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We show that in relativistic heavy-ion collisions the independent electron 

model can be used to predict cross sections for multiple inner-shell 

ionization and capture in a single collision. Charge distributions of 82- to 

200-MeV/amu Xe and 105- to 955-MeV/amu U ion beams emerging from thin solid 

targets were used to obtain single- and multiple-electron stripping and 

capture cross sections. The probabilities of stripping electrons from the K, 

L, or M shells were calculated using the semiclassical approximation and 

Dirac hydrogenic waveftmctions. For capture, a simplified model for electron 

capture was used. The data generally agree with theory. 
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le Introduction 

The transition from the two-body to the many-body system is one of the 

important areas of study physics. Since the two-body problem is largely 

solved in atomic physics, it is advantageous to investigate the atomic few­

body problem, statically and dynamically. Theoretically, the simplest model 

to use is the independent particle model (!PM), which ignor:-es inter-action 

between the electrons and uses only single-particle wave functions. 

We show that in relativistic heavy-ion collisions the IPM can be used to 

predict cr-oss sections for multiple ionization or an ion in a single collision 

with good accuracy, although some systematic deviations are found at low 

target Z, which may point to electron cor-relation effects ( 1 ,2]. In general, 

one would expect the latter effects to show up mainly in two-electron 

systems and in low-Z atoms (1 ,2]. 

We also show that a special version of the !PM, which we call the 

infinite-sink--infinite source (ISIS) model, t"eproduces features or the 

multiple-capture cross sections foe" relativistic heavy-ion collisions. 

Multiple capture is much mot"e complicated than multiple ionization, because 

in the present regime capture or an electron occurs with comparable 

probabilities from all filled shells or the target to many empty states or 

the projectile. In multiple ionization of the projectile, the active electl:'ons 

can also originate fr-om many shells, but the dominant ionization occurs in 

the outer-most shell. 
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2. Hul tiple ionization 

According to the IPM, multiple ionization and multiple excitation should 

follow a binomial distr"i.bution. This d1str1.but1on has been observed in 

satellite K x-ray spectra (simultaneous K- and L-vacancy production) [3], 

hypersatellite spectra (simultaneous double K-vacancy production) [4], in 

multiple-ionization and multiple capture [5, 7], and in recoil ion measurements 

[8,9]. To date, detailed comparisons between calculated and measured 

multiple-ionization or excitation cross sections have been hampered by various 

side effects. In K-L satellite exper"i.ments, the interpretation of the 

measurements is sensitive to uncertainties in the fluorescence yields for 

each multiple-hole configuration. In many charge changing experiments, where 

outer-shell ionization is dominant, one cannot use, hydrogenic wave functions 

to describe the initial. and final. electron states.. Also, at ion velocities 

generally used, wave-function distortion effects such as binding and 

polarization are present [10]. These effects, themselves the subject of much 

investigation [11 ], tend to obscure possible electron correlation effects in 

multiple ionization. Recoil ion measurements have been analyzed by a 

statistical approach [ 12]. 

At relativistic energies, charge changing collisions can be well described 

by relatively simple theories, such as the plane-wave Born approximation 

(PWBA) for single-electron ionization [13] and the eikonal approximation for 

single-electron capture [14, 15]. Wave function distortion, target-electron 

screening, and relativistic effects on ionization are present, but can be 

calculated accurately [1 1 ]. For high-Z ions, Dirac hydrogenic wave functions 

can be used. Hence, one should be able to compute relativistic multiple-

" 

l'l 
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ionization cross sections with a high degree or accuracy. 

A recent upgrade or the Law~ence Be~keley Labo~atory BEVALAC p~ovides 

uranium ions with any desi~ed cha~ge state up to 1000 MeV/amu [16]. The 

method we used to dete~mine single- and mul tiple-stctpping c~oss sections is 

described in Ref. [17]. Ut"anium ions with selected incident chat"ge states, 

such as 91•, go•, 89•, 83+, and 68+ (1, 2, 3, 9, and 24 electt"Ons), we~e 

accelerated to energies between 105 and 955 MeV/amu. The ions were passed 

through thin Be, C, mylat" (My), Al, Cu, Ag, and Au fells and chat"ge 

distributions were determined as a function of target thickness. The 

stctpping and capture cross sections were determined by least squat"es fits of 

the integrated rate equations to the data [6]. Only the near lineal" pat"t of 

the charge state population dependence on target thickness [ 18] was used in 

orde~ to avoid excited-state effects [19]. 

Figures 1 and 2 show single- and mul tiple-electt"On stripping cross 

sections divided by Zt 2 • For 955-MeV/amu uu+ ions (not shown), up to sixfold 

ionization in a single collisions could be observed. The U90 + and U91 + single­

ionization cross sections agree with measurements of Gould et al [20] made at 

437 and 962 MeV/amu. 

The solid curves in Figs. 1 and 2 were calculated using the IPM. If Ps(b) 

is the one-electron ionization pt"obability in shell s at an impact-parameter 

b, the p~obability of ionizing n electt"Ons out of a total of N electt"ons in 

the shell is given by the binomial distribution [7] 

P ( N) N! n c1 )N-n s n, • n! (N-n)! Ps -ps . {1) 

If electt"Ons can be ejected from more than one shell, e.g. from three shells, 

the cross section fot" stripping m electrons is given by [1 ,2] 
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•m. r Io. Pl(nuNI) Pa<na,Nl) P,'n,N,) 21fbdb 
n 1•n 2•n,•m 

whe~e the subscripts 1, 2, and 3 refe~ to the th~ee s~ells considerede 

(2) 

To compute am, fo~ Ps we used the semiclassica.: approximation (SCA) 

formulation of Hans teen et al [21 ], taking the electron binding energies for 

highly chac-ged ions computed by Carlson et al [22], and Slater screened 

projectile charges Zs [23]. Instead of using the c:-oss section scaling 

correction factor ll defined by Han.steen et al [21 ], we simply normalized the 

calculated SCA cross sections to the PWBA [ 13]. Although the tables of 

Hansteen et al [21 ], are computed for non-relativis:ic ions, we showed 

previously [ 13] that relativistic effects on the cross section are small in 

the present regime. Hence, we believe that the use of non-relativistic 

calculations for p(b) may be reasonably valid and that our.. normalization 

procedure takes care of small discrepancies which may occur. 

As is well known, for large values of the pe~urbing target atomic 

number Zt the SCA breaks down, giving values of Ps that can exceed unity. 

Although the probabilities at small impact paramete:-s are very large (which 

~esults in large multiple-ionization cross sections), for relativistic U they 

never exceed unity, partly because ZtiZs never exceeds unity. In the actual 

calculations, ionization from the 1 s, 2s, 3s, 3p, and 3d shells are taken into 

account. Binding effects, screening effects, and relativistic effects are 

negligible here, as will be discussed in a forthcoming publication [24]. 

The data shown in Figs. 1 and 2 are overall in good agreement with the 

IPM foe- multiple ionization in the K and L shells. Majoc- evidence foe-

.. 
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mul t1ple-1onizat1on effects in these collisions is found not only in the 

mul t1ple-1onizat1on cross sections themselves but also in the fall-off of the 

r'educed single-elect c-on ionization cross section o, IZt 2 with increasing Zt. In 

the PWBA, o,1Zt 2 should be a constant foe- a given degree of ionization 

(11, 13]. The fall-off in o,!Zt 2 is mainly due to the role of the unionized 

electrons. Requir1ng that only one electron be ionized, e.g., in a nine­

elect c-on ion (U13 +), requires that 8 electrons not be ionized, so that one has 

terms such as (1 -11<)2 (1-11.,) • in Eq. (2) for the K and L electrons. Since pt. 

and 11< are close to unity at large Zt, these factors become quite small. If 

more electrons are present initially, the terms (1-ps) are r"aised to even 

higher powers, so that the cross-section fall-off becomes even more 

significant, in agreement with the observed results: in 955-MeV/amu uu+ and 

u•,+, o1/Zt2 dro~s by factors- 111.3 and- 1/3, respectively, over the Zt 

range investigated. 

Disagreement with the IPM for multiple ionization is apparent in u• •• 

collisions at low Zt where we have shown that the major discrepancy is due 

to L-shell ionization followed by LMM Auger transitions [24]. For U19+ and 

uu+ (Figs. 1a and 2a), Auger transitions can make no contrtbution. For un+ 

collisions (Figse 1b and 2b), the reduced K-shell cross section is only about 

2 bac-ns and the K-shell Auger yield is less than 5 percent, so the Auger 

contribution is below the scale or the figures. Nevertheless, systematic 

deviations from the calculations remain for m • 2 at low Zt. These 

.,I deviations may point to possible correlation effects (1 ,2]. 

3. MULTIPLE-ELECTRON CAPTURE 
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The calculation of multiple-electr-on capture cross sections fr-an an exact 

theory is complicated by the many combinati.ons of initial and final states 

which must be considered in nonr'adiative captur'e in the pr-esent r-egimes [17]. 

To compar-e the pr'esent measurements with theory, we assume that the 

theoretical capture probabilities P0 (b) at impact parameter b obey an 

"infinite-source--infinite-sink'' assumption: for any g1 ven electron 

configuration of the target (source) or vacancy configuration of the 

projectile (sink), so many trans! tions are possible that r-educing the number 

of electrons in the target or reducing the number of available vacancies in 

the pr-ojectile will have little effect on P0 • This assumption is partly 

confir:ned by the experimental results shown in Figs. 3 and 4 which indicate 

that the single-capture cross secti.ons in the collisions under consideration 

depend relatively little on q. (The assumption works best in situations where 

capture into excited. states is dominant; it. cannot be used if K + K 

transitions dominate, i.e., at asymptotically high projectile velocities.) On 

the basis of this model, in multiple capture in a single collision, the 

capture probability per electron is independent of the other electrons or 

·vacancies and the m-fold capture probability is given by 

(3) 

All statistical and unionized-electron factors, such as those in Eq. ( 1) for 

multiple ionization, are absent in this model due to the infinite-source--

infinite-sink approximation. The theoretical m-fold capture cross section is 

then given by 

(4) 

l\ 
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In the pc-esent model, this cc-oss section must be 1nter-pc-eted as the cc-oss 

section foc- the capture of m electr-ons, independent of what happens to the 

othef- electc-ons on the tar-get. Hence, a~h also contains the possibility of 

(m+1, m+2, ••• )-fold capture. But, the experimental m-fold capture cc-oss 

section ae;, as determined by char-ge state analysis, excludes all highec-oc-dez:o 

capture. Consequently, exper'imental and theor-etical cr-oss sections in this 

model are related by 

a th • 0eX + 0ex + a eX e • • 
m m m+1 m+2 

(5) 

or 

oe; • o~- a~. 1 • (6) 

To evaluate Eq. (6), we start with the OBK development of Lapicki and 

Losonski [25] who give theoretical expressions for K .. K and L .. L capture 

probabilities and on the relativistic treatment by Moiseiwitsch and Stockmarm 

[26] who treat only the K • K case. As is well known, OBK cross sections for 

single capture differ up to. an order:- of magnitude from experiment [14]. 

Probably, the OBK capture probabUi ty also has an incorrect impact parameter 

dependence, although this has not been tested in the pr:-esent velocity and Zp, 

Zt r:-egime. For these reasons, it is unavoidable that our model should 

contain an empirical fitting factor. 

Following Ref. [25], we wr'i te for the theor:-etical differential single-

capture cross section 

(7) 

where 

X • qb (8) 
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and 

J: W(x) X dx • 1. (9) 

Hence, 

(10) 
\ 

The treatment of Ref. [26] and a rederivation by Eichler [27] of the 

results of Ref. [25] for the t'elat1vist1c velocity regime show that a 

t'elativistically cot'rect expression for q 2 can be written as 

( 11) 

(12) 

where Ut and Up are the electron binding energies 1n the target and 

projectile, respectively, 8 ., v/c (v • projectile velocity, Y • (1 - 82 )- 11 2 , Io 

is the lectron binding energy in H, and a is the fine structure constant. 

From Eq. (4) it now follows that in the present model the theoretical 

cross section ror m-fold capture can be expressed in terms of the single-

capture cross section as 

ath. ath(fathqz/2'11')m-1 j• wm x dx. 
m 1 1 

0 
( 13) 

Because the OBK is not a correct theory, and because many trans! tions 

contribute to capture, we have introduced in the right side of Eq. (13) a 

factor rm-1 where r is assumed to be an empirical ·constant. Comparisons is 

now made with experiment using the relation, based on Eq. (6), 

ae; • ( a~ - a~+ 1 )/ ( a ~h- a ~l) a~X ( 14) 

and substituting for a~h the expression given in Eqe (4) with m • 1. 
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In compaM.ng Eq. (14) with our expec-imental c-esults t'or 105- and 

220-MeV/amu U projectiles and earlier unpublished results (17] t'or Xe (Figs. 3 

and 4), we have t'ound that satisfactory cfi ts can be obtained by assuming 

that transitions to the projectile L shell dominate in these capture 

processes as suggested by detailed eikonal calculations. We used 

experimental L, ,z binding energies Ut for the target calculations of Carlson 

et al [22] for the L binding energies of partially stripped projectiles. For 

W we used WLL from Eq. (A 11) of Ref. [26] and found that a factor f • o. 15 

gives the best overall fit to the experimental multiple-capture cross 

sections. 

As one can see from Figs. 3 and 4, the proposed model reproduces the 

trends of the experimental cross sections satisfactorUy. In particular, 1 t 

explains the approximately exponential decrease of the cross sections w1 th 

increasing multiplicity of the capture, and the steepening of the falloff with 

decreasing Zt and with increasing projectile velocl ty. 

4. CONCLUSIONS 

Multiple-electron ionization and capture in relativistic heavy-ion 

collisions are amenable to calculations.. Overall, the independent-electron 

approximation is in good agreement w1 th the ionization data. This suggests 

that electron correlation effects must be small at least for high-Z targets, 

where larger cross sections make the data more accurate. For multiple­

electron capture, which is a complex process, a simpli1'1ed model explains the 

main trends of the cross section dependence on target atomic number and on 

projectile energy. 
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Figure Captions 

Fig. 1. Single and multiple stripping cross sections ror 955-MeV/amu u.,• (one 

L-she11 electr-on) and u•J • (7 L-shel1 electr-ons) pr-ojectiles passing 

through various target foils as a function of the target atomic number 

<Zt). The cross sections in barns have been divided by Zt 1
• On each curve, 

m indicates the multiplicity of the stripping process. The solid curves 

show the independent-electron approximation r-esults. 

Fig. 2. Same as Fig. 1, for 430-MeV/amu un+ and uu• projectiles. 

Fig. 3. Multiple-capture cross sections of various charge states of 105- and 

220-MeV /amu U ions passing through Al, Au, Ag and Au target foils, as a 

function of the multiplicity (m) of the capture. The theoretical curves 

are based on the "1nf1n1te-source--int'inite-sink" model and are normalized 

to the experimental values at m • 1. 

Fig. 4. Same as Fig. 3, but for 82-, 140-, and 200-MeV/amu Xe ions. No A1 data 

1s available in this case. 
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