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~ ABSTRACT

We use a simplified multiperipheral model to
illustrate the possibility of complex Regge poiés that
contribute damped qscillations fo the total cross seétion.
‘The model suggests a relation between the period of the
oscillations and the'rate of growth of average multiplicity

with energy.
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Multiperiphefal modéls are well khown fo preéiét éegge behavior
in total.crossbsections at high énergy. We here concern ourselveé with
complex Regge péles that ma& Qccur'in £he sbectrum of such modélé,
cérrespoﬁdihg to os¢illatory'cohpoﬁenté‘of.the tota1>créss seétién (1].
We show how the wavelength of the lqwest harmonic can be roughly estiﬁated
from the average multiplicity of particle production, together with the
mean number of particles emitted from a single "link" of the multi-
peripherai éhaiﬁ, ~Wé,also give an estimate for.the_rate of damping of
the lowest hafmonic as'ﬁhe_energy incfeases. Possible relevéhce of
compléx,Regge poles'tokthe recent Serpukhov total cross-section heasureA
ments is diécussed.‘ | |

For a preliminary orientation recail that a pair of épmplex

conjugate Regge poles gives a cross section contribution of the form

*
*

!
rsC ¥ r & = 2|r] sRe % coslIma tn s + arg rl ,

" ,
where r and r are the pole residues and s 1is. the square of the

c.m. energy. One full period of the oscillation thus corresponds to

A (&ﬁ_s) = Iiﬂa . - (l)b

Now, a general characteristic of multiperipheral models is £hat as the
energy increases the phase space in the small-momentum-transfer région
opens up at a rate that perﬁits one additional link in thevmultiperibheral
chain for each addition of a certain incremént in ¢n s. This increment
of {n s, dénoted by w, 1s determined by the ratio of the mass emitted
at each link and the momentum transfer bétween links [2]. One.ought not: .

be surprised if the total cross section generated by the multiperipheral
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mechanism contains an oscillatory component corregponding to the interval
A(tn s) = w, Referring to Formula (1), we might expect to have a pair

of complex Regge poles with

)

~ +&% . |
Im o = | : | (2)

We have verified fhé appearandé of such comﬁlex-poles in a simple
and transparent multiperipheral méqel.' The feature making the model
extremely'tractablevis a kerﬁei thai is factorizable in its dependence
on momentumvtransfers and subenérgies. Physically interesting kernels
do not factor, but.fhe eigenvalue spectrum ofvnonfacﬁorizéble kernels, -
when evaluated in . the first Fredholm'approximation (the trace approximation),
is the same as that of a factorizable kernel.l We Ha?é éhecked in the
ABFST model [2] that ﬁhe»trace approximation is nbt'misleadihg fqr the
leading eigenvalue. | | | "
With factorizability the multiperipheral equation can be reduced

to an equation in one variable, the energy. The equation has the form

L. k(L) r(s) | (3)

Fls) - Fols) + s

<1
where the total cross section is felated'to F(s).by

1. _ |
dtot(s) = 3 F(s) . _ .

Tt will be understood that the crossed-channel quantum numbers are those P
of the vacuum, so the relevant total cross section is an appropriate
average over internal quantum numbers. For Eqn-(}), a Mellin transform

constitutes the analogue of projection- onto a representation of. the
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Lorentz group, the technique by which the full multiperipheral equation
is diagonalized [3]. Thus, if

£(N) = ‘ x " P(x),
o L
with an analogous definition of fo(x) and',k(;),.we find

ef(X)» | £,(0) ’} k(n) £(n)

£4(x)-
1 - k(N)

The inverse transformation is

1 | NN
F(s) = 5T an £(n) s™,

c

with the contour ¢ running vertically in the cdmplex A plane from
L - ico to L + im, where L stands to the right of all singularities

of f(\). Thus a pole at A = a& with residue ri contributes a

a.

term . s 1 to the asymptotic expansion of F(s).

The particular model to be investigated here 1is characterized

'by a kernel

k&) - (2P e -w), (4)

the crucial feature being the "threshold" at 4n s/s' = w which we.have
discussed above in our introduction. The.factor (s/,s')B is suggested
by the ABFST model [2], which in the trace approximation can be
approximately matched to the model here if we choose B ~ 0 [4]. The

real positive parameter ¥ ~1s determined by the requirement that the
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leading pole of f(\), i.e., the leading zero of 1 - k(7\), shall occur

at A = 1, corresponding to a constant high energy limit for the cross

section. TFrom Eqn. (4) we find o S ‘:' . o
oy w(NB) - . S X
k() = £ , | b
O a-B
s0 : ‘ . _
y o= o) @B 4 (5)

J

The complete spectrum of Regge poles is specifled by the

transcendental equation, k(aj) = l, or

L waea)
. = B + (lﬁ'Bv)e JJ

from which it follows that the only real root is o, = 1. An infinite
sequénce of complex roots, inﬁcomplex cgnjugaté pairs,vextends in the
array illustrated by Fig. 1, which correspands to the case B8 - C and
-ﬁ = 1.5. If the sequence a, with T dj > 0 is ordered according to
increasing magnltude of the imaginary pérf we see that the real part of

aj decreases monotonically w1th 1ncreasing Je

A good approximation to the imaginary part of o 1is given by

~ 28
I? % 2w’
corresponding to an asymptotic period (h/3)w, so the pair of poles - ' .

*

oy and al qualitatively possess the expected property (2).
Values of J greater than 1 correspond to higher harmonics and

their contributions damp out with increasing energy faster than does

the j =1 contribution. The rate of damping of j = 1 is determined

by Re « l’ which in general is less than 1. In the example of Fig. 1,
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= 0.23; so the
-0.77

damping of this oscillation in the cross section}goes' @ s-

with B =0 and w = 1.5, it turns out that Re @

To complete the model we assign to our inhomogeneous term in

‘Egn. (3) the form

Fols) = sy 8(s - 54),

corresponding to the aésumption that the mass emitted at the end of the

chain is so{ It follows that
£,(0) = 74 8

and | | e -
£\ —_—
S 1-x(n)’

from which the pole residues are easily. computed o be -

-, o, -
d J P .

I‘j = 70 so

1+ (o -BWw
With the choice of parameters, B8 = O and W = 1.5, the two

leading residues turn out to be

» 0,40,

. 1 -1.20i
rl = 70 so X 0.29 e >

corresﬁonding to the asymptotic approximations to the total cross seétionv
shown_in.Fig. 2. Since the model has only one real pole at A =1
(i.e., no P' trajectory), the oscillating component is added to a

constant instead of a decreasing smoothtpart. Also shown for comparison “7
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is the total cross section corresponding to the exact solution to Egn. (3),

which can be obtained by iteration to be (51
n
0
{ tn 2~ - (n + l)m}

X 8 {Ln'f— - (n R 1")w].' (6)
S0 |

&
n
l
2
o
0
o
(oY
—
wn
]
92}
o
o+
<
o)
=
/‘”"’\\ ‘
v
:.‘3

We note that our 31mple model probably . overestlmates the amplitude
of the oscillations because of the step function in our kernel. A more
reallstic kernel would be smoother.

Hav1ng argued the pLaus1bllity of complex Regge poles and the
associated os01liatory component of high-energy totalAcross sections, we
‘now suggestithat the.observed rate of multiplicity increase withvihcreasing
energy oanibe ueed to estimate the period w. 'Muitiperipheralrmodels

ﬁredict that the average overall multiplicity behaves roughly as

v N ~ Kins + constant,.

and if obsefved multiplicities afe fitted to euch a formula one finds
K=2. With weak coupling the constant X is proportional to coupling
strengtﬁ; but for strong coupling K is evidently‘bounded by E/w,
where n 1is the average number of particles emitted et each iink.
Models euch as that discussed above are close to this upper iimit, so.

it is possible to estimate w as

. (7

s

v <



- o UCRL-19409
A wvalue. for n in the neighborhood'of 2 would lead to the estimate

WS ‘l, Qpalitatively cohsistent_with‘our exémple. Conversely,~if, W

can be detefﬁined from an expérimentally observed oscillation, one may

use (7) ﬁd éétimate 7. |

| We close with the dbsefvation that the apparent upturn iﬁ
nip éh& k-p total cross éections obséfved neﬁr L0 GeV léb enefgy‘in'
recénf:SerPUKhov éxpériments (6] migﬁt‘result from & small (=5%) ‘
oscillatibn'associaﬁed with a complex Reggé pole belonging tovthé vacuﬁm
quantum hﬁﬁbers.' If'this is.the fifst uﬁward‘oscillation itvwould i@ply _
W o 1.5_ in'our modei,;and we wouldvpredié£ that the fqllowing makimum
occurs ét.a lab energy about 3 times as large as that at the first
minimum, From Fig. 2.it is appareﬁt that our simple model predicts a

larger amplitude for the first oscillation than needed to explain the

Serpukhov data. It would be easy to reduce this amplitude by choosing

a smoother kernel; estimating the amplitude is much more difficult than
estimating the period.
Note that if the Serpukhov phenomenon is associated with a

complex Regge pole, the asymptotic cross section limits may lie quite

"close to the values attained at the highest currently accessible

energies, in contrast to the situation when a strong Regge cut is

invoked [7].
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FOOTNOTES AND REFERENCES

Supported in part-by'the U.S. Atomic Energy Commiséion.

Compléx‘poles are aléo ﬁéll known fo’occurlin thentiai modéls at |
energieé-below the physiéal‘thfeShold, aéldiscﬁSSed with explicit
examples;by N. F. Bali, S. Y. Chu, R. W. Haymaker, end C-I Tan, in
Phys. Rev. 161, 1450 (1967). It is normal for a seéondafy trajectory,
which eventually passes through physical J valueé'cdrre3pondihg to.
BQund'states; fobbé complex over a finite interval of‘real négative,.

kinetic energy.

" In the model of L. Bertocchi, S. Fubini, and M. Tonin, Nuovo Cimento
25, 626 (1962), further developed by D. Amati,  A. Stanghellini, and
'S. Fubini, Nuovo Cimento 26, 6 (1962), one finds, with a form factor

' to constrain the range of momentum transfer, that

coshw = 1 + ==

if m is the average mass emitted at each link and A is the uppér

limit of momentum transfer.

G. F. Chew and C. DeTar, Phys. Rev. 180, 1577 (1969).

The result B =~ 0 will be shown in a separate paper by T. Rogers-
and the authors of this paper to follow in the ABFST model (Ref,_é)
from the very small pion mass tqgéﬁher with the zero pion spin.
Multi-Regge models also suggest f = 0, but on the basis of a leadiné

octet trajectory intercept near d.ﬁ.
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qurespoﬁding_tb_Eqn. (6), ve may identify the following formula

for .dnba, the partial chSS séction'to,produce n + 1 links of the

v‘multiperipheral_chain_in a collision betWeén particles b and a:

ba s\ ] - :
) = 7a7b ( B T [Ln' = (n + l‘)w } .v

o, . SO . 0

This'formula.is'an improvement over that given by Formula (5.5) in

‘the paper by G. F. Chew and A. Pignotti, Phys. Rev. 176, 2112 (1968),
which in effect sets w = 0. If the improved formula is used for

_ﬂphenomenOlogical data fitting, it should be remembered that because

of'thé constraint (5) only two of the three "infefnalﬁ parémgters
7s B .aﬁd w "a.re independent. v *
J. V. .’_Aljlaby et al., Phys. Letters, to be publ.ished, 1969.

The'.hypothesié of a strong'éﬁt ‘has been explored numefically by :

V. Barger and R. Phillips, submitted to Phys. Rev. Letters, 1969.
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FIGURE CAPTIONS

The Reggé poles in the complex A - plane predicted by the mbdel‘

with B =0 and w = 1.5.
Total cr§ss:sectioh'ffom the model. The dashed lines are the
rindividual'contributions‘tq the total cross section [5], the:>

solid line is the exact cross section, Eqn. (6), and the dot-

aash_is the three-pole (one real and one complex-conjugate pair)’

'_apprbximation.v

Lt
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or '

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or,employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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