, the effect of discreteness of chorus on the
dynamics of energetic electrons. We show that quasilinear theory is applicable to describe the evolution
of the electron distribution when both the wave amplitude and the separation between chorus elements,
quantified by "t∕& in this work, are small. Physically this is because the chorus field is well approximated by
broadband whistler waves in this case, and nonlinear effects are ignorable. On the other hand, when "t∕&
is large, electrons can frequently miss resonances with chorus because of its discreteness, forming a bump
around their initial phase space coordinates when compared with predictions from quasilinear theory. We
also demonstrated that when using a wave field with both large "t∕& and large amplitude, interactions
with chorus created a long tail in electron pitch angle distribution due to phase trapping besides the bump
around the initial pitch angle. Our results demonstrate that, while simple constant amplitude wave mod-
els are helpful to illustrate the physical mechanism involved in the electron-chorus interaction process, it is
important to include realistic features of chorus waves in quantifying their effects on energetic electrons.

We should point out here a few limitations of this work. First, we performed the simulation for only one
unperturbed bounce period since we are mainly interested in understanding the physical processes
involved in the interactions between electrons and chorus. Whether or not long-term interactions can
smooth the distribution function and reduce the effects of discreteness is yet to be determined. Second, it is
important to establish the criterion to determine whether a given value of the wave amplitude or "t is small
enough for quasilinear theory to be applicable. Third, the current conclusions should be combined with the
observed distribution of "t of chorus, which is not available yet as far as we know, to determine the overall
effects of chorus waves on energetic electron dynamics in the inner magnetosphere. However, these are out
of scope of the current study and will be left as a future work.
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