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A full-spectrum k-distribution (FSK) look-up table has been constructed for gas mixtures
within a certain range of thermodynamic states for three species, i.e., CO,, H,O and CO.
The k-distribution of a mixture is assembled directly from the summation of the linear
absorption coefficients of three species. The systematic approach to generate the table,
including the generation of the pressure-based absorption coefficient and the generation
of the k-distribution, is discussed. To efficiently obtain accurate k-values for arbitrary
thermodynamic states from tabulated values, a 6-D linear interpolation method is
employed. A large number of radiative heat transfer calculations have been carried out to
test the accuracy of the FSK look-up table. Results show that, using the FSK look-up table
can provide excellent accuracy compared to the exact results. Without the time-con-
suming process of assembling k-distribution from individual species plus mixing, using
the FSK look-up table can save considerable computational cost. To evaluate the accuracy
as well as the efficiency of the FSK look-up table, radiative heat transfer via a scaled Sandia
D Flame is calculated to compare the CPU execution time using the FSK method based on
the narrow-band database, correlations, and the look-up table. Results show that the FSK
look-up table can provide a computationally cheap alternative without much sacrifice in
accuracy.
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1. Introduction amounts of computer resources and computational time

[3], and remain unpractical for industrial applications.

Radiative properties of molecular gases are of great
importance for the study of combustion of hydrocarbon
fuels and atmospheric radiation [1]. The absorption coef-
ficient of gases, in particular for H,O and CO,, varies dra-
matically across most of the spectrum, which is difficult to
handle in practical applications. Therefore, accurate and
efficient models for gaseous radiative properties are highly
desirable. The most accurate radiative approach are line-
by-line (LBL) calculations, which rely on very detailed
knowledge of every single spectral line [2], but require vast

* Correspondence author. Fax: +209 228 4047.
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Therefore, the LBL method is used only for benchmark
solutions to validate approximate methods.

An inspection of the spectral distribution of gaseous
absorption coefficients reveals that the oscillatory
absorption coefficients have the same value at many dif-
ferent wavenumbers. Recognition of this fact has led to the
reordering of the absorption coefficients across the whole
spectrum into a monotonic absorption coefficient dis-
tribution against normalized artificial wavenumber, which
is much more efficiently integrated across the spectrum
[1]. In order to treat radiation in nongray media accurately
as well as efficiently, several models have been proposed
based on the idea of the reordering concept, including the
spectral-line-based weighted-sum-of-gray-gases (SLW)
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Nomenclature

a nongray stretching function in FSK method

a weight function in SLW method

Cabs molar absorption cross section (cm?)

f full-spectrum k-distribution

Fs absorption distribution function

g cumulative full-spectrum k-distribution or
quadrature point

I radiative intensity (W/(m? sr))

k k-value (cm~1)

L slab width (m)

Np; number of nominal k-values

p total pressure (bar)

Ry universal gas constant (J/(mol K))

T temperature (K)

w quadrature weight

bY mole fraction

Greek symbols

wavenumber (cm™!)

spectral absorption coefficient (cm™!)
scattering coefficient (cm~')

vector of local thermodynamic state variables
scattering phase function

»ede_ Q \3 =

Q solid angle (sr)
Subscripts

b blackbody
max maximum

min minimum

p pressure-based
Superscripts

0 reference state

Abbreviations

ADF absorption distribution function

FSK full-spectrum k-distribution

FSCK full-spectrum correlated k-distribution
HITEMP high-temperature spectroscopic absorption

database

LBL line-by-line

RTE radiative transfer equation

SLW spectral-line-based  weighted-sum-of-gray-
gases

method [4], the absorption distribution function (ADF)
method [5] and the full-spectrum k-distribution (FSK)
method [6]. The first two, developed before the FSK, are
approximate schemes, in which the absorption coefficients
are reduced to a few discrete values (chosen by user), and
integration over the spectrum is achieved by adding con-
tributions from the “gray gases”.

The FSK method, on the other hand, is an exact method
for homogeneous media using a continuous k-distribution
over the entire spectrum. For nonhomogeneous media
with variations in pressures, temperatures and species
concentrations, a correlated absorption coefficient is
assumed, i.e., the absorption coefficient from a thermo-
dynamic state can essentially be correlated to that of
another, resulting in the full-spectrum correlated k-dis-
tribution (FSCK) method [1]. With spectral integration
performed by using high-accuracy Gauss quadrature, the
FSK method can reduce the number of required radiative
transfer equation (RTE) evaluations from over one million
to around ten without losing spectral line information.
With this obvious advantage, the FSK has become perhaps
the most promising method for radiative heat transfer
calculations in nongray media and has been employed in
many applications. Consalvi and Liu [7] used several dif-
ferent spectral models to calculate radiation in axisym-
metric pool fires and the results showed that the FSCK
method achieves the best compromise in terms of accu-
racy and computational efficiency for a 34 kW pool fire.
Clements et al. [8] investigated the FSK method under
oxyfuel conditions and proved that the method can
achieve good agreement for the test cases. Cai et al. [9]

assembled full-spectrum k-distributions from a narrow-
band database and developed high fidelity radiative heat
transfer models to simulate high-pressure laminar hydro-
gen-air diffusion flames and they also applied the FSK
method to the determination of radiation in fluidized-bed
coal combustion [10].

FSK results tend to be very accurate, usually being
within a few percent of “exact” LBL calculations. However,
the drawback of the method is that FSKs are very cum-
bersome to calculate. For each state, say, with three
radiatively participating gases (CO,, H,O and CO) the
method requires the assembly of mixture k-distributions
or, for a CFD domain with several hundred thousand cells,
the same amount of mixture FSKs. To overcome this
drawback, Wang and Modest [11] described a narrow-
band database for individual species, from which FSKs can
be assembled efficiently by applying an appropriate mix-
ing model. Cai and Modest [12] regenerated the narrow-
band database using the newest HITEMP 2010 [13]. How-
ever, the mixing process for gas mixtures is computa-
tionally expensive, and creation of a single FSK for a two-
gas mixture still requires between 0.0549s to 0.469s,
depending on the mixing model [14]. Clearly, if one million
FSKs are needed per time step/iteration this becomes
computationally prohibitive. This has prompted the
development of simple correlation formulas for individual
species at atmospheric pressure [15-20], from which k-
distributions can be efficiently obtained; however, their
accuracy are rarely satisfactory and sometimes may lead to
serious errors [14]. Recently, Pearson et al. [21, 22] tabu-
lated ADF data (similar to FSK tabulations, except that they
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use absorption cross-sections instead of absorption coef-
ficients) for CO,, H,O and CO over the full spectrum as a
tool used in the SLW method, providing an alternative to
solve the radiative property of nongray gas with excellent
accuracy. However, this tabulation does not include gas
mixtures and is relatively coarse, making it difficult to use
for mixtures.

Therefore, to improve the calculation efficiency while
retaining accuracy for radiative heat transfer, an FSK look-
up table for gas mixtures with k-distributions assembled
directly from the summation of the linear absorption
coefficients has been constructed. Examples show that the
FSK look-up table can be a computationally cheap alter-
native without much sacrifice in accuracy.

2. Theoretical background
2.1. Full-spectrum k-distributions

A full-spectrum k-distribution accounts for the varia-
tions of the Planck function and is defined as [1]

fyrtki g T = [ " Iy (T8 (k — x,(¢))dn

1
Ib(T) M
where «, is the absorption coefficient calculated from a
spectroscopic database, §(-) is the Dirac-delta function, ¢ is a
vector of local thermodynamic state variables including
pressure, temperature and species concentration, f, r (k; ¢, T)
is a Planck-function-weighted k-distribution with absorption
coefficient evaluated at the local state ¢ and a Planck function
temperature T, I,(T) and I, (T) are the Planck function and
the spectral Planck function, respectively, at temperature T,
and 5 is the wavenumber.

The cumulative full-spectrum k-distribution is defined
as

k
gurki g Ty = [ fyr s g Thdk 2

Thus, g, represents the fraction of the spectrum
whose absorption coefficient lies below the value of k and
therefore, 0 < g, r < 1. Inverting Eq. (2), a smooth, mono-
tonically increasing function k(g) can be obtained, with
minimum and maximum values identical to those of «,.

For a nonhomogeneous mixture, the spectral variable is
reordered according to the absorption coefficient at a
reference state ibo. Furthermore, to reduce the impact of
uncorrelation, Cai and Modest [12] developed a new
implementation to determine the correlated k-values.
Applying this new implementation, the RTE can be reor-
dered at the reference state ¢° as

dl,
do =kir@pon|a@pm T.TOM - 1]
1
_ Js(fs)(lg T an Aﬂ L(sh® (9, s, S’)d_Q’) "
where
Ig = /0 1,6 (k = K, (¢*)dnlf 0 70 (k) “

algo.0 T 70| = fg,ol'[(k) _ dgi})OT(k)
T fi)o,To k) dgi/JO,TO(k) (5)

while ¢ is the scattering coefficient and @ is the scattering
phase function.

This is known as the full-spectrum correlated-k (FSCK)
method. Usually, the total intensity is evaluated through
an N-point numerical quadrature (with quadrature points
g; and weights w;)

1 N
I= [ Idg 0= Y wig

Jy tsteor = ®)
and for each quadrature point g;, Eq. (3) can be rewritten
as

dly,

i = k*(g,-)[a(g,-)lb(T) - Igi]

1 , Y
- 55(255)(1&' - Aﬂ Ig(sh @ (¢, s, 5)dQ ) 7
where k*(g;) is the k-value corresponding to the quad-
rature point g; for a gas mixture and a(g;) is obtained from

Eq. (5).
2.2. Spectral-line-based weighted-sum-of-gray-gases

If Eq. (3) is integrated using a crude trapezoidal scheme,
ie, the variable absorption coefficient kj (g 0;) is
replaced by a single, constant value k;(T, ¢) for the ith
finite range of F; spanning across F;_; < F; < F;, integra-
tion of Eq. (3) over the ith F;-range leads to

i 7 _
% = kT, ) @i, TOL(T) - 1]

®

This is known as the spectral-line-based weighted-
sum-of-gray-gases (SLW) method developed by Dension
and Webb [4]. Generally, the values of k;(T, ¢) and a;(T, T%
are obtained from the absorption distribution function
(ADF) [20-23]. Thus, the weight function a;(T, T°) is eval-
uated from [24]

- 0‘5(155)(11'— %[‘ li(s) (g, 5, y)dﬂ),i:] ..... N

@i(T, T% = B (Capsis T, T — F(Caps,i-1, T, T%) e

where F is the ADF and defined as

1
E(Caps, T, TO) = —— I, (T)d
s (Cabs ) (D4 fAne(cabs,N“)dabs) (1t (10)

The molar absorption cross section Cyps, in Eq. (10) is
related to the absorption coefficient by
R,T®
Capsy = U
P e (11
where R, is the universal gas constant, p is the total
pressure and x; is mole fraction of species s.
As Modest and Singh [19] pointed out that the F; in the
SIW method and the g in the FSK method can be
expressed using the same equation, and the SLW method
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is just the crudest possible implementation of the FSK
method. Therefore, the values of k;(T, ¢) and a;(T, T° can
also be obtained from the FSK look-up table developed in
this paper, just replacing k;(T, ¢) and (T, T°) by k*(g;) and
a(g;), respectively. From this perspective, except for the
order of quadrature, the SLW method is equivalent to the
FSK method.

The purpose of this paper is to precalculate these k*(g;)
and a(g;) values for different gas mixtures and to tabulate
them into an FSK look-up table for the convenience of
accurate and rapid radiative calculations by using either
the FSK method or the SLW method.

3. Construction of FSK look-up table
3.1. Generation of the pressure-based absorption coefficient

In the present FSK look-up table, three species are
taken into account, i.e., CO,, H,O and CO. To avoid the
mixing process during FSK generation, the mixture k-dis-
tribution is generated directly from the mixture linear
absorption coefficients for different thermodynamic states
including all three gases, which can be expressed as

Ky = (X0, Kpy_coy + XHy0Kpy_Hy0 + XCOKpy_co) P 12)

where Xco,, Xn,0 and xco are the mole fractions of CO,, H,O
and CO, respectively, p is the total pressure and the sub-
script ‘p’ represents pressure-based absorption coefficient.

Since the linear absorption coefficient is converted
from the pressure-based absorption coefficient as shown
in Eq. (12), the first step in the construction of the FSK
look-up table is the development of the detailed absorp-
tion spectrum as a function of relevant thermodynamic
properties for the gases of interest. The detailed approach
to generation of pressure-based absorption coefficients for
individual species has been previously given [25], and
outlined here for completeness. The HITEMP 2010 data-
base was employed to generate the spectral pressure-
based absorption coefficients, using the Voigt line profile
[1] as it has been shown to have higher accuracy than the
Lorentz profile for cases of sub-atmospheric pressure or
high temperature where both collision and Doppler
broadening are significant.

3.2. Generation of the k-distribution

In order to cover most conditions found in industrial
practices, a large range of pressures ranging from 0.1 bar to
80 bar, temperatures ranging from 300 K to 3000 K and a
full mole fraction range (from 0 to 1 for CO, and H,0, and
from 0 to 0.5 for CO, which is not expected to occur at
higher fractions in combustion system) is considered here.
Because of both mixing and self-broadening, the k-dis-
tributions may show nonlinearities as shown in Fig. 1, in
which the lines of exact k-values corresponding to differ-
ent g-values may deviate from the respective linear dash-
dot lines. To decrease these nonlinear effects, a large
number of small mole fractions is included in the FSK look-
up table. The nonlinear effects due to mixing mainly result

from the overlap of absorption bands among three species
with the strongest nonlinearity appearing at low mole
fractions (Fig. 1a), leading to the need of including several
low mole fraction data points in the database for the
generation of mixture k-distributions. In a gas mixture
with CO,, CO, H,0 and N,, the nonlinear effects due to self-
broadening are very strong for H,O (Fig. 1b) because of the
large molecule size difference between H,0 and N, plus
nonlinear effects due to mixing, resulting in more mole
fraction points needed for H,O to generate the k-dis-
tribution; for CO,, the size of the molecule is a little larger
than N,, leading to a smaller effect of self-broadening
compared to H,0, therefore, fewer mole fraction points are
needed for CO, to reduce the interpolation error resulting
from nonlinear effects; for CO, the molecule size is about
the same size as N, and the effect of self-broadening can
be ignored, thus only five mole fraction points are needed
for CO to decrease the nonlinear effect due to mixing.
Table 1 summarizes the pressures, gas temperatures,
reference temperatures and mole fractions stored in the
present FSK look-up table.

When employing Eqs. (1) and (2) to calculate the
cumulative k-distributions, a set of nominal k-values
between the local maximum and minimum linear
absorption coefficients must be chosen for each thermo-
dynamic state. In this work, a power distribution is used
and may be expressed as [11]

; 1/p
ki = [K,ﬁin + Nlpr_—ll (ko — Kr/j]m)] 0<p<1,1<i<Np) 13)

With Eq. (13), a skewed distribution that places more
points at smaller k-values is generated. After considerable
numerical experimentation, a value of g = 0.1 was found to
be most satisfactory [11]. To avoid errors when the two
adjacent linear absorption coefficients occur in the same k-
value interval, a large number of points Np; = 5000 were
employed. Therefore, the k-distributions obtained from
LBL data can be regarded as essentially error-free.

For every thermodynamic state, the cumulative k-dis-
tribution g with 5000 k-values have extremely high-
accuracy; however, this leads to large storage, which is not
acceptable for practical calculations. Since the cumulative
k-distribution g always varies between 0 and 1, fixing the
g-values is a logical choice to compact the present table.
Since n-node Gauss quadrature has the highest order of
accuracy, a set of the abscissas of the Gauss-Chebyshev
quadrature (I) described in [11] were chosen for the fixed
g-values.

To guarantee the accuracy for any optical conditions, 32
Gauss-Chebyshev quadrature points were chosen for the
fixed g-values for all full-spectrum k-distributions. Thus,
only the corresponding k-values and a-values were tabu-
lated in the FSK look-up table. However, it still makes the
total size of the FSK look-up table close to 5 GB. For prac-
tical applications, loading such a huge database into
memory is both time-consuming and wasteful because
generally only a portion of data is used for certain calcu-
lations. To avoid this drawback and also based on the fact
that all records in the FSK look-up table are of the same
length (there are 32 records at each thermodynamic states
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Fig. 1. Exact k-values corresponding to 8th, 12th and 16th g-quadrature
values with increasing mole fraction using a 16-point Gauss—Chebyshev
quadrature scheme [dash-dot lines represent linear interpolation lines
connecting the first and last k-values; ( x 100), ( x 20), ( x 50) and ( x 10)
imply amplification factors]. a. Nonlinearity due to mixing b. Nonlinearity
due to self-broadening.

N

for both k-values and a-values), the direct data access
method [11] is employed so that only the data needed by
the calculations are loaded into the memory, saving both
the time for reading the whole table and the memory
when carrying out certain calculations. This memory
management approach that guarantees the lowest mem-
ory cost without affecting the runtime efficiency during
certain calculations is known as dynamic loading.

To meet the demands of different users, k-values and a-
values are stored separated by both pressure and mole
fraction of three species requiring 100 KB for each file.
Therefore, one can assemble a small FSK look-up table for
special cases; for example, a table with a single constant
pressure and a mole fraction range from 0 to 0.25 can be
assembled from 700 (7 CO, mole fractions x 10 H,O mole
fractions x 5 CO mole fractions for both k-values and a-
values) individual files, leading to a table of only 68.4 MB;

Table 1
Precalculated thermodynamic states of FSK look-up table.

Parameters Range Values Number of
points
Species CO,, H,0 3
and CO
Pressure (total) 0.1-0.5 bar  Every 0.1 bar 34
0.7 bar 0.7 bar
1.0- Every 1.0 bar
14.0 bar
15.0-80 bar Every 5 bar
Gas temperature  300- Every 100 K 28
3000 K
Reference 300- Every 100 K 28
temperature 3000 K
Mole fraction of  0.0-0.05 Every 0.01 10
CO, 0.25-1.0 Every 0.25
Mole fraction of  0.0-0.05 Every 0.01 13
H,0 0.1-0.2 Every 0.05
0.25-1.0 Every 0.25
Mole fraction of  0.0-0.5 [0.0, 0.01, 0.05, 6
co 0.1, 0.25, 0.5]

furthermore, for RTE evaluations, usually 8-16 quadrature
points are sufficient, making the size of the table even
smaller, for example, a table with a single constant pres-
sure with 16 quadrature points is only 34.2 MB in size.

3.3. Interpolation method

For an arbitrary thermodynamic state, a full-spectrum
k-distribution is specified by pressure, gas temperature,
reference temperature and three concentrations. There-
fore, a six-dimensional interpolation method is required to
obtain the full-spectrum k-distribution from the look-up
table. To achieve relatively small computational cost, the
simplest and fastest 6-D linear interpolation method with
a2x2x2x2x2x2 domain is employed to obtain both
k-values and a-values. Since both gas and reference tem-
perature ranges are equally spaced, the domain values of
these two parameters can be directly obtained; while the
domain values of pressure and three species need to be
searched due to the unequally spaced ranges, requiring
some extra computational time.

Since the effect of self-broadening is remarkably larger
at both high-pressure and low temperature, especially for
H,0, it is appropriate to compare the negative radiative
heat source V-q calculated by two mixture k-distributions
obtained from different sources to test the accuracy of 6-D
linear interpolation. As shown in Fig. 2, the k-distributions
shown as a red dash-dot line are obtained from 6-D linear
interpolation among the tabulated values in the FSK look-
up table; and the k-distributions shown as a black solid
line are calculated by an exact FSK, for which the k-dis-
tributions are directly calculated from the LBL absorption
coefficient database [25]. It can be seen that two values of
V-q are in excellent agreement at both high-pressure and
high temperature, and the maximum error stays around
2%. Therefore, the 6-D linear interpolation method was
deemed good enough to obtain the k-values from the FSK
look-up table.
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4. Results and discussions
4.1. Sample calculations

4.1.1. Accuracy investigation

To test the accuracy of the FSK look-up table, a large
number of sample calculations were carried out for one-
dimensional slabs of a homogeneous gas mixture bounded
by cold black walls, with v.q predicted by the FSK method
using the look-up table. Since the FSK method is exact for
homogeneous media, the reference solution is provided by
the exact FSK. Thus, any error generated by using the FSK
look-up table is due to inaccuracies from interpolation of
k-distributions from the FSK look-up table. For these cases,
the analytical solution of the RTE exists [1] and is used for
comparison. Mixtures of three species (CO,, H,0, and CO)
in different thermodynamic states are shown in Table 2.
All FSK calculations employ a 16-point Gauss-Chebyshev
scheme.

Figs. 3 through 5 show the representative curves of V.q
across the slab varying with pressures, temperatures and
slab widths, respectively. For better readability, only FSK
exact results and errors made by database-assembled k-
distribution calculations from the FSK look-up table have
been plotted. Fig. 3 shows the effects of total pressure on
overall accuracy, keeping all other parameters fixed. For
low pressures such as 0.85 bar, V-q is essentially constant
across the slab, since the gas is so optically thin that all

co2

p=77.5 bar, T=350K, x

=0.15,x,__=0.125,x__=0.175,L=0.1m
H20 co

T L LN St e v — ]
—————————— - 12 =
[N 7 — N A ~
1 N S 4 v j .
! ‘10 8
4 S
4 S
4-2 W
240 [
[ Exact FSK
& [r === Look-up Table
£ 180l
E [
=
~ 120 |-
\d
>
60 [ -
0 O L L) L L L
0 0.2 0.4 0.6 0.8 1
x/L

Fig. 2. Comparison of calculated by k-distributions obtained by an exact
evaluation and 6-D linear interpolation from tabulated data in the FSK

look-up table; 16-point quadrature.

Table 2

Investigated gas mixture states and corresponding fixed parameters.

emission escapes from the medium without self-absorp-
tion. For high pressures, the gas becomes optically thick
and, therefore, energy emitted near the center cannot
escape, leading to the strong gradients toward the
boundaries. The same phenomenon can be also seen in
Fig. 4, in which the temperature T is increased, and in
Fig. 5, in which the slab width L is increased. For all cases,
the maximum error across the slab stays around or below
2%, implying that the FSK look-up is sufficiently accurate
for radiative calculations.

4.1.2. Efficiency investigation

To test the efficiency of the FSK look-up table, CPU
times of generating k-distributions for arbitrary gas mix-
tures at arbitrary thermodynamic states are compared
using FSK generation based on exact FSK, assembly from
the narrow-band database [12], from correlations [18, 19]
and from the look-up table developed in this paper,
respectively. Since the correlations can be used only at
1 bar, the pressure for all arbitrary k-distributions is fixed
to 1bar. The temperature range for arbitrary thermo-
dynamic states is 300-3000 K. Three gases (CO,, H,O and
CO) with mole fractions ranging from 0 to 0.25 are inclu-
ded in the generation of arbitrary k-distributions. How-
ever, correlations are only available for CO, and H;O;
therefore, the k-distributions generated using correlations
include only two gases.

T=1650K, X ,=0.15, X,,.625, X_,=0.03, L=0.1 m=0

Error (%)

60

IS
(&)

V.q (MW/m?)

-
(&)

x/L

Fig. 3. Negative radiative heat source for a 15.0% CO,-62.5% H,0-3% CO-
19.5% N, mixture at varying pressures; 16-point quadrature.

Investigated gas mixture states

Fixed parameters

p (bar) T (K) Xco, XHy0 Xco XNy L (m)
p (bar) 0.85, 2.5,17.5, 37.5, 72.5 - 1650 0.150 0.625 0.030 0.195 0.1
T (K) 450, 1050, 1650, 2250, 2850 17.5 - 0.375 0.375 0.075 0.175 0.1
L (m) 0.001, 0.01, 0.1, 0.5, 1 17.5 1650 0.625 0.125 0.175 0.075 -
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Fig. 4. Negative radiative heat source for a 37.5% C0,-37.5% H,0-7.5%
CO-17.5% N, mixture at varying temperatures; 16-point quadrature.
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Fig. 5. Negative radiative heat source for a 62.5% C0,-12.5% H,0-17.5%
CO-7.5% N, mixture at varying slab thicknesses; 16-point quadrature.

Table 3
CPU time comparisons of generating 10,000 arbitrary k-distributions
based on different databases.

Database Mixing model CPU (s)
Exact FSK - 31216
Narrow-band Multiplication 1390
MRmixing 5905
Correlations Multiplication 0.41
MRmixing 8.97
Look-up table - 0.26

Table 3 shows CPU time comparisons for generating
10,000 arbitrary k-distributions based on four different
databases. Two mixing models are included in the compar-
isons for the k-distributions assembly from both the narrow-
band database and correlations, i.e., the multiplication model
[26] and the Modest and Riazzi mixing (MRmixing) model

[27]. Since the exact FSK is calculated from the LBL absorp-
tion coefficient database, the required CPU time for genera-
tion using the exact FSK, while large, is considerably lower
than that when calculated directly from HITEMP 2010. Using
the narrow-band database saves considerable CPU time
because k-distributions have been precalculated for indivi-
dual species. However, CPU time of generation using the
narrow-band database is still large due to the mixing pro-
cess. As listed in Table 3, even employing the more efficient
but less accurate multiplication model, using the narrow-
band database still requires 1390 s to generate 10,000 arbi-
trary k-distributions. CPU time for generation using correla-
tions is much smaller than that using the narrow-band
database; it also depends on the mixing model: CPU time
employing the MRmixing model is much larger than that for
the multiplication model. Without both assembly of k-dis-
tributions and mixing, CPU time using the look-up table is
remarkably cheap, which is even faster than that using cor-
relations with the more rapid multiplication model.

Comparisons of k-distributions calculated from differ-
ent databases in Table 3 at one thermodynamic state are
shown in Fig. 6 (left). The k-distributions calculated from
both narrow-band database with MRmixing model and
look-up table overlap very well with the exact results,
which are directly calculated by exact FSK. By contrast,
those k-distributions calculated from the narrow-band
database with the multiplication model and from corre-
lations with the two different mixing models show some
discrepancies compared to the exact results. Employing
those k-distributions, the negative radiative heat source
and errors compared to exact FSK results across the 1D
slab are shown in Fig. 6 (right). It is clear that with accu-
rate k-distributions, the results using the narrow-band
database with the MRmixing model and the look-up table
are much better than those using the correlations and/or
the multiplication mixing model, showing less than 2%
error across the slab compared to exact FSK results. In
addition, comparing the CPU times shown in Table 3
makes it clear that the look-up table is a more appropriate
way for radiative calculations than using the narrow-band
database with the MRmixing model.

4.2. Flame calculation

In order to evaluate accuracy and efficiency of the FSK
look-up table, radiation from a realistic flame is con-
sidered. The flame is derived from Sandia Flame D [28] by
artificially quadrupling the jet diameter, resulting in strong
radiation effects that are found in practical combustion
configurations. The flame is simulated on a two-dimen-
sional axisymmetric mesh, and only the quasi-steady
time-averaged temperature and species mass fraction
fields shown in Fig. 7 are used here for radiation calcula-
tion comparisons. Hence, no turbulence-radiation inter-
action is considered, and V-q is determined using the FSK
method based on three different databases (narrow-band,
correlations and look-up table) without feedback to the
flame. The RTE is solved by the P; method. The total
pressure is 1 bar and three species (CO,, H,0 and CO) are
included in the calculations except for the calculations
using the correlations, which contains only CO, and H,O.
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Fig. 7. Time-averaged spatial profile of temperature, CO, mass fraction, H,O mass fraction and CO mass fraction of enlarged Sandia Flame D. (For inter-
pretation of the colors in this figure, the reader is referred to the web version of this article).

All FSK calculations employ a 16-point Gauss-Chebyshev
quadrature scheme and are compared with LBL calcula-
tions at three downstream locations.

The results using the narrow-band database employed
the MRmixing model have been presented by Cai and
Modest [12]. As shown in Fig. 8, at all three locations, using
the narrow-band database with the MRmixing model
provides excellent performance compared to LBL results.
The discrepancies between the results from the narrow-
band database with the MRmixing model and LBL results
mainly come from the quadrature errors, interpolation
errors and mixing errors. When employing the quicker

multiplication model, the accuracy using the narrow-band
database dramatically decreases due to the increase of
mixing errors. Calculations using the correlations with
either multiplication model or MRmixing model show the
worst performance among the three databases. Since
radiation of CO is not very dominant, the large dis-
crepancies between the correlation results and LBL results
are mainly due to the inaccurate k-distributions obtained
from the correlations. Without mixing, only quadrature
errors and interpolation errors are present when using
the look-up table. Since the quadrature errors are very
tiny when employing 16-point quadrature and the



C. Wang et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 168 (2016) 46-56

54
(0TS O o
e C0o2
- — — — — H20 -
0.12 - ——— co
c C T E
o r I
= 0.1 ]
] 3 ]
© C ]
— 5 I
%= 0.08 [ R
7] n ]
[72] - ]
@ 5 I
g 006 B
n L ]
2 u =
[T) 0.04f ]
) F ]
= g ]
9 o02f, 1
- .‘\'. -
C S
or
oo Lo Lo by Lo Ly i
0 0.02 0.04 006 008 01 012 0.14
r(m)
(OIS o L L e
e Cco2
S - = ~ - — — — H20
012 - )Y I co
C T

0.1

c
(]
= L
o C
E Y N\
= 008" N
C N
£ 006 N
o F N,
(] C \
‘G 004F \
[] r \
o - "\
N o002 E .
F z=1.0m RN ]
C S ]
0 j ............................
N T N N B N N
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
r(m)
014 [ L [ TTTT [ TTTT [ TTTT [ TTTT [ TTTT [ TTTT [ ™
F—— mm— co2 1
[ - - = - H20 ]
012 <" - co ]
c C RN T ]
.g 01f S 1
[¢] C ]
8 C 7
& 0.08[ 3
(2] r ]
g C 7
0.06 [~ ]
g o 3
7] E ]
Q 004 b
o - .
g_ [N ]
N ]
@ 002f Se E
[ oz=14m "~ _ E
Y T — E
Eev il b b b bt 10 d
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
r(m)

Fig. 8. Comparisons of FSK calculations using different databases (right column) along with the species mass fraction and the temperature (left column) at

1800

1600

1400

1200

1000

800

600

2000

1800

1600

1400

1200

1000

800

600

400

2000

1800

1600

1400

1200

1000

800

600

400

Temperature (K)

Temperature (K)

Temperature (K)

V-q (kW/m?®)

V-q (kW/m®)

V-q (kW/m®)

1000

800

(o2}
o
o

400

N
o
o

-200

1000

©
o
o

[o2]
o
o

400

N
o
o

o

(S L s s

1200

1000

@
o
o

600

N B
o o
o o

o

© T

TTT T

TTT T

LI |

LBL

Narrow-band (Multi)
Narrow-band (MR)

- Look-up Table

- Correlations (Multi)
Correlations (MR)

LI BN

/‘ z=0.5m
L A4
7

co e b b b a by

L

1

0 002 004 006 0.08
r(m)

0.1 012  0.14

LI I O I

LBL

Narrow-band (Multi)
Narrow-band (MR)

- Look-up Table
Correlations (Multi)
Correlations (MR)

z=1.0m

!

L

Lo b b L

!

002 004 006 008
r(m)

0.1 012 0.14

TT T T[T T T T [T T T T[T TTT

TT T

T
LBL

Narrow-band (Multi)
Narrow-band (MR)

- Look-up Table
Correlations (Multi)
Correlations (MR)

LI I B

z=14m

I T T T T A B

002 004 006 008 01 012 014
r(m)

three locations, z=0.5 m (top), z=1.0 m (middle), and z=1.4 m (bottom); Multi: multiplication model, MR: MRmixing model.



C. Wang et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 168 (2016) 46-56 55

Table 4
Comparison of CPU times for calculations of the Sandia D flame case
using different databases.

Database Mixing model CPU (s)
LBL - 87331.98
Narrow-band Multiplication 1513.57
MRmixing 8422.88
Correlations Multiplication 1.76
MRmixing 13.34
Look-up table - 1.56

interpolation errors are around 2% as shown in Section 4.1,
calculations using the look-up table are very close to the
LBL results, showing almost the best performance among
three databases. At the locations where radiation is
dominated by the emission, e.g. z=0.5m and z=1.0 m,
calculations using the look-up table even overlap with LBL
results. This illustrates that in practical applications using
the look-up table can achieve a LBL accuracy in predicting
of radiative heat source.

CPU times of the LBL calculations and the FSK calcula-
tions using the three databases are compared in Table 4.
Because of the one million evaluations of the RTE, using
the LBL database requires a large amount of CPU time.
Using the narrow-band database can save much CPU time
compared to LBL calculations. However, even employing
the more rapid multiplication model, the CPU time using
the narrow-band database is still about a factor of 970
higher than that using the look-up table due to the
assembly of mixture k-distributions from individual spe-
cies. Thus, for a single calculation without feedback, it is
quite time-consuming to use the narrow-band database in
practical applications. When employing dynamic loading,
considerable time for reading the whole look-up table into
memory is saved, making the CPU time using the look-up
table even shorter than that using correlations with the
multiplication model. Therefore, together with the accu-
racy discussions above, using the look-up table appears to
be a better alternative for radiative calculations, and is
computationally cheaper than using correlations but with
high-accuracy, which is even better than using the nar-
row-band database.

5. Conclusions

To avoid the time-consuming process of assembling
mixture full spectrum k-distributions from spectroscopic
databases plus mixing, an FSK look-up table has been
constructed, from which k-distributions can be obtained
by interpolation. The following conclusions are drawn
from this work:

1. The FSK look-up table presented in this paper includes
three species (CO,, H,0 and CO) and has a large range of
pressures ranging from 0.1-80 bar and temperatures
ranging from 300-3000 K. For both CO, and H-,O, the
considered mole fraction range is between 0 and 1;
while for CO, it is between 0 and 0.5.

2. A large number of calculations were carried out to
investigate the effects of total pressure, temperature
and slab width on the accuracy of the FSK look-up table.
It was demonstrated that the full-spectrum k-distribu-
tions of the gas mixture at arbitrary thermodynamic
states can be obtained accurately from the FSK look-up
table by 6-D linear interpolation scheme presented in
the paper.

3. The major advantage of the FSK look-up table is effi-
ciency, requiring CPU time that is even cheaper than
that using correlations with the simple (and least
accurate) rapid multiplication model but achieving
almost the same accuracy as using the LBL database.
Considering both accuracy and efficiency, the FSK look-
up table appears to be a very effective tool for practical
applications. The look-up database is available from the
corresponding author’s website upon request at http://
eng.ucmerced.edu/people/mmodest.
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