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Three-dimensional corner eddies in Stokes flow

Anthony M J Davis and Stefan G Llewellyn Smith

Department of Mechanical and Aerospace Engineering, Jacobs School of Engineering,
UCSD, 9500 Gilman Drive, La Jolla CA 92093-0411, USA

E-mail: amdavis@ucsd.edu, sgls@ucsd.edu

Abstract. Vortices exist in wedge-shaped corners in Stokes flow. In seeking an
analogous eigensolution structure in three dimensions, an analytic construction is
derived for a rectangular corner. This restriction mirrors the only corner type for which
computed streamlines are available for comparison and explanation. The dominant
eigenvalue is complex, giving rise to localized eddies. Hence trapped fluid is predicted
near the corner.

1. Introduction

Dean and Montagnon (1949) showed that complex eigenvalues exist for steady viscous
self-similar flow in a corner of angle less than 146°. Moffatt (1964) inferred the existence
of a sequence of vortices that now bear his name, in two-dimensional Stokes flow.
Wakiya (1976)), followed by Liu and Joseph (1978), showed that the corresponding
axisymmetric vortices can exist within a cone and Malhotra et al. (2005) added the two
cone geometry. By means of asymptotic methods, the presence of such vortices was
identified in cylinder/plane (Davis and O’Neill 1977), two-sphere (Davis et al. 1976)
and wall-driven rectangular cavity (Meleshko 1996) flows. However, asymmetric three-
dimensional flows are unlikely to exhibit vortices because the boundaries lack the
confining effect needed to trap the creeping flow.

The quest for eddies in a genuinely three-dimensional flow has been pursued by
considering suitably chosen examples. Hills and Moffatt (2000) analysed the asymptotic
behavior of the flow near the edge formed by two fixed rectangular fins placed in a
rotating cone and identified a sequence of eddies whose streamlines lie on concentric
spheres, centered at the cone’s vertex. Gomilko et al. (2003) displayed eddies generated
by boundary-driven flows in a trihedral rectangular corner. Further sets of computed
eddy streamlines in such corners are given by Shankar and Deshpande (2000) and
Shankar (2007), whose lid-driven cavity flows also feature the self-similar flow in a right-
angled corner that is analyzed below. Leriche and Labrosse (2011) find eigenmodes for
Stokes flow in a cubical cavity and discuss the flow in corners. Guglielmini et al. (2011)
have shown helical-like structures, that is, the streamlines are not closed, in three-
dimensional pressure-driven confined channel flow around corners. Their results, which
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depend on the channel’s aspect ratio, have been confirmed experimentally by Sznitman
et al. (2012). Mustakis and Kim (1998) calculate solutions outside a cube and examine
the solution near a vertex, but do not investigate the presence of eddies.

The three-dimensional flows mentioned above are, with one exception, driven by
the motion of boundaries. The aim here is to understand the flow in a corner bounded
by planes at rest, driven by some motion in the far field, as at the base of the lid-
driven cavity, to see if eddies develop. The first step towards extending the wedge
results of Dean and Montagnon (1949) and Moffatt (1964) to a tetrahedral corner was
recently presented by Scott (2013), who showed numerically that the flow field in the
slowest decaying mode has symmetric and antisymmetric components. This, possibly
unexpected, result is yet another example of the rich variety of three-dimensional flows.
The approach adopted below is essentially analytical, with numerical work appearing
at a late stage.

2. Self similar flow in a right-angled corner

Consider the corner, r > 0, 0 < 6 < 7/2, 0 < ¢ < 7/2, in terms of spherical polar
coordinates (1,6, ¢). In Stokes flow, the dimensionless velocity and pressure fields are
governed by

V-v=0, Vv = Vp. (1)

With v = uf + 00 + wqg, the continuity equation suggests a similarity solution of the
form

u=1rU, (v,w) = r*(V,W)sin#, p=r""1P. (2)

2.1. Solutions with azimuthal trigonometric dependence

Set o = cos 0 and seek solutions

(U,V, P) = [f(0), g(0), k(@) sinwd, W = h(c) cos v, 3)
Then V?p = 0 implies that
k= APy (o), (4)

for some constant A.
A suitable velocity representation in spherical polar coordinates, which proves
superior to Lamb’s general solution, is

v=VxVx(¥)+V x(ry), p=(1+r V)V, (5)
where V40U = 0 = V2y (Davis 1983). Then

v
V1—o02

which yields a solution of type (3) with

A~ dPY A
PY(o)sinvg 0 + V1 —02d—;cosu<b¢ : (6)

V x [rr*PY (o) cosvg] =1 | —

dPy vPY
hIII _ A Irr A Inr _ 6 _— kIII'
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Since
VxVx(@V)=VW+r VU] -rVV¥ (8)
and

V x V x [rr* Py (o) sinvg] = 7 (A + 2) |:(>\ +1)PY, sinvg#

dpPy
—V1—o02 d/\H sinvg 6 +
o

v . R
ﬁp)\—kl cos v ¢] ; (9)
a solution of type (3) is given by

14 14
APy, vP{

=0+ )P, g == W= =00 (10)
Similarly, V x V x [rr*1 Py (o) sinv¢)] yields a third solution with
AN = 1) 4Py VP IA(2A + 1)
I I A1 I A-1 I v
== I =——, h = k= Py .. 11
f )\+2 A—1» g do_ ) 1_0_27 A+2 A—1 ( )

The only non-vanishing k is in agreement with (4). Except for the rescaling of I, these
independent solutions are those derived from Lamb’s general solution by Gomilko et al.
(2003). For 0 < o < 1, a useful formula, given by Gradshteyn and Ryzhik (2000, 8.704),
is

PYo) = PY,_,(0) = F(ll— 5 (1 - U)V/QF (—)\, ALl — v 1_7") | (12)

l1—0

Both the power of r and the functions in solution I imply that Re A > 1/2 may be
assumed henceforth, since complex conjugate eigenvalues are anticipated. A particular
value of (12), given by Gradshteyn and Ryzhik (2000, 8.756.1), is

27, /1t
Pr(0) - = (13
L(m+ 14 3)0(m—231)
which vanishes if and only if A is an odd integer > 2m + 1 and is consistent with

Gradshteyn and Ryzhik (2000, 8.736.1)
F'(A—2m+1)

P—Qm —
h ) DA +2m +1)

Pi"(0). (14)

2.2. Imposition of no-slip

If v = —2min (3), then (U, V) = (0,0) at ¢ = 0, 7/2, that is, the tangential components
vanish at these two walls. For (U,WW) = (0,0) at § = 7/2, (7, 10, 11) are suitably
combined to obtain, for mode m > 1,

PA_—QT(U) /\+1 (o

PEN0) B (0
_ [ 2m(A+2)P (o) 2mPy (o)

B PYCER O[O UQ)PAET(O) (A + 1)(1 = o?) P (0)

_c dP; ™ /do (o)

" AP /do(0)

U = { ; ] sin 2ma, (15)

} cos 2ma, (16)
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where
2m(A+2)  2m
AA=1)  A+1

Use of the recurrence relations
A+ 1) oP{ =AN+v)P{ +(A+1—-v)PY, (18)

(1= )Py = s [+ DO B —AA+ 1= )], (19)
yields the much simpler form

2m [Pfi“(a) _ P{fi“(o)} cos 2m¢

A=TLPEN0)  P(0)] 1-o

Cyp = (17)

W, = (20)

Evidently there is no role for the m = 0 mode. The corresponding §-component of (3)

is given by
V. — { (A +2)dPy 21m/C1<T(0) dP " /do(o)
" AA=DPE0) (A +1)P(0)
2mPy 2m( ) ,
+Cm(1 =)Ao (0)} sin 2me, (21)

which can be similarly reduced to
22+ 1\ . A+2)(A=2m) _ .
V= |(527) o) - o P (o)

A—1 A—1 -
Com sin 2me
+(A+2m+ 1)o P (0)] 1= 02)dP 2" Jdo(0)’ (22)
A
In particular,
2\ + 1 PPM(0)
Vin)o—o = . 2 23
(Vin)o=o ( A= ) AP [ (0) T2 (23)
which is required below.
We set

3 00 . .
v=r 3T ED [Unlo®, 607 + Vo, 60)8" + Wy (09, 6 sin69] , (24)
i=1 m=1
where (1,0, ¢®) (i = 1,2,3) are the three sets of spherical polar coordinates defined
by Gomilko et al. (2003), with the 8 = 0, ) = 0, ) = 0 axes coincident with
the positive z,x,y-axes respectively (see Figure 1). At the three walls, all tangential

velocities are zero. On z = 0 (00 = 7/2, ¢ = 0), only the #M-component at
0 = 7/2 (¢(V) = 0) is required, while
92 — ¢(1)7 ¢(2) — 0, 9B — 7T/2 ¢(1 B 7T/2 A(l) _ _q3(2)’ é(l) _ Q?)(?)). (25)
Thus, from (24),
(Voo = 8" 3" [FDOV,(0,60) = FOW,,(cos 61, 0) sin 6V
m=1

+E®W,,(sin ¢, 7/2) cos gb(l)] , (26)
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whose required vanishing gives, on substitution of (20, 23),

> W 2)\+1> P2™(0) .
;{F m <>\— 1) P o (o) S
) om {P/\f{"(cosgzﬁ) B P)\_Elm(COS(ﬁ)] 1

A1l RE0)  RE) ) sne
2m [BI(sing)  PA'(sing)] (=1)™) _
cosg |

P2 (0) PAM(0)

F®
TN T

(27)
Noting that

w/2 /2
/ f(sin ¢) sin 2n¢g dep = (—1)"*! / f(cos ¢) sin 2n¢ do, (28)
0 0

the Fourier components of (27) yield, for n > 1,

= P;2(0) 8m
EFYON+1Dopp—2——"t— — —[FP 4 (=1)"E®
3 { PO+ Wby s — Y + (1R
/ﬂ/z { P %" (cos ¢) B P (cos qb)] sin 2n¢ a6b — 0
o L PE0) PZ(0) | sing |

Corresponding equations on the other bounding planes x = 0 and y = 0 are obtained by

(29)

cyclic permutation of the index i. Thus the general system has three sets of equations of
type (29). However, disjoint subsets are available. Solutions with rotational symmetry,
that is, invariant under the permutations z — y — 2z — z exist with FV=F? =FY.
Inspection of (15, 20) shows that even and odd values of m yield modes that are
respectively antisymmetric and symmetric with respect to the midplane ¢ = w/4.
Evidently the single system then splits into disjoint systems for the even and odd
coefficients F,,,. As observed by Scott (2013), there exist modes that are superpositions
of antisymmetric and symmetric velocity fields. Reference to (24) shows that these

solutions have the forms

S . A O
v=r Z Fag [UQq(U(l)v ¢(1))r + [ng(a(l), ¢(1))9 + qu(a(l), (b(l))q,’) ] sin o)
q=1

3 oo
+7’)\ Z Z ngfl [qu,l(a(i), (Zﬁ(z))’f'
i=2 q=1

~(i

+Vag 10,60 + Way 1 (09, 69)3" | sin 6] (30)

and similarly with odd and even coefficients and velocities interchanged. Thus, in either
case, two systems of type (29) are obtained.

2.3. Phantom real eigenvalues

The above analysis assumes that P;.2"(0) # 0 and dP;*"/do(0) # 0 for m > 0. On
noting that

Pyty(o) =0 (m>k),  Py",(0) =0 (m <k), (31)
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Figure 1. Geometry of the problem and coordinate systems after Gomilko et al.

(2003).
P (o) =0 (m> k), PE,(0) =0 (m < k), (32)
2m 2m
Vo Gy —om>rk), L0 =0 m<h), (33)
do do

and that contributions to the normal velocity in (24) in the rotationally symmetric
modes are of type r*x

Vin(0,¢) — W, (cos ¢, 0) sin ¢ + W, (sin ¢, 7/2) cos ¢

= —g(0) sin 2m¢ — h(cos ¢) sin ¢ + (—1)™h(sin ¢) cos ¢, (34)
it is found that, in general, A = 2k (with & > 1) yields (3k — 1) linear combinations
of the k functions sin2m¢ with 1 < m < k, and thus is an eigenvalue of multiplicity

(2k — 1). Evaluation of the associated velocity fields requires that a component of (24)
be expressed in Cartesian form, giving

Ve (2, y, 2)& + vy (T, y, 2)G + v.(x,y, 2) 2, (35)

whence, for example, the Z-component of (24) is v,(z, z,y) + v,(y, z,z) + v.(z,y, 2).
This is found to be zero, algebraically for the A = 2 field and three A\ = 4 fields, and
numerically for the five A = 6 fields. The complexity increases significantly with A and
a similar result for arbitrary A is here stated empirically.

3. Numerical Determination of Eigenvalues

A numerical solution of the infinite linear system (29) is obtained by truncating at finite
m = M. The resulting finite homogeneous system has a solution if the determinant
of the matrix multiplying the vector (Fl(l),Fl(Q),Fl(?’),...,Fﬁ),Fﬁ),Fﬁ))T has zero
determinant.
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The four lowest eigenvalues (ordered by their real part) are 3.264 + 1.1616i,
5.2942 £ 1.6451, 5.3538 £ 1.2874i and 5.380608242, accurate to the digits given. These
results were obtained using M = 256, while the integrals were computed using the
trapezoidal rule with 255 interior points. The values of the eigenvalues are the same as
those found by Scott (2013). The first two eigenvalues are double, corresponding to a
symmetric and an antisymmetric mode about the midplane ¢ = 7/4. The third contains
only odd modes and is hence symmetric about ¢ = 7/4, while the fourth contains only
even modes and is antisymmetric about ¢ = /4. The third and fourth modes have
the permutation symmetry mentioned above. These symmetry properties are again the
same as found by Scott (2013).

4. Conclusion

In order to use analysis, the flow has been restricted to a trihedral rectangular corner,
that is, the first octant bounded by the coordinate planes. With an assumed symmetric
dependence on x, ¥, z, a crucial advantage is achieved by using the three sets of spherical
coordinates defined by Gomilko et al. (2003). Solutions are constructed to have zero
tangential velocity at all three walls and then symmetrically superposed to eliminate
normal flow at any wall. Complex eigenvalues are numerically determined but even
integers are eigenvalues with solutions of different structure. Since the latter provide
the dominant self-similar flow, trapped eddies cannot occur in a trihedral rectangular
corner. In particular, the computed streamlines displayed by Shankar (2007, §12.3)
would, with more details of the flow in the bottom corners of the lid-driven cavity flows
of various aspect ratios, not exhibit trapped fluid.
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