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A DETERMINING FORM FOR THE 2D NAVIER-STOKES
EQUATIONS - THE FOURIER MODES CASE

CIPRIAN FOIAS!, MICHAEL S. JOLLY?2, ROSTYSLAV KRAVCHENKO3T,
AND EDRISS S. TITI*

ABSTRACT. The determining modes for the two-dimensional incompressible
Navier-Stokes equations (NSE) are shown to satisfy an ordinary differential
equation of the form dv/dt = F(v), in the Banach space, X, of all bounded con-
tinuous functions of the variable s € R with values in certain finite-dimensional
linear space. This new evolution ODE, named determining form, induces an
infinite-dimensional dynamical system in the space X which is noteworthy for
two reasons. One is that F is globally Lipschitz from X into itself. The other
is that the long-term dynamics of the determining form contains that of the
NSE; the traveling wave solutions of the determining form, i.e., those of the
form v(t,s) = vo(t + s), correspond exactly to initial data vo that are pro-
jections of solutions of the global attractor of the NSE onto the determining
modes. The determining form is also shown to be dissipative; an estimate for
the radius of an absorbing ball is derived in terms of the number of deter-
mining modes and the Grashof number (a dimensionless physical parameter).
Finally, a unified approach is outlined for an ODE satisfied by a variety of
other determining parameters such as nodal values, finite volumes, and finite
elements.

Dedicated to Professor Peter Constantin on the occasion of his 60th birthday.

1. INTRODUCTION

The notion of determining modes was introduced in [5, 16, 17, 24] as a way to
gauge the number of degrees of freedom for the Navier-Stokes equations (NSE).
Determining modes can be described as a (finite) subset of Fourier modes, such
that for any solution {u(t) : ¢t € R} in the global attractor A its projection into
those modes, denoted by {v(t) : ¢ € R}, determines the complete solution. In
particular, the projection of {u(t) : ¢ € R} into the higher modes, denoted by
{w(t) : t € R}, is determined uniquely by {v(t) : t € R}. Thus, there is a well defined
map W : v(-) — w(-), which will play a major role in this paper. The number
of determining modes is associated with the spatial complexity of the long-time
dynamics, and hence suggests the resolution needed for numerical computations
and data assimilations (see, e.g., [23, 25]). In this sense, estimates for number of
determining modes is used much like those for the dimension of the global attractor
[4, 7, 27].

If an inertial manifold exists, the high wave-number spatial modes are enslaved
by a finite set of low wave-number modes [4, 6, 18, 19, 27]. As a consequence, if
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the low wave-number modes are specified at just one point in time, the high wave-
number modes are determined for all time. In the case of an inertial manifold, the
low modes satisfy an ordinary differential equation called the inertial form whose
phase space is finite-dimensional. The existence of an inertial manifold for the NSE,
however, remains open.

Since a finite set of modes, if specified for all time, can determine the solutions
to the NSE, a natural question is whether they satisfy an ordinary differential
equation in a phase space of trajectories, the dynamics of which is consistent with
those of the NSE. In other words, can one find an analog of the inertial form for
determining modes? We show in Section 5 that the determining modes v for the
NSE indeed satisfy a determining form, which is an ordinary differential equation
of the form dv/dt = F(v), where F : X — X is globally Lipschitz map, and X is
the Banach space of all bounded continuous functions from R into the linear finite-
dimensional space of the low wave-number modes, given in (4.6). The key step is
to extend beyond the global attractor the enslavement of the high modes mapping
W :v(-) = w(-), defined above, to the space X given in (4.6). This is done in Section
4 by analyzing a differential equation satisfied by w(-), and establishing the Lipschitz
property of W. We then show in Section 6 that the resulting determining form,
dv/dt = F(v), is dissipative, and estimate the radius of its absorbing ball in terms
of the number of determining modes, and the Grashof number (a dimensionless
physical parameter given in (2.26)).

Though the number of determining modes is finite, the ODE they satisfy, i.e.
the determining form, induces an infinite-dimensional dynamical system, since it is
an evolution ODE in the infinite-dimensional Banach space X. Just as the set of
partial differential equations that comprise the incompressible NSE can be written
as an evolution equation, involving unbounded operators, in a Hilbert space H
of functions in the spatial variable, the determining modes evolve as solutions to
an ODE in a Banach space X of functions in an auxiliary time variable s. A
significant difference, however, is that the vector field that governs the evolution in
the determining form ODE is a globally Lipschitz map from the space X into itself,
whereas in the case of the NSE evolution equation it involves unbounded operators.
Rather than being a dimension reduction of the NSE, the determining form is in
fact an embedding of the original dynamics in a larger phase space. In the phase
space X, the solutions at any moment in time ¢, represent complete trajectories
v(t,s), —o00 < § < 0.

For certain initial trajectories the behavior of solutions to the determining form
is simple to describe. We show in Section 7 that traveling wave solutions to the de-
termining form can be characterized as those satisfying v(t, s) = p(t+s;up), —00 <
s < oo, where p(s;ug) denotes the projection into the determining modes of the
solution at time s to the NSE with initial condition ug € A. As shown in Section 5
any solution with an initial trajectory v(0,s), —oo < s < oo which is periodic in s,
with period T, remains periodic in s, with period T', regardless of whether this initial
trajectory is on the global attractor of the NSE. As a special case, any solution with
an initial trajectory independent of s remains so; if v(0,s) = ¢(0), —o0 < s < 00,
then v(t, s) = ¢(t), —oo < s < 0.

We also compare the general long time behavior of the determining form with
that of the NSE. In Section 9 we consider the sequences vy, (t, s) = v(t+t,, s—(t+t,))
and wy,(t,8) = w(t + tn,s — (t + t,)). We show that v,, + w, converges weakly to
a solution of the NSE with an additional Reynolds force which has only finitely
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many modes. The stationary solutions of the determining form satisfy a differential
algebraic system: an algebraic relation for v, coupled with a differential equation
for w. Analogs of the energy and enstrophy balances are used in Section 10 to
show that, as in the case of the NSE, a certain extremal condition on norms of
the stationary solution occur only for forces that are eigenfunctions of the Stokes
operator.

Over the years it was proven that there are several other finite systems of param-
eters, different than the modes considered here, which also determine the long-time
behavior of the solutions to the Navier-Stokes equations (e.g., determining nodes,
finite volumes averages, finite elements, etc. [3, 15, 21, 20, 24]). Tt is worth stressing
that the determining form studied here uses only determining modes, on which the
partial differential operators in the NSE act in an obvious manner; this action is
seemingly quite involved for other systems of determining parameters. One also
faces a similar problem in representing inertial manifolds in terms of determining
parameters other than the Fourier modes. This challenging general parametrization
issue of the inertial manifolds has been solved in [22] for the determining nodes case
and later in [3] for the general interpolant case, including the finite elements case
etc. In a forthcoming paper [12] we will introduce a general, unified construction
of determining forms based on any finite system of determining parameters. This
unified approach has also been used in [1, 2] in the context of continuous data
assimilations and finite-dimensional feedback control, respectively. In section 11
of this paper we briefly illustrate this general construction for the finite system of
determining modes considered in this paper.

2. PRELIMINARIES ON THE NAVIER-STOKES EQUATIONS

We write the incompressible Navier-Stokes equations
ou

E—VAu—i—(u-V)u—i—Vp:@,

)
) divu = 0
)
)

/ud:sz, /@dwzo
Q Q

u(to, ) = uo(x)

subject to periodic boundary conditions with basic domain Q = [0, L]? as a differ-
ential equation in a certain Hilbert space H (see [4] or [27]),

2.5) Lu(t) + vAu(t) + Blu(t). u(t) = 1,
u(t)ye H, t>0, and u(0) = ug .

The phase space H is the closure in L?()? of the set of all R%-valued trigonometric
polynomials ¢ such that

V-¢p=0, and / ¢(x)dx = 0.
Q
The bilinear operator B and force f are defined as

(2.6) B(u,v) =P (u-V)v), [f=Pd,

where P is the Helmholtz-Leray orthogonal projector of L?(£2)? onto H, and where
u,v are sufficiently smooth. When the input to B is lengthy, and repeated, for
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convenience we will use the shorthand notation
(2.7) B(u) = B(u,u) .
Unless specified otherwise, f € H. The scalar product in H is taken to be

(u,v) = / u(x) -v(x)dx, where a-b=ajb; + agbs,
Q

with associated L2-norm

(25) ul = w2 = |u<x>|dx>l/2 |

where, for a vector a € C2, we denote its length by |a| = (a - a*)'/?, with a* =
(a1, az). Tt will be clear from the context when |- | refers to the length of a vector
in C?, as opposed to an L?norm. The operator A = —A is self-adjoint, and its
eigenvalues are of the form
27\ 2 9
(f) k-k, where ke Z*\ {0}.

We denote these eigenvalues by
0<Xo=(2r/L)* <X\ <X <o

arranged in increasing order and counted according to their multiplicities, and write
Wo, W1, Wa, . .., for the corresponding normalized eigenvectors (i.e., |w;| = 1 and
Aw; = Mjw; for j =0,1,2,...).
The positive roots of the operator A are defined by linearity from
A%wj = Ajw;, for j=0,1,2,...
on the domain

DAY ={ue H: i)\fo‘(u,wj)Q < oo},

j=0
for o > 0.
We take the natural norm on the space V := D(A'/?) to be
) 1/2 - 2
(2.9) |ul| = |AY?u| = / > iu(;p) - iu(x)dx = > N(uw;)?
jSl 6,Tj 6,Tj =0 TN

Since the boundary conditions are periodic, we can express any element in H as a
Fourier series

(2.10) u(w) =Y dge R

where
(2.11) ro=A2=2 dp=0, a4 =1i_g,

and due to incompressibility, k - 4, = 0. We associate to each term in (2.10) a wave
number ko|k|. Parseval’s identity reads as

> = L2 iy iy =L > i,

keZ? keZ?



A DETERMINING FORM FOR THE NSE 5

as well as
(w,0) = L7 Y g - oy
keZ?
for v = Y Ope™* T We define the orthogonal projectors Py,Qy, Py : H —
span{wj|/\j S (IioN)Q}, by

~  _ikok-x
Pyu = E e 0T
|k|<N

where u has the expansion in (2.10), and Qn = I — Py.
Recall the orthogonality relations of the bilinear term (see, e.g., [4, 27])

(2.12) (B(u,v),w) = —(B(u,w),v) , u,v,weV,
where (-, -) denotes the the action of an element in V', as well as
(2.13) (B(u,u),Au) =0, wue D(A).

The strengthened form of the enstrophy invariance

(2.14) (B(Av,v),u) = (B(u,v),Av) , uweV, wve DA

is proved in [9]. Relation (2.14) together with (2.12) implies
(215)  (B(v,), Au) + (B(v,u), Av) + (B(u,v), Av) =0, u,0€ D(A) |

(2.16) (B(Av,v),u) — (B(v, Av),u) + (B(v,v), Au) =0, wu,ve D(A),
see [13]. We will also use Agmon’s inequality
(2.17) Julloe < calul/?|Aul'? | ue D(A),

and one of its consequences
(2.18)  |(B(u,v),w)| < ealul||v]*/?|A%%0| 2 |w|, we H,ve DAY?),weH.

(See [4, 26, 10]).
In this paper we will assume f € D(A/2) for some specified j € {0,1,2,3},
which is sufficient to guarantee that

1d du 1d
2.1 = (= el
(2.19) sl = (w5
in the sense of distributions (see Lemma 1.2 in Chapter 3 in [26] and its proof).
Taking the scalar product of (2.5) with w, respectively Au, and applying (2.12),

(2.13), and (2.19) gives the energy, enstrophy balance equations
1d

L a9 2 _
(2:20) 5l + vl = (f,0)

Ld
2 dt

du
Jul” = (5% Au)

(2.21) ul|? + v|Aul* = (f, Au) .

In the scientific literature,

Ka|u|? = 2 times the total energy per unit mass

and
#2||u||* = the total enstrophy per unit mass .

Straightforward applications of the Cauchy-Schwarz, Young, and Gronwall in-
equalities to (2.21) gives

2 —vK2t 2 |f|2 —vkZt
(2:22) Ju(@)IP < e ) + 7 5 (1= )
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If |f| = 0, we have by (2.22) that ||u(t)|| — 0 as ¢ — oco. Therefore we assume
throughout the paper that

(2.23) Ifl>0.

It is clear from (2.22) that the closed ball B of radius 2vkoG, centered at 0, is
absorbing and invariant, meaning that for any wg there exists T = T'(|lug||) such
that

(2.24) [lu(t; uo)|| < 2vkeG, forallt>T,
and
(2.25) [lu(t; wo)|| < 2vkoG, forallt>0,uy€ B
where
£
(2.26) G =
v2KE

is the generalized Grashof number introduced in [16]. Tt is well known (see e.g. [13])
that for the flow to be turbulent, we must have G > 1.

While most of our results apply for all G > 0, we will eventually assume G > 1.
We also have from (2.22) that

(2.27) lul| < vroeG for all uwe A,

where A is the global attractor, i.e. the minimal compact set in V' which attracts
uniformly all solutions of the Navier-Stokes equations starting from the ball {h €
V |||l € 2Grrko}. Recall that this set can also be characterized as

(2.28) A={up€ H:3 wu(t,ug) =solution V ¢t € R, sup ||u(t)]] < cco}.
t

We often denote the solution as simply u(t) when the choice of wg is irrelevant to
our considerations. It is easily shown using (2.22) that T, the time of absorption in
(2.24), can be taken to be

1 [uoll?
We will use the following bounds on the nonlinear term (see [8, 15, 28] and the
references therein)

el \/?
(2.30) ((B(w,u), )| < ez llwllul <1n—) o,
Ko vl
e| Aw| 1/2
2.31 B < 1
(2.31) (Blw.).0)] < call Jull (1w S72)  Jo,
1/2
(2.32) (Bw,u), )| < exlfwlfuf (10 F20) ),
rolal

) |(B(u, v),w)| < evful2|[ull2|jv][Jew]/?||w] 2,
) |(B(u,v),w)| < ecful?|ull /2 |o]*/?| Av|*/2|uw],

2.35) |(B(u, v), )| < ealul'?|Aul*?||v]|w]
)

|(B(u, v),w)| < ealul o] lw]'/?| Aw|*/
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which are valid whenever the norms involved make sense. One can use these in-
equalities to extend the domain of B to larger functional spaces. For instance from
(2.35) one can infer that B(u,v) can be extended by continuity to a map from
D(A) x V to H. We will denote these extensions also by B.

3. SPECIFIC PRELIMINARIES
We will use the following elementary estimates in several places.

Lemma 3.1. Let x(t), y(t) be nonnegative functions defined on the interval I,

where I = [tg,t1), for to finite, or (—oo,t1). Suppose that x°(t) is differentiable on

(to,t1), and satisfies

d

E;vz(t) < —ay?(t) +by(t), z(t) <ey(t)

fort € I where a,b,e are positive constants. Then the following hold:
(i) If z(t) > eb/a for all t € [to,t1), then

(3.1)

(32) fL'(t) - Eg S eia(tftf))/Qsz ({L‘(to) - 52)7

(ii) if z(t) < eb/a, for some t € I, then x(t) < eb/a for all t € [t,t1);
(i11) if x(t) is bounded on (—oo,t1), then x(t) < eb/a for allt € (—o0,1y).

Proof. To prove (i) define c(t) := e~ 'a(t) — b/a. Since

t b b
(3.3) w2 ™ o+ 250
we have )
dc 2¢ de b dc d
—— b) =2%c—+2%—— = —2? < —ay’ +b
G o lactb) =2eTem 427 = pat < —ayt 4 by

b b
< —alc+ 5)2 +b(c+ a) = —c(ac+Db).
Thus, since ac+ b =ax/e > b >0,
(3.4) /25 o(1) < 910/25” ()

and (i) follows.

To prove (ii), suppose that z(#') > eb/a for some ' > t. It follows that both
422> 0and > eb/a hold at some time between ¢ and #'. We have at that time
by (3.3)

(3.5) 0< —2®< —ay®+by <0,

a contradiction.
(iii) follows from (i). O

We also use the following immediate corollary of Lemma 3.1 for the case in which
the coefficient b varies with time.

Corollary 3.2. Suppose z(t), y(t) are positive functions defined on the interval I,
where I = [tg, t1) for toy finite, or (—oo,t1), and € > 0 is such that x(t) < ey(t) and

%ﬁ(t) < —ay?(t) +b(t)y(t)

fort € I, with a,b(t) positive, then

(3.6)
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(i) if a(t) < esup,<;b(t')/a, for some t € I, then x(t) < esupy,<,b(t')/a for
all t € [t,t1)
(i1) if x(t) is bounded on (—oo,t1), then z(t) < eb/a for all t € (—o0,11).

Definition 3.3. The projection Py is called determining if (and only if ) for any
two solutions uy(t),us(t) (t € R) in A we have

(37) Pynuq (t) = PNu2(t) — U1 (t) = UQ(t)

This is equivalent to the original definition in which the high mode trajectories
are determined by the limit as ¢ — oo of their projections [14, 15, 17]. Using the
original definition, it is shown in [24] that for Py to be determining, it is sufficient to
take N = O(G). For completeness, we now reproduce that estimate using Definition
3.3. We recall (see [15], Ch.3 Sec.1) that v = u; — uy satisfies

1

d
(38)  alul® 4 vlul® = ~(Blu,w).w) < evullul ur]] < evfulllul Grro,

whence (since Pyu =0 and so koN|u| < ||ul)

Grkog

d 2 2 2
. — <
(3.9) Tl + 2vlul” < 2e Y [l
d Ge
(3.10) EW + 2uN?)\g (1 - TL) lul> <0
so that
(3.11) lu(®)]? < Ju(to)|2e~ 2N Mo(I=Ger/N)(i=to) vy 40 < ¢,
Thus if
(3.12) N > ¢1,G,

we conclude (by letting tg — —o0) that u(t) = 0; that is if (3.12) holds, then Py is
determining. Note that (3.12) implies that if u(¢) = ua(t) only for all ¢ < T then
still uy(t) = ua(t). In particular Q yu(-) is uniquely determined by Pyu(:) in case
(3.12) holds. Then by denoting

(3.13) a(s) = W(s; Pvu(-)) = Qnu(s) (s €R),
we have that on the set { Pyu(-) : u(-) is a solution of (2.5) in A} the map
(3.14) Pyu(-) = q(s) = W(s; Pyvu(-)) (s €R)
is well-defined by the following properties

d
315) SO g = Qns - QuB(Pwu(s) +a(s). VR
(3.16) sup [[q(s)|| < oo,

seR

where we used the shorthand notation in (2.7).
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4. EXTENDING THE DOMAIN OF W TO Cy(R, PyV)

To ultimately write a differential equation for the low mode trajectories, we need
to extend the domain of W beyond the projection of the global attractor into PyV'.
We define

(4.1) p(t,s) = Pnu(s+1t), (Vs,teR),
and apply the projection Py to (2.5) to obtain

(4.2) %p(f, s) = —vAp(t,s) + Pvf — PyB(p(t,s) + W(t + s; Pyu(-))).
But it is clear that

(4.3) W(t+ s; Pyu(-)) = W(s;wPyu(:)) = W(s;p(t,-)),

where 7 is the shift by ¢:

(4.4) riu(s) =u(s+t), forallseR.

Thus (4.2) becomes

(4.5) (t,s) = —vAp(t,s) + Pxf — PnB(p(t,s) + W(s;p(t,-))).

0
ap
We now consider the Banach spaces

X =Cy(R,PvH) ={v: R~ PyH,v(s) continuous V s € R, ||v||x < oo},

4.6

(46) Y =Cy(R,QnH) ={w: R+ QnH,w(s) continuous ¥ s € R, |w|y < oo}
where

(4.7) [ollx = sup [lo(s)l,  [w]y = sup|w(s)] .

Let p(t,s) in (4.1) be written as v(t) € X, so that (4.5) can be viewed as the
“differential equation”

d
(4.8) Ev(t) = —vAv(t) + Pnf — PnB(v(t) + W(v(t))) (VteR),
where throughout v(t) denotes the function s — v(t,s) in X and W(v(t)) denotes
the function s — W(s;v(t)). We should stress that dv/dt in (4.8) is the derivative
of a trajectory in the space X. It is also useful to note that, in particular, the
following partial differential equation holds
0

Ev(t’ S) = PNf - I/A’U(t, S) - PNB(v(ta S) + W(Sa U(t, ))) )
for every s € R, where 9/t is taken in H. Note that (4.8) is defined only for those
v(t) that come from p(t, s), i.e. from u € A.

Now let ¢(&) be a continuous, piecewise linear function, that is equal to 1 for

€] < 2G, 0 for [¢] > 3G, where G is the Grashof number given in (2.26), and
consider

(4.9) %v(t) + v Av(t) + Py B (ou(t) + W(0(t) = Pxf |
where
(4.10) =0 <—|3g”) .

We will show that W (v) can be extended to a Lipschitz map X — Y in such a way
that (4.9) defines an ordinary differential equation in X, which coincides with (4.8)
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on the ball of radius 2vkoG in X. By this we mean that v(t) in (4.9) is the solution
of an equation

dv

(4.11) o =F@) (FteRveX),

where F' : X — X is a locally Lipschitz function. In fact we will show that F' is
globally Lipschitz

(4.12) [F(v1) = F(v2)llx < Lrllvr — vz x,
where the constant Ly is independent of v1, vo. This will provide a proof that equa-
tion (2.5) on the attractor A is transformed into an ordinary differential equation
in the space X defined in (4.6).
Let h € QnH, v be an element of X. We will show that
d
(4.13) d—w+VAw+QNB(<pv+w,g0v+w):h.
S
has a unique bounded solution w(s) € Y. Cousider a Galerkin approximation for

n > N, of equation (4.13), namely

d
(4.14) Ewn—FVAwn + P,QNB(pv + wy, pv +wy,) = P,h
wp,(8) = Pywy(s) for s > sq,

with the initial condition w,,(sg) = 0. Since (4.14) is an ordinary differential equa-
tion, it has a unique solution w, (s) for s in some maximal interval [sg, s1), on which
Je(s) | < ox.

Taking the scalar product of (4.14) with Aw,, and using relation (2.15) we obtain:

1d
(4.15) §d_”w"”2 +v|Aw,|? + ©*(B(v,v), Aw,) — o(B(wn, wy), Av) = (h, Aw,) .
s
Note that it follows from the definition of ¢ that

(4.16) [g@ (M)] lo|| < 3vkeG YveX,Va>0.

VKo
Using (2.32) and (4.16), we have
©?|(B(v,v), Aw,)| < @2ep||v]|?|Aw,|(IneN)Y? < 9ep?k2G? (IneN)Y?| Aw,|
while using (2.33), ||w,|| < (1/k0N)|Aw,|, |A%/?v] < (koN)?||v| and (4.16), we get
Pl(B(wn, wn), Av)| = @|(B(wn, Av), wn))| < cvlwy|[[wn [ 4> 0] <

G
3cLVN|Awn|2.

Thus
1d,
PR n A n 2
Ll + v |
(4.17) < |h[[Awn| + ¢*[(B(v,v), Awy)| + ¢|(B(wn, wn), Av)|
G h
< 3CLI/N|Awn|2 + %V%‘%G + 9er?K2G(IneN) Y2 | | Aw,| .

Now we have by (ii) of Lemma 3.1 (with & = 1/(koN)), that if N and G are such
that

(4.18) N > 3¢.G,
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then
9erG?(IneN)V/2 + %G
N — 3CLG

In the following we assume that (4.18) is satisfied, and introduce the notation

(4.19) [w(s)]| < vko

o N QCTG(lneN)l/z—i-%

(4.20) 56N = — 1

Thus for the solution wy,(s) of (4.14) with initial condition wy,(sg) =0
(4.21) [wn ()| < vroGB(G,N) .

It follows from the general theory of ordinary differential equations that w, can
be extended to the solution of (4.14) defined on [sp,00). Therefore the classical
proofs of existence for solutions of equation (2.5) (see e.g. [4] Ch.9 and Lemmas 8.2
and 8.4 in Ch.8) apply almost verbatim to 4.13. It follows that (4.13) has a unique
solution on [sg, 00) satisfying w(sg) = 0. Now denoting by w(™(-) the solution of
(4.13) on [—n, 0o) satisfying w(™ (—n) = 0, we have

(4.22) |w™ (s)|| < korGB(G, N) for all s € [—n,c0).

It is also easy to show using (4.17) that for any fixed, bounded interval [so, s1] we
have

s1
(4.23) sup/ | Aw™ (s)[2ds < oc.

n S0
It is well known how to prove that there exists a subsequence {n;}22, such that
w™) converges to a solution w(s) of (4.13) in L?([sq,s1]; V) satisfying

(4.24) llw(s)|| < kovGB(G, N) for all s € [so, s1] ,

and moreover, there exists C' = C(G), such that for s; — sg < 1,

s2
(4.25) / |Aw(s)|? < CvkgvG  for all s1, 89 such that s; —sg < 1,
s1
(see again [4]).

We note that if w(s) is any bounded solution of (4.13), defined on (—o0, s1] then
in exactly the same way we get the analog of (4.17) for w, from which by (iii) of
Lemma 3.1 we get the bound

(4.26) lw(s)|| < vroGB(G,N) for all s € (—o0, s1].

We now prove that this solution, which is bounded in the || - || norm, is unique
for sufficiently large N. Let wi, w2 be two bounded solutions of (4.13). Denote
w = wi — wz. Then

d
T vAw + QnB(pv + wy, v + w1) — QN B(pv + wa, v + wy) = 0.

Taking the scalar product of the above equation with w we get

1d 9 9
§d_s|w| + vwl]

= —(B(pv + w1, pv + w1),w) + (B(pv + w2, pv + wa), w)
= —(B(w,pv +wy),w) — (B(pv + wa,w),w) = —(B(w, pv + w1 ), w).
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We apply (2.33), (4.16), and (4.24) to obtain
[(B(w, pv + wi), w)| < epfwl[[w]|(¢llv]| + [[un]]) < G + B(G, N))ewrov|w||[wl]

so that
1d, 4 9
(4.27) §£|w| +v||w]|® <GB+ B(G, N))cLkov|wl|w].
Now we use
1
4.28 < —
(428) 0l < —llul
to get
d 3 G,N
(4.29) —|w]* + 2k2vN?(1 — cLGMHwF <0.
ds N
Since |w| is bounded on (—o00, ), we find that w = 0, when
(4.30) N > c,G(3+ B(G,N)) .

We next show that w(s) is continuous in s. Integrating (4.13), we have
s2
wis2) —wlsnl = | [ h—QuBleu(s) +u(s)) — vau(s) d].
s1

Using (2.31), (2.32), (2.35), together with (4.16) and (4.24), we find that

|B(ev)] < 9ea(vmo)’G . [Blgv,w)| < 3ep(vro)*G*B(G, N) |
CAR
[B(w,@v)| < 3er(vro)*G*B(G,N) . [B(w)] < S5 (vGA(G, N))¥? | Aw|'/?

It follows that (for 0 < s —s1 < 1) we have
lw(s2) —w(s1)] <{|h]+ [(9ca +3B(G, N)(cp + c1)G* + C(G)] (vro)*} (s2 — s1)

c

kYT GB(G, NG 2 — 1)

We work with both the | - |- and || - ||-norms to allow for h (hence f) to be in H,
rather than in V.

Note that (4.30) implies (4.18). This concludes the proof of the following lemma.

Lemma 4.1. Assume that N satisfies (4.30), where B(G,N) is defined in (4.20).
Then the equation (4.13) has a unique weak solution defined on the whole real line,

which is bounded in the || - || norm. Moreover this weak solution is in'Y with
G,N
(4.31) |lw(s)]] < vkoGB(G,N) VseR, and |wly < VG%.

This lemma allows us to define the (nonlinear) operator W which takes v € X to
the unique solution of the corresponding equation (4.13). By Lemma 4.1 we have
that

(4.32) W(s;mi(v(-)) = nW(s;v(-)).

It is also useful to have a bound for |Aw| if ||h| is finite. Consider the following
a priori estimates of Aw. Taking the scalar product of (4.13) with A%w we have

1d

(433) S Awp + v 42w + (Blpv +w), A%w) = (b, A%w) < [b]| 4% u].



A DETERMINING FORM FOR THE NSE 13

Using (2.16), expanding, then applying (2.12) (three times) and (2.14), we obtain
(B (v + w, v + w), A%w)
= ¢*(B(v, Av), Aw) + p(B(v, Aw), Aw) + ¢(B(w, Av), Aw) + (B(w, Aw), Aw)
— ¢*(B(Av,v), Aw) — @(B(Av,w), Aw) — p(B(Aw,v), Aw) — (B(Aw, w), Aw)
= —?(B(v, Aw), Av) — o(B(w, Aw), Av)
— ¢*(B(Aw,v), Av) — (B(Av,w), Aw) — p(B(Aw,v), Aw) — (B(Aw, w), Aw)

so that by applying for the first term (2.30) and for the rest of terms (2.33), followed
by (4.16) and (4.31), we have

((B(ev +w, pv + w), Aw)]
< er? ||| A*2w]| Av| (In eN)2 + cpplw] /2 [|w]| /2| A 2w]| Av| /2 AP 20|/
4 ch02|Aw|1/2|A3/2w|1/2||v|||AU|1/2|A3/2U|1/2
+ Ll Av|' 2 A3 202w | Aw| V2| A3 2|2
+ eLpl Aw|| A 2w [[o] + eL] AP w]| Awl||w]

A3/2w 2
< er(olloll2roN (n eNY V2| A% 2| + ey gljol A0

IioN
A3/2qp|2
T en(elloll) k0N A% 20 + epplfol A2
IioN
A3/2 A3/22
+ cm&”v”% + errorB(G, N)G%

<en]9+ B(G, N)]VN|AS/2w|2 + 92K3G? N (er(IneN)Y2 + ¢)| A% %] .
Thus if
(4.34) N> LG9+ B(G,N)) ,
we can apply Lemma 3.1 (iii) to obtain

12| + 902K3G2N (er(IneN)Y2 4 ¢r)
vio {N — cL.G(9 + B(G,N))}

(4.35) |Aw| <

Using the Galerkin approximation we get the bound (4.35) for w, , provided
(4.34) holds. Therefore, w,, € L*>(0,7;D(A)). From (4.33) we obtain that each
wy, belongs to a bounded set of L?(0,T; D(A3/2)) for any T. Therefore as usual
choosing a subsequence that converges weakly in L? and weakly* in L™, and taking
the limit as n — oo, we obtain the solution of (4.13). Note that (4.34) implies
(4.30). Therefore the following lemma is true,

Lemma 4.2. Suppose h € D(AY?). If G and N satisfy (4.34), then the solution
to (4.13) satisfies

Al + 92KkG2N (cr(IneN)V2 + ¢p)

(4.36) [ Aw] < = {N = c,G(9+ B(G, N))}

We note that the analog of the results in this section with w € Cy((—
instead of Cy(R, QN H) in this section remains valid for v € Cy((—o00,T], PnH).

“8
=
)
2
=
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5. THE DETERMINING FORM

5.1. Lipschitz property of W. Let vy, v be in X, and w; = W (v1), wa = W(vs).

Denote v = wy —we, § = v1 —v2, U; = @ (llllv_mll) v, 1 =1,2, 5 = Uy — Do. Subtracting

equation (4.13) for wy from that for wy, we obtain

d . -
(5.1) 77 +vAY + QNB(d + 7,01 +w1) + QnB(02 + w2, d +v) = 0.

Taking the scalar product with A~y, we have

1d . i .
575 NI+ VA < [(B(6, 01+ wi), A)| + [B(B2 + w2, 0), Ay))

+ [(B(y,01), AY)[ + [B(v2,7), AY)[ + [(B(7, w1), Av)| + [ B(w2,7), AY)|.

To estimate the right hand side we apply (2.31) to the first term, (2.32) to the
second, (2.34) to the third term, (2.12), (2.14), and (2.36) to the fourth term, and
(2.35), (2.34) respectively to the fifth and sixth term. Using then (4.16), (4.24) and
(4.28), we have

(5.2)

1d -

53ﬂﬂP+VMﬂ2SG@+5K%NDMW@T+QﬂWMAﬂwwNV“
(5.3)

G GB(G,N
+ 3v(ca + cL)|A7|2N +rv(ca + CL)%lA’YPa
and thus by Lemma 3.2 (ii) we have that
G(3+ B(G,N))(IneN)?(cr + cp) <,

5.4 s)|| < sup ||d(s
64 el S e a2 sup 5
for G, N such that
(5.5) N >G@B+B(G,N))(ea +cr) -

From now on we will consider G and N such that

(5.6) N > GO+ B(G,N))(ca + c1)

which implies (4.18), (4.30), (5.5) and (4.34).
We derive from (5.4) the following two corollaries

Corollary 5.1. Suppose that G and N satisfy (5.6). Then if v1,v2 € X, v1(s) =
va(s) for all s < sg we have that W (s,v1) = W (s,va) for all s < sg.

Proof. Indeed, if s < sg, it follows that 6(c) = 0 for all o < s, thus (5.4) gives that
~(s) =0. O

Corollary 5.2. Suppose that G and N satisfy (5.6). Then W : X = Y is a
Lipschitz function with Lipschitz constant Ly satisfying

G(3+ B(G,N))IneN)?(cr + ¢p)
N —-G@B+ B(G,N))(ca +cr)
Proof. If we have both ||v1|| > 3vkoG and ||va|| > 3G, then § = 0. If, say |lv1|| < 3G,

then
[[ol [0l [[v2]|
M( - Horll + ¢ [[o1 = va|
VKQ VKQ VKQ

1
—|[lor]l = [|v2||3vr0G -
ol = ezl 370G + s = val

(5.7) Ly <4

IN

91 — Ba|
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thus
(5.8) 18] < 48] -
O

Theorem 5.3. Suppose G and N satisfy (5.6). The equation (4.9) is an ordinary
differential equation in the Banach space Cy(R, PnH).

Proof. Tt suffices to show that F(v) = Pyf — vAv — PyB(v + W (v),v + W(v)) is
Lipschitz. To estimate Lp, the Lipschitz constant of F', we apply (2.30), (4.16),
(4.24) and Corollary 5.2 to obtain for every (nonspecified) s € R

n(s) = |[PnB(01 + W(v1),01 + W(v1)) — PnB(02 + W (v2), 02 + W (v2))|
< |PnyB(01 + W(v1),01 + W(v1)) — Py B(01 + W (1), 02 + W (v2))]
+ |PNB(01 + W(v1), 02 + W(v2)) — PN B(02 + W(v2), 02 + W (v2))|
= |PnB(t1 + W(v1),01 — 02 + W(v1) — W(v2))|
+ |PnvB(t1 — 09 + W(v1) — W(vs), 02 + W(v2))]
< er([[or+ W (o)l + [[52 + W (02) ) (In eN) 2|51 — 2 + W (01) = W (wa)]] -
It follows that

supn(s) < 2ervkeG(3 + (G, N))(In eN)1/2(3 + Lw)||v1r — v2]|x
seR

and therefore
[ (v1)—F(va)]| x < HoNSUﬂlg |[F(v1(s)) — F(va(s))]
sE
< [WKEN? + 2c7vkENG(3 4 B(G, N))(IneN)Y2(3 + Ly )] ||lvr — va x
O

We denote the solution operator for (4.9) by Spr, i.e. Spr(t)vg = v(t), where
v(t) is the solution with initial value v(0) = vg. Using (4.32) we obtain the following
corollary

Corollary 5.4. 79Spr(t) = Spr(t)Te.
It follows that periodicity of trajectories is conserved by (4.9).

Proposition 5.5. If v(t) is the solution of (4.9) and v(0) is a periodic trajectory
with period T then v(t) is periodic with period T for any t. In particular, if v(0) is
constant trajectory, then v(t) is constant for any t.

Recall that for v(t) € X we denote by v(t, s) the value of v(t) at the parameter
seR.

Lemma 5.6. Suppose v is a solution of (4.9) such that ||v(0)|x < 2vkeG and
(5.9) v(t,s) =v(0,t+s) forall t,seR.
Then u(t) = v(0,t) + W (¢t,v(0,-)) is the solution of (2.5) satisfying

Pou(t) =v(0,t) =v(t,0) forall teR.
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Proof. We first note that by (5.9) and (4.32)
W(0;0(t, ) = W(0;7v(0,-)) = W (0;v(0,-)) = W(t0(0,)) ,
so we can set
(5.10) w(t) = W(0;v(t)) = W(t;v(0)) .
Since ||[v(0)]| < 2vkeG we have ¢ = 1, where ¢ is as in (4.10). By (5.9), (5.10), and
the definition of the map W, we have

Loo(t) + vAw(t) + QuB(0,1) + w(t)) =

dt
(5.11) ;
Ew(t) +vAw(t) + QnB(v(t,0) + W(t;v(0,-)) = Qnf ,
as well as
iv(t) + vAv(t) + PN B(v(t) + w(t)) =
(5.12) ; dt
av(t, 0) + vAv(t,0) + Py B(v(t,0) + W(0;v(t,))) = Pn f ,
Adding the equations (5.12) and (5.11), we see that u(t) = v(0,t) + W (¢, v(0,-)) is
a solution of (2.5). O

We also have the following property of (4.9)

Proposition 5.7. Suppose that v1(0,s) = v2(0,8) for s < sg. Then vy(t,s) =
va(t, 8) for s < sg for any t.

Proof. By Corollary 5.1 the map W is well-defined on the space Cj,((—o0, so], PnvH).
Thus we can consider the differential equation (4.9) on this space. It is still
an ordinary differential equation, and so through each point there is only one
solution. Each solution of (4.9) on the whole X gives a solution of (4.9) on
Cy((—o0, s0], PN H), by restriction. Since solutions vy () and wva(t) of the restric-
tion of (4.9) on Cy((—o0, o], PnH) coincide for t = 0, they coincide for all ¢. O

6. ABSORBING BALL

We will now prove that the determining form (4.9) has an absorbing ball in X.
Recall that this means an estimate of the type (2.24), holds but with || - || replaced
by |- |x. Let ¢ = Pyf and take the scalar product with v = v(¢,s) (and denote
W (v) by w) to obtain

1d
2L of? vl < lalol + o(B(v, ), w)] +l(Blw, ), w)
< lgllloll + eaelol 2wl (n eN)2 + gl o]
GB(G,N G?B(G,N)?
< /-eo%%anw v ol SR g ey e CEGN

where we used inequalities (2.31),(2.33), (4.24) and (4.28). It follows from Lemma 3.1
that if

(6.1) N > cpGB(G,N)(IneN)/?

holds, we have the following
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Proposition 6.1. If (6.1) and (5.6) hold, then

lal B(G.N)?
(6.2) o] < G- A

—cp Gﬁ(ﬁﬁN) (IneN)1/2 '

While the relation ||v|| < koN|v| provides an immediate bound on ||v|| provided
(6.1) holds, we can derive a sharper bound on ||v|. As above, taking the scalar
product with Av we have
(6.3)

1d

——|lv||? + v|Av|? = (g, Av) — (B(? 4+ w, ¥ + w), Av)

<|g||Av| = (B(?,w), Av) — (B(w, 7), Av) — (B(w,w), Av)

< |gllAv] + er(2[[5][[w]||Av] + |w]*| Av|) (lneN) /2

< V232 {%G + er(lneN)2G%(6 + B(G, N))B(G, N)] |Av]

where v = v(t, s) and (6.3) is valid at each s € R. Now applying Lemma 3.1 (i) and
then (ii), we obtain

Theorem 6.2. If (5.6) holds, then the ball centered at the origin, with radius
(strictly) greater than

(6.4) ro = vkoG [% + er(IneN)2G(6 + B(G, N))B(G, N)]
is an absorbing ball in X for (4.9).

Remark 6.1. The O(G?) estimate (up to a logarithm) for the radius of the absorb-
ing ball for (4.9) in (6.4) is significantly larger than the O(G) estimate for radius of
the absorbing ball for the NSE. These estimates can be brought closer if we assume
N s larger. Indeed, if we take for some v > 1

(6.5) N > (6epG(IneN)Y/2)7
then

ONV/(6er) +1 _ 3N7 42

1—v
< <5NT,
N — N7 /2 N

B(G,N) <

and consequently
5 _
G(lneN)Y2B(G,N) < — N7 .
GCT

Thus, if equality holds in (6.5) with v = 3/2, we have (up to a logarithm) that
ro = O(G3/?), and if (6.5) holds with v = 2, we have ro = O(G).

Let B, be an absorbing ball in X, centered at 0 with radius » > rg, and let
M = Ny>0Spr(t)B,. Note that M is independent of r: vy € X belongs to M if and
only if there is a bounded solution v : (=00, 00) — X of (5.3) defined on the whole
real line such that v(0) = vg. We can also characterize M as the maximal bounded
set that is invariant (i.e. Spp(t)M = M Vt > 0), both forward and backward in
time, under the flow generated by (4.9). We do not know if M is the analog for the
determining form (4.9) of the global attractor of the Navier-Stokes equations (see
discussion leading to (2.28)).

By Theorem 6.2 M is a subset of B,,.
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Lemma 6.3. If v is a bounded solution of (5.3) defined on the whole real line and
(IW ) |ly < veor/2G/cr for all t then ||v(t)||x < 3vkoG for all t. In particular
this is true if N > /2c(9erG3/2(IneN)V/? + GY/?) and N > 6¢.,G.

Proof. Let w(t) = W(v(t)) and w(t,s) = w(t)(s). Suppose that ||v(t', s")|| > 3vkeG
for some t' and s’. Then since v is continuous there are ty < ¢ < t; suth that in the
interval [tg,t1] we have ||v(t, s')|| > 3vkoG. On this interval the map ¢ — v(t,s)
satisfies the equation

d
av(t, s+ vAu(t,s') + B(w(t,s')) = g.
Taking its scalar product with Av(¢,s’) we obtain inequality

%Hv(h I+ vlAv(t, )P < lgllAv(t, )] + [(B(w(t, s'), Av(t, s"), w(t, s"))]

and using (2.33) we have that |(B(w, Av),w)| < cp|wl||lw|||A%/?v| < cp||w|?|Av],
and hence

d
ot P + vl Av(t )P < (Gr2g + euf[wlly) [ Av(t, o).

Note that by Lemma 3.1 (i) tg = —o0, since Gvro + cp||w(t)]|?/(vko) < 3Grkg, but
by the Lemma 3.1 (iii) this is impossible. O

Remark 6.2. It is easy to give an analytic characterization of the solutions of (4.9)
in M. Indeed we have

t
o(t) = e I Ay (o) + / e VDA — Py B(6(0) + W (v(6)))]db,
to
and letting to — —oo we easily obtain the relation
t
(6.6) o(t) = / e V=04 — Py B(3(0) + W (v(6)))]do  t > 0,

in X. Clearly (6.6) implies that v(t) is in M.
In the case when

v(t,s) = Pyu(t+s), s,teR,

where u(t) is a solution of (2.5) in A, it is easy to see that the relation (6.6) is
equivalent to

(6.7) v(s) = [ e V6= g — PyB(6(0) + W(v(0)))]do s €R.
It follows that
v(s) = Pnu(s), s€R,

where u(s) is a solution of (2.5) in A if and only if v € X and satisfies (in H) the
relation (6.7).
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7. TRAVELING WAVES
We say that v(t,s) = Spr(t)vo(s) is a traveling wave solution for (4.9) if
(7.1) v(t,s) = vo(t + s).

Denote w(t, s) = W(s;v(t,-)), u(t,s) = v(t,s) + w(t,s), and define wy € Y, ug €
Cy(R, H) by wo(s) = w(0, s), up(s) = u(0, s). Suppose v is a traveling wave solution.
Then by (7.1), (4.32) w(t, s) = wo(t+s), thus u(t, s) = ug(t+s). We will provide an
equation for ug and use it to derive the properties of translation invariant solutions.
Using (7.1), equation (4.9) can be written as

d
(72) EUO 4+ vAvg = Py f — PNB((pUO + ’LUQ),

while (4.13) is written as

d
(73) Ewo 4+ vAwy =Qnf — QNB((pUO + ’LUQ).

Changing ¢ to s in (7.2) and combining the result with (7.3), we have the equation
for ug

d
(7.4) A + vAug = f — B(pvg + wp).
Taking the scalar product with Aug, we have
1d
(7.5) 5@””0”2 + v Aug|* = (f, Aug) — (B(pvo + wo), Aug).

Using (2.15) and (2.13), we obtain

(B(pvg + wp), Aug) = ¢[(B(vg, wo), Ave) + (B(wp, vo), Avg)] + (B(wp, wp), Avg)

+©*(B(vo,v0), Awo) + @[(B(vo, wo), Awo) + (B(wo, vo), Awo)]
= (¢ = 9)(B(vo, vo), Awo) + (1 — @) (B(wo, wo), Avo) ,
so by applying (2.15) again, we have
[(B(vo + wo), Aug)| < ¢[(B(vo, vo), Awo)| + [(B(wo, wo), Avo)|
< @l(B(vo, wo), Avo)| + |(B(wo, vo), Avo)| + [(B(wo, wo), Avo)| -

We now apply (2.30), (4.16), (4.31) to obtain

5@”%“2 + v Augl* < ||| Auo| + e (6 + B(G, N))v* k3G B(G, N)(IneN)'/?| Avg|
< V2REG[ + ep(6 + B(G, N))GB(G, N)(In eN)?]| Aug|

and consequently by Lemma 3.1 (iii)

(7.6) [uo(s)|| < vhoG[1 + e (6 + B(G, N))GB(G, N)(IneN) /2] .
We next calculate an absolute constant ¢/, such that if

(7.7) N > d.GB(G,N)IneN ,

then

er(6+ B(G,N)GB(G,N)(IneN)/2 < 1,
so that (7.6) implies
(7.8) [vo(s)]| < [Juo(s)|| < 2vkoG .
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First note that for ¢/» > 18¢p, we have S(G, N) < 2, for all N > 1. Then estimate

9crGIneN + (IneN)Y2|n|/| f]
N —3crG(IneN)t/2
9erN/cp + N/ T2¢5 + 8y
N —3erN/d - ¢ — 3er

8¢rGB(G, N)(IneN)Y? = 8ep

< 8cr

so that it suffices in (7.7) to take
(7.9) dp > 725 + 1ler .

Theorem 7.1. Suppose (7.7) holds for ¢/n as in (7.9). Then a solution v(t) of (4.9)
is traveling wave solution if and only if v(0) is a projection of a solution of (2.5)

mn A.

Proof. The fact that any traveling wave solution of (4.9) is the projection of a
solution of (2.5) follows from (7.8) and Lemma 5.6. To prove the converse, recall
that any solution u(t) of the (2.5) which lies on the attractor can be extended to
a solution to the complexified NSE which is analytic and bounded on some strip
|St| < ¢ function into H (see e.g. [4]). Let u(t) be a solution of (2.5) defined and
bounded on the whole real line. Consider a curve in X, ¢ — (s — p(t + s)), where
p = Pyu. We need to show that this curve is differentiable and its derivative is
s+ dp/dt(t + s); thus we need to prove that for any real ¢

(t+At+s)—plt+s) d
At a’

(7.10) sup || 2 (t+s)| =0 as At—0.
seR
Since p is analytic and bounded in the strip |S(| < ¢, its second derivative is also
bounded in a smaller strip. The limit in (7.10) now follows from Taylor’s theorem,
specifically
p(t+At+s)—pt+s) d d?

sup — —p(t+ s)|| <supAt sup —p(T+9)| .
sER | At dt ( )l SER  TE[t,t+t+AL] HdtQ ( )l

O

Remark 7.1. Note that a function v(t,s —t) being independent of t is equivalent
to v(t,s) = v(0,s +t), for all s,t; thus if |[v(0)||x < 2vkoG, then v(t) is the Py-
projection of a solution on the global attractor of the Navier-Stokes equations.
8. EQUICONTINUITY OF W
We have from (4.17) and (4.26) that

(8.1) / | Awl|* < Ey(s1 — so) + Eo,

S0

for some constants Ey, F1. We also have for any u € H

|(B(pv + w),u)| < 9cpG?r?k3(IneN)Y2|u| + 3(ca + cr)v?w2G*B(G, N)(IneN )2 |y
+eavo s B(C,N) | Aulul

thus

(8.2) |B(pv + w)| < Eg + E3|Aw|
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where
Ey =[9¢p + 3(c + ) B(G, N)|*k2G?B(G, N)(IneN)'/?
G
Es :CAVHONﬂ(G,N) .

Integrating (4.13) from sg to s; we have

S1

S1 S1
wsr) = wso)| <v [ 4wl + [ Blv+wovw)+ [ h
S0 S0 S0
<(v+ E3)(81 — 80)1/2[E1 (s1—s0) + E0]1/2 + (Ez + |h|)(81 — 80)
We have proved the following
Lemma 8.1. The family {W(v)(-)|v € Cyp(R, PnH)} is equicontinuous on R.

Let v(t) be a solution of (4.9), and denote w(s,t) = W(v(¢))(s). Then by
Lemma 5.2

[[w(s,t) = w(s, to)[| < Lw[[o(t) — v(to)l|x-

Since v(t) is a solution of an ODE, it is continuous. Thus for any finite interval
[—T,T] there is a constant Cr, such that

[o(t) —v(to)llx < Crlt —tol, tto € [T, T].
This proves

Proposition 8.2. For any solution v(t) of the equation (4.9) the function w(s,t) =
W (v(t))(s) is equicontinuous on R%. Moreover, there are constants c,c, and Cr
such that

lw(s, t) — w(so,to)] < c|s — so|"/? + c1|s — so| + %u_m,
whenever t,tg € [-T,T).
We now assume that (5.6) holds, and that h € D(A/2). Then by (4.36) we have
(8.3) |AW (v)(s)] <T;, forallve X, s€R,
where T is the right handside of (4.36). We have therefore that

[w(s,t) = w(so, to)|| < (20)"/2Jw(s, t) — w(so, to)|"/>
(8.4) C 1/2
< (21)1/2 c|s—so|1/2+cl|s—so|+WT|t—to|

for all sp,s1 € R, and all ¢,ty € [-T,T].
Recall the extension of the Arzela-Ascoli theorem to the case of Banach-valued
functions.

Theorem 8.3. Let K be a compact metric space, X a Banach space, ®,, : k
D, (k) € X, with {®,}2°, equicontinuous and {®,(k)}>2, relatively compact for
each k € K. Then there evists a subsequence {®,; }52, which converges in C(K; X).
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9. WEAK LIMIT OF TIME TRANSLATED SOLUTIONS

According to Remark 7.1 (Section 7), a solution v to the determining form (4.9)
in the set M is the Py-projection of a solution of the Navier-Stokes equations (2.5)
in its global attractor A if and only if
(9.1) lv(t,s)|| < 2vk3G, Vit seR,
and

vt +ty,s—(t+1t,)) =v0,s), Vi,seR,

for any sequence {t,}. It is therefore instructive to study the asymptotic behavior
of a sequence

(9.2) vp(t,s) =v(t +tn,s—(t+1n), n=12,...

where t,, — 0o, and v(-) € M is a solution of (4.9) satisfying (9.1). We have the
following lemma,

Lemma 9.1. There is a subsequence {n;} and functions v, w and R such that
9, R € C(R,L®(R, H) wear+), w € C(R%,V) and the following hold for each T, S
(9.3) lim sup |(vn,(t,") —0(t,-),&)]=0 for &€ L'(R,H)

I te[-T,T)

(94)  lim sup |(B(va, (t,7) = 0(t,)) + R(t,),§)| =0 for & € L'(R, H)
I te[-T,T)
(9.5) W, (t,8) =W (T, v)(s = (t+1tn,)) = w(t,s) (LsER)
in C([-T,T] x [-S,S];V), for all T,S > 0.
Proof. Tt follows from (4.9) and (8.3) that there exists a constant C'
|3vn(t, s)
ot
Choose a dense subset {&;} in the unit ball of L'(R, H). Then it is well-known
and easy to check that

|<C (Vism)

o [(p— 7', &)
1) =D 01 156D

defines a distance in the ball of any fixed size in L*°(R,H). Let us compute
d(vn(t, ), v, (t',-)). Note first that

|/vnts n(t',8), &kx(s)) ds|
= |/(v(t+tn,s —t—ty) —v(t' +tn,s —t' —t,),&(s)) ds]
R
<Clt-1| —|—|/(v(t+tn,s—t—tn) —v(t+tn,s —t' —tn),&k(s)) ds|
R
=C|t -] —|—|/R(v(t+tn,s—tn),§k(s+t) —&(s+1t))| ds

< Clt —t'| + 3Guko||&k — Te—vék| 11

which, provided k is fixed, goes to 0 when ¢ —t’ goes to 0, uniformly in n. It follows
that for any fixed e there is a ¢ such that [t—t'| < ¢ implies that d(v, (¢, ), v, (t',-)) <
¢ for all n. This means that the set of functions ¢ — v, (t,-) is an equicontinuous
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family of functions in C([-T,T], L°°(R, H )weax+) for any T. Note that |v,(t,s)] <
|lv]|x /Ko, therefore vy, (t,-) belongs to the ball of radius ||v||x/ko in L=(R, H),
which by the Banach-Alaoglu Theorem is compact in L (R, H)weak+. Using the
Arzela-Ascoli Theorem 8.3 and the diagonal process, we obtain a function v in
C(R, L*(R, H)weax+) such that for some subsequence of {vy,}, (9.3) holds for any
T. Without loss of generality we assume that (9.3) holds for the sequence {v,,}.

To deal with the sequence R, (t, ) = —B(v,(t, ) — 9(t,-)) note that it is a com-
position of an equicontinuous family {v,(t,-) — o(¢,-)} in C(R, L= (R, Py H )weak*)
and a map L (R, Py H)weak* — L (R, H)weax+ induced by B. Since Py H is finite
dimensional, B is a continuous quadratic form on Py H, and hence the induced
map is continuous. It follows that the family R, (¢,-) € C(R, L°(R, H )yeak*) is also
equicontinuous. Now note that by (2.35)

[B(va(t, 5) = 5(t, )] < calvn(t, s) — 5(s)|Y Ava (8, 5) — Av(s)]V2[[va(t, s) - o(s)]
< calroN)[on(t, s) = (s)[2 < 2ea (ko) ] x,

thus R, (t,-) is in the ball of radius 2ca (ko N)?||v]|x in L°°(R, H). Therefore, again
by Theorem 8.3 and the diagonal procedure, there exists R(t,-) € C(R, L°(R, H)yeak*)
and a subsequence such that (9.4) holds for any 7. Once again, without loss of gen-
erality, we assume that (9.3) and (9.4) hold for the whole sequence.

Finally, w, is equicontinuous in C(R?, V) by Proposition 8.2, and for each t,s
wp(t, s) is precompact in V' by (8.3), thus, by Theorem 8.3, (9.5) holds for some
subsequence vy, . O

The main result in this section is the following.

Proposition 9.2. Suppose that N and G satisfy (5.6). Let v, @ andiR be as
in Lemma 9.1. If 0(t,s) and w(t,s) are both independent of t, then R is also
independent of t and

u(s) = v(s) + w(s)
satisfies the Navier-Stokes equation

(9.6) disﬁ(s) +vAu(s) + B (u(s),u(s))) = f + R(s), seR.

The function R can be viewed as the analog of the Reynolds stress due to aver-
aging the Navier-Stokes equations in the theory of turbulence [15, 13] Thus, @(-) is
a solution to the Navier-Stokes equations (2.5) with the original force f, if and only
if o(t, s) and w(t, s) are independent of ¢, and R(s) = 0. We do not know if any of
these conditions are superfluous.

Proof. Using a change of variables, we write
(9.7)
wp(t,8) = w(t +tn,s — (t+1t,)) = W(r,v)(s — (t+1,))

s—(t—ty)
= / e VTtmtn=)A [ _ QnB(u(t + tn,0) + w(t + tn,0))] do

— 00

= (wA) " 'h - / ’ e V= DAIQNB(vn(t, ) + wy(t, 0))] do .

— 00
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Now write
9.8)
@(s) — (vA)"'h + /_ e~V =AQ B((0) + w(0)) — R(t, 0)|do

=w(s) —wy(t,s)—

/s e VDA [B(vp(t,0) + wy(t,o0)) — B(v(o) + w(o)) — B(vy(t,0) — v(0))] do

— /S e " =DAQ N [B(va(t, o) — 0(0)) + R(t,0)] do .

Notice that
00 B(vy, +wy,) — B(v 4+ @) — B(v, — ) =
(99) Bsym (vn, + w0, w, — w) + B(w,, — 0) 4+ Bsym (0 + w0, v,, — 0)

where
Bsym(ul,uz) = B(ul, Ug) + B(u2, ul) .
Using (2.35), (8.3) and (2.34) as well, we find that

|B(vn + 0, w, —w)| < calvn + “7|1/2|A(Un + w)|1/2||wn |

CcA _ _
< — (|Avy| + |Aw]) [|wy, — ]|
Ko
T _
<eca (Nlvlx +— ) [lw, — 0| .
Ko

|B(wn — @, v, +@)| < evfwn — @2 wn — @ |on + @]/ Avn + @) [

CL oy 1/2 _
< (lAv, [ + [A®|?) " [lw, — @

HON1/2
CL, _ _
< N2 (Ko [lon |l x + [Aw]) [lwn — |
CL, _
S N2 (koN|[lvllx +T) |lw, — w0 ,

|B(wy, — )| < ealwn — @]/ A(w, — @) ||w, — |

< G — @)l llw, —
2CA
r n U ’
< oy Tlhwn =@l

so that for each ¢

/s e V= DAQ N [Beym (Un + @, wn — @) + B(w, —@)] do =0 asn — oo,
by the Lebesgue dominated convergence theorem. Indeed, the integrand is bounded
by
(9.10) o |[w])y e~ (s=o)d
where

z 2ca
I'= N NY/2 a4 LA
(caN + e, Mvllx + o + RN 12 + KoV )

and goes to 0 at each o since ||wy(t,0) —w(o)|| — 0 when n — occ.
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Let k € D(A). Note that the function o + e *©=) 4k if ¢ < s and o + 0 if
o > sisin LY(R, H). Thus by (9.4)

(9.11) / e V=Y QN(B(vp(t,0) — B(0)) + R(t,0)),k) do — 0 asn — oo .

We also have

(/ e V=D AQNB(6 + W, v, — D) do, k)

:/ QN (B(@ 4 w,e "~ 4E) v, — 7) do .

But by (2.35) we have that, as a function of o

B(v(0) +w(o),e "= 4k) € L'((—o0, 5], H) .
We conclude that

/S (e~ AQNB(0 + W, v, — 0), k) do =0 asn — co.

For the other half of Bgym (0 + w, v, — U) we write

(eI AB(v, — 0,0+ W), k) = (vn — 0,0(0))
where (due to (2.36)) we have

16(0)] < |[8(0) +@(o)lle™ =0 k|2 AK]'? Vo <.

It follows that 0(c) € L*°((—o0, s]), and hence

/ ("= QN B(vy — 0,0+ w),k) do — 0 asn — o0

In particular, for & € D(A), (9.8) now implies that

S

(w(s) — (vA) " h + / e V= DAQ N (B(v(0) + w(0o)) — R(t,0))do, k) = 0

— 00

Since D(A) is dense in H, we deduce that for each ¢

S

9.12) w(s):(yA)*lh—/ V= AQ (B(5(0) + ©(0)) — R(t,0))do .

— 00

Note that (9.12) implies that Qx R(¢, s) does not depend on ¢. Indeed, by the vector-
valued version of the Lebesgue differentiation theorem we obtain that for each t
QnNR(t,s) = r(s) for almost all s, fo some function r € C(R, L™(R, QN H )weak* ),
which means that QR is constant as a function in C(R, L®(R, H)yeak* )-

Now observe that

Up(t,8) =v(t +tn, s —t—1,))

t+tn
— / e_”(Ht"_T)A[g — PyB(v(r,s —t—t,,) +w(r,s —t —t,))] dr

— 00

t
/ DA — PB(u(T + tays — t = t) + w(r + by, s — 1 = 1,))] dr

— 00

t
/ e VD Ag — PyB(un (1,8 + 7 —t) + wn (1,5 +7 —t))] dr

— 00
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for all ¢, s € R; consequently
(9.13)

Sa
/S (vn(t,5), k) ds = (vA) " g,k)(Sa — S1)

1

t Sa
_ / / (B(vn (7,5 +7 —t) + wn (7,5 + 7 — 1)), e *E" APy k) ds] dr

— 00 S1

=((vA)"'g,k)(S2 — S1)

t So+1—t
—/ / (B(vn(7,8) + wy (7, 5)), e "4 Pyk) ds] dr

—o0 Si+1—t

where k € D(A), S; < Sy are fixed (but otherwise arbitrary). By the convergence
in (9.4) we can now pass to the limit in (9.13) by going through steps analogous to
those from (9.7) to (9.12). Indeed, if k is an eigenvector of A with Ak = Ak, then
by (9.9)

Si+7—t

t So+1—t _
:/ V (B(v +w) — R, e """ 4Pyk) ds] dr

t So+1—t
+/ [/ (Bsym (vn, + @, wy, — @) + B(w, —@),e "¢ APyE) ds} dr
S1+7—t

t Sotr—t
/7 [/ (B(vn (1, 8) + wn(T,8)), ef”(th)APNk) ds] dr

t So47—1
+/ e V(E=T)A / (Bsym (0 + w, v, — 0), Pyk) ds| dr
s

—00 1+7—t

t So+1—t _
+ / e V(=T / (R+ B(v, — ), Pxk) ds| dr
— 00 Si1+7—1

On the right-hand side the second, third and fourth terms go to 0 as n — oc.
In the second term we use a bound similar to (9.10) and the Lebesgue dominated
convergence theorem. For the third and fourth note first that the integrands are
bounded by L' functions, thus it suffices to show that for fixed 7 the integrals

So+71—1
/ (Bsym (v + w, v, — ), k) ds
S

1+7—t

and

So+1—t B
/ (R+ B(v, —0),k) ds
s

1+7—1
go to 0 as n — oo. For the latter, note that the function x(s,47—¢,5,4r—¢)(s)k is in
LY(R, H), where x; is the characteristic function of an interval I, and use (9.4). For
the former, write (Bsym (0 + w, v, — 0), k) = (vn(t,s) — 9(s),9(s)) and note that,
as above, by (2.35) and (2.36) X[sy+4r—t,5,+7—(5)¥(s) is in L'(R, H) and therefore
we obtain the convergence by (9.3).
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Setting u = v + w, we obtain
Sa
[ 051k ds — (wA) g k(2 - 51)
s

t So+1—t
=— / l / (B(u(s)) — R(r,s),e """ 4Pyk) ds] dr

Sa
/ (B(u(s +7—1t)) — R(r,s + 7 —t), e V" DAPyE) ds] dr

SQ t
= —/ (/ e VCIAPYIB(tu(s + 7 —t)) — R(1, s + 7 — t)] dr, k) ds
S1

- _(/552 {/ e "= IApy[B(a(a)) — R(t — 5 + 0,0)] da} ds, k) .

Since for fixed S1 < S, t in R, k can run over all linear combinations of eigen-
vectors of A, of which are dense in H, we deduce

Sa s _
/ {17(5) - / e V=) Ag — PyB(u(o)) + PyR(t — s+ 0,0)] da} ds =0
S1 — 00
for all S; < S, ¢t in R.
The final function in braces above is in L*([—S, S], H) for all S > 0. Therefore,
the vector-valued version of Lebesgue’s differentiation theorem now implies

9.14) o) = / eV~ A[g _ Py B(u(0)) + Py R(t — s+ 0,0) di] do
for s € X, where the measure of ¥; is 0. Note that since C(R, L (R, H))weak* C
L{ .(R?), both the right- and left-hand sides of (9.14) are in L] (R?), and therefore

by Fubini’s theorem (9.14) holds for almost all pairs (t,s) € R?. By substituting
(t,s) with (t 4+ 7,5 + 7) we obtain that for almost all ¢, s

s+7
(9.15) T(s+7) = / e V=) Aly _ PyB(u(o)) + PyR(t — s+ 0,0) dt] do
holds for almost all 7. Fix such ¢, s that (9.15) holds for almost all 7. Then the
right-hand side of (9.15) is continuous in 7 and hence v coincides almost everywhere
with continuous function. Thus, we can suppose that o is (absolutely) continuous.
Taking the derivative with respect to 7 of (9.15), we obtain that for almost all
(t,s) € R?,

d_ —
% +vAv(s+7)+ PvB(a(s+ 1), u(s+7)) =g+ PvR(t+7,s+7),
for almost all 7. It follows that
d’l:lis) + I/AT)(S) + PNB(Q(S),ﬁ(s)) =g+ PNR(t, 8) :

for almost all , s. We therefore obtain that the function R € C(R, L*(R, H )yeak-)
is almost everywhere equal to some fixed element of L*°(R, H). Since R is contin-
uous, this equality holds everywhere, thus R does not depend on t. 0



28 C. FOIAS, M.S. JOLLY, R. KRAVCHENKO, AND E. S. TITI

10. STATIONARY SOLUTIONS OF (4.9)
Recall that ug € H is stationary for (2.5) if
vAug + B(ug,up) = f.
Clearly, if
(10.1) v(0,-) = Pnug(-) ,

then v(t,-) = Pnug(-) for all ¢ is a stationary solution of (4.9). In fact by Theorem
7.1 any stationary solution v(t, s) of (4.9) which is constant in s must satisfy (10.1).
The set of all stationary solutions of (4.9) may, however, be much larger than the
set of constant functions in X that are the projections of the stationary solutions
of (2.5) as in (10.1). In fact we show in [11] that a determining form for the Lorenz
system has stationary solutions which are not in the global attractor of the Lorenz
system.

A solution v(t, ) is a stationary solution of (4.9) if and only if v(t, s) = vg(s) for
all t and

vAvg(s) = g — PvB(evo(s) + W(wo)(s)),

that is, if and only if it satisfies the following differential algebraic equation

(10.2) vAvy(s) = g — Py B(pvo(s) + wo(s)),
dwo(s)
(103) ds + I/A’LU()(S) =h— QNB((P'UO(S) + wo(S)) ,
where wg = W (vp). In this case the energy and enstrophy balances are
1d

(10.4) §£|w0|2 + vluo|l® = (f,u0),
(105) L o2 + vl Auo[? = (£, Auo)

. 2dsw0 viduo|~ = (J, Auo),

where ug = vg + wo (compare to (2.20), (2.21)).

It is shown in [8] that solutions on the global attractor of the NSE must satisfy
v|u(®)]|? < |fllu(t)] for all ¢t € R, with equality holding for some ¢ if and only if f
is an eigenvector of A. One might ask if at least the stationary solutions of (4.9)
satisfy an analogous property. We will give below a partial answer for this case,
which involves an application of (10.4), (10.5).

Let uwg = vg + wo. We first prove the following:

Lemma 10.1. Let wg and vy satisfy (10.2) and (10.3), and let o9 < o1. Suppose
that |wo(s)| is nondecreasing in (09, 01), then
(i) vluo(s)|I* < |flluo(s)| for all s € (00,01).
(ii) If, in addition, wo(s) is nonzero for all s € (0¢,01), |[wo(s)||?/|wo(s)| is
nondecreasing, and for some so € (00,01), we have ||ug(s0)||?/|uo(s0)| =

|f|/v, then f is an eigenvector of A for the eigenvalue \° = ||ug(s0)||?/|uo(s0)|?,
A0 > (Nko)?, and f = QN f.

Proof. In the proof we drop the subscript on wq, vg, ug, to simplify notation. Denote
Xw = [w]?/|wl, xu = [lull®/[ul, dw = [wl|?/[w]*, Au = [[u]|?/|uf?. Since w(s) # 0
in (0g,01), these quantities are well-defined. From (10.4) and the fact that |w|
is nondecreasing it follows that (f,u) — v|lul|* > 0, which in turn implies that

Xu(8) < [f]/v, proving (i).
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Passing to the proof of (ii), we start by observing that from (10.4), (10.5) it
follows that

Xu(8) = Xw(s0) =

(10.6) [ 2v [, f X2 f Au Aw =M f
/so ol ['Z'Q — gy Al - TG ) — ) | do

By (i), since |w| is nondecreasing, and the assumption x.,(so) = |f|/v, we deduce
from (10.4) that (f,u) = |f||u|; hence we have u(sg) = cf, where ¢ = |f|?/v| f]I?.
Since x., is assumed to be nondecreasing, the integrand in (10.6) is nonnegative
for almost all o; also every summand in it is continuous, except for |f/2v — (A —
Au/2)ul, which is lower semicontinuous. This suffices however, to ensure that the
integrand is in fact nonnegative at every point of (o, 01).
In particular, at the point so we have that ||ul|?> = (f/v,u), thus it follows that

)‘u s0
(10.7) 2% - <A - %) u(so)| = 0,
hence (A — \%)f =0, where \” = \,(,,). Indeed,
0 )\0 2 )\0 )\0 2 )\0

If \Y < (Nko)? it would follow that f = g, which gives that w(sg) = 0, but this is
contrary to our assumption. Thus we have that \° > (Nkg)?, and so f = h, g =0,
v(s0) =0, w(sg) = h/vA® and Ah = \°h. O

Let hg = h/vA°. Now we need the following lemma:

Lemma 10.2. Assume that vy and wo satisfy (10.2) and (10.3), and that g = 0
and h is an eigenvector of A. Then for large enough N, v(s) = 0 and w(s) = hg
for all s, where \° is an eigenvalue of A.

Proof. Once again, denote wo, vo,uo by w,v,u for simplicity. From (10.2), (2.32),
and (4.28) we obtain that

vlol* = —(B(u,w),v) = =(B(w,w),v) + (B(v,v), w)

lneN)/?
< (Blwyw),v) +erlol ] 2
whence
N
(10.8) vl|v|? 1_CT%(1116N)1/2 < — (B(w,w),v).

By denoting w = ho + 0 we have
—(B(’LU, U]), ’U) = - (B(5a w)a 1)) - (B(h()v 5)5 1))

(10.9) < (neN) 2|8 (crlwllo] + eslholllv])

vGB(G, N) K3G
< (1neN)1/2(CT7N +CBV%)HU””5”-
From (10.8) and (10.9) we obtain
(10.10)
GB(G, N G 2N
ol |1 — CTL(lneN)l/Q < (1neN)1/2N(cTﬂ(G, N) + CB%)|\5|\.



30 C. FOIAS, M.S. JOLLY, R. KRAVCHENKO, AND E. S. TITI

Therefore if

(10.11) N > 2¢rGB(G, N)(IneN)Y/2,
we have the bound

(10.12) ol < a8l

where

G 1
€ = 2(1neN)1/2N(cTB(G,N) +eny).

Now using (10.3) and (10.12) we obtain that

1d
5%|5|2 +v]|6]|2 = =(B(u,u),8) = —(B(v + ho + 6,v + hg), 6)
= —(B(v+46,ho),6) — (B(u,v),d)
< cr(IneN)2|jv|l|[holl8] + cL|8]l|8]||hol| + ez (IneN)'?|[ull[[v]|3]

1/2 [vllx +vroGB(G, N)
IioN

It follows from Lemma 3.1 and Theorem 6.2, that if N is such that (10.11) holds
and moreover

N? > 2G(crei(IneN)Y? + ¢,
N > 2cpei (G + ep(IneN)2G2 (6 + B(G, N))B(G, N) + GB(G, N)),

then §(s) = 0 for all s. Therefore from (10.12) we have for all s that v(s) =0, and
hence u(s) = h/vA" = w(s). Since h is an eigenvector of A, it follows from (10.4)
that Ah = \°h O

[

G
< v(erei(IneN)Y? + cL)mHéH2 +erei(lneN)

(10.13)

Therefore we obtain the following proposition.

Proposition 10.3. Suppose N satisfies (10.11) and (10.13). If the assumptions
of Lemma 10.1 hold for wg = W (vg) for some stationary solution vy of (4.9), then
any stationary solution of (4.9) is zero.

We finish by simplifying the conditions on N in Proposition 10.3. Suppose that
G > 1 and

(10.14) N > CG(IneN)'/?,

for some sufficiently large constant C'. Then (10.11) holds and moreover B(G, N) <
36cr/C, and so B(G, N) is small provided that C is large enough. Choose C' such
that S(G,N) < 1. Then ¢; < 2(ep + ¢g)/C. Choose C, so that also ¢; < 1.
Moreover, the bound in Theorem 6.2 is less than vko(G + 2cpG?(IneN)Y/?) <
C>yG?(IneN)!/? for some constant Cy, which does not depend on C, since G >> 1.
We obtain then that the first inequality in (10.13) holds, and to satisfy the second
inequality in (10.13), it suffices to take

(10.15) N > eG%(lneN)"/2,

for any fixed ¢ (provided that G is large). Note that if (10.15) holds then (10.14)
also holds. It follows that conclusion of Proposition 10.3 is true as long as inequality
(10.15) holds for N.
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11. ANOTHER APPROACH

We present now in a concise manner an approach producing an ODE similar to
(4.9) for the determining modes Pyu, which however can also be obtained for other
determining parameters such as nodal values, finite elements, local spatial averages
and interpolants on fine enough spatial grids (see, e.g., [3, 21, 20, 24], for works
related to various determining parameters). We first outline this approach for the
case of determining modes so it can be compared to the first approach. Then we will
state some results for other interpolants. This unified approach is fully developed
in [12].

Let u(-) be a trajectory in A, and suppose w satisfies the equation
dw
ds

for s > s¢ , with w(sg) € H. Here p > 0 is a damping dimensionless parameter to
be determined later in terms of the Grashof number G.
The difference 6 = w — u then satisfies

(11.1) +vAw + B(w,w) = f — vkiuPy(w —u) ,

Z—é + vAS + B(6,u) + B(u,8) + B(6,0) = —vkiuPné
s

and hence
1d o 2 2 2
5 0+ VI + (B(5,w),6) = —widul Py

= —vrgp|d]? + vrgul Qo

< —wR2ul8|? + —L | Qw2 .
= I/FLOM| | + (N—Fl)QHQN H
Now take p large enough so that
(11.2) a=1-2¢G*+2u>0,
and then N, large enough, so that
m 1
11.3 —_— <=
( ) (N+1)2 4

We then have that

1d Vi
575101 + V11017 < ecfallIaf[lull — vrguldl* + WI\CSH2

v ? v
< Z 6 2 ~L 62 2 2 62 . 6 2
< ZUSI2 + L 152 ul® — wdpldl? + 15
v
< 215 + R G132 — vduldl?
so that
d oo 2152
£|5| + avkgld]c <0,
and

16(s)] < [8(s0)|e~¥ro(s=50) .

If the solution w(s) to equation (11.1) is defined for all s € [sg, 00), then 6(s) — 0
as s — oo. Moreover, if w is defined, and bounded on (—o0, c0), then d(s) = 0 for
all s € R. Thus, if we first choose u to satisfy (11.2), and then N to satisfy (11.3),
the only bounded solution to (11.1) on (—o0,00) is w = u.
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The analog W, of the map W defined in Section 4 is now given as follows: let

v € Cyp(R, PyV) and let w = W (v) be the unique solution of the equation
d
(11.4) d_f +vAw + B(w) = f — vk Py (w — v)

that is bounded on R. This solution can be constructed using a Galerkin approxi-
mation. The uniqueness of w can be proven by the same method as in the proof of
Lemma 4.1; To obtain an a priori estimate, first note that

1d
Sl + vl Awf? = (f, Aw) — vidul Py Al + vidp(v, Aw)
SO

d

Tl + 20| Awl? < 2(|f| + vroplo]x) Al

and we have by Lemma 3.1

it}
VK
It is easy to show that if v(-) = Pyu(:) for a trajectory u(-) in A, then W (v) = w.
This suggests that we study the following analog of (4.9)
du(t) ~

(11.5) e Py f —vAu(t) — PvB(W(v(t))) .

The fact that for large p the map W v W(U) is Lipschitz is again obtained by
a method similar to the one used in the proof of Corollary 5.2, and that the right-
hand side of (11.5) is locally Lipschitz as a map from the space Cy(R, Py'V) to itself
is proved similarly. With these considerations the differential equation (11.5) is an
ODE in the space Cp(R, PyV'). Note that the ODE (11.5) depends not only on N,
but also on the parameter y through the function W.

As in Section 7, translation invariant solutions of (11.5) are exactly those that
come from the NSE. For example, if v is translation invariant, then

v(t)(s) =v(t+s)(0) =vo(t+s) and w(t)(s) =w(t+s)(0) =we(t+s) .

Moreover, since

Jwl] < ==+ pjv]x -

d’UO dvo
-0 _ v t
s 7 at s+t ,
we rewrite (11.5) as
d
(11.6) d—v—l—uAv—i—PNB(w) — Pxf,
s

and subtract Py applied to (11.1)

dP,
N +vAPyw+ PyB(w) = Py f — V/leuPN(w —)
to obtain
d§ 2
(11.7) o + VvAE = virué

where £ = v — Pyw = Py (v — w). Since &(s) is defined and bounded for all s € R,
and (11.7) is linear, we have £(s) = 0 for all s € R, provided that x2u is not an
eigenvalue of A, which can always be achieved. As a consequence (11.1) reduces to
the NSE.

Note that we do not have to prepare the nonlinear term as was done in (4.9)
with the cut-off function ¢ in order to establish these properties. Preparation of
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the nonlinear term is, however, needed if we want to prove the existence of absorbing
ball for (11.5).
One advantage that (11.5) has over (4.9) comes in the study of stationary solu-
tions. The analog for (11.5) of the DAE in Section 10 is
vAv+ PyB(w) = Px f
dw
ds
Note that the algebraic relation can be solved explicitly

v=v'AT'Py(f — B(w)) .

+vAw + B(w) = f — vkiuPn(w —v) .

Thus in contrast with (5.3), stationary solutions of (11.5) are directly associated
with the globally bounded solutions of an explicit Navier-Stokes type equation in
H, namely

d
(11.8) d—f + V[A+ K3uPn|w + [I + s2uPy A~ Py|B(w) = [I + k2uPy A~ Pylf .

The study of the equations (11.5) and (11.8) for various types of determining pa-
rameters will be presented in [12].

In [12] we also study a larger class of determining parameters. In particular as
those described below. Let J be a bounded linear operator on H (approximating
the identity) satisfying the following conditions:

(i) |¢ — J(9)| < crh?|Ag|, for every ¢ € D(A), where h is the size of the grid;
moreover, h? is required to be at most O((k3G log(1+G))~1),i.e. N = (koh)™2
is of the order of O(Glog(1 + G)).
(ii) JH C D(A?)
(iil) there exists a linear bounded operator K on H such that JA = K on D(A).
Such J(u) is a determining system of parameters for (2.5). This is proven as before
by using the equation

d
(11.9) d_w +vAw + B(w,w) = f — pvrd(J(w) — J(u)),
s
where p is in the appropriate interval.
The map W is defined using this equation instead of (11.1). Now the equation
which replaces the equation (11.5) is the following

(11.10) %v(t)wJAW(v(t))_M(;?PJHA?(JW(U(t))_v(t))uB(W(v(t))) = Jf

which is an ordinary differential equation in the ball B(0, R(n, 1)) of the space
X =Cp(R, J(H)). In (11.10) Pyg denotes the orthogonal projection of H onto the
closure of the range of J.

We conclude this summary by observing that given a finite rank linear operator
J on H satisfying the condition (i), then for every sufficiently small ¢ > 0 there
exists a J' satisfying all conditions (i)-(iii) and such that the norm of J — J’ as an
operator on H is less then €.
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