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Analysis and Three-Dimensional Modeling of Vanadium
Flow Batteries

Yun Wang*,z and Sung Chan Cho

Renewable Energy Resources Laboratory (RERL), Department of Mechanical and Aerospace Engineering,
The University of California, Irvine, California 92697-3975, USA

This study presents 1.) a multi-dimensional model of vanadium Redox Flow Batteries (RFB); 2.) rigorous explanation of pore-
level transport resistance, dilute solution assumption, and pumping power; and 3.) analysis of time constants of heat and mass
transfer and dimensionless parameter. The model, describing the dynamic system of a RFB, consists of a set of partial differential
equations of mass, momentum, species, charges, and energy conservation, in conjunction with the electrode’s electrochemical reaction
kinetics. The governing equations are successfully implemented into three-dimensional numerical simulation of charging, idling,
and discharging operations. The model, validated against experimental data, predicts fluid flow, concentration increase/decrease,
temperature contours and local reaction rate. The prediction indicates a large variation in local reaction rate across electrodes and
the time constants for reactant variation and temperature evolution, which are consistent with theoretical analysis.
© 2014 The Electrochemical Society. [DOI: 10.1149/2.0061409jes] All rights reserved.
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Flow batteries, capable of storing large quantity of energy, have
great potential to increase power flexibility and improve dynamic
response to energy demand.1–3 Flow batteries are a rechargeable elec-
trochemical energy system, in which electrolytes contain one or more
dissolved electroactive species, and the chemical energy in electrolytes
is reversibly converted to electricity. The electrolyte is stored exter-
nally in a tank, and delivered to the reactor. Batteries can be recharged
by replacing electrolytes, similar to conventional vehicles, or by exter-
nal electric power that is similar to secondary batteries. Flow battery
technology offers advantages in energy storage and conversion, in-
cluding: 1.) large capacity (determined by the external tank volume);
2.) negligible degradation when left completely discharged for long
periods; 3.) charge/recharge through electrolyte replacement or ex-
ternal power source; and 4.) no permanent damage when electrolytes
are accidentally mixed. Among the major types of flow batteries, the
vanadium redox flow battery is a type of rechargeable flow battery that
employs vanadium ions at different oxidation states to store chemical
potential energy.

Since the concept of redox flow battery (RFB) was first intro-
duced by Posner at 1955,4 various RFB systems have been developed.
NASA investigated the Iron/titanium (Fe/Ti) RFB in its early flow
battery program, and the RFB exhibit significant crossover and per-
formance decay.5 The iron/chromium (Fe/Cr) system was investigated
by NASA in 1970s partly due to its low cost. The system had severe
cross-over and increasing membrane resistance,6,7 and required cata-
lyst for chromium redox couple.8 The bromine/polysulphide RFB is
another type that has been extensively studied,9 sodium bromide and
sodium polysulfide are used as electrolyte, which are widely available
and low in price. However, cross-over through separators causes for-
mation of Br2 and precipitation of sulfur. Vanadium RFBs are a type
of flow battery that employs two oxidation states of the same element
as anolyte and catholyte, respectively. Carbon felts and sulphuric acid
are the popular electrode and electrolyte materials, respectively. A
historical overview of materials research and development for vana-
dium RFBs was recently provided by Parasuraman et al.10 Walsh and
coworkers reviewed their challenges and applications,11 and commer-
cialization and cost.12 Early study showed the surface treatment of the
glassy carbon electrode greatly affects the electrochemical activity of
the V(III)/V(II) couple in H2SO4.13 Rychcik and Skyllas-Kazacos14

employed the vanadyl sulfate solution in sulphuric acid as electrolyte
and an ion-selective membrane as separator to construct a RFB. Their
experimental results indicated the battery’s energy/power density of
5 kW h/1 kW, which is similar to lead/acid and nickel/cadmium batter-
ies. Skyllas-Kazacos et al. reported an energy efficiency of up to 90%
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and for a 1 kW prototype RFB system that used 1.5–2 M vanadium sul-
fate in sulphuric acid.15 The system achieved over 85% of theoretical
capacity in the discharge current range of 30–120 A. Currently, vana-
dium RFBs have been commercialized in stationary energy storage
system and large-scale load-leveling systems for renewable energy
sources such as wind turbine in Australia, Thailand, and Japan. It
also showed potential as emergency back-up with over 80% energy
efficiency.16 For stationary and grid applications, energy density is not
a critical factor; and the RFB’s power can be readily scaled to Mega
Watt and energy capacity to the MW h level.

Modeling vanadium RFBs have been attempted by several groups.
Al-Fetlawi et al. developed a non-isothermal two-dimensional (2-D)
model by taking into account the waste heat generation of RFBs.17

They showed that an effective cooling strategy is required for RFBs
in high-temperature environments and under high loads to avoid large
temperature increases. Shah et al.18 proposed a control-oriented model
for RFBs, which accounts for the major voltage loss mechanisms and
electrolyte circulation, and relates the RFB performance to key system
properties. You et al. developed a 2-D stationary model to investigate a
few parameters in RFBs including current density, electrode porosity
and local mass transfer coefficient.19 Their approach was based on
the 2-D transient model of Shah et al.,20 which consists of a set
of mass, charge, and momentum conservation equations. Ma et al.
proposed a stationary, isothermal, 3-D model for the negative half-
cell of a RFB, and showed that the electrolyte velocity has significant
impact on the distributions of ion concentration, overpotential and
transfer current density.21 Qiu et al.22 obtained detailed electrode’s
geometry using X-ray computed tomography. The image was used
as input for simulation of the electrochemical processes in a RFB.
They solved the coupled species and charge transport and predicted
the RFB performance under various conditions. Watt-Smith et al.23

employed a 2-D mathematical model to investigate charge-discharge
performance and the effect of key process variables on cell efficiency.
They also characterized several carbon felts for electrode activity.

Though several VFB models have been proposed, most of them
consider simplified conditions, such as reduced dimension, half-cell
operation, and isothermal condition. In addition, there are urgent needs
for theoretical analysis and rigorous derivation to guide VFB funda-
mental study and technical development, including time constants,
pumping power, local transport resistance, and dimensionless pa-
rameters. In this paper, we develop a full three-dimensional (3-D)
RFB model by rigorously accounting for the conservation of mass,
momentum, species, charges, and energy, in conjunction with the
electrochemical reaction kinetics and species conservation in storage
tanks. Discussions are presented for dilute solution approximation,
negligible local mass transport resistance, H2SO4 dissociation, and
pumping power for electrolyte flows. The 3-D dynamic system, cou-
pling the RFB and electrolyte tanks, is numerically solved using the
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Figure 1. (a) Schematic of a flow battery (all vanadium redox flow battery as example); (b) Computational domain of the RFB in three-dimensional simulation.

finite volume method to predict the RFB dynamic performance and
local vanadium species concentration and reaction rates. The model
is validated against literature data for all the important operations,
including charging, idling, and discharging. The time constants of
mass and heat transfer and the Damköhler number are derived and
discussed.

Mathematical Model

Flow battery model.— Fig. 1 schematically shows the geometry
of a redox flow battery (RFB) and the constituent components to be
modeled in this work, including current collectors, porous electrodes,
membrane separator, and channels connected to reservoirs. The RFB
model consists of a set of conservation equations for vanadium species
(V(II), V(III), V(IV), and V(V)), H+, charges, energy, mass, and mo-
mentum, in conjunction with the electrochemical reaction kinetics
in both electrodes. The following assumptions are made: 1.) side
reactions are ignored; 2.) porous electrodes are isotropic and homoge-
neous; 3.) the dilute-solution approximation holds true; 4.) the charge
transfer kinetics is approximated by the Butler-Volmer equation; 5.)
both H+ and water can transport through the separator; 6.) local mass
transport at the pore level is sufficiently fast. For 1.), side reactions
such as hydrogen/oxygen evolution may take place, leading to bubble
formation and two phase flow. Its effect on RFB performance, how-
ever, is usually small.24,25 For 3.), liquid water is the dominant species
in electrolytes. For a crude evaluation, the water concentration in pure
liquid water is ∼55,000 mol/m3; while other ions are usually around
1,000 mol in electrolyte, thus the molar fraction of all the other species
in the electrolyte is estimated to be:26∑

j �=H2O
C j

CH2O
< 10% [1]

The above ratio gives a measure of solution dilution, indicative of
applicability of the dilute-solution approximation. For 5.), the mem-
brane separator is selected to prevent the direct mixing of reactants.
The cross-over must be kept low in order to avoid efficiency loss. For
Nafion-based membranes (e.g. as those used in PEM fuel cells), water

and protons are able to transport through the hydrophilic regions asso-
ciated with the sulfonic acid groups.27 With these assumptions, a 3-D
RFB model of the electrochemical reactive flow system is developed
and summarized below:
Electrochemical kinetics.—Battery electrodes are porous media with
interconnected pore networks, enabling electrolyte flows. The elec-
trochemical reactions take place at the interfaces of the electrolyte
and solid structure, and are usually complex. The primary reaction
(half-reaction) in the negative electrode is:

V(III) + e− ←−−−−−−−−−−−→
discharge−charge

V(II) (E∗ = −0.255 V vs. SHE)

[2]
In the positive electrode, the following electrochemical reaction

occurs:

VO2+ + H2O ←−−−−−−−−−−−→
discharge−charge

VO2
+ + 2H+ + e−

(E∗ = 1.004 V vs. SHE) [3]

where VO2+ and VO2
+ represent V(IV) and V(V), respectively. The

electrochemical reaction rate, j, see Table I, is evaluated by the Butler-
Volmer equation, namely:

j = ai0

{
exp

( αa

RT
· F · η

)
− exp

(
− αc

RT
· F · η

)}
[4]

where αa and αc are anodic and cathodic charge transfer coefficients,
respectively. The surface-to-volume ratio a describes the roughness
of porous electrodes; while the exchange current density i0 is a func-
tion of temperature, conventionally written in the Arrhenius form as
follows:28,29

i0 = ire f,0 exp

(
− Ea

R

[
1

Tref
− 1

T

])
[5]

where Ea is the activation energy for the reaction and ire f,0 is the
values of i0 at the reference temperature Tref . Previous works30–32

indicated that the kinetics of the V(IV)/V(V) reaction is much slower
and more complex than that of V(II)/V(III) because vanadium ions at
higher oxidation states tend to coordinate with oxygen ions. They also
showed that the electrode reaction kinetics, especially in the positive
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Table I. Source terms in the governing equations.19–21,28

Source term Positive Electrode Native Electrode Others

SV (I I ) - j- /F 0
SV (I I I ) - -j- /F 0
SV (I V ) -j+/F - 0
SV (V ) j+/F - 0
SH+ 2j+/F+Sd Sd 0

SH SO4+ - Sd -Sd 0
S�(e) 2j+ 0 0
S�(s) j+ -j- 0
Su − μ

K �u − μ
K �u 0

ST j+T �S + jη + i2
e

κe f f + i2
s

σe f f j−T �S + jη + i2
e

κe f f + i2
s

σe f f
i2
e

κe f f + i2
s

σe f f

side, are dramatically influenced by temperature. Thus, this study only
accounts for the temperature dependence of the V(IV)/V(V) reaction
kinetics, in which Ea was found to be 52.4 kJ mol−1 in the range of
temperature 20–60◦C for graphite electrodes.

The surface overpotential is defined as:

η = �(s) − �(e) − Eo [6]

where Eo (V) is evaluated by the Nernst equation:

Negative electrode : Eo = Eo
′ + RT

F
ln

(
CV (I I I )

CV (I I )

)

Positive electrode : Eo = Eo
′ + RT

F
ln

(
CV (V )

CV (I V )

)
+ 2RT

F
ln CH+

[7]
Under 25◦C (or 298.15K ), the equilibrium potentials are given

by:33

Negative electrode : Eo = E∗ + 0.05911 log

(
CV (I I I )

CV (I I )

)

Positive electrode : Eo = E∗ + 0.05911 log

(
CV (V )

CV (I V )

)
− 0.1182pH

[8]
where the pH value is defined as:

pH = − log (aH+) [9]

aH+ is the hydrogen ion activity. Eo is determined by the Gibbs free
energy, and changes with temperature:17

Negative electrode :

Eo(T ) = Eo(298.15K ) + 1.5 × 10−3(T − 298.15K )

Positive electrode :

Eo(T ) = Eo(298.15K ) − 0.9 × 10−3(T − 298.15K ) [10]

It was indicated that the Butler-Volmer equation can be approxi-
mated by Tafel equation in the positive electrode, and by the linearized
form in the negative electrode at voltage ranging from 0 to 2 V.26

At the pore level, the electrochemical reaction occurs at the surface
of the solid matrix. For large pores, transport resistance between the
bulk flow inside a pore and the reaction interface can be significant.
To account for the resistance, the following formulas were used:20

j1 = εAFk1

(
Cs

V (I I I )

)α−,1 (
Cs

V (I I )

)α+,1

×
{

exp

(
α+,1 Fη1

RT

)
− exp

(
−α−,1 Fη1

RT

)}

j2 = εAFk2

(
Cs

V (I V )

)α−,2 (
Cs

V (V )

)α+,2

×
{

exp

(
α+,2 Fη2

RT

)
− exp

(
−α−,2 Fη2

RT

)}
[11]

for the negative and positive electrodes, respectively, where A is the
specific active surface area of the electrode (per unit volume); k is the
standard rate constant for the reaction; α is the transfer coefficient;
and η is the overpotential. The concentration differences between the
bulk flow and reaction surface were derived as below:

CV (I V ) − Cs
V (I V ) = εk1

γI V

{
Cs

V (I V ) exp

(
F

(
ψ − φ − E ′

0.2

)
2RT

)

−Cs
V (V ) exp

(
− F

(
ψ − φ − E ′

0,2

)
2RT

)}

CV (V ) − Cs
V (V ) = εk2

γV

{
Cs

V (I V ) exp

(
F

(
ψ − φ − E ′

0.1

)
2RT

)

−Cs
V (V ) exp

(
− F

(
ψ − φ − E ′

0,1

)
2RT

)}
[12]

where γI V = DI V /d andγV = DV /d , and δ is the average pore size in
electrodes. The above formulas neglect pore-level convection effect,
which is important for the pore size d ∼ 10−5 m, as indicated by the
Peclet number (Pe ∼ convection

di f f usion ):

Pe = vd

D
∼ 0.01m/s

10−10m2/s
10−5m = 103 [13]

The local transfer coefficient km (or hm) was used to evaluate the
species transport between the bulk flow and reaction interface inside
a pore.19 In the positive electrode, the local flux at the reaction surface
in charging is given by:

N s
I V = km

(
CV (I V ) − Cs

V (I V )

) = k1(CV (I V ))
α1,c (CV (V ))

α1,a

×
[

Cs
V (I V )

CV (I V )
exp

(
α1,a Fη1

RT

)
− Cs

V (V )

CV (V )
exp

(
−α1,c Fη1

RT

)]

N s
V = km

(
CV (V ) − Cs

V (V )

) = k1

(
CV (I V )

)α1,c
(
CV (V )

)α1,a

×
[

Cs
V (V )

CV (V )
exp

(
−α1,c Fη1

RT

)
− Cs

V (I V )

CV (I V )
exp

(
α1,a Fη1

RT

)]

[14]

which yields:

Cs
V (I V ) = B1CV (V ) + (1 + B1) CV (I V )

1 + A1 + B1
and

Cs
V (V ) = A1CV (I V ) + (1 + A1) CV (V )

1 + A1 + B1
[15]
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Figure 2. Micro flow fields in a carbon-fiber paper. (a-c) represents different cross sections. The gray region denotes the solid matrix with the light gray being the
carbon fibers and the dark the binders.35

where A1 and B1 are expressed by:

A1 = k1

km
(CV (I V ))

α1,c−1(CV (V ))
α1,a exp

(
α1,a Fη1

RT

)
and

B1 = k1

km
(CV (I V ))

α1,c (CV (V ))
α1,a−1 exp

(
−α1,c Fη1

RT

)
[16]

The mass transfer coefficient can be evaluated by34

km = 1.6 × 10−4�v0.4 [17]

For the negative electrodes, similar expressions will be obtained:

Cs
V (I I ) = B2CV (I I I ) + (1 + B2) CV (I I )

1 + A2 + B2
and

Cs
V (I I I ) = A2CV (I I ) + (1 + A2) CV (I I I )

1 + A2 + B2
[18]

where

A2 = k2

km
(CV (I I ))

α2,c−1(CV (I I I ))
α2,a exp

(
α2,a Fη2

RT

)
and

B2 = k2

km
(CV (I I ))

α2,c (CV (I I I ))
α2,a−1 exp

(
−α2,c Fη2

RT

)
[19]

For the bulk flow velocity of 0.0025 m/s (i.e. v = 0.0025 m/s), the
mass transfer coefficient km is 1.456 × 10−10 m/s using Eq. 17, yielding
the Sherwood number (Sh = kmL/D) around 1.5, for L = 10 μm and
D = 10−10 m2/s. This number is in the same order of magnitude of
that in fully developed tube flows. In RFBs, the electrodes are usually
unstructured porous medium, in which the solid matrix constantly
alters flow direction at pore level. Fig. 2 displays micro flows within
the pore structure of a carbon-fiber paper.35 indicating undirected
micro bulk flow toward, parallel to, or away from local solid surface,
see Fig. 3. Similar flow fields were also predicted by Qiu et al.22 As
a result, undirected flows at pore level increase local mass transfer,
yielding a more effective mass transfer than fully developed in tubes.

For analysis purpose, we assume diffusion is the only mechanism
for species transport in bulk electrolyte in electrodes. The transport
resistance yields a concentration difference between the bulk flow and

reaction surface, evaluated by:

�C = I d

2aF D
≈ 1000 × 10−5

2 × 103 × 105 × 10−10
∼ 0.5 mol/m3 [20]

where a represents the specific surface area ratio (usually ∼100–1000
for porous electrodes), D is the diffusivity (∼10−10 m2/s), and d is
the pore size (∼10 μm). The resulting �C of about 0.5 mol/m3

at 1000 A/m2 is small, comparing with the bulk concentration of

Figure 3. Schematic of (a): undirected micro flows of electrolyte at the pore
level in electrodes; (b): flows towards, parallel to, and outwards the reaction
surface.
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reactants (∼100–1000 mol/m3). When taking into account convec-
tion effect (which is more effective than diffusion, as discussed), the
variation will be much less than 0.5 mol/m3. Thus, in this work we
neglect the reactant concentration variation inside a pore or pore-level
transport resistance. Furthermore, RFB operation is essentially tran-
sient, i.e. quantities constantly change with time. The time constant
of species diffusion within a pore can be estimated by:

τD,i = d2

Di

∼ 1s [21]

Comparing with common RFB operation which is in the timescale
of minutes or hours, pore-level species transport is rapid.

The source term Si, listed in Table I, represents the reaction rate
of species i due to the electrochemical reactions or the dissociation of
H2SO4. In vanadium RFBs, sulphuric acid is a popular electrolyte. In
general, the dissociation of H2SO4 occurs in the following steps:

H2SO4 → H+ + HSO4
−

HSO4
− → SO4

−2 + H+ [22]

Since the electrolytes contain less than the experimentally observed
limit of H2SO4 (∼40 mol/kg), it is safe to assume that the first step of
dissociation (H2SO4 → H+ + HSO4

−) is fully complete.36,37 For the
second step, the following formula was used for the dissociation rate:

Sd = kd

(
CH+ − CH SO4−
CH+ + CH SO4−

− β

)
[23]

where kd denotes the dissociation reaction coefficient, and β is the
degree of dissociation of H2SO4. A constant β is assumed to equal to
0.4 in this study.37

Species conservation equation.—In electrolytes, the species of V(II),
V(III), V(IV), and V(V) are the primary reactants or products during
energy conversion. V(II) and V(III) are presented in the negative
electrode for the redox electrochemical reaction, while V(IV) and
V(V) are in the positive electrode. The conservation law of species
can be formulated through the Nernst–Planck equation for the species
flux:38,39

∂εCi

∂t
+∇·(�uCi ) = ∇·

(
Def f

i ∇Ci + zi Ci Def f
i

RT
F∇�(e)

)
+Si [24]

where the effective diffusion coefficient Def f
i is evaluated by the

Bruggeman relation,

Def f
i = ετ Di [25]

In general, diffusion in liquids can be evaluated through the hy-
drodynamic model, which assumes the resistance of solute molecule
movement arises from the viscous force, similar to particle move-
ment in viscous fluids. In dilute liquid, the model yields the famous
Stokes-Einstein equation:

Di = kB T

6πriμ
[26]

where kB is the Boltzmann’s constant, ri the molecular radius of
the species i, and μ the electrolyte viscosity. In a solution that is
not infinitely diluted, modification could be made by introducing the
volume fraction of solute εi :

40

D∗
i = Di (1 + 1.45εi ) [27]

In porous electrodes, tortuosity τ measures the actual length of
diffusive passage.41 The MacMullin number (NM), defined as the
ratio of resistance of porous media saturated with an electrolyte to the
bulk resistance of the same electrolyte,42,43 is also used to evaluate the
effectiveness of species diffusion:

NM = Di

Def f
i

= 1

f (ε, τ)
[28]

In Eq. 25, the MacMullin number is implicitly defined as ε−τ.
Table III lists the expression of NM for various porous media as a

function of ε. In general, f (ε, τ) is determined by the pore-network
structural characteristics such as pore shape and solid matrix arrange-
ment.

In addition, diffusivity is a function of temperature, as shown by
the Stokes-Einstein equation. Note that viscosity is affected by tem-
perature. Ref. 29 adopted the Arrhenius equation for VO2+ diffusion:

Di (T ) = D0 exp

(
− Ed

RT

)
[29]

where the activation energy Ed was found to be 10.52 kJ mol−1 based
on their measurement.

In electrolytes, other species are present, including H+, HSO4−,
and SO4

2−. Their equations also follow the general conservation law.
In separators such as Nafion-series membranes, water and protons

are able to transport. The conservation of water gives:44

∂Cw

∂t
+ ∇ · (�ulCw) = ∇ · (

Dm
w∇Cw

)
[30]

The conservation equation of protons follows the general ion trans-
port in electrolytes. The separator is designed to prevent transport of
other species such as vanadium ions to avoid reactant mixing. In re-
ality, a small amount of cross-over occurs, leading to self-charging
and capacity loss. Though diffusivity in the separator is generally
very small, long-term operation may yield a significant amount of
cross-over, reducing battery capability and efficiency. Table IV lists
the typical diffusivity values of vanadium ions in the separator. The
transport equation for vanadium ions in the separator is rewritten by:

∂Ci

∂t
+ ∇ · (�ulCi ) = ∇ ·

(
Dm

i ∇Ci + zi Ci Dm
i

RT
F∇�(e)

)
[31]

In separators such as Nafion membranes, fixed sulfonic acid
charges are present in local, and remain immobile. Thus, their presence
has no impact on the diffusion of mobile sulfonic acid ions, except that
it influences the electric potential field. In the governing equation, the
fixed sulfonic acid ions can be treated as a separate type of ions that
is different with the mobile sulfonic acid ions. Assuming that protons
are the only (or dominant) mobile ions, the proton concentration in
separators can be evaluated through the electro-neutrality condition:

CH+ = −zH SO4C∗
H SO4 [32]

where C∗
H SO4 is the fixed-charge site (sulfonic acid) concentration

in separators and zH SO4 is the fixed-site charge. In separators that are
homogeneous, in absence of other ions proton diffusion is depressed
due to fixed charges and local electro-neutrality. Thus, migration dom-
inates proton transport. When considerable amounts of vanadium ions
or other ions are present in separators, electro-neutrality gives:

CH+ = −zH SO4CH SO4 −
∑
rest
ions

zi Ci [33]

Charge conservation equation (Phase potential equation).—The elec-
tric phase potential �(e) influences ion transport. Its equation can be
derived through charge conservation in electrolytes, and is given by:

0 = ∇ ·
(

κe f f ∇�(e) + F
∑

i

zi Def f
i ∇Ci

)
+ S�(e) [34]

where �(e) is the electric potential in the electrolyte and separators,
and the effective ionic conductivity is given by:

κe f f = F2

RT

∑
i

z2
i Def f

i Ci [35]

In the electrodes and current collectors, electric current flows are
present, driven by the electronic phase potential �(s), described by
Ohm’s law:

0 = ∇ · (σe f f ∇�(s)) + S�(s) [36]
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where the effective conductivity is evaluated by:

σe f f = (1 − ε)τs σ [37]

In electrolytes, the total current flux is calculated by:

�ie = −κe f f ∇�(e) − F
∑

i

zi Def f
i ∇Ci [38]

In the electrodes and current collectors, the current flux is evaluated
by:

�is = −σe f f ∇�(s) [39]

The average current density is calculated through averaging current
flux over a plane inside the separator or current collector:

I =
∣∣∣∣
∫∫

A

�ie · d �A
∣∣∣∣ =

∣∣∣∣
∫∫

A

�is · d �A
∣∣∣∣ [40]

In addition, there may exist electrical contact resistance between
porous electrode and current collector. In the model, we develop a
sub-model of the interfacial resistance and couple it with the elec-
tronic phase potential equations in the current collector and porous
electrode. The value of the resistance was determined through fitting
the experimental data, and is given in Table II.
Conservation of mass and momentum.—Liquid water in the electrolyte
serves as solvent. We assume electrolyte flows are purely liquid water
and incompressible, and write the continuity equation as below:

∇ · (ρ�u) = Sm [41]

In operation, electrochemical reactions will alter the electrolyte
composition and add/consume mass (Sm) to/from fluid flows. In PEM
fuel cells, mass is added to the reactive flows via the catalyst layer,45

which yields transverse flows at a magnitude of around 0.001 m/s.
In RFBs, mass addition (Sm) is through electron transport via the
electrode’s solid matrix. Because electrolyte flows are liquid and hence
much larger in density than those in PEM fuel cells, the influence of
electrochemical activities on fluid flow is negligible. Thus, in this
work, we assume Sm = 0. In the flow channels that connect to the
RFB, the momentum conservation gives:

∇ · (ρ�u�u) = −∇ P + ∇ · �τ [42]

Table II. Geometrical and operating parameters.19–22,26,56

Quantity Value

Electrode height/width/thickness 10/10/0.4 cm
Current collector/membrane thickness 6.3/0.2 mm
Electrode mean pore size, d 0.02 mm
Electrolyte volume in the tank, V 250 mL
Transfer coefficient for both electrodes, β 0.5
Faraday constant, F 96,487 C/mol
Electrical conductivity of electrode/current
collector

500/1000 S/m

Hydraulic/Electro-kinetic permeability of
separator

5 × 10−20 /1.13 × 10−19 m2

Temperature, Ta/Tc 25◦C
Negative/positive electrode volumetric inlet
flow rate

1.0/1.0 mL/s

Pressure, P 3 atm
Current, I 10 A
Kinetic rate constant in negative
electrode, k1

1.75 × 10−7 m/s

Kinetic rate constant in positive
electrode, k2

3 × 10−9 m/s

Equilibrium potential in the negative/
positive electrode

−0.255/1.004 V vs. NHE

Contact resistance between electrode and
current collector

50 � m2

Electrode volumetric porosity, ε 0.8

In the porous electrodes (carbon felts are the popular electrode
material for vanadium RFBs), Darcy’s law applies:

�u = − K

μ
∇ P [43]

where K is permeability, evaluated by the well-known Carman-Kozeny
model:

K = ε3

180(1 − ε)2
d2 [44]

where d is the mean pore size and ε is volumetric porosity.
Pumping power is consumed to feed electrolyte flows into RFBs,

which can be evaluated through the pressure drop and electrolyte
volumetric flow rate. The pressure drop is determined by the flow
rate and electrode permeability through Darcy’s law. A parameter
βPumping power is defined below as the ratio of the pumping power to
electric power produced by a RFB:46

βPumping power ≈ �c�Pc + �a�Pa

I Vcell A
= Lμ

I Vcell AK
(�cuc + �aua)

= LμAelectrode

I Vcell AK

(
uc

2 + ua
2
)

[45]

where � is the volumetric flow rate, L the electrode length, and u
the electrolyte velocity. A and Aelectrode are the RFB’s active and elec-
trode’s cross-section areas, respectively, and thus their ratio represents
the geometrical feature of a RFB. Assuming that viscosity, electrolyte
density, electrode permeability, cross-section area on both sides are
equal, and the electrode and separator have the same in-plane length
that is perpendicular to the channel flow and the electrodes are straight
porous channels, i.e. L = Lm , the above formula can be rearranged to:

βPumping power ≈ μδelectrode

I Vcell K

(
uc

2 + ua
2
) uc=ua=u−−−−−−→ 2μδelectrodeu2

I Vcell K
[46]

For the discharging in this study, I of 1,000 A/m2, Vcell of ∼0.9 V,
δelectrode of 0.4 cm, μ of 10−3 Pa s, and K of 5 × 10−11 m2 yield
βPumping power of around 0.1%, indicative of a small amount of pumping
power consumption. It is also consistent with the experimental work,15

which indicates that the pumping power of electrolyte flows accounts
for about 2–3% of energy generated.

The momentum equations of electrolyte flows for electrodes and
inlet/outlet channels can be unified as below:

1

ε2
∇ · (ρ�u�u) = −∇ P + ∇ · �τ + Su [47]

In separators, the liquid velocity �ul is given by the Schloegl’s
equation:

�ul = − K�

μw

FCH+∇�(m) − Km

μw

∇ P [48]

where K� is the electrokinetic permeability, Km the hydraulic perme-
ability, and CH+ the proton concentration.
Energy conservation equation.—In operation, waste heat is generated
as a result of inefficiency in electric energy conversion. The waste heat
is removed by electrolyte flows and the outer surfaces of the current
collectors. Conservation of energy in RFBs gives:

∂

∂t

(
ρCpT

) + ∇ · (�uρlCP,l T
) = λ̄∇2T + ST [49]

where ρl and CP,l are the of electrolyte density and specific heat
capacity, respectively. The thermal conductivity λ̄ and heat capacity
ρCp are given by:

λ̄ =

⎧⎪⎨
⎪⎩

ελl + (1 − ε) λs Porous electrode

λm Membrane

λc Current collector

[50]
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Table III. MacMullin number (NM) of a system consisting of a dispersed non-conducting phase in a conductive medium.43,55

Label Geometry Arrangement Size Expression

I Spheres Random Uniform NM = (5 − ε) (3 + ε)

8 (1 + ε) ε

II Spheres Cubic lattice Uniform NM =
(3 − ε)

[
4

3
+ 0.409 (1 − ε)7/3

]
− 1.315 (1 − ε)10/3

2ε

[
4

3
+ 0.409 (1 − ε)7/3

]
− 1.315 (1 − ε)10/3

III Spheres Random and
ordered

Range NM = ε−1.5

IV Cylinders Parallel
(square array)

Uniform NM = 2 − ε − 0.3058 (1 − ε)4 − 1.334 (1 − ε)8

ε − 0.3058 (1 − ε)4 − 1.334 (1 − ε)8

V Fibrous
material

(Cylinders)

Random - NM = 0.9126

ε (ε − 0.11)0.785

and

ρCp =

⎧⎪⎨
⎪⎩

ερlCp,l + ρsCp,s (1 − ε) Porous electrode

ρmCp,m Membrane

ρcCp,c Current collector

[51]

The thermal properties of each phase j are listed in Table V. The
source term ST is given by:

ST = jT �S + jη + i2
e

κe f f
+ i2

s

σe f f
[52]

We neglect the viscous dissipation heating due to the low flow rate
of electrolytes. The first term on the right represents the reversible
reaction heating, derived through the thermodynamic relationship:

�S =
∫

Qrev

T
[53]

The second term on the right of Eq. 52 represents the irreversible
reaction heating, arising from the presence of surface overpotential
at the reaction interface. The third term is the Joule heating due to
resistance to the ionic or electric current flows.

Table IV. Species condition and properties.19,20,22

Quantity Value

V(II)/V(III) initial concentration 27/1053 mol/m3

V(IV)/V(V) initial concentration 1053/27 mol/m3

H+/water initial concentration 1200/55, 500 mol/m3

HSO4
− initial concentration 1200 mol/m3

SO4
2− initial concentration in

negative/positive electrode
1607/2174 mol/m3

V(II)/V(III) diffusion coefficient in
electrolyte

2.4 × 10−10 m2/s

V(II)/V(III) diffusion coefficient in separator 3.125 /5.93 × 10−12 m2/s
V(IV)/V(V) diffusion coefficient in
electrolyte

3.9 × 10−10 m2/s

V(IV)/V(V) diffusion coefficient in separator 5.0/1.17 × 10−12 m2/s
Water/proton diffusion coefficient in
separator

2.3/1.4 × 10−9 m2/s

SO4
2−/HSO4

− diffusion coefficient in
separator

2.2/1.23 × 10−9 m2/s

Fixed charge site (sulfonate acid) in
separator CH SO4

1200 mol/m3

Fixed acid charge in separator zH SO4 −1

Electrolyte tank model.— In operation, fresh fuel electrolytes are
taken away from external tanks and fed into a RFB, while reacted
electrolytes in the RFB is circulated back to the tanks and mix with
the existing electrolyte. Assuming the tank is a system where species
concentrations are uniform, i.e. the tank is a well-stirred system. Evo-
lution of species concentration can be obtained through the species
balance of the open system of the tank, given by:

For products :
dCi,tan k(t)

dt
= |I | A

FV

For reactants :
dCi,tan k(t)

dt
= −|I | A

FV
[54]

where A is the battery’s active area, and V is the total volume of
electrolyte in the tanks, recirculation pipes, and electrode pores. The
initial condition is given by: Ci,tan k = Ci,tan k,0 at t = 0, where Ci,tan k,0

is the initial concentration of species i prior to operation.
In this work, we use the V(III) concentration to define the state of

charge (SOC):

SOC = 1 −

∫
V

CV (I I I )dV∫
V

CV (I I I ),odV
[55]

where the volumetric integral is over the electrode pore space,
pipelines, and tanks; and CV (I I I ),o represents the V(III) concentration
at the full SOC state.
Boundary conditions.—The developed RFB model consists of a set of
governing equations, along with their corresponding boundary condi-
tions, described as below:

Inlet Boundary: Inlet velocity and species concentrations are set
according to operating condition; and no-flux condition is applied for

Table V. Thermal properties.17,28,57

Quantity Size

Electrolyte thermal conductivity λl 0.67 W m−1 K−1

Electrode thermal conductivity λs 0.15 W m−1 K−1

Membrane thermal conductivity λm 0.95 W m−1 K−1

Current collector thermal conductivity λc 16 W m−1 K−1

Liquid thermal capacitance (water) ρl CP,l 4.187 × 106 J m−3 K−1

Porous electrode thermal capacitance ρsCP,s 3.33 × 105 J m−3 K−1

Membrane thermal capacitance ρmCP,m 1.65 × 106 J m−3 K−1

Current collector thermal capacitance ρcCP,c 4.03 × 106 J m−3 K−1

Entropy change in the reaction Eq. 2), −�S −100 J mol−1 K−1

Entropy change in the reaction Eq. 3, −�S −21.7 J mol−1 K−1
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the phase potentials:

u = uin, Ci = Ci,tan k(t), T = Tin, and
∂

∂n

(
�(e)

�(s)

)∣∣∣∣
inlet

= 0

[56]
Outlet Boundaries: Fully developed or no-flux conditions are ap-

plied
Walls: No-flux conditions are applied for all the walls except the

outer surface of current collectors.
On the outer surface of the positive current collector:

− σ
∂

∂n
�(s)

∣∣∣∣ posi tive
current
collector

= I and T = Tp [57]

where I is the current density applied externally and n is the unit vector
normal to the surface. A positive value of I means charging operation;
whereas a negative refers to discharging operation.

On the outer surface of the negative current collector:

�(s) = 0 and T = Tn [58]

Numerical Procedures

The governing equations along with their appropriate boundary
conditions constitute a dynamic system, which is discretized using
finite volume methods (FVM).47 The “finite volume” refers to the
small volume surrounding a node point in a computational mesh. In
FVMs, a volumetric integral over a partial differential conservation
equation that contains a divergence term (e.g. the convective or diffu-
sive terms) is converted to surface integrals, based on the divergence
theorem. The divergence term is then evaluated through the surface
fluxes in each finite volume. Below gives a brief description of the
FVM discretization.

It is convenient to unify all the governing equations, including the
transient terms, in the following form:

∇ · ��(�) = A� [59]

where � stands for any dependent variable. Integrating the above
equation throughout an arbitrary volume V bounded by a closed sur-
face S yields: ∮

S

��(�) · d �S =
∫
V

A�dv [60]

where �S is the surface vector. Taking V and S to be the volume Vp and
discrete faces Sj of a computational cell, respectively, leads to:∑

j

∫
S j

��(�) · d �S =
∫
Vp

A�dv [61]

The final discrete FVM equation can be expressed by:

Bp�
n
p =

∑
m

Bm�n
m + B

(
�0

p

)
[62]

The above equation is then solved by the algebraic multi-grid
(AMG) method. The solver is based on our in-house FORTRAN
code developed for electrochemically reactive systems (originally for
PEM fuel cells).48 The solver specially includes an efficient numerical
treatment for the two phase potential equations, which enables both
current density and cell voltage virtual control over RFBs. The 3-D
computational domain of the RFB is shown in Fig. 1 (b), and contains
3,400 computational elements. Grid dependence study was performed,
showing further refining the mesh yields similar voltage prediction
(difference <2%). The battery dimensions, operating parameters, and
physical properties are listed in Table II. Adaptive time step is chosen:
the present time step dt is inversely proportional to the voltage change
during the previous time step, with the maximum time step < 0.1 s.
In all the simulations to be presented in the next section, the equation
residuals are set to be smaller than 10−7 in each time step. Each case,

Figure 4. Comparison of predicted and experimental data for the RFB charg-
ing, idle, and discharging operations. Case #1 has the V(III) initial concentra-
tion of 1080 mol/m3; Case #2 has 1440 mol/m3. The experimental data were
from Shah et al.20

including the operations of charging, idling, and discharging, takes
about 8 hours on a single node (AMD Opteron 2.20 GHz).

Results and Discussion

Figure 4 compares the model prediction with experimental
measurement20 for charging, idling, and discharging under two op-
erating conditions, and shows a good agreement between the two
sets of data. The geometrical and experimental operating parameters
were listed in Table II. Note that discrepancy exists particularly in the
operation of discharging, which is likely due to the model assump-
tions such as ignorance of two-phase flow and side reactions. As the
charging proceeds, voltage increases as a result of increasing “fuel”
contents in the tanks. For the initial V(III) concentration of 1,080
mol/m3, the charging was interrupted at 2,017 s and the battery was
set at the idle state for two minutes. As no current is withdrawn during
the two minutes of idling, the predicted voltage is actually the open
circuit voltage (OCV), and remains almost constant. Following the
idle operation, discharging applies under constant current. As current
is withdrawn, considerable voltage loss arises due to irreversibility,
leading to a sharp drop in voltage when applying discharging cur-
rent. As discharging proceeds, more “fuel” is consumed, leading to
a battery voltage drop and eventually a rapid drop when “fuels” are
running out. Under the other condition (i.e. CV (I I I ),0 =1,140 mol/m3),
a similar trend was observed, except that charging or discharging takes
longer time due to the more abundance of vanadium ions in the tank.

Figure 5 displays the flow fields in the RFB. The current collec-
tors are impermeable, thus there are no fluids. Because they provide

Figure 5. Flow field at the middle section of the RFB.
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Figure 6. Evolutions of the average V(IV) and V(V) concentrations at the
outlet for Case #1.

passages for cooling and electron transport for RFB operation, the
current collectors are included in the computational domain. In the
electrodes, electrolytes flow through the interconnected pore structure.
Typical pore-level flows in a fiber-based medium are shown in Fig. 2.

In this study, we adopted the volume averaged velocity and Darcy’s
law, instead of detailed pore-level flow equations. In general, it is ex-
pensive to account for pore-level flows, which requires a full descrip-
tion of pore morphology. The volume averaging method is a popular
approach for porous media, particularly when other phenomena are
involved, e.g. multiphase flow, and chemical or electrochemical reac-
tions. This figure shows that the average flows are almost uniformly
distributed in the electrodes even near the separator. This is because
the model assumes homogenous pore electrodes. In addition, in large
RFBs, a set of parallel channels are usually adopted to distribute re-
actant fluid flows. In that case, phenomena such as channeling (flow
bypassing) and flow mal-distribution need to be addressed, which can
be added to the current model. In our previous work,49,50 we modeled
and discussed those phenomena for PEM fuel cells.

Figure 6 displays the predicted V(V) and V(IV) concentrations av-
eraged at the respective outlets. In charging, the V(V) concentration
decreases with time due to the electrochemical reaction consumption.
In particular, a fast drop is present in the initial seconds, indicating
that the reaction rapidly lowers the V(V) concentration inside the bat-
tery. After that, the change slows down and becomes almost linear
with time till almost depletion. During the two minutes idling, the
V(V) concentration recovers as a result of no reactions or V(V) con-
sumption. The initial recovery at the outlet is rapid. In discharging
operation, the V(V) concentration is increased by the electrochemical
reaction production. A rapid increase is shown initially, followed by a
linear increase. Furthermore, the rapid change, either drop or increase,
occurs in a timescale of ∼40 seconds, which is consistent with the

Figure 7. Temperature contours at the middle section of the RFB for Case #1.
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Figure 8. V(V) contours at the middle section of the RFB for Case #1.

time constant of species convection through the electrode, given by:

τu,i = L

U
∼ 40s [63]

Figure 7 presents the temperature contours in the battery’s mid-
dle section during the three operations. It is seen that initially the
RFB temperature is increased by addition of waste heat generated by
the battery. Higher temperature is shown near the separator because
partial cooling is provided by current collectors. At the 16th s into
charging, temperature further increases with the peak shifting toward
downstream due to heat convection by electrolyte flows. The RFB
temperature keeps increasing till 60 s when it becomes stabilized,
i.e. temperature changes little. The timescale of temperature increase
is controlled by both heating and cooling. For the former, the time
constant can be evaluated by:

τheating = mC̄p�T

A |E − VRF B | I
[64]

where C̄ p is the mean specific capability of a RFB and A represents the
active reaction area. Given liquid water has a large specific capability
and contributes to a major thermal mass of RFB, using the liquid
water property and mass for mC̄p will yield τheating around 10 seconds
for �T ∼0.5 K and |E − VRF B | ∼0.3 V in this case. For the latter,
electrolyte flows provide a major mechanism for cooling, with its time

constant evaluated through the heat convection along the channel:

τu,cooling = L

U
∼ 40s [65]

The two time constants are in the same magnitude of that for
temperature stabilization, observed in this figure. During the idling
period (i.e. no reaction heating is produced), temperature steadily
decreases as a result of the continuing cooling by electrolyte flows and
current collector’s surface. Due to the cooling by electrolyte flows,
upstream temperature falls back to the room temperature first. As
discharging starts, the reactions add waste heat to the battery, leading
to temperature rise. Similarly, it takes about 60 s for temperature to
be stabilized in discharging.

Figure 8 presents the V(V) contours in the middle section of the
battery during the charging, idle, and discharging operations. Initially,
low concentration appears in the portion of the electrode near the sep-
arator, due to the reaction consumption. At the initial 2 s in charging,
it is clear that the V(V) content remains high near the outlet as the con-
sumed upstream electrolyte has yet reached the outlet (the timescale
for upstream reaching the outlet is ∼40 s, as evaluated by Eq. 63). As
more reactants are consumed downstream, the outlet concentration
becomes lower. Different with temperature contours, the V(V) con-
tent keeps changing because the consumed V(V) is constantly added
into the tank, which changes the tank’s reactant content. During the
idling, the tank’s fresh electrolyte repels that inside the battery, lead-
ing to reactant recovery, as seen at the idle 60 s. In discharging, V(V)
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Figure 9. Charge transfer rate or transfer current density at the middle section of the RFB for Case #1.

becomes the reaction product; thus a higher concentration appears
near the separator, where the local reaction rate is larger, as shown in
Figure 9.

Figure 9 presents local charge transfer rate or transfer current den-
sity in both electrodes. This quantity represents the charge transferred
rate locally, thus it indicates local electrochemical reaction activity.
It appears in the source term of the phase potential equations, and
links to the vanadium ions production/consumption rate through the
Faraday’s relation. This figure shows most charge production or con-
sumption occurs in the portion of electrodes near the separator. Little
difference is shown between the upstream and downstream in the ini-
tial period (∼100 s). At the end of charging (i.e. t = 2,017 s), it clearly
shows a decline in the charge transfer rate from the inlet area to outlet
due to reactant depletion. In addition, reaction distributions change
little in the initial stage (<120 s). Furthermore, the right electrode
(V(IV)/V(V)) shows less variation in the charge transfer rate across
the electrode, partly because of the higher diffusivities of V(IV) and
V(V) than those of V(II) and V(III). Different with the pore-level
transport resistance, the macroscopic diffusive resistance is signifi-
cant in the transverse direction, as evidenced by the Damköhler (Da)
number:

Da = I

F

δ

CV Def f
= Electrochemical reaction rate

Mass diffusion rate
[66]

Under common conditions, such as current density of 1,000 A/m2,
δ of 4 mm, CV of 1,000 mol/m3, and Def f of 10−10 m2/s, Da is around
400. It shows that diffusivity and electrochemical kinetics affect the
value of Da. In the literature, a few measurements have been attempted
to obtain the ion diffusivity, showing a range of values, e.g. for VO2+

or V(IV), the measured diffusivity is 1.86 × 10−10 m2/s,51 0.889
× 10−10 m2/s,52 4.4 × 10−9 m2/s,53 and 3.9 × 10−10 m2/s.54 In addition,
the electrochemical kinetics is dependent on several factors, such
as specific area (reaction surface roughness and pore structure) and
catalyst materials. Liu et al. found that the exchange current density
i0 to be 2.4 × 10−3 A/cm2, and the standard rate constant k is 1.2
× 10−5 cm/s at 20◦C on graphite electrode.29 During idling, the charge
transfer rate becomes zero everywhere due to no reaction activity.

Conclusions

This work contributed to 1.) a three-dimensional model framework
of RFBs; 2.) rigorous explanation of pore-level transport resistance,
and pumping power; and 3.) timescale and dimensionless parame-
ter analysis. The dynamic system consists of a set of conservation
equations for mass, momentum, energy, and charges, in conjunc-
tion with the electrochemical reaction kinetics and fuel tank dynam-
ics. Dilute solution assumption, pore-level mass transport resistance,
pumping power for electrolyte flows and the time constants of a few
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phenomenon were discussed. At pore level, the diffusion timescale and
Peclet number are dependent on pore dimension, and were found to be
around 1 seconds and 1,000, respectively, in the case of study. Analy-
sis also indicated that electrolyte pumping power accounts for a very
small portion of RFB power product (<0.1% in the case of study). The
model was successfully implemented into three-dimensional simula-
tion, and validated with experimental data for operations of charging,
idling, and discharging. Local operating conditions, such as tempera-
ture contours, ion concentration distribution, flow field, and reaction
rate, were investigated. It was observed that peak temperature appears
near the separator initially, and then shifts to downstream for both
charging and discharging operations. It takes about 60 s for tempera-
ture to be stabilized, which is consistent with the timescale analysis
on heating (∼10 s) and convective cooling (∼40 s). The V(V) con-
centration at the outlet shows a rapid change in the initial seconds
when switching operation. Most transfer current production occurs
near the separator. The Damköhler (Da) number indicated that the
macroscopic diffusive resistance is significant in the transverse direc-
tion, relative to the reaction kinetics. The transfer current changes little
from the upstream to downstream during the initial periods of charg-
ing and discharging. The multi-dimensional tool is useful for virtual
design and fundamental investigation of RFBs. Future work to further
improve the RFB modeling include 1.) precisely incorporating multi-
phase flows, side reaction effects, heat-flow interaction in electrodes,
and RFB degradation mechanisms; 2.) obtaining detailed experimen-
tal data for both material characterization such as electrochemical
kinetics and comprehensive validation, e.g. local distributions; and
3.) developing advanced numerical schemes to efficiently simulate
practical large-scale RFB operation.
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List of Symbols

a factor of effective catalyst area per unit volume
aH+ hydrogen ion activity
C molar concentration of species k, mol/m3

D species diffusivity, m2/s
d mean pore size, m
Eo equilibrium potential, V
Ea activation energy, kJ mol−1

F Faraday’s constant, 96,487 C/mol
I current density, A/cm2

i superficial current density, A/cm2

j charge transfer rate or transfer current density, A/cm3

K permeability, m2

K� electrokinetic permeability, m2

Km hydraulic permeability, m2

kd dissociation reaction coefficient
km mass transfer coefficient, m/s
M molecular weight or molar mass, kg/mol
NM MacMullin number
R universal gas constant, 8.134 J/mol K
r mean pore radius, m
t time, s
T temperature, K
zH SO4 fixed acid charge in separator

Greek
α transfer coefficient
β a constant; ratio; transfer coefficient
ρ density, kg/m3

φ phase potential, V

σ electric conductivity, S/m
κ ionic conductivity, S/m
ε volumetric porosity
η surface overpotential, V
τ tortuosity coefficient
δ thickness, m
� volumetric flow rate, m3/s

Superscripts and Subscripts
D diffusion
d dissociation
e electrolyte
eff effective value
n negative electrode
o reference value; initial value
p positive electrode
s surface; solid
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