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ABSTRACT OF THE DISSERTATION

Some superconvergence estimates of mixed and nonconforming finite

element methods
by

Yuwen Li

Doctor of Philosophy in Mathematics
University of California San Diego, 2019

Professor Randolph E. Bank, Chair

In this dissertation, we develop new superconvergence estimates of mixed and non-
conforming finite element methods on mildly structured grids, where most pairs of
adjacent triangles form approximate parallelograms. In particular, we consider the
Raviart—Thomas mixed method and Crouzeix—Raviart nonconforming method for sec-
ond order elliptic equations, and the Hellan-Herrmann—Johnson mixed method and
Morley nonconforming method for fourth order elliptic equations. We first prove some
supercloseness estimates, that is, the canonical interpolant and finite element solution
are superclose. We then develop a new family of recovery operators on irregular tri-
angular grids by using the idea of local least-squares fittings. Combining these two
ingredients, we prove that the postprocessed solution superconverges to the exact so-
lution. Compared to existing superconvergence results, our estimates are sharper and
applicable to more flexible grids and partial differential equations with variable coeffi-

cients and lower order terms.

xil



Chapter 1

Introduction

This chapter concerns with the background of finite element superconvergence

analysis and motivation of the dissertation.

1.1 List of notations

For convenience, we introduce a list of notations that will appear throughout
the dissertation. Let  C R? be an open polygonal domain. Let T, = {T; : i € I} be

a triangulation of €2, which is a collection of triangles such that
L UiEI T, = ;
2. Fori,j eI withi#j, T;N T] is an edge or a vertex shared by 7; and Tj.

Here U denotes the closure of U. T is assumed to be shape regular, i.e., there exists
a fixed constant © > 0, such that § > © > 0 for the angle 6 of any T" € T,. The
shape-regularity here based on the minimum angle condition (MAC) is equivalent to
the shape-regularity based on the ratio of the radii of the inscribed and circumscribed
circles of T € Ty, Let hy = |T|2 be the diameter of T and h = maxyeT;, hr be the mesh-

size. We also assume that 7y, is quasi-uniform, i.e., maxpey;, hy < C(minger, hr) for



some generic constant C', unless we clarify the mesh condition. Given a one-dimensional

or two-dimensional subset U € R?, the polynomial space
P,.(U) ={v: v is a polynomial on U of degree < r}

is useful in defining shape functions of finite elements. Let n denote the outward unit
normal to QU and t the counterclockwise unit tangent to OU. We do not use ny and
ty unless confusion arises. For example, 0,, can be the outward normal derivative of
the domain €2 or a triangle 7'

In our error analysis of finite element methods (FEMs), the set of edges, interior
edges and boundary edges in T, are denoted by &, £7, E?, respectively; the set of nodes,
interior nodes and boundary nodes in 7j, are denoted by N, N2, N, respectively.
Several kinds of local patches are useful for finite element superconvergence analysis.
For z € N, let w, be the union of triangles in 7, sharing z as a vertex. For e € &,
let w, be the union of triangles in 7, sharing e as an edge. For T' € Ty, let wr be the
union of T" and triangles in 7;, sharing at least one vertex with 7. The local nodes,
edges, and triangles in U are N, (U) = {z € N}, : 2 € U}, E(U) = {e € &, : e C U},
and T,(U) = {T € T, : T C U}, respectively.

For error estimates, we need several Sobolev semi-norms and norms:

k
1 1
ol = ([ 1D"P) ol = (3 ol
U m=0 (1.1)

ko = vk,  vllkw = llv]lkz0-

where

[DFvl = >

a1tas=k

o™ +a ‘

— V-
aq o
0x" 0z

The integral in (1.1) is understood as the double integral if U is a two-dimensional sub-



set or the line integral is U is a one-dimensional subset. Sobolev norms with oco-index,
norms of vector /matrix-valued functions, and fractional order norms are generalized in

usual ways. The thesis considers Sobolev spaces
WEP(Q) = {v € L*(Q) : ||[v|lrpa < 00},  Hi(Q) = {v e WH(Q) :v =0 on 9Q}.

Let |U| denote the measure (length, area etc.) of U and f,, f = [;; f/|U| the average

of f over U. In finite element interpolation theory, the mesh-dependent semi-norm

1
Wlhee = (Y lir)?

TeT,

is quite useful. It is also convenient to introduce the notation <,i.e., A < Bif A < C-B,
where C' is a generic constant that may change from line to line, may depend on the
domain €2, the minimum angle 6y, datum of PDEs, but is independent of the PDE
solution, the mesh-size h, and other crucial parameters. We say A =~ B if A < B and

B <A

1.2 The finite element method and superconver-
gent recovery

Finite element superconvergence theory of Lagrange elements applied to sec-
ond order elliptic equations has been well established (cf. [67] and references therein).
Generally speaking, there are two types of superconvergence phenomena. One is called
natural superconvergence which is local, that is, the finite element solution supercon-
verges to the true solution at some special points (cf. [60]). The other is recovery-type

superconvergence, which is often global (cf. [1] and references therein).



Due to its simplicity, universality, and efficiency, finite element superconvergent

recovery is quite popular in practice. We illustrate it by Poisson’s equation

—Au=f in €,
(1.2)
u=gq on 0f).

Given a mesh Ty, let ¢, be the nodal basis function at z € N, that is, ¢,(2') = 9§,/
for any 2’ € N,,. Here ¢../ is the Kronecker delta. Let g, = > . ND 9(2)¢., namely, the

boundary nodal interpolant of g. For positive integer r, define
Uy = {v, € Hy(Q) : vp|r € P(T), VT € Tp}.
We also need the nodal finite element space without essential boundary condition
S; = {v, € Hy(Q) : vp|r € P(T), VT € Ty}
The linear FEM for solving (1.2) is to find u;, € U} + gp,, such that
(Vup, Vo) = (f,v), Yo €U}, (1.3)

where (-,-) denotes the L?-inner product on €. To estimate the finite element error,
we introduce the linear interpolant vy = ) _\. v(2)¢. for any continuous function v.

By finite element interpolation theory, we have
HU - UIHP,Q S hQip"U’?,Q? p=0,1

Assume 7T, is uniformly parallel, i.e., each pair of adjacent triangles in 7, forms a



parallelogram. Then the supercloseness estimate holds
3
IV (ur = un)llogo S 72 |lulls0- (1.4)

In practice, u; is not available. To obtain a more accurate solution from (1.4), one
needs the so called recovery or postprocessing operator G, acting on Vuy, which is
often called gradient recovery. G,Vuy is often H'-conforming, i.e., G,Vu, € HY(Q),
and superconverges to Vu in some situations. In addition, G can be used to develop
a posteriori error estimators. The recovery-based a posteriori error estimators are
popular for their simplicity and asymptotic exactness (cf. [72, 73, 74, 1, 9, 71]).

For example, let G, Vuy, be the finite element function in S} x S} with

1

|w2|

(GrVuy)(2) =

S ITI(Vun)lr,  Vz € N, (1.5)

T>z

namely, G,Vu, = ZzeNh(GhVuh)(z)qﬁz. It is not hard to show that

1GrVurllon S [[Vun

0.2 (1.6a)

IVu — GpVug|| < b |ul|s.q. (1.6b)

(1.6a) is the boundedness of G}, and (1.6b) is the super-approximation property of Gj,.
Combining (1.6) with the supercloseness estimate (1.4) and using a triangle inequality,

we obtain the recovery superconvergence
3
|Vu — GpVug|| < ||Vu — GpVus|| + ||Gr(Vur — Vug)|| S h2fjul|s o (1.7)

The more accurate G, Vu, can be used to develop the recovery type a posteriori esti-

mator. For each triangle T' € Ty, let ny = |Vun, — Gy V|7 be the computable local



error indicator, and n, = (3 ey n2)z = ||Vu, — GrVup|on. The triangle inequality

yields
||Vu — VU/}LHO’Q — HVu — GhVuhHO,Q <np < HVU — VU}LHO,Q + HVu — GhVuhHo,Q.

Under mild condition, ||V (u — up)|lo.o ~ h. It then follows from (1.7) that

lim i —1,
h—0 ||Vu — Vuh||ovg

namely, the error estimator 7, is asymptotically equivalent to the true error ||[Vu —
Vuplloq, which is called asymptotic exactness. Hence we have a reliable and efficient
control of the finite element error. Gradient recovery method for Lagrange elements
have been studied extensively by many authors, (cf.[72, 73, 74,9, 10, 11, 71, 68]). In the
aforementioned superconvergence analysis, we define the linear interpolation I}v = v;.
For error analysis of the quadratic FEM, we need the quadratic Lagrange interpolation
I} : C(Q) — 87, where I?v(z) = v(z) holds for any vertex z and midpoint z of any

edge in Tp,.

1.3 Motivation and originality

While superconvergence analysis of Lagrange elements reaches its maturity
(cf.[60, 9, 69] and references therein), superconvergence results of many important
types of finite elements are quite limited. The goal of the dissertation is to develop so-
phisticated superconvergence theory for mixed and nonconforming FEMs. Mixed and
nonconforming FEMs are two classes of finite element methods which are seemingly
very different but indeed closely related to each other in theory. They are particularly

useful for dealing with systems of equations and higher order equations. The variational



formulation of mixed FEMs uses more than one finite element space. Among numer-
ous mixed finite elements, Raviart-Thomas (RT) finite element is the first and one
of most important one for discretizing space pairs H(div; Q) x L*(2) arising from the
first order formulation (2.2) of second order elliptic equations. The Hellan-Herrmann-
Johnson mixed method for the fourth order elliptic equation can be viewed as a gen-
eralization of RT mixed methods. Classical superconvergence results ([12, 13, 30]) for
mixed methods are typically concerned with uniformly structured meshes such as uni-
formly parallel or rectangular meshes. Even in these cases, the error bounds are often
not sharp. In Chapters 2 and 3, we shall address the originality of the part on our
superconvergence analysis of mixed FEMs in detail. On the other hand, the noncon-
forming FEM is a family of FEMs that are seemingly different from mixed FEMs based
on suitably relaxing the inter-element continuity constraint in standard FEMs. Due
to the deviation from conformity, superconvergence analysis of nonconforming FEMs
is very difficult. Arnold and Brezzi [3] have shown that the Crouzeix—Raviart (CR)
nonconforming method and RT mixed method are equivalent for Poisson’s equation.
Similarly, the Morley nonconforming method and HHJ mixed method are equivalent
for the biharmonic equation. Built upon this equivalence, [36] gave a superconvergence
estimate for the CR and Morley element on uniformly parallel grids. However, this
result are limited to uniformly structured meshes and not sharp. In addition, it only
works for Poisson’s equation because of the equivalence only applies to Poisson’s equa-
tion. In Chapters 4, we shall address the originality of our superconvergence analysis of

nonconforming FEMs in detail. Here we briefly list the originality of the dissertation.

1. Our superconvergence estimates hold on meshes satisfying the («, )-condition
(see the next section) instead of uniform grids. As pointed out in [9, 69], the

(e, B)-condition is very flexible and satisfied by many mature finite element codes.



2. The proof of superconvergence estimates are constructive. It shows how the lower
order error cancels in a transparent way and characterizes the rate of supercon-

vergence in terms of two parameters a, [3.

3. Our superconvergence estimates deal with variable coefficient problems. The er-

ror analysis of mixed methods with lower order terms is often much more involved

(ct[27, 7]).

4. For the lowest order RT, HHJ mixed methods and CR, Morley nonconforming
methods, classical superconvergence estimates are suboptimal. Our estimates

. .. 1
improve existing ones by hz.

5. We construct the recovery operator R, based on solving local least squares prob-
lems. The super-approximation property of R, is better than simple averaging

procedures. Rj, can be generalized to mixed finite elements of general order.

1.4 Mildly structured meshes

Ty is rarely uniformly parallel in practice. In order to generalize the supercon-
vergent recovery framework to a more realistic setting, one needs to deal with more
flexible mesh structures. In the dissertation, we focus on mildly structured grids, which
were introduced in [48, 9, 69, 42, 46] and references therein. Roughly speaking, most
pairs of adjacent triangles in mildly structured grids form approximate parallelograms
except for a region with small measure.

We begin with geometric identities on a local element T'. It has three vertices
{21.}3_,, oriented counterclockwise, and corresponding barycentric coordinates { A\ }3_; .
Let e, denote the edge opposite to zi, 05 the angle opposite to ey, ¢; the length of e,

dj the distance from z; to ey, ¢, the unit tangent to ey, oriented counterclockwise, ny



the unit outward normal to ey, 0y, the tangential derivative, 0, the normal derivative,
and Gfknk the second mixed derivative, see (1.1). Corresponding quantities on triangles
T’ and T" have superscripts / and // respectively. The subscripts are equivalent mod

3, e.g., 54 = 61,60 = 93.

Definition 1.4.1. For e € &7, let T,T7" € T, be the two adjacent elements sharing
e. Define ey = ¢/ = e. By going along 0T and 971" counterclockwise, we obtain
other two pairs of corresponding edges es, €}, and es, ef. We say w, = T'UT" is an

O(h'**)-approximate parallelogram if |e;| = |e}| + O(h'T®), i = 1,2, 3.

Definition 1.4.2. For z € N?, let e,¢’ € £ be the two boundary edges sharing z
as an endpoint. Let t and ¢’ be the unit tangents to e and €’ respectively, oriented
counterclockwise. Let T, T" € T}, be the two triangles having e = e; and ¢’ = €] as edges
respectively. By going along 0T and 97" counterclockwise, we have other two pairs of
corresponding edges e, ¢y and e, e. We say that {T, 7"} is an O(h'T®)-approximately

parallel pair if [t — /| = O(h®) and |e;| = |¢}| + O(h'T*), i =1,2,3.

Figure 1.1: a local triangle and associated quantities

Figure 1.2 illustrates Definitions 1.4.1 and 1.4.2. For uniformly parallel grids,
a = 00, i.e., any two corresponding edges in both Definitions 1.4.1 and 1.4.2 are parallel

and of equal length. @ =1 in [9], and a > 0 in this dissertation.



Figure 1.2: (left)approximate parallelogram (right)approximately parallel pair

Built upon approximate parallelograms, we introduce several types of mildly
structured meshes characterized by two parameters o and . |4 stands for the disjoint

union.

Definition 1.4.3. Let & = &7 W&, We say the triangulation 7, satisfies the

(v, B)-condition if for each e € & |, w. an O(h'*®)-approximate parallelogram, while

Zee.s;;2 |we| = O(hﬁ)-

Definition 1.4.4. Assume (a, 3)-condition holds and N? = N2, YN, We say T,
satisfies the strong (a, #)-condition if the adjacent boundary elements 7" and 7" in
Definition 1.4.2 associated with each z € N, ;?: , form an O(h'™®)-approximately parallel
pair, while #/\/',‘32 is uniformly bounded w.r.t. h. We say 7T, satisfies the piecewise
strong («, 5)-condition if Q2 can be decomposed into finitely many subdomains aligned

with 7, and 7Ty, restricted to each subdomain satisfies the strong («, /5)-condition.

For example, if ) is a parallelogram with uniformly parallel triangulation 7y,
then N7, is the set of corner points, #N?, = 4, N7, = NP\N?, and T, satisfies
the strong («, 5)-condition with o = § = oco. The piecewise strong («a, #)-condition is
weaker than the strong (a, f)-condition. For more examples, readers are referred to

numerical experiments in the dissertation.
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1.5 Integral inequalities

Inequalities are essential in finite element analysis. We list several important
inequalities that will be used in following chapters. The following error estimate is the

standard error bound for nodal interpoaltion (cf.[14]).

Theorem 1.5.1. For T € T, and v € H*Y(T) with k > 1,
2
v — ISUHO,%T < hk+7|v|k+1,T7 1 <7y < oo (1.8)

The next inequality gives an upper bound of boundary norm in terms of volume

norms.

Theorem 1.5.2 (Trace inequalities). For T € Ty,

_1 1
[vlloor S by ||vllox + 3 Vollor, ve HY(T),

/ o] < By / o] + / Vo, e WD),
oT T T

We also need the well-known inverse inequality for polynomials.

Theorem 1.5.3 (Inverse inequality). For T' € T, and v € P.(T) with some integer

r >0,

—k+mi 2_270)
ollesr < A ™07 1yl oo (1.10)

It is well known that H'(2) € C(Q) in R? and thus the Sobolev inequality
19]|0,00.0 S ||v]|1,0 fails for general continuous v. However, a discrete Sobolev inequality

holds for v € S} .

Theorem 1.5.4 (Discrete Sobolev inequality). For v, € S; with fized r > 1,
1
[vnlloo. S [log hl=[lon 10 (1.11)

11



Chapter 2

Superconvergence of

Raviart—Thomas elements

2.1 Mixed methods and Raviart—Thomas finite el-
ements

In this chapter, we consider the second order elliptic equation

—div(az(x)Vu + a1 (x)u) + ap(x)u = f(x), x € Q, (2.1a)

u=yg(x), x e, (2.1b)
where div = V- is the divergence operator, as = (a;j)1<; j<2 is a symmetric matrix,

a, is vector-valued, as,a; and aq are sufficiently smooth on 2. In addition, as is

uniformly elliptic in the sense that }, ;a;;(x)&€; > AJ§[* for all x € Q and & € R?,

12



where A > 0 is a constant. Let

p = axVu+ au,

— -1 — a1 —
a=a,, b=a; a;, c=a

Problem (2.1) is equivalent to the first order system

ap—bu—-Vu=0, xec(), (2.2a)
—divp4+cu=f, xe, (2.2b)
u=yg, x €. (2.2¢)

Let Q = {q € L*(Q)? : divg € L*(Q)} and V = L*(Q). The mixed formulation for

(2.2) is to find the pair {p,u} € Q x V, such that

(ap,q) — (q,bu) + (divq,u) = (g n,g), (2.3a)

—(div p,v) + (cu,v) = (f,v), (2.3b)

for each pair {q,v} € Q x V. Here (-,-) denotes the L%inner product on 9. For r > 0
and T € Tp,, define

v Xz
RT. (D) =4 | +os| | :wePr)i=1,23%. (2.4)

V2 X2

The Raviart—Thomas finite element spaces with index r > 0 (denoted by RT,) are

z = {qh € Q: qh]T c RTT<T), VT € ,ﬁl},

V;; = {’Uh eV: Uth € P,»(T), VT € 771}

13



The mixed finite element approximation to the problem (2.3) is to find {p},u}} €

Q; x Vy, such that

(ap},, qn) — (an, buy,) + (div qp, uy,) = (qn -1, g), an € 9}, (2.5a)

—(div pp, va) + (cup, va) = (f, vn), U € V. (2.5b)

Under mild assumptions, Douglas and Roberts [27] has shown the well-posedness and
a priori error estimates for the method (2.5).

In this chapter, we shall prove supercloseness estimate and present supercon-
vergent recovery procedure for the lowest order (r=0) and next lowest order (r=1) RT

finite elements. In particular, we shall prove that

TP = Phlloq = O(R™), (2.6a)

| div(ILp — p}) oo = O(h™), (2.6b)

where the canonical interpolation II} is defined in (2.10), 0 < po < 1,0 < p; < 1/2 are
rates of superconvergence determined by the parameters in Definitions 1.4.3 and 1.4.4.
(2.6b) holds on general shape regular meshes while (2.6a) holds on mildly structured
quasi-uniform 7.

(2.6) is closely related to superconvergence of the finite element solution to the
exact solution. For example, p) can be postprocessed by a simple local averaging
operator K, proposed in [12]. Using the super-approximation property of K} and (2.6)

with £ = 0, we obtain the superconvergence estimate

lp — Krphlloo = O(h). (2.7)

The recovered flux K;,p? can be used to develop a posteriori error estimates. Due to
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the superconvergence (2.7), || Knp}, — p}llo.o is known to be an asymptotically exact a

posteriori estimator for ||p — pY|lo.o (cf. [12, 10, 1]), namely,

" I Kp) — Phllos

=1.
=0 [lp = Phllo

The study of supercloseness between the finite element interpolant and finite
element solution has a long history. For the analogue of (2.6a) for Lagrange elements
on mildly structured grids, see [9, 69, 42] and references therein. For superconvergence
of the scalar variable u in mixed methods, see [3, 15, 65] and references therein. In
practice, it is frequently the case that the vector variable p is more important than the
scalar u. Superconvergence results of rectangular/quadrilateral mixed finite elements
for the vector variable p are well established (cf. [30, 32, 31]). However, corresponding
superconvergence theory of triangular mixed finite elements are much less sophisticated.
To our best knowledge, the only proven superconvergence estimate of triangular mixed
elements for the vector variable are in [28, 12, 13]. In [28], the authors postprocessed py,
and achieved interior superconvergence by convolution with a Bramble-Schatz kernel
[18] which is constructed on uniform grids. For RTj element on uniformly parallel grids

in the case that b = 0, ¢ = 0, Brandts [12] proved

Lo+ h2|plao), (2.8)

3 1
I — prlloe S RE(llplls o + 22 [P

In [13], he also proved an analogue of (2.8) for RT} elements on uniformly parallel grids
in the case that A = I549,b=0,c = 0.

Our result (2.6) improves existing results in several ways. First, our estimate
holds on general mildly structured grids instead of uniform grids. As pointed out
in [9, 69], the (a, §)-condition is very flexible and satisfied by many mature finite

element codes. Second, for RT, element and py = 1, (2.6a) becomes ||[I)p — p? oo =
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O(h2|log h|2), which shows that the estimate (2.8) is suboptimal. This improvement
results from carefully handling the boundary error, which is usually the trickiest part
in global superconvergence estimates. In addition, due to the cancellation of errors on
boundary elements, (2.6a) holds on not only (a, §)-grids but also piecewise (v, §)-grids.
Third, our superconvergence results allow the convection term b(x) - Vu and reaction
term c(z)u. The error analysis of mixed methods with lower order terms is often much
more involved than the case b= 0,c =0 (cf.[27, 7]).

The framework of the proof of (2.6a) is as follows. We consider the orthogonal
decomposition IIip — pi = Viry, & grad, v,, where r;, € S,’;“ and v, € V. First,
we develop the variational error expansion for RTy and RT; elements on a local tri-
angle in terms of Oy, 7, the tangential derivative of 7, on the ey, & = 1,2,3. Due
to the continuity of J, r, on e, and the (a, §)-condition, the lower order global vari-
ational error associated with interior edges is canceled in a transparent way instead
of using soft analysis tools (the Bramble-Hilbert lemma etc., cf. [12, 13]). The afore-
mentioned basic idea is motivated by Bank and Xu [9]. But the technicality here is
quite different because of the apparent difference between Lagrange elements and RT
elements. Then ||[V+7]/o0 can be bounded by the supersmall global variational error
while || grad;, vs||o.q is estimated by (2.6b). To obtain optimal order global superconver-
gence, the error associated with another part occurring on triangles near the boundary
is treated carefully by the discrete Sobolev inequalities.

The second major component of this chapter is the recovery operator R} based
on solving local least squares problems. For Raviart-Thomas mixed methods, pj in-
stead of uj, is the main quantity of physical interest. As far as we know, the imple-
mentation of existing recovery techniques are restricted to uniformly structured grids
(cf.[28, 30, 29, 13]). In addition, most of the existing results of recovery methods fo-

cus on the lowest order case while the analysis of recovery operators for higher order
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elements is indeed much more involved, especially on unstructured grids. We shall
construct a new family of recovery operators R} for RT, (r > 0) elements by fitting
the numerical solution pj with a vector polynomial of degree r + 1 in the least-squares
(LS) sense on each local patch w,. Assuming each LS problem has a unique solution,
we show ||p— RyIT;p|| = O(h™*2). The rate of superconvergence is almost independent
of the mesh structure. In the end, combining R} with the estimate (2.6a), we obtain

the superconvergence

lp — Riphlloq = O(h™ )

by recovery.

LS-type recovery is not a new idea, e.g., the famous Zienkiewicz—Zhu(ZZ) su-
perconvergence patch recovery (cf.[73, 74]). Zhang and Naga [71] proposed a different
LS-based patch recovery operator G} for Lagrange elements of degree 7 + 1 by post-
processing the Lagrange finite element solution uy, rather than Vu,. Rj can be viewed
as a Raviart-Thomas version of it. One can also see nice relationship between G’,;H
and R} in Lemma 2.4.2 and Theorem 3.3.1. Despite the excellent superconvergence
property of Gzﬂ in practice, it is difficult to prove the uniqueness of local LS solution
related to G} on irregular grids. In fact [57] is essentially devoted to the analysis
of the uniqueness of the LS solution for G} on irregular grids and there is no proof
for Gt r > 1. We give a proof for G2 on irregular grids, which in turn implies the
boundedness and superconvergence of R}, see Theorems 2.4.3, 2.4.4 and 2.4.5.

The rest of this chapter is organized as follows. Section 2.2 contains technical
local error expansions. In Section 2.3, we estimate the global variational error and de-
rive supercloseness estimates. In Section 2.4, we develop the superconvergent recovery

operators. Numerical examples are presented in Section 2.6.
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2.2 Local error expansions

We have the rotational gradient

ov Ov\'
L P —_— [
V= ( 8$2’3x1> ’

and its adjoint

_8612 Iq

V+ and Vx are related by Green’s formula

/VLr-q:/ rq-t—/erq, (2.9)
T oT T

where t is the unit tangent to 9T oriented counterclockwise. For v € R? define
vl = (—vy,vy). Clearly, n} = t;, tf = —n;.
Now we introduce basic definitions for Raviart—Thomas elements. On a triangle

T € T, the degrees of freedom of the RTj element are

Nk(Q):][Q'nk, 1<k<3.

€k

The degrees of freedom of the RT) element are

Nii(g) = ][ Neo1q-my, 1<k <3,
ek

Nai(q) =][ Ae1q-my, 1<k <3,
ek

N3,1<q>:][ql, 1<1<2, q=(qa)
T
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For g € Q, IIYq € QY is determined by

Ni(M)glr) = Nilgqlr), 1<k<3, VT €T, (2.10)

II;,q € Q; is determined by

-/vl,k(HleQ‘T) = Nl,k(Q’T),
Now(Iqlr) = Nog(glr), 1<k<3, (2.11)

N3y (qlr) = Nsu(glr) 1=1,2, VT €T,

The existence and uniqueness of II} g is always guaranteed. For v € V, P/v is the
L?-projection of v onto V. There is a very nice relation among PF, II; and div,
namely

div(Il;q) = P;(divg), Vg€ Q. (2.12)

(2.12) is crucial to the stability and error analysis of mixed methods (cf. [59, 5]). In

addition, the following approximation properties hold:

q— 1,490 3 q\hr+1,9; .13a
lg — Tglloo < 7"l (2.13a)
| div(g — IT,@)[lo.0 < A" div glnrr10, (2.13b)
v — Prvlloa < hrJrl‘U’h,rJrl,Q- (2.13¢)

In the rest of this section, we will present technical variational error expansions
for RTy and RTj elements. To shed some light on the global picture of this framework,
we first expand the interpolation error of linear functions for R7j elements. The theory
of RT} is similar although much more complicated. Let ¢p = A\p_1Ax11 be the quadratic

bump function on ey.
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Lemma 2.2.1 (Lemma 2.2, [46]). For p, € Py(T)?,
p1 —p = Viw,

where

3 /2
w = Z gknk : atkp1¢k-

Proof. Using (2.12), we have
div(p; — II)p1) = divp, — P)divp; = 0.
Hence there exists a w € Py(T), such that
p1 —Ipy = Viw. (2.14)
Using the definition of 19, we know Ny (p; — [19p;) = 0 and thus
w(zp_1) — w(zpy1) = LNe(VEw) = 0.

Subtracting a constant from w, we can assume that w(z;) = 0 for & = 1,2,3. Hence

w = 22:1 a¢r. It remains to verify that

2
= Lny, - O, p1. (2.15)

2
Applying the operator ny, - 0, to (2.14) gives

ny, - (O p1 — O J10p1) = —0; w. (2.16)
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I9p; € RTo(T) implies 9y, I19p; is proportional to t; and the left hand side of (2.16)

is merely my, - Oy, p1. For the right hand side,

2a
8t2kw = 2ak8tk>\k,18tk)\k+1 = —g—ik. (217)
Combing (2.16) and (2.17), we obtain (2.15). The proof is complete. O

The next lemma is our main technical tool for estimating the global variational

error of the RTy mixed method. We shall use elementary identities

N1 = —sinbp 1ty —cosOp1ny, tr_1 = —cosbp 1ty + sinbp 1ny, )
(2.18

Mg =sinfy_ 1t —cosbp_1ng, tpiy = —cosblp_1t;, —sinfy_1ny.

Throughout this chapter, let @ be a constant symmetric matrix and g = €51 - @ty 1.

For each edge ey, we define several associated geometric quantities {u” ; }1<ij<2

T
6sin 6’

i
poy =0, iy = m(fi—l —ligr), Hop =

and first order derivatives D7,

1 2 1 2
Dl,k - tk . atk7 Dlvk - tk . ank, D2,k =Ny - atk, D2,k =Ny - ank

Finally, Ay = i, D] o= pl Dl + ph DYy + 43Dy, + 13, D3 . In this notation, w

in Lemma 2.2.1 is w = Zizl %Dik(pl)%.

Lemma 2.2.2 (Lemma 3.1, [46]). For p; € P1(T)?* and wy € Py(T),

3
/(p1 — ngl) . dVLwl = Z/ Ak<p1>atkw1. (219)
T k=1" €k
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Proof. Using Lemma 2.2.1, formula (2.9), and Simpson’s quadrature rule,

T

It then follows from

at, = by, - P (2.20)
S11

that

/ (pr — Ypy) - aV+tw,
T

B
Il w
—

K Mg —
ﬁipé,k(pl) <S-—+18tk+lw1 - —lﬁtk1w1>

1
12 in 0, sin 05,
3 (2.21)
=> B (61D (o) —01D5 1 (P1) . Oy, w1
12 T sin 04 T2k sin@py, ) *
°1 J17%4
Ktk
=2 o5, (Gi1D3 41 (P1) = 631Dy i1 (P1)) Dpwr.
k=1
In the last equation, we use
Uiy _ lpa _ Ur
sinfp,; sinfp_, sinf
Using (2.21), (2.18), and following identities
ek—l sin 9k+1 = gk-&-l sin ek_1 = dk,
01 cos® Opy1 — g cos® Opy = h_y — 07y,
Crg1 €08 O 1 + L1 cos Opq1 = Ly,
we obtain (2.19). O
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By replacing p with its linear interpolant and vice versa, we obtain the local

variational error expansion for general vector-valued function p.

Theorem 2.2.3. For wy € Py(T),

3
[ p-1p)-aviu =3 [ Aup)anwn + 00 Iplar Vo
T k=1" ¢k
Proof. By Lemma 2.2.2; we have

/ (p—Myp) - aViuwy

T

= /(p — Ip) - aV-©w; + /(Lip —101'p) - aV+tw,
T T

+ [ mip - wp) - av-u,
T

(2.22)
= / (p—Iyp) - aV-iw + / (I 2,p — ITp) - aV-w,
T T
3 3
k=1 "¢k k=1 " €k
=1+ 1T +1IT+1V.
(1.8) theory gives the upper bound
11+ 1] < [I(d = 1) (p = Lp)llo.rl| V= willor
< hr|(id = 1) (p = Lip)llse.r Vw1 o
(2.23)

S hrllp = Liplloor |V wi o

< B2 plor ||V wi o
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Using the trace inequality (1.9) and inverse inequality (1.10),

(1111 S Y 1AL = P)llo.c, 106, w10,

M-

w ||
-

_1 1
<Y (b [ ALip — P) o + h2|Ax(Iip — P)|i7)

k=1
1 2.24
< [Vl 224
3
<D (b I = )i + 3L — p) ) IV wi[lor
k=1
S Blplor [V willor
Combining (2.22)—(2.24) with Lemma 2.2.2 completes the proof. O

We finish deriving local variational error expansion for the RT{ element. In
general, the principle of the local expansion of RTj is similar to RTy. Unfortunately, it
is much more technical and the final expression is not as elegant as the RT| case. For
this reason, we assume a in (2.2) is a scalar-valued function when dealing with RT}
finite element. We present Lemma 2.2.5 and leave the proof in Section 2.5.

Let d be the diameter of the circumscribed circle of T'. For each edge ey, there

are several associated geometric quantities

1
U%l,k = %(3% - 3(%71 - €i+1)2 - 4€i(€i71 + £i+l))7

1 1
Nb,k = M%Lk = m%fz(fi_l - Ei—i—l)v :Ué2,k = —m@@@
1

[y = md(ﬁfl — o) (405 — (G = Gy)® =30 (G + 6 yh)),

2 _ 2 1 2 _ 1
Hig ke = Mo1x = —Hi11ks Mook = —Hig ks
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.. i
and second order derivatives {D}, }1<iji<2

,Dilk =t 0; Di%@ = ,D%lk =t 0; D%Qk =t - O

ty tpny) ng?
1 _ 2 12 _ 21 2 22 _ 2
D2,k =Ny - atk> D2,k = DZ,k = Ng - 8tknk7 Dz,k = Ng - a’nk‘

Then we define the second order derivative By(q) = uélykDgfk(q), where we use Einstein

summation notation.

Lemma 2.2.4. For ps € Pa(T)? and wy € Ps(T),

3
/(p2 —10,ps) - Viwy = Z/ Bk(p2)at2kw2~
T k=1 " €k

Built upon Lemma 2.2.4, we derive the local error expansion for general p.

Theorem 2.2.5. For wy € Po(T),

|VJ_U}2||07T.

3,T

3
[ p-Tip) Viue =Y [ Bup)oge + 00
T k=1 " ¢k

We skip the proof of Theorem 2.2.5 because it is the same as Theorem 2.2.3.

Remark. The operator Ay is simple but the expression of By is a bit complicated.
However, for superconvergence analysis, it suffices to keep the following features in

mind.

1. {A;};_, are first order derivatives of magnitude h3 and {By};_, are second order

derivatives of magnitude h%., namely,

2 2
Aw(@) = O(h7) Y 0.gj, Bil@) = O(h1) Y 0,.0:,a:.

ij=1 ijl=1

2. For e € £ or &7, we have w, = T UT’ or w, = T respectively. Let t. denote the
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unit tangent and and n. the unit normal to e whose directions are induced by T
Let @ = f,a and @’ = f,, a. Let A, B. be the operators based on T and A, B,

based on T". If w, is an O(h!T®)-approximate parallelogram, on the edge e, we

have the cancellation

2
ad.(q) — a' A (q) = O(hZ™™) 3 " 0,45, (2.25a)
ij—1
2
aB.(q) - @B,(q) = O™ 3™ 9,5, 4. (2.25)
ijl=1

Indeed, w, is a approximate parallelogram implies that ¢, = ¢} + O(h'T®), t;, =t} +
O(h*), sin By, = sin 0}, + O(h®*), p, = pf, +O(h®), and |T| = |T"| + O(h***). Combining
these estimates with @ = a’ + O(h), (2.25a) then comes from the telescoping type

inequality

[[e 114

i=1 i=1

<> la; = b| [ [ max(ay, by). (2.26)
=1

J#

(2.25b) can be derived in the same way.

2.3 Supercloseness

Lemma 2.3.1 (Lemma 3.7, [46]). Assume that T}, satisfy the strong («, B)-condition.

For wy, € S},

(a(p — TYp), VEw,) < hHR08/2) 1og b3 |[pl|g .l VEwsl|o.o- (2.27)
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Proof. By Theorem 2.2.3, the left hand side is

(ap—Tp), Vo) = 33 / Au(2)ey wn + O(2)[plar]| V-0

TeT, k=1

=(2_+ D+ Z/ — AL(p)) s wn (2.28)

e€ER | e€E, ecg? €

+ ) O plor|| Vi wnlly = I+ 11+ 111 + O(h?)|pl2,0l| V- willoo-
TeTh
Here the notations in Remark 2.2 are adopted. A.(p) = 0 if e € £?. By the cancellation

(2.25) and the trace inequality (1.9),

15 3 e 10l (94w,

66521
S 3 ([ D%+ Dpl) IV )

ccEfs (2.29)
< Y hEDpllr |V wsllor

eeng

< W IDplol VEwnllog-

For e € &F ,, there is no cancellation. Let Q3 = Ueege ,w.. The sum over &f , is simply

estimated by

1111 S Y WEIDPllo ol V whllo,cor

66522

< h|Dplloen 3 / V) (2.30)

6680

8
= h|P|1,oo,Q/ IVEwn| S 2Pl ol Vw0
Qg

The trickiest part of this proof is to bound I11. We can assume that fQ wy, = 0 by
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subtracting a constant from wjy. Then Poincaré inequality gives
lwallLo S IV wnlog. (2.31)

Define A, (p = f. Ac(p). 111 can be split as

nr=>%" / P))orwy + Y P)dy, wy,

ec&? ecg? €

=1L+ 111,.

The first term can be estimated by (2.31):

127859 h3|p|2m/|viwh|

6658

< Rlplases Z/ 1V e (2.32)

eESd

< R2placonll VEwso.

For z € NP, let e, ¢’ be the two edges on ) sharing z as an ending point. Then the

second term becomes

I = ) (Adp) — Ac(p) wa(2).

zEA@’
For z € N,? 1, Definition 1.4.4 near the boundary implies cancellation and thus

|Ac(p) — Ac(D)| S W+ Dp|l1.000- (2.33)
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For z € N,

|A(p) — A (p)| < |Ac(p)| + |Ac ()| £ 22| D050, (2.34)

It follows from (1.11), #N?} < h™', #N7, <1, (2.31), (2.33), and (2.34) that

IILIS | Y. P Dplhea+ D hIIDpllosss | whllososn
zeNP zeN?, (2.35)

< W log b3 |plae ol [V wn ] 16-

Now, combining (2.28), (2.29), (2.30), (2.32), and (2.35), we obtain (2.3.1). O

The next lemma is about the variational error expansion of RT; elements. The

proof is the same Lemma 2.3.1.

Lemma 2.3.2. Let T, satisfy the («, 3)-condition. For wy, € S7,
(@(p — p), VEwy) S W22 (|plls o + [plaen) |V whllog:

Proof. By Theorem 2.2.5, the left hand side is

3
(@(p —1,p), Vir) = > > [ aBu(p)d; rn+ O} |plsxllV whllor

TET, k=1 " ¢k

=(> +> +Z)/(al’>’e(p) —a'B,(p)) 0, wh (2.36)

e€Ep | e€Ep,  ecg? €

+ Y O plssr |V whllor = T + 1T + 11T 4 O(h?)|pls.0l V- whllo..
TET,

It then follows from the inverse estimate |rj|or < h;1||VLthO,T, the proof of (2.29)
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and (2.30) that

11| < h* | D*plloll V- ralloe; (237
| .
[IT| < h*T2|placoal Viraloq:

Let Qy = U.cgowe. The area of Qp is [Qp| = O(h). Then I11 is estimated in the same

way as (2.30).

T S W lplaeon Y. [ 1D%n]

eeg,? we (238)
SWIPloce [ IVl S 2Pl VErallog.
Qs
Combining (2.36), (2.37), and (2.38), we prove the theorem. O

Built upon Lemmas 2.3.1 and 2.3.2, we are able to prove supercloseness results,
namely, to show that ||II} p — p}||o.q is supersmall. From (2.3) and (2.5), we have the

error equation

(a(p - p;;)a qh) - (Qh, b(u - U;L)) + (le qn,u — u;;) = Oa qn < QZ? (2393)

—(div(p — p}),vn) + (c(u —up),vp) =0, vy € V). (2.39b)

From now on, we introduce several error quantities

& =1Lp—p,, m™m=Pu—u, mn=p-—p,.

Douglas and Roberts [27] have shown the standard a priori error estimates:

Ip = Pilloc < B Hull+20,
Idiv(p — pi)llo.o < A" Hlull+s.0, (2.40)

lu = whlloe < A Hlullrs145,0.0-
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In addition, [27] gives the well-known supercloseness result for the scalar unknown u

I7Tullog S A2 ullr+215,00, (2.41)

(2.41) holds on shape regular unstructured meshes. Built upon (2.41), we are able to

prove that || div(IT;p — p})ljo.q is supersmall.

Theorem 2.3.3. For general shape reqular T, and r > 0,

| div(Iyp — p}) oo S hr+2||u||2+7’+5r079’

Proof. Let
div E h

= ——QF— €V}.
[divénlon "

Vp

By (2.12) and (2.39), we have

H diVéhHO,Q = (divfh, Uh) = (P]: lep - divp;u Uh)

= (div(p — p}),vn) = (u— Plu,cvp) + (Piu— uj, cup,).

It then follows from (2.13), (2.40) and (2.41) that

| div&pllo0 = (v — Pru, cv, — Py (cvp)) + O(R) |ull2sr46,0.0

|UhH0,Q
= O(**?)|[ullrs1.0llcvnllrr1,0 + O ) [ullarrs.0.0lvnllog

= O(h"?)[lull2+r+5,0.0/vnll0.0-
The proof is complete. O

Before proving the superconvergence result for ||II; p — p} ||o.o, it is necessary to
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discuss the L? de Rham complex in R?:
L*(Q) — L*(Q)* =5 L*(Q) — 0. (2.42)

Here L*(€) = V is equipped with the standard inner product (-, ). Since we are dealing

with variable coefficients, L?(0)? is equipped with the weighted L? inner product (-, -)q:

(q1,92)0 = (aq1,492), @q1,92 € LQ(Q>2'

The weighted L?-norm is ||q|l. = (ag, q)2. Since a is uniformly elliptic, [|gllo.q ~ ||la
for all ¢ € L?(Q)%. By the theory finite element exterior calculus (cf. [5, 6]), the discrete
complex

vt di
SIS or S vr =0

inherits the aforementioned nice properties of (2.42). In particular, we have the discrete
Helmholtz decomposition

"= VISt @ grad, Vi, (2.43)

where grad, : V; — Qj is the adjoint of —div : Q) — V} w.r.t. the weighted inner
product (-, -)s, namely, (agrad, v, qn) = —(vs, div g,) for all g, € Q.

The last ingredient for our supercloseness analysis is a discrete Poincaré inequal-
ity.

Lemma 2.3.4. Forv ey,

[onllo.c < Il grady, vnlla-

Proof. div : Q) — V} is surjective and there exists g, € Qj, such that div g, = v;. In
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addition, Raviart and Thomas [59] have shown that

lgnlla = llgnlloe < llvnllo-

It then follows

lvnllf. = —(agrad, v, gn) < |l grad, vallallvalloe,

which completes the proof. ]

With the above preparations, we are able to prove supercloseness estimates for

the RTy and RT) mixed methods.

Theorem 2.3.5. Assume that Ty, satisfies the (a, 3)-condition. Then

T T r min lag
ITIp — pj|lo S B7HmRGE ’2)(|p|r+1,oo,ﬂ + ||p||r+279)’ r=0,L

Assume that T, satisfies the piecewise strong («, )-condition. Then for the RTy finite

element,

0P — Pl < A ™02 log hl? |5 c0.0-

Proof. Consider the discrete Helmholtz decomposition
& = V' wy, @ grad,, vy, (2.44)

with {vp,w,} € Vi x ST, Let g, = grad, vy/| grad, vp|lo. By Lemma 2.3.4 and
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Lemma 2.3.3,

|| grad, vp||a = (grady, vn, Gn)a = —(vp, div g)

div & )
= —(vn, ) S div€nllon S 2 [ullrrats,e-
| erad,, on o

(2.45)

It remains to bound V+wy,. Let g, = V4w, /||[V4Ewy||lo. The orthogonality implies

IV wp|lo = (aén, qn)
= —(a(p —;p),an) + (alp — 1), an)

=I1+11.

I is split as

I'=((a—a)(p—1Lp),q) — (alp —1I}p),qn) = L + L.

By Lemma 2.13 and ||a — aljp..0 = O(h),

I = (") |pl 41

I5 can be estimated by Lemmas 2.3.1 or 2.3.2.

; B 1 in(l o 8
’]2| 5 h1+m1n(1,a,2)| 10gh|é HUHS,OO,Q or hr+1+m1n(é,a,2) (|p’r+1,oo,§2 + Hp||r+2,§z)-

34

(2.46)

(2.47)

(2.48)



Since div g, = 0, (2.39)-(2.41) imply

IT = (qn, b(u — up))

=(b-qn,u— Piu+ Pju—uy)

(2.49)
= (b-qn— Py(b-qn),u— Piu) + O ) [[ullrs245,0. 2]l gnllos
= O )b~ anlnrrralulriie + O ) [ulls21s,0.0/an]log.
Since gqy|r € P,(T)?, inverse estimate (1.10) implies
b aulrrr Y ID'allor < b llawllor
1=0
(2.49) then reduces to
IT = O(h™*)|[ull 245,00/l @nlo. (2.50)
Then the theorem follows from (2.45)—(2.48), and (2.50). O

2.4 Superconvergent recovery

In this section, we consider RT, finite elements with general r > 0. For e € &,

let {(w;, g;)}}=] denote the Gaussian quadrature on e that are exact for Py,1(€), where

r—+1

{g;}:1] are quadrature points and {w;} fan,

s, the corresponding weights. Let v; € P, (e)

the polynomial that is wj_1

at g; and 0 at the rest of quadrature points. For T' € 7j,
let {)\l};ﬁlﬂ)/ ? be the nodal basis function of Lagrange elements of degree r — 1 on T'
({N}=0ifr =0, {N} = {1} if r = 1). We can specify degrees of freedom of RT,

elements as

Ni(q) = ][ g -y, NI(q) = ][T an,
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where e € &,, T' € T;,, and n, is a unit normal to e,

Now we introduce a new recovery operator R} : Q7 — S ™' xS/ . For q;, € Qy,
it suffices to specify nodal values of R} q),. Here a node is the location of the degree
of freedom of Lagrange elements, which can be a vertex of a triangle or an interior
point of an edge/ triangle. For vertices z1, zo, z3 € N}, let Z123 denote the edge with
endpoints z1, 23 and z12,23 the triangle with vertices 21, 29, z3. R}, is defined in three
steps.

Step 1. For each vertex z € Ny, let Ry qn(z) := q.(z), where q, € P, (w,)?

minimizes the quadratic functional

r+41

Fla= > > (Vg - Ni(an)’
e€€p(wz) j=1
r(r+1)/2 2
+ 33T S (M g) - N (aw)?

TeTh(w.) I=1 m=1

subject to g € Py (w.)?

Step 2. For each node z in the interior of an edge e = z1z5 € &, let
nan(z) = (1 — a)q:,(2) + 0q:,(2), o =|z—z]/lel.
Step 3. For each node z in the interior of the triangle T = Z12523 € Tj, define
han(2) = 1z (2) + 0202, (2) + 03q:,(2),

where a1, as, a3 are barycentric coordinates of z w.r.t. z, 2o, and zs.
In some cases, w, needs be enlarged to ensure that the above LS problem has a
unique solution. Since R} depends only on the degrees of freedom of the RT, element,

rq is well-defined for all ¢ € Q and R;II,q = Rjq. In addtion, N?(q) = q(g;) - n.

36



for g € P,11(T)* and e € &,(T).

To clarify the recovery procedure, we give details to the two important cases:
RTy and RT; elements.

Example 1. RTy elements on triangular meshes. In this case, Rlq;, is a
continuous piecewise linear function. At step 1, let {e;}7_; = &Ep(w.). Let m; =
(mj1,mj2)7 be the midpoint of e; and n; = (n;1,n,2)T be a unit normal to e;. Then

q. = (c1 + coxy + 379, ¢4 + C571 + CoTo)T € Pi(w,)? is the minimizer of

Flq) =) (a(my) - n; — qu(m;) - n;)*,

Jj=1

subject to g € P (w.)?.

Equivalently, ¢, = (c1, ..., )T satisfies the normal equation AZAZCZ = AZTdZ, where
d. = (qgn(my) -nq,....qp(my) -n;)7, A, = (af,...,a’)" is an J x 6 matrix, a; =

(1, Mjimi1, Mjanii, o, M1 e, Mjanje). Then Ruqn(z) = q.(2z) for z € Nj,.

To avoid ill-conditioned A, on graded meshes, we calculate g, by scaling it
properly. Let h. = |w.|2 and §.(&) = q.(z + h.&) = (&1 + éodiy + Cadia, &4 + E5dy +
Coia)T. €, = (é1,...,¢6)7 solves ATAé, = Ald,, where A, = (al,...,a))T, a; =
(1, Mjing1, Mjani1, Ny, M1y, Myenye), My = (my; — z)/h, = (M1, Mm;2). Finally
Ryqn(z) = (é1,¢4)T.

Example 2. RT) elements on triangular meshes. In this case, R}q; is a
continuous piecewise quadratic function. At step 1, let {e;}7_; = & (w.) and {T}}1, =

Tn(w,). Let

2 2
C1 + Cox + C3To + C4X” + C5X1X2 + CeX5

q: € 7)2 (WZ)Q

C7 + C3T + CoXo + 010$% + c11x1T2 + 0122}%
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minimize

Flg) = (a(x;) - n; — au(x)) - m)* + (q(y;) - m; — au(y;) - n;)°

j=1
L 2 2
+2 (f o f ) aepar
1=1 m=1 /Tl Ti
where ¢ = (q1,92)", qn = (qn1,qn2)7, T; = 3+\[ i+ 2= fb],y] = \/gaj - 3+6\/§bj,
and e; = a;b;. Equivalently, ¢, = (c1, ..., ¢12)7 solves the normal equation ATA,c, =

Ald., where

d, (Qh(fcl) nlaqh y1 nlth CUQ nQth y2 ‘Ng,...,

T
y] n]a][ C]hl»][ Qh27][ th;][ qn,2y - - -, ][ Qh,2> )
Ty Ty Ty T> TL

A.=(a],...,al; ;)T is an (2J + 2L) x 12 matrix,

azj1 = (nj&;,npk;),  az; = (njmy,njn;),
_ 2 2
& = (Ll‘jhIj%%p%ﬂﬂ;%z);
2 2 .
n; = (L, v, Y2, Vi, Yin¥ies Yja), 1 < < J,

2 2
aszji21-1 = ][ (1,$1,$2,$17$1$2,$270,0, 0)07070)7
T

QAo j42] = ][ (0707()’ 070707 1,$1,$2,$2,$1I2,l’%), 1 S l S L.
T

Then R} qn(z) = q.(z) for z € Nj,. At step 2, for the midpoint z of the edge e = Z1 23,
R}qn(z) = (q.,(2) +¢q.,(2))/2. one can again introduce the scaled polynomial g, (&) =
q.(z + h,&) in practice.

Assume that the solution of each local LS problem at each vertex z is unique.

By definition Rj preserves (r + 1)-degree polynomials, namely, R;,q = q on T for
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q € P,41(wr)?. Then the polynomial preserving property (cf.[71]) leads to the super-
approximation property

lg — Riqlloq = O(R™2). (2.51)

However, it’s not obvious that these local LS problems are uniquely solvable. The next

obvious lemma gives several statements equivalent to uniqueness.
Lemma 2.4.1. The following statements are equivalent:

1. There exists a unique q, at z.

2. A,c =0 implies c = 0.

3. I} q. = 0 on w, implies q, = 0.

Hence it suffices to study the unisolvence of IT; on P, ;(w,)?. II} is moment-
based interpolation while nodal interpolation is often preferred. The next lemma relates

statement 3 to nodal interpolation.

Lemma 2.4.2. Assume g, =0 on w,. Then q. = V+tw for some w € Pys(w,). In

addition, for any e € £(w,), w(l) =0 for any Lobatto quadrature point 1 on e.

Proof. 11} q. = 0 and (2.12) imply
div g, = div(q. — I1;q.) = divq. — II}; divq. = 0.

Hence q, = V*w for some w € P,y5(w,). Given e = ab € &,(w.),

w(b)—w<a>=/atew=/qz-ne=/ "q. . = 0.

Hence w(z) = ¢ at all vertices z in w,. By subtracting ¢ from w, we can assume that
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w vanishes at all vertices. For v € P,(e), it then follows

/r@tev:—/v@ter:—/qz-nev:—/HZqz-nev:Q

and thus

/rw =0 forallweP._y(e). (2.52)

Notice that on e, the Lobatto quadrature [ f = ZHT i f(l;) is exact for f € Payyq(e),
where I; = a + (b — a)l;, {I, yit

L (s (1 = s)"™), and {/LJ}’J"*f are
corresponding weights. Let w be the polynomial which is ,uj_l at I; and 0 at rest of the
(r — 1) interior quadrature points {l; }:+211¢] in (2.52). Then r(l;) = [ rw = 0. The

proof is complete. O

Figure 2.1: a local patch containing the reference triangle

The next theorem gives practical criteria for checking the well-posedness of R

and R}.

Theorem 2.4.3. Let z be a vertex in Ty,. If #Tn(w,) > 5 and the sum of each pair of
adjacent angles in w, is < 7, then there exists a unique q, at z for RY. If #T(w.) > 4,

then there exists a unique q, at z for R}
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Proof. Assume IT7q, = 0 on w,. By Lemma 2.4.2, q, = V+w for some w € P, o(w,).
If » = 0, then w vanishes on all vertices in w, and thus g, = 0 by Theorem 2.3 in [57].

If r =1, w € Ps(w,) vanishes at all vertices and midpoints of edges in w,.
Without loss of generality, we can assume that z = (0,0) and the reference triangle T
spanned by (0,0),(0,1),(1,0) is in T (w,).

If w is reducible, then the zero set w™!(0) is the union of three straight lines
(counting multiplicity) or the union of a straight line and a conic. Clearly three lines
cannot pass all vertices and midpoints in w, provided #7;(w,) > 4. If w™!(0) contains
a conic branch C| clearly C' must contain at least two vertices a,b in w,. However, C'
cannot pass through “T“’ by elementary geometry.

Hence a reducible w cannot vanish at all nodes in w, and we can assume
_..3 2 2 3 2 2
w(wy, Ta) = 1] + Cox T + C3x1X5 + C4Ty + C5T5 + CT1To + C7xs + CyT1 + Coa

is irreducible. Furthermore, we can assume one of the coefficients of highest order
terms is 1, say ¢; = 1(similar argument for ¢y, c3 or ¢y = 1). Let (a, 8) be the vertex

outside 7' next to (0,1), see Figure 2.1. Solving the linear system of equations

we have
3—3a C_3a(a—1)
+87 7 BI+B)

Note that 8 # 0,8 # —1 in (2.53), otherwise the irreducible cubic curve w=!(0)

(2.53)

C1 =

intersects with a line at five distinct points, which is impossible by Bézout’s theorem

(cf.[61]). Also a # 1 otherwise it violates the topology of the patch w;. Hence /5 =
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—¢y/cy. Let (o, 3) be the vertex outside T next to (1,0). Similarly we have o’/ =
—co/cy. Then it forces that («, 5) = (o/, '), which contradicts #7,(w,) > 4. Hence
w=0and g, =0.

Therefore by Lemma 2.4.1, there exists a unique q, for r = 0, 1. O

We say a vertex z is good if the condition in Theorem 2.4.3 holds at z, otherwise
it is a bad vertex. In practice, 7, typically has a few bad vertices, e.g., boundary
vertices. There are several ways of dealing with a bad vertex z. If z is directly connected
to a good vertex z’, one can define w, := w,, and thus A, is of full column rank. More
conveniently, one can empirically add some extra elements to the patch w, in practice,
e.g., enlarge w, by one layer. Alternatively, one can solve a rank-deficient local least
squares problem, which might reduce the super-approximation property of Rj:

In the rest of this chapter, we assume that

At each vertex z, there exists a unique q..

Using the uniqueness of the local LS solution, we can obtain boundedness of Rj.

Theorem 2.4.4. For q, € Q) and T € T,

|Rrallor S llallowy, 7=0,1.

Proof. For z € Ny, Let opin and 0,0 be the minimum and maximum singular values of
A, respectively. The goal is to show that oy, is uniformly bounded away from 0. MAC
implies #75(w.) < Nuax = 27/0O. Hence it suffices to consider the case #7,(w,) = N
for some fixed N < Npax. In this case, #&,(w,) = 2N. Let Ny = 2N, Ny = 6 provided
k=0 and Ny = 6N, Ny = 12 provided k£ = 1. Let My, «xn, and Sy, xn, be the set of

N; x Ny matrices and N; x Ny rank-deficient matrices, respectively. It is well known
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that o = dist(A., Sy, xn,), the distance (measured by matrix 2-norm) from A, to
rank-deficient matrices. dist(-, Sy,xn,) is continuous on My, «n,. Recall that A is the

scaled LS coefficient matrix determined by w,. Consider all possible w, and define
A, = {Az € My, xn, : #Th(w.) = N,w, satisfies MAC}.

Clearly A, is a compact set in My, «n, and any A. € A is of full rank by the uniqueness
assumption, which imply that o.;, = dist(fiz, SnyxN,) = C1 > 0, where C depends
only on the minimum angle ©. The maximum singular value o, < Cy, where Cs

only depends on Q. For g, € OF,

‘éZ| < H(AIAZ)AH?‘A;dZ‘ <o, Umax,dz,

min

(2.54)
< Cf202"qh|’0,oo,wz S hj”‘ﬁt”&mv
where | - | is the Euclidean norm. Finally by (2.54), we have
[Rhanllor S A RLGlo.0or S RlE:| S llanllowr
which completes the proof. O]

The super-approximation property of Ry, follows from the uniqueness and bound-

edness results.

Theorem 2.4.5. For g € H (),

”q - quHO,Q 5 hr+2‘q|r+2797 r= 07 L.

Proof. Let T = Z1z323 € T, and 77 C § be a smallest local triangle containing wy.

Let g¢,11 € P,41(T1)? be the degree-(r + 1) local Lagrange interpolant of g using based
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on T7. By the uniqueness assumption, R} g,+1 = g,+1 on T. It then follows from

RIIIL = RY that

lg = Bigllor < llg = griallor + | BR1T (Grsr — @)llor- (2.55)

Using the boundedness from Theorem 2.4.4 and (1.8),

IR (@r 11 = @llor S T (@r+1 = @)llowr

(2.56)
S AT (@1 = Dllosowr S Pllarir = @llocowr S 02]alrom -

Combining (2.55), (2.56) and the shape regularity 7, completes the proof. ]

Combining Theorems 2.3.5 and 2.4.5, we obtain the superconvergent recovery

estimate.

Theorem 2.4.6. Assume that Tj, satisfies the (o, B)-condition. Then

T T r min( a2
lp = Byphlla S PR (Iply w0 + [Pllra2e), 7 =0,1.

Assume that Ty, satisfies the piecewise strong («, 3)-condition. Then for the RTy finite

element,

Ip — Riphlloa S h 05 log b [ul]3 o0 0.

Proof. The theorem follows from

Ip — Rypylloe < [P — Rpplloq + [ R, (L — p)) o,

and Theorems 2.3.5 and 2.4.5. O
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2.5 Proofs of Lemma 2.2.4

To prove Lemma 2.2.4, we introduce cubic bubble functions

o = MA2A3, U = Mem1 M1 (M1 — Mi1), 1<k < 3.

By counting the dimension, it is clear that {¢y};_, can span polynomials in P;3(T)
that vanish at {z;}3_, and midpoints of {ex};_,. In fact, {¢x}i_,

derive superconvergence of quadratic Lagrange elements (cf. [42]) and a posteriori error

estimators (cf. [11]). In addition, we have the several elementary identities:

COS Gk = (6 -1 + £k+1 gi)/(2£k71£k+1>7 sin Qk = Ek/d, dk = £k71€k+1/d;

Ng_1 = —sinf 1ty — cosOp 1My, Mgy = sinb,_1ty — cost_1ny,
2 2

0, , = cos 9k+18 — 2cos By sin Qk-i-latknk + sin 9k+1ank,
2 2 2 . 2 .2 2

8tk+1 cos Qk_lﬁtk + 2cos 6j,_; sin ek_latknk + sin ek_lank.

For each edge ey, we define several associated geometric quantities {a} ; }1<iji<2

aizk = 0‘%1,1@ 12d2€ g £k+1(€k71 - giJrl)a 0452,14

a%l,k = 4863 (f €k+1)(9€i - (K% £k+1) )a
O‘%Zk = agl,k = _04%1,1@: agz,k = _O&z,k'

With this preparation, we present an analogue of Lemma 2.2.1.

Lemma 2.5.1. For py € Py(T)?,

po — 1} py = Viw
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where

3
L /3
w= O‘;l,szj',lk(Pﬁwo + Z T;D%}k(p2)wk-
k=1

Proof. Notice that N x(p2 — ips) = Nog(ps — I} p2) = N3i(ps — I p2) = 0 for
k=1,2,3 and [ = 1,2. Then Lemma 2.4.2 leads to

3
p2 — p2 = V(D cxtn). (2.58)
k=0

For a unit vector d and the directional derivative dq4, the definition of R71(T") implies

that 9211} py is proportional to d. Then applying d™* - 93 to (2.58) gives

3

k=0
By direct calculation,
83% = 68d/\18d/\28d)\3, (2.60&)
O3he = 604\ e—10a k1 (Oadk—1 — Oadit1), 1<k <3. (2.60b)

In particular, 0 1o = 0 and 9} ¥; = —120;/¢;. By (2.60) and (2.59) with d = t;, we

have

It remains to determine cq. It follows from (2.59) with d = n;, that
D%Qk(pﬂ = 0085’%% + Ckaikwk + Ck*laikwk—l + CkH@f’LkwkH, (2.62)

Using Op, Ak = —1/dk, On A1 = €08 0g—1/dgy1, Ony Ak—1 = €08 Op1/di—1, (2.60) with
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d = ny, (2.61), and (2.62), we obtain

di—1didi4q -
— D
6 cos f_1 cos b1 1’k<p2)

2 (cos Ori1  cosOp_q

—d — D)
* 12 g dk—1 di11 2’k(p2)

Gy dyy 1 cosB_q
- | — pl
12 cosOr1q (dk + dis1 ) 2.0—1(P2)

o d 1 cosé
k41 Ok+1 (_ i &) p%}k+1(p2)_
dy, dr—1

Cop =

12 cosfi_q

Plugging in (2.57), we obtain ¢y = ozé-l’kDf,lk(pg), 1<k<3.

(2.63)

Now we can prove Lemma 2.2.4. In the proof, we use the integral formulas

/ )\71”1)\37’2)\?3 _ 2|T‘m1'm2'm3' 7
T (m1+m2—|—m3+2)!

lejmy!ma!
APAYE = ,
/e 1 2 (m1 +m2+1)‘

(2.64)

where {m;}?_, are non-negative integers and A;, Ay are barycentric coordinates w.r.t. the

edge e.

Proof of Lemma 2.2.4. Using (2.9) and Lemma 2.5.1, we have

3
/(pz - H%Jh) : Vsz = Z/ wVJ_TQ -t — / rAws
T k=1 €L T

=I+11.

Recall that ¢ = Ap_1Axr1. Then using the hierarchical representation

3
1
wg — [iwz 79 ;%m%wz,
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and A¢y =2V A,_1 - VAgr1 = —2cos0/(dg_1dk+1), we obtain

Aw, = Z 1 lys1 €08 0,07, W, (2.67)

4|T|2

It then follows from Lemma 2.2.4, (2.67), and [, v = |T|/60, [, ¢, = 0,1 <

k < 3, that

T
17 = _%COAU)Q

1

— _W Z Cofigk_lgk;-i,-l COS QkagkU)Q (268)

~ 120 Z/ oy DL (p2) i cot 0,07, w.

By Lemma 2.2.4, (2.20), and ¢, = —{;0y, ¢3 /2, we have

sin 6, sin 6,

4l ( cos 01 52 cos 041 o
- Z 24/ 4 DZk (bk ( tktk W2 — matktkﬂwQ) :

3
1 cos O cos 6
= _ZE/ (3D (P2) b V= wy - ( Skl e — 2 k+1nk+1>
(2.69)

Then using the quadrature rule (2.64),

sin 6,

3
1 —_— cosOr_1 o 08 Ok 41
1= 735 2 (iPi(p2) (n—eé‘w— LRtz )
k=1

In addition, (2.66) gives

O? 9 bk 82 gi“ 02wy — b FELH2
trti—1 g _ t, W 2&3 lgk trt1 2€ tp—1 4
2, wy = g’“ 92w ——g’”la? wy + gy,
tptpy1 2 T 2€k+1 t, W2 20, tht nggk—s-l 102
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Therefore,
i/ p2) cos Ok 1 _cos 01
T 1440 sin 0 5k+1 lr_q

4
gkz—l Cos 0k+1) (270)

+

D1 (p2) (cos O + —

sin Qk gk—i—l

s l
k41 ;1“1 (p2) <— cos 01 + cos Qk) } 8t2kw2

sin 041 lpy

Combining (2.68), (2.70) and using (2.57), we obtain Lemma 2.2.4. O

2.6 Numerical experiments

Figure 2.2: initial Delaunay triangulation

Problem1: We first test our recovery operators R) and R} on

—Au+u=f xeq,

where Q is the triangle spanned by (0,1), (—1,—1) and (1, —1). Let u = exp(z1 + z2),
g = ulgq and f be the corresponding source term. In tables, ‘nt’ denotes the number of
triangles. For RT} elements, we also test the postprocessing operator K}, in [12]. The

experiments are performed using the PDE toolbox in Matlab 2016b. In this section,

49



1 1
0.8 — 0.8 —
0.6 A 0.6 A
0.4 A 0.4 - A
0.2 - B 0.2 A i

o o avzs u

[ ] [ NN LA ]
A AN
SRR 07D
-0.2 + B 0.2 JosONS ST B
SRS PRS2,
A VZENG VSIS
-0.4 7 0.4 DN eSAUEIS, b
At XY
SNPRES
-0.6 B -0.6 - SATRIADS B
& 2 AP
ray %
_o.8 | %i'%% ,«vﬂ}% 4 _o.8 Véum s 203
e s SRR, % IS S S i S A TS
1 RRRRRXRRRRRERN RRAKRIRRRARRIRRIN 1 SO NERERRARSISSRNND A

-1 -0.5 o 0.5 1 -1 -0.5 o 0.5 1

Figure 2.3: (left)regular refinement (right)longest edge bisection

the norm || -|| is short for || - |o.o. The order of convergence is p such that error~ dof 2,
where dof is the number of degrees of freedom. p is calculated by least squares fitting
using data in tables. The first row is dropped in Tables 2.1-2.4 because of abnormal
error reduction in coarse grids.

We start with the Delaunay triangulation in Figure 2.2, and computed a se-
quence of meshes by regular refinement, i.e., dividing an element into four similar
subelements by connecting the midpoints of each edge, see Tables 2.1 and 2.2. We also
computed a sequence of meshes by longest edge bisection, see Figure 2.3, Tables 2.3
and 2.4.

For regular refinement, the grids satisfy («, 5)-condition with (a, 8) = (o0, 1) as
well as piecewise strong («, o)-condition with (a, ) = (o0, 00) (i.e., piecewise uniformly
parallel grids). For RTy elements, |II9p — pY|| = O(h?) and ||p — RYP)|| = O(h?) by
Theorem 2.4.6, which are verified by Table 2.1. For RT; elements, Theorem 2.3.5
predicts that ||II}p — p}.|| = O(h?®), which is confirmed by Table 2.2. However, ||p —
Rip;|| = O(h?) according to Table 2.2. Tt shows that the estimate | p— R} p; || = O(h*?)
for RT; elements by Theorem 2.4.6 may be suboptimal.

For longest edge bisection, the resulting sequence of grids is completely unstruc-

tured, i.e., almost no pair of adjacent triangles forms an O(h!'™®) approximate paral-
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lelogram. Hence there is no supercloseness and superconvergence of K}, see Tables 2.3

and 2.4. Surprisingly, there is still apparent superconvergence for ||p — Ripf||, k =0, 1.

Problem2: In the second experiment, we report a negative result for the low-
est order Brezzi-Douglas-Marini (BDM;) elements. We test the BDM; element for
Poisson’s equation —Au = f with exact solution u = exp(z; + z3). Let p, denote
the numerical solution, p; the canonical interpolant and Rj, the LS-based recovery op-
erator fitting degrees of freedom of BD M, elements, respectively. We start with the
uniformly parallel mesh, see Figure 2.4(left), and regularly refine it. Even though R,p;
has excellent superapproximation property, there is no supercloseness and supercon-

vergence of postprocessed solution to exact solution for BD M, elements, see Table 2.5.

Problem3: In the end, we test R} and R; by Poisson’s equation —Au = f on

the square [—1, 1] x [—1, 1] with a notch whose angle is w = 7w/24. We choose

2
u(r,0) = r¥—o sin T _g) - T—,
2 4

T —Ww

where (r,0) is the polar coordinate. The corresponding f = 1. We use nr = || R¥pF —
P¥lo.r as a posteriori error estimator and start from the initial grid in Figure 2.4(right).
The adaptive feedback loop is the classical “Solve — Estimate — Mark — Refine” loop
(cf. [26, 55]). The simple recovery-based error indicator nr generates correct girds for
the solution with a point singularity, see Figure 2.7. In addition, there is apparent
superconvergence under adaptively refined meshes, see Figure 2.5 and 2.6.

Chapter 2, in part, contains the original results in STAM J. Numer. Anal. 56
(2018), 792-815, Li, Yu-Wen, 2018 Society for Industrial and Applied Mathematics.

The dissertation author was the author of this paper.
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Chapter 2, in part, has been submitted for publication of the material as it
may appear in Journal of Scientific Computing, 2019, Bank, Randolph E.; Li, Yuwen,

Springer, 2019. The dissertation author was the coauthor of this paper.

Table 2.1: RTj with regular refinement

wt [l — 0 [ 1% — B [ I — Rl [ 1o — Kbl
150 | 1.011e-1 2.118e-02 3.542e-02 2.948e-2
600 | 5.124e-2 | 6.060e-03 8.251e-03 9.782e-3
2400 | 2.574e-2 1.684e-03 2.114e-03 2.296e-3
9600 | 1.289e-2 | 4.595e-04 5.492e-04 1.121e-3
38400 | 6.447e-3 1.237e-04 1.434e-04 3.856e-4
order 1.002 1.880 1.957 1.562
Table 2.2: RT) with regular refinement
nt | lp—pull | 1P — pall | [P — Ripyll
150 | 2.161e-3 4.740e-4 9.774e-4
600 | 5.471le-4 8.444e-5 9.061e-5
2400 | 1.376e-4 1.493e-5 1.058e-5
9600 | 3.451e-5 2.640e-6 1.460e-6
38400 | 8.641e-6 4.660e-7 2.271e-7
order 2.001 2.510 3.023
Table 2.3: RTy with bisection refinement
nt | lp—ppll | 1 —pll | lp — Byppll | [lp — Knpj|
150 | 1.011e-1 2.118e-2 3.542¢-2 2.948e-2
378 | 7.812e-2 2.440e-2 2.110e-2 5.388e-2
865 | 5.099e-1 1.357e-2 9.894-3 3.392e-2
1889 | 3.567e-2 9.904e-3 5.728e-3 2.252e-2
4031 | 2.457e-2 6.179e-3 2.677e-3 1.533e-2
8476 | 1.682e-2 4.460e-3 1.647e-3 9.946e-3
order 0.986 1.087 1.663 1.083
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Table 2.4: RT, with bisection refinement
nt | lp —paull | 12 — pall | [Ip — Rppsll
150 2.161e-3 4.740e-4 9.774e-4
378 | 1.252¢-3 4.881e-4 5.140e-4
865 | 5.440e-4 2.347e-4 1.688e-4
1889 | 2.694e-4 9.748e-5 6.048e-5
4031 | 1.252¢-4 4.857e-5 1.889¢-5
8476 | 6.123e-5 2.110e-5 7.793e-6
order 1.942 2.033 2.735

Table 2.5: BDM; on uniformly parallel grids with regular refinement
nt | lp—pull | [[Pr —Pull | lp — Bupill | [P — Rupal|
64 | 8.541e-03 | 1.195e-02 | 2.492e-03 1.042e-02
256 | 2.171e-03 | 2.958e-03 | 2.422e-04 2.779e-03

1024 | 5.465e-04 | 7.350e-04 | 2.240e-05 7.140e-04

4096 | 1.370e-04 | 1.832e-04 | 2.053e-06 1.807e-04

16384 | 3.430e-05 | 4.570e-05 | 1.910e-07 4.540e-05

order 2.020 2.037 3.474 1.992

1 1

0.8 R o.8
0.6 4 0.6 -
0.4 r B 0.4

0.2 T 0.2

-0.2 T -0.2

-0.4 E -0.4 |

0.6 | E -0.6 |

_o.8 | E -0.8 |

Figure 2.4: (left)uniformly parallel triangulation (right)adaptive initial grid
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Chapter 3

Superconvergence of the

Hellan—Herrmann-Johnson mixed

method

3.1 Introduction

Since there is no simple finite element subspace of HZ(2) in the primal formu-
lation (3.2), the fourth order elliptic equation (3.1) is often discretized by the non-
conforming Morley element method, or the mixed Hellan-Herrmann—Johnson(HHJ)
method. In the HHJ method, the stress tensor o = AV?u and the displacement u in
(3.4) are approximated by the finite element solutions o, and uy, respectively. It can
be shown using a duality argument that I,u and u; are superclose in the H'-norm
on unstructured grids and thus a postprocessing technique can be applied to achieve
superconvergence for the displacement variable, cf. [3, 23]. It is often the case that
the stress tensor o, or simply the Hessian of u, is of more practical interest than u

itself. For example, the adaptive version of Morley and HHJ methods are based on a
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posteriori error estimation of o instead of the H'- or L?*-norm of u — wy, cf. [41, 39].
However, superconvergence analysis of the tensor variable is mesh-dependent and more
involved. Up to now, there has been little work for superconvergence of stress tensors
in mixed methods, except for [36], which presents recovery superconvergence results
on o = V2u for the lowest order HHJ mixed method on uniformly parallel grids.

In this chapter, we shall prove Theorem 3.2.5, a supercloseness estimate for o
in the lowest order HHJ mixed method under mildly structured grids. The proof is
constructive and different from the proof in [36]. Our supercloseness result shows that
the rate of superconvergence proved in [36] on uniform grids is suboptimal (an extra hz
is obtained in Theorem 3.2.5). The main tool for superconvergence analysis is Lemma
3.2.1 about the local interpolation error expansion. Global supercloseness then follows
from the framework for superconvergence analysis of RT mixed methods in Chapter
2. The additional difficulties arise from the symmetry of the stress tensor in the HHJ
method and the double divergence operator div Div.

The second major component of this chapter is the new recovery operator R
based on superconvergent patch recovery technique, compared with R} for the RT,
element in Chapter 2. We shall show that Rj, has a nice super-approximation property
and thus achieves recovery superconvergence using the aforementioned supercloseness
result. The analysis is still based on Lemma 3.2.1. Meanwhile, ||}, — Ryop|lor can
serve as a posteriori error estimators. In numerical experiments, it is shown to be
asymptotically exact. The asymptotic exactness of recovery-based error estimators is
often attributed to superconvergence.

Preliminaries are introduced in the rest of this section. Throughout this chapter,
variables in boldface stand for vectors or matrices. A vector is viewed as a column by

default unless confusion arises. For a scalar-valued function v and vector/matrix-valued
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functions

¢1 1
¢: ) T: )

05 T2

several differential operators are defined as

Curlgp = (V*1¢1, VEéy)T, Rotr = (V x 1,V x 1),

Gradgb = <V¢1, ng)Q)T, Divr = (le T1, div Tg)T.

Symmetrized gradient and curl are defined as
1 1
Grad®(¢) = §(Gradq_’> + (Grade)T), Curl®¢ = §(Curl¢ + (Curlg)T),

respectively. The linear operator A is defined to be

E
At = 12(1—_1/2)((1 —v)T +vtr(r)I),

where 7 a symmetric 2 x 2 matrix, I is the 2 x 2 identity matrix, tr(7) is the trace of
T, FE is the Young’s modulus and 0 < v < 1 is a constant. Without loss of generality,

we set /12 = 1. Let V? denote Hessian. We consider the boundary value problem

divDivAV?u = f in Q, (3.1a)

u=0pu=0 on 0. (3.1b)

Let : denote the component wise product for matrices, namely, A : B =" Z?Zl a;jbij,

Il e R Il e R

product: (A, B) = [, A : B. The primal formulation for (3.1) is to find u € Hg (),
such that

(AV?u, V?v) = (f,v), for all v € HZ(Q). (3.2)
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Here HZ(Q) = {v € H*(Q) : v = 0pv = 0 on 9Q}. (3.2) is the model variational
formulation for Kirchhoff plate theory, cf. [16, 41, 39].

For a symmetric 2 x 2 matrix 7, two scalars 7,, := n'tn, 7, = n’7t are
defined on 0T, where n and ¢ are unit normal and tangent to 07", respectively. For a
space V,

V11 V12
4 . .
[V] = QU= : V12 = V21, V45 GV, 1,] = 1,2 ,

Vg1 U2 (3.3)
V" :={v=(v1,...,0,)T:0; €V, 1 <i<n}.

Recall that U, = S; N Hy () and define

Y= {1 € [L2(D]E: mlr € [Po(T)]2, YT € Ty,

(Th)nn is single-valued on each e € £/}.

Equation (3.1) is equivalent to the second order system

o= AVZu, (3.4a)

divDive = f. (3.4b)

It follows from direct calculation that

Cr=A"r=(1+v)r —vitr(r)I.

By (3.4) and integrating by parts element by element, we have

(Co,7) + bp(Tn,u) =0, (3.5)

bh(a-a Uh) = _(f> Uh)v
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for all (74, v,) € 3), x Uy, where

bp(T,v) 1 = Z /TDiVT - Vv — /8T7'm(9tv

TeTs

_ Z/—T:V2U+/ TnOn.
T oT

TeTh

(3.6)

Here we use the tensor version integration by parts

/DiV‘r-Vv:/ (Tn)-Vv—/T:V%, (3.7)
T ar T

where v € H?(T) and each component of 7 is in H'(T'). Another useful formula is

/Curlgo:'r:/ go-rt—/go-Rot'r, (3.8)
T or T

for the same 7 and ¢ € [H'(T)]?. The HHJ mixed method for solving (3.4) is to find

(oh, up) € Bp, X Uy, such that

(Con, ™) + b (Th, un) = 0, (3.9a)

bh<0'h,1)h) = —(f, Uh), (39b)

for all (73, vs) € Xp, xUy,. For 7 € [H(Q)]2, 7,7 is the unique element in X, satisfying

/ (T T )om = / T, for all T € Tp. (3.10)
oT ar

We also need the linear Lagrange interpolation [j. It is readily checked that 7, I}, and
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by, satisfy

bp (T, vp) = bp(T,vp), for all v, € Uy, (3.11a)

bn(h, Inv) = bp(m,v), for all 7, € 3y,. (3.11b)

The rest of this chapter is organized as follows. Section 3.2 is devoted to es-
timating the global variational error and developing a supercloseness estimate, i.e.,
Theorem 3.2.5. In Section 3.3, we construct the recovery operator and prove Theorem
3.3.3, a recovery-type superconvergence estimate. Numerical experiments including
both smooth problems under quasi-uniform grids and singular problems under graded

meshes are reported in Section 3.4.

3.2 Supercloseness

First we expand the local interpolation error for linear tensor-valued functions.
Let @ be the matrix representing rotation by 7 counterclockwise and d*+ = Qd for

d € R?.

Lemma 3.2.1. For o, € [Py(T)]%,
o1 — mo = Curl® rt,

where

3
o1 __ g1
rot = § ¢k7k )
k=1
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with

52

Yol - ny = fni@tkalnk, (3.12a)
2

Yot -t = Ekn;(?nka'lnk + G0, o1y (3.12Db)

Proof. First note that

Dk
/ n, | Curl® ny
ek

0
(3.13)
:/n; Curl ne=0, 1<k<3
Ck o
Now assume that 5 5

K2 |0
Curl® U Curl® (3.14)

0 O

i=1 i=1

are linearly independent. The reason is given at the end of the proof. Since fEk(al —

Tho1)nn = 0 for 1 < k < 3, by counting the dimension, we have

3 3
b 0

o — o = Z a; Curl® + Z 5; Curl® = Curl® r°*, (3.15)
i=1 0 i=1 Oi

where 771 = 327 447" with 47" = (ay, 8;)T, and «;, B; are some undetermined

constants. Given two unit vectors d; and ds, it follows from (3.15) that

1 o1 a¢z a¢2 o1
di(o — mo1)dy = —521: <dI7i ody + ad%’?" Td2> : (3.16)

3

)
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First, applying 0, to (3.16) with dy = d2 = ny, and using
05 b = =203/, (3.17)

where dy; is the Kronecker delta, we obtain (3.12a), the normal component of ~7*.

Second, by applying 0, to (3.16) with d; = tx, dy» = ny, and using (3.17), we have

3
1 1 >
t10;, o1y, = K_th,‘jl +5 > 0} 0¥ T (3.18)
k i=1

Third, applying 0p, to (3.16) with d; = dy = ny, leads to

3
nlon, o = — Y Tio;,, b (3.19)

i=1

Comparing (3.19) with (3.18), we obtain (3.12b), the tangential component of y7*. As

for the linear independence of (3.14), let

i
0

3
E o Curl®
i=1

3
0

+ E B Curl® =0.
=1 b;

Then by using the same argument below (3.15), we obtain that both the normal and

tangential components of (o}, 8]) are zero, i.e., o = 3! = 0. O

Any vector &, € R? is a linear combination of #;,_; and #;,;. Similar to (2.20),

I P L PR P )

sin 0y, sin 05,

& =
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Combining it with ¢;/sinf; = {5/ sinf, = {5/ sin O3, we obtain

3 3 3
gk gk
;&VU & = ; i gkﬁk “Ny_10%,, U — ; S b, &k - Npg 1Oy, v
- - - (3.20)
3,
= —— (&k—1 - M1 — Ep1 - M) O, 0.
£~ sin 0;.

The identity (3.20) is essentially first proved in [9] but the proof here is simplified,
compared also with the proof of Lemma 2.2.2. Setting &, = dyng for 1 < k < 3 in

(3.20) and using ny_ - 11 = — cos O, we have

3 3
Z Kkékvlv . tk = Z 51@ cot Gk (5k+1 — 5k_1) 8tk'U-
k=1 k=1
Let ¢ = (¢1,¢2)T be a R?-valued function and 8y = (81, 0k2)7 € R% Setting v = ¢y,

Ok = 0g1 Or U = g, O, = 0g2 for 1 < k < 3 in the above identity, we obtain

3 3
Z fk(s,z(Curl <p)tk = ng cot Qk(5k+1 - 6;€_1)T8tkgo. (321)
k=1 k=1

The next lemma is our main technical tool for estimating the global variational error

in the HHJ method.

Lemma 3.2.2. For a1 € [P1(T)]* and ¢ € [P1(T)]?,

S

3
/C(0'1 — o) Curl’ p = Z/ g7 O, p, (3.22)
T k=1 " ek

where

gi' = — 5 (LW = )T cot O + 7 Tt

1
_E(
+ (Ve Tte—1ti_1 — Yeiites1t) ) cot Oi} (3.23)

v 1

6 sin 6y,

o17 T o7 T
(’7k71tk—1nk+1 - 7k+1tk+1nk—1)Qa
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and {v7* }i_, are defined in (3.12).

Proof. Let 7 = Curl®¢. By the self-adjointness of C, the symmetry of Cr, the

integration-by-parts formula (3.8) and Lemma 3.2.1, we have

/C(01 — TpO) 1T = /(0'1 — o) : CT = / CurlP r?' : Cr
T T
/Curl’r‘71 Ct = Z/ Seyp T (CT)t = ZE Yo T(CT)t

In the last step, we use Simpson’s quadrature rule. It follows that
1 1
/ Cloy —mpoy) 7= =(1+v)[ — v, (3.24)
T 6 6

where

3 3
I= Zﬁk'y,‘:”Ttk, Il = Zﬁk'yg”tk tr(7T).

k=1 k=1

By 7 = {Curl¢ + (Curl ¢)7}/2 and the identity (3.21),

3
1 o g
D) Z e cot O (Vs — ¥21) 0P
k=1
5 (3.25)

1 o
+35 ;; AT T (Curl )Tty = I + .

By writing 47 'T = 7 ' TttL + v¢ "nyn) and using (3.21),

Z 0T T T (Curl o)ty + = Z 0y Tngt] (Curl @) my,
=3 Z Cr ot Or (Ve Tt tiyy — Y Tbe1ti_y )0 p (3.26)

k=1

3
1 o
5 Z Ceyy Tt O,
k=1
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Let ¢ = (¢1,92)7. By the identity (3.20) with & = (0,—1)T(y7'"tx),v = ¢1 and

& = (1,0)T(~7y "ty), v = 2, respectively, we have

3
= ng')’]g”tk(_angpl + 8171902)
k=1

3
=D (7 01 + 47 Do),

k=1
where )
P = g nEa (0~ (2 Tte) = Ly (0, -1 (T},
o 1 o o
7' = g (L (0L 0T Tt) = L, (1,0 (7 Tt

Combining (3.24)—(3.27), we obtain (3.21).

(3.27)

]

We expand the left hand side of (3.22) in terms of the tangential derivative 0, ¢

which is single-valued over the inter-element boundary provided ¢, € [S}]?. This fact

is crucial for error cancellation, see the proof of Theorem 3.2.5. Note that g

is linear

in oy. By passing o to Io and vice versa, we obtain a corollary for general . The

proof is skipped because it is the same as Lemma 2.2.3.

Lemma 3.2.3. For ¢ € [P1(T)]?,

3
/ C(o —mro): Cufp =3 / 92000 + O()|olarloh .z
T k=1 " ¢k

Although g¢ in Corollary 3.2.3 is complicated, g is clearly of magnitude O(h?).

In addition, |g7 — g7'| < h*T®|Da| on e, where ¢, is shared by T' and T" which form

an O(h'*)-approximate parallelogram, and g¢’ is defined by the quantities on 7", see

the proof of Lemma 3.2.4. Now we present our main lemma.

Lemma 3.2.4. For any ¢, € [Sp]?, let 7, = Curl* . If T, satisfies the (o, 3)-
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condition, then
< 14min(%,a,2)
(Clo —mno), mh) S b2 ([ |00 + o ll2)l[Tallo.0- (3.28)
If Ty, satisfies the piecewise strong («, B)-condition, then

(Clo = ma), m) S WD log b3 | |s.sc.0| a0 o (3.29)

Proof. First assume that 7T;, satisfies the strong («, 5)-condition. By a Korn’s inequality

in quotient space (cf. Theorems 2.3 and 2.2 in [20]),

len + 7ille S [|Grad®(ep)]lo.0 (3.30)

for some r; = axt + b € ker Grad®, where a € R,b € R2. Then using (3.30),
Grad®(¢r) = Q(Curlb ,)QT, and setting @, = ¢ — r{, we obtain Curl®¢p, =
Curl® ¢, and

[@nllie S I Carl* @ullo.o = [[7allo- (3.31)

Let g7 = g7 in Corollary 3.2.3. Note that ¢, € [Sy]* and thus 9y, @y, is single-valued

on e;. Hence by Corollary 3.2.3 and rearranging the sum, we have

(Clo —mpo), ) = (C(o — mpo), Curl® p)

== {Z/ g2 Oy pn + O(h )|<T|2T|<Ph|1T} (3.32)

TETh

= Z Ii7
=1
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where

=Y [[g10n, j=12 Ir=> [g70.én,

ec&p ; ¢ ec&? N
Iiy=") O(*)|elarlénl,r,
TeTh

and [g7] := g7 — g7" if e € & ; is shared by T" and T". In this case, . is the unit
tangent induced by 7. The quantities associated with 7" have a superscript / and g7’
is computed based on the quantities in 7”. In the rest of the proof, the telescoping

inequality (2.26) for products is frequently used. For e € £, we claim that
IIg°]| < h*T™|Da| on e. (3.33)

We can view e as e; and €] in T and 7", respectively. Then t; = —t}, n; = —n/ etc.
(3.33) can be seen by three steps. First since T and 7" form an O(h'*®)-approximate
parallelogram,

3
D Jtk 4t + [y + mi| = O(h®). (3.34)
k=1

Second, by the definition (3.12) and using (2.26) and (3.34),
v =7 ST Dafone, 1<k<3. (3.35)

Finally, (3.33) follows from (2.26), (3.34), (3.35), and the definition of g7 in (3.23).
Hence by (3.33), the trace inequality (1.9) and the Cauchy—Schwarz inequality, we

have

LIS Y BP0l dnlie

e€ly |

<30 1 (h bofur + olar) - b @l (3.36)

eEz‘),‘Zy1

< Ao |l2elon] e
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Following the same argument in the proof of (2.30), (2.32), and (2.35), we obtain

8 R
L] S W' 20| s l@nl10 (3.37)

and

I3 < B2 |log b2 (|0 [[a,00.0l|@nll0- (3.38)

In the end, the Cauchy-Schwarz inequality implies
|14 S WPlols0lénh,o- (3.39)

Combining (3.32), (3.36)—(3.39) and using (3.31) we obtain the estimate (3.29). Since
the above argument is completely local, the estimate (3.29) also holds on 7}, satisfying

the piecewise strong (a, #)-condition. If I3 is trivially estimated by

|I5| < W3 ||y o0l nl i

as Iy, we obtain the estimate (3.28) on 7T}, satisfying the («a, §)-condition. O

Subtracting (3.9) from (3.5) gives the error equation

(Clo —on), ) + bp(Th, u — up) =0, (3.40a)

bh(O' — Ohp, Uh) =0. (340b)

With the help of Lemma 3.2.4 and (3.40), we can derive supercloseness estimates.

Theorem 3.2.5. If Tj, satisfies the («, B)-condition, then

— in(L a2
o = aallon S (1= 1) h™2E02 (o] 00 + [|ofl20).
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If Ty, satisfies the piecewise strong («, B)-condition, then

_ ; B 1
|mho — onlloa S (1—v) 1hlJ“”“n(l’o"2)| log |2 ||o||2,00,0-

Proof. Let 1, = mpo — o,. (div Div), 7, is defined to be the function in U}, determined

by

(’Uh, (le DiV)hTh) = bh(’Th, ’Uh) for all vy, € Up,.

By (3.11a) and (3.40b),

b (T, vn) = bp(o — op,vp) = 0,
i.e., (divDiv),7, = 0. From [21], we have the exact sequence

[Sh]2 Curl® Eh (divDiv)h\ uh — 0.

Hence 13, = Curl® ¢}, for some ¢y, € [S}]?. By (3.40a), (3.11b) and (3.41),

(1 =v)mll5e < (CTh,70)
= (C(mpo — 0),Th) — bp(Th, u — up)
= (C(7rha' — U),Th) — bh(’Th,Ihu — uh)

= (C(mpo — o), ThH).

Then Theorem 3.2.5 follows from Lemma 3.2.4 and the above inequality.

(3.41)

]

On uniformly parallel grids, Theorem 3.2.5 gives ||m,0 — o ||0.q = O(h?|log Al %).

If C = A s the identity operator, Theorem 5.3 in [36] says that ||7,0 — o ]l0.o = O(R™?)

which is suboptimal according to Theorem 3.2.5.
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3.3 Superconvergent recovery

In this section, we introduce the recovery operator R, based on the local least

squares fitting similar to R} in Chapter 2.

Definition 3.3.1. The operator Ry, : ), — [S}]# is defined as follows. For z € N},

let 7, € [P1(w,)]? minimize the functional

F(r) = Z ([T (me)lan = [T0(m)]n)?

eegh (wz)

subject to 7 € [Py(w,)]?, where m, is the midpoint of e and 7 is a unit normal to e.

CR

Then Rymh(2) := 7.(2).

Clearly, R, can also be applied to o and Ryo = Rpm,o. To clarify the post-
processing procedure, we rewrite Ry in linear algebra language. For an internal vertex

z, let {e; }é\le be the set of edges in the local patch w,. Assume

c1 + coxy + C3Tg, C4 + C5x1 + Cgxo

T, =
€4+ C5%1 + Ce2, C7+ CgT1 + Coa

Let m; = (mj1,m;2)" and m; = (n;1,n42)7 be the midpoint and unit normal to e;

respectively. Let d, = (n]m,(m1)n,, ..., nim(my)ny)T, and A, = (al,...,al)" be

an N x 9 matrix with

_ 2 2 2 2 2 2
a,j = (nﬂ, ’I’lemjl, njlmjg, anlnjg, 2nj1nj2mj1, 2nj1nj2mj2, 7’Lj2, anmﬂ, anij).

Then ¢ = (cy, . .., Cy)T solves mingegs |A,¢ —d.|*. In other words, the normal equation
ATA.c= Ald, holds.

In some cases, the local least squares problem may not have a unique solution.
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One can add some extra elements to the local patch w,, e.g. enlarge w, by one layer.
The following theorem shows that there is almost no need to enlarge the local patch

under a good mesh 7y,.

Lemma 3.3.1. Let z be an internal vertex. Assume #7Tn(w.) > 5 and the sum of each

pair of adjacent angles in w, is < w. Then there exists a unique T, at z.

Proof. Assume 7,7, = Os45 on w,. Then by Lemma 3.2.1,
T\ = To|r — mr(7:|7) = CurlP rp (3.42)

for each T € Tp(w.) with 77 = 335, ¢py™IT € [Py(K)]?, where rp vanishes on three
vertices of T'. Let r, be the piecewise quadratic polynomial on w, whose restriction to
K is . We claim that 7, is indeed a quadratic polynomial on w,. Consider an edge
e € &Ey(w,) shared by T,T" € Tp(w,) with unit tangent t. and normal n, = Qt.. It
suffices to show that 0;'Op2rr = 0. Op2r on e for oy + ap < 2. By the formula for

~7=I7 and 4™l7" in Lemma 3.2.1, 7y = 77v on e. Hence
O, 71 = Oy 777, 8t2JT = 8ferTr on e. (3.43)
By (3.42), we have

ton,rx =tITt.on T, 10, rr =tlrt. onT,

1
3 (nlOp, 0 — t10 rr) = tlT,m. on T, (3.44)

5 (nl0n, T — 10 1) = tlT.m, on T,

(3.44) with (3.43) imply

OnerT = 8nerT/, 8t58nerT = 8t58nerT/ on e. (345)
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Applying Op, to (3.44) and using (3.45), we obtain 02 rr = 02 7 on e. Therefore
the claim is confirmed and 7, = Curl®r,, where 7, € [Py(w.)]? vanishing at all vertices
in w,. By Theorem 2.3 in [57], 7, = 0 and thus 7, = Osy2. Hence 1,7, = Osyx2 on
w, implies 7, = Oays. In other words, A.c¢ = 0 implies ¢ = 0, which implies the

uniqueness of the least squares solution T, at z. O]

If the condition in Lemma 3.3.1 is violated, one can add extra elements to w.,
see the remark below Lemma 2.4.3. In the rest of this chapter, we assume that there
exists a unique 7, at each z € N,,.

The uniqueness of the least squares solution implies R,7 = 7 on T for T €
[P1(wr)]?, which is called the polynomial preserving property, see Chapter 2. The
super-approximation property then follows from a homogeneity or compactness argu-

ment.

or S

Theorem 3.3.2. Ry, is locally stable, namely, |(Rymh)(2)| S ITnllocow.s || BrTh

| Tllowy for all T, € Xy, In addition,
lo = Ruolloa < h¥lola.

Combining Theorems 3.2.5, and 3.3.2 and splitting o — R0, = o0 — Ryo +

Ry (mpo — o), we obtain the following superconvergent recovery theorem.

Theorem 3.3.3. If T;, satisfies the («, B)-condition, then
— min(%,a,8
lo = Ruonlloo S (1 —v) ' 0E2) (jo) oo + [|lo]l20)-
If Ty, satisfies the piecewise strong (., B)-condition, then

-1 hl—i—min(l,a,

B 1
lo — Ruonllon S (1—v) 2|1og b [|or[|2,00.0-
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Remark. The piecewise strong («, /)-condition with (a, ) = (co,00) holds on any
sequence of grids obtained from uniformly refining an arbitrary initial grid. Hence

o — Ruonlloq = O(h?|log h|2) provided o is smooth enough.

Since o7, is piecewise constant, the gradient recovery operator Gy defined by

(1.5) can be applied to it. As mentioned before, G, has boundedness and super-

approximation property. Hence || — GLo]loa0 = O(hHmin(%"’"g)).

3.4 Numerical experiments

1 1 1

08 0.8

06 0.6

0.4 0.4

0.2 0.2

0 0 -1
0 0.2 04 0.6 08 1 0 02 0.4 06 08 1 -1 -0.5 0 05 1

Figure 3.1: (left)uniform grid (middle)Delaunay grid (right)adaptive initial grid

Table 3.1: uniform initial grid with regular refinement

nt | |lo—ou|l | o= Groul | lo = Ruowl|| | [|mho — ol
128 | 1.642e+4-00 5.792e-01 8.585e-01 4.889e-01
512 8.506e-01 1.924e-01 2.501e-01 1.391e-01
2048 | 4.294e-01 6.071e-02 6.490e-02 3.619e-02
8192 | 2.152e-01 1.951e-02 1.624e-02 9.145e-03

32768 | 1.077e-01 6.484e-03 4.037e-03 2.29e-03
order 0.994 1.631 1.986 1.976

In this section, we test the recovery operators Gy, and Rj. The experiments are
performed using the PDE toolbox in Matlab 2016b. In tables, ‘nt’ denotes the number

of triangles. The norm || - || is short for || - ||o.o. The order of convergence is p such that
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Table 3.2: Delaunay initial grid with regular refinement

nt | [lo—ou|| | [lo—Groull | [lo = Ruonll | ||mho — oul|
148 1.412e+00 5.452e-01 8.009e-01 3.714e-01
592 7.238e-01 1.881e-01 2.113e-01 1.079¢e-01
2368 3.646e-01 6.325e-02 5.519e-02 2.929e-02
9472 1.827e-01 2.144e-02 1.416e-02 7.757e-03
37888 | 9.141e-02 7.371e-03 3.602e-03 2.04e-03
order 0.996 1.558 1.959 1.911
\ —Hllo=o, =0’ : i llo-a, I=0(°%)
1W 1.35 *\k 1.24
1o<>w:*\ —&—|lo-R, 0, I=O(h"™) 10'f ** llo-G, o, lI=0(h"%)
\/ ¥y +\|Hha-ahll=0(h0'%) o0 ***\ +I|Hho-oh\l=0(h1m)
lo-Ry,lly=0(n" %) 005 M+ oGy, l,=00' )
§ § G\@ 8 & *k*
G 10 S 400 § . ***
o ¥
%9
107! 107
10° dof  10* 10° 102 108 dof  1o* 10°

Figure 3.2: (left)error curve from R; (right)error curve from G,
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Figure 3.4: (left)graded grid from Rj (right)grade grid from Gy,

error/ dof? is approximately constant, where dof is the number of degrees of freedom.
p is calculated by least squares using data in tables.

Problem1: We first test G}, and R;, with
u = exp(z, + x2)z] () — 1)*sin®(7wy), Q=[0,1] x [0,1]

with v = 0.3 in (3.4). We start with the uniform and Delaunay triangulations in Figure
3.1 respectively, and then computed a sequence of meshes by regular refinement, i.e.,
dividing an element into four similar subelements by connecting the midpoints of each
edge. Numerical results are presented in Tables 3.1 and 3.2. The first row in tables are
not used in least squares fitting for evaluating order of convergence.

Grids starting from the uniform initial grid satisfy the strong («, 3)-condition
with (o, 8) = (00, 00). Grids starting from the Delaunay initial grid satisfy the strong
(cv, B)-condition with (a, 8) = (00, 1/2) as well as the piecewise strong («, 3)-condition
with (a, 5) = (00, 00). Numerical results confirm Theorem 3.2.5 and 3.3.3. It should
be noted that R, has better superconvergent property than Gy, since || — Ryop]j0.0 =
O(h?), while ||o — Gronllon = O(R'?) in both cases.

Problem2: In the second experiment, we test the performance of the a pos-
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teriori error estimator ny = ||y — Aponllor with A, = Rj, or G on (3.4), where

v =0.3,

u(r,0) = (r*cos® 6 — 1)*(r*sin® 0 — 1)*r'T7g(0), ~ = 0.544483736782464,

0(0) = (= snl( = ) = —sin(ly+ 1)) ) (eos((y — 1)8) = osl(+ 1))

sin((y 4+ 1)8))(cos((y — w) — cos((y + 1)w)),

Q= ([=LA] x [=LIP\(0, 1] x [=1,0]), w = 3%

1
i —-1)0) —
sl D8) -

where (r,0) is the polar coordinate, see [34] for the construction of u. We start from
the initial grid in Figure 3.1. The adaptive feedback loop is the classical
Solve — Estimate — Mark — Refine

loop (cf.[26]). In each marking step, we mark triangles in a set M such that . 07 >

0.49 ZTGTh n%. Marked triangles are refined by longest edge bisection. The efficiency

index
—A
off — lon = Anou|
lo — ol
is computed. We also compute the interior error measured by || - ||o := || - [|o.0,, Where

Qo = O\ {x? + 22 < 0.2%}.

The simple recovery-based error indicator nr generates correct girds for the
solution with a point singularity, see Figure 3.4. It is not hard to see that bisection tends
to destroy the approximate parallelogram structure and thus there is no supercloseness
as shown in Figure 3.2. Although the supercloseness estimate in section 3.2 fails in

this case, there is still apparent global and interior superconvergence under adaptive
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meshes, see Figure 3.2. Use triangle

lo — ol —hot. < |o,— Aoy < |l — oy + hoo.t.,

where h.o.t.= || — Ao}||. Hence ||o, — Aporl| is asymptotically exact, i.e., eff goes
to 1, see Figure 3.3. We conjecture that this type of superconvergence is due to a large
number of locally symmetric patches with respect to a point in grids, cf. [60] regarding
second order elliptic equations.

Chapter 3, in full, has been submitted for publication of the material as it may
appear in Numerische Mathematik, 2019, Li, Yu-Wen, Springer, 2019. The dissertation

author was the author of this paper.
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Chapter 4

Superconvergence of nonconforming

methods

In this chapter, we develop superconvergence estimates of nonconforming FEMs
for second and fourth order elliptic equations. As mentioned before, nonconforming
FEMs are particularly suitable for discretizing systems of PDEs and higher order PDEs
by relaxing the interelement continuity constraint in their finite element spaces. Due
to this deviation from conformity in standard FEMs, it is very difficult to prove super-

convergence of nonconforming methods directly (cf. [36] and references therein).

4.1 Superconvergence of Crouzeix—Raviart
and Rannacher—Turek elements

For example, the standard lowest order triangular nonconforming element is
the Crouzeix—Raviart(CR) element (cf.[25]). It can be observed in numerical experi-
ments that the canonical interpolant u; and the finite element solution w; of the CR

method for Poisson’s equation are not superclose in the energy norm and thus the
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aforementioned recovery framework does not work. In [19], Chen proved a superclose-
ness estimate by using a corrected interpolation instead of the canonical interpolation
for CR elements. In [70], Ye develop superconvergence estimates of CR elements based
on the framework of least-squares surface fitting. Based on an equivalence between the
CR method and the lowest order Raviart-Thomas (RT) method for Poisson’s equation
(cf. [53, 3]), the authors in [36] first prove a superconvergent gradient recovery estimate
for CR elements by using superconvergence estimates of RT elements in [12]. Readers
are also referred to [24, 52, 51, 38] and references therein for superconvergence of other
nonconforming elements.

The nonconforming Rannacher-Turek (NCRT) element (cf.[58]) is a general-
ization of CR elements on quadrilateral meshes which is very popular for numerically
solving the Stokes problem. We mention that there is a superconvergence estimate
of NCRT at some special points under some mildly distorted square meshes, see [54].
Considering Poisson’s equation, the authors in [49] show that various rectangular non-
conforming methods fail to have natural supercloseness estimates. In particular for
NCRT elements, u; and uy, are superclose in the energy norm only under square meshes.
To overcome this barrier, they enrich the NCRT element by one degree of freedom at
the centroid of each element and achieve superconvergent gradient recovery for the
modified nonconforming element.

We shall consider the standard NCRT method (4.3) for solving the elliptic
equation (4.1) with variable coefficients and lower order terms. First we compute a
new numerical flux p; from the NCRT finite element solution, see Theorem 4.1.3 for
details. We shall show that pj, is superclose to II,(aVu) by comparing it with an
auxiliary H (div)-conforming flux p; and using well-established superconvergence tools
and techniques for RT elements in [30, 46], compared also with Chapter 2. Here II},

is the canonical interpolation of the lowest order rectangular RT element. We then
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construct a local edge-based weighted averaging operator A, which makes ||[aVu —
Apll(aVu)||oq supersmall on any rectangular mesh. Hence Ap,p, superconverges to
aVu on any rectangular mesh by a triangle-inequality argument. As far as we know,
even for Poisson’s equation, this is the first global superconvergent recovery method for
the NCRT element on any rectangular mesh. Our supercloseness estimate also directly
extends to R¢ with d > 3.

For elliptic equations with variable coefficients and lower order terms, Arbo-
gast and Chen in [2] can reformulate various mixed methods into modified noncon-
forming methods to obtain multigrid algorithms for mixed methods. However, the
general equivalence expression is complicated and it is unclear how far the standard
nonconforming finite element solution is from the modified one. On the other hand,
superconvergence analysis of H (div)-conforming mixed finite elements is often more
tractable than nonconforming methods and many sophisticated superconvergence es-
timates of mixed methods are available (cf.[30, 46]). Hence in this paper, we aim to
push nonconforming methods to their mixed side just as in [36]. But we will not try
to write the NCRT method (4.3) for general elliptic equations as an equivalent mixed
method. All we need is the equivalence Lemma 3.2.4 for Poisson’s equation. Moreover,
our recovery scheme can be directly generalized to the Courzeix—Raviart method on
triangular meshes. To our best knowledge, it is the first superconvergence estimate
of nonconforming methods for elliptic equations with variable coefficients, lower order
terms. It is surprising that everything matches so well.

Let Q = [a,b] X [c,d] C R? be a rectangle. Consider the second order elliptic

equation

V- (aVu)+b-Vu+cu=f inQ, (4.1a)

u=g¢g on 0, (4.1b)
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where a(x) > ag > 0 for all € Q, a, b, c, and f are smooth functions on €.
Let 7T}, denote a partition of {2 by rectangles. Given a rectangle 7' € Tj, let {7,
and {75 denote the width and height of T', respectively and h = maxrey, max(fr.1, lr2)

the mesh size. We assume that h < 1 and 7, is nondegenerate, i.e.

bry L
max max ﬂ,ﬂ < (' < o0,
TeThn lro L7

where (' is a constant independent of h. Let &, £°, and £ denote the set of edges,

interior edges, and boundary edges, respectively. Let

Vo ={vn € L*(Q) : vyl € span{l, 1, 29,27 — 23} for all T € Ty,

(4.2)
][vh is single-valued for all e € &y, ][vh = ][g for all e € &7}

The Rannacher-Turek nonconforming method for (4.1) is to find u, € V5, such that
(aViyun, Viv) + (b Viyuy, v) + (cup,v) = (f,v), Vv € Vo, (4.3)

where V), denotes the piecewise gradient w.r.t. 7,. We assume that the standard a

priori error estimate for the NCRT method holds:
lu = unllog + 2l Va(u — un)llog S 2 [lull20- (4.4)

Readers are referred to [14] for the analogue of (4.4) for the CR method.
The NCRT space V), using pointwise function evaluation will be used to define
the averaging operator Aj.

Y, ={v, € L*(Q) : vp|r € span{l, 1, 29,27 — 23} for all T € T, (45)
4.5

vy, is continuous at the midpoint of each F € &7},
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Let Qr.(T) denote the set of polynomials of degree < k in 7 and of degree <[ in x5
on the element T. Let H(div,Q) := {q € [L*(Q)]? : divg € L*(2)}. The lowest order

rectangular Raviart-Thomas finite element space is

RTh = {qh < H(le, Q) : qh|T € Q170<T) X QQJ(T), VT € 7%}

The broken Raviart—Thomas space is

RT, = {an € [L* (V] : qulr € Qio(T) x Qo (T), YT € Ty}

Given q € H(div, (), I,q is the unique element in RT, satisfying [ (II,q)-n = [ q-n,
for all e € &, where n is a unit normal to e. Let P, be the L?(Q)-projection onto the
space of piecewise constant functions. The commutativity (2.12) still holds.

Let e € £ and T,T" be the two rectangles sharing e. Let n and n’ denote
the outward unit normal induced by 7" and T” respectively. In the analysis of noncon-
forming methods, it is convenient to introduce notations for jumps and averages on

(o

[q] = alr - n + qlr -7,
{a} == (glr + qlr)/2,
[v] := (vlrn + vlrm') /2,
{v} = (vlr +vlr)/2,
where ¢ is a vector and v is a scalar. For e € &7, [q] := q - n, {v} = v, [v] := 0. It is

readily to check that

[qv] = [q]{v} + [v] - {q}. (4.6)
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With these notations, a useful fact is that

qn € RT, if and only if g, € RT, " and [g,] = 0,Ve € &. (4.7)

4.1.1 Supercloseness

In this section, we derive a supercloseness estimate for NCRT elements, which is
essential to develop superconvergent flux recovery. First we need a lemma in the spirit
of Marini (cf. [53]). Let divj, denote the piecewise divergence and define the piecewise

function 7, as

| B2 (o —an) 2 (mmarn) . TeT
Thir = | 57— (&1 —211), 7% (T2 — T2 , L€y,
Oy + Gy Gy + Gy

where T = [xl,iyxl,i+1] X [1'27]‘,1‘24'_;,_1], £T71 == ffl,i+1 — T14, éT,Q == xQ’j+1 - .I‘QJ‘, and

(x71,72)7 is the centroid of T

Lemma 4.1.1. Let f be a piecewise constant, qp|r € Q1.0(T)xQo.1(T) and div, g, = 0.

Assume that

(qh> th) = (f7 U) (48)
forallv € Voy. Then qp — fry, € RT.

Proof. Consider the vertical edge e € £ and the two rectangles

T = [$1,¢,$1,¢+1] X [372,j,$2,j+1], T = [$1,i+1,331,i+2] X [x2,j71'2,j+1]

sharing it. Let v, € Vy, be the basis function such that f v. = 1 and f, v. = 0 for

e’ # e in &,. Note that (gp, - n)|e is constant for all ¢’ € &,. It then follows from (4.8),
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div @u|r = div @] = 0 and integration by parts that

/ lan] = - fre. (4.9)

By direct calculation, the right hand side of (4.9) is

/ " T|(7, / Y T"163,
T © 2(6%71 _|_ 6%2) ’ ! c 2(6%—'/71 + 6%172) ’
and thus

[gn — fra] =0 on e. (4.10)

Similarly, (4.10) also holds for horizontal edges. Combining (4.10) with the fact (g5, —

fri)lr € Q1.0(T) x Qo1 (T), we conclude that q, — fr, € RTh. O

Remark. Tt seems that the NCRT method using degrees of freedom based on pointwise

function evaluation does not have a similar equivalence.

To apply Lemma 4.1.1, we then introduce the auxiliary nonconforming method:

Find uy, € Vg4, such that
(aVpip, Viv) = (Py(f —cu—b-Vu),v), Yve V. (4.11)

The following lemma shows that u; and %, are superclose in the H'-norm.

Lemma 4.1.2. Let uy, and uy, solve (4.3) and (4.11), respectively. Then

IV (un = @n) o S b*|lull20-
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Proof. Subtracting (4.11) from (4.3) yields
(aVy(up — up), Vpv) = (f —cup, — b - Vyup — Bo(f —cu—b-Vu),v).

It then follows from (4.4), and the discrete Poincaré inequality for nonconforming finite

elements (cf. Theorem 10.6.12. in [14])
[vllne S IVavllog, Vv € Vo, (4.12)

that
(avh(uh - ﬂh), th)

=(f—cu—b-Vu—Py(f —cu—0b-Vu),v— Pyw)
(4.13)
+ (c(u — up),v) + (b Vi(u —up),v)
= O0(r*)(|f e + l[ull2) [Vavllog + (b Valu — un), v).
It remains to show that (b- Vj,(u — up),v) is supersmall. Using integrating by parts,

(4.6), and that { [u —u,] = 0, we have

(b Vi(u—up),v)

— Z /aT(u — up)vb-n — /T(U —up)V - (bv) (4.14)

TeTh

_ Z/{u—uh}ﬂvb—ce]]—i—[[u—uh]]-{vb—ce}—/ﬂ(u—uh)vh-(bv)

e€ép
for any constants ¢, € R®. In particular, we choose ¢, = b(m.) f,v. By the trace

inequality (1.9), we have

I = unto.e + I1[w = ualllo (4.15)

_1 1
S P2 lu = unllow. + B2 [IVa(u = un)llow.
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and

1[od = elloe + [I{vb = eHloe S B2 ([0 ]ln 1. (4.16)

Combining (4.14) with Holder’s inequality, (4.12), (4.15), (4.16) and (4.4), we have

(B Vi(u —un), )|

S > IHu = untloellob — elloe

ecép

+ [Tw = unlllo.c[{vb = de}loe + llu = unll[[v][n10

(4.17)
<D (lu—=wnllow. + RlIVa(w = wn)low) 0]l
ecly,
+ lu = unlloellvflnie
< P2[lullz0l Vavllog.
Combining (4.17) with (4.13), we obtain Lemma 4.1.2. O

Now we are in a position to present supercloseness results.

Theorem 4.1.3. Let p = aVu. Let Qp, be the L*-projection onto V,Vo,, and py, :=

Qn(aVyup) — i Py(f — cup, — b - Vyuy), where vy, is defined in Lemma 4.1.1. Then

Tp = prllog S h*[lulls.e.

Proof. 1t follows from Lemma 4.1.1 and divy, oQ, = 0 that p;, := Qn(aVyuy)—7, Py(f—
cu—>b-Vu) € RT, C H(div,Q). Let g, = IlIyp — pp,. Using (2.12) and div, r, = 1,

div g, = Py, div(aVu) — Py(f —cu—b-Vu) = 0.

and thus gnlr = (c121 + c2, —c1w9 + ¢3)7 for some ¢; € R on an element 7' € Ty,
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Simpson’s quadrature rule then yields

/ Th* qn = / Ty - (g — (ca + c1xp, c3 — c1xp2)7)
T T

C1

07, +52T72/T r2(t1 — 211) 7.1(T2 — T72)

Hence

|T,p — pul® = Mup — P, qn) + (P — P, qn)
= (IInp — P, an) + (aVi(u —up), qn) (4.18)
=14+ 11.

By Lemma 3.1 with £ = 0 in [30] and the Bramble-Hilbert lemma,

11| < |pl2ellgnloe- (4.19)
For part 11, since div(gn|r) = 0, we have

17 = ZLGV(U—uh)'qh

TETh

= Z /(V(a(u —ay)) — (u—1up)Va) - qp
TeT, * T (4-20)

= Z LT a(u —tp)qn - m — ((u—un)Va, qn)

TeTh

=11 + I1,.

I1, is estimated by Lemma 4.1.2 and the apriori error estimate (4.4):
11| S 1*|lullzzllgnllo.0- (4.21)

Note that the normal component of {g,} is constant on e and [g,] = 0 by (4.7). It

then follows from f [@,] = 0, (4.6) , the trace inequality (1.9), an inverse inequality,
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(4.4), and Lemma 4.1.2, that

15 =" [ [a(u—)g]

eely €
=3 [lta- fow-a)-{a)
eesy € €
S M= andlloel{gn} o
ecép
Sha Y (W72 u = |, + b2 Va(u = i) low.) [hlloe.
ecly

< (e = anllog + Al Vi(u = @n)lloe)lanllog < h¥llullzollgnllog-

Combining (4.18)—(4.22), we obtain

IThp — Prlloe S AP |lullse-

Lemma 4.1.2 implies

lpn = Prllog < 1*|lul20-

The theorem follows from (4.23) and (4.24).

(4.22)

(4.23)

(4.24)

]

Note that @ is in fact an element-by-element projection and Qn(aVyu,) =

aVyuy if a is a piecewise constant.

4.1.2 Superconvergent recovery

Considering rectangular Raviart—Thomas elements, Duran in [30] proposed a

postprocessing operator K ,? satisfying:

1K anlloe S llanlloos.  Van € RTh,

||P - KI?thHO,Q S hQ\P|2,Q-
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Here the input for KP needs to be H(div)-conforming. Assume p, € RT,, e.g.,
f is piecewise constant, b = 0, and ¢ = 0. Using (4.25), Theorem 4.1.3, and the

triangle inequality [[aVu — KPpplloo < ||[aVu — KP1L,p|

00 + |1K2(Ihp — pi)lloo,;
we obtain ||aVu — KPpplloa < h?||ullso. However, p, ¢ RT} in general and thus
KP cannot be directly applied to py,. In addition, the implementation of K} requires
exactly rectangular mesh structure. In this section, we introduce a simple recovery

operator A, by local weighted averaging. It also applies to quadrilateral meshes and

any piecewise polynomial function.
Definition 4.1.1. The operator 4, : RT," — V, is defined as follows.

1. For each e € &7, let m be the midpoint of e. Let 7" and 7" be the two rectangles
sharing e as an edge. Define

= ) + L gulr(m)
T T e

(Angn)(m)

2. For each e € €7, let m denote the midpoint of e and T the element having e
as an edge. Let €’ be the edge of T opposite to e with midpoint m'. Let T be
the other element having e’ as an edge and m” the midpoint of the edge of T’

opposite to €¢/. Define

(Angn)(m) = ((Angn)(m') — w'(Angn)(m”))/w,

where
|T"| , T

W= W = .
T+ 77| T+ 77|

Then Aygy, is the unique element in V), with midpoint values are given in the above

two steps.
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Note that the weight constants in Definition 4.1.1 are not chosen in a standard
way. We show that A; has a super-approximation property on any nondegenerate

rectangular meshes.

Theorem 4.1.4. For q, € RT,;" and q € H(div; ),

[ Angnlloo < llgnlloe; (4.26a)

lg — Anllnglloo < h2ql2.0- (4.26b)

Proof. Consider T € T;, and T := U.cor we- Using the stability of A in the L>-norm

and the inverse inequality, we prove the stability of A, in the L*-norm:

[Angnllor S Pl ARGk lo.cor < h||‘1h||o,oo,T S ||Qh||o,T~

(4.26a) then follows from the above estimate and sum of squares.

Let e € £ with midpoint m and two adjacent elements 7',7" sharing e. For
@1 € Q11(we) X Q11(we), we first want to show (g, — Apllpgr)(m) = 0. Since 11,
preserves functions in @1 o(we) X Qo1(we), it suffices to check when q; = (x2,0)T or
(0, z1)T. By linearity we can assume m = 0 without loss of generality. If e is a horizontal

interior edge, let T' = [—¢1/2,0,/2] x [0, ls], T" = [—{1/2,41/2] x [—{},0]. Then,

To (€2/2, O)T if To >0 0 0
Hh - 9 Hh =
0 (—0,/2,0)T if 25 < 0 1 0

In either case, (g1 — Apllpgr)(m) = 0. The same argument works for vertical interior
edges.
Let e € €7 and T the element having e as an edge. Let ¢ be the edge of T

opposite to e and 1" be the element sharing the edge ¢/ with T'. Let ¢” be the edge of
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T’ opposite to ¢ and T” be the element sharing ¢” with 7". Let w, =T UT UT". By
similar argument, we have (g1 — Apllng1)(m) = 0 when ¢ € Q11(we) X Q1.1(we).
By the property derived in the above three paragraphs, for q; € QLl(T) X

QI,I(T)7
lg — Arllngllor S hilg — Anllngllocor

< hll(d = ApTla) (g = g)locor S Mg — @illg oo 7

Then by standard finite element approximation theory,

inf g —qillgr S Rlala s (4.27)
q1€Q1,1(T)xQ1,1(T)

and thus

||q - AhthHO,T N h2|‘1|2,T' (4'28)
Then (4.26b) follows from (4.28) and sum of squares. O

Combining Theorems 4.1.3 and 4.1.4, we obtain the superconvergent flux recov-

ery estimate.

Theorem 4.1.5.

laVu = Anprllog S 12|lullse,
where py, 1s defined in Theorem 4.1.3.

Proof. This theorem readily follows from Theorems 4.1.3, 4.1.4 and the triangle in-

equality ||aVu — Appp|| < ||aVu — AIlLp|| + || An(rp — pr)]|- L

Consider pj, € RT ", where

Prlx = Qn(aViup) — riu(f — b Vyuy, — cup)(zr).
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Since r;, = O(h), we have ||p, — px|

0.0 S h?|ullaq. and thus

laVu = Appallon S PPllulls.q-

pn is favorable because of lower computational cost than pj,.

4.1.3 Extension to the Crouzeix—Raviart element

In this subsection, we extend superconvergence analysis to triangular CR el-
ements. Based on the equivalence between mixed and nonconforming methods for
Poisson’s equation, a superconvergent recovery for CR elements applied to Poisson’s
equation has been developed in [36]. Our technique here can be directly extended to
CR elements for elliptic equations with lower order terms and variable coefficients. The

CR finite element space is

Vﬂ% ={vy € L*(Q) : vp|r € span{l,zy, 25} for all T € T,

vy, is continuous at the midpoint of each e € &7,

]['Uh—][g for all e € &7}

The CR method for (4.1) is to find uf® € VSF, such that
(avhugR, Viv)+ (b- thgR, v) + (cugR, v) = (f,v), Yve Vg,lf.

Recall that QY is the lowest order triangular RT finite element space. The paper
[53] (essentially) shows that CR and RT finite element spaces are closely related by the

following lemma.

Lemma 4.1.6. Let f and qy, be piecewise constant functions with respect to Tr,. Assume
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that(qy, Vyv) = (f,v) for all v € V§R. Then 7, — frof e QY with

1
"“;?R|T = B (21 — 211,20 — $T,2)T, T €T,

where (x4, x72) is the centroid of T'.

The next theorem follows from the supercloseness estimate in Chapter 2, and

the same procedure in section 2.3.

Theorem 4.1.7. Let Ty, be a uniformly parallel mesh. Let p$Tt := aVu$R—rER P, (f—

cuf® —b - V,u$R), where r{® is defined in Lemma 4.1.6 and a|r = fpa. Then
1
I — i oo < h*[log hl2 [[ull3 cc0.

Proof. We use the same notation in Theorem 4.1.3. Let q, = II'p — p$'* and thus
div g, = 0. Hence g, = V+w, for some continuous piecewsie linear function wy,. The

bound (4.19) for part I is replaced by

1
(p— 1. V)| < 12[og bl [Pl ol Vo

which is proved in Theorem 2.3.1. The rest of the proof is the same as Theorem

4.1.3. U

For the purpose of recovery, let

VIR =L, € LA(Q) : vy|p € span{l, 21,35} for all T € Ty,

vy, 1s continuous at the midpoint of each e € £;}.

Then we consider the postprocessing operator K, defined in [12], see also [30].

Definition 4.1.2. Let 713, be a piecewise constant function.
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1. For each e € &7, let m be the midpoint of e. Let 7" and 7" be the two rectangles

sharing e as an edge. Define

1 1

(Kngn)(m) := §Qh|T(m) + §Qh|T’(m)-

2. For each e € &7, let m denote the midpoint of e and T the element having e as an
edge. Let € be another edge of T with midpoint m/. Let T be the other element
having €’ as an edge and m” the midpoint of the edge of 7" that is parallel to e.
Define

(Kngn)(m) = 2(Knqn)(m') — (Kngn)(m").

Then K}, 7, is the unique element in VZ'® with midpoint values given in the above two

steps.

Based on Theorem 4.1.7, we obtain the superconvergent recovery for CR ele-

ments. For simplicity of the proof, we only consider uniformly parallel grids here.

Theorem 4.1.8. Assume that Ty, is uniformly parallel. Then
laVu — Kn(@Vau™)llo.q < 7*[log h2||ulls .0

Proof. The operator Kj is known to satisfy Theorem 4.1.4 with K replacing Ap,
see [12]. It then follows from Theorem 4.1.7 and the same argument in the proof of

Theorem 4.1.5 that

1
laVu — Kupi log < h*[1og hlZ]|ulls,cc 0. (4.29)
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Let p=f —cu—b-Vu and p§F = aV,u? — r EP,p. Clearly,
Ip5™ = B “llo.e < h2[lullze. (4.30)

Let e € £ with midpoint m. By (K,r{%)(m) = 0, we have

(Kyry, " Pyp)(m)
= (Kuri"p)(m) + (Kyry, " (Pup — p))(m)

= (K ™) (m)p(m) + O(W*)[ull2.000 = O(h?)[[ull2,,0-

A similar argument works for e € £7. Hence
1Eri “Pupllog S I1Ehrs “Pupllocos S 02 [[ull2.000- (4.31)

The theorem then follows from (4.29)—(4.31) and the triangle inequality

laVu — K (@Vug™)[loq < laVu — Kinpf ™o

+ | Kn(p5 ™ = B3, loo + |1 Knrs, *Pruplloo-

4.2 Superconvergence of Morley elements

For the popular nonconforming method using the primal formulation (3.2) and
Morley elements, superconvergence estimates are limited due to the very weak inter-
element continuity. In fact, one purpose of superconvergence analysis of nonconforming
or mixed methods for second order elliptic equations is to shed some light on supercon-

vergence of nonconforming or mixed methods for fourth order elliptic problems, e.g.,
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see [24, 62, 36] for superconvergence results of Wilson and Courzeix—Raviart noncon-
forming methods for second order elliptic equations. See also [12, 30, 46| for supercon-
vergence results of Raviat—-Thomas mixed methods for second order elliptic equations.
Up to now, there have been several superconvergence results for the H2-error of the

displacement variable u using rectangular Morley elements and the formulation

(V2u, V?v) = (f,v), forallve HZ(Q), (4.32)

ie., v=0in (3.2), cf. [47, 52, 40].

The HHJ mixed method is important partly because it is closely related to the
popular Morley element, see the equivalence between the HHJ and Morley element
methods in [3]. Using this equivalence, [36] then gives a superconvergent recovery
estimate for the Morley element method using the formulation (4.32) under uniformly
parallel grids.

To apply our superconvergence estimates of the HHJ mixed method in Chapter
3 to the Morley element for (3.2), we need to generalize the equivalence between Morley
and HHJ methods based on (4.32) in [3] to the more general formulation (3.2). This
interesting equivalence was originally proved in [3] for (4.32) by relaxing the inter-
element continuity constraint in the HHJ method and introducing Lagrange multipliers
for compensation. We extend it to (3.2) by giving a direct proof, see Theorem 4.2.1.
Using the generalized equivalence, superconvergence of the Morley element method
for the primal formulation (3.2) are direct corollaries of our results for the lowest
order HHJ mixed method (3.9). Similar to the mixed case, our superconvergence
estimate for Morley elements improves the results in [36] even under uniform grids.
Theorem 4.2.1 is of independent interest. For example, [41] and [39] give convergence

and optimality proofs for the adaptive HHJ and Morley element methods for (3.2),
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respectively. By Theorem 4.2.1, it is possible to derive the proof for one method from
the other. Combining the equivalence Theorem 4.2.1 and the multigrid algorithm for
the HHJ method in [21], one can also obtain a multigrid algorithm for the Morley
element method.

Let

My, :={v: v|r € Py(T),v is continuous at z € N
and vanishes at z € N7, 9,v is continuous at the

midpoint of e € £, and vanishes at the midpoint of e € £7}.

The Morley element method for solving (3.2) is to find u} € M, such that
(AViwy!, Vion) = (f,on), Vo, € My, (4.33)

where V? is the piecewise Hessian w.r.t. T,. Arnold and Brezzi [3] proved that the
lowest order HHJ method is equivalent to a modified Morley element method for the
formulation (V?u, V) = (f,v). In this section, we extend it to the general formulation

(3.2). Recall that I, is the nodal interpolation for linear elements.

Theorem 4.2.1. Let i} € M, solve
(AViﬂhM, V%vh) = (f, Ihvh), V’Uh S Mh. (434)

Then (AV2aM Iul) is the solution of the HHJ method (3.9).

Proof. Let aj, = AViul. Integrating by parts element by element in (4.34), we have

Z A(@)wndnvn + (@1)uieon} = (F. Duvn). - Von € M. (4.35)
TeTh
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For e € &7, let v, € M, be the test function such that 0,v. = 1 at the midpoint of e,

Onve = 0 at the midpoint of ¢’ # e, and v.(z) = 0 for all z € A},. Then

5 [ = 3 o [ ar -
T

TET KeTh or

Ive = 0, and thus (4.35) with v, = v, gives

/{ nn’T )nn|T’} = O e€c dT N 8T’,

for all e € &, i.e., o, € ¥j,. Hence by the continuity of dnv, and (6p)u, at the

midpoint of each edge and the midpoint quadrature rule, (4.35) implies

br(Gh, ) Z/ on)ntOon, = —(f, Invn), Vo, € My, (4.36)
TETh or

By I,M;, = Uy, (4.36) and (3.11b), we have

bh(on,vn) = —(f.vn),  Vun € U,

Using the formula (3.7) and the continuity of d,u}! at the midpoint of e € &,

(Cop,m) = /V2 CTR = Z/ grad @y’ - Tn

KeTy, TeTh
= Z atuh Tt = —bp(Th, Iyup?), for all 7, € Xy,
TeT,
which completes the proof. O

Now we need a recovery operator to achieve superconvergence. Notice that
AV2ul ¢ 3,. Hence we cannot postprocess AViul! directly by Rj in Chapter 3.

However, we can simply apply the gradient recovery operator Gj defined by (1.5)
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in Chapter 1 to it. The analysis of super-approximation property of postprocessing
operators is local and independent of PDEs. Then following the analysis in [69], we
obtain superconvergent recovery for Morley elements.

Consider the difference between (4.33) and (4.34), it’s readily to check that
Vi@ = u)lloge S 22 fllog-
Combining it with the triangle inequality
lo — GrAVuy log < llo = GRAV;E, oo + |GRAV (@, — uy') o
and using Theorems 3.3.3 and 4.2.1, we obtain superconvergent recovery of the Morley

element method (4.33).

Corollary 4.2.1.1. Assume that Ty, satisfies the («, 3)-condition. Then

IAV?u — Gh AV o S (1= 1) pr(hy @, B)([lullscon + [lullsg).

The operator Kj, proposed in [36] can also be used to postprocess AViull.
Replacing @), with K in Corollary 4.2.1.1, one obtain ||AV?u — K, AViup'|12) =
O(h?|log h|%) under uniformly parallel grids. If C = A is the identity operator, The-
orem 5.6 in [36] says that | V?u — K, Viul |20 = O(h'?) on uniformly parallel grids,
which is suboptimal according to the aforementioned discussion.

Chapter 4, in part, has been submitted for publication of the material as it may
appear in Numerische Mathematik, 2019, Li, Yu-Wen, Springer, 2019. The dissertation

author was the author of this paper.
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