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FIELD CORRECTION WINDINGS FOR IRON MAGNETS-r
Klaus Halbach
Lawrence Radiation Laboratory
University of California '

Berkeley, California 94720

November 1970

Abstract: A method is described that allows modification of the field

distribution in the iron-free region of magnets. The field modification is

obtained by energizing conductors that are imbedded in the iron. The effects
of these correction windings are described and rules are given for their

proper placement and excitation.

+This work performed under the auspices of the U. S. Atbmic Energy Commission.
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1. Introduction

One of the difficult problems in the design of iron magnets is to !
obtain the desired field distribution over a wide range of field levels. A
ﬁumber of methods have been used to counteract the field degradation caused .
by saturation effects, for instance crenellationsl) or poleface shaping to
obtain good fields simultaneously at low and high field levelsg).. Although
these methods give satisfactory results under'some circumetances, the achievable
field quality is limited. Even more importaht is the fact that modifications
are virtually impossible after the magnet has been built. As the requirements
4 >

for the field quality of magnets get tighter (homogeneities of the order 10~

are now considered for high resolution spectrometers), it seems imperative

to be able to control the field distribution after magnet fabrication, and in
some instances also during operation. The two main reasons are: a) it seems

very difficult to design magnets that achieve such field accuracies over large

volumes without the use of free parameters, and even if this could be done on
paper, it would be doubtful whether the actual ﬁagnet would perform to
specifications because of fabrication tolerances, uncertainties about the
magnetic properties of the iron, and other imponderebles.. b) Desigﬁing free
parameters into the magnet has of course the additional advantage that it

allows modification of the field distribution within some limits during operation,
if beam optical considerations should require it.

Poleface windings3) make it possible to control the field distribution,

but their use is often prohibited because of some of the following disadvantages:

a) Poleface windings take space and therefore require an increase of the

-magnet gap. b) The field is severely perturbed in the vicinity of the
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poleface windings. This can only be prevented by another substantial increase
of the gap, or by havihg a nearly continuous distribution of poleface‘windings,
which is difficult to achieve. c) Poleface windings oftén require a more
complicated vacuum chamber. d) Poleface windings have to be securely attached
to the'poleface or vacuum chamber, which can be difficult if the polgfacé
windings are exposed to strong radiation.

The method described here is closely related to poleface windings, but
does not have the disadvantageé mentioned above., What will be discussed are
conductors that are imbedded in the iron. Since the effeét of such windings
is not nearly as simple as aré the effects of poleface windings, we will make
a series of’qualitatiﬁe considerations and simplified anaiytical calculations.
They will give the understanding needed to design a functioning and efficient
system. One of the simplifying assumptions made for this discussion is‘the
restriction to homogeneous field magnets that are long in one (z) direction,
so that only the two dimensional fields in the plane perpendicular to that
direction (x—y—plane) need be considered. Generalizations are comparatively:
simpie and will be briefly discussed.

Since it is the author's experience that some mégnetic field‘problems
are often more easily understood when discussed with.the help of an Orthogonal
Analog = Model, this method will be used freely when appropriate. To make the
péper self-contained, the validity of this model is proved, as are also some
other elementary relations (e.g. the anisotropy propertieé of iron for
perturbation effects). To avoid repeated interruption of the main arguments,

these as well as most other mathematical derivations are put in appendices.
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2. Units and Notation

With lengths measured in cm, currents in Ampeéres and both magnetic field
quantities (B,H) measured in Gauss, current density 3 and field H are related
through curl H ='u03, with M, = 4w, The iron is assumgd to be isotropic,
and its pfopefties are described by the dimensionless permeability u = B/H,
or the reluctivity vy = 1/u. Unit véctors are represented by g with the
appropriate subscript. Two dimensional fields are considered to bé in the
x-y~plane, and E can then be derived from a scalar poténfial V or a vector
potential K which need to have only one component: K % gz A, Vhen fields are
derived from the complex potential A + iV, we use the standard notation
Z =x + iy (or w = u + iv), and the complex field quantity B = B -1iB is

y
% '
obtained from the complex potential F(Z) = A + iV through B = i 4F/dZ.
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3. PFormulation of the Problem and its Basic Solution -

Figure la shows the field line pattern in l/h'of a windowframe magnet
in and above the éir gap and coil region; If the field in air is ﬁo, and 6
the angle between the normal to the air-iron interface and a field line in

iron close to the interface, it follows from the continuity properties of

E and ﬁ across an interface that the tangential field component~Ht'at the
interface is to very good approximation given by
o= BO'Y(BO/cose)'tge - (1)

Unless 8 is sufficientLy small, the dependenée of H on,Y,.which in turn depends

t
very strongly on Bo/cose, leads to the undesirable field level dependent field
distribution in the air region of the magnet. The effect of the tangential
field component on the field in the air region is most easily seen by assuming
1t = o for the iron and placing a current sheet at thevinterface with a sheet
current density in the z direction of I' = Ht pO(A/cm)._ (I' > 0 if the iron
is to the left of the direction of H,.)

To get a feeling for the tolerable magnitudevof Ht'and 6, we assume that

one can allow a sextupole contribution to the field whose relati?e field

perturbation at the extreme aperture X, is §, i.e., we allow
H (x,0) = H (1 + 6-(x/x )?) ', (2)
y 7l e o ' |

Equation (A1.6) of appendix 1 gives the relation between Hx off the midplane
and Hy in the midplane. If the halfgap of the magnet is h, eq. (Al.6) gives

with eq. (2):
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H -2 8§ h x/x0 - (3)

Using this with eq. (1) gives

tgd =21 8 hx/x . (4)

Using the following representative numbers for a high resolution spectrometer:

§ = 10-5; x = 5h; u = 1000 (1010 steel at 15 kG), at x = x_ one obtains

3

6 4.107°. Looking at fig. la, it is obvious that, generally spesking, a

windowframe magnet is intrinsically not suited for this type of application
unless corrective measures are taken. It is also cleér that even an H-magnet,
where the sideé’of the pole can be shaped to get the field lines in the iron
approximately perpendicular to the air-iron interface, will be very difficult
to'design to give the required small angles 6.

To be able to make Ht = 0 at the interface, we propose to use conductors
that are imbedded in the iron. Figure 1b shows the same magnet as the one
depicted in fig. la, but with such conductors located ih thin rectangularly
shaped slots. The currents of the conductors have been optimized, and
comparison of the fieldline patterns in figs. la and 1b shows immediatély.the
drastic reduction of the above mentioned angle 0. |

Ignoring the rectangular slot for the moment, the field distribution
produced by a filamentary conductor can be seen qualitatively by either thinking
in terms of magnetic fields, or by using the orthogonal analog model‘(OAM)
described in appendix 2. Using the latter method heré,‘the conductor in.the
iron corresponds to a current fed into the conducting sheet. Considering field

levels where y in the iron is small compared to its value (one) in air, the
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resulting ratio of conductivities describing the air and iron region of the
OAM leads to electric fields in the steel that are for'all practicalvpurposes
perpendicular to the air-iron interface at that.interfacé. In contrast to‘the
pre-existing field produced by the conductors that afe_ldcated in the air
region, the magnetic.field § prodﬁéed by the conductor in the iron is therefore
practically parallel to the air-iron interface at that interface. This fact
has two consequences: 1) The conductor in the iron does'produce a tangential
field Ht at the interface and therefore can be used to correct or cancel preQ
existiﬁg tangential fiéid components at the interface, This is the reason why
we refer to thevconductors in the iron as Ht—windings or conductors. 2) The
fields produced in the iron by the Ht—conductor are for all practical purposes
independent of the magnet gap, i.e., to obtain the tangential field component

produced by the H, ~winding at the air-iron interface, one has to consider only

t
the iron region of the magnet. The air region, and the placement of the main
excitation currents in it, determine only the pre-existing field in the iron,

i.e., the field with no current in the H, -windings.

t
If one places a filamentary Ht—conductor into the iron, and assumes
for the moment y = constant, it is qualitatively clear that the H, -distribution

t

at the air-ironlinterface is a bell-shaped curve with a width of the order of
the distance of the filament to the interface, and g peak value for Ht of the
order of the current divided by the width of the distribution.

The nonlinearity of the iron can modify this result significaﬁfly.
Assuming a field level such that vy increases with increasing field level,
using the OAM, and refering to fig. 2, we can argue as follows: to the.left

->
of the filament j has the same direction as the pre-existing 3, whereas to the
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right they have opposite directions, Because of the nonlinearity of the
ﬁedium, the conductivity O goes up‘to the left of the filament, and down to
the right. Consequently, more current flows to the left; and less to the
right, ete. It is easy to see that something similar.fb a positive feedback
is at work, ﬁnd it is ajparent that under these circumstanéés, the Ht—
distribution would be significantly broadened, and its peak would move to the
left.

The very strong fields in the vicinity of the Ht conductor can be
avoided by placing the conductor into a hole that has a large circumference.
To avoid a strong perturbation of the fields by the void itself, it is
advantageous to use a void of roughly rectangular shape, with the direction of
-thevlong dimension perpendicular to thé interface.b We thus have to understand
the effect of the void itself, and the effect of the conductor in that wvoid.
But before discussing these two problems, we have to understand, at least to

first order, how the nonlinearity of the iron modifies the effects of

perturbations.
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4, Modification of Perturbation Effects by the Nonlinearity of the Iron
To obtdin the first order effects of a modification of a magnet, it

is practical to express the modification in terms of a quéntity that can be
used as an expansion parameter for aITaylor series, iﬁ some cases the choice
of the parameter is obviqus, as for instance, when we wént to find the effect
of energizing a Ht conductor. In other cases one has to generate the desired
modification by introduction of an artificial parameter, such as the magnetic
charges used below to create a void in the iron.. For constant permeability
i

the effects of charges or currents are easily evaluated by solving the field
equations for the field perturbations because of the linearity of the
magnetostatic equations in the field gquantities, currénts, and charges. The
nonlinearity of the iron complicates this to a considerable extent.

Us%ng current densities Ei and charges 9 to describe the perturbations,
introducing the perturbation-éize parameter € for bookkeeping purposes,
describing the pre-existing fields and curfent densitiés by Eo’ ﬁo’ 35, and

-> .
the field perturbations by Bl’ ﬁl’ the magnetostatic equations read: (the

following is correct for the three dimensional case)

div B = aiv(B_+ € B,) = > div B, = ' (5a)
iv = div o € i) = € ql 1iv l__ ql : a
18 =curt(@ +ef)=3 +ed —> cur1 &, = ] (5b)
cur = cur o € 1) = JOv € 1 cur 1= jl ,
> > > > > > '
= = + .
H=H +¢H Y(Iﬁé € Bll) (B, + € B)) (5¢)
N .
The relation between H1 and gl to first order in Bl is qualitatively clear: if
, N . v |
Bl is parallel to Bo’ H changes by Hl = Bl-dH/dB, whereas if §1 is in a direction

perpendicular
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to go’ the vecfor ﬁ is in linear approximation rotated without changing in
amplitude, giving H) = Y(BO)‘BlQ This is 5orn out by én expansion of eq. (5¢),
carried’out in appendix 3. The equations for the fiel§ perturbations are thus
the normallmagnetostatic‘equations in an énisotropic medium, The anisotropy
of the steel for perturbation effects is a very strong oné, as can be seen in
fig. 3a, showing for a ldw carbonvsteel the permeability U = B/H, the |
differential permeability dB/dH, and the ratio of these "perturbation
permeébilities", gl/u" =_Y"/Yl = d(&n H)/d(%n B), as a function of B. From ﬁhe
large value of Y"/YL at high field levels follows that thg Ht-distribution will
be considerably broadened there compared to the isotropic case.

Because of the strong anisotropy of the iron for perturbations, ﬁe hé#e
to re-examine the boundary conditions in the iron at the iron-air interface:
whereas in thé'isotropic case it is equivélent to staté that ﬁl
to the interface, this is clearly not the case with an anisotropic material,
Considering the OAM, it is clear that Ei éannoﬁ'haVe a tangential component
at the ipterfacé, leadihg to the conclusion that in the iron ﬁl'is the quantity
that has to be parallel té the intérface. .

To acquire a semi-quantitative upderstanding:of the effects of the
anisotropy by performing some éimple analytical calculations, it is reasonable
to make some simplifying assumptions: in the region of interest the field has
to be perpendicular to the air-iron interfacé for some.distance, and should bé
homogeneous there. It is thereforé a reasonable approximation to desériﬁe the
iron for perturbation analysis purposes by an anisotropic medium with its axes

parallel to the x- and y-axes, having field independent reluctivities

Y.=H /B andy_=dH /dB_ in these directions. The pertinent field
X o' "o y o o .

or gl is parallel
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‘equations are.derived and listed in appendix U, The‘eSSential effect of the
anisotropy for'perturbations is that the y-coordinate axis appears stretched
compared to the x-coordinate by the factor C2 = (Yy/yx)l/g (fig. 3b). An
illustrative example is the following: if a current filament is placed at
distance Yo above the straight air—ifon interface of an otherwise unbounded
medium, the Ht distribution at the interface is the same that would be pro-

duced by a conductor placed at the distance yo'gg in an isotropic medium.
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5. Effect of a Void in the Iron

In order to find what H is produced by an elongated slot in the

t
presence of a pféviously homogeneous field ﬁ; pérpendicular to the interface,
we take a two-step approach: we first ae3cribe the basic method used fo'
generate s slot in an unboundéd medium, and then consider the slot in a medium
bound by a plane,perpendicular fo ﬁ;, calculate the Htvthere; and then the
resulting Hy in the air region. |

Since we want to obtain only enough understanding of the effects of
the slots to judge whether they do noticeable damage to the fiéld in aif, we
are justified to_make‘some simplificafions. It is fof instance qualitativelyh
clear that the exact shape or length of thé slot is not ﬁearly.as importaht,
as is its width.

From magnetic field or OAM considerations follows that for ail pfacticai
purﬁoses the boundary of the slot is an equipotential of A, i.e., a B-line.
To genera#e a B-line of thé desired shape in a pre-existing_gg - -g&'BQ(Bo >0),
first wé éonsidef placing a magn%tic line charge q > 0 at X =0,y = y3 > 0.
Above that charge will be a péint whefe the total field is zero,.and atvthﬁt
point the field-iine coming from aﬁove splits into two parts, one going ﬁc tﬁe'
right and the other to the left, and then down. Needing to follow only the |
right branch for symmetry reasons, far enough down that line will be parallel
ugéin to -3&, but displaced to the right. Because of flux cbnsefvation, the
ultimate disﬁiacement, i.e., the x-coordinate, of that'line will be q/é Bo’
independent of the nonlinearity of the iron. If we place a line charge:-q
at x =0, 0<y= Yo < y3, we create a slot with a halfwidth of a 1ittie lesé

than q/2 Bo’ and a length of a little more than Y3 - ¥ From these

20
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considerations it is clear that a first order perturbation calculation will
give adequate information about Ht at the interface. The'boundary conditiqn
for the fields at the interface y =0 is that'g'is tangential to the interface,
For symmetry reasons, Hﬁ is an.odd fﬁnctiop 6f'x for a slot located on
the y-axis. This means thatAHt can be signifidéntly reduced by the presence
of adjacent slots. Since in mosf cases one will usé a number of equally
spacedvidentical'slots, the emphasis in the slot calculations in.appendix 5
is on an infinite sequence of slots. |
The‘essentiai conclusions from the calculations of the slot effects
can be drawn.ffom egs. (A5.6) and (A5.9). The former describes the extreme
value of Hx at.the interface producéd by an infinitely long slot, and can be

extrapolated to x, + », i.e., a single slot. In that case the last factor

1

in eq. (A5.6) becomes one and the extreme value of H_ depends only on the

geometry and the regular reluctivity Y = H/B. TFor reasonably spaced slots, the

‘last factor in eq. (A5.6) reduces the extreme values of H significantly. At

high field levéls, whefe Yx is cbmparatively léfge, te is large gléo, helping
strongly in making the second factor in eq. (A5.6) small. At leer field
levels §2 becomes smaller, but Yx in general becomes quite small, so that with
appropriate spacing of the slots the damaging‘effects can be kept at a
tolerable level over a wide field range.

Similar comments apply to eq. (A5.9), describing the Hy—perturbétion
in the air region in terms of a Fourier series. For appropriate spacing of
the slots, only the n = l-term is significant. It should be noted.that»eqs.
(A5.9) are not suited to descfibe only one slot. We do not describe the

single slot effects in the air region since that case is relatively unimportant.
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6. Effect of the Current in a Slot

We aésumé that the slot is long enough so that the feedback-like
efféct descfibed in section 3 is not effective. We consider therefore the
field perturbation produced by the Ht-current alone, (i.e.,__ﬁO = 0), but take
the pre—exiéting field into account by using an aﬁisotropic medium, with thé
simplifications mentioned at the end of section k4,

To obtain a qualitative understanding of the effect of the H, -current,

t
we use again the OAM. The inside of the slot is then represented by a highly
conducting mediﬁm, which is surrounded by an anisotropic medium. Taking the
case of high field level, the conductivity in the direction of the pre;existing
field (the x-direction in the OAM) will be higher than in the direction
orthogqnal to it, but still considerabiy iower than inside the slot.

The exéeption would be very high fields where dH/dB =~ 1. There one
can dismiss the existence of-fhé slot and need only to consider current

_filaments representing the coﬁduétors, without having to fear that the feed-
back-like effect pccﬁré. Since the éase dH/dB &~ 1 is relatively unimportant,
we exclude it,from the considerations beiow.
| j'ﬁeéausevéf the high conductivity of the slot, injection of current into

the slot will cause a change of the scalar pbtential of the slot boundary

relative to the air-iron interface (y = 0), which is assumed to be at V = 0.

This means that the exact location of the conductor inside the slot is unimportant,

and also that the width of the slot is of no consequence for the effect'of the

Ht—current. Consequently, the following model for the magnetic field calculation

can be used: for y = O the vector potential A is set zero; the slot, extending

from y = s to Yy =3 (x = 0) is assumed to be infinitely thin and is put on a
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constant vector potential # O; the field equations for this model are solved
in the u,v coordinate system introduced in appendix k; the reéuiting Hx.is
calculated and then integrated from -» to ® to give the current that is
associated with this solution. This caiculation is carried out in appendix 6
and the result is eq. (A6.4). The bell-shaped Hx—distribution is broadened
by a factor C2 because of the anisotropy of the iron for perturbations.‘ For
some calculations it is convenient to repléce Yo and y3 by their arithmetic
or geometric mesn ;, giving the somewhat simpler Lorentz-shape for Hx:

H, “‘(x2 + (52 ;)2)”l (k(0) = w|2). This is usually of sufficient accuracy
for y3/y2 < 2.

In deriving eq. (Ak.k4) the assumption has been made that the medium is
bound only by the y = O line. Although one can introduce a number of refine-
ments, they are not important enough to be reported here, with one exception:
at the edge of an H-magnet, the air-iron interface turns up, and the effect
of the Ht-winding closest to the edge can be significantly affected by this.

This can be quite important sihcé that is usually the H, -conductor that'requires

t
the most current. For model calculations it would be somewhat complicated to

deal with an actual H, -winding slot. To get at least some idea about the

t
effect of the edge, we therefore use the simpler model of a single Ht—current
filament. Figure 6 shows the geometry for the model calculation. The pole
contour is approximated in the-x-y-system by the y = 0 line and the daéhed line
going to the left of the intersectién poiﬁt, and the location of tﬁe filament

is indicated by the dashed arrow. To calculate the Ht produced by the filaméﬁt‘
in this geometry, we follow the procedure used previously: we go into the u-v

coordinate system. The new geometry, shown in fig. 6 for C2 = 1,5 is determined

by the new left'boundary, indicated by the solid line, and the transformed
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location of the filament is indicated by the dotted arrow. The aréa bounded
by the two solid lines is conformally mapped onto ﬁhe upper half of a t—plane;
the problem is solved there and the solution then used to extract the results
of interest. The calculations are carried out in appendix 7, and for brevity,
only the following conclusions are drawn: eq. (AT.4) gives a measure of the
efficiency of an H

t

directly evident how a large §2 makes the filament inefficient, unless it is

~filament in the vicinity of the edge of the pole. It is

reasonably far removed from the edge, i.e., 0, is sufficiently small, When -

1

Judging the efficiency, one has to teke the following into account: the

outermost Ht conductor will generally be placed a little outside the region

where Ht-corfection is necessary, i.e., one needs only about 40-50% of the

total line integral over H, that is provided by the current, so that n should

t
be compared to about .5, and not 1. Equations (AT.5) and (A7.6) give Hx(x,O),

and the location of the maximum value of Hx(x,O).
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7. Design Considerations

Although the previous sections pro&ide the ﬁasicvbody of information
that is necessary to understand the important aépécts of HﬁFWindings, it is
difficult to derive from it hard rules about the design of Htéwindihg systems.
The reason is simply that so many parameters and considerations affect the
problem that practically every éystem ﬁill be a compromise between magnetic
requirements and mechanical considerationms. Consequeﬁtly, we can give only a
brief listing of the general rules, guidelines and facts that should beb |
considered when designing an thwinding system,

To design an Ht—system, one first has to obtain information about the

amplitude, accuracy, and fine structure of the H, that needs to be generated.

t
The main sources for the need of Ht-corrections will be saturation effects, -
necessity to be able to change the field distribution for beam optical reasons,
and irregularities of the pole surface. Fortuﬁately,-the first two sources

very seldom require detailed structure of the Ht-distfibution. For a précision
magnet it will aiways be necessary to have a weli ground and polished sﬁrface

of .the poleface. Despite this, the assembled magnet will have fiéld errors
caused by non-parallelity of the polefaces, and warpage -due to mechanical
stresses. While it is of course important that these effects do not change with
time after somerinitial aging effects, it is significant that again no detailed |
fine structure can be expected. The degree of fine structure of Ht that one has
to produce determines how narrow the bell-shaped Ht—distributions produced. by .

the H, -windings have to be, and the distance of the H, ~-windings from the pole-

t
face should be such that that width of Ht-distribution is obtained for the

t

2 . . ; ‘ '
largest value of {  that will occur during operation of the magnet.
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The lateral spacing of the Ht—windings should be such that the narrowest

Ht—distributions, occurring at the field ievel giving the smallest vaiue of
Ce, overlap sufficiently to allow production of the desired Ht—distribution
with sufficient accuracy. |

A good rule for the required spacing can be deri?ed from the following
simple model consideration: if one wants to represent the functions go(x) =1
or gl(x) = x from x = - to +* by a linear superposition of.functions
(1 + x2)—1 centered at locations n+Ax, n = -© to ®, the error in fitting
go(x) = 1 is *1/cosh(2m/Ax), and for fitting gl(x) = x, one has in addition to
+1/cosh(2m/Ax) a relative error of the same size. It follows thét one would
not want to have a spacing larger than the smallest half-amplitude width, and
that it would seldom be worthwhile to use less than l/é of that.

To obtain a rough rule about the total H -winding current required, we

t

> >
make the following simple consideration: we consider f H+ds along a closed

path along the midplane from x t04x2, up to the poleface (y = h), along the

1

‘poleface, and back down to the starting ?oint, and obtain:

£ (Hy(xe,y) - Hy(xl,y))dy = i Hx(x,h)dx. Applying this over a reasonably
l .

wide range in X, like‘one>half of the total horizonatal aperture, equating the

integral over Hk with uo times the total H, -winding current I in that range, wé

t
obtain approximately uo~I *’AHy'h. This estimate of thé current gives remarkably
low values for moderate correction requirements, but unfortunately it can seldom

be used to estimate the H _-current in the outermost conductor. There are ‘two

t
reasons for this: 1) As discussed in section 6, the conductor closejto the
outer boundary of the pole is used very inefficiently. 2) The Ht_has to be

corrected not only in the uséful aperture region, but also for some distance

beyond the aperture, and H

+ tends to increase significantly in that region unless

special precautions are taken.
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To get some idea what an H —ﬁinding system is like, we give'some

t
numbers fdr a high resolutionkmagnet that was designedbrecently. The dimensions
of the aperture of 1/U of the symmetrical magnet are: halfgap = 5 cm, usable
horizontal half aperture = 32.5 cm. The pdleface.continues to about x = 40 cm,
and then goes up with an angle of 52°. The ébfner is appfopriately rounded, |
and the region of the pole beyond the apertﬁre hasvbéen shimmed to give

relative field errors of less than 10-‘5 inside the aperture for infinite

permeability. In the first quadrant, four H_ slots of .5 cm width are placed

t

that extend from 3.75 cm to 7.5 cm above the poleface and are located at

x=5cm, 15 cm, 25 cm, 35 cm. Evaluation of the field with a magnet analysié

program with field dependent pefmeability at 14 kC gave a field inhomogeneity '
- .

of 26:10"°. Optimization of the H£ currents with a progfam that is a com-
bination of the analysis program and an optimization prqgramg) gave for the Ht
conductors the cufrents 12.2A; —7.8A, 34.8A, -ThhA, giving a field homogeneity
of 2'10_5. For the conductor located at x > 25 cm, the_width of the Ht—
distribﬁtion was compared with the width calculated ffom thé model diécussed:
above, giving good agreement. To obtain a homogeneous field with a sextupole
added whoée relative field contribution was .2% at x = 32.5 cm géve (again at

14 kG) for the currents -394, -SOA; -1054, -877A, and the desired field
distribution was pfoduced with a relative error of 10_5. The rough rule given
above to estimate the current in the conductors holds reasonably well for the
first three conductors, but, as expected,‘fails miserably for the last‘conductor.
It also follows from the numbers given here that, generally speaking,th-

windings are a very good tool to make a good magnet extremely good, but are not

suited to make a poor magnet good, or to produce strong harmonics. One
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additional comment to the numbers given above is in order: while the magnet
analysis code does not have an absolute accuracy of‘lons, its self-consistent
accuracy is considerably better. Therefore the quoted currents will be roughly
correct, but for an actual magnet they wili be slightly.different and should be
determined by making measurements of the field errors and of the effect of the
.individual conductors, and then using an qptimization procedure like that

described in ref. 2) to determine the correct H —windiﬁg excitations.

t
To summarize the essential design steps, the foilowing procedure has
proved useful: 1) Estimate (possibly aided by a magnet analysis program) of

amplitude and fine structure-of H

; to be provided. 2) Preliminary design of

slot and conductor system cohsistent with the requirement that the slots are
realizable (seé below) and cause tolerable field distortionms. 3) Optimization
of correction currents at fiela levels of_interest, using the ﬁtndistributions
caused by currents derived in the appendices. L4) Optimization of currents
with magnet analysis and optimization program,

The difficulty of creating the slots for the conductors depends strongly
on the details of the magnet construction. It is for instance easy to punch
appropriate holes into the sheets comprising a laminated magnet. .For a solid
~core high precision magnet it is always advisable to use a poleface plate of
high quality steel. The back side is then accessible for machining purposes.

While it is relatively easy to produce narrow and deep slots in a straight

magnet, this is more difficult for a curved bending magnet, The solution chosen

for the magnet discussed above is the following: 1 cm wide slots will be
machined, but will then be partially filled with iron on one side and the top

to obtain the desired slot geometry.
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It is impossible to esta@liéh generai rﬁles how the Ht conductors should
‘be fed since too many détails of’ the construction of the magnet influénce that
choice. If each conductor is individuallj fed, one can let it penetrate the
end, side, or top‘of the magnet. If‘ohe wants to feed'pairs of conductors in
a magnet half with currents that.afe equal in amplitude,”but with opposite
signs, one can close the loop in the iron and then feed it coaxially from‘one
side or the top.

Energizing the conductors should in genersal not be too expensive. If
it is necessary to have control over the fielé shape during routine operation}
appropriate powef supplies are needed. Since the power dissipation in the Ht—
windings is extremely small compared to the main coils, and since the current
stabilization requirements are less stripgent, the Ht—poﬁer supplies should
cost only a small fraction of thé main power supply. If, after initially
establishing the relation bhetween the H ~currents and the main excitatién

t

currents, the H_-currents will always be operated according to this relation~

t
ship, one can energizevthe'Ht—windings from the main powér.supply with
appropriate auxiliary circuits to obtain the‘nonlinear relation between the
currents. |

Since one wants to go only once through the exercise of establishing
the Ht-currents at the various field levels, it is impefative that the magnetic
field is reproducible. It is therefore advisable to go always through the same
magnetic cyecle, i.e., the magnet should.always go'from zero field to the top
field,; then back to zero field, etc} If the magnet is not laminated, large

field level changes have to be produced in such a way that DC aftereffects

resulting from eddy currents are sufficiently suppresseds). From the mechanical
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point of view, small deformations with field level are permissible, since they

will also be present when the H, ~currents are optimized with.thevhelp of

t

measurements. But these deformations should be reproducible.

R
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8. Generalizations

Since in all previous secfions it‘hos beén assumed.that the magnet and

. the correction field has midplane symmetry, it has to oe stated that use of that
simplification was a matter of convenionce, not neoeséity; It is furthermore
c¢lear that although ﬁe discussed exclusively homogeneous.field magnets, Ht—
windings can be used for other magnetslas well. Since it is obviously
impossible to liét all conceivable applications, only some basic fulés will

be discussed.

When dealing with a two dimensional magnet such as a multipole magnet
or a strong focﬁsing bending magnet, designed to produce a non-uniform field,
the desired field distribution will be known. Consequently, the complex
potential describing that field is also known, and it is direcfly proportional
to the conformgl transformation that maps the ideélized polefaces of the magnet
onto straight lines, i.e., the transformation that transforms the inhomogehéous
field magnet into a homogeneous field magnet. The concepts deveioped here can
therefore be applied, and the resultant configuration fhen be transformed bagck
into the re51 magnét geometry. The effects arising from dealing with nonlinear
iron in transformed géometry6) will in most cases bevso small that it will not
be necessary to change the basic design.of‘the system. It is worthwhile to
note that it might be advantageous to optimize the poleface of an inhomogeneous
field magnet to give the desired field distribution at the highest field level.
If that is done, the Ht—windings need to be energized only at intermediate and
low field levels, leading to a reduction of the largest Ht-currents. While
this procedure does not lead to additional expense in producing the polefaces,
since they are non-planar anyway, it would make the frodﬁction of the'polefaco

of a homogeneous field magnet more expensive in most cases.
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The considerations in this‘paper‘have been purely two dimensional. But
it is clear that Ht-windings can also be useful for three dimensional con-
figurations, and the concepts'develdped here will give at the very least a good

starting point for the design of such systems.




®

-25- ' UCRL~18969

Appendix 1. Some Relationships Between Field Components
in the Aperture Region of Dipole Magnets

To obtain a relationship between Hy in the midplahe and Hx off the mid-

plane of a homogeneous field magnet, we apply a Fourier transform over x to the

magnetostatié eQuations

oH_/3x + Qﬁy/ay =0 |, (A1.1a)
BHy/Bx - ?Hx/ay =0 . (Al.1b)
With
Hp,y) = ‘/‘oo H(x,y)e P* ax
we obtain
pﬂ; + Bﬂ;/ay =0 (A1.2a)
pH - 9K /oy =0 . .j(%"-'l-ﬂé)

For this transformation to be valid, one has to assume,>ét least in prihciple,
that the air region between the polefaces>at y = *h, extends in the x direction
from -» to +», Since this conditibn is'nét of too much importance for our
purposes, and siﬁce it can also be eliminated, it will not be discussed further,

 Eliminating Hy with eq. (Al.2b), we obtain

2 2 | 2 _
BJCX/By +p¢'_}('k—0 )
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and the solution
¥ (p,y) = sin(py)-f(p) . S (A1.3)

The other integration constant is zero, since Hx(x,O) = 0 for symmetry reasons.

Using eq. (Al.3) in eq. (Al.2b), we obtain

‘#;(p,y) = cos(py)-f(p) .

SettingAy =y, in the last equation gives for eq. (Al.3)

% (2:y) = ¥ (p,y)) sin(py) fcon(ey;) - SNVENY

For yl =‘0 we obtain

* (p,y) siﬁ(py)-ﬂy(p,'O) B -.’('Al._s)

Taking the inverse Fourier transform of this equation yields

H (x,y) =,s1n(ya/ax)-ny(x.,o) =E_(-1)n é%?%)y; H (x,0) .

n=0 . , (A1.6)

If one wants to express-Hy(x,O) in terms of H*(x,y), one can solve eq. (Al.5)

for M;(p,o), and apply the inverse Fourier transform, giving

. Qo

B (x,0) = / Ho(x',y)-tanh(f - E=E)axrjoy . S

For completeness it should be mentioned that eq. (Al.7) gives only thé Hv(x,o)

due to Hx(x,y), i.e., one can add to the right side ofteq, (A1.7) any solutions
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to the magnetostatic equations that satisfy the symmetry of the problem and
J _ v
have Hx(x',y) = 0. One obvious such function is the constant describing a

perfectly homogeneous field.
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Appendix 2. Thé Orthogonal Analdg Model

It is often conveniént to get an understanding df two dimensional
magnetic field distributions by considering current and field distributions in
an orthogonal analog model (OAM)..‘The pertinent.relatibnships are derived
here since this OAM is not as widely known as one wbuld expect, considering
the fact that it has been used in the past to make model_measurementsh).

The OAM consists of a very thin conducting sheet-with.a location and
field.dgpendent electric conductivity. Into the sheeﬁ one feeds from the third
dimension a current density that i; equivalent to the current density that
excites the magnet. To get the equivalences, we write down the magnetic and
electric.equations in such a way that the equivalences become obvious.:

Deriving ﬁ from the vector potential K = gz'A,_oné obtains

-> > ) ->
B = curl(A ez) =gradA x e o (A2.1a)
> > > o '
H=yB=Ygraddxe, , : . (A2.1p)
18 = -e -div(y gradd) = & -u_
cur = -ez iv(y gra =e, uo jz
aiv(y gradh) = -u_J, . | ' (A2.1c)

We derive the electric field B in the conducting sheet from a scalar potential
: N ‘ v
V, and obtain then from E and the conductivity 0 the two dimensional current

_)
density J.

> . ' .
B = —gradVv (A2.2a)




[
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> > : ’
"J =0 E= -0 gradv .

UCRL-18969

(A2.2b)

In calculating the divergence of the three dimensional current density, the

contribution sz/az from the current density that is fed into the sheet from.

the third dimension can be'replaced bysz/d, where d is the thickness of the

sheet. One thus obtains from charge conservation

. ,
-div j = div(o gradv) = jz/d .

(A2.2¢)

Comparing the two sets of eqs. (A2.1) and (A2.2), they are identical if one

introduces the following equivalences:

< >
o4

N — Oy
=4

(L%

H € T
S 4

Q P
-«

_Jz/d

Magnet

(a2.3)
0AM a

It is apparent from this derivation that the OAM is also valid for anisotropic .

media.
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Appendix 3. Relationship Between Pertﬁrbation Fields

> >
le and Bl for Nonlinear Isotropic Steel
To first order in €, one obtains with B = IEI = (B 2 4 2¢ §0-§1)1/?,

"o
Yov = (dH/dB)B=BO, and YO = Y(Bo):

H +ef, =(y +ey 'B-B/B|E ved )’l
o) 1 o) o} o) o) o) 1
> - - S-AE1 _
Hl Yo Bl * Yo Bo Bl(Bo/IBol) *

- >
Indicating unit vectors and field components parallel and perpendicular to BO

by the subscripts | and L, we obtain:

.

B =oy(y'B B, g+Y B.g)+e B,
1 "1 To F1,1 7 Yo 1, 171l Yo

. . N
With 'y ' B+ Y, = (Bo yo)' = dH_/dB_, H, becomes:

+
H

= 2..B. 4-dH /dB_+ & *B. ,
17 S, B T AL Yo
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Appendix 4. Description of Magnetic Fields in Linear Anisotropic Steel

Deriving ﬁ from the vector potential A through

o+
f
o
§
=
b=

(ALk.1a)

(Ak,1b)

ﬁ becomes in an anisotropic medium with field and location independent

reluctivities Yx’ Yy in the x- and y-directions

= LI = .y Al
Hx Yx A v Hy Yy A x

- >
and curl H = uo J gives

" 1" = o s
Yy At Yy A.yy = -ujJ
Introducing
- - 1/2
Y= = (v, Yy)
_ 1/h
¢ = (Yy/Yx)
u=x/t , v=yr |,

eq. (Ak4,3) becomes

i
1
=
=
[

A" 4+ A" =
uu v

b

(Ak,2)

(AL.3)

(AL k)

(AL . bp)

(AL, ke)
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Since_the Laplace'operator occurs on the left side of this equation, A must
be a harmonic function of u and v where j = 0. Consequently, the normal.

apparatus for deriving fields from a complex potential can be used in the

u-v coordinate system, and we have to list only some definitions and expressions

for the fields:

w=u+iv

F(w) = A + iV
*_. . - . (h )
Bw = Bu -1 Bv = i dF/dw . Al,5a
B =B¢L (Ah.Sb)
By = Bv/c (Ah.sc)
H = Bu-y/c =B 'Y, &= -y \A (ak.5d)
Hy =B YZ=3B yy/c ==Y v; . . (Ah.5e)

The last part of the last two equations means that, in hbrmal x—y—coordinate

-> ,
system notation, H can be expressed as

> - '

H= -y gradV . |  (Ab.ST)

The complex potential F(w), describing the fields resulting from a current

filament at w = O, in an unbounded medium, is given by

B TIET) TJTIS o
F(w),é - —95;—— In(w) = - —25;——-(%-1n(u2 + v2) +_i-arctg(v/u)) .

The lines of constant vector potential are therefore given by
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2

N (-’5)2 + (gy)?

= const, i.e., the B-lines are ellipses in the x-y-
coordinate system. Similarly, lines of constant scaler potential are

v/u = C2 y/x = const, i.e., the H-lines are circles in the x~y-coordinate

system.
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Appendix 5; Field Perturbationstaused by Slots in thevSteél

The caiculations to obtain the effect of slots are done in the ﬁ4v
system, using the same subscripts as in the x-y system.

If the slots of avperiodié series_bf slots are separated by 2ul, we
need to consider only the fields in'the area outlined in fig. L4, wﬁth the
boundary conditions that the field § caused by the perfurbation is taﬁgential
to the boundaries. To do this, we first map coﬁformaily.the outlined region
onto the upper half of a t-plane with a Schwarz-Christoffel transformation.

dw/at ‘2)1/2

c/(l -t
w = crarcsin(t)

u, = c*w/2
t = sin(ﬂw/Qul) e . | (AS.l)

Since the pre-existing field in the u-v system is Z B_ (eq. (A4.Sc)), the charges
q needed to create a slot with a width 2uo(<< 2ul) are then equal iC Bo~2uo.

The pérturbatidn potential F. that has singularities corresponding the charges

1

placed at w = i v, i v, and giving constant vector potential along the
2 3 _ v :

boundary is then given by

i2u
o)
om

* .
3))."‘,'

F, =B - (1n(t - £,)(t = t,) - In(t - £)(t - ¢
Combining this with the complex potential describing the pre-existing field,
using eq. (A5.1) and the identity sin°o + sinh28 = (cosh2B - cos2a)/2 gives

with
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o= .w/u:L . 82,3 = n-v2,3/ulf
u_ '
Flw) = ¢ Bd(w + i FQ {ln(coshB2 -~ cosa) - ln(coshB3 ~ cosa)l})
B* =¢zB (i -=2 -vsina {(coshB, - cosa)fl - (coShB - cosa)-l})
w 0 u 2 - 3 )

1

(45.3)
To get the exact intersections of the slot with the v axis, one has to sblve
.B: = 0. Since Re F(0) = 0, the exact shape of the slot,:aﬁd'from it its |
exact width, is obtained from Re F(w) = 0. However, for a reasonably long
slot with a width << 2ﬁ‘, the approximate coordinates.vz, v3 for the ends aﬁd
‘the value 2uo'for the width are sufficiently accurate and will be.uséd.

To get H, at the interface in the x-y-system, we apply egs. (AL.L4) and

t
(AL.5) to eq. (A5.3) and obtain with

— —-— 2 . .
a= ﬁX/xl » By 3= T Ty, a/xg

Hx/Bl = -y T = sina {(costh - cosa) ~ - (cqshB3 - cosq) .}_ .

X 1 . |
(A5.4)

To obtain a better feeling for Hx’ we drop for simplicity the second termAin
the bracket of eq. (A5.L4), i.e., assume an infinitely long slot, and find the

maximum of

fla) = sina/(coshB2 - cosa) . ._ (A5.5)
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It occurs for cosa = l/coshBe. f(a) has there the value l/sinth,»giving'for

the extreme value of HX/BO:

X C2 Ty, /x
= . —0° . 271
(Hx/Bo) = -y . (A5.6)

Extr. x Ty, sinh(C2 ™ yz/xl)

To obtain Hy in the air région, it is convenient to expand f(o) into a Fourier

series:

£(a) =Zan e1ne S (A5.7)

-0

The coefficients a are easily evaluated, giving for a finite length slot
a =0sn> e 2-e )5 * (5.8)
a, = O n 0: a = -ile - e sa_ Ta . | A5,

Using eq. (Al.l4) to obtain the transfer'funcfion of the Fourier series that
relates Hy at location y above the midplane of the air region to Hx at the

air-iron interface (h = half gap of the air region) gives

Hy(x,:y)/'Bo= an cos(n m x/xl). " : (A5.9a)
' 1 , .
2% -‘
=y .2 . —2 o - 2 ,
b =7y, L X, (exp(-ng® m y2/xl) gxp( ng= w y3/x1)‘)

(85.9v)

x cosh(n m y/xl)/sinh(n m h/xl) .
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Appendix 6ﬂ Fields Produced by a Conductor in a Thin Slot

For é&mmetry féasoné,‘the proﬁiem specifiédiiﬁ seétion 6 needs td bé
solved only for u > 0. The geomefry is'showh in fig. Sa,vénd the-first.quédrant
of the w-plané is conformally mapped onto the uppér hglf of é t—planerwith a

Schwarz-Christoffel transformation:
aw/dt = .5 t'l/? , o . (46.1)
w=t7'T 5 =W L o (46.2)

Figure 5b shows the map of the boundary of the first Quadrant of the complex
w-plane onto the éomplex potential plané F(w). The differential equation for
the Schwarz-Christoffel transformation that maps the inside-éf the rectangile

in fig. 5b onto the upper half of the t-plane is

dF/at = -1+0.5-c,* (t(t —‘tg)(t - t3));1/2 . ~ (46.3)

Integration of this equation is not necessary since we are only interested in

* . . . .
B, =1 dF/aw, which is directly obtained from eqs. (A6.1), (A6.3), and (A6.2):

B: = o (& - t,)(¢ - t3))‘1/2-=' Cl((w2'+‘v22)(w2 . v32))-1/2 .

Introducing now the x and y coordinates with eq. (AL.L4), and a new constant

¢, glves for Hx:

2y)-1/2

(1,00 = e + (7D + (P gy L (a6.ka)
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Using this expression now over the whole x-axis and normalizing with

S

of the first kind):

Hx(x,O) dx = p I gives for c, (K represents the complete elliptic integral

co

e,y = 5 u 127 y/K(1 - y22/y32) : (46.4b)
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' 'Appendix T. Effect of . Conductor Imbedded 1n the Steel
Close to the Edge of a -Pole P1ece ‘

eTransforming the x~-y geometry into the u-v geometry gives with fig. 6

and eq. (Ab.Lc):
tgo, = C2 tga: ;  tegB. = C2 tgB | : (AT.1a)

Ty 12 = x 2782 4 3 2 2 - (aT.1b)

2

The expression that glves the Schwarz—Chrlstoffel transformatlon that conformally
maps the ‘area bound by the solld llnes onto the upper half of a t-plane. can be -

written as
aw/at = (1 - n)t™ 5 n=B,/m ,  (aT7.2a)
giving
— s t=w" ; a=1/(L-n) . ~ (A7.2b)
The complex potential F that has a'singﬁlarity.at t2 = wéa corresponding to a
current filament there, and a constant vector potential along the real t—axis;
i.e.,'on the problem boundary, is given by

pLUI O ft -t A c
F= - —5— ln( i—) : | - (ar.3)
. \t - te o

The line integral of H, along the total problem boundary in the x-y-geometry

t
equals I uox To judge the efficiency n of the filament,kwe ¢alculate what
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fraction n-I-uO of that line integral is contributed from the integral of Ht
along the real x-axis. n-I uo is_obviously given by ;Ttimes the difference of
the imaginéry part of F between the points t = 0 and t » ©. From egs. (A7.2b)

and (AT7.3) one obtains:

n=(m-8)) -a)/(m-8,) . N (AT.4)

*
To obtein H_, we first calculate B = i(ar/at)/(aw/dt). With egqs. (AT.2a) and

(A7.3) we obtain:
n
¥ U ula (t2 -t.)t

B = -i .

*

[ASAE v Iy 3

-
)} + t2 t2

From this follows with egs. (A7.2b) and (Ak.5d4) for Hx:

. - o Ia . sn-sin(aae)
S 52|w2| s> - 2s-cos(aa2) +1
(AT.5)
s = (x/C|W2|)a

The maximum for Hx occurs at

12y /(2 - n)

s = ((1 - n)-cos(aaz) + (1 -(1 - n)2 sin2(aa2
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Fignre Captioné

Fig. la. Fieldline pattern in part of a windowframe magnet, withouth -

conductors.
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t

b. Fieldline pattern in part of a windowframe magnet, with Ht—conductors.

Fig. 2. Schematic H _-conductor fields in OAM.

t
Fig. 3a. B/H, dB/dH, and dlnH/d1nB vs. B.
b. (dlaH/alnB)*’2 vs. B.

Fig. 4. Geometry for evaluation of slot effect.
Fig. 5. Geometry for evaluation of Ht—conductor effect.

Fig. 6. Geometry for evaluation of pole edge effect.
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, 'person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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